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Abstract

We provide exact asymptotic expressions for the performance of regression by an L—layer deep
random feature (RF) model, where the input is mapped through multiple random embedding and
non-linear activation functions. For this purpose, we establish two key steps: First, we prove a
novel universality result for RF models and deterministic data, by which we demonstrate that a deep
random feature model is equivalent to a deep linear Gaussian model that matches it in the first and
second moments, at each layer. Second, we make use of the convex Gaussian Min-Max theorem
multiple times to obtain the exact behavior of deep RF models. We further characterize the variation
of the eigendistribution in different layers of the equivalent Gaussian model, demonstrating that
depth has a tangible effect on model performance despite the fact that only the last layer of the
model is being trained.

Keywords: Asymptotic Analysis, Universality, Random Features Model, Convex Gaussian Min
Max Theorem, Learning Curves

1. Introduction

Recent experimental and theoretical results (Zhang et al., 2021; Belkin et al., 2019) have demon-
strated that the classical understanding of overparameterized machine learning (ML) models re-
quires further examination. One model that has been studied extensively is the random features
(RF) model (Rahimi and Recht, 2007), which is closely related to overparameterized neural net-
works (Daniely et al., 2016; Daniely, 2017; Jacot et al., 2018; Liu et al., 2021; Bach, 2017). In this
paper, we examine an extension of the RF model, which we call the deep RF (DRF) model, being
equivalent to a deep NN, but only trained in the output layer. We consider the asymptotic regime,
where the number of data points, model parameters, and input dimension grow infinite at constant
ratio (Belkin et al., 2020; Hastie et al., 2019; Bartlett et al., 2020b,a) and give exact expressions that
characterize the deep RF model in terms of training and generalization error.

Our analysis consists of two key steps. First, we prove universality, i.e. we demonstrate that the
DRF model is asymptotically equivalent to a deep Gaussian surrogate model, matching the original
model in the first and second moments, at each layer (Panahi and Hassibi, 2017; Oymak and Tropp,
2018). Universality for the 1-layer RF model has previously been proven, e.g. in (Hu and Lu, 2022).
We make use of a different proof technique to extend these results to arbitrary many layers and
introduce a new Gaussian surrogate model for DRF. This universality result alleviates the general
difficulty of analyzing RF or DRF models, as the non Gaussian features are in general not amenable
to stardard analysis techniques such as comparison theorem (Gordon, 1985; Thrampoulidis et al.,
2014), Gaussian widths (Chandrasekaran et al., 2012) or replica methods (Mézard et al., 1987).
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Having established universality, we then make use of the Convex Gaussian Min Max Theo-
rem (CGMT) (Thrampoulidis et al., 2014) to study DRFs. This theorem allows us to consider an
alternative optimization problem with the same asymptotic statistics, and is a popular tool in the
analysis of the asymptotic regime (Bosch et al., 2021; Chang et al., 2020; Dhifallah and Lu, 2020;
Thrampoulidis et al., 2015; Loureiro et al., 2021b; Bosch et al., 2022). We make use of a recur-
sive application of the CGMT (Bosch et al., 2022) to obtain asymptotic expressions for square loss
functions with arbitrary convex regularization for L-layer DRF models.

2. Related Works

The random features (RF) (Rahimi and Recht, 2007) model has been extensively examined in the
asymptotic regime, under a multitude of conditions. For an incomplete list see (Hastie et al., 2019;
Mei and Montanari, 2019; Montanari et al., 2019; Goldt et al., 2022, 2020; Gerace et al., 2020;
Dhifallah and Lu, 2020; Ghorbani et al., 2021; Bosch et al., 2022). In the case of ridge regression
(Louart et al., 2018; Mei and Montanari, 2019) exact expression for the training and generalization
error can be established. In other cases, exact analysis is difficult. It was observed by many authors
(Mei and Montanari, 2019; Hastie et al., 2019; Goldt et al., 2020; Gerace et al., 2020; Goldt et al.,
2022) that a Gaussian surrogate model that matched the first and second moments had asymptoti-
cally equivalent statistics. A concrete proof of RF universality is given in Hu and Lu (2022). We
utilize Lindeberg’s approach (Lindeberg, 1922) to demonstrate universality of DRF. This approach
has been used to prove universality results in many other optimization problems (Korada and Mon-
tanari, 2011; Panahi and Hassibi, 2017; Montanari and Nguyen, 2017; Oymak and Tropp, 2018;
Abbasi et al., 2019). Hu and Lu (2022) prove a central limit theorem between random features and
their Gaussian equivalent features as a key step in demonstrating universality. We make use of a dif-
ferent proof technique, by instead considering the problem in a dual space, where we may directly
bound the difference between the leave one out iterates.

Beside RF, universality has been demonstrated for many other models (Goldt et al., 2022; Sed-
dik et al., 2020; Dhifallah and Lu, 2021; Loureiro et al., 2021a; Gerace et al., 2022). Recently,
Montanari and Saeed (2022) gave a proof for the universality of empirical risk minimization for not
necessarily convex loss and regularization functions. Their result also assume that a central limit
theorem similar to (Hu and Lu, 2022) holds.

Subject to Gaussian features, the CGMT (Gordon, 1985; Thrampoulidis et al., 2014) is a pow-
erful tool in the determination of the asymptotic performance (Loureiro et al., 2021b; Dhifallah and
Lu, 2020; Thrampoulidis et al., 2015; Chang et al., 2020; Bosch et al., 2021, 2022). The CGMT
determines an alternative, asymptotically equivalent optimization problem in statistical properties.
In the case of correlated features, such as in the RF or DRF model, the alternative optimization
still remains intractable. This issue is resolved in (Bosch et al., 2022) by applying the CGMT twice.
Relying on the particular structure of the DRF covariance matrices, we extend the method of (Bosch
et al., 2022) where the CGMT is applied recursively to determine a nested scalar optimization that
is asymptotically equivalent to the DRF model.

The covariance matrices for the Gaussian surrogate model that we obtain are similar in structure
to the kernel matrices given in Lee et al. (2017). The authors demonstrate an exact equivalence
between an infinitely wide deep NN and a Gaussian Process with covariance kernels that are re-
cursively defined in a similar manner to the ones discussed in this paper. However, (Lee et al.,
2017) consider networks of fixed size but infinite width, while we consider the asymptotic regime,
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where the number of data points and the input dimensions grow as well, hence maintaining a rel-
atively narrower network. Furthermore, covariance matrices of the DRF model can be expressed
recursively, with the recursion depth determined by the number of layers. (Fan and Wang, 2020)
similarly analyze a the recursive structure of the covariance matrix for the conjugate kernel and
Neural tangent kernel by mean of free probability theory. The results for the deep random features
case was extended by (Schroder et al., 2023) around the same time as the initial submission of this
paper. We similarly use a free probability argument to analyze our obtained recursion. However,
we compute recursion for the closed form asymptotic equivalent expression for the population co-
variance instead of dealing with the distribution of the population covariance directly as in (Fan and
Wang, 2020; Schroder et al., 2023).

2.1. Paper Outline

In section 3, we introduce the DRF problem and its Gaussian surrogate, and express the necessary
assumptions for our results to hold. In section 4, we prove the main universality theorem of this
paper. Our proof takes two steps, first proving universality of a single layer, and subsequently using
an inductive argument to extend this result to a full DRF problem. In section 5, we give an alterative
scalar optimization problem derived by means of the CGMT, that is asymptotically equivalent to the
DRF problem subject to square loss and arbitrary, strongly convex regularization. We demonstrate
experimentally the veracity of the determined expressions.

3. Setup and Assumptions
3.1. Random Feature Model and Preliminaries

We consider a supervised learning setup with a dataset D = {(xg,yx) € R? x R}?_,. To find a
relationship between the data points xj, and the labels y, we consider a function of the following
form

Yo(x) = ;ﬁon(xx 0c®, ()

where F : R? — RP is a given mapping of the data, called a feature map. We note that Yp is
dependent upon the choice of the vector 8 by a linear relation. This shows the main advantage of
(1): while Yy can represent nonlinear functions, selecting & amounts to a linear regression task. To
find the optimal value of 0, denote f; = F(x;) and take F' as a matrix with f; as columns. We
consider the empirical risk minimization framework and the following optimization problem:

PO 1 & 1
— §(F) = in— > 0(—=0"f;,y; ) + R(8). 2
0=0(F) arggreur%ni 16(\[9 ,y) R(0) 2)

Here, /(-,-) is a loss function, and R(8) is a regularization function. To measure the performance
of @ we make use of two common metric for supervised learning, that being the training error
Etrain(F), i.e the optimal value in (2), and the generalization error

EyenlF) =B |0 (;ﬁéTﬂxnw), e )| )

3
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where the expectation is taken over (Xpew, Ynew ), @ new datapoint drawn from the same distribution
as the dataset D.

The main purpose of this paper is to obtain exact asymptotic expressions for the supervised
learning metrics Etrqin, Egen and other properties of é, when the feature map F is a deep random
feature, generalizing the random features maps (Rahimi and Recht, 2007). To define the deep
features, we remind the (shallow) random features are given by ¢(x,w;) = U(W;‘»FX), for j =
1,2,...,p, where o is an activation function, and w; ~ N (0, ;lild) are a set of random weights.
In vector form, we express these relations as ¢(x, W) = (U(W]Tx))é-’:l, where the matrix W' has
rows w;. Then, the deep random features are given through the following recursion: For py =
d,p1,p2,...,pr, € N, we define the matrices W) ¢ RPi*Pi-1 for | = 1,..., L, each having

independent rows w](.l) ~ N(0, ]ﬁI). Letting x(0) := x we define

H_ -1 Dy _ OT_(1-1 _
x) = p(x"D) W) = (o(w " x0)EL  1=1,.. L, 4)

3.2. Necessary Assumptions

Our results rely on the following assumptions:

A1l For some universal positive constants g, M, the regularization function R is u-strongly con-
vex and M-smooth with M-bounded third derivative in tensor (operator) norm. Moreover
IVE(0)[| < C.

A2 lisa & — strongly convex function in the first argument and its third derivative with respect
to the first argument is bounded by C'n for some constant C. Moreover, there exists a vector
a = (oy,) called isolated predictions satisfying: oy, € argmin, (c, y), and |||, < Cy/n
for a fixed constant C.

A3 The activation function ¢ is an odd function applied element wise, with bounded derivatives.
Furthermore, let g, g2 be Gaussian variables distributed as

o] (el 2])

Let the functions 71 (a1, ag, p) = E[o(g1)a(g2)] and 2 (1) = E[o?(g1)]. Then 11, 12 should
be thrice differentiable at &y = ag =1land p =0

A4 The dimensions of the number of data points n, the size of the input py = d and the size of
subsequent layers p;, where [ = 1,..., L all grow to infinity at fixed ratios. We denote this

byn ~ pg ~ -+~ pr, where a ~ b is defined to mean that b—> C for some constant
a,b—o00
C.

A5 For each layer, [, the weight matrix W() ¢ RPxPi-1 = [ng) wg) e w;(,ll)]T are indepen-

dent Gaussian variables wgl) o N(0, p%llpz—l) for 1 < i < p;. Furthermore, W) are
independent of the input variables x.

Remark 1 For assumption 2, we note that the strong convexity assumption on the loss function
becomes less restrictive as n grows. In the asymptotic limit, the strong convexity is no longer a
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significant requirement. Furthermore, the isolated prediction vectors exist and the condition is
satisfied immediately if the loss function is minimized at the labels, i.e. it is minimized at the point

C(Yk, Yr) < oo

Remark 2 For assumption 3, we note that the condition holds for the majority of activation function
used in practice including tanh and the error function. Furthermore, if oddness is dropped, the
assumption on the functions 01 and ng are additionally satisfied for functions like ReLU, sigmoids,
and Gaussian activations. However, we require oddness.

Finally we impose a condition upon the input vectors x;:

Definition 3 Let d ~ n, we call a set {xy, € R4}"_| regular if

1. Letting X = [x1 X2 -+ Xp), there is a constant ¢ < oo such that ﬁ 1X[op <
2. It holds that
1 7 polylog n
H%%X 75 %5~ 0ij| < 7\/5 ) (6)

where 0;; is the Kronecker delta.

Note that the first condition for regularity is trivially satisfied for finite n, however the condition
must also hold for a fixed c in the asymptotic limit. Further, note that regularity is exhibited by x
being Gaussian with high probability.

4. Universality

In the case of a single layer, it has been proven (Hu and Lu, 2022) that the following Gaussian
feature map has asymptotically equivalent statistics to the random features given in section 3

P (x, W) = pyWx + pog, (7

where g is a standard normal vector, and pi, p2 are constants depending only on the activation
function, given by p1 = E[o’(2)], p2 = VE[02(2)] — p2 + p?, 2 ~ N(0,1). Similarly we define
a deep Gaussian equivalent feature map, recursively. We define v(°) = x, and then define

’y(l) = (131(7(1_1)7 W(l)) = Pl,lW(l)’Y(l_l) + PQ,Zg(l)7 l= 17 see 7L7 (8)

where g(l) is an independent standard normal vector of dimension p;, and the constants p ;, p2;

are recursively defined as p1; = E[o’(ay—12)], p2; = \/E[GQ(al_lz)] —a? p?,, 2~ N(0,1).

Here, o are constants given by the following recursive definition: cg = 1, oy = 4/ p% lal{l + pg I

Now, we consider the following two feature mappings for an input vector x(?):
_;E(X(O)) =x®, g(X(O)) =~0), 9)

where x() and 'y(l) are given in (4) and (8), respectively.
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4.1. Revisiting Universality of a Single Layer

The proof of universality of deep random features is a specific application of a universality theorem
for a single layer, which we derive in this section. This result is more general than the previous stud-
ies such as Hu and Lu (2022). In the subsequent section, we shall demonstrate how the universality
of deep random features follows from these results.

Let ¢; : R? x 1; — Rforj =1,2,...,pbe arandom feature map, where 2; is a sample space
equipped with an arbitrary probability measure, such that ¢;(-,w) for any w € Q; is a particular
realization of the feature map. Let € = €y x € x --- (), be a product space equipped with the
product measure, and let ¢ : R? x Q — RP represent the vector of random features, such that
o(x,w) = (¢;(x,w;));j, where w = (w;) € Q is a realization.

Next we consider a m x p matrix D with columns d; € R™, which we call a synthesis dictionary.
We define the re-represented random feature vectors f : R? x 0 — R™ given by

p
fx,w) =Y d;jg;(x,w;) = D(x,w). (10)
j=1

We note that if m = p we can choose D = I,, and retain the original set of random features.
However, re-representing the features is necessary for the proof of the deep random features case.
We will drop the argument w when there is no risk of confusion, and denote ¢(x), f(x) as the
random features and their re-representation. Similarly let ¢, = ¢(x) and f, = f(xy) for k =
1,...,n which are random vectors. Finally, let ® and F' be the matrices with (¢y), (f) as columns.
We assume that the random features are centered:

Eulop(xk,w)] =0 k=1,2,...,n. an

We further define the data kernel matrices K; = (K 4, %)kl Where K is the covariance matrix of the
jth row of ®, given by

K = B [0(x, wj) b (31, wj)]- (12)

Next, we introduce a p X n Gaussian matrix I' with independent rows, and where the jth row
is distributed by NV (0, K ]’) We note that if K; = K ]’ that ® and I' have the same first and second
moments amongst their elements. We then define G = DT and let gy, be the kth column of G.

Before stating the main theorem for this section we state the conditions on the dataset and
matrices K; and D that must hold. We shall show in the next section that these conditions are
satisfied in the case of deep random features. We remind the reader of the definition of a sub-
Gaussian vector:

Definition 4 We say that a random vector u = (uy) € R"™ is T—sub-Gaussian if for any unit vector

2,2
a = (ag) € R" the variable A = a’u is sub-Gaussian with parameter 7, i.e. E [e’\A] < e 5 for
all x € R.

We state the following requisite conditions:

B1 There exists a positive constant C' such that for all j, it holds that || K|, < C and the jth
random feature vector ¢/ = {¢(xy,w;)}x is C-sub-Gaussian

B2 There exists a positive constant C' such that [|D||,, < C.
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These assumptions must hold for all values of n,d, p, m and must continue to hold when they
grow asymptotically. Subject to these conditions we state the following theorem that demonstrates
universality.

Theorem 5 Suppose that assumptions Al, A2, Bl and B2 hold, and that n ~ p ~ m. Then,

1. For any real function v with bounded first, second, and third derivatives, there exists a con-
stant ¢ < oo such that

p
|E¢(5tra2n(F)) - ]Ew(gtrazn(G)” S %Z HK] - K;HOp + % (13)

2. Let 6 r and éG be the optimal points for the optimization (2) for F' and G respectively. Take
any bounded function h : R™ — R with bounded YV h(0), second and third derivatives (in
tensor norm), where the bounds are constant in n,p, m. There exists a constant ¢ < oo such
that

Eh (6r) ~Eh (8a) | < ZHK K|, + -~ (14)

4.1.1. PROOF SKETCH

The proof is based on an application of Lindeberg’s argument with respect to the random features
f in a dual space. We consider the optimization problem given in (2) for some generic map Z and
note that by means of a splitting argument it may be expressed as

5train(z) = 52111@ E ZE Zj 7yk) + R(e)

n

1
B eeRglgleRn dews 1 (Z ok, yr) + di(ok — 2z 9)) + R(6)

1
= — min 725 —dj, y) + R (nZd) (15)

deR™ n

where ¢* and R* are the Legendre transforms of ¢ and R respectively. We note that by assumption
Al that R* is ﬁ— strongly convex and +-smooth. We then proceed in defining a series of Z, such
that Zg = ® and Z, = I'. We show that the difference of the optimal value in the dual space
between (Erqin(Zyr)) and ¥ (Erain(Zyr+1)) is bounded by the sum of a O( — /2) term and the
difference in operator norm between ¢ || K — K7||,,,, which allows us to bound 'the total difference
as in the given result.

For part two, we note that R.(0) = R(0) £ €h(6) remains strongly convex for sufficiently small
values of € > (. As such, part 1 of the theorem holds for these cases. By bounding the difference in
the values of ;.4 at € > 0 and at € = 0 the bound on h(6) may be obtained. The proof is given in
full in appendix B.
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4.2. Multiple Layers

In this section, we apply the results of the previous section to prove universality for DRF. We shall
consider the deep random features as given in eq (9). The proof of the equivalence relies on fixing
all layers, except a single one, and demonstrating that the individual layer may be replaced by
their Gaussian equivalent. This relies on an intermediate result, given in the following theorem,
stating that the regularity of a dataset, as defined in definition 3 is preserved under random feature
mappings.

Theorem 6 Suppose that the set {x; € Rd}?zl is regular and assumption 3 holds. Then define
z; = 0(Wx;) where W is a p X d matrix and has independent rows distributed by N (0, éI) Then
with probability higher than 1 — n=19 the set {z;}"_ is regular'.

The main consequence of this theorem is that for L layers where n ~ pg ~ p; ~ --- ~ pr, with
a probability converging to 1, all dataset X() = {xgl)}?zl for | = 1,...,L are regular’. Now,
we can state the main result of this section, which demonstrates a slightly more generic version of
universality for an [-layered deep random feature model.

Theorem 7 Suppose that n ~ py ~ - -+ ~ p; and take ¢ = O(n) and let assumption A1-A5 hold.

For a fixed final layer |, define noise appended features igl) , ﬁ/i(l) as

@ @
0 _ |, ~
X = ? L 16
i [vgl) (z)] (16)
U]

Vi
.~ € R? are independent standard Gaussian vectors. Take a m x (q + p;) dictionary D,
where ||D|,, < cfor some constant ¢ < 0o and define the re-represented features

f; =Dx;, gi=D% a7

where v

andlet FF = [f; --- f,] and let G = [g1 --- g,] be their matrix representations. Then under the
assumption that X is regular,

1. For any real function v with bounded first, second, and third derivatives, there exists a con-
stant ¢ < oo such that

olylog n
|Ew(gtrmn(F)) - Ew(gtrazn(G)” S u (18)
vn
2. Let éF and ég be the optimal solution of problem (2) for F' and G. Then for any bounded
function h : RPL — R with bounded V h(0), second and third derivatives (in tensor norm),

where the bounds are constant in n, m, p; for 0 < i <. There exists a constant ¢ < oo such

that
polylog n

Vn
Universality of the DRF problem follows directly from this theorem by choosing the final Lth

layer, ¢ = 0 and, hence adding no additional noise and D = I, such that no re-representation
appears.

[Eh (65) ~Eh (8a) | < (19)

1. The exponent of n is arbitrary and can be replaced by any other number
2. Here we assume that the numbers of layers L is fixed, but it is simple to show that the argument also holds for

L = poly(n)
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4.2.1. PROOF SKETCH

The proof proceeds by means of induction. For the case that [ = 0, ie a zero layer network the proof
is immediate as x° = v(9). Assuming that the induction hypothesis holds for a layer I — 1 we may
consider layer /.

We make use of an intermediate results which may be found in the appendix. In theorem 15
we show that if the data set x(") is regular then covariance matrices of x(*) and () are bounded
by % for some constant c¢. Then, the proof proceeds in two steps: First, we consider an
intermediate vector

O P1,1W(Z)X£lfl) + P2,lh§l)
Y = )

)

( (20)
Vi

We bound the performance difference (E-qin) between x( and f’y(l) by theorem 7. Second, we
observe that the difference in performance between () and () depends only on the difference
between x("1) and (=1, As such, we may make use of the induction hypothesis to bound this
difference. The full proof is given in appendix C.

5. CGMT Analysis

Thanks to the universality results, we only require to analyze the deep Gaussian features «;,. Here,
we present this analysis in one particular case where £ is the square loss, and the regularization
function is generic. Additionally, we need to impose a model for the relationship between the labels
y and the input variables x(?), which we specifically assume to be independent standard normal
vectors. For this we make the following definition

L *
yi =x"0" + v, 1)
where 6* € RPL is the “true” relationship between the data and the parameters, v; ~ N(0, 021) is

noise, and x(I) is defined in (4). We let v = (vi); and let X0 = [ng) ng) x -X%L)}. Then, we
consider the following optimization problem

| 2 2
Plzmin—Hy—X(L)OH + R(6 _mm—H X(L)eH Y RO +e), (22
0 2n 2 2

where e = 0 — 0* and the optimal solutions are denoted by 91, €1. We similarly consider the
Gaussian equivalent model defined in eq (8). In this case, the data is generated by

yi = 7i(L)T9>«< + v;. (23)
Again, we let X(1) = (7 (L) 'yéL) x 'yT(LL)] and define the Gaussian equivalent optimization problem
as . )
Py = min Hy _ X<L)0H + R(6) = min - H _x®) H FRO +e) (24
n 2

with corresponding optimal solutions 92, €5. By applying theorem 7to &8 — e and y — v, we
establish that the statistics of P; and P, become weakly similar in the sense of their distributions.
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Furthermore, for this particular choice of the relationship between the data and the labels the gener-
alization error for the problem P; may be expressed as

Egen(€) = 0,2 + eTE[RETRD) Te. (25)

new new

This function satisfies the conditions on the function h(e). As such in this case, the generalization
error is also universal.

For problem P, as the matrix X is Gaussian, it may be analyzed by the CGMT, (see appendix
theorem 12), which gives an asymptotic equivalence to a second alternative problem is follows:

Theorem 8 Letn ~ pg ~ --- ~ pr, and let assumptions 1-5 hold true. Consider the following
optimization problem

a b
P; = maxminT;, + max min  T7_1 +min — e[| + —e’g + R(6 + 0*) +
>0 ¢ £1,>0,x1,>0t1,>0,k1, >0 e 2pl PrL

L—2
max min -+ max min Z Ti(e) (26)
€L-1>0,xp-1>0tL 1>0,kp 1>0  £02>0,x02>0t0>0,ko>0 P
Where 17, is a function of 3, q; T, _1, a, b are functions of 8, q, &1, XL, tL, ki, € € RPL s a standard
normal and T} are functions of e, 3, q, &, Xi, ti, ki for L > i > l. The exact expressions for the
functions a, b, T; are complicated and are given in the appendix equation (178).
Then,

1. Then the values of P> and P53 become close, in sense that if Ps converges to come value c then
P will converge to the same value.

2. Let 05 be the optimal point of Ps. Then for any bounded function h : RPL — R with bounded

second and third derivatives (in tensor norm), where the bounds are constant in n,p;. for
0<3¢<0L, then

Pr(|h(é2) — h(é3)| >¢€) -0 as n,po,...,pr, — 0O 27

A proof of this theorem may be found in the Appendix Section D. Furthermore, if all layers,
except the input have the same dimension p the CGMT result can be simplified substantially, these
results may be seen in theorem 22. It can be clearly seen that by the triangle inequality and the
results of theorem 7 that P53 and P; will similarly asymptotically become weakly similar; as will
h(@3) and h(6,).

5.1. Experimental Results

We now demonstrate the validity of our results experimentally. We consider two regularization
functions that satisfy assumption Al: the 2 regularization and elastic net regularization, where
R(8) = A1 [0 + 322 015

We consider standard Gaussian input of dimension d and examine a 2-Layer RF model where
both layers are of dimension p and a 1 layer RF model with hidden layer of dimension p. The ratio
7 was fixed to 1.5 for all experiments. The activation function was chosen to be tanh.

In figure 1 we show the training and generalization error for ¢3 regularization for 3 different
regularization values as a function of the ratio %. We note that in the 1-Layer case % is a measure of

10
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the under or overparameterization of the network. This relationship does not hold in the two layer
case, however as may be seen from the figure this ratio is still useful in comparing the two models.
In figure 1 the solid line represents the 2-layer case and the dashed line represents the 1-layer case.
The triangles are our theoretical predictions for 2-layers, and squares similarly for 1-layer. For the
Elastic net case we fix Ay to be 10~° and vary only \; these results are similarly shown in figure 2.

We note that in both types of regularization functions, for all values of %, the 2-layer deep RF
model has consistently lower generalization error. With respect to training error the two layer case
only outperforms 1-layer at large values of regularization. This suggests that even when training of
the layer is not performed there can be a benefit to a deeper embedding of the input data.

FT T T T y T T
1071 ;, e T E— >\ = ]. é I— A = 1
g —A=10"2 | o —A=10"2
10-2 S A=10°| 5 07} A=10"5 [
5 | & | ]
5 TSR | g ]
op 1073 4 = |
E B N 4
=) i =
B 1 fa] N
S 1070 1 ¢
E 8 N ﬁmmm%w |
1075 L . 10 ngﬁiﬁgﬁﬁﬁi—;;mnmmmm .
1 ;iEV— ]
L ‘ | ‘ | ‘ | ‘ L | | | | L
0 1 2 3 4 0 1 2 3 4
v==%8 y=12
(a) Training Error (b) Generalization Error

Figure 1: Comparison of 1-Layer and 2-Layer RFs, with square loss function, ¢3 regularization
with regularization strength A. Solid lines represent 2 layer and dashed lines 1-Layer.
Triangles are the CGMT results for 2-layers and squares for 1-layer

5.2. Eigendistribution of the Covariance Matrix

In the CGMT analysis performed above, where the input data is Gaussian, the Gaussian equivalent
features () are distributed as AV'(0, R(%)) where R(!) is a covariance matrix defined recursively
as

RO =1 RO =} WORCDWOT 4 2 1 (28)

where each W) has rows w§l) ~ N(O0, ﬁlpzq)- In the case of ridge regression of linear models,
or any rotationally invariant setup, the optimal value is directly dependent upon the eigenvalues
of the covariance matrix. As the covariance matrix is random we consider its eigendistribution,
the marginal probability distribution over the eigenvalues. We note that what we examine here is
the recursively defined covariance matrix of the Gaussian equivalent features, an analysis of the
recursively defined covariance of the original distribution is considered in Fan and Wang (2020) and
Schroder et al. (2023),

We note that the type of recursion for R(!) is a form of a Lyapanov recursion, which has
been studied in the literature (Vakili, 2011; Emery et al., 2007). We denote the eigendistribu-
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Figure 2: Comparison of 1-Layer and 2-Layer RFs, with square loss function and ¢; + ¢3 regular-
ization with regularization strength \ for the ¢; term and fixed ¢ regularization strength.
Solid lines represent 2 layer and dashed lines are 1-Layer. Triangles are the CGMT result
for 2-layers and squares for 1-layer

tion of the matrix R® as frw (A) for eigenvalues A. In the case of [ = 1, the matrix R® is a
scaled Wishart matrix plus an identity, whose eigendistribution is given by a shifted version of the
Marchenko—Pastur distribution. In figure 5.2 we consider the empirical eigendistribution of R(%),
corresponding to the two layer case studied above. We choose pg = 1000 and py = 1500 fixing
the input and output dimensions of the layers, and vary the size of the hidden layer p;. We note as
the size of the hidden layer grows the more concentrated the eigendistribution become around zero,
while decreasing it results in a more flat structure. In the case of ridge regression, the decreased in
the support of the eigenvalues could represent in an increase in model uncertainty at large sizes of
the hidden layers.

We also examine the eigendistribution analytically. We make use of the Stieltjes transform
Sr (2) of the distribution fg . This transform and its inverse are give by

Sao(a) = [ 1B ax ) = 2 tim Tnls(h+ i) 29)

w—0t

where 7 is the imaginary unit, and z is complex. We can demonstrate that the Stieltjes transform of
the matrices R() follows the following recursion.

Theorem 9 Let 5; = plp—_l then the Stieltjes transform S)(z) of RO in (28) is given recursively by

1)

. 9
Si41(2) = 55— (Z 2p2,1+1> G0)
pl,l+1 p17l+1
1 z
u(z) = 1—ﬁ—5zﬂz(z)sl <1—5—5291(2’)> .

12
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Where Qg is the Stieltjes transform of a Wishart matrix, given by

:1—61—24—\/22—2(614-1)24-(51—1)2 32)

Q
0 2512

Proof The proof is given in appendix E. |

The recursive definitions given are difficult to compute empirically, as such we will leave visualizing
these results to future work. However the recursive structure suggests that there exists a limiting
distribution over the eigenvalues in the limit of infinite depth characterized by the different ratio in
size between the various layers.

2 T T T 5 T T
p1 =100 || p1 = 2000 ||
p1 = 500 n p1 = 5000 ||
1.5 p1 = 1000 || p1 = 10000 ||
z |z 3 .
e} e} 2 - |
2 1 8
" 05l | = |
) i |
ol umu I N ol LTI N
| | | | | | | |
0 2 4 6 0 0.5 1 1.5
A A
(@) p1 < po (b) p1 > po

Figure 3: Empirical Eigendistribution of R(!) for various sizes p; of the 1st hidden layer

6. Conclusion

In this paper, we prove an asymptotic equivalence between deep random feature models and linear
Gaussian models with respect to the training and generalization error. As a result of this univer-
sality, we can study a Gaussian equivalent model to the DRF model, in the asymptotic limit. We
use this fact to provide an exact asymptotic analysis by means of the convex Gaussian min max
theorem for an L-layer deep random feature model with Gaussian inputs. We further demonstrate
that depth has an effect on training and generalization error both experimentally and by studying the
eigendistribution of the Gaussian equivalent model’s Covariance matrix.
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Appendix A. Technical Lemmas and Theorem

In this section we give a number of Lemmas and Theorems that will be used in the proofs below.
In the following lemma we demonstrate that passing the input through an activation function
with Gaussian weights result in a subgaussian random variable under mild assumptions.

Lemma 10 Consider X = [x1 Xg -+ X,], where x; € R and define r = 1X[[op- Suppose that
the derivative o' of the activation function o is bounded, i.e. ||o’|| ., < 7. Let w ~ N'(0, 3I). Then,
the random vector (o(x}w))y, is %—sub-Gaussian

Proof Take a unit vector a = (a;) € R™ We show that A(w) := > }_, axo(wlxy) is sub-
Gaussian with parameter 77/+/d. For this, we show that the function A(w) is 7r—Lipschitz con-
tinuous, which implies the desired result (see (Boucheron et al., 2013)). For this, observe that

VA= Z xpo' (wlxp)a, = Xo, (33)
k=1

17


https://arxiv.org/abs/2302.00401
https://arxiv.org/abs/2302.00401
https://resolver.caltech.edu/CaltechTHESIS:06022011-214438378
https://resolver.caltech.edu/CaltechTHESIS:06022011-214438378

BoscH PANAHI HASSIBI

Tx1)ag)r and hence by assumption |o|| < 7. We conclude that

where o = (o/(w
IVAI < [IXllop lo ]l < 77 34)

This concludes the proof. |

Here we give a lemma that gives a high probability bound on the norm of a random matrix.

Lemma 11 Consider a p x n random matrix S where each row is independent and 7-sub-Gaussian.
Moreover, the covariance of each row is bounded by T in operator norm. Then, there exists constants
co, k only depending on T such that for any c > cq the following holds:

Pr[[[S]| > c(y/p+ Vn)] < e " (35)

Proof The proof is based on the standard e—net argument. Hence we do not give it here. See, for
example, (Baraniuk et al., 2008) for a similar proof. |

Next for completeness we state the Convex Gaussian Min Max Theorem (Gordon, 1985, 1988;
Thrampoulidis et al., 2014). We make heavy use of this theorem in the proof of theorem 8.

Theorem 12 (Convex Gaussin Min Max Theorem (CGMT)) LerG € R"*™ g € R™, andh €
R™ be independent of each other and have entries distributed according to N'(0,1). Let S; C R”
and Sy C R™ be non empty compact sets. Let f(-,-) be a continuous function on S1 X Sa. We define
the primary and alternative optimization problems as follows:

P(G) := minges, maxyes, X! Gy + f(x,y) (36)
A(g,h) := minges, maxyes, [|x/l, 87y + [y, h'x + f(x,y), (37)

Then for any c; € R we have that
Pr(P(G) < c¢1) < 2Pr(A(g,h) < ). (38)

Under the further assumption that Sy and Ss are convex sets, and f is concave-convex on S1 X So
then for all ca € R we have that

Pr(P(G) > c2) < 2Pr(A(g,h) > c9). (39)
We note this theorem demonstrates that if A(g, h) concentrates on a particular value c, ie

Pr(|A(g,h) —¢| > ¢) —=——0,  Ve>0 (40)

n,Mm—00

then P(G) will concentrate on the same limit.

18



PRECISE ASYMPTOTIC ANALYSIS OF DEEP RANDOM FEATURE MODELS

Appendix B. Proof of Theorem 5

Our proof is based on an application of Lindeberg’s argument to the sequence of features ¢; for
7 =1,...,p. We will adopt the following notation for this section. For a matrix A we denote its
ith row by means of superscript a’ and its jth column by means of subscript a;.

For simplicity, for any m x n matrix Z with columns (z;) we define

L(z) = min Zé 2,0, y;) + R(6). (41)

By means of a splitting technique, we may express this as

. 1 [ T
LZ) =, min,, e (kzl How, ) + di(o = 2i ‘”) + R()
1
= — — E 0*(—d + R*(=Zd 42
érelﬁ&% " kayk (n ) (42)

A(d,Z)

where ¢*, R* are the Legendre transforms of ¢ and R respectively. We note that L(F') = Eyqin(F)
and L(G) = &train(G). Furthermore, we define Z, forr = 0,1,...,mas

Z. —Zdj’)’ + Z d;¢’, (43)
j=r+1

where v/, ¢’ are the jth row of ® and I respectively. We note that, d;v’ and d;¢’ are outer
(tensor) products, resulting in matrices. As a result Zy = F' and Z,,, = . We have that

[E¢(L(F)) — G))| < Z [EY(L(Zr)) = Bp (L(Zy—1))] - (44)
Now , forr = 1,2, ..., m for any vector u € R", define
r-1 . p .
u) =Y diy/ +dau’ + > del (45)
j=1 j=r+1

We note that Z,, = Z_,.(v") and that Z,_1 = Z_,(¢"), as such
EY(L(Zy)) — E¢Y(L(Zy-1)) =
[EY(L(Z—(7"))) — EY(L(Z-(0)))] — [EY(L(Z-r(9"))) — E4(L(Z-(0)))] . (46)

We now define d,. and d_,. as the minimal solutions of A(d, Z,) and A(d, Z_,.(0)) respectively.
We note that 4", ¢" are 7—sub-Gaussian and independent of Z_,(0). Hence, we examine the
following term:

EY(L(Z—r(0))) — E¢(L(Z-(0))), 47)
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for a generic 7-sub-Gaussian independent random vector u.
We recall that R is p-strongly convex and M -smooth, we have that R* is ﬁ—strongly convex

and i smooth for any Z, (Kakade et al., 2009)[theorem 6]. The optimal solution d is therefore
uniquely identified by the first order optimiality condition

h(d,Z) := VaA(d, Z) = %C(d) + %ZTVR* <iza> =0 (48)

where ¢(d) is the vector of values (£(dk, yx))x With ¢’ being the partial derivative of £* with respect
to the first argument. In particular, h(d_,,Z_,(0)) = 0. We can therefore conclude that for every
u = (ug))_, that

o 1 1 ~
h(d_,,Z_,.(u)) = —ud! VR* (ZTdT> +
n n

lzﬂ(u) (VR* <1Zr(u)(§lr> —~ VR* <1zr(0)&r>> : (49)

n n n

Where we have used the fact that
Z_,(u)=7Z_,(0)+d,u’. (50)

We can further conclude that

(5D

B.1. Bounding the terms in 49

Now, we introduce a series of bounds and approximations on the terms involved in 49. For ease of
notation, we introduce the following:

Definition 13 We say than an expression including the parameter c holds with high probability
(w.h.p) if there are constants cy, k such that for any ¢ > cy, the expression holds with probability
higher than 1 — ke~ """, We also denote C' := poly(c).

Recall that we have assumed that u is a 7-sub-Gaussian vector. We now note that all the matrices
Z,,Z_,(0) and Z_,(u) can be expressed as Z = DS where each row of S is independent an
associated with either a random feature, a replaced Gaussian feature, or u. Hence, for p ~ n,
by assumption Al and lemma 11, we have that ||S||, < C(\/p + v/n) < Cy/n holds with high
probability, and by the conditions on D assumed for the theorem the matrices Z,,Z_,(0) and
Z_,(u) are also bounded in operator norm by C'\/n with high probability.

Next we note by assumption A2 that ||{(0)|] < C'y/n and by assumption Al, that VR*(0) =
O(1). Moreover, as R* is - —strongly convex, we obtain that

A C
d_.|| < M|h(0,Z_.(0))] < —. 52
Ja] < a0z o)) < = (52)
By the i— smoothness of R*, we also obtain that:
1 - 1 -
HVR* (Z_T(O)d_r> H < — HZ_T(O)d_T <% whp (53)
n Un n
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and
at - (1 A 1 T A T4
VR (~Z_.(wd_, | - VR* (~Z_.(0d_,) )| < — |d.| ‘u d_, uld_,|. (54)
n n un

Recalling that u is 7-sub-Gaussian, hence:

Pr [ uTd | > c\/ﬁHa,r ] < e~ken. (55)
where x only depends on 7. From this we conclude that,
ve(lz (u)d v (lz (0)d <Y wn (56)
n 2T u)a_p, o —r > TL\/’E W.0.p.

Finally, applying lemma 11 to S = u’ (with p = 1) shows that ||u| < C\/n with high
probability. As such we can make the following conclusion about (49):

A Or

h(d_,,Z_,(u)) — —

n

w.h.p (537

u’ = 32
where 6, = dI VR* (%Z_T(O)&_T). Hence, |9, < C  w.h.p and

Hh(&,, z,r(u))H < % w.h.p. (58)

B.2. Approximating L(Z r(u))

We now denote J, = a d h(d_,,Z_.(0)) and introduce the following point:
A A J
dy,p(u) =d, - =3 u (59)
n
We note that & cu+J, (d4r(u) — d_,) = 0 and by strong convexity that J,. > < L. Furthermore,
by the assumptlon on the third derivatives,

[ ;

dir,Zop(u) = = =, (a+,(u) - a,r)
< |b@sr. 2 (w) — By, Z () = T, (dir(u) - )

[z ()

|+ 7

- A2 C C C
<C Hd+T(u) —d | + o5 = Julf4 < T who. (60)
Finally, from strong convexity, we conclude that
. M . 2 C
0 < A(d4r(w), Zop (W) + L(Zor(w) < o [B(dir(w), Zor(w)|| <5 whoo (6]

On the other hand, we note that

1 5 1 1 o
~Z_.(u)dy, = ~Z_.(0)d_, + —~d,u’d_, —
n n n

n? v

Or
Z_(0)3 tu— ﬁdTuTJr_lu. (62)
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We now define

1 1) _ 1 2 02 _ _
B,.(u) :=n! [ndrqur - n—guTJT tul + 27201{H,d,n (u'd_,)" + 27;“3 u?J AT M, (63)

where 7, and H, are the gradient and Hessian of R* respectively at %Z_T(O)d_r and A, is the

diagonal matrix of elements (¢”(dy, yx)) where ¢” is the second derivative of £* with respect to the
first argument. From the previous bounds we conclude that

R C
A(d-i-r(u)) Z—r(u)) + L(Z—r(o)) - Br(u) < —7% Ww.hp (64)
from which we find that

L(Z () ~ L(Z(0)) -~ Bw)| < ¢ who, (65)

C
[V(L(Z-r(u))) — P(L(Z-1(0))) — Br(u)| < —p Wb (66)
From the mean value theorem, we have that

¥ (L(Z-(0))) + Br(u) — $(L(Z-+(0)))
—¢'(L(Z-+(0)))Br(u) - %w”(L(Z#(O)))BE(u) < C|By(u)f (67)

Again, making use of the previous bounds, under the product measure {2 we observe that

T3 \2(.T 2
n d;)*(u’'d_, C C
B - A < Bl < S wh (69
and hence
[W(L(Z

—(0))) + Br(u) = ¢(L(Z-(0)))
(anT)Q(qu_T)Q

n2

U (L(Z1(0))Bola) — 50" (L(Z,(0)) << whp ()

- n3/2

Combining all of the steps together, we obtain that
[Y(L(Z - (0))) = $(L(Z-(0)))
(n"d,)*(u"d_,)? c

n2

Lo"(L(z_.(0))

—(I(Z-(0)))Br(w) — 5 w.hp (70)

B.3. Bounding the Increments of (44) and Final Steps

We now employ the following observation:

Lemma 14 Suppose that A is a non-negative random variable such that A < C w.h.p with
C = poly(c). There exists a universal constant c1 such that E[A] < ¢;.
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Proof Note that the assumptions imply that there exist universal constants cg, x such that for ¢ > ¢g
Pr[A > C] < ke "¢ (71)

Note that C' = poly(c) < (ac)? for some constants o, 3 > 0. Hence for C' > Cp := (acg)?, we
have

1
Pr[A > C] < ke~a"C7 . (72)

As such, by making use of Tonelli’s theorem we have that

o0 oo “ %?
E[4] = / Pr[A > CldC < Cp + m/ e"anC? (73)
0 Co
It is simple to check that the right hand side is bounded by a universal constant. |

According to lemma 14 we have that
[E¢p(L(Z—r(n))) — E¢(L(Z-(0)))
Td.)2(uld_.)2

B (L(Z(0))) B, (w) — E (L2, (0))) -l ()

n2

C1

<m0

for some universal constant ¢;. Now we note that each expectation can be carried out y first con-
ditioning on Z_,(0) and then taking the expectation with respect to it. Accordingly, we denote
Ey := E[-|Z_,(0)] as this expectation is only over u, which is independent of Z_,.(0). Further-
more, we repeat the above bound for u = 4" and u = ¢", from which we obtain:

[EY(L(Zy)) — B (L(Zr-1)) — B¢/ (L(Z-(0)))[EuB:r (Y") — EuBy(¢")]

Lo n (n"d,)? T 1r\2 T Ar)\2 2c1
Making use of the bounds on the derivatives of 1), we obtain:
[EY(L(Zr)) = BY(L(Zr-1))| < E[EuBr(v") — EuBr(¢")| +
( TdT) r r 201
§]E T[Eu(dzrcf’ )? = Eu(d,~")]| + WY (76)
By the previous bounds, it is straightforward to see that
r T O
E|EuB,(Y") = BuBr(¢") < —[|K; = K|, wh.p, (77
and
Tdr 2 C
W[Eu(dfr¢7")2 Eu(d”,~")] < —|K - K, whp (78)
Hence by lemma 14 and (44) we conclude that there exists a universal constant c¢; such that
/ C1
By (L(F)) — Ep(L(G))| < —Z 1K, — K|, + NG (79)

This concludes the proof of part 1 of the theorem
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B.4. Proof of part 2

For e € R, we define R, := R + €h. Define L.(F), L¢(G) as the optimal values with R, and note
that for all €

~

6h(gF) > LG(F) - L(F)7 (80)
and
eh(0G) > Le(G) — L(G). (1)

We then note that for sufficiently (but finitely) small e the conditions of the theorem are satisfied.
Choose € > 0 such that both € and —e statisfy these conditions. Then we have

LoF) = LUF) 4+ L@ + LG) _ o o < L) = LoolF) = L(F) + L(C)

€ €

. (82)

Taking the expectation, and making use of the results of part 1, with ¢)(z) = x we conclude that

P
c c
— K, - K/ —. (83
e K-l + m @)
we can now choose € = n1—1/4, from this we can see that the latter two terms go to zero in the limit
of large n. For the first term we note that when e grows small that
L(F) — Le(F) + L(F) — L—G(F)
€ €
Moreover, — L*G(FZ_L(F) — LE(F)E_L(F) is bounded by twice the bound h. Then, we may invoke the
dominated convergence theorem and conclude that
L(G) — L(G)  L(F) - L(F)

€ €

Eh(0r) ~ Bh(0c)| <E [2L<F> SR LE<F>]

— 0. (84)

E — 0. (85)

Which concludes the proof.

Appendix C. Proof of Theorems 6 and 7

The proof of these theorem relies on two intermediate results, we shall prove both of these first.
Firstly consider the following theorem:

Theorem 15 Assume that o is odd and that assumption A4 holds. Take
X,LTXJ'

d

Jv := sup — 0ij| (86)

%,J

and w ~ N (0, 31). Consider the random vector ¢ = (o(x},W))y, and denote its covariance matrix
by K. Then,

p2
HK — <d1XTX + p§'1>

X 2
<c u3n+u+u” lop : (87)
op d

where c is a universal constant.
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112 xi||? xTx;
Proof Note that K;; = EW[U(WTX,‘>O'(WTX]‘)]. Fori # j, we have that K;; = (IIxéH , I é” o J)

2
where 1, and for ¢ = j, we have that K;; = 1 ( %) Where 1, and 75 are defined in assumption
A4. Note that by oddness of the activation function

m(1,1,0)=0,  n2(1) =Eo*(g) (88)
Vi (1,1,0) = (0,0, E[ga(g)]?), (89)

where g is a standard normal. We also note that the hessian of 71

0 0 —Elgo(g9)]?
H,,(1,1,0) = 0 0 0 . (90)
—E[go(g)]* 0 0

Then, by the mean value theorem and assumption A4 we have that

T ]
\Kij—KéjK{” T 1)
cu =7
where
T 2
X Xj E 2 (1 _ 1= |l ) : :
K - { 7 [Elgo(g)] &) it o)
Elo?(g)] i=j
From this we conclude that
HK—K’HOp < c(pdn + p). (93)
2
It can also straightforwardly be checked that HK r— (%XTX + p%I) < cpu ”XdH 2 from which
op
the desired result can be obtained. |

The second intermediate result is shown in the following theorem.

Theorem 16 Suppose that o is odd with bounded derivatives and assumption A4 holds. Moreover,
the set {x; € R}, satisfies:

T .
Xi Xy

lyl
: - polylogn. o)

AL

Define z; = 0(Wx;) where W € RP*? has independent row distributed by N (0, éI). Then, with
a probability higher than 1 — n='0 it holds that’ :

sup
0]

— 8

zisz < polylog n 95)
p vn

3. The exponent is arbitrary and can be replaced by any other number

sup
i’j

— 8
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Proof We note that

1 T 1 T T
Z; Zj = g o(w, x;)0(W, X;), (96)
J ( Jo( 7)

.
and by the assumptions o(w.x;)o(wlx;) are i.i.d and sub-exponential. Hence, there exists a

constant ¢ such that for every t = o(y/n):

ET . T . T, . L —ct
Pr szi zj — Ew[o(W' x;)0(w Xj)]’ > \/ﬁ] < 2e . 97)

In particular, we may take ¢ = clogn for a sufficiently large c, which by the union bound leads to

clogn

vn

T T T

1zl- z; — Ew[o(W" x;)0(w xj)]‘ < (98)

sup
/[:7].

. . o Te. T : lill® I 1* xFx;
with the desired probability. On the other hand Ey [0(w" x;)o (W' x;)] equals either 1y ( =5, =5, =

2
for i # j or 1y (%) for ¢ = j. Then by assumption A4 the result holds. |

C.1. Proof of theorem 6

To prove the theorem we need to show two properties hold. Firstly,

T
z;Zj 5l < polylog n 99
Hllf;x D i > \/’ﬁ . (99)
This has been shown by theorem 16. Next, we need to show that
1Z]| < ev/m. (100)

For this we note that the rows of Z are independent. Moreover, by lemma 10 and the assumptions,
each row is c—sub-Gaussian for a constant c. Finally, by theorem 15, we have that

i
d

< polylog n

op — \/ﬁ

Then by lemma 11 the result follows.

K] ; H xx? 421 < aon)

op

C.2. Proof of theorem 7
o _

» =
qb(xl(l_l),W(l)). Furthermore, {xél_l)}?zl is regular with a probability higher than 1 — n =% and
hence by lemma 10, each row of X0 = [X; X2 - -+ Xp] is c—sub-Gaussian. Moreover, by theorem
15, we have

The proof is by induction. For [ = 0, the claim is trivially holds. For a given [, note that x

polylog n

Vn

it

y XX + pi1

<c (102)
op

K], < +1
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and hence by assumption the first condition for Theorem 5 holds true with a probability higher than
1 —n~19 As aresult, defining

, 05 (=1) )

g = W 0 T (103)

Vi

then theorem 5 holds for {fcl(-l) 7, and{ gg”' ;. Denoting the optimal value and the optimal point
for the latter by L', 8, we note that

Iyl
B [(LF))] - Eyo[p(D)]] < 22250 (104)
NG
with probability 1 — n~19. Note that L(F') and L’ are bounded, hence:
lylog n
E[y(L(F))] — E[(L)]| < 2228 105
[E[(L(F))] —E[p(L)]| < N (105)
Where E[¢)(L)] = E[E[¢)(L; )|W®]]. On the other hand,
-1
1y pWO - poT 5
Dg!" =D | 2 h | . (106)
i 0 0 1| ™)
vV
D/ !

Now we observe that with probability higher than 1 — e~ it holds that ||D’|] < C and hence
(-1 _ [h(l) v
(3

% 7

we may invoke the induction hypothesis for layer [ — 1 with D’ and v
that

] to conclude

EW(L(G) W] Ep(2) W] < pdyj%g” (107)

with a probability higher than 1 — e™“". Again using the fact that the optimal value is bounded, we
conclude that

polylog n
v

Which concludes the claim for part 1. Part 2 is proven exactly by the same argument.

[E[(L(G))] - E[p(L)]| < (108)

Appendix D. Proof of Theorem 8

To prove Theorem 8, our goal is to make use of the CGMT (theorem 12) to obtain an alternative
optimization problem to (24). Upon simplification we note that this problem relies entirely upon
R (%) and note that is can once again be expressed as another CGMT style optimization. Applying
the CGMT again results in a problem dependent upon R, Repeating the processes iteratively
eventually results in the alternative optimization problem given in (26). We adopt the same process
for a recursive CGMT solution as in (Bosch et al., 2022), and follow the direction of their proof.
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To begin this processes we first recall the definition of problem P» given in (24). We fix
WO .. W) and make a change of variables. Recalling the definition of y, given in (23),
we introduce the error vector e = 6 — 6*:

+ R(e + 0%). (109)
2

We now recall that the rows iz(-L) of X(X) are i.id normally distributed with covariance R(%). As
such we can express X =yl (R(L))l/
entries and R(%) is given by

2 where U(E) € R"XPL and has i.i.d normal Gaussian

RO=1 RU=p} WORCDWOT 52T 1<1<L. (110)

For the sake of notational simplicity we will express (R(L)) 12 as R(1)/2 when there is no chance
of confusion.
Next we make use of the Legendre transform of the 2-norm. We obtain

— mi Lty - L ruwRr@ze - L2 .
PQ_eglﬁgLi%%}ﬁnA v—— pL}\ U RY/ e ™ |A[|5 + R(e +6%). (111)

We note that the problem is now in the correct form to apply the CGMT. However, the CGMT
requires that the optimizations over e and A are over compact and convex sets. In the subsequent
lemmas we show that we can restrict the problem to compact and convex subsets of RPZ and R".

Firstly, we show that R for all 0 < [ < L can be bounded above by a constant in operator
norm with high probability.

Lemma 17 Let RO pe defined as in (110), then for each 0 < | < L there exists a constant Cg )
such that

l
Pr (HR<”H2 < CR(,>> >1-3 20, (112)
=1

For some universal constant ¢ > 0. By ||-||,, we mean the spectral norm.

Proof The proof is by induction. For R(?) = T it is clear that HR(O) H2 = 1. Now assume that the
following event holds

(-], ).
then by the definition of R() we have that
2
R R L N

2
< Cran [WO[ 403, 14

28



PRECISE ASYMPTOTIC ANALYSIS OF DEEP RANDOM FEATURE MODELS

Now we recall that the elements of W) are i.i.d normally distributed with variance —— pl . Standard
results from Random matrix theory (see for example (Vershynin, 2018)[corollary 7.3. 3]) demon-
strate that

Pr (HWU)H > 1+ v/pi/pit + t) < 9¢Pi1t? (115)
2
We choose t = \/p;/p;—1 from which we obtain
Pr (HW(”H2 > 14 2\/pl/pl_1) < 2P, (116)

As such we can choose

Cro = p1,Cra-n (1 +2v/p1/pi—1)” + 93, (117)

Now we note that the probability of the event (113) hols true with probability
-1
Pr (HW(”H <14 2p1/po, - ,HW“—”H <14 2\/pl_1/pl_2> >1-3 27 (118)
2 2 ,
J

where we have made use of the union bound. As such we can say that with high probability HR(Z) H2
is bounded. |

Next, we show that the optimizations over e and A can be restricted to compact sets

Lemma 18 Consider the following two optimization problems, which correspond to the problem
P and the alternative problem after applying the CGMT:

1 1 1
_ T . _ TUORE/ 26 — Z_|INI2 o* 11
Py = eIEI]llglL/I\Ié%g’% n)\ u - le\ U%YR e ||)\||2+R(e+ ), (119)
1
P, — T, TRID)/2¢ _ HR (L)/2 H hT
2.2 eeﬂélr’lL Nekn nA v n+/DL, 1M & ¢ n,/pL A

2 *
- . 12
LA+ REeto). 20

where g € RPL h € R"™ are standard normal vectors. We define €, and &5 to be the optimal
solutions of Pa1 and P o respectively. Furthermore, let )A\l(e), 5\2(6) be the optimal solutions of
the inner optimization of P 1 and P> o respectively as functions of e. Let R be p-strongly convex
and let ||VR(0*)|| = O(/pr). Then there exist positive constants Ce and C, that depend only on
w such that

* The solutions €1, €9 are

. A N < _
i Pr(max{el], [e]} < Cov/pr) = 1 (121)
e and

lim Pr ( sup max{Hj\l
nee eille]| <Cev/m

|} < cm/ﬁ) —1 (122)
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Proof We recall that R is u strongly convex, and we let the function B(e) = R(e + 6*). Solving
for A in both optimizations, we may expressed the resultant optimization over e as

min Fj(e)  i=1,2. (123)

Such that F;(e) is the optimal value over the parameter A. Next, we note if we set A = 0, both
optimizations yield F;(e) > R(e). Then we note that

B(e) > B(0) +d"e + pulle|; (124)
from the strong convexity of R, where d = VB(0) = VR(6*). We note that by assumption
Id]| = O(y/pL)-

For the first optimization P;, we note that
1
F(0) =B(0)+;\IV|\§- (125)
n
From this we note that for the optimal solution & we have
1 . . .
B(0) + 5~ |5 = F(0) > F(&1) > R(0) + d"&: + ulle]3, (126)

from which we obtain

1 1 o 1.
—dil < — — ||d]|5 . 127
e+ 2 < 5w+ o g (127
As such
) 1 T . 5, 1. .
el ng W wlZ + L Ja) (128)
2 2, I 1V 1I2 2z 1€

We recall that from standard random matrix theory (Papaspiliopoulos, 2020)[Theorem 2.8.1]
we know that ||v||3 < cn for some n with high probability. We may therefore observe that exists a
constant Ce, such that

lim Pr(||éy]l, > Ce,/PL) = 0. (129)
pL—0o0

We can now consider problem (119). We make use of the same strategy in this case. We note
that, when we let § =

1 B B
B |} - YeO72: P WTRM/ 2 - 2 1 B 1
v VPL HR eHQgH ny/m R " 2m (e)- (130)

We note that this optimization is constrained to the set 8 > 0, as such dropping the constraint
can only increase the optimal value. Dropping the constrains results in a quadratic optimizations
which may be solved. We obtain the following inequality

F(e) = max —
=0 n

2
F(e) < B(e) + L - \/’%hTR(L)/Qe) , (131)

o o el
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and in particular

1
F(0) < B(0) + > el (132)

Now making use of the same inequality as in equation (126) from which we may find that

R 1 1 9 1 9
ool < | 2] /5 018 + 5 Il (133)
2 2oy 2 2 12 2
As such we can demonstrate that
piiinoo Pr(]|éz2|ly > Cey/PL) = 0. (134)

We let Ce = max(Ce,, Ce, ), and we make use of this constant to define Ae = {e € RPZL| |le||, <

Cev/m}

Making use of the optimality condition of the inner optimization in equation (119), we see that

2 1

Ai(e) =v mUR(L)/2e. (135)

As such, for all e € Ag

el < + | omer

1
< 1 (L)/2 ‘
el <l + H =0 IR el 30

We can then note by lemma 17 that HR(L)/ 2||, is bounded. Furthermore, by standard random

I
matrix theory results we can conclude that H ﬁUH < (C for some constant C' with high proba-
2

bility. Then, using the same arguments as above, we can conclude that t here must exist a constant
CJ, such that for all e € Ae:

lim Pr (Sup Hﬁ\l(e)H > Cm/ﬁ> —0 (137)
n—o0 eeAe 2

Finally, consider the optimality condition over 3 of problem 120 we see that for all e € A, that

ol o el - oo
< Wl + = el [R0)/2]) el + —= [R©72], Im, (138

With high probability we note that ||v|l, < C'v/n,||g|l, < Cy/n and ||h|| < C/pr. As such we
can find a constant Cy, with

lim Pr <sup Hﬁ\g(e)H > C’)\Q\/ﬁ> —0. (139)
n—oo e€Ae 2

Choosing C = max(Cl,, Ch,), the proof is complete. |
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Making use of this lemma we can define the sets S1 = {e| |e|| < Cey/m} and Sy =
{Al |IA]l € Cxv/n} and note that these sets are compact and convex. We can with high proba-
bility restrict ourselves to the problem

1 1 1
Py = min max —ATv — ——ATUDRD/2e — — ||A|2 + R(e + 6%) (140)
e€S1 AES2 I n\/PL 2n
and note that the optimal value of P will be close that of P,. We now satisfy the conditions for
applying the CMGT. Applying it we obtain the following problem:

1
Ay = mi ATy - All, g"RE)/2 HR<L /2 H Y
2 gelgig\ne%);n o N\/PL H ||2g e ‘/pL
2 *
o INE+ Rt o). a4

Where g € RPL h € R" have elements that are i.i.d standard normals. By theorem 12 we know
that the optimal values of Ay and P will be asymptotically equal if A2 converges to a finite value.
Next we let 8 = ﬁ IAll. We note that 0 < 8 < Baa, Where SBq, € R is some constant, whose
value can be chosen arbitrarily larger than C'y. We can now solve the optimization over the vector
A fixing its length to 5. We obtain

— )/2
Y e L L
2
__p gTR(L)/Qe—B—+R(e+9*). (142)

npr

Now we note that the first term in the 2—norm concentrates as n grows large. We prove this in
the following lemma

Lemma 19 Ler A be given by

)/2 B rpma, B ‘
5”\f — HR HhH g R~ i Rlet07). (143)
Let A(e, 3) be given by
Ale,p)=p eTR Le — b TR()/2¢ — /8—2 + R(e + 6%) (144)
1/ang 2 ’

Then, there exists positive constants C| ¢ such that for any ¢ > 0:

Pr < sup |A(e, B) — A(e, B)| > e) < Ce " (145)

eesl 7OSBSBmaz

Proof We note that A(e, 3) can be expressed as

1 1 2
= B\/n 13 + oy (R el [l - = [R)2e]], 27h

2
_ B grrwie - L Rt oY) (146)
npr 2
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Or equivalently
A= | (Gl = o) a2 RO (5 pmig - ) 4 - Rz
T e vt v
<A+ BVE < At BaxVs  (147)
where

- (Rt eg) + ol (2mi-) - o] 2

vTh

1
§<W5—0>+C%hm<%% )—%ﬁa@@

From the lemmas above we note that Cg () and C, are universal constants. Furthermore, it can be
readily observed that Pr(|0] > €) < Ce™ " for some constants C, ¢ > 0. As such, we see that

©5 148)

Pr ( sup |A(e, B) — Ale, B)| > 6) =

ecS 70§ﬁ§5maz

Pr( sup |0 Ze) < Pr (|Bmacd| > €) < Ce™ (149)

ecSt 70§ﬁ§ﬁmaz

For some constants C, ¢ > 0. |

By means of this lemma we can, with high probability, consider the following problem

Ao — 2 1~ oTRMe - — = gITRW/2o _ £ ) 1
9 gelgioggng%};azﬁ Ju—l—pLe RWe ang R e— + R(e+6%) (150)

We now note that this optimization problem is convex in e and concave in 3. Furthermore, both
optimizations are over convex sets. As such we can interchange the order of min and max

: 1 B B
Ay = —eTRMe — ——g"RWP/2e — —_ L R(e +6%). (151
2= max min 5y /o +ooe e 8 e— 5 +Re+67). (151

Now we make use of the ”square root trick”, which notes that for any scalar ¢ > 0 we can express
Ve =mingso 4 + 34+ Using this technique we obtain:

2
1212: max min BU +@_Bf
O<B<Bmaz qmzn<q<(Imax 2q 2 2
4+ min ——e"RWe - LgTR(L)/ e + R(e + 0%). (152)
e€S1 2qpr, npr,

Where we have interchanged the order of the two minimizations, and have noted that ¢ can be
both upper bounded and lower bounded, by ¢.,in, = 0., achieved when e = 0 and ¢4, >

\/012, + CgCR@).
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We now fix the values of 5 and ¢ and focus only on the inner optimization over e. We shall
discuss the outer optimizations below. We define

D® = D§(B,q) = min ~L-e"RPe — dL g"R(/ %6 + R(e + 6%). (153)
e€S: 2pr,
2
CL:* dL—ﬁ +@—£ (154)
q \/ 2 2
such that
Ay = maxmin Ty (5, ) + DM (8, q). (155)

We shall focus on DX for fixed 3, q. We shall now demonstrate that studying D% it maybe
expressed as another min max problem. Applying the CGMT recursively to the inner problem and
simplifying results in a new problem.

First we recall the definition of R(%) and further note that for a Gaussian g that

Piz
Pi—-1
= Pl,zW(l)R(l_l)/zgl + p2,.82 g1 ~N(0,I, ,),g82~N(0,1,). (156)

RO/2g =g ~ N(0,R") = N(0, —~WORID2ZWOT 4 p2 1)

We can now substitute in this definition. We obtain:

min &QTW(L)R(L*DW(L)TG_FMgTR(L*IWW(L)Te LP?L le|l
1
ces) 2PLPL-1 PL\/PL—1

d
n L]f? CLP2LoTe + R(e + 0%), (157)
L

Where g; € RPL-1 gy € RPL are standard normal vectors. We then complete the square over the
vector R(L_l)/ZW(L)Te, we obtain

CLP%L dr\/PL 2
min CPLL R0y tiTe y BV O
ees) 2PLPL-1 CLP1,L 2crpr p
Lp d
+ 2p“H of2 + HP2L T 4 Rle + 6%). (158)

We can then introduce a new variable s € RPZ-1 and take the Legendre transform of the 2-norm to
create a min-max problem

cLif L T (L—1)/2xx7(L)T drpyr LplL dj
min max — =g/ RE-D 2wl Tg 4 —2FLE g 1— || H Hg ||
ecs®) S PLPL-1 PL\/PL-1 2pLpr—1
2
CLp d *
+ 2;@ le® + Lm’nge—i-R(e—i-O )(159)
L
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We note that W (%) is a Random Matrix with i.i.d standard normal entries, as such we if we can
restrict the problem over s to a compact and convex set we may make use of the CGMT theorem. We
show that we make this restriction in Lemma 20. As such we can consider the following problem:

drpi. 1 cLp CLPyL
————s'g| — ||H
PLA/PL—1 2pLpL—1

2
CLp d .
QPZLHeHZ%f—EB&QggeA%}ﬁeA%B ), (160)
L

2
. CLP _
min max JSTR(L 1)/2\7V(L)Te+
ecs\V ses() PLPL—1
2
dj,
2crp

e I+

where the set Sél) = {s € RPe-1| ||s|| < Cs\/PLpL_1} Where Cs is a postive constant. We can
then apply the CGMT to obtain the following problem

2
C
min max LA HR(L_l)s e'gs + ﬂ le|| gTRIE-D/2g MST&
eGS%l) SES(l) pLpL—1 PLPL— me
LP LP d .
Tyt e i 2 o2 2L o Te 4 R(e+ 67)  (161)
2prpr1 2pL oL

where g3 € RPL and g4 € RPL-1 are standard normal vectors. We introduce a new variable
v = R(Z1D/25 and note that v can be restricted to a compact set, due to the bounds on R(Z~1)
and s. We can denote this set S ={v e RPL1| |v|| < Cv\/m} where CY, is a positive
constant. We then reintroduce thlS constrain with a Lagrange multiplier pL L/PL—1/PL € RE-L,
We obtain

2
cLpi Pi,L drp1,L
min  max IVl gs + —L ]| glv 4 L1 T
ecs Seg(l) ves{) PLPL-1 PLpL—1 PLA/PL—-1
LPlL dz 2 Lp2L dLPQL
g e—— Isll* = 5= lleall* + el + —===gJe + R(e + 6")
PLPL—-1
L Pl L T P1 _ PiL TR(L71)/QS (162)
pL- 1\/10L PL 1vDPL
We then let &7, = \/% |s|| and x = \/% ||| and solve the optimizations over s and v.
We obtain the following problem:
min max

CLP1,LX iy
\VPLPL-1

CLf2

€ g3+ X

eGS(l) N7 OSgL SgL,maz 70§XL SXL,maz

_CLp1,L H H P11, H

N =R =

AL
2crpr

2

re|?

ﬂ2 L le H drpa,L

L,01L _ _PLL R(L-1)/ H

NN =

—=Zgle + R(e + 0%
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We interchange the order of the min and max terms and then make use of the square root trick
to get rid of the two norms. We introduce two new variables ¢y, and ky.:

ma min min
O<£L<£L maz70<XL <XL max 0<tl <tL m1n70<kL<kL ,max ees<l)7
2 9
cLp1,LX 1 Xrkr . XLCLP1,L 2 2 XLC LP1L XLPI,Z 2
R Ty - el* llgall* + 57— llell gl + 57— [l
\/PLPL—1 2 2krprpr—1 el gl 2krpr— \ﬁH el e 2krpr—1 el
2 2
e Gt Sudinig e || — SedLpiL 1 (=1)/2,, _ 32N TRV,
2 2 2trpr V2tLpLpr— 2trpr—1
LPzL dL 2L .
lgal® + le|> + %2 gTe + R(e + 67164)

2cp

Using the same arguments as in lemma 19 it can be seen that the problem concentrates on:

max min min
OSEL SgL,mazyongSXL mazx OStZStL,minaogkLSkL,maz eesy)’”
CLPLLX T Xrkr XLC%/)%,L 2 XLC LplL XLP%,: 2
PN T, o XTL o XL o2 L o) g 5
\VPLPL-1 LPL LPL—1+/DP LPL—1
2 2 2
g i Etr | Codipippr— &dipip RO, §Lhi L TR,
2 2 2trpr 2tp\/PLPL—1 2trpr—1
d2 PL-1 LP2 L de2 L .
— lel” + = ==gs e + R(e+6") (165)
CLPL
We now let
Ppr_1  cpE? t &nd3 pt L pr— k
T, = pr—1 e + §Ltr L SeLPLr L XLkr (166)
2crpr 2 2 2trpr, 2
2 9 2.2 .2
XLCLPI L CLP1,LX"PL
== +eps, b= \/—i—d%ng (167)
L PL—-1 ’
2 2 2 2
XLP XLCLP §Lp _&p
P 1 dpy = 1,L - 1,L g L (168)
kl kL tr, tr,

as such we can obtain:

max min Tr—1+ min
0§€L SﬁL,maz 70§XL SXL,maz OStZStL,mi”n,:OSkL SkL,maz eesy)#
b cr— dr—1 |le] c _
2 T L—1 2 L—1 T T (L—-1)
— el +—e g1+ g —u R
2pL el PL 2pr—1 ] DPL—1/PL—1 2B QPL—IM H

+pdg§R(L1)/2u +R(e+6%)  (169)
L

Where g1 € RPL, gy, g3 € RPL-1 are standard normal vectors. We now fix all parameters of the
optimization except for p and focus specifically on the last four terms terms. We shall note that this
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can once again be expressed as a min-max optimization amenable to the CGMT. However at this
point we enter a recursive structure. We demonstrate in Lemma 21 that a problem of the form

max

2 3 — 4 _
2“ Il + 2-gFu + QLMTR(’ Dp+ BgIRI-D/2, (170)
Pi—1 bi—1 Pi—1 b

With generic constants v; (¢ = 1, .. .4) can be expressed by means of the CGMT as:

max m
O<El<£l mazyO<Xl<Xl max O<tl<tl ma170<kl<kl max
+mm HuH +1 g2 pt 2 pTRED 74gTRU)/2 171)
122 2pl
Where
T — xiki & &t Gvipey vipia
2 2 2 2tipy 231
2 9 -1 2.9 2
V3P1,X1 V3P1, X1 Pl
- (71 e w%,z) (ﬁp%,l e w) (172)
1 Pi—-1
1
&pi 303 ) V301 .EF
- L AU - 173
gl A Y1+ > V302, 2klg (173)
2 9 -1 29 9 /2 o
_ Y3071, X1 Y301, X1 P Y3P1 X1
2= — M+ —— + 0, Vphy+ ———— + 7 (174)
Ky Di—1 2k,
&p?
_ Py __ &mapriy/p (175)

V3= Y4 =
t 2t;/pr — 1

We can also note that the termination of the recursion is given by the optimization problem
where R(0) = L in this case

ml; ||H|| fg2u+7u u+ ggu
_ 72 + 7 def Py (176)
7+ T3
As such we can express the final result for the L—layer deep RF model as being given by
. . . a b T *

maxmin7y, + max min Ty +min — |e|| + —e' g1 + +R(0+0") +
B>0 q £1>0,x1>0t1,>0,kr,>0 e 2pl DL

max min -+« max min Z Ti(e) (177)

§L-1>0,xL-1>0tL1>0,k1>0  £02>0,x02>010>0,ko>0 =1
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Where
Bq  Bo, B
T, =% - — 178
L=+ 2 5 (178)
Bpry oepg?  Eptp Spdipippr xrkr
Ty = ——L — + + ’ 179
L=t 2cLpL 2 2 dpr | 2 (179
T = xik  vs€f n &t n §ip-1 Yipa
2 2 2 2tpy 2y3p1
2 2 -1 202 2
CrpP1 X1 CrP1IX DI -
Ky ’ Di-1
d? + d?
To=207% (g1
co + Co
2 2 2 2 2
XLCLP1,L CLP1,LX"PL
:T—FCL,O%,L b-\/+dL2L (182)
L PrL—1

and the constants ¢;, d;, ¢;, d; are given by

2 2
XLp XLCL
cL=§ N e wiY)

K kr Di—1
ELp3 - flP
o = kg = 2 L(184)
tr,
~1
& &Pt 9 ot €t
_ S Xt | - 150185
a i Cl41 + k + Ciy1p3 212 (185)
2 2 -1 2 2 2 /2 - 9
Cr1P1gXt | _ Cl1P1 X Pt Cl+1P71 1X1
dy = — <01+1 + +T + Cz+1P%,z> (dl2+1p§,l + er# + dl+1> 7(186)

2
§1p7, = &dip1p1 Z\F(187)
1 QUW

For the final step of the proof we note that for each successive application of the CGMT we
froze all previous values of 3, q as well as &, x;, t;, k; for | < L. By the properties of the CGMT we
know that for these fixed values we have pointwise convergence. However, we wish to demonstrate
uniform convergence for the properties that we are interested in. This however is simple to see in
this case.

There are two problems we need to consider. We need to show that Eq (169) converges uni-
formly to (159) For each value of 53, ¢ and that for each problem (171) converges uniformly to
(170). We can see that all optimization variablse (3, q, &;, X1, t1, k; exist in bounded regions. For ex-
ample 5 € [0, Bmaz]. Our goal is to show that each problem is Lipschitz continuous on these regions
with some Lipschitz constant K. As each problem is strongly convex it has a unique solution, and
all are continuously differentiable on the existing region. As such to show Lipschitz continuity one
has to show that each of the partial derivatives is bounded, calculation is tedious but can be com-
pleted readily. By bounding the derivatives we can show that all problems are Lipschitz. Uniform
convergence can then be demonstrated by means of a simple e-net argument. For an application of

Cl =
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this to a recursive CGMT problem, see Bosch et al. (2022)[Appendix B]. This completes the proof
of part 1 of the theorem.

D.1. Proof of Part 2 of the Theorem

The proof of part 2 is the same as the proof of part 2 of theorem 5 given in Appendix B. A Reg-
ularization function R.(e + 6*) = R(e + 0*) + eh(e + 0*) with € chosen sufficiently small for
R, to remain strongly convex. As such the first part of the theorem holds. Then by bounding the
difference and making use of the bounds on h(e) the proof can be obtained.

D.2. Auxiliary Lemmas

Lemma 20 Consider the following two problems given in equations (159), (161) that correspond
to a problem and the alternative problem given by the CGMT

2
crL d CL
P} = min max ﬁsTR(L_l)ﬁW(L)TenL ﬁST 1 plL B ||
ees® ses) PLPL-1 PL\/PL—1 2pLpr—1
d2 5 CLP3 L 2 dLP2 L
— —=Z e =2 ole + R(e + 0*)(188)
ey I8l =5 2 el + = gle 4 Rie + 67)
2 2
cLp cLp d
P, = min max LL HR(L_l)sH el'gs + LE He\|g4TR(L_1)/2s+ _SLPLE sTg
ecs\V ses{) PLPL-1 PLpr—1 PrL/PL-1
LP1 L 2 LPQ L L,02 L
s = S g P 4 2 e+ S gTe 1 R(e + 67)(189)
PLPL-1 pL

Where g; are standard normal vectors. Denote €, and &s as the optimal points of the two problems
and let $1(e) and $3(e) be the optimal points of the inner optimizations as functions of a fixed
e. Recall that R is yi—strongly convex and that |[VR(0)| = O(\/pr). Then there exists positive
constants Ce and Cg depending only on i such that

lim Pr([|&, < Cevm)=1 i=1,2 (190)
pPL—00
and
lim Pr sup  [|Si(e)|| < Csy/prpr—1 | =1 i=1,2 (191)
pL=re0 ellle|[<Ceym

Proof We note that e in problem P; is already bounded to a compact set. For both optimizations,
we solve the inner optimization over s and denote this solution as

min Fj(e)  i=1,2 (192)

Such that F; is the optimal value over s. When we set s = 0 in both optimizations we see that

lef 2

L T *
~ 5 p - gre+ R(e+0%) (193)

2
cLpyrL o drpar
el

de
Fle) = T(e) o

Hgﬂlz
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We can note readily that 7'(e) is v-strongly convex, for some constant v with respect to e. We see
that

T(e) > T(0) +d"e + = HeH2 (194)

where d = VT'(0). By assumption we note that d = O(,/pr). For problem ps we now note the
following:

Fy(e) = max — 2L CLALL HRL 1)/2 Hg e+ CLALL lell, gTRE-D/2g 4 _dLP1L_ o
G pipi 28 pL/PL-1
CLP1,L2 2
——|Isll; + T'(e
ST Isllz +T'(e)
2
C
< max SEALL HRL 02| 5] gf e + CLOLL 1o, gl R-D/2 4 _LLLL (7o
s pipL— LPL—1 PL\/PL-1
CLP1,L2

T 195
g s+ T(e) (199)

Then letting { = ||s|| the optimization over s may be solved to find that

2
cLpi L€ L-1)/2 plL L—1 drp1,L
P 7HR( )/ H AL R(L-1)/2
2(e) = "0 o1 gge+¢ PLPL- H el g4+pL\/pL !
_M T(e) (196)
2pLprL—1

We now note that this value will only be increased if the constraint over £ is dropped, as such

¢ d
Fy(e) < max ——=> L0118 R(L-1/2 LP1L H |, RE-D/2g, 4 ALPLL LPLL
2
§ DIPL—1 I \/m
__EZf1E£i§, Txe) (197)
2pLpL—1

solving this optimization we see that

d? 2
F5(0) < —L—|gi||” + T(0) (198)
CLPL
As such we can see that
d? 2 R
- L_||g?||” + T(0) > F(0) > F(&) > ()+dTe+ el (199)
LPL
Hence,
12 1 d? 2
Sle+—d| <—ldi+ £ [|ef] (200)
14 1% CLPL
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and as such
lelly < L, + /2 a3 + 22 Jg7)? 2on
2= 2 by 2T o op 1B
We recall that with high probability H g? H < C,/pr—1. Recalling the assumptions on d and that all
contants pg - - - , pr, grow at constant ratios we see that there must exist a constant Ce such that
Pr(||&|| > Corv/m) — 0 (202)

We now consider the bounds on s. For problem P; we can note from the optimality condition
over s that

di/PL—1
s1(e) = RE-D2WOTg 4 IVPLZL, (203)
C1p1,l
As such forall e € S%l) we can see that
. _ di\/Pi—1
I8(@)lly < |[RED72[ 1w flell, + L= gl (204)
1P1,L

From Standard results we know that HW ||2 < Cy/pr—1 and that ||g||, < C\/pr_1. Using the
bounds on e and R we and recalling that p;, ~ pr_; we note that there exists a constant Cy,
exists.

Now noting that £ is an upper bound for ||§2| in problem for problem P, we can note from its
optimality condition that

dr\/pL—1
2g4 + ——81

e[| R
P1,CL

Isa(e)l < € = |RED72| gfe +

2

- - dp/PL-
< [RE72] sl llel + el Rl + = (205)

Which making use of the bounds used above we can once again determine that there exists a constant

U

Cs,. Choosing Cs to be the maximum of Cs,,Cs, we can then construct the set Sy’ = {s €
RPz=1| |Is[| < Csy/Pr=1PL} u

Lemma 21 Consider the following optimization problem given in (170)
min o ||M|| + 1 gzu+ ZMTR(I 1)u+ gTR( 2 (206)

This problem is asymptotically equivalent to the following problem

max min T
0<£l <§l ma1)0<Xl<Xl mazx OStlgtl,mazaOSlekl,maz
- V4
+min o - HuH *gz pt Zp TR PgTROZ, (207)
n 2pl D

41



BoscH PANAHI HASSIBI

Where
T — xiki  w&  &ah n §vim-1 i
2 2 2 2tipy 2v3p
2 2 -1 2.2 2
V3P1,X1 V3P1, X Pl
- (71 e w%,z) (ﬁpé,l e w) (208)
l Pr-1
-1
&ipi 307X ) 30167
= L i . 209
1 A 7+ > V302, 2k (209)
2 2 -1 2.2 2 2 o
_ Y3071, X1 Y301, X1 P V3P, X1
a=—|m+ + 305 VP (210)
Ky Di-1 2k
&pi, §17aP1,1\/Pi
o L, L SOAPLYRL gy
t 2t1\/P1—1
Proof We first substitute in the value of R(). From this we obtain
M 2 1307 V303,
. 2 s — s 2
min Ll + 2l + LT WORDW O 4 D2y
no2p D 2pipi—1 2p;
V4P T ()2, | Y4P2 1 1
g RV + g3 1. (212)
LN/ The n
We then complete the square over the vector RU-D/2WOT y from which we obtain
2
. 3P _ 44/P1-1
min 2L || Ru-1/29 0T, “gQH el
B 2pipr—1 Y3p1 27 Dl
71 3 p2[ 2 | Y4P2l T
5 Im T gu+ B+ —g3 M- (213)
o Il 22Tt S !
We then take the Legendre transform of the 2-norm and introduce a new variable s
2
. V301, _ Y4p1,1 73P1 1
minmas 2 LLSTROD/2W 0Ty g LGl g, L g2 = T g
oS PP Piy/Pi—1 2pipi—1 27 D
" 73021 Y4p2,1
L g + 2 gz p+ ——=|pl® + — ek QL)
2p; 2p;

Using the same argument as lemmas 18 and 20 we can show that these problems can be bounded to

compact sets S(ll), S(l) As such we can consider the problem

2
B 3
min max oL TRA-D/29 ()T, - JPLL (T RS o -

g2 — Hg2||
pes® sest) PiPi-1 pz\/pf 2pipi1

7 Y2 'Y3P2,l Y4p2,1
—pl*+ “eln+ el + ggTu (215)
2p; 2l 2p;
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We can now apply the CGMT obtaining:

2
V3P ’)’39
Hlinl max 1,0 ||“||STR(l—1)/2g4+ 1,0 HRU 1) H“’ g5 + Y4P1,1 MPLL (T,
pes\ sesit PiP1-1 DiP1—1 Di/Di—1
73011 3 Pzz Y4pP2,1
“ S I8 I - ap 182 || HuH + 1 g2u+ oo || + gip.  (216)

We introduce a new variable v. = R(~1/25 and note that it can be restricted to compact and
convex set by means of the bounds on s and R~ We reintroduce the constraint with a Lagrange

. 1 P11
multiplier Tomi
VBP%Z 3P Y4P1,1
min e S v 4 | s T
pest sest, ves‘” Pipi—1 pipi— Pi/Pi-1
’Y3P1z ’YPQZ 2 | Y4pP2l T
T H [ Hg H+ HuH T g2u+ 2 )"+ —"gzu
Pl,l T P1,l T (—-1)/2
+——" Ty - =22 TR s.  (217)
VDPIPi-1 VPIPI-1

We then let & = p1 [|s|| //Pipi—1 and let x; = p1, || V|| /+/Pipi—1 and solve the optimizations over
s and v, from which we obtain:

3PLIXL T B3P P11

min max g5 1 g + n
[.LES(l 0<§Z<El masz<Xl<Xl max plpl 1 \/pp — \/pl—l
735 nys H Py R(ll)/an
\F
2
s 73 p2l Y4p2,1
gzl + o= [l + 1 g2u+ lpl? + —oghp. (218)
27 Di 2p 2p i

We interchange the order of the min and max and then make use of the square root trick twice
introducing new variables #;, k;. We obtain

max min

Il'llIl
O<£l<£l maac70<Xl<Xl max 0<tl<tl maac70<kl<kl max }LGS(Z),
N 2 2kpipi- T v \/ 2kypr—1
2
1€ &ty §z’7 C&vapg _ &ip1 _
- 4 Sll4 H H - TR(Z 1)/2,,7 + nTR(l 1)77
2 2 2t /pipi— 2tipr1—
2
. 7 2, 2 V3P Yap2,l
ol + 5 llel* + Cgg p+ ) + g%“u (219)
2v3p1 2py i 2p
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Now let o = ||| //pi and solve over p, from this we obtain

ma; min min

0<£l<€l ma110<Xl<Xl max O<tl<tl marvO<kl<kl ,max a<0‘mazv77

xiki ')’3p17le04 9 ’73,0171Xla T XZPLZ 9

lgall” + ————=8um ]l

2 2kipi— 2kipr—1 2kipr—1
t _ &ip? _
_s& Gt fﬂ lesll” — 51’74PU gTRO-D/2y 4 SPLL rga-n,
2 2 2t \/p IDI—1 2tip1—
2
100 ’Y3P2,10‘ Yap2,1 Y3P1,1X1 2
TNEL S a ‘ g3 g+ gy (220)
27 DI 2 2 VDi VDPi—1 Vi
This now using the same arguments as lemma 19 this problem concentrates on:
max min min
Ogél Sgl,mazvogxlgxl,maz Ogtlgtl,mazvogklgkl,maz aﬁamazﬂ?
xiki ’Yg?PizXlOéQ n ’Y3P%,gXlOéng leil H H2
2 2k, 2kpr—y 2kipi—1
2 2
t _ &ipt _
_’)’35 &t + §Yipi—1 _ §174p1,1 TR(l 1)/277 i 1, 77 TR 1)?7
2 2 2tipy 2t1\/Dip1—1 26—
2 2 2 2 2.2 2 1/2
_ « V3P Y3P1 X Pl
_ JaPl—1 T a! i 2,1 TLa ’Yfp%l X 3P1,1X1 + 7 _ 221)
2v3p1 2 2 ’ -1

Examining just the optimization over o we see that this may be solved explicitly:

min
(07

v BRI Y35y V33 Xim Y2 e0?
RENE L4 Sl a4 | Rk oy + el | @222)
( 2k 2 > ( 4P Di—1 2k

Which has optimal value

V303 - V303 X
- (71 + — + '73:0%,l> (%%Pg,z + T + 72

K I—1
V33 Xipi Y2 Y3p% X1 V3pt &F
+(Virh + "+ gl + o ||| (223)
< e -1 2kpr—1 4kF2p_y I

As such we can collect all of the terms together. Making the following definitions:
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k t 2p_ 2p_
7= Xtk 7 §+§Zl+€ﬂ4p11_74p11
2 2 2tipy 23y
2 2 -1 2.2 2
Y3P71,1X1 Y301, X1 Pi
- (’Yl T 73P%,l> (’YZP%J + 72) (224)
l Pi—1
1
&p3 Y3p1Xi ) 3p1 &7
oo S DsPLXE J8ILINL 225
gd! 3 71 iy V3P2, 2k12 (225)
2 9 -1 29 9 /2 o
_ Y3P1,1X1 Y3P1, X1 Pl Y3P1 X1
r=— 7+ + 7303, NPyt 4% (226)
ki Pi-1 2k
Gty LD
V3= : Yy = = \/> 227)
4] 2t1\/Pi—1
As such we find that the optimization is equal to
max min T;
0<£l<£l maz:0<Xl <Xl mazx Ogtlgtl,mazzogklgkl,maz
_ Y4
+mm HNH ng pot TR PgTROZy, (228)
n 2pz DI
[ |

D.3. All Layers of Same Size

Consider the case that the input dimension is d and all subsequent hidden layers are of dimension
p. In this case we note that R() € RP*? for all [ > 1. In this case the recursive application of the
CGMT analysis simplifies considerably. The recursion is given in the following lemma.

Theorem 22 Consider the problem P, given in (24) and assume that the layers py = py =
--pr = p, ie all layers are of the same size. Let the input dimension be of size pg which is
not necessarily the same as p. In this case the alternative optimization problem may be given by:

D
i i T 229
iy iy M o () + 70 @)
Where

2 2
co:é d():g\/H TO:@_FBUV_Q (230)

q P 2 2q q

qeipt 9 PL—i-1
1= T di1 = ¢, P (231)

C=cp+ Z p%L,lCL D = d% + Z p%,Lfldl
1=0L-1 (=0

it &pr 1 af Gt & prog-
Tyoy = T) + LS PLoto1 lfl_i_@_ilp/:z1

2t prL— 2 2 2¢; prL—

(232)
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Pr—i-1

Note that as p1 = po = -+ - pr, = p the value o = 1 except in the case of py = d.

Proof The proof is the same as the one given for the CGMT analysis for layers of different sizes.
We therefore do not give it here in full. |

Appendix E. Lyapunov Recursions

Let A be a nxm matrix with random entries. Consider the function f4(\) with gives the probability
distribution, or eigendistribution, of the eigenvalues of the matrix A, defined to be

1 n
fa(\) = - Z O, (233)
=1

where ); is the ith eigenvalue of A and § is the dirac measure .
To analyze this distribution, we may instead consider the Stieltjes transform of the distribution
fa, this transform is defined by
1 ] _ fa(N)

SA(Z):E[/\—Z A2

Here z is a complex number. The original distribution may be recovered by means of the inverse
transform

dA. (234)

FAQ)) = Tim ~Tm[Sa(A + iw)] (235)

w—0t T
where ¢ is the imaginary unit. The Stieltjes transform can also be compute directly from the random
matrix A instead of using equation (234). We give the following lemma

Lemma 23 The Stieltjes transform of the expected eigendistribution of a Hermitian random n x n
matrix A may be expressed as

1
Sa(z) = ~E Tr(A — 21)~! (236)
Proof For a proof see Vakili (2011) [lemma 2.3.1] |

Another transform that we will make use of in our analysis of the recursively defined matrix R
is the S-transform may be expressed in terms of the Stieltjes transform by means of

el /1 1 1 S e AR
Ba(e) = — (—ZSA <Z> - 1> == > my (237)
=1

Here {—1} denotes the functional inverse, and m; is the ith moment of the distribution fa. The
S-transform has two properties that are instrumental for our analysis. Firstly, the S-transform and
the Stieltjes transform satisfy the following relation:

1 142
= () =

The second key property of the S-transform relates it how it behaves with respect to matrix
product. For this we introduce the following lemma
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Lemma 24 Let A, B be two non negative unitarily invariant matrices, and let C = A B, then the
S transform of the eigendistribution of C' satisfies

Ec(z) = EA(Z)EB(Z) (239)

Proof The S-transform is multiplicative for matrix product that are asymptotically free Emery et al.
(2007). To see that unitarily invariant matrices are free see Voiculescu (1991). |

Finally, we note that if H is a m x n matrix with element distributed as N (0, 1), then the matrix
A = 1HHT is a Wishart matrix. We note that the Stieltjes transform of a Wishart matrix is given

n

by the Marcenko-Pastur Law

Sa(z)

1—m oy /2 9(m 1) ,4 (m_1)?
ooyt (o) e

n z

and the S—transform of a Wishart is given by

Ya(z) = (241)

E.1. Analysis of the Covariance Matrix R

In this section we adopt an approach for studying Stieltjes transforms of Lyapanov Recursions of
Random matrices discussed by Vakili (2011)[Section 3].
We recall that R is given by

2
RO — ;Ulwama—nwaw + (paa)’L (242)

where we recall that R(®) = T and that the rows of W), wgl) are distributed as N (0,I). We can
note that WWOTwW® /pi—1 is a Wishart matrix. We now wish to compute the Stieltjes transform of
R®. The Stieltjes transform is given by

2 -1
Srw(z) = ;ETr (;UW(Z)RUUW(”T + (3, — z)I) (243)
1 -1

We now let the matrix A = W(Z)TR(I_I)W(Z)T/pl_l. We can then note that

-1
1 -1 11 (p3,— 2)
Spwy(z) = —ETr <p2 A(l) + p2 —z I) = — —FETr A(l) W N—
o) = BT (A0 4 8 —a) = 3
2
1 Z =P
= —5A0 : (244)
P%,z A ( P%,l )

Our goal is to now find an expression for the Stieltjes transform of A (). We note that WWTR (D WwOT /Di—1
has the same eigenvalues as W(l)TW(l)T/pl_lR(l_l). we recall that W(l)TW(l)T/pl_l is Wishart
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and unitarily Invariant, and similarly is R(~). As such we can make use of the properties of
S —transforms to note that:

a0 (2) = Sworwor p, (2)Zra- (2)- (245)

We can then make use of equation (238) to obtain

1+z2 1+z2
S =X Spa-ny | ——————
NG <2’2A<z) (Z)> WOTWOT /p, (2)Sgpa- <ZZR(11)(Z)>

1+ 2
= Zw(l)Tw(l)T/p171 (Z)SR(z_m <ZEA(1)(Z) Zvv(z)TVV(l)T/pF1 (Z)) (246)
We now let
1
r=—"2 (247)
2Y A (2)
and then note that
1+ 2 -1 1+ 2
xZA(z)(z) = p, =z (z) SA(z)(x) = .

=z=—-1—-zS5y0(x) (248)

By substituting in this expression we obtain

San(z) = Ew(l)Tw(l)T/plil(—l —zSa0 (x))SR(z—n <$EW(J)TW(1)T/pFl (—1—xSp0 (1‘)))249)

Finally, we recall equation (241). Letting 5; = plp—_ll we use this property to simplify the relation to:

1 x
= St -1 250
1— B — BSpaw(z) B (1 — B — BixSaw ($)> (220

Finally, letting €;_1(-) = Spw (-). We can conclude that

Sam ()

1 z—ps
Sraen (2) = - ( 5 “) (251)

1 z
= 1B = 2au(s) RO <1 - 5l29z(2)) (252)

Which concludes the proof.

()
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