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1. Introduction

Let G be a locally compact group. The Fourier algebra A(G), introduced by Eymard in
[5], is a subalgebra of Cy(G) consisting of the coefficients of the left regular representation
Aof G, ie.

A(G) = {u € Co(G) | u(s) = (A(s)&,m), & € L*(G)}-

The natural norm on A(G) that makes it a Banach algebra is given by

[ull aey = f{[[€]la[Inll2 [ u(s) = (A(s)€, )},

where the infimum is taken over all possible representations u(s) = (A(s)&, n). Moreover,
A(G) is the unique predual of the group von Neumann algebra VN(G).

The Gelfand spectrum of the algebra is known to be topologically isomorphic to G,
giving a non-trivial link between topological groups and Banach algebras. We note that
the spectral theory has been an important tool in understanding commutative Banach
algebras.

Several authors, including the second author, have been investigating in [18,20,23,12,
19,11] a weighted version of the Fourier algebra, by imposing a weight that changes the
norm structure. Weighted Fourier algebras for compact quantum groups were studied
in [8]. Recall that if G is abelian with the dual group G, the Fourier algebra A(G) is
isometrically isomorphic via the Fourier transform to L'(G). If w : G — [1,+00) is a
Borel measurable and sub-multiplicative function, i.e.

A

w(st) <w(s)w(t), s,teq,

(such w is called a weight function) then L'(G,w) := {f € LY(GQ) | fw € LY(G)} is a
subalgebra of L!(G) and is a Banach algebra with respect to the norm || f||. := || fw|1,
f € L'(G, w). Tts image under inverse Fourier transform gives a weighted version A(G,w)
of A(G). We note that for a weight function w on G the (unbounded) operator

o
W= /w(s)ds
G

defines a closed positive operator affiliated with L>°(G) ~ V N(G) which satisfies I'(w0) <
W ® w, where I is the comultiplication on VN(G). This model has been taken in [18]
and [11] to generalize the notion of weight to general locally compact groups. Accordingly,
a weight, called a weight on the dual of G, is a certain unbounded positive operator w
affiliated with V N (G), which, if in addition @ is bounded below, i.e. w := w~! € VN(G),
satisfies
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wew=Tw)

for a contractive 2-cocycle Q € VN(G xG) (see [11]). One can find numerous examples of
non-trivial weights for general compact groups in [20] and certain connected Lie groups
in [11].

In this paper, we will work with such weight inverse w omitting the condition of its
positivity. To each w we will associate a subspace A(G,w) of A(G) which becomes a
commutative Banach algebra with respect to a new weighted norm and the pointwise
multiplication and so it is natural to study its Gelfand spectrum, spec A(G,w). When G
is compact and w is a positive central weight, this question was studied in [20]; specific
connected Lie groups, namely SU(N), the Heisenberg group, the reduced Heisenberg
group, the Euclidean motion group E(2) and its simply connected cover, were treated
in the long paper [11]. It has been proved that spec A(G,w) is closely related to an
(abstract) complexification of G. To establish this fact the strategy in [11] was to find a
simpler dense subalgebra o so that one could easily identify its spectrum, spec o, and
get spec A(G,w) C spec d. If G is compact a natural choice is of = Trig G, the algebra of
matrix coefficients of finite-dimensional representations of G; spec o is then an abstract
complexification of G, introduced by McKennon in [21], which coincides in the case of
compact connected Lie groups with the universal complexification of G. For non-compact
groups, it seems there is no such natural choice of the subalgebra. In [11] the construction
of d is rather technical and each G treated in the paper required an individual approach,
which heavily involved in particular the theory of group representations and technique
of analytic extensions; the technicalities were an obstacle to develop a general theory
applicable to any connected Lie group.

In this paper, we propose a different approach to the problem of identifying the
spectrum of A(G,w) that allows us to realise spec A(G,w) as a subset of an abstract
complexification of G for a wide class of groups and weights.

The key idea is the observation that, identifying the dual of A(G,w) with VN(G), any
multiplicative linear functional corresponds to o € V.N(G) satisfying the same equation
as the weight inverse w, i.e. c ® 0 = I'(0){2 for the contractive 2-cocycle Q € VN(G x G)
associated with w. A simple formal calculation, which we could make to be rigorous under
certain conditions, gives the equality S(o)o = S(w)w, where S is the antipode on VN (G).
That allows us to define a closed operator T, affiliated with VN(G) and satisfying
I(T,) = T, ® T, (Theorem 4.5). It is known that the set of all non-zero T' € VN(G)
with T'(T') = T ® T coincides with A\(G) = {\(s) | s € G}, providing the embedding of
G into the spectrum of A(G,w) through the evaluation u +— u(s) = (A(s),u), s € G; the
set Ga)\ of all positive solutions T' € VN(G) of I'(T) = T ® T is the image of the Lie
algebra A of derivations

A={ace VNG |a*"=-a, T(a)=a®1l+1®a}
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under the exponential map a — exp (ia); Ge ) = A(G) ~G(Jcr7)\ is then the space of all solu-
tions to I'(T) = T®T in VN(G) (Proposition 3.3). Here VN (G) is the set of unbounded
operators affiliated with V. N(G). In many cases including connected compact and some
nilpotent Lie groups G, Gc,x = Ac(G¢), where G¢ is the universal complexification of
G and Ac is the extension of the left regular representation to G¢.

The paper is organised as follows. In Section 2, we introduce the notion of a weight
inverse w on the dual of G and use this to define the Beurling-Fourier algebra A(G,w) as
a subalgebra of A(G) with a modified norm and identify its dual with VN(G). As VN(G)
has the unique predual, we show that A(G,w) is isometrically isomorphic to A(G) with
a modified product -, depending on the 2-cocycle ) associated with w and not the
particular weight w. In Proposition 2.6 we give a necessary and sufficient condition for
the inclusion A(G,w1) C A(G,w2).

In Section 3, we review some basic concepts on unbounded operators and operators
affiliated with a von Neumann algebra, and define the A-complexification Gic » of G as
the set of non-zero (unbounded) closed operators T" which are affiliated with VN(G) and
satisfy the equation I'(T) =T ® T.

In Section 4 we investigate the relation that the A-complexification has to the Gelfand
spectrum of A(G,w). We prove the embedding of spec A(G,w) into the complexification
G,y for a wide class of groups and weights; this comes down to verifying that S(o)o =
S(w)w holds for the points o in spec A(G,w), considered as a subset of VN (G). We also
give a heuristic reason why we conjecture that this holds in general. These arguments give
immediately the equality for any virtually abelian group and any weight considered on it.
The other cases of G and w, for which the embedding of spec A(G,w) into G¢ » holds,
include, for example, compact, discrete and more general [SIN]-groups with arbitrary
weights and general locally compact groups with weights extended from weights on the
dual of abelian or compact subgroups. Even though we could not establish the inclusion
result in full generality our approach allows us to generalise most of the previous results
and avoid the main technicalities in [11] to find a dense subalgebra which plays the role
of Trig G for the compact case. Moreover, as the main available source of weights on
the dual of non-commutative groups are the weights induced from abelian or compact
subgroups, Theorem 4.20 and Theorem 4.22 cover most of the known Beurling-Fourier
algebras. For discrete group G we show that the spectrum of the corresponding Beurling-
Fourier algebra is homeomorphic to G.

Finally, in Section 5, we discuss some of the questions that arose during our investi-
gation, as well as some examples that show the necessity of certain conditions.

Acknowledgment: O. Giselsson was supported by the RCN (Research Council of Nor-
way), grant 300837. The authors would like to thank the anonymous referee for the

reference [26] and numerous suggestions which led to the improvement of the paper.
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2. Beurling-Fourier algebras

For a locally compact group G, we let A : G — B(L*(G)) be the left regular
representations on L?(G). Let VN(G) C B(L?(G)) be the group von Neumann alge-
bra, C#(G) C VN(G) the reduced group C*-algebra and W € VN(G)®@B(L*(G)) the
fundamental multiplicative unitary, implementing the co-multiplication T : VN(G) —
VN(G)®VN(G) as

D(z)=W*"(I®@z)W. (1)

Recall that T' is the unique normal x-homomorphism satisfying T'(A(s)) = A(s) ® A(s),
s € G, and W € B(L*(G x G)) is given by the action

(WE)(s,t) = &(ts, t), for £ € L?(G x Q).
The coproduct I' is co-commutative and satisfies the co-associative law:
D)o =(T®:) 0T, (2)
where ¢ is the identity map.

Definition (Weight inverse). A w € VN(G) will be called a weight inverse on the dual of
G (we usually abbreviate this to a weight inverse) if

ww® @ ww* < TNww®) (3)
and
ker w = kerw® = {0}. (4)

We note that if w € VN(G) is a weight inverse, then ker I'(w) = ker I'(w*) = {0}
which follows easily from (1) and (4).

Lemma 2.1. Let w € VN(G) be a weight inverse. Then there exists an injective Q) €
VN(G)®VN(G) ~VN(G x Q) of norm ||| < 1, such that

ww=Tw) (5)
and Q satisfies the 2-cocycle relation

eD))Ie) =T Qe I), (6)
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Proof. kerI'(w*) = {0} and the inequality (3) give a well-defined linear map

QO T(wHz = (W @w)z, forze L}(G) e LA(G),

that satisfies ||Q*(I'(w*)z)||? = ||(w* @ w*)z||? < ||[T(w*)x||?. As the range Ran(T'(w*))
is dense in L?(G x G), we can extend Q* to a bounded linear operator on the whole
Hilbert space. Let Q be its adjoint. Clearly ||Q|| < 1 and (5) holds.

It is easy to see from (4) and (5) that Q must commute with any element in the
commutant (VN(G)®V N(G))" and thus Q € VN(G)®V N(G). By (5), it follows that
ker 2 C ker (w ® w) = {0} and therefore 2 is injective. Using (5), we get

(RD)T(W)(eNQUI Q) =weww=(T®)[ (W) )(Q)QI).

Finally the co-associativity of T and (4) imply (6). O

Remark.

(i)

(iii)

If w € VN(G) satisfies (5) then it satisfies (3):
ww* @ ww* =T (W)Y T(w)* < T'(ww™).

Therefore a weight inverse could be also defined as w € VN(G) satisfying (4) and
(5) instead.
It follows from (3) that

[lwl[* = [Jww* ® ww*|| < [T (ww)|| = [lw]?,

so that ||w||?> < 1 and hence a weight inverse is always a contraction.

In [11] a (bounded below) weight on the dual of G was defined as an (unbounded)
positive operator w which is affiliated with VN(G) and admits an inverse w=! €
V N(G) such that I'(w)(w~t®@w™1!) is defined and contractive on a dense subspace,

! is a positive weight inverse, in our terminology.

ie w
A weight inverse was considered in [23] as an element in the multiplier algebra
M(Cx(@)) of C}(G) satisfying some additional density conditions. If G is compact,
M(C?(G)) = VN(G) and our definition coincides with the one in [23].

The notion of unitary dual 2-cocycle on a compact group was introduced by Land-
stad [17] and Wassermann [27] in the study of ergodic actions. In the context of
quantum groups it was defined by Drinfeld [3]. Their 2-cocycle condition is similar

and defined as follows:
T)(eD)(Q) =8 (T ®:)(Q). (7)

The cocycle of the form (u ® u)['(u)~! is called a coboundary. The inverse of our
2-cocycle satisfies (7).
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Example 2.2. Let w be a bounded below weight function on G = R or Z given by
w(z) = (1 + |2|)* or w(z) = "+l o, 8 >0, v € R. It is easy to check that

jw(z +y)| < lw(@)[lw(y)l, forall z,yeR,

and moreover that w(x)~! is bounded. As VN(R) ~ L*(R) and VN(T) ~ (*°(Z) via
the Fourier transform, the image w of w™! is a weight inverse on the dual of G.

The above weight inverses can be extended to VN(RF x T"*) by tensoring: w =
w1 ® e ® W, -

If a group G contains a closed subgroup H isomorphic to R¥ x T"~* then any weight
inverse w on the dual of R* x T"~* can be lifted to V N(G) by considering wg = 1 (w),
where vfy : VN(H) — VN(G) is the injective homomorphism Ay (s) — Ag(s), here Ag
and Ay are the left regular representations of G and H respectively; the existence of ¢y
is due to Herz’s restriction theorem, see for example [14].

For other examples of weights and weight inverses, we refer the reader to [11].
Let A(G) be the unique pre-dual of VN (G). Recall that it can be identified with the
space of functions on G:

AG) ={gxh|gheL*(G)}CCy(G),

where h(s) = h(s™1), s € G, and

gxh = / g(t)h(s~M)dt = (A(s)h, g);

A(G) becomes a commutative Banach algebra, usually called the Fourier algebra of G,
with respect to the pointwise multiplication and the norm given by

[fllace = nf llgll2llP]l2,

where the infimum is taken over all possible decomposition f = g * iL, see for example
[5,16]. The duality between VN(G) and A(G) is given by

(T u) = (T&n)

for T € VN(G) and u(s) = (A(s)€,n) = (7% &)(s) € A(G); here and through the rest

of the paper we use (-,-) to denote the inner product on a Hilbert space and we keep

notation (-, ) for duality pairing between  and 4, when 4l is a von Neumann algebra.
For T € VN(G) and f € A(G), we let Tf € A(G) be given by

(R, Tf) := (RT, f), for R€VN(G).

The assignment T, f — T f turns A(G) into a left V N(G)-module.
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If w is a weight inverse, we define
A(G,w) = wA(G) ={wf | f € A(G)} C A(G)
and call it the Beurling-Fourier algebra of G associated to w.

Proposition 2.3. A(G,w) is a Banach algebra with respect to the pointwise multiplication
and the norm

w e = llfllae)-
Moreover, A(G,w) is a predual of VN(G) with the pairing given by

(,)w: VN(G) x A(G,w) — C, (8)
(Ta wf)w = (Taf)

Proof. To see that || - ||,, is a norm, we should only see that it is well defined. In fact, if
f=nx fv then

(A(s),wf) = (A(s)w&, 1) = (W& A(s™ ), for s € G.

Let U = [A(s)n | s € G], the closed linear span of A(s)n, s € G, and let P be the projec-
tion onto U. As U is invariant with respect to VN(G), we have Pw = wP. Assuming
now that wf = 0, we obtain (wé, A(s71)n) = 0 for any s € G, and hence wP¢ = Pw¢ = 0.
By (4), P¢ = 0 and hence f(s) = (£, \(s™1)n) = 0 for any s € G. From (5) it follows
that A(G,w) is a commutative Banach algebra; in fact, we have

(wu)(wv) = wT (Au®v))), foru,ve A(G),
and

[(wu)(wv)llw = [IT«(Qu @ v))[[a@) < lulla@llvlae = lwullolwvlle,  9)

where T, : A(G)®A(G) — A(G) is the predual of the co-multiplication T' defined on
the operator space projective product of A(G)®A(G) (see [4]). The associativity of the
product is clear. The completeness of A(G,w), as well as that it is a predual of VN(G),
is obvious from it being linearly isometrically isomorphic to A(G). O

We note that the previous proposition was proved in [11] for positive weight inverses.
Similar arguments can be applied to prove the general case. For the reader’s convenience,
we have chosen to give its full proof.

The next statement shows that we can restrict ourselves to positive weight inverses.
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Proposition 2.4. If w is a weight inverse and w* = Ulw*| is the polar decomposition of
w*, then |w*| is a weight inverse and the identity map wu — wu = |w*[(U*u), u € A(G),
defines an isometric isomorphism A(G,w) — A(G, |w*]).

Proof. Note that U € VN(G) is unitary by (4). From (5) it is immediate that |w*| is
again a weight inverse. Clearly A(G,w) = A(G, |w*|) as subsets of A(G), and the identity
is an algebra homomorphism. Moreover

lwulljws) = Nl [T w)l[jwr| = 1Tl ae) = lulla@) = lwullo. O
We will use the following lemma:
Lemma 2.5. If Ml C B(%) is a von Neumann algebra and ay,as € M satisfy
a1 M. C az M.,

then there is ¢ € M such that a1 = asc. Moreover, we can assume that ker ¢ = ker aq,
and ker as C ker c*, and under these assumptions, ¢ is uniquely determined.

Proof. Let a; = S;|a;|, for i = 1,2, be the polar decompositions, and let P; = S¥S;, so
that a;P; = a;. For i = 1,2, the maps Pl — a;/M., defined as f — a;f, are bijective
linear maps. As a1l C agJl,, there is for every f € Pyl, a unique h(f) € PoJl, such
that a1 f = agh(f). Let R(f) = h(f). Clearly R is a linear injective map and moreover
for b € M, we have R(fb) = R(f)b. Note that P;Ml., i = 1,2, are closed subspaces of L,
thus Banach spaces. We claim that R is closed: let f,, be a sequence such that f, — f
and R(f,) = h as n — oo. Then

arf = lim arf, = lim azR(fn) = azh,

so that R(f) = h. As R is defined on the whole Py /., it is thus bounded. Extend R to all
of M, = (I — P1)M, & Py, by the formula R(f) = R(P1f). Clearly, for this extension
we still have asR(f) = a1 f, as well as R(fb) = R(f)b for all b € M. Let R : M — M be
the dual of R. Then as

(mR'(b), f) = (R'(b), fm) = (b, R(fm)) = (b, R(f)m) = (mb, R(f)) = (R'(mb), f)
for all b,m € M and f € M., it follows R'(mb) = mR'(b). Thus with ¢ = R'(I) € M, we
have R'(b) = bc. We get

(b, R(f)) = (R'(b), f) = (be, f) = (b,cf), forallbe M and f € M.,

so that R(f) = ¢f. It gives a1f = aaR(f) = ascf, and thus a; = ase. Clearly, ker ¢ =
ker a;, ker ¢* D ker I — P, = (ker as) and that c is the unique element such that
a1 = agc with these properties. 0O
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Proposition 2.6. Let wy,ws be two weight inverses on the dual of G. The inclusion
A(G,w1) C A(G,ws) implies that there is a € VN(G) such that wi = wea. Further-
more, we have A(G,w1) = A(G,w2) if and only if wy = waa for an invertible element
a € VN(G).

Proof. Tt follows from Lemma 2.5 that if A(G,w1) C A(G,ws), then there is an a €
VN(G) such that w; = wsa. Moreover, if actually A(G,w;) = A(G,ws), then we get
a,b € VN(G) such that wy = wsa and wy = wyb. It then follows that wi(I — ba) = 0
and wo(I — ab) = 0 and as ker w; = {0} for i = 1,2, we get ba = ab = I, so that a is
invertible. O

Another equivalent model of the Beurling-Fourier algebra, which was given in [11]
for positive weights, is defined as follows. For a weight inverse w and the corresponding
2-cocycle ) define a new multiplication on A(G) by

u-qv="T(Quewv)), foruveAG). (10)

It follows from (9) that (A(G),-q) is a commutative contractive Banach algebra which
is isomorphic to A(G,w), showing that A(G,w) can be determined by the 2-cocycle Q
rather than the weight inverse w. Assume A(G,w;) = A(G,w2) and let a € VN(G) be
the invertible operator such that wy; = wsa which exists due to Proposition 2.6. If €
and (2, are the corresponding 2-cocycles, then

I'(a) = Q2(a® a) (11)

and (A(G),-q,) ~ (A(G),-q,).- The converse also holds: if 0y, 2 € VN(G x G) are
2-cocycles that satisfy (11) and correspond to weight inverses w; and wy respectively,
then u — au, u € A(G), gives the isometric isomorphism (A(G), -q,) ~ (A(G),q,). To
see this let u, v € A(G) and z € VN(G). Then

(z,a(u-q, v) = (za,u-q, v) = (T(za), N (u@v)) = (T(2)I'(a)Q,u @ v)
= ([(x)Q2(a®a),u®@v) = (['(x),(au® av)) = (z,au -q, av).

If a is not assumed to be invertible, the map u +— au gives a homomorphism from
(A(G), q,) to (A(G),-q,). We note that any 2-cocycle associated with a weight in-
verse is symmetric, that is invariant under the ‘flip’ automorphism ¢ ® b — b ® a of
VN(G)®QVN(G).

We finish this section by defining a representation of (A(G), -q).

Recall the fundamental unitary W € VN(G)®B(L?(G)) and let f € A(G), f(-) =
(A(-)€,m). Then for z, y € L*(G) we have

(fo)W)z,y) = W(EQr),ney) = / §(ts)z(t)n(s)y(t)dtds =

GxXG
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— [ ([ cesp@asyaei@ar = [ o€ n(piat = (7).
G G G

where f(t) = f(t~!) and M is the multiplication operator by f.

For X € B(L*(G) ® L*(GQ)) write X12 = X ® I and Xo3 = I ® X for operators
on L?(G) ® L*(G) ® L?(G) and define X3 similarly. Then W satisfies the pentagonal
relation

WazWia = WiaWi3Was. (12)
For f € A(G) define Aq(f) = (f @ 1)(WQ).

Lemma 2.7. The map f — \a(f) is a representation of (A(G),-q) on B(L*(Q)), i.e.

Ao(f -2 9) = Xa(f)ra(g) for all f,g € A(G).

Moreover,

wha(f) = Mjw, f € AG). (13)

Proof. Let f, g € A(G) and &, n € L*(G). Write ¢ ,, for the vector functional given by
Ve n(T) = (T n), T € B(L*(G)). Then

Aalf-29)sm = (fa9) @) (WQ),vey) = (T )(WQ),Qf © g) @ e.n)

)

T )W) )Qel), feg®pe,)
T )W)ee@D)()UI@Q), f®g®pe,)

WiWas Wit @ L) (Q)(I @ Q), f © g @ e )
WisWas(t @ I)(Q)(I @ Q), f ® g ® e )
WisWasWisQ13WasQas, f ® g @ e p)
W13Q13Wa3Qa3, f @ g ® e )
(f @) (W) (9@ ) (W), & n) = (Aa(f)Aa(9)é: n)

=

A
s

(
= (
) (
= (
' (
(
(
(

where the first equality in the last line can be seen on elementary tensors and using then
linearity and density arguments. In fact, if X = a®0b, Y = c®d, f(s) = (A(s)&1,m) and
g(S) = <)‘(5>f27772>7 then

(X13Y23, f @ g @ e ) = (@@ I R@D)(I @ c®@d)é1 ®E REm @n2 @)
= (a1, m1)(c€2,n2)(bd€,m) = ((f ® )(X)(g @ )(Y)E,m).

The formula (13) follows from the following calculations
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wAa(f) = (f @) @w)WQ) = (f @ )(WT'(w)Q2)
= (fR)Wwew) = (wf®)(W)w=M;w O

w

3. Complexification of G
3.1. Preliminaries on unbounded operators

We start with some basic material on unbounded operators which will be used in the
paper. Our main reference is [24].

Let # be a Hilbert space with the inner product (-,-). Recall that a linear operator
T defined on a subspace @(T') C #, called a domain of T, is said to be closed if the
graph of T, {(§,T¢) | € € #}, is closed in # @ F. Given linear operators T and S, we
write T' C S if D(T') C D(S) and S|y = T; we say that S is an extension of T'. We
have T =S if T'C S and S C T. A linear operator T is called closable if it has a closed
extension. Clearly, T is closable if and only if the conditions (&), € D(T), n € %,
[I€x]] = 0 and ||T¢, — n|| — 0 imply n = 0. The minimal closed extension of a closable
T exists and will be denoted by T. We say that a subspace U C D(T) is a core for T
if for any £ € D(T), there is a sequence (£,), C U, such that &, — £ and T¢,, — T¢E.
Equivalently, the subspace {(¢, TE) | £ € U} C H & F is dense in the graph of T

If T is an operator with a dense domain it has a well-defined adjoint operator T :
D(T*) — #, which is always a closed operator. An operator T is called selfadjoint if
T = T*; a selfadjoint operator is positive if it has a nonnegative spectrum. 7" is essentially
selfadjoint if T is selfadjoint.

Any selfadjoint T has a spectral measure Er on the o- algebra %B(R) of Borel subsets
of R, and

T / {dE(1);

specT

if f is a Borel measurable function, we write f(T') for the operator

(1) = / F() dBr(t), D(F(A) = {6 H| / FOP d(E@E.€) < oo},

specT' specT'

If T is a closed operator with dense domain, then 77T is positive and T has the polar
decomposition T' = U|T|, where |T| = (T*T)"/? and U is a partial isometry; |T|, T and
U have the identical initial projections.

We say that a closed operator T' defined on a dense domain B (T) C ¥ is affiliated
with a von Neumann algebra Jl of B(#) if UT C TU for any unitary operator U € A,
where Jl’ as usually stands for the commutant of (. Note that if T'= U|T| is the polar
decomposition of T then T is affiliated with J if and only if U € M and |T| is affiliated
with JC, the latter is equivalent that the spectral projections Ejp|(A), A € B(R), of |T|
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belong to VN(G). We denote by VN(G) the set of all affiliated with V. N(G) elements.
We write VN(G)+ for the set of positive operators in VN(G). If T = T* is affiliated

with VN(G), i.e. Ep(A) € VN(G) for any A € B(R), then f(T) € VN(G) for any
Borel function f on R.

Let A be a linear operator on #. A vector ¢ in # is called analytic for A if p € D(A™)
for all n € N and if there exists a constant M (depending on ¢) such that

|A™o|| < M™n!  for all n € N.

We write @,,(A) for the set of all analytic vectors of A. If A is selfadjoint with F(-)
being the spectral measure of A, then E4(A)p is analytic for A for any ¢ € # and any
bounded A € B(R), as

[A"Ea(A)pl < M"[|el],

it A C [-M,M].

It is known (see e.g. [24, Proposition 10.3.4]) that if T is a symmetric operator, i.e.
T C T*, with a dense set of analytic vectors, then T is essentially selfadjoint.

If U and ¥ are subspace of # we write U © TV for the algebraic tensor product of
the subspaces; #1 ® # 5 is the usual Hillbertian tensor product of two Hilbert spaces #
and # .

If Ty, Ty are closed densely defined operator with the domains &(73) and D(Tz) C #
respectively, then the operator 71 ® T» with domain P (7T1) © D(T3) is closable. In fact, if
&n — 0, where &, € D(T1)OD(Ts), and (T3 ®T%)E, — n then for any f € D(TT)OD(Ty),
we have ((Th ® T2)&n, f) = (&n, (T @ T5) f) — 0, giving (n, f) = 0. As each T; is closed,
D(T7) is dense in # and hence D(T}) © D(T5) is dense in # @ #, showing that n =0
and that T7 ® Ty is closable. Unless otherwise stated we will write 177 ® T for the
corresponding closure.

We say that two selfadjoint operators T3, T5 strongly commute, if

.ET1 (Al)ET2 (Ag) = E‘T2 (AQ).ET1 (Al), for all Ah A, € %(R),

where Er,(-) is the spectral measure of T;. We define a product spectral measure Er, X
Er, : B(R%) — B(¥) by letting Er, x E,(A1 x Ag) = Er,(A1)Er,(As) for Borel
measurable rectangle A; x As. If f: R? — C is Borel measurable we set

[T, Ts) = /f(fﬂl’mz) dEr, X Et,(71,72).
R2

It is a selfadjoint operator if f is real-valued.
Let T; be selfadjoint operators, ¢ = 1,2. Then 77 ®1 and 1®75 are selfadjoint operators
that commute strongly. Then T7 ® T5 is selfadjoint and
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TeTy=fT1®1,1®1T),

where f(x1,x2) = x129. Observe that 71 ® T5 is essentially selfadjoint on @ (77) ©@ D(T3),
as D, (Th) © D, (Te) is a dense subset of 1 ® #2 and consists of analytic vectors for
T ®Ts.

For closed densely defined operators Sy, Sy with polar decomposition S; = U;|S;],
i =1,2, we have S1® Sy = (U; ® Us)(]S1|®|S2]) is the polar decomposition of the closed
operator S ® .

3.2. A-complezification of a locally compact group

Let G be a locally compact group and let W be the fundamental multiplicative unitary
on L?(G x G) implementing the coproduct I' on VN(G). We can extend I' to VN(G)
by defining

I(T) =W*(1@T)W, for T € VN(G).

Clearly, the unbounded operator I'(T) is closed. If T* = T and Er(:) is the spectral
measure of T, then both operators 1 ® T and T'(T') are selfadjoint with 1 ® Er(-) and
T o Ep(+) being the corresponding spectral measures. In particular,

I(T) = /t d(T o Ex(t)).

R

If T = U|T| is the polar decomposition of T', I'(T") = T'(U)I'(|T|) is the polar decompo-
sition of T'(T).

Definition. By the A-complexification G¢ » of G we shall mean the set of all non-zero

(unbounded) operators T' € V. N(G) such that
NT)=T&T. (14)

We note that GcAxNVN(G) ={T e VN(G)|T(T) =T T, T # 0} = A\(G), see e.g.
[25, Chapter 11, Theorem 16] giving an embedding of G into G¢ .
Let

A={ac VNG |a*"=-a, a®1l+1@a=T(a)}. (15)

As for ao € A, the operators ia ® 1 and 1 ® i« are selfadjoint and strongly commute, the
sum ia¢ ® 1 + 1 ® i, defined via the functional calculus, gives a selfadjoint operator; in
(15) we require it to be equal to the selfadjoint operator I'(ic).
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If a € A, we will define exp za, z € C, through functional calculus, i.e.

exp za = exp (—iz(ia)) = /exp (—izt) dE;o(1).
R

Proposition 3.1. For o € A and z € C, expza € Gg .
Proof. It follows from the functional calculus and definition of I" that

T(exp za) = W*(1 ® exp za)W = W* /exp (—izt) dE1gia ()W
R
— [ exp (~ixt) dBw-oiaw () = exp <L)
R
=expz(a®1+1®a)
=exp(za®1)exp (1 ® za) = (expza ® 1)(1 ® exp za)
—expza@expza. O

Proposition 3.2. The map o € A — expia is a bijection onto Gc N VN(G)Jr.

Proof. That expia is positive and affiliated with VN(G) follows from the functional
calculus.

Let T'e GcaN VN(G)+. Let P be the projection onto the closure of the range of T'.
Then I'(P) = P ® P and hence, as noted above, P € A\(G). Therefore, as T # 0, P = I
and hence the range of T is dense and T, t € R, is a well-defined unitary operator.
Using arguments similar to those in the proof of the previous proposition we obtain

D(T) = W*(1 @ T")W = T(T)" = (T @ T)"* = T @ T%, for t € R.
Let A= [py Int dE7(t). Then T" = expitA and
expitl'(A) =T'(expitA) = expitA Q expitA =expit(A®1+1® A), forteR.

By Stone’s theorem about infinitesimal generator of a strongly continuous unitary group,
we obtain '(A) = A®1+1® A. Set « = —iA. Then T =expia. O

Proposition 3.3.
Gca={A(s)expia|a €A, s € G}.
Proof. As it was noticed before, if T' = U|T'| is the polar decomposition of T' € G, then

NT)=T(U)I'(|T|) and T®T = (U ®U)|T| ® |T| are the polar decompositions of I'(T)
and T ® T respectively. Hence, by uniqueness of the polar decomposition, the equality
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I(T)=T®T implies T(U) =U U and T(|T|) = |T|®|T|. As A(G) = {\(s) | s € G} is
precisely the family of non-zero bounded operators in Gc », it gives U = A(s) for some
s € G. The statement now follows from Proposition 3.2. 0O

Let G be a connected Lie group and g its Lie algebra with the exponential map
expg 1 g — G. Let m: G — B(# ) be a unitary representation of G. A vector ¢ € #
is called a C*°-vectors for 7 if the map s — 7(s)p from the C*°-manifold G to %, is
a C*°-mapping. We write 2°°(7) for the set of C*°-vectors for 7. For X € g we define
the operator dm(X) with domain @°°(7) by

dr(X)p = Lr(expg (tX))pli=o, for ¢ € D°(m).

It is known that idr(X) is essentially self-adjoint. We denote its self-adjoint closure by
i0m(X) which is the infinitesimal generator of the strongly continuous one-parameter
unitary group ¢ — m(exps(tX)), i.e.

m(expg (tX)) = exp (tdn(X)).

Proposition 3.4. Let G be a connected Lie group with Lie algebra g. Then A =
{OMX) | X € g} and Gex = {A(s)exp (10X(X)) | s€ G, X € ¢g}.

Proof. If & € A then {exp (ta))| t € R} is a strongly continuous one parameter group in
MG) € VN(G). Moreover,

(exp (ter), 7 % €) = (exp (ta)&,n), for &, € L*(G),

and {exp (ta)| t € R} is continuous in the weak* topology on VN (G) with the weak*-
limit w* —lim;_,g exp (ta) = 1. Since A : G — A(G) C VN(G) is a homeomorphism when
V N(G) carries weak* topology it follows that A~*(exp ta) is a continuous one-parameter
subgroup of G. Therefore there exists X € g such that A~!(exp (ta)) = exp (tX) and
Alexp (tX)) = exp (ta), t € R, giving ON(X) = a and

AcC{oNX)| X € g}.

To see the reverse inclusion, we note that OA(X) € VN(G), I'(exp (tON(X))) =
exp (tL(OA(X))) and

exp (tT'(ON(X))) = exp (tIN (X)) ® exp (tOA(X)), fort € R.

Since lim; ot~ [exp (V)¢ — ] = Vi for any closed skew adjoint operator V and ¢ €
D (V), we can easily obtain that INX) € A. O
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Remark. Our definition is motivated by the work of McKennon [21] and Cartwright
and McMullen [1], where they developed an abstract Lie theory for general, not nec-
essarily Lie, compact groups. If we choose representatives m; : G — B(H;) of the
isomorphism classes of irreducible (finite-dimensional) unitary representations of G and
identify V N (G) with the (>°-sum of B(Hj), then VN(G) = [[; B(H;) ~ Trig(G)T, where
Trig(G)T is the linear dual of the span of coefficients of irreducible unitary representa-
tions of G. In this case we have that G¢ ) coincides with the complexification G¢ from
[1,21]. We have that G¢ is a group and as G ~ {X € VN(G) |[T(X) = X ® X, X # 0}
([25]), one has a Cartan decomposition G¢ ~ G - expiA. If G is a compact connected
Lie group then G¢ = G,y coincides with the well-known construction of the universal
complexification of G due to Chevalley and the Lie algebra of G¢ is the complexification
gc of the Lie algebra g ~ A of G, where the usual Lie bracket [X,Y] = XY — Y X is
considered in A. For instance T¢ ~ C* and (SU(n))c ~ SL(n,C).

The concept of complexification was later generalised from compact to general locally
compact groups in [22] by McKennon, where the group W*-algebra W*(G) was used
instead of VIN(G). Our construction is an adaptation of McKennon’s idea to the group
von Neumann algebra setting. We have chosen this approach as it fits better our purpose
to describe the spectrum of Beurling-Fourier algebras. As for the compact group case
McKennon’s complexification G¢ admits a factorisation G¢ = G5 - GE, where G is
the image of G under the canonical monomorphism v from G to the group of unitary
elements of W*(G) (compare this to the factorisation in Proposition 3.4). However unlike
the compact case, the unboundedness of elements in G¢ and also Gc ANV N (G)+ causes
a problem in considering G¢c and G, as groups, see [22, section 4]. A relation to
the universal complexification of G, when G is a Lie group, is also unclear in general.
However, in many interesting examples considered in [11] we have Gc x = Ac(Gg),
where Gi¢ is the universal complexification of G and Ac is the extension of the left
regular representation to G¢; the equality means that for any ¢ € G¢,y there exists

g € G¢ such that ¢ = Ac(g), see the discussion in [11, section 2.3]; in those cases one
also has the Cartan decomposition

% ~G- eXPc (Zg)a

where expc is the extension of the exponential map to the complexification g¢ of the
Lie algebra g of G. It seems an interesting question to investigate the group structure
of G¢,) but it diverges from the main purpose of this paper.

4. The spectrum of Beurling-Fourier algebra and complexification

In this section we establish sufficient conditions in terms of groups and weight inverses
for the inclusion of the Gelfand spectrum of A(G,w) into the A-complexification G¢ » of
G, generalising some earlier results from [20] and [11].
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4.1. Point-spectrum correspondence

Let ¢ : A(G,w) — C be a character of A(G,w). By the duality (8), there is a unique
o € VN(G) such that for any wu € A(G,w) we have ¢(wu) = (o,wu), = (o,u). The
multiplicativity of ¢ gives

oc®o=T(0)Q, (16)

and moreover, every 0 € VIN(G) satisfying (16) gives rise to a unique point in the
spectrum spec A(G,w). In fact, for u, v € A(G),

¢((wu)(wv)) = (0, (Wu)(W))w = (0, WT(Q(u @ v)))w
= (0, T (Qu @ 0))) = (T(0)2, u @ v);

on the other hand
P(wu)p(wv) = (o,wu),(0,wv), = (0,u)(0,v) = (0 @ 0,u @ V),

giving (16).
We can thus identify spec A(G,w) as the set of all non-zero elements 0 € VN(G)
satisfying (16), i.e.

spec A(G,w) ={c € VN(G) |T(0)Q =0 R 0,0 # 0}.

Note that spec A(G,w) depends on the 2-cocycle € rather than the weight inverse w.
Moreover, by (16), for any o € A(G,w)

oo* @ oo" =T (0)QQVT(0)" <T(o0™),

thus satisfying condition (3) in the definition of a weight inverse. It is a question whether
o also satisfies (4). We will see in this section that in many cases (though we conjecture
all) the elements in spec A(G,w) are again weight inverses.

We let S be the antipode of V N (G); this is an anti-isomorphism of VN (G) given by
S(A(s)) = A(s71), s € G. If W is the multiplicative unitary and w € B(L?(G))., then

S((t@w)(W*)) = (t @ w)(W). (17)

We refer to [6] for background on the theory of Hopf-von-Neumann algebras but warn
that our notations may differ from those in [6].

Throughout the rest of this section, we use % for L?(G) and write ¢ ,, to denote the
normal functional on B(%) given by ¢ ,(z) = (z€,n), v € B(%).
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Lemma 4.1. Let 0 € spec A(G,w). Then
Ve £(S(t @ Yon 7 (W) = (1@ oW (S(0") @ 1)E @1, E@ M),
for any 67 777 57 77 e %'

Proof. From (17) and Q*T'(c*) = ¢* ® o*, we have

e £(S( @ Yorn 5 (FW))) = e £(S(L @ 1y 5 (X W* (1 @ 0%))))

= e (S ® Yy (VT ()W) = ~<S<L®¢nﬁ<a* oY)
= e g(S(07 (e ®¢n,ﬁ((1®0*)W*)))) e £(S(07(L® P er(WH))))
= £(S(L @ Uy, 05(W7))S(07)) = (( ® Vy,07(W))S(c™))
:w£,€®d’m0ﬁ(W<S(U*)®1))21/)5,5@%, (1o )W(S(c*) @ 1))
=(1edW(S(e) e éonen). O

Proposition 4.2. Let G be a locally compact group and let o € spec A(G,w). Assume that
o*(#) Nw*(#) # {0}. Then

Remark. It has been known for compact groups ([20]) and some Lie groups with certain
weights ([11]) that the operators cw™!, o € spec A(G,w), are “points” of the complex-
ification G¢. From this, the claim of the proposition becomes intuitively quite clear.
Formally, if there is an element T € G¢ such that ¢ = Tw then, as S(T) = T~ ! (the
antipode “inverts” the elements of G and G¢), we would have S(o)o = S(Tw)Tw =
S(w) T 'Tw = S(w)w.

Proof. Let n and ¢ in # be such that o*( = w*n # 0. By Lemma 4.1, we have
1w Wl WH)ER(=(11c")W(S(c*)®@1)é®n

for any £ € #.

Multiplying both hand sides of the equality from the left by Q*W* and using the
equality *T'(0)* = 0* ® ¢* which holds for all ¢ € spec A(G,w) and in particular for
w, we conclude that

wS(WwHE@wn=0*S(0*),®@o*¢, forall{ €%,
and hence w*S(w)* = o*S(0)*. O

Remark. The following formal calculations support the idea that the above proposition
might be true for any o € spec A(G,w).
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Consider M = (S @ ¢)(WQ)WQ. From (5) it follows that (I @ w)WQ = W(w @ w),
and hence (I @ w)(S ® 1)(WQ) = (S(w) ® I)W*(I @ w). We then calculate

(IQwM=(S(w)@W* (I @w)WQ = (Sw) HW*W (v w)
(Sww)@w=IQw)(S(ww®I).

As kerw = {0} we get M = (S(w)w) ® I. Let now o € spec A(G,w) be arbitrary.
Similarly,

(I®o)M = (S(o)o)®0c
and hence (S(0)0) ® 0 = (S(w)w) ® 0. Therefore, S(0)o = S(w)w.
The calculations are only formal as S is not a completely bounded map in general
and hence S ® ¢ is not defined on the whole VN(G)®@B(%). By [7, Proposition 1.5], S

is completely bounded if and only if G is virtually abelian, i.e. has an abelian subgroup
of finite index. Consequently, for such G, S(c)o = S(w)w for any o € spec A(G,w).

Corollary 4.3. Let 0 € spec A(G,w). If (%) Nw*(#) # {0} then kero = {0}.
Proof. This follows from Proposition 4.2, as ker o C ker S(o)o = ker S(w)w = {0}. O
A natural question is when o € spec A(G,w) is again a weight inverse. Clearly,
oo* @ oc* =T(0)QQVT(c*) <T(o0™)
and hence the first condition (3) of being a weight inverse is fulfilled. The same arguments
as in Corollary 4.3 show that if S(w)w = S(0)o then kero = {0}. An issue is to obtain
kero* = {0}. We will adopt the extra condition ker Q* = {0} as a way to guarantee it.
Lemma 4.4. If ker Q* = {0}, then ker c* = {0} for every o € spec A(G,w).
Proof. Let o € spec A(G,w). As ker Q* = 0, we have
ker 0* ® 0* = ker Q*T'(0*) = ker T'(c").

Thus, if we let P denote the projection onto the closure of the range of o, then P €
VN(G) and P satisfies

P® P =T(P). (18)

As P is a projection, [25, Chapter 11, Theorem 16] gives either P = A(e) = I or P = 0.
Having o € spec A(G,w) and hence non-zero, we obtain P = I and therefore ker o* =

{0}. O
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Here comes the main result of this section that establishes a connection between (a
part of) the spectrum spec A(G,w) and G .

Theorem 4.5. Let w € VN(G) be a weight inverse on the dual of G and let o €
spec A(G,w) be such that o*(#) Nw* () # {0}. Assume ker Q* = {0}. Then

(i) o is a weight inverse,
(i) S(o)o = S(w)w,
(¢i1) the linear operator

Ty :wE— o€, forEeXH,
is closable with the closure in Gc y.

Proof. (i) follows from Corollary 4.3 and Lemma 4.4, together with the earlier observa-
tion that co* ® go* < T'(g0™).

(1) follows from Proposition 4.2.

(74) The operator T, is well-defined as kerw = {0}. Let &, € # be such that w¢, — 0
and 0§, — y. Then for any £ € #,

(4.5(0")E) = lim (S(0)0&,.€) = lim (S(w)wés. &) = 0.

n—oo

Therefore y L S(o*)(%). By Lemma 4.4, ker o* = {0}. This yields ker S(o) = {0} (since
if P is the range projection for A € VN(G), then S(P) is the range projection for S(A*)).
Therefore S(c*) % is dense in # and hence y = 0. Consequently, T, is closable.

Write T, also for the closure. Then T, is affiliated with V. N(G), and even more, it
is affiliated with the von Neumann algebra N (w, o) generated by w and o. In fact, let
V € N(w, o) be a unitary. Then for any £ € # of the form & = wn, we have

VIeE=Von=ocVn=T,wVn=T,VE

and hence V*T,V = T,, showing the statement.
The only claim left to prove is that I'(T,) = T, ® T,. Observe first that

(W@ w) (T RH) = D(W)QF 2%) C
C T(w)(# @ %) C B(I(T,)),

and

D(T,) D) © ) = D(Tyw) T ©9¢) = T(o)AT OF) =
=(0R@0)(HOX)= (T @Ts)(ww)(H OK).
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We have

Ts @ Tolw@e)owe) = T'(Te)lw@)owe)-

By convention, T, ® Ty, is the closure of the operator T, ® T, defined on D(T,) © D(T,)
or, equivalently, on w(#) © w(#), as w(#) is a core of T,. Hence

I(T,) > T, ®T,.

To see the equality, we must prove that I'(7,)|w@)ow@) = I'(T5). To do this we note
first that T'(w)(# @ #) is a core for I'(T,,) and hence the linear subspace

{(, T(T,)z) |z e T(w)(H QF)} (19)
is dense in the graph of I'(T,). Therefore, it is enough to see that the closure of
{(, T(To)x) |z e T(wW)UH 0F)} = {(z, T(T,)z) |z EwH CwT)}

contains (19).
As Q(F © %) is dense in # ® #, we have that for any I'(w)&, £ € H @ #, there exists
(&n)n C # ©F such that Q&, — £ and hence I'(w)E,, — I'(w)E. Moreover,

F(TU)F(W)an = F(U)an — F(U)§ = F(TU)F(w)g,
showing the claim. 0O

‘We remark that

o" () Nw*(3) # {0} (20)

for 0 € spec A(G,w) means that the domain @(T}) of the operator Tf = (ow™1)* =
(w*)~1o* is not zero. The theorem says that in this case @ (T) is large enough to be
dense in #, as the latter is equivalent to the closability of T}.

In what follows we shall use the notation T, for the closed operator T.. when there is
no risk of confusion.

We derive now a number of consequences from the previous theorem. We assume that
ker Q* = {0}.

Corollary 4.6. For o € spec A(G,w) as in Theorem /.5, there is a natural isometric
isomorphism

A(G,0) 2 A(G,w),

of —wwf.
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Proof. This is immediate from the definitions of the norm and product on the corre-
sponding spaces:

lwfllo = lfIl = llofllo, for f e A(G),
(wg)(wh) = wl(Qg® k), (cg)(ch) =0T (Qg®h)), forghe A(G). O

We remark that the above corollary is also clear from the discussion after the proof
of Proposition 2.6.

Corollary 4.7. For o € spec A(G,w) we have o*(F)Nw*(#) # {0} if and only if 0 = Tw
for T € Gc,\ such that w(#) C D(T). Consequently, if o*(H) Nw*(#) # {0} for any
o € spec A(G,w) then

spec A(G,w) C{Tw |T € Gex,w(#) C D(T)}.

Proof. The “only if” part follows from Theorem 4.5. If 0 = Tw for T" € G¢ 5 then
o* D w*T™* giving the “if” part. O

Remark 4.8. In [11] the dual A(G,w)* is identified with the weighted space VN(G,w)
given by

VN(G,w):={Aw™' | Ac VN(G)}
with the norm [[Aw ™|y n(Gw) = [|A]| via
(Aw™ wu) == (A, u).

Then the spectrum of A(G,w) is considered as a subset of VN (G,w) instead of VN(G).
Clearly we have the isometry ® : VN(G) — VN(G,w), A — Aw~!. With this identifi-
cation we have that if o*(#) Nw*(#) # {0} for any o € spec A(G,w), then

spec A(G,w) ~{T € Gc \|Tw € VN(G)} C Gc - (21)

Next, we prove a ‘partial converse’ of Theorem 4.5, which shows that every element
in G¢,» can be seen as coming from a weight inverse.

Proposition 4.9. If T € Gy then there exists a weight inverse w € VN(G) and o €
spec A(G,w) such that T =T,.

Proof. Let T' € Gc » and U|T| be its polar decomposition. Then U = A(s) for some
s € G and T'(|T|) = |T| ® |T|. Hence I(|T|") = |T" @ |T|" and |T|" determines a
strongly continuous representation ¢ : R — M\(G) C B(%) by setting ¢ (t) = |T|**. By
the standard theory, the map
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@) = / FB)eint dt s / FOB() dt € VN(G), for f € LI(R),
R R

extends to a s-homomorphism ¢ : C*(R) = Co(R) — VN(G); we have p(f) =
f(n(|T))). The image of Cy(R) is clearly non-degenerate, and hence we can extend
¢ in a unique way to a homomorphism @ : C4(R) — VN(G). If we let ¢ ® ¢ denote the
extension of the map ¢ ® v : Co(R) @ Cp(R) = VN(G)RV N(G) to Cp(R x R), then it
is easy to see from the uniqueness of the extensions that the diagram

PP

Cy(R xR) —— 2 VN(G)&VN(G) (22)
FRT FT
Cy(R) i VN(G)

is commutative; here we write I'g for the restriction of the coproduct to Cy(R).

Now if we let w = @(e~21*1), then w? ® w? < T'(w?), and the non-degeneracy of ¢ gives
ker w = {0}. Thus w is a weight inverse in V. N(G). Moreover, the 2-cocycle associated
to w is given by

Q=7 ® p(e2letyl—2lzl=2lyly, (23)

If we let o = A(s)p(e®21*1), then it is easy to see from (23) that T'(¢)Q = ¢ ® ¢ and
hence o € spec A(G,w). Moreover, the closure of the unbounded operator

wf _ 6—2\ ln\THf — O'f _ /\(S)eln\T\—QUn \THg7 for f e,
is given by T. O
Next we derive some further properties of spec A(G,w) N Gc \w.

Lemma 4.10. Let 0 € spec A(G,w) NGg \w. Then there exists a unique s € G such that
B = A(s)*o € spec A(G,w)NGc \w and

|ch| :Tﬁ'

Proof. Taking the polar decomposition T, = U|T,|, we conclude, as in the proof of
Proposition 3.3, that U = A(s) for a unique s € G. Clearly we have, § = A(s)*o €
spec A(G,w), and S*(H) Nw*(#) = o*(F) Nw*(#) # {0}. It follows from Theorem 4.5
that the closure of

{(We, B | EcHYCHOH

is the graph of the positive operator |T;|; on the other hand the closure is the graph of
the closed operator Tg. O
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Proposition 4.11. Let o € spec A(G,w)NGc \w. If 0 = X(s)B is the decomposition from
Lemma 4.10. Then 9)(t) = \(s)Tjw is a continuous function

1 :[0,1] = spec A(G,w) NGcw, ¥(0)=A(s)w, ¥(1)=o0.

Proof. By the functional calculus, we have w(%#) C D(1 + Ts) C D(T}) for every
t € [0,1]. Moreover, as % <1+ 22 for z € R, we have

0< w*Tgtw < w*w+ w*Tgw =w*w+ B7B.

It follows that Tjw is bounded for every ¢ € [0, 1], and hence Tjw and A(s)Tjw belong to
VN(G), and the function ¢t — Téw is strongly continuous; to see the latter we observe
that if P, = E([0,n]), where E(-) is the spectral measure of T, then t — TfP,w¢ is
continuous for every £ € #. Moreover,

175 (Paw€ — wé)[|* = (Th(Paw€ — wé), Ti(Prwé — wf))
= (T (Paw€ — wé), (Pwé — wE) < (TF(Pawé — wé), Prwé — w)
= || T (Pawé — w)|* = || PaTpwe — Tawé]* — 0

as P, — I strongly. Basic approximation arguments give now that Téwﬁ must depend
continuously on ¢ € [0,1] for each £ € #. From this we conclude that ¢ — (¢) is
continuous as the map from [0,1] to VN(G) ~ A(G,w)* with the weak™ topology.

It follows from the functional calculus that I'(T}) = T ® T} for all ¢ € [0, 1], and thus

D(Thw)Q = D(Th) (w @ w) = (Thw) @ (Thw)

so that Thw and hence A(s)Tjw are in spec A(G,w).

As the kernel of Tp is trivial, there is n € N such that the orthogonal projection
P=F ([%,n]) is non-zero. The restriction of Té to the invariant subspace P % is then
invertible for every t € [0,1] and as PA(s)*¢(t) = PTjPw, t € [0,1], we have

b(t)*(A(s)PH) = w* (PT,PH) = w* (PH),

giving ¥(¢)* (%) N w*(#) DO w*(P#) # {0}. By Corollary 4.7, we obtain (t) €
spec A(G,w)NGc w forallte[0,1]. O

The last results concern a deformation retraction of weight inverses.

Lemma 4.12. Assume that a weight inverse w is positive. For every s € [0, 1], the operator

S

w® is again a weight inverse.

Proof. By the Lowner-Heinz inequality: if 0 < A < B, then also 0 < A% < B® for
s € [0,1]. Applying this to the inequality (3), we get
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w? ®w? < T(w?), forall se€0,1].
The conditions on the kernel(s) are easy to see. O

Proposition 4.13. Let w be a positive weight inverse. If Qg is the 2-cocycle associated to
w?®, s € [0,1], then for 0 < s <t <1 the following hold

(i)
D(w?)Q = Qs (w® @ w?); (24)

(1) if ker QF = {0}, then ker Q% = {0};
(73i) the map spec A(G,w®) — spec A(G,w?), given as o — ocw'™%, is injective and
maps spec A(G,w®) N Ge \w? to spec A(G,w') NG \w'.

Proof. (i) The 2-cocycle Q; 4 is the unique operator which satisfies T'(w!™*)Q;_s =
w!™* @ w5, Hence, since kerw® = {0}, it follows that Q;_s(w® ® w®) is the unique
operator that satisfies T'(w!™*)Q;_(w® @ w*) = w! @ wt. As T(W*)IN(wW*)Q = w! @ W,
we obtain (24).

(#4) This follows now directly from (24).

(791) If o € spec A(G,w?), then by (24)

D(ow'™ %) = T'(0)Q(w'* @ w'™*) = (ow'™*) ® (ow' ™),
i.e. ow!™* € spec A(G,wt). If o*(#) Nw*(#) # {0} then
(W'™%0)"(7) N (W' (F) = w' (o™ (%) Nw* (%)) # {0},

as the kernel of w!™* is trivial. The injectivity of o — ow!™* follows from the fact that
the range of w!™* is dense in #. O

4.2. Conditions guaranteeing complezification

In this section we will investigate conditions on the group G and the weight inverse w
for which the inclusion (21) of the spectrum of A(G,w) into the complexification G¢
holds true.

First, we present some sufficient conditions for ker Q* = {0}.

Recall that if H is a closed subgroup of G and Ay and Ag are the left regular repre-
sentations of H and G respectively, then there is a canonical injective x-homomorphism
tg : VN(H) = VN(G) given by Ag(s) — Ag(s), for s € H ([14]).

We say that a weight inverse w on the dual of G is central if w is in the centre of
VN(G).

Proposition 4.14. Let w be a weight inverse on the dual of G. Then ker Q* = {0} holds
provided that any of the following is satisfied:
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1. G is compact;
2. w=1y(wy), where wy is a central weight inverse on the dual of a closed subgroup H

of G.

Proof. (1) It is known that if G is compact then VN(G)@VN(G) ~ VN(G x G) can
be identified with the > sum of matrix algebras M, (C). Therefore ker X = {0} &
ker X* = {0} for any X € VN(G x G). This gives ker Q* = {0}, as Q is injective.

(2) Since ker © = {0} it is enough to see that

0*Q = 0O,

as in this case ker 2 = ker *. Assume first that H = G. Then being central, w is a
normal operator and therefore so is I'(w). Moreover, as w @ w € Z(VN(G x G)) (the
centre of VN(G x G)), we have

[(w)l'(w) = (w @ w)['(w) = I'w)(w ® w) = I'(w)?Q.

Hence, as ker T'(w) = {0}, we have I'(w)Q? = QI'(w). By the Fuglede-Putnam theorem it
follows that also I'(w)*Q = QI'(w)*. A calculation now yields

MNw)QQT(w)" = ww* Quw” =w'w @ w'w

= O T(W) T(w)Q = O T(w)(w)*Q = D(w)Q* QT (w)*,

and we get the claim by using again ker I'(w) = {0}.
The proof for general H is similar, if we take into account that T'ory = (tp®ep)oly,
where I'yy is the comultiplication on VN(H). O

The next simple lemma gives a sufficient condition for o*(#) Nw*(#) # {0} to hold
for any o € spec A(G,w), where # = L?(G). We assume that ker Q* = {0}.

Lemma 4.15. If there is a subspace X C # such that VN(G)(K) C H and w|x is
invertible, then o*(#) Nw*(#) # {0} for any o € spec A(G,w).

Proof. As ¥ is invariant and w|g is invertible, w*(F) = K. We have
o (H)NW(F) D o™ () Nw*(K) = o™ (K),
where the latter is non-zero by Lemma 4.4. 0O

Using Lemma 4.15 we can now list groups and weights for which the spectrum of the
associated Beurling-Fourier algebra is in the complexification G¢ ), meaning that we
identify A(G,w)* with VN(G,w) as in Remark 4.8; with a slight abuse of notation we
write spec A(G,w) C G¢ .



28

(1)

O. Giselsson, L. Turowska / Advances in Mathematics 445 (2024) 109671

G is compact and w is arbitrary. If G is compact then it is known that the left
regular representation A on G is a direct sum of irreducible (finite-dimensional)
representations and hence there exists a finite-dimensional invariant subspace X C
#. As kerw = {0}, w is invertible on K. By Proposition 4.14, ker Q* = {0}. By
Corollary 4.7, spec A(G,w) C Gc,x. In [20] and [11] the result was derived from
the “abstract Lie” theory developed in [1,21] showing that the multiplicative linear
functionals on Trig(G), the algebra of coefficient functions with respect to irreducible
representations, can be identified with the complexification Gc . As Trig(G) C
A(G,w), the statement is clear.

G is an extension of a compact group by abelian group and w is a weight inverse
such that ker Q* = {0}. If K is a non-trivial compact normal subgroup, let Px €
B(L?(G)) be the projection onto the (non-trivial) subspace of functions which are
constant on the cosets zK, x € G. As Px commutes with Ag(g), g € G, the subspace
P L?(G) is invariant with respect to \g, and as G/K is abelian and P f are
constant on the cosets, A\g(9192)Pr f = Ac(9291) Pk f, i.e. the von Neumann algebra
generated by A\g(g)Pk, g € G, is commutative. As wg := w|p, 12(g) belongs to the
von Neumann algebra, there exists a subspace ¥ (e.g. H = E,,|([e,00))Px L*(G)
for some € > 0) such that VN(G)H C & and wl|y is invertible.

G is a separable Moore group and w is arbitrary. If G is a Moore group, i.e. any
irreducible representation of G is finite dimensional, then G is a type I group with
the unitary dual G being a standard Borel space. Moreover, there is a standard
Borel measure p and a p-measurable cross section ¢ — 7€ from G to concrete
irreducible unitary representation acting on #, such that X is quasi-equivalent to
fg? m€du(€) so that VN (G) ~ L®(G, du(€); B(#¢)). With this identification we have
w= fg wedp(€). Let for e > 0

Ac = Np{€ € G | (|welzn(€), 2 (€)) = ellza (€)1},

where (z,,), is a sequence such that (z,(§)), is total in %, for any £. As kerw =
ker w* = {0}, there exists a null set M C G such that kerwe = ker w = {0} for any
¢ € G\ M. Then, as ¥ is finite-dimensional, for each £ € G\ M, we have |we| > cel;
for some c¢ > 0. Hence p(A;) > 0 for some ¢ > 0 and P. = [ xa.le du(§) is a
non-zero projection onto invariant subspace & such that |w||s > €; w|y is invertible.
As kerQ = {0} and G x G is Moore, we can argue as above to conclude that
ker Q* = {0}. Therefore, by Corollary 4.7, we have the inclusion of the spectrum of
A(G,w) into G, as in the previous paragraph.

G is a separable type I unimodular group and w = fce; we dp(§) with we invertible on
a set N C G of positive measure. We define an invariant subspace ¥ such that w|y
is invertible as above and get the statement of Corollary 4.7 in this case as well if
ker Q* = {0}. Central weights fall in this class. Any weight on G such that the set
N ={¢e @G| dim%, < oo} has positive y-measure also satisfies that condition.
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Recall that a locally compact group G is called an [IN]-group if it has a compact
conjugation-invariant neighbourhood of the identity. It is called a [SIN/-group if it has a
base of conjugate-invariant neighbourhoods of e. We note that any [SIN]-group is [IN].
Typical [SIN]-groups are discrete, compact and abelian groups.

The following result is a part of [26, Proposition 4.2].

Proposition 4.16. G is an [IN]-group if and only if VN (G) admits a normal tracial state.

Corollary 4.17. If G is an [IN]-group and w € VN(G) is a weight inverse such that
ker Q* = {0}, then spec A(G,w) C G¢ .

Proof. Asker Q* = {0} if follows from Lemma 4.4 that for all o € spec A(G,w) we have
o(#) is dense in #. Consider the following two inequalities

o*oc < o*0 +wrw, w'w < o*o+wrw. (25)

Letting R = (6*0 +w*w)2, we can deduce from (25), similar to the proof of Lemma 2.1,
that there exist U,V € VN(G) such that

UR=o0, VR=w. (26)
Moreover, we have
RU*U +V*V)R =00 + w*w = R?,
so that the density of the range of R (implied by the density of the range of w) gives
UU+V*V =1. (27)
In particular, we obtain that U*U and V*V commute.
Assume towards a contradiction that o*(#) N w*(#) = {0}. Then by (26) and the
injectivity of R we can deduce that also U*(#) N V*(#) = {0}. Thus
o) (vv)=(V*V)(U'U)=0
so that (27) implies that U,V are partial isometries. As ker Q* = {0}, it follows from
Lemma 4.4 that ker o* = kerw* = {0}, and by (26), ker U* = ker V* = {0}. Thus U*
and V* are isometries in VN(G) such that (27) holds, i.e. (U,V) is a representation
of the Cuntz algebra Oy in VN(G). This contradicts the claim that VN(G) admits a

tracial state ¢:

1=9)=o(UU+VV)=¢(UU)+ o(V*'V)=(UU") +(VV*)=2. O
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Proposition 4.18. If G is a [SIN]-group then spec A(G,w) C Gc,x for any weight inverse
w.

Proof. By [2, 13.10.5], G is a [SIN]-group if and only if VN(G) is finite. Therefore,
as ker Q = {0}, we have ker Q* = {0}, giving, by Lemma 4.4, kero* = {0} and
hence by finiteness of VN(G), kero = {0} for any o € spec A(G,w). As both (o)1
and (w*)~! are densely defined and affiliated with VN(G), and the set of affiliated
elements is an algebra, we obtain that o*(L?(GQ)) Nw*(L?(G)) # {0} as the domain of

(0*)7' + (w*)~! € VN(G). Therefore, spec A(G,w) C G¢ .z, by Corollary 4.7. O

We remark that VN(G) is finite for all Moore groups G and hence any such G is
[SIN].

Corollary 4.19. If G is discrete, then spec A(G,w) = G for any weight inverse w.

Proof. G clearly does not contain any non-trivial image of a homomorphism R — G,
and we can deduce that the complexification is trivial, i.e. G¢ x» = G. Moreover, as G
is a [SIN]-group, by Proposition 4.18 the spectrum of A(G,w) is the smallest possible,
that is G. O

The statement can be extended to totally disconnected [SIN]-groups which are pro-
discrete, i.e. admits arbitrarily small compact open normal subgroups, as it was pointed
out to us by the referee.

An important class of weights that has been studied in the literature are weights
extended from closed abelian or compact subgroups, see [11, Proposition 3.25]. The next
statements show that for all such weights we have the inclusion of the spectrum into
the complexification. We first recall the construction of a so called central weight on the
dual of a compact group following [11], see also [20].

If H is compact, we have the quasi-equivalence A ~ @ __gm which gives VN (H) ~
@, cgMa,, where d is the dimension of the representation space H,. We have also the
Plancherel theorem giving the isomorphism

2 ~ 2 2
L°(H)~ & _75VdxSs,

with (§,n) = > .7 dptr(E(m)A(n)*), for € n € L*(H), where S2 refers to Hilbert-
S

Schmidt class on £2 and &(7) = Ji €(s)m(s™1)ds. Recall also that for A = (A(m))
VN(H) we have

ﬂ'Eﬁ

['(A) = ®rnr [U:,w’(EBJQTG@W/A(U))UT&W}

where for o, 7, € H, the notation o C 7 ® 7’ means that o is a subrepresentation of
7 ® ', and Uy is the unitary appearing in the irreducible decomposition of 7 @ 7'
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If wy is a central positive weight inverse then wy ~ @ _ eﬁw(w)l,r for a function
w : H — (0,400) which satisfies w(m)w(p) < w(o) for any o, m, p € H such that
o C 7 p, see [11, 3.3.2]. We refer the reader to [20] and [11, section 5] for numerous
examples of central weight inverses.

Recall the conjugate representation 7 of m € H which is defined as follows: we denote
the linear dual space of H, by Hz and for A € B(H,), let A® in B(H;) be its linear
adjoint; for s € H we define 7(s) = m(s~1)%; it is a unitary irreducible representation on
H: and 7 = 7, as equivalence classes.

For the antipode S and the central weight wy we have S(wp) ~ @Weﬁw(fr)lﬂ. Indeed,
we observe first that

(S(wm)é,m) = (wrin, &) = 3 wlm)te(i(r)é(r)").

‘n'eﬁ
]ABecause of the unitary equivalence f = [y¢ s)ds ~ [, & s71)tds and
n(m) = [pa(s)n(s™Yds ~ [ 0(s)(7(s™ ) Vds Wlth the same unltary operator we
obtain

(S(wr)én) =Y wmE@mi@®) = Y w@tE(m)i(n)"),

‘n'Eﬁ weﬁ

that shows the statement.
If o C 7®p then p C 7T ® o which follows from [15, 2.30, 2.34(b,c)]; this gives
w(o)w(T) < w(p) which together with the expression for the antipode gives the inequality

(S(wr) ® DD (wy) < I ®w, (28)

the arguments for this are similar to that given in [11, 3.3.2].
If H is abelian, the weight inverse condition for positive weight inverse wy can be also
equivalently written as (28) since in this case

wp (s Hwy(st) <wg(t) for almost all s,t € H.

Theorem 4.20. Let H C G be a closed abelian or compact subgroup of G and vy :
VN(H) — VN(G) be the canonical injective homomorphism. Let wg € VN(G) be a
central weight inverse. If w := tg(wp), then every o € spec A(G,w) is a weight inverse
and

S(o)o = S(w)w. (29)
Moreover, spec A(G,w) C Gc -

Proof. Let © be the 2-cocycle associated to w. By Proposition 4.14 ker Q* = {0} and
hence ker 0* = {0} for every o € spec A(G,w) by Lemma 4.4. To show that o is a weight
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inverse, it is enough to see the equality (29), which will imply ker o = {0}. To prove (29),
let us without any loss of generality assume that wp is positive. Then wy satisfies (28).
It is clearly preserved by ¢y giving

Sw)e NIN'w) <IQw.

As in the proof of Lemma 2.1 we can conclude that there is a unique element & €
VN(G)®V N(G) such that

(I@w)® = (S(w)®II'(w).
If W is the fundamental multiplicative unitary, the latter equality gives
(I @w)dW* = (S(w) @ ) W*(I @ w). (30)

Let &,n,€,7 € #. We retain the notation g, for the normal functional v, ,(T) =
(Tz,y), T € B(#). By Lemma 4.1,

e £(S(L ® Yoo y(XWH))) = (1® " )W (S(0¥) © E @7, E @ 7), (31)
for any o € spec A(G,w). In particular, it holds for w which combined with (30) gives
b £(S(L ® Purn g (VW) = (WO E @ w*n, £ @ 7). (32)

Fix o € spec A(G,w). As the range of w* is dense in %, there exists {n,}, C # such
that w*n, — o*n. From (31) and (32) we obtain

(1@ W(S(0") @ 1)E ©n,E© ) = e (S(e @ Yona (X W)
= lim 9 (S(t® vy, 5(XW))) = lim (W™ @ wnpn, € @ 7))

n—oo

(We e ®o™n,E @),
giving
(I®0)PW* = (S(o) HW*(I ® o).
Reasoning as in the remark after the proof of Proposition 4.2, we have that the operator
M = (W) WQ
satisfies

I®@o)M = (S(c) )W*(I ® o)W (33)
= (8(0) @ )T (0)2 = S(0)o @ 0,
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for every o € spec A(G,w). As w € spec A(G,w) and kerw = {0}, it tells that M =
Sww® I and (I @ 0)M = (S(w)w) ® o which together with (33) give the equality
S(w)w = S(o)o. It now implies o*(#) N w*(#) # {0} and hence by Proposition 4.14
and Corollary 4.7, we get the claimed inclusion for the spectrum. O

Theorem 4.21. Let H C G be a closed subgroup, wgy € VN(H) be a weight inverse and
w:=ty(wg). Assume that spec A(G,w) C G x. Then every o € spec A(G,w) is of the
form

o =Aa(s)en(5),
for some s € G and & € spec A(H,wp).

Proof. The condition spec A(G,w) C Gc,\ implies that any o € spec A(G,w) ad-
mits a factorisation ¢ = Tw for some T' € Gc y; hence 0* O w*T™ showing that
o*L?(G)Nw* L*(G) # {0}. By Proposition 4.2, we get S(0)o = S(w)w = 1y (S(wy)wn) €
1 (VN(H)). Moreover, as T* = (ow™1)* = (w™)*0* and ker T* = {0}, kero* = {0}
showing that o is a weight inverse. It follows that

['(S(0)0)Q =T(S(0))(oc ®0) € (ty@uy)(VN(H)RVN(H)), (34)

and is independent of particular o € spec A(G,w). Applying a slice map ¢t ® f, f € A(G),
to (34) and using the fact that the elements of the form fo form a dense subspace in
A(G) (as the range of ¢ is dense) we obtain

(t® £)T(S(0))o € ty(VN(H)), forall f e A(G). (35)

Consider the subspace

d4=10oNTE) [ fEAG] CVNG)

(the weak™ closure). By (35), we have so C 1y (VN(H)). Let Iy C A(G) be the prean-
nihilator of ¥, i.e.

Iy=d, ={f e AG) | (A, f) =0VA € d}.
We claim that Iy is equal to the subspace
{f € AG) | t® f)(I(S(0))) = 0},

and indeed, this follows from the action of A(G) on VN(G) being commutative. More-
over, the same argument shows that Iy C A(G) is a non-trivial closed ideal, as o # 0.
By duality, we have
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d=(d ) ={xc VN(G)| f(x) =0,Yf € Iy}.

As Iy # A(QG), there is at least one s € G such that Ag(s)* annihilates Iy, and hence
Ag(s)* € d. Tt follows that

Ag(s) o €g(VN(H)),

and moreover that the pre-image & = 1" (\g(s)*0) € spec A(H,wy). This gives the
statement of the theorem. 0O

Combining methods in the proofs of Theorem 4.20 and Theorem 4.21 we obtain a
generalisation of Theorem 4.20 to weights induced from non-central weights of compact
subgroups of G.

Theorem 4.22. Let H C G be a compact subgroup, and wg € VIN(H) be a weight inverse
on the dual of H. Then with w = g (wg), we have

spec A(G,w) C G -

Moreover, every o € spec A(G,w) is of the form Ag(s)im(G) for some s € G and & €
spec A(H,wp).

Proof. Let F C H be finite and set Pp to be the central projection in VN (H) given by
Pp = @, caXF(m) I, where xp is the indicator function of F. Set

CFZ{WGE[|7TQ7T1®7T2,7T1,7T2GF}.

Then using arguments as in [11, 3.3.2], we obtain Pr ® Pr < I'(P¢,.) and hence (Pr ®
Pp)I'(Pc,) = Pr ® Pp, which gives

(Pr @ Pr)W*(I ® Pe,) = (Pr® Pr)W*.

As (Pr ® Pp)W* € VN(H) ® (©rerM,g,) we can apply S @ ¢ to the last equality to
obtain

(I ® Pr)W(S(Pp)® Poy,) = (1 ® Pp)W(S(Pp) ®1)

and

I'(Pp)(S(Pp) ® Pe,) = T(Pp)(S(Pr) ® I). (36)

In VN(H x H), we consider the element

& =T(wip)(S(wi) @ DU @ (i) ).
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Note that for £ € L*(H), n € D((w})™1),

D(Pr)®*(S(Pr)¢@n) =T I)(S(Pr)€ @ (wi) ')
N)(S@")¢ @ (i) 'n)

® Poy ) (S(wip)é ® (wiy)~'n)

from which we conclude that I'(Pp)®*(S(Pr) ® I) extends to a bounded operator in
VN(H x H).

Now let Pp = LH~(PF), Pop = ti(Poy) and ®* = (1y ® L{[)(U)(LH ® LH)(|(i)*D €
VN(G x G), where ®* = U|®*| is the polar decomposition of ®*, and (tg @ tg)(|P*])
is the extension of Ly @ ¢y to the positive operator |®*| € VN(H x H), see [11, Section
2].

Applying [11, Proposition 2.1] we can conclude that |®*|(I ® @*) € VN(H x H) and
tg @ e (| ) (I @ w*) € VN(G x G), which show that ®*(I ® w*) is bounded and

(I ® w*) = D(w*)(S(w*) @ I).

Let Q be the 2-cocycle associated with w. As in the proof of Theorem 4.20 we have for
o € spec A(G,w)

e £(S(L ® Poon (VW) = (1@ 0" )W (S(0¥) @ 1)E @1, € ® 1), (37)
and
e £(S(L® Py g (VW) = (WO (£ @ w*n), € @ 7)), (38)

where f,n,f,ﬁ ex.
Take £ € S(Pr)L?(G) and 7 € PrL?(G). Then the right-hand side of (38) becomes

(W(L(Pp)®*(S(Pr) @ I))(§ @ w'n), € @ 1)

Fix o € spec A(G,w). As the range of w* is dense in %, there exists {n,}, C # such
that w*n, — o*n. From (37) and (38) together with T'(Pr)®*(S(Pr)®1I) € VN(G x G),
we get

(19 0)W(S(0") ® E® 1,E @) = U (S @ Vige 7 (W)
= lim P ¢(S(L® Yo, 7 (W)

n—oo

= lim (WL(Pp)®*(S(Pr) ® I)¢ @ w*np, £ @ )

n—roo

= (WT(Pr)®*(S(Pr) ® 1)§ ® 0™, € ® 1)
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giving
(T(Pr)@*(S(Pr) © ) @ 0%) = T(Pp)(07)(S(0)*S(Pr) © I). (39)
Let M be in the commutant ofNLH(VN(H))Q_bVN(G). Clearly, M commutes with
the left-hand side of (39) and as Pr — I weak®, we obtain that it commutes with
I'(c*)(S(o)* ® I). Therefore,
I'(c*)(S(o)* @) € ty(VN(H))QVN(Q). (40)
If we let f € VN(G). be arbitrary, then it follows from (40)
S(0)(e® f)(N(0)) € eu(VN(H)).

We now proceed in a similar way as in the proof of Theorem 4.21 and let

*

d={®f)T(0)[feAG)} .

We can argue as before that the ideal Iy := o} # A(G) and hence there is s € G
such that f(s) = 0 for all f € Iy. As I = d, A\g(s) € o and therefore S(c)\g(s) €
1 (VN(H)) and A\g(s™Y)o € vy (VN (H)). It follows that there is an & € spec A(H,wpr)
such that Ag(s™!)o = 1 (), and hence

o= Ag(s)ep(5). (41)
As spec A(H,wp) C Hc,x, we conclude that spec A(G,w) C Gc,x. O

Let G be a connected simply connected Lie group and g its associated Lie algebra.
We also fix the symbol H and # for a connected closed Lie subgroup of G and its Lie
algebra respectively. We write A\g and Ay for the left regular representations of G and
H respectively. The next statement generalizes [11, Theorem 5.9, Theorem 6.19, Theo-
rem 7.11, Theorem 8.20 and Theorem 9.11], where it was proved for compact connected
Lie groups with a weight induced from a closed Lie subgroup, the Heisenberg group, the
reduced Heisenberg group, the Euclidean motion group on R2, and the simply connected
cover of it with weights induced from abelian connected Lie subgroups. We note that the
proofs of the latter theorems from [11] required lengthy and specific arguments for each
particular group. We also answer [11, Question 11.4] as our technique does not require
the existence and density of entire vectors for the left regular representation which was
essential to prove the mentioned results in [11].

Theorem 4.23. Let G be a connected simply connected Lie group and let H be either
abelian or compact connected closed subgroup of G. Suppose wgy is a positive weight
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inverse on the dual of H and w = vy (wp) is the extended weight inverse on the dual of
G. Then

spec A(G,w) ~ {Ag(s)expiOig(X) | s € G, X € h,expidrpy(X) € spec A(H,wn)}.
Proof. By Theorem 4.20, Theorem 4.22 and the remark after Lemma 4.15 we have
spec A(G,w) C Gc »,

and hence by Proposition 3.4 for any o € spec A(G,w) there is a unique s € G and
X € g such that Ran(w) C D(expiddg(X)), expi0ig(X)w is bounded and

(o,u) = (Ag(s) exp idAg(X)w, u)y
for all u € A(G,w). By Theorem 4.21 and Theorem 4.22, we have that
Ac(s) expidrg(X)w = Ag(t)em(6)

for some ¢ € spec A(H,wy) and t € G. By assumption of the theorem, there exist § € H
and X € # such that and & = Az (5) exp i0A g (X). As 1y (expiddg (X)) = expidrg(X),

we obtain by applying [11, Proposition 2.1] that ¢ (6) = Ag(8) expi0Ag(X) from which
we get the inclusion “C”.

Conversely, if expi0A g (X) €spec A(H,wpr), then expioig(X) €spec A(G, tg(wm)),
which follows from [11, Proposition 2.1]. O

Example 4.24. Consider the “ax + b”-group that can be represented as the group G of

a b
G:{g:<0 a_1>|a>0,b€R}.

It is known to be the semidirect product of the subgroups

a 0 1 b
(5 2100} man{(3 2)inea)
The Lie algebra of G is generated by H and E given by

H:<1/2 0 )andE:<0 1)
0 —1/2 0 0

that satisfy [H, E] = E.
We have the one parameter subgroups A = {exptH |t € R} and B = {expsE | s €

matrices:

R}. The unitary dual of G can be described as follows:
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G={o+}U{x,:r €R},

where ., is a one-dimensional representation for r € R and o4 are two infinite-dimen-
sional representations defined on L?(R) given as

o+(9)f(z) = exp (ise”) f(z + 1)

Xr(g) ="

for g = exp sFE exptH. Moreover, we have that

dor(H)f = f
o1 (E)f(z) = Lie” f(x)

We have the following quasi-equivalence of the left regular representation A:
Aoy Qo

and VN(G) ~ B(L*(R)) @ B(L?(R)) (see [10, chapter 4.3] and [9, chapter 3.8]).

For a bounded below weight function w : B~R > (0,00), write M,,—1 for the
multiplication operator on L?(R) by the function w=! € L*°(R) and consider ]\7[;: =
F M, F € VN(R) ~ VN(B), where F is the Fourier transform. Let w = LB(]\//E,:)
be the extended weight inverse. Then, by [11, Proposition 3.26], w ~ (w(o4),w(o-)),

where w(o4)&(z) = w1 (Fe®)E(z). By Theorem 4.23,
spec A(G,w) ~ {Ag(g9)expidra(X) | g € G, X = sE, e’ Jw(z) € L(R)}.
In particular, if w(z) = B%!, then

spec A(G,w) ~ {exp (td g (H)) exp (sOAg(E)) | t € R,|Im s| < InS}.

Similarly, we can start with a bounded below weight @ : A ~ R — (0, 00) and consider
@ =14(M,-1). We have &(0+) = F '~ (—z)F and if @ = /%, then

spec A(G, @) ~ {\a(g9) expidrg(sH) | g € G,s € R,|s| <InS}
= {exp (tO\g(E)) exp (sd g(H)) | t € R, |[Im 5| < In S}.

We note that by [13] the left regular representation does not admit a dense subset
of entire vectors, the fact that was an obstacle in [11] for the study of the spectrum
of A(G,w). The density of the set #,,()\) of entire vectors was also important for the
identification of A(G,w) as a subset of the complexification G¢ of G: letting Ac (exp X) =
exp OA(X), X € gc, one obtains a representation of G¢ on #,, (), see [13, Corollary 2.2];
in general and in particular for the “ax + b”-group, it seems there is no natural way for



O. Giselsson, L. Turowska / Advances in Mathematics 445 (2024) 109671 39

A to be continued to a global representation of the complexified group and hence to see
Gc,» as a group.

We refer the reader to [11] for other specific examples of weights and precise descrip-
tions of the spectrum of the associated Beurling-Fourier algebras (Examples 6.21, 7.13
and 8.22).

5. Some remarks and open questions

In this section, we list open questions and make some remarks. The most pressing
question that we left unanswered is of course whether we can extend the point spectrum
correspondence to general locally compact groups. Namely,

Question 5.1. Does spec A(G,w) C G¢,» hold for any locally compact group G and any
weight inverse w?

Let Q be the 2-cocycle, corresponding to w. Whether we can answer the above question
positively seems to rely on whether the following statements are true:

(i) ker Q* = {0};

(1) S(o)o = S(w)w holds for all o € spec A(G,w);

(it3) o* () Nw*(H) # {0} for any o € spec A(G,w);
)

(tv) any o € spec A(G,w) is a weight inverse.
We have the implication (ii) = (ii4), as
0*S(0)*¢ =w*S(w)*¢ € o* () Nw*(#), forall& e, (42)

and as kerw* = ker S(w)* = {0}, thus also kerw*S(w)* = {0}, we obtain that the
subspace o*(#) Nw* (%) is non-trivial. By Corollary 4.7, (¢) and (i) give the embedding
spec A(G,w) C Gc,; Theorem 4.5 shows that (i) and (¢¢4) imply (¢7) and (iv).

As it was noticed in Section 2 the definition of the product in A(G,w) depends on the
2-cocycle 2 rather than the weight inverse w, and A(G,w) ~ A(G,Q), where A(G, Q) is
A(G) (as a Banach space) with the modified product

frag=T«(Q(f®g)), forf,gec AG).

We note that the 2-cocycle €2 associated with a weight inverse is always symmetric, i.e.
invariant with respect to the flip automorphism on VN(G)®V N(G),

Question 5.2. Can one develop a similar theory for A(G,Q) with general (symmetric) 2-
cocycle Q2 What are the conditions on Q) that guarantee the existence of a weight inverse
w such that T(w)Q =w R w?
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More specific questions are:
Question 5.3. For which symmetric 2-cocycles Q) is the spectrum of A(G, Q) non-empty?

It seems that it depends on whether or not 2%, or perhaps €2, has a non-trivial kernel.
Below we give examples of 2 for which ker Q* # {0} and spec A(G, ) = 0.

Example. Let G = R, so that VN(R) = L*°(R). Let

T(z) = (1+x)*, forxz >0,
0, for x < 0,

and let Q : R? — C be the measurable function given by

Y (z)Y(y)
O, y) = 4 Tt > for oy =0,
0, otherwise.

It is easy to see that Y(z)Y(y) < YT(x + y) for x,y > 0 and hence Q(z,y) < 1. Thus
Qz,y) € L®(R)®L>*(R). Moreover, it is not hard to see that Q is a symmetric 2-
cocycle. Hence we have a well-defined algebra A(R,(2). Using that A(R) = L'(R) via
the Fourier transform, the Q-modified product between f,g € L*(R) is

f o g(a /fw— (x_y,y)dy:/f(x_y)g@)wdy_ (43)

Notice that if < 0, then Q(z — y,y) = 0 for all y € R and hence f xq g = 0 a.e. on
(—00,0); in particular, B := L'(R™T) is a subalgebra of (L*(R), xq).

Next we will see that specB is empty. Let B’ = L'(R, %) with the convolution
product (f * g)(z) = [;° f )g(y)dy. Then

f(x) € B f(z)Y(x) € B

is an isometric isomorphism. Let ¢ be a linear multiplicative functional on B’. Then
there is m € L>®(R™) such that m(z)Y(z) € L>®(R*) and

o0

o(f) = / m(2)f(x) de, for f € LI(R*).

0

As ¢ is multiplicative, m(x) = €e* for some a € C. As lim, o |e®Y(z)] =
limg o0 [€9%(1 + 2)*| — oo for any a € C, the spectrum of B’ and hence of B is empty.
To see that this carries over to the actual algebra A(R, (), we use that f xq g € B, for
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all f,g € L*(R), and hence if we would have a multiplicative linear functional ¢ such
that ¢(f) = 1 for some f € L'(R), then ¢(f *q f) = 1 showing that the restriction
of ¢ to B is a non-zero multiplicative functional on B and hence ¢ € spec B, giving a
contradiction.

We modify the previous example slightly to obtain a continuous 2-cocycle. Consider
the function

67%, for x > 0,
v(z) =
0, otherwise.

It is easy to see that v(z + y) > v(z)v(y) for all z,y € R. Now let

v(z)Y(z), forz>0,

L(z) =
0, for x < 0,
and
L(z)L(y)
O,y = { Pt formy 20
0, otherwise,

then O(z,y) <1 for all z,y € R. Furthermore, we have O(xz,y) € C,(R?). It is not that
hard to see that also A(R,©) has empty spectrum (the argument is more or less the
same as above). If G¢ x # G then the homomorphism ¢ : Cy(R) = VN(G) from the
proof of Proposition 4.9 intertwines the coproducts and the image (¢ ® ¢)(0) is then
also a 2-cocycle. It seems reasonable to expect that the resulting algebra would also have
properties similar to the one above (i.e. not very nice spectrum-vice).

Question 5.4. What happens if we remove the condition kerw = kerw* = {0} from the
definition of weight inverse?

We call such w a partial weight inverse. A classification of partial weight inverses for
discrete G will be given in a separate paper.
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