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An optomechanical microcavity can considerably enhance the interaction between light and mechanical
motion by confining light to a subwavelength volume. However, this comes at the cost of an increased optical
loss rate. Therefore, microcavity-based optomechanical systems are placed in the unresolved-sideband regime,
preventing sideband-based ground-state cooling. A pathway to reduce optical loss in such systems is to engineer
the cavity mirrors, i.e., the optical modes that interact with the mechanical resonator. In our work, we analyze
such an optomechanical system, whereby one of the mirrors is strongly frequency dependent, i.e., a suspended
Fano mirror. This optomechanical system consists of two optical modes that couple to the motion of the
suspended Fano mirror. We formulate a quantum-coupled-mode description that includes both the standard
dispersive optomechanical coupling as well as dissipative coupling. We solve the Langevin equations of the
system dynamics in the linear regime showing that ground-state cooling from room temperature can be achieved
even if the cavity is per se not in the resolved-sideband regime, but achieves effective sideband resolution through
strong-optical-mode coupling. Importantly, we find that the cavity output spectrum needs to be properly analyzed
with respect to the effective laser detuning to infer the phonon occupation of the mechanical resonator. Our work
also predicts how to reach the regime of nonlinear quantum optomechanics in a Fano-based microcavity by

engineering the properties of the Fano mirror.

DOI: 10.1103/PhysRevA.109.043532

I. INTRODUCTION

Cavity optomechanical systems [1] find applications in
quantum technologies [2] and in the exploration of founda-
tional questions [3]. A pertinent regime in cavity optome-
chanics is sideband resolution, which enables manipulating
quantum states of mechanical motion, for example, realizing
ground-state cooling of mechanical modes [4,5], optome-
chanical state swapping [6], or nonclassical mechanical state
generation [7-9]. Sideband resolution has been achieved in a
variety of optomechanical systems, such as Fabry-Pérot based
cavities [10], microtoroids [11], or optomechanical crystals
[4]. Commonly, these setups exploit the coupling of a single
optical mode to a mechanical resonator.

A major challenge in the field is to combine sideband
resolution with large optomechanical coupling on the single-
photon level [12,13], where state-of-the-art systems fall two
orders of magnitude short to this regime [4,14]. Recently,
the concept of strongly frequency-dependent mirrors was
introduced in cavity optomechanics [15,16]. It was shown
theoretically that frequency-dependent mirrors can reduce the
optical linewidth and thereby enable ground-state cooling
[16,17] or even strong optomechanical coupling [18]. Such
frequency-dependent mirrors rely on Fano resonances [19,20]
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and are therefore also referred to as Fano mirrors. Examples
of such frequency-dependent mirrors supporting Fano res-
onances are suspended photonic crystal slabs [15,19,21] or
atomic arrays [22—24]. In a common theoretical description of
optomechanics with a Fano mirror, two coupled optical modes
[20] interact with a mechanical resonator [16,25]. The de-
scription of this interaction requires extension of the canonical
optomechanical approach [1,16] and enables new capabilities
for optomechanical control. Cavity optomechanics exploiting
the multimode nature of the optical cavity field has been ana-
lyzed in the context of back-action evasion [26], enhancement
of nonlinearities [27,28], and when considering the special
case of two coupled optical modes that each couple to a
mechanical resonator for membrane-in-the-middle systems
with realizations in Fabry-Pérot-based cavities [29], optome-
chanical crystals [28,30], or microtoroids [31]. Our work
focuses on a Fano-mirror optomechanical systems, where a
comprehensive model and analysis of such optically and op-
tomechanically coupled system is until now missing, thereby
blocking the exploitation of opportunities that this type of
system offers.

In our work, we provide an extensive analysis of a sus-
pended frequency-dependent mirror coupled to an optical
cavity. We consider both dispersive as well as dissipative
optomechanical couplings [32], which are both observed in
experiments with optomechanical microcavities [25]. We find
that the two optical modes, i.e., the Fano mode and cavity
mode, can strongly couple and will, as a result of this cou-
pling, have a vast impact on the effective cavity decay and
the optomechanical coupling. Properly choosing the param-
eters of this system allows access to various optomechanical

Published by the American Physical Society


https://orcid.org/0000-0002-4965-6794
https://orcid.org/0000-0002-1921-2471
https://orcid.org/0000-0002-8642-0588
https://orcid.org/0000-0003-1847-053X
https://orcid.org/0000-0003-1078-9490
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevA.109.043532&domain=pdf&date_stamp=2024-04-29
https://doi.org/10.1103/PhysRevA.109.043532
https://creativecommons.org/licenses/by/4.0/
https://www.kb.se/samverkan-och-utveckling/oppen-tillgang-och-bibsamkonsortiet/bibsamkonsortiet.html

JULIETTE MONSEL et al.

PHYSICAL REVIEW A 109, 043532 (2024)

regimes, including sideband resolution, single-photon strong
coupling, or even ultrastrong coupling, even though the op-
tically uncoupled system (namely, in the absence of a Fano
mirror) would not be able to reach these regimes. Further, the
cavity output spectrum is intricate and needs careful analysis
to infer the phonon occupation of the mechanical resonator.
Our work extends the theory of Ref. [16], which considers
dispersive optomechanics with a Fano mirror focusing on a
specific detuning regime only, and of Ref. [33], which con-
siders dispersive and two kinds of dissipative optomechanical
couplings but does not address the analysis of a coupled-
mirror mode. The advantage of the presented model is that
it is versatile and includes all possible mentioned couplings.
It hence allows us to express the effect of the Fano mirror
in terms of effective parameters in analogy to a standard op-
tomechanical cavity system and to identify parameter regimes
where ground-state cooling becomes possible thanks to the
Fano-mirror coupling. We also access the intricate connection
between the optical readout and the mechanical properties. As
required, our general model can be reduced to a specifically
chosen simpler experimental setup by simply setting irrelevant
couplings to zero. It, thus, also allows comparison to the
previously studied systems [16,33].

The paper is structured as follows. We start with a de-
tailed discussion of the model and its dynamics, starting from
the purely optical (Sec. Il A) and then going to the full op-
tomechanical model (Sec. I B). In Sec. III, we analyze the
optomechanical properties of the system and illustrate them
with three sets of parameters. Then, in Sec. IV, we apply
the insights we have gained on the system to back-action
cooling, evidencing that a suitable engineering of the Fano
mirror allows for ground-state cooling at room temperature.
Finally, Sec. V details how the quantum nonlinear regime
could be reached with a microcavity-based optomechanical
device. We conclude in Sec. VI. The Appendix provides all
necessary theoretical details of the approach that were left out
in the main part of the paper for improved readability.

II. QUANTUM COUPLED-MODE MODEL

In this section, we introduce the model Hamiltonians and
analyze the dynamics of an optomechanical system with a
Fano mirror. We start with the purely optical part of this
coupled-mode system (Fano-mirror mode coupled to cavity
mode) and then introduce the mechanical mode and its cou-
pling to the optics. Compared to a previous analysis [16], we
add the dissipative optomechanical contributions [33,34] to
the coupled-mode model of a cavity with one Fano mirror and
the optomechanical modulation of the properties of the Fano
mirror.

A. Optical cavity with Fano mirror
1. Optical-modes model

We study a double-sided optical cavity, as depicted in
Fig. 1, but disregard the mechanical degree of freedom at
this initial stage. The cavity consists of a strongly frequency-
dependent mirror (Fano mirror), such as a photonic crystal
slab on the left and a standard, highly reflective mirror on the
right, inspired by Refs. [15,25,35]. We consider a single opti-
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FIG. 1. (a) Sketch of the optomechanical setup, consisting of a
double-sided optical cavity with one movable frequency-dependent
mirror, and (b) the setup’s coupled-mode picture. The cavity mode
(a) is coupled to electromagnetic environments on each side of
the double-sided cavity (blue circles). The left mirror is frequency
dependent and its internal mode (d) is also coupled to the left elec-
tromagnetic environment. The left mirror has a mechanical degree of
freedom (§), which is coupled to a phonon environment (red circle).
The cavity is driven with a laser at frequency wj,s. See Secs. I A 1
and II B 1 for definitions of all indicated variables.

cal cavity mode of frequency w,, associated with the photon
annihilation operator a. In addition, the frequency dependence
of the Fano mirror is modeled with another harmonic mode of
frequency w, and photon annihilation operator d. Due to the
overlap between this guided mirror mode and the cavity mode,
these two optical modes are coupled and they are described by
the Hamiltonian [16]

Hop = hw,d'a + hoyd'd + hn@'d +d'a), (1)

considering here the case of an even Fano mode.! The cou-
pling strength A can be engineered via the photonic crystal or
via the evanescent coupling of the two modes a and d. The
cavity mode is also coupled to the electromagnetic environ-
ments on both sides of the cavity, giving rise to the respective
loss rates k, and y,, while the mirror mode is only coupled to
the left-hand-side environment, giving rise to the loss rate «.

2. Langevin equations

Here, we first present the Langevin equations [16,36] of
the optical system only, driven by a laser at frequency wig,
and obtain, in the frame rotating at the laser frequency,

G . Aa —i a a a :
[Z] _ _l[ G m} m + input fluct.
(2)

"More generally, this coupling is of the form fix(a +a")(d + d").
But, depending on the symmetry of the guided mirror mode, the dom-
inant term in the coupling is either the beam-splitter mode considered
here (even mirror mode) or the two-mode-squeezing term ad + a'd’
(odd mirror mode) [16]. The analysis conducted in this article could
straightforwardly be adapted to an odd mirror mode as well.

043532-2
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Optical coupling regime

Special case 0a = 0 A/ RKaka and v, < R:

Ay ~ A4+ 2\\J/1+4 02 /Raka, Ry ~ 2R <
Ao A= A/1+ 82 /Raka, o= Tg2d

Strong optical coupling

Characteristic modes:

Weak optical coupling
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FIG. 2. Tllustration of the relevant parameter regimes. Each box details one aspect of the different regimes for a specific set of parameters.
We have indicated in green in which regime the studied devices (see Sec. II D and Table I) are operating. In this article, where we focus on
strong optical coupling, the effective “—"" mode (highlighted in red) has a small linewidth and therefore characterizes the physics of the device,
in contrast to the highly damped (and hence irrelevant) “+” mode. The optomechanical-coupling and sideband-resolution regimes in the lower

[TERL]

two boxes therefore refer to the mode.

We have introduced the total optical coupling strength
G = A —i\/kqkq, including a contribution arising from the
dissipative coupling of the two modes to the same environ-
ment [16], as well as the detunings A, = w, — Wy, With
¢ = a, d. From the matrix characterizing the mode coupling,
we obtain the complex eigenvalues

Qs = A — ik /(5 — i8,)* + G2, (3)

which correspond to the effective resonance frequencies
Ay = Re(£21), namely, the real part of 2, and their effective
loss rates kx = —Im(24), namely, the imaginary part of Q.
We have defined the average detuning A = (A, + Ay)/2 and
the average loss rate ik = (k, + Y4 + k4)/2, as well as the
difference in detunings 65, = (A, — Ay)/2 and the difference
in loss rates 6, = (kg + Yu — ka)/2.

From the expression of the eigenvalues, Eq. (3), we see that
we get the expected weak-coupling result for small G (small
compared to the difference in frequency and loss rate between
the optical modes a and d). However, this weak-coupling
regime is not relevant here since the dissipative part of G
is /kqkcq which is close to the order of ¥. Furthermore, in
our recent experimental realization employing a Fano mirror
[25], it was found that A is larger than . In that case, the
eigenmodes differ significantly from the cavity and mirror
modes and it is rather the “—” eigenmode that gives an in-
tuition of the behavior of the experimental system. We will
now show that we can use this optical coupling to engineer the
effective optical loss rates and, in particular, make x_ several
orders of magnitude smaller than «,, k,. This is a prospective
way to reach the (effective) resolved-sideband regime in an
optomechanical system.

The effective modes discussed above are useful to interpret
experimental results [25] and to identify relevant parameter
regimes (Fig. 2). While the identified eigenvalues Q2 will oc-
cur in a number of analytical expressions in the remainder of
this paper, it is in general not convenient to use the performed
diagonalization in order to fully reformulate the Langevin
equations of the full optomechanical system. First, we have
not taken into account the optomechanical couplings of inter-
est here during the diagonalization, so the optomechanical part
of the equations would not become simpler. Second, while the

operators ¢ fulfill standard canonical commutation relations,
[¢, &T] = 1, these “+” and “—” modes do not. The reason for
this is that the operators corresponding to the eigenmodes are
functions of the operators ¢ as well as of their detunings and
loss rates.

B. Optomechanical setup
1. Full optomechanical model

We now come to the optomechanical model, where the
Fano mirror is suspended. It hence also has a mechanical de-
gree of freedom of frequency Q2. and dimensionless position
and momentum quadratures ¢ and p.

The overall system exhibits optomechanical effects both
through dispersive and dissipative couplings, namely, the re-
spective modulations of the optical frequencies w,(§) and
wq(4), and loss rates x,(q) and x4(§), by the mechanical
motion. The position dependence of w,(§) comes from the
change in the cavity length caused by the mechanical motion.
But this change also modifies the reflection and transmission
coefficients of the left mirror at the cavity resonance, affecting
the loss rate k,(§), which therefore also becomes position
dependent. For photonic crystals, the mechanical-position de-
pendence of the mirror mode parameters wy(§) and k4(§)
comes from the local deformation of the lattice period and
air-hole radius due to the mechanical vibrations. Furthermore,
in the case of microcavities [25], there can be an additional
effect due to evanescent electromagnetic fields making the
properties of the Fano mode dependent on the distance to
the fixed mirror. For most optomechanics experiments, the
dependence of the optical parameters on the mechanical po-
sition ¢ can be approximated as linear [1], leading to linear
optomechanical couplings «.(§) = . + ﬁg’;cj and w.(§) =
we — \/Eg‘f(j. Taking into account both optical modes ¢ = a, d
and dispersive g% as well as dissipative couplings g<, we
define the four single-photon optomechanical couplings

w__i(Ba%) g,(_i(a’(c> (4)
gC - \/E aq q:O’ < \/E aq q:OI

In the following w, and k. will always denote the frequencies
and loss rates evaluated at zero mechanical displacement. The
sign convention we have chosen for the dispersive coupling is
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TABLE I. Parameters used for the three studied devices: (i) experimental device from Ref. [25], (ii) device with matching optical modes,
dp =6, =0, and (iii) device with §, = §,A/+/k.K,. For devices (ii) and (iii), we have chosen larger state-of-the art mechanical frequencies
and quality factors [39]. The optical loss rates given here are the ones evaluated at the average mechanical displacement g (¥, K;) but for all
three devices the difference with the parameters evaluated at zero displacement (x,, ;) is negligible. The laser powers indicated for devices
(i1) and (iii) are chosen such that the devices are in the weak-coupling regime to show the blue and red sidebands in Figs. 5 and 7. Laser powers
required for achieving ground-state cooling, as discussed in Sec. IV B, are however larger, of the order of 10 W and 10 mW, respectively (see

Fig. 8) in Sec. V.

Parameter Description Device (i) Device (ii) Device (iii)
Optical modes

8a/27 Effective detuning between the cavity and mirror modes (Hz) —1.42x10% 0 1.97x10"
Ya/27 Coupling between the cavity mode and the right environment (Hz) 3.66x 10" 1.30x10° 6.00x108
k.2 Coupling between the cavity mode and the left environment (Hz) 2.12x10" 2.12x10" 1.00x 10"
Rq/2m Coupling between the mirror mode and the left environment (Hz) 3.80x 1012 2.12x10"? 1.08x10°
2w Coupling between the cavity and mirror modes (Hz) 4.09% 10" 4.09%10'2 4.09% 10"
P Laser power used in Figs. 3—7 (uW) 150 50 0.256
Mechanical mode

Qumec /27 Bare mechanical frequency (Hz) 5.14x10° 1.3x10° 1.3x10°
Tee /27 Bare mechanical damping rate (Hz) 17.1 9.3x1073 9.3x1073
Omec Mechanical quality factor 3x10* 1.4x108 1.4x108
Single-photon optomechanical couplings

22/ mec Cavity dispersive optomechanical coupling 1.6 6.5x1073 6.5x1073
89/ Lmec Mirror dispersive optomechanical coupling -3.5 —1.4x107* —1.4x107*
&/ CPmec Cavity dissipative optomechanical coupling 1.5 6.0x1073 6.0x1073
&5/ mec Mirror dissipative optomechanical coupling 6.3 2.5x107* 7.1x1078
Effective optical “—” mode

R/ mec Sideband resolution 5.4x10° 0.05 0.05

8%/ Qmec Single-photon dispersive ultrastrong-coupling ratio —0.97 —3.8x107° —1.4x107*
&/ Qmec Single-photon dissipative ultrastrong-coupling ratio 0.065 2.9%10712 3.8x10712
&k Single-photon dispersive strong-coupling ratio —1.8x107¢ —7.5x107* —2.8x1073
g IR Single-photon dissipative strong-coupling ratio —1.2x1077 5.7x1071 7.7x1071!

such that the coupling strength for a standard Fabry-Pérot cav-
ity mode is positive. The mechanical mode and the dispersive
optomechanical effects are then described by the Hamiltonian

N A2
Hom — 2mec

B +3)—V2 ) hgieteq. ()

c=a,d

The mechanical mode is of course coupled to a phononic
environment, giving rise to the damping rate I'p,... However,
in most optomechanical setups, this damping rate is orders of
magnitude smaller compared to the other relevant frequencies.
So, we will not consider it at the level of the Hamiltonian, but
rather on the level of the Langevin equations, discussed in the
next subsection. Details about the microscopic modeling of
such an environment can be found, for instance, in Ref. [37].
Then, the whole setup is described by the total Hamiltonian
Hiot = Hom + Hopt + Heny + Hine [16,34], with the optical en-
vironment Hamiltonian H.,, = > J=LR f dw ha)lAJI) Ml,;w, u and
the interaction Hamiltonian for the coupling between system
and optical environments

. . Ke g P ar
By = Zzh[ /; + mq} fdcu(chw,L — bl e)

tiR &/dw(aTﬁwR — bl La). (6)
V> , ,

The photon annihilation operators 5@, w» With u = L, R, relate
to the mode of frequency w in the corresponding environment.
We do not explicitly include the laser drive of frequency
s depicted in Fig. 1(a) in the Hamiltonian H,.; because we
model it as a part of the left environment, namely, taking
(IA)w,L) X a58 (W — wi,s) (See next subsection). The amplitude
of the laser drive o, is related to the laser power by P, =
Fiwnas |otias|*. The expression (6) of the interaction Hamiltonian
Hiy already contains several approximations. First, as com-
monly done for such systems [16,34,36], we have neglected
the two-mode-squeezing terms 67132)’ .t 613& u- Second, we
have used the Markov approximation [36], namely, we have
assumed that the coupling of both modes a and d is frequency
independent. Note, however, that the effective dynamics of the
cavity mode, when integrating out the Fano mirror mode, is
non-Markovian [16]. Indeed, delays and memory effects arise
in the reduced evolution of mode a due to its interaction with
the Fano mirror since |G| is not negligible compared to «,.
This will not be our focus, though, and we always consider
the joint evolution of the two optical modes in the following,
which is Markovian.

We have, until here, expressed all optomechanical cou-
plings in terms of the original modes ¢ =a,d. How-
ever, coming back to the coupled modes introduced in
Sec. IT A, insights about the relevant coupling regimes can be
gained. The corresponding effective dispersive and dissipative
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optomechanical couplings are given by

1 [0AL 1 [0k
o= —(222) | = —(Z22E) . @
= ﬁ( 07 )qzo & ﬁ( 0q )qzo @

Interestingly, we can have k_ < Qpc, €ven in microcavities
where the optical losses are many orders of magnitude larger
than the mechanical frequency.

First, in the simple case where the mirror mode and cav-
ity mode have identical characteristics, namely, 5§, =48, =0,
Eq. (3) becomes Q4 = A+ A —ik(1 £ /T — y,/k). In the
limit y, <« k, we then find that x_ ~ y,/2 and therefore
the optical linewidth can be significantly reduced, even
reaching the resolved sideband limit if”> y, < 2Qpec. The cor-
responding effective dispersive and dissipative couplings then
become g” = (g7 + g4)/2 and g =~ y,(g; — g,)/4k, leading
in most cases to a mainly dispersive optomechanical coupling
g > gl

Furthermore, when 6&x = 8,A/\/ksk4s, We can easily
compute the real and imaginary parts of Eq. (3),
Ay =A+r/1+82/k6q and ki =k £ /&2 — yuky.
In this limit and in the regime y, < i of interest here, we
have k_ =~ y,k;/2k. It is hence useful to study the case
where k; < k, when y, cannot be made of the same order
of magnitude as Q.. A summary of the possible parameter
regimes, focusing on the “—” effective mode, is given in
Fig. 2.

2. Langevin equations

Following the usual derivation for input-output equa-
tions [16,36] (see details in Appendix A 1), we obtain the
Langevin equations, in the frame rotating at the laser fre-
quency,

d=—(iA, + ko + ya)a + ~2(ig2 — g)ga — igd
_‘/_ symA 2 a gl[(l q Bin 2 aéin 5
24" K \/K_aq L+ v2Vabinr
¢9)4d — iGa
- ‘/zgk YMGa 4 <\/ 2Kq + —KCI) in,L»
Jkd

é = Qmecﬁ,
ﬁ =—Qmecd — Tmech + iﬁgk,asym Td dTa)

+Z[ﬁ ?@*é—i%(é L= b Lc>}+\/ meck -

®)

‘We have denoted the effective optomechanical couplings aris-
ing from the dissipative optomechanical effects combined
with the coupling of the mirror mode and cavity mode to the

=—(iAg+Kg)d + \/_(zgd

*Note that one does not need to have perfectly identical optical
modes to reach this effective resolved-sideband regime. Instead it
needs to be in the regime & S A, ¥, < 22 and 82 Ak, 0 /12 <
Qmec~

same (left) environment as

gem _ VKaka (é i)
T2 Kae Kkq)’
g TE L)
Kq Kd

The cavity is driven through the left mirror, therefore, the
average input amplitudes, in +/Hz, are (ém,m = g, and
(binr) =0.
The optical output fields of interest are given by the input-
output relations [36]
)50),

bouL(t) =bin (1) = ) ( 2,

c

bour(t) =binr (1) — /2y0(1). (10)
In the limit g, g4, g5 — 0, with only dispersive optomechan-

ical effects on the cavity mode, Egs. (10) and (8) give back the
results derived in Ref. [16].

C. Linearized dynamics

From now on, we consider that the laser drive is rather
strong, such that the numbers of photons in the light fields
in the cavity and in the mirror are large compared to their
fluctuations. Furthermore, the optical frequencies are such
that fiw,, iwg > kgTop, therefore, we can consider that the
temperature T,y in optical environments is zero and ne-
glect thermal fluctuations. As a consequence, we can rewrite
bm L = Oas + ain,L and bm R = Qin R, Where &, , corresponds
to the vacuum fluctuations and its only nonzero correlation
function is

(@5, , 0], (1)) =8t —1"). (1)

In contrast, concerning the mechanics, we are in the high-
temperature limit Qe << kgTmec- The input noise of the
mechanics is determined by (£) = 0 and by the correlation
function’

EMEM)) = 2ftmec + DSt — 1)), (12)

with the average phonon number in the mechanical environ-
ment fimee = [eXp(Fimec/kBTmec) — 1171, We now split all
the operators into a semiclassical average value and a fluc-
tuation operator: @ =a+d8a, d =d +8d, § = G+ 8§, and
p=p+ép.

1. Semiclassical steady state

As a first step towards the solution of the Langevin
equations (8), we here present the semiclassical steady-state

3For simplicity, we approximate here the correlation function by
its classical value, but we checked that this does not impact our
results. In general, this approximation might give inconsistencies in
the quantum regime, even in the high-temperature limit, because it
does not preserve the commutation relations between ¢ and p [38].
We discussed in particular the impact on the phonon number in the
mechanics in the Appendix of a previous work [17].
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solution. It is given by the expressions

A28 — Ay 2R,
l

a= =~ = Aas,
Q.Q
- iAW2R, — AuN2Ry) — va/ 2R
d= ~ = Ulas
Q,.Q

= \/5 w512 . glé —k = %
0= G L = =)

iv2 S

4 V2 g - v,

Qmec

p=0. (13)

Here, we have introduced a tilde to indicate that parameters
are taken at the average mechanical displacement g. We con-
sider the most general situation of different optomechanical
couplings. In particular, the detunings are generally impacted
by dispersive optomechanical couplings A, = A, — ﬁg‘;q,
while the loss rates &, = «. + ﬁg’;cj are impacted by dissi-
pative optomechanical couplings. Also the effective coupling
between cavity and Fano mirror G=xr—iy K.K4 has a contri-
bution due to the dissipative optomechanical couplings. Note,
however, that these shifts in the steady-state solution due to
the average mechanical displacement § are negligibly small in
typical experiments considered in the remainder of this paper.
This also means that while the system of equations (13) is
nonlinear, we assume in the following that we are in a pa-
rameter regime where the displacement corrections are small
and the system is stable. Equations (13) hence give a single
well-defined steady state of the coupled system (see stability
analysis in Appendix A 2 a).

Importantly, in Eq. (13), we can clearly observe the mod-
ifications that arise with respect to a single optical cavity,
where one would have @ = ajus7/2k4/[Ka + Va + iA4], due to
the coupling to the Fano mirror and due to dispersive and dis-
sipative optomechanical couplings. The coupling via G to the
Fano resonance modifies the effective environment coupling
of the cavity as well as the effective resonance frequency.

2. Linearized Langevin equations

We now linearize the Langevin equations (8) around this
semiclassical steady state (13), keeping terms only up to the
first order in the fluctuations (see Appendix A 2 b for a discus-
sion of the validity of this approximation),

86 = — (iAy + Ry + va)da + iv28,8G — iGod
+ A% 2iéaé\lin,L + 2Va&in,Ra

8d = — (iRy + 72)8d + iv/2848G — iG6a + /2R adtin L,
8‘? = Qmec(gﬁ,
3p=

— Qunecdq — TimecdP + D V2(Fmee. e3¢ + Bhee 56

+cx ﬁXin,L + CP\/Epin,L + v 1—‘mec"i\:- (14)

We have defined the effective optomechanical couplings

Ulas
V2K,
5 . 5 as . _

ge =ghd +igild — —= | +ig"™"a,
=l (1= ) v

~ w= 5 las . j,asym

mec,a = &gl — I8, +1i d,

g eC, g g’(\/m gK

~ o . o] . j.asym =
8mec,d = gdd - lgg\/% - lgk,ay a, (15)
d

the effective couplings of the mechanical resonator to the left
optical environment

x=-3 j;_clm(é), =Y ji_cRe(E), (16)

c c

and the quadratures of the optical input noises X, W=
:%(a;Jl+-amJg and ﬁnwlzzz%(a;Jt—-amJLy Each effec-
tive optomechanical coupling defined in Eqgs. (15) is divided
into three parts: the dispersive coupling contribution, the
dissipative coupling contribution, and a cross contribution
[see Eq. (9)], due to the combination of the dissipative op-
tomechanical effects and the coupling of the mirror mode and
cavity mode to the same bath. In the limit A, x; — 0, we
recover the results for a standard Fabry-Pérot cavity with both
dispersive and dissipative optomechanical effects [34].
Finally, we linearize the input-output relation (10) and get

fou L(1) =ain (1) = Y v/2Re82(1) = (cp — icx)84(1),

doutR(1) = in R (1) — v/ 2¥ada(1). a7

3. Solution in the frequency domain

To determine the properties of this complex system, which
will be analyzed in Sec. III, we solve the Langevin equa-
tions for 8a, 8d, 84 [Eqgs. (14)] in the frequency domain. The
full solution is given in Appendix A 3. Here, we present the
solution for the mechanical position fluctuations together with
the relevant susceptibilities

Xmeectl @184 =D (Zrnee. Col] + Zmee. Col—0]*) Kin
n,c
i) (Free Colo] = Bmee Cl—01") P
n,c

+ cxV2RinL + cpV2Par + VTmeck. (18)

‘We have defined
_ iV2RaG — V2Raxy (0]

Cc = -
e = S 0@ —o)
_ -1
Cf{[a)] - vV ZVaXil [w] ’
(€ — )@ —w)
J iV2RG — V2Raxy ' [w]
Clow] = ~ = )
& — )G —w)
Clle) = /2l 19)

Q) — )@ —w)’
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wi~th the optical susceptibili}ies X ol =ke + yu +
i(A, — ) and x; ' [w] = & + i(Ag — ).

The effective mechanical susceptibility ymec eff can be writ-
ten

Xaneerett @] = Ximee o[ @] + Xopt (@], (20)

where Xmecolw] = Qmec(QﬁrleC — % — iwTmee) ! is the me-
chanical susceptibility of the bare resonator and yop[w] the
optical contribution to the susceptibility, which reads as

KXot 101 = =2 (Zhee Col0] + Bmee. LCol—0]"),  (21)

with
x; @18, — G4

SR 0@ o

-1 PRy, P
Cllo) = —iLa 118 — 168
! Q4 —0)(2- — )
These susceptibilities and their constituents deriving from
different contributions of the dynamics will play an important

role in the characterization of the optomechanical response of
the device in Sec. III.

(22)

D. Studied devices

To give concrete examples and illustrate some of the prop-
erties of this complex optomechanical setup, we choose three
sets of parameters, given in Table I: (i) the experimental de-
vice from Ref. [25] (see reference for details about obtaining
the parameters and confirming the optomechanical-coupling
strengths by other methods), (ii) a device with identical op-
tical modes, i.e., 8o = 8, = 0, and (iii) a device* with 5, =
S M/ ARk -

All three devices are in the strong-optical-coupling regime
(see Fig. 2 for a summary of the possible parameter regimes)
and the effective “—” mode hence characterizes the physics of
all three devices, while the highly damped “+” mode can be
disregarded in the interpretation of the results. More precisely,
devices (i) and (ii) are in the regime 1G] > 8¢, I8al, Ra, Ra
and, therefore, the effective modes “—” and “+” are very
different from modes a and d, both in terms of frequency
and loss rate. On the other hand, device (iii) is less strongly
coupled in the sense that |8,|, |8a], K, > |G| > &4, such that
only the loss rate ¥_ is strongly modified. The parameters
from (ii) and (iii) are inspired from (i) but modified to reach
the effective resolved-sideband regime K < Qe (see also

4Reference [16] studies a different case. First, there are no optome-
chanical effects on the Fano mode and no dissipative optomechanical
effects on the cavity mode in [16]. Second, the cavity and mirror
modes in [16] are detuned by é, = A+/k,/k4, Which comes from
an assumption the authors made in their transfer matrix modeling,
amounting to enforcing A; ~ A_ and given their parameters (espe-
cially the free spectral range), they focus on longer cavities and their
k4 is a lot closer to the mechanical frequency compared to the values
we consider in the following. While this choice of parameters is not
specifically addressed in this work, it can however be covered by our
model.

the discussion in the end of Sec. II B 1), and such that /%(_ii) =

1, Furthermore, to make it easier to reach the effective
resolved-sideband regime and to enable ground-state cooling
at room temperature, we choose state-of-the-art mechanical
parameters QOmpec = 1.4 108 and Qpec /27 = 1.3 MHz from a
SiN two-dimensional (2D) phononic crystal membrane [39].
But similar numbers could be achieved with InGaP-based me-
chanics [40], which is fully compatible with the microcavity
from Ref. [25].

The frequency and loss rates of the mirror mode can be
engineered by changing the photonic crystal pattern (lattice
constant, hole radius) [19,35], which makes it possible to
realize the conditions 65, = 6, = 0 and 6p = §cA/~/Kaky for
devices (ii) and (iii). In addition, in order to reach the effective
resolved-sideband regime, we need to identify appropriate
damping rates y, for the cavity-environment coupling via
the right mirror. For device (ii), we have &~ va/2 (see
Sec. II B 2), meaning that we need to take y, < Qme.. While
this might be challenging to achieve in specific microcavity
setups of the type of Ref. [25] (where in practice it would
need to include not only the transmission through the right
mirror, but also all other losses like absorption or scattering),
Device (ii) still constitutes an intriguing alternative setting to
device (iii). For device (iii), we have the weaker constraint
#M ~ y.k./2k (see Sec. IIB2), so by taking &, > ks we
obtain a device reaching the resolved-sideband regime with
parameters for y, that are realistic for experimental realiza-
tions as in Ref. [25]. Indeed, with a highly reflective right
mirror, such as a distributed Bragg reflector, one can achieve a
very low transmission of around 10 ppm and ideally get total
losses (transmission through the right mirror, absorption, and
scattering) of 20 ppm. This would give a realistic value of
va/2m =~ 600 MHz for device (iii).

The optomechanical couplings in devices (ii) and (iii) were
decreased by four orders of magnitude compared to device
(1). While this might deviate from expected values for cur-
rently realized microcavities, it ensures that those effectively
sideband-resolved devices are in the linear regime (Sec. II C)
and hence fulfill the stability criteria of Appendix A2a. In
device (iii), g was further decreased to match the decrease in
K, compared to device (ii). In Sec. V, we show how larger, and
possibly even more realistic values for the optomechanical
couplings, can allow for reaching the effective strong- and
ultrastrong-coupling regimes.

Finally, in the following, we call “standard device” (de-
noted with superscript std) a canonical optomechanical setup
with identical frequency-independent mirrors and the same
sideband resolution as devices (ii) and (iii), namely, K;td =
yastd =g /2, no mirror mode d, and only a dispersive op-
tomechanical coupling g%.

III. OPTOMECHANICAL PROPERTIES

In this section, we study the optical and mechanical prop-
erties of the setup that can be measured in experiments so as
to find signatures of the different optomechanical parameter
regimes. We provide expressions to fit experimental data and
determine the parameters characterizing the device.
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Device (ii)
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FIG. 3. Effective couplings [Eq. (15)] as functions of detuning
for (a) device (i), (b) device (ii), and (c) device (iii). The couplings are
complex numbers and the top panels show the absolute values of the
couplings while the bottom panels show the phase g = ||e’®. The
dotted black line corresponds to the effective coupling g = g?a of
a standard optomechanical device with the same sideband resolution
as devices (ii) and (iii). The parameters are given in Table I.

A. Effective optomechanical couplings

The values of the effective optomechanical couplings,
Eq. (15), vary a lot depending on the system’s parameters.
First, they are all proportional to «j,s and therefore increase
like the square root of the input laser power P,s. For purely
dispersive optomechanics, namely, g = g5 =0, one gets
8¢ = 8mec,c = g2¢. In this case, like in standard optomechan-
ics, each coupling strength is simply enhanced by the square
root of the average photon number in the corresponding mode
¢ = a, d. However, the picture is more complicated for purely
dissipative coupling. Even in the simple case g% = g4 = g =
0, 8, and Zmec o are different while g = —&mec.q # O since

g:(,asym — gx,sym — %\/Z_Tg/;

In Fig. 3, we show how the (complex-valued) couplings
change with the “—"-mode detuning A_ for each device. The
change in their phases directly originates from the change of
phase in @ and d due to the modification of A, and A, [see
Eq. (13)]. We see that device (i) is in the ultrastrong-coupling
regime |g| > Qpec as determined in Ref. [40], while devices
(i1) and (iii) are not, which is due to our choice of single-
photon optomechanical-coupling strengths (see Sec. II D and
Table I). For a standard optomechanical device with only
dispersive optomechanical coupling and without mirror mode
d [dotted black line in Figs. 3(b) and 3(c)], the optomechanical
coupling is 8, = Zmec.« = §2a = 9. Since, in this case, there
is a single effective coupling, the phase of "¢ does not matter

and g*¢ can always be made real by changing the laser phase
(in ays). This is clearly not the case for device (ii) as there
are four distinct effective couplings and some relative phases
will always remain. Conversely, for device (iii), the effective
optomechanical coupling of the mirror mode dominates, and
since g4 2 Zmec.d» it behaves effectively like a standard de-
vice: the curves for |8, |@mec.a| and |g*9| are superimposed
in Fig. 3(c).

B. Mean optical response

The mean steady-state optical output of the system
can be measured in an experiment, especially the in-
tensity transmission and reflection coefficients T (wjys) =
|t (w1as)]? and R(wias) = |7(wias)|*. Here, we have denoted t =
(IA)OULR) /(lA)in,L) the amplitude transmission coefficient, from
left to right, since we have (lA?m,R) = 0, and the amplitude re-
flection coefficient r = (Eout, L)/ <13in, L). Using the input-output
relation (10), we obtain

= —\/21/(1% = —V2v.C{10],
as
r=1-Y VR = 1= Y VRGO 03)
- las ¢

with the steady-state amplitudes given in Eq. (13) and the
coefficient Cf defined in Egs. (19). With this, the intensity
transmission becomes

T = e iR, — IR, (24)

D

with
D=0 P07 = (A2 +&2)AL +&D). (29

The intensity transmission is modulated by the average me-
chanical displacement in the following way:

d7 T T
oY (et g 26
7 V2 o ( gCaAchgéa,zL.) (26)

(see Appendix B for the full expressions of the derivatives).
In Fig. 4, we plot the constituents of Eq. (26), namely, the
partial derivatives associated with each kind of optomechani-
cal coupling. We first notice that the main response takes place
around A_ = 0, that is when the laser is close to resonance
with the “—” effective optical mode. We have normalized
aT /ax, with x = A,, Ay, k,, K4, by the maximum transmis-
sion of the optical setup Ti.x. The motivation for this is that
the devices have very different y, and, in particular, device
(i) barely transmits any light since the coupling to the right
environment is many orders of magnitude smaller than the
couplings to the left environment (see Table I). Figure 4 shows
that the transmission of device (i) is affected very little by the
mechanics since it is very far from the effective sideband-
resolved regime, unlike for the other devices. We also see
that, for devices (i) and (ii), all the derivatives have similar
magnitudes though different shapes, while, for device (iii)
in Fig. 4(c), the derivatives with respect to the Fano-mirror-
mode quantities largely dominate, as already observed for the
effective optomechanical couplings. For a standard optome-
chanical device, the only relevant derivative is 8Ts‘d/ IA,,
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FIG. 4. Optical response to the variation of different detunings
and bath couplings as a function of the “—”-mode detuning for
(a) device (i), (b) device (ii), and (c) device (iii). We have plotted each
partial derivative from Eq. (26). The hatched areas indicate detunings
for which the respective devices are unstable due to heating [see
Fig. 5(a) and Appendix A 2 a]. The parameters are given in Table .

which is similar to d7 /0 Ay for device (iii) [dashed-dotted
green line in Fig. 4(c)], with two off-resonant sidebands [33].
The main difference between the two is that 379/ A, is an
odd function of the detuning A,, while 3T /3 A, is not exactly
an odd function of A _ due to the coupling between the optical
modes. Similarly, there is an asymmetry in the dominant dissi-
pative derivative 97 /dk,; while dissipative derivatives would
be even functions of the detuning in the absence of coupling
between the optical modes [33].

C. Mechanical response

After studying how the mechanical motion impacts the
mean optical transmission, we now do the opposite and an-
alyze the effects of the optomechanical couplings on the
mechanical motion. To do so, we write the effective mechan-
ical susceptibility, Eq. (20), in the usual form for a harmonic
oscillator [1], that is Ymec.ett[®@] = Rumec(Q [0]* — @w? —
iwyTw])~!, identifying the effective mechanical frequency
QM 0] = Qunec + 8Qmec[w] and damping rate y*[w] =
Imec + Dopt[@w], where we have defined the optical contri-
bution to the mechanical damping rate and the mechanical
frequency shift, in the limit §Qpee K QLunec:

Q mec

Poplo] = =—=Im( oy [@]),

1
8meclw] = JRe(xopi [@])- 27

We have plotted 6Q2mec[Q2mec] and Tope[€2mec] for device
(i) (in blue) and device (iii) (in orange) as a function of
the detuning A_ in Fig. 5(a). They give the frequency shift
and optical contributions to the mechanical damping rate
in the weak-optomechanical-coupling regime |g| < Qpmec, K—,
which is relevant for the laser powers considered here (see

gl 8 XX T N
HiE 0 s
—200] SSHESS
—2 -1 0 1 2
A—/Qmec
-- Device (ii) Device (iii) --+ Standard device
(b) Device (ii) (©) Device (iii)
_N
— |
——
|\~
\/
n
i
it
7\
[ \.
05 10 15
A /Qmec
5Qmec,a . 6Qmec.d . 6Qmec7ad 5Qmec
1_‘opt,u Fopt«/] Fopt,ar] Fopt

FIG. 5. (a) Mechanical frequency shift §Q2,,. (top panel) and
optical contribution to the mechanical damping rate I,y (bottom
panel) as a function of the detuning A_ for devices (ii) and (iii).
The plots were obtained by evaluating Eqgs. (27) at @ = Q.. The
hatched areas indicate detunings for which the respective devices
are unstable due to the heating. The dotted black lines represent a
standard resolved-sideband optomechanical device where the laser
power has been adjusted to get a similar cooling on the red sideband.
(b), (c) Components of the mechanical frequency shift § Q.. (top
panels) and optical contribution to the mechanical damping rate I,
(bottom panels) as a function of the detuning A_ around the red
sideband [gray dotted box in (a)] for device (ii) and device (iii) at
® = Qnec [see Eq. (28)]. The parameters are given in Table 1.

values in Table I and Fig. 3 for |g|/Qmec). We see frequency
shifts on both sidebands, i.e., around A_ = 4+ e, Which
are similar to the ones of a standard optomechanical device,
indicated by the dotted black line. Similarly, we observe the
expected peaks in I'gy indicating, respectively, cooling on
the red sideband and heating on the blue sideband. For the
considered laser powers, this heating effect is large enough
to make the system unstable (hatched areas) (see stability
analysis in Appendix A 2 a for more details). This means that
while the theory developed in this article, and in particular the
linearization from Sec. II C, is not valid in those hatched areas,
it still predicts an overall negative mechanical damping rate.’
All in all, both devices behave like a standard optomechanical
device. However, while the behavior of device (iii) is really

3See, e.g., Ref. [1] for a discussion of this lasing effect, that we will
not study in this work, for a standard optomechanical device.

043532-9



JULIETTE MONSEL et al.

PHYSICAL REVIEW A 109, 043532 (2024)

Sqlw] S g [w] S P [w]
0
£
_ & 200 -
c 9l
8 3l 400
>
5 5 1.0
zZ 0.5 1
0.0
0
(b) R 1 10
£
3| 0 .
gclfﬁ 1073
£
g 1.0
<
1
- 0.5
0.0
0
(c) = 1 10
N
T
B 0 -3
2 oI5 10
g3
é } 1.0
[}
z 0.5
0.01, = 1 . 1 . .
0.5 1.0 1505 _ 1.0 1505 _ 1.0 1.5
A—/Qmec A—/Qmec A—/Qmec

FIG. 6. Noise power spectra of (a) device (i), (b) device (ii), and
(c) device (iii). Upper row of each panel: Noise power spectrum of
the mechanical position S,[w] and light output quadratures on the left
side Sx,,,, [w] and Sp, | [w] as functions of the effective detuning A_
and of the frequency w. The dotted red line shows the mechanical
frequency shift 6 Q2mec[2mec]. Lower row of each panel: Area corre-
sponding to the integral over w of the corresponding spectrum in the
upper row. All the plotted quantities have been normalized by their
maximum values; all parameters are given in Table I.

identical to the one of a standard device, device (ii) has a
different behavior around zero detuning.

We would like to note that device (i) is not sideband re-
solved, therefore, the relevant detuning scale for the atypical
frequency shift 6 Q2pec[Q2mec] 18 K- and not Qe (discussed in
detail in Ref. [25]). The damping rate I'op[Q2mec] of device (i)
is negligible, therefore, there is no significant cooling or heat-
ing. These findings are reflected in the noise power spectrum
of the mechanical position [Fig. 6(a)], discussed in Sec. III D.

In order to better understand the contribution of the dif-
ferent optical modes to the mechanical damping rate and
frequency shift, we now split the optical contribution to the
mechanical susceptibility, using Egs. (21) and (22), into

Xopt 1] = Xopt oL@ + Xopt al@] + Xopt aal®],  (28)
with

g?nec,agaxd_l[w]
( o) Q- —w)

Xoptal@] = + (0 — —w)*,

; g;ec,dnga_I [a)]
Qs —0)(Q- — o)
_ (g;knec,agd + g}knec,dga)g

(Qp — ). —w)

+(w = —w)*,

Xoptal@l = —

+(w — —w)*.

(29)

The notation - - - + (w — —w)* means that we replace w by
—o in --- and take the complex conjugate. We can apply
the same decomposition to the damping rate and the me-
chanical frequency shift, I'ope = Topa + Doptad + Dopraa and
3Qmec = 62mec.a + 6Cmec.a + §2mec.ad, bY applying the def-
initions (27) to the components of Xo}%- From the effective
coupling perspective, X(;){L.[a)] is a pure contribution from
the optical mode ¢ = a, d, but note that §. and gmec . contain
some cross terms in g<*Y™ or g™ [see Egs. (15)]. However,
in the limit of purely dispersive optomechanical couplings,
namely g%, g4 — 0, the factor g% 8. becomes (g2]¢|)*.
These three components of §Qmec[2mec] and Top[Qmec]
are plotted around the red sideband in Figs. 5(b) and 5(c). For
device (ii) in Fig. 5(b), the components have similar magni-
tudes and partially cancel each other out, giving rise to a lower
total quantity (dotted red line). On the other hand, Fig. 5(c)
confirms that the dominant contribution to the optomechanics
in device (iii) comes from the effective d coupling since the
dashed-dotted green line representing the d contribution is
superimposed with the dotted red line of the total quantity.

Xopt ad [w]

D. Quadrature output power spectra

In experiments, one typically measures the noise power
spectrum of the light transmitted (éo, r) or reflected (Gour.)
by the cavity, for instance, with a homodyne detection scheme
[25], with the goal to also deduct information about the me-
chanics. Using the input-output relations (17), we compute the
power spectra of the quadratures of the light leaking out of the
cavity, defined by®

“+00 d
Sou, 0] = f i o ool nll),  GO)

oo

with Q=X,P and pn=L,R Here, Xou, = (Gou +

out mJ/ V2 and Pout uw = @out, — Zut’ W/ iv/2 are the position
and momentum quadratures of the output light. We obtain

= Sx,,, [0] + 2¢3S,[0] + 4v/RakaSx,x, [w]
+ ) (2keSx [w] + 4v/RecpSy glo),

SXout,L [w]

Sp (@] = Sp,  [0] + 2c% Sylw] + 4/RakaSp,p, @]
+ ) (2&Splw] + 4v/Recx Spqlel)
C

SXouLR [C()] = SXin,R [Cl)] + ZVLISXH [a)]7

SPou(,R [C!)] = SPiu,R [a)] + zyaSP,z [a)] 9 (3 1)

®Note that the spectra relevant for measurements such as homo-
dyne detection are the symmetrized spectra. Due to the noise model
considered in this work, we have Sy, ,[-0] = S, [@] and the
result of Eq. (30) hence is identical to the symmetrized version
(see Appendix C).
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with Sp[w] the spectrum of 5Q for Q X, P., g and the input
vacuum noise spectra Sy, [w] = Sp,  [w] = % We have also
defined the cross terms

+00 ’

1 A A A A
S0 [0l = 5[ g((SQl [0]80s[@'] + 8Os [w]8Q1[@']).

(32)

These spectra can be computed from the solution of the
Langevin equations (14) (see analytical expressions in Ap-
pendix C). In particular, for the mechanical position spectrum
Sylw], using Eq. (18), we get

Sylol =[x [0]| (Snlw] + Soml@]), (33)

where Sp[w] ~ 2T necfimee 1S the thermal noise spectrum in
the high mechanical temperature limit (AQpec << kg Tnec) rel-
evant here (see Ref. [41] for a more general expression).
Finally,

2

Som[w] =

Z 28ee. Cil0] + V2(ex — icp)

2

Cilo] (34)

is the noise power spectrum due to the optomechanical
effects.

In the high mechanical temperature limit, the part of the
noise power spectra coming from the optical environments
(vacuum noise) is negligible compared to the thermal noise
from the mechanical environment. As a consequence the
spectrum given in Eq. (33) can be approximated by S,[w] >~
2l mecPimec | Xf;'lfefc[w] |2. The noise spectra Sy, , [@] and Sp,, , [@]
are proportional to the factor l"rm,,c|)(mec[a)]|2 as well and,
therefore, exhibit a peak at the effective mechanical frequency,
as shown in Fig. 6 for all three devices (the effective mechan-
ical frequency is indicated by the dotted red line). However,
the noise spectrum Sy, [w], with Q = X, P, in general also
has additional frequency-dependent factors and hence its area
f g“’SQoul .[w] does not give direct access to the mechani-

cal fluctuations (§4%) = f +;O gj‘[’S [w] (see Appendix C for

details on how to compute (84%) from the optical output
spectra).

For the devices we consider here, the frequency de-
pendence of these factors can be neglected on the range
of values of w relevant for mechanical features, such that
f g—j‘:(SQow [w] = Sp,,, [®]) (84%). But this Broportionality
factor is strongly dependent on the detuning A_, which ex-
plains the difference between the area plots of optical and
mechanical noise power spectra (lower row of each panel) in
Fig. 6. In particular, for device (i), these additional detuning-
dependent contributions have an important effect that should
not be confused with optomechanical cooling. In Fig. 6(a),
both Sy, L[ w] and Sp,, [w] exhibit dark blue lines at distinct
values of A _, where the optical spectra are suppressed. This is
in qualitative agreement with the experimental measurements
[25]. Note that this is a pure optical effect, as can be seen from
the area of the mechanical spectrum S,[w], f ng [w], in the
lower-left panel of Fig. 6(a), which is constant. Conversely,

for the other two devices, the cooling observed as a dip of the
area of S,[w] around A_ = Qe is still visible on top of the
optical contributions to the areas of Sy, ,[w] and Sp,, ,[@]. In
Fig. 6(b), for device (ii), the optical contributions manifest as
an approximately constant shift of the area while for device
(iii), in Fig. 6(c), the cooling dip is visible, even though only
faintly, on top of the A_-dependent optical features.

IV. BACK-ACTION COOLING

After having demonstrated the general properties of the op-
tomechanical Fano-mirror system, we now focus on a widely
used application, namely, cooling of the mechanical resonator
using optomechanical back-action. It is well known that this
cooling scheme allows to bring sideband-resolved standard
optomechanical systems into the mechanical ground state
[4,5,42]. In this section, we show that similar achievements
are possible for our system, even if kg, K, + ¥4 > Qe [de-
vice (i1)] or kg4, Kay Yo > Qmec [device (iii)]. This is possible
since these devices are in the effective sideband-resolved
regime £_ < Qpec.

We start this section by analyzing the underlying cool-
ing mechanisms in the weak-coupling regime, where the
optomechanical-coupling strengths are significantly smaller
than the mechanical frequency and the (effective) optical
loss rates, which is the case for the laser powers given in
Table I.

A. Stokes and anti-Stokes scattering processes

The steady-state phonon number in the mechanical fluctu-
ations,

fiin = 3((84%) + (8p°) — 1), (35)

results in the weak-optomechanical-coupling limit, from the
competition between the Stokes and anti-Stokes scattering
processes, which respectively create and annihilate phonons
in the mechanical resonator. The respective rates A, and A_ of
those processes are given by Ay = %SFF[:FQmec] [1], where

Srrlw] = f_+°° d—‘“’(Sﬁ[w](Sﬁ[w’]) is the noise power spec-

oo 2w
trum of the optical back-action on the mechanical resonator,

8F =Y V2(Bmec.c08” + Binee.c50)

+ cx \/EXiH,L + CP\/zpin,Ly (36)

obtained from the steady-state solution of the Langevin equa-
tions [see the last two lines of Eq. (14)]. In the weak-coupling
limit, the effect of the mechanics on the optics can be ne-
glected and we compute Spr[w] by solving the Langevin
equations (14) for the optics only [see also Eq. (2)]. This
yields §¢[w] = Cf [w]ain Lw] + Cilwlain r[@] and, hence,

Z (g:;qec,ccﬁ[:FQmec] -

c

gat,
mCL[°]>

Ay =

2
(37

+ D Bonee. ChIF e
c
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(a) Device (ii) (b) Device (iii)
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FIG. 7. Optomechanical cooling in the weak-coupling limit and
resolved-sideband regime ¥ << Qpec. We show results for (a) device
(i1) and (b) device (iii) (see parameters in Table I). Top panels:
average photon numbers in the cavity (|a|?, solid blue) and in the
Fano mirror (|d|?, dashed orange); center panels: anti-Stokes (solid
green) and Stokes (dashed red) rates; bottom panels: obtained aver-
age phonon number in the mechanical fluctuations (solid purple), the
gray line indicates the thermal phonon number 7iye.. All functions
are plotted in dependence of the detuning between the laser and
the effective “—” mode. The dotted black lines correspond to the
result for a standard optomechanical device with the same sideband
resolution (we have only plotted A_ in the middle panel), and the
hatched areas indicate detunings for which the system is unstable
due to heating.

From these rates, we identify the characteristics of the ef-
fective phonon bath created by the optical part of the setup
[1,17]: its effective damping rate I'li = A_ — A, [coinciding
with Tope[ Qmec] from Fig. 5(a) in this limit] and its effective
average phonon number 7igy = A4 /T'op. As a result of the
coupling to this effective phonon bath created by the optical
setup, the steady-state phonon number in the mechanical fluc-
tuations is then given by
—we Fmecﬁmec + F(‘j;)ctflopt

— . 38
"iin Tmee + 08 %)

opt

In the middle panels of Fig. 7, we see that the Stokes rate
A, (dashed red) and anti-Stokes rate A_ (solid green) exhibit
peaks at the blue and red sidebands, respectively, correspond-
ing to heating and cooling. Device (ii) [Fig. 7(a)] has similar
features as a standard resolved-sideband optomechanical de-
vice but with a slight asymmetry between A, and A_, which
explains why I'oy is not an odd function of the detuning
in Fig. 5(a). For both devices, the weak-optomechanical-
coupling approximation gives a good estimate of g, [see
purple diamonds in Figs. 8(a) and 8(b)]. Figure 7 confirms the
observation from Fig. 5(a) that, despite the large parameter
differences between devices (ii) and (iii), their behavior on
both sidebands is very similar, almost identical to the one
of a standard device (dotted black line). Differences mainly
occur close to zero detuning, which is not relevant for cooling
applications.

The effective optomechanical couplings gmec c are propor-
tional to the laser drive amplitude o, [see Eqs. (13) and (15)],

such that Ay and I'(i are proportional to the laser power

(a) Device (ii) (b) Device (iii)
101 % 101 N
R SN E ~. O\
N \~\ N S \.\ N
'\. N N .
100 ] \.\. \J/ 100 J \.\. \J/
\'\ % \'\ - e
0% 100 106 1078 107
© Pas (W) Pias (W)
0 : . ,
1072 1071 109
Rf/Qmec

FIG. 8. Steady-state phonon number in the mechanical fluctua-
tions [Eq. (35)]. Results as function of the laser power at A_ = Q..
are shown for (a) device (ii) and (b) device (iii) at room tempera-
ture, Tiec = 300 K (solid blue line), and at cryogenic temperature,
Tnee = 4 K (dashed-dotted green line). For the room-temperature
case, the dotted gray line indicates the thermal phonon number, the
dashed orange line the weak-coupling approximation [Eq. (38)], and
the solid gray line the minimum reachable phonon number. The
purple diamonds indicate the laser powers used in the other figures as
indicated in Table I. (c¢) Minimum steady-state phonon number in
the mechanical fluctuations (minimized on A_ and P,) as function
of the sideband resolution, where %_ is tuned via &, and A,. The
solid blue line was obtained with a device differing from device
(iii) only by the laser power with 6, = §,A/+/k,K4. The purple star
indicates devices (ii) and (iii) and the dotted black line corresponds
to the minimum 725, for a standard optomechanical device, with the
ideal parameters y, = k, = K_/2. The dashed gray line indicated
the ground-state cooling threshold. All other parameters are given
in Table 1.

as well. Consequently, increasing Pj,s brings the steady-state
phonon number 7y [Eq. (38)] closer to 7igp. Since figp =
6.3x107* « 1 for devices (ii) and (iii), ground-state cool-
ing is expected to be possible. However, the weak-coupling
approximation typically breaks down well before 75, reaches
fiopt- We therefore need to study the steady-state phonon num-
ber beyond the weak-coupling limit, as will be done in the
following subsection IV B.

B. Ground-state cooling

In the limit where the weak-optomechanical-coupling ap-
proximation fails, the phonon number in the mechanical
fluctuations 75, can be computed from Eq. (35) by solving
the Lyapunov equation for the system in the steady state, as
detailed in Appendix A 4.

We plot 7ig, obtained with optomechanical cooling as
a function of the laser power for devices (ii) and (iii) in
Figs. 8(a) and 8(b), where we choose the detuning A_ =
Qmec due to the weak-coupling results from Sec. IV A. We
see that both Fano-mirror devices (ii) and (iii) can achieve
ground-state cooling, both for cryogenic temperature, at
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Tec = 4 K (dashed-dotted green lines) and for room tem-
perature (solid blue lines). The phonon number reaches a
minimum of 75, >~ 0.41 at room temperature, while a lower
phonon occupation 75, >~ 0.01 can be reached at cryogenic
temperature. In Appendix D, we additionally show that energy
equipartition (84%) ~ (8p%) is satisfied close to the lowest
phonon occupation. As shown by the dashed orange line for
the room-temperature case, the weak-coupling approximation
eventually breaks down at large laser powers.

Even though devices (ii) and (iii) have very different op-
tical parameters for modes a and d, Figs. 8(a) and 8(b)
are almost identical, showing that the key optical parameter
determining the cooling limit is the effective sideband resolu-
tion K_/Qmec. Therefore, we have also plotted the minimum
phonon number as a function of the sideband resolution in
Fig. 8(c), showing that devices differing from device (iii) in
Table I only by the tunable laser power (solid blue line) have
identical cooling performances as a standard optomechanical
device (dotted black line). This further confirms the results
from Figs. 5 and 7, namely, that around the red sideband, this
complex engineered device behaves like a simple standard
resolved-sideband optomechanical device, where the ideal
sideband resolution has been achieved thanks to the Fano-
mirror engineering.

Evidently, the mechanical frequency and quality factor also
play a major role in determining the cooling limit. Room-
temperature ground-state cooling is made possible here by
the large mechanical frequency and high mechanical quality
factor (see Table I). In addition, note that we have assumed
the drive laser to be shot noise limited, that is in a coherent
state, while in an experiment, one would need to account
for the laser phase noise and make sure it does not prevent
the setup from reaching the mechanical ground state [43,44].
Finally, the only difference between Figs. 8(a) and 8(b) is the
laser power at which the minimum #g, is reached. Device
(ii) requires a laser power two orders of magnitude larger
than device (iii). This comes from the difference in the op-
tical parameters, in particular giving rise to different effective
optomechanical couplings g and different laser frequencies
giving A_ = Q.. Therefore, identical laser powers corre-
spond to different input photon rates Plys/ficjas.

V. TOWARDS NONLINEAR OPTOMECHANICS

In this section we show that a system, as realized by
a microcavity with a frequency-dependent Fano mirror, can
reach the effective resolved-sideband, strong- and ultrastrong-
coupling regimes simultaneously. To that end, we introduce
two additional model systems, Devices (iv) and (v), with pa-
rameters that are close to situations that can be experimentally
achieved with microcavities [35,40] (see Table II). These sys-
tems are based on state-of-the-art mechanical parameters [39]
and, like device (iii), fulfill the condition 55 = 8, A//Kakq. It
allows them to be in the effective resolved-sideband regime
with #_ < Qe obtained from Eq. (3).

Compared to the previous sections, where the device
parameters were based on Table I, we now chose more
realistic optomechanical couplings for modes a and d for
experimental microcavity implementations like in Ref. [25]
[device (i)]. Concretely, comparing to Ref. [25] we only

TABLE II. Experimentally achievable devices in the effective
resolved-sideband regime (£_/Qme. < 1), thanks to the condition
8a = 80 //R.Rq, going toward both the strong- (g2 > &_) and
ultrastrong- (g” > Qmec) coupling regimes. See Table I for the de-
scription of the parameters. Like for devices (ii) and (iii), the effective
dissipative coupling g¢ is negligible, g < g” (see Sec. IIB 1).

Parameter Device (iv) Device (v)
Optical modes

Sa/2m (Hz) 1.13x10" 1.97x 10"
Va/27 (Hz) 1.00x10° 6.00x108
Ka/2m (Hz) 1.00x 10" 1.00x 10"
Rq/2m (Hz) 3.25x10° 1.08x10°
A 2T (Hz) 4.09x 10" 4.09x10"
Mechanical mode

Quec /27 (Hz) 1.3x10° 1.3x10°
[Cinec /27 (Hz) 9.3x1073 9.3x1073
Omec 1.4x108 1.4x108
Single-photon optomechanical couplings

82/ Umec 0.065 0.65

&9/ mec -0.14 —-14

&5/ Qmec 0.060 0.60

85/ Qmec 2.1x107* 42x1074
Effective optical “—" mode

K_/Qmec 0.25 0.05
82/ Quec —-0.14 —-14
g k- —0.56 —-28

decrease the optomechanical couplings by a factor 10 for
device (iv) and keep the same values as in device (i) for
device (v). Note that we further decreased g% to reflect the
smaller value of £, in devices (iv) and (v) compared to de-
vice (i). Despite the stronger optomechanical coupling, the
modeling from Sec. II A remains valid for devices (iv) and
(v), in particular for the calculation of the effective opti-
cal modes from Sec. Il A2 since &4, kg > g2, &4, &5 &5 We
can therefore make quantitative statements about the relevant
effective coupling parameters, given in the last section of
Table II.

Here, we find that device (iv) is close to reaching both
the effective strong-coupling regime |g| > k_ and the ef-
fective ultrastrong-coupling regime [g”| > 2. Indeed, we see
in the last rows of Table II that |g“| = 0.56k_ and |g“| =
0.14€2, compared to the devices in Table I, where these
parameters typically differ by several orders of magnitude.
The situation is even more favorable for device (v) reach-
ing both the effective strong-coupling regime [g”| = 28%_
and the effective ultrastrong-coupling regime |g”| = 1.4€2.
The required parameters of the mirror mode, w; and kg,
can be realized by engineering the photonic crystal pat-
tern and the right-hand-side cavity loss rate y, is achievable
with distributed Bragg reflectors. Our work thus predicts that
reaching simultaneously the resolved-sideband, strong- and
ultrastrong-coupling regimes is within reach of optical micro-
cavities with a frequency-dependent mirror such as a photonic
crystal, paving the way for the experimental exploration of the
nonlinear regime of cavity quantum optomechanics.
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FIG. 9. Steady-state phonon number in the mechanical fluctua-
tions [Eq. (35)] as function of the laser power at A_ = Q.. for
device (iv). The curves have been plotted on the laser power range
where the device’s dynamics can be linearized (Sec. I1C).

In general, the theoretical approach to analyze the dynam-
ics presented here, namely, the linearization from Sec. IIC,
does not apply for this strong-coupling regime. However, for
strong enough laser powers, the dynamics of device (iv) can
be linearized since |¢|*> > (8¢78¢) (see also Appendix A 2).
Hence, for those laser powers, we are able to show results for
the phonon number that can be reached via optomechanical
cooling, using the theoretical framework given in Sec. II. The
result is shown in Fig. 9, displaying the steady-state phonon
number in the mechanical fluctuations at A_ = Qec, €Vi-
dencing that ground-state cooling is possible with this device
too (see Appendix D for the energy equipartition). The lin-
earization is valid for a smaller range of laser powers at room
temperature (solid blue line) than at cryogenic temperature
(dashed-dotted green line) since the thermal fluctuations of
the mechanics, which give rise to optical fluctuations due to
the optomechanical couplings, increase with temperature. An
analysis of the full nonlinear dynamics of devices (iv) and (v)
is postponed to future work.

VI. CONCLUSION

Our work highlights that optomechanical systems with a
Fano mirror can reach an effective resolved-sideband regime.
Thanks to the strong interaction between the two optical
modes, i.e., the Fano and the cavity modes, a significant
reduction of the effective optical linewidth is achievable by
matching the resonance frequencies and loss rates of these
two modes. Therefore, sideband-based ground-state cooling
of the mechanics is expected to become possible even for a
microcavity with high optical losses &, > Qe and at room
temperature.

We have established a complex but versatile theoretical
model, taking into account both dispersive and dissipative
optomechanical couplings for a cavity with one frequency-
dependent mirror. The full analytical description makes it
possible to investigate different effects separately, namely,
couplings not relevant to a chosen specific experimental setup
can easily be set to zero. Furthermore, the cavity output
spectrum is not trivially related to the noise spectrum of the
mechanical resonator and our work gives the required expres-
sions to make this inference. We therefore expect this model to
be a useful tool for all similar or analogous setups, where cou-
pled optical modes interact with mechanical modes. This can

be applied to various systems ranging from optomechanical
cavities studied here to magnon modes coupled to mechan-
ical deformation [45,46], molecular optomechanics [47], or
cavity-enhanced chemistry, etc. (see, e.g., Refs. [48,49]).

Finally, we have demonstrated that this complex optome-
chanical system can be mapped to a canonical optomechanical
setting with ideal coupling and loss parameters. Importantly,
this shows that the advantage of strong single-photon coupling
of microcavities and the designed reduced loss rates of ef-
fective optical modes due to a Fano mirror are a promising
route for implementing both strong coupling and ultrastrong
coupling in optomechanics, paving the way for nonlinear
quantum optomechanics.
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APPENDIX A: DYNAMICS

In this Appendix, we provide derivations and technical
background for the (linearized) Langevin equations and the
resulting Lyapunov equations, which are used throughout the
main paper to describe the dynamics of the optomechanical
system.

1. Derivation of the Langevin equations

From the microscopic model described in Sec. [IB 1, we
derive the dynamics of the system in the Heisenberg picture,

; oA [kq
bw,L = _la)bw,L - <

fka )

Kq &y A
S Rl S [T 7/ A >d (Ala)
( V2!
A ~ Ya .
byor = —iwbyr — | —a, (Alb)
s
i = —iw,a —ird + igwﬁqa
+,/ 1+ /dwéw
< \/—Ka ) t
Ya .
4 [t / Ao by, (Alc)
T
d = —iwgd — ira + igi/24d
+,/ (1+ >/dwbwL, (A1d)
\/_Kd
(f = Qmecp7 (Ale)
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P=—Qmeed + Y (g‘;’\/iéfé _i S

2T K,

x / dw(e'h,, — IA;Z),LG)). (A1f)
We formally integrate Eqgs. (Ala) and (Alb) with respect to
an initial time #, < ¢, and insert the obtained expression in the
other equations of the system (A1). Defining the input fields

dw b, . (tg)e ™=,

bin () = (A2)

1
7
with u© =L, R, and following the same procedure as in
Ref. [36], we obtain the Langevin equations (8). We have
added the terms —I'pe.p and «/Fmecé in the evolution of p
to take into account the thermal mechanical noise, assuming
that I'pec < Qmec, g‘[f, gz’ Yas Ka, Kd-

The output fields are defined by taking a reference time in
the future t; > ¢:

dw b, , (1))e 0=,

ou(t) = (A3)

e
2
Comparing the formal integration of Eqs. (Ala) with respect
to tp and #; gives the input-output relations (10).

2. Validity of the linearization

For the linearized dynamics described in Sec. IIC to
be valid, two key conditions need to be fulfilled. First,
we have assumed the existence of a well-defined stable
classical steady-state solution of the nonlinear system of
equations (13), which can be verified by applying the Routh-
Hurwitz criterion (see below). Second, we have neglected
terms at the second order in the fluctuations in the Langevin
equations (14) and it needs to be guaranteed that the neglected
terms are indeed sufficiently small. In the following, we do
not discuss device (i) since the linearization for this device is
valid for all the considered detunings due to the large effective
optical losses _ >> g2, g€, Qmec (see Table I).

a. Stability of the system

We apply the Routh-Hurwitz criterion to determine
whether the system, described by the Langevin equations (8),
is stable for the studied parameters. Focusing on the equa-
tion for the quadratures and following the procedure described
in Ref. [50], we construct the sequence (¢ )o<k<e based on the
characteristic polynomial of A [Eq. (A10)], det(A — XI) =
ZZ:O ag_X*. If all the elements of this sequence have the
same sign, then the system is stable. The elements are defined
in the following way: ro = Ty, r; = Tj, and ry = Ty /T—; for
k=2,...,6withTy = ay, T} = a;, and T}, = det M. Here,
M is the k x k matrix with coefficients (M );; = a»i—; and we
take a;_; = 0 if 2i — j is not between 0 and 6. In particular,
ro=1, r1 =2(Ya + ka + ka) + Tiec, and rg = ag = det(A)
but the full analytical expressions of the other coefficients
are rather complex and not very informative. However, by
evaluating numerically 7~ we can find that devices (ii) and
(iii) have instabilities (see hatched regions in relevant plots of
the main paper) which coincide very well with the places at
which 75, becomes negative.

Device (i) Device (iii)

(a) " 10°
g R -3
£ 04 =] 0 r

L0 \ /710_5 £10 ,/_(1)0
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s ) g —10
1072 \/ r—107 1072
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-2 ) 2 -2 0 2
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(b)
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_ 10 _ 104 0
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FIG. 10. Steady-state phonon number 75, (in blue, left axis) and
relevant stability condition (in orange, right axis) as a function of
(a) the detuning A_ and (b) the laser power P, for devices (ii) and
(iii). See Table I for the other parameters.

In particular, the instability regions in Figs. 4, 5(a), and
7 as a function of the detuning A_ for a fixed laser power
coincide with negativities of rs [see Fig. 10(a)]. However,
when the system is driven on the red sideband, at A_ = Q..
the relevant criterion, namely, the first one to become negative,
for the stability of the system as a function of the laser power
is re = det(A) > 0, as illustrated in Fig. 10(b). Similar results
are obtained for the other devices.

b. Negligibility of the second order in the fluctuations

We compare the fluctuations in the photon numbers
(8¢78¢), with the average photon numbers in the classical
steady state |¢|> from Eq. (13), for both the cavity mode
(c = a in green) and mirror mode (¢ = d in red) in Fig. 11.
The photon-number fluctuations (§¢78¢) are obtained by nu-
merically solving the steady-state Lyapunov equations for the
second-order moments (see Appendix A 4). While |¢|? is in-
dependent of the temperature T, since thermal fluctuations
average to zero, (8¢78¢) decreases by several orders of mag-
nitude when going from room temperature (dashed lines) to
cryogenic temperature (dotted lines). Indeed, the thermal fluc-
tuations in the mechanical resonator create optical fluctuations
due to the optomechanical coupling; therefore, having a colder
mechanical environment reduces these thermal fluctuations.
Figures 11(a) and 11(b) correspond to the positive detuning
part of Fig. 7 and it shows that apart from around a ~ 0,
which happens at wi,s = wg — /Ka/K A [see Eq. (13)], the
linearization is valid for devices (ii) and (iii).

Figures 11(c)-11(e) show that, at A_ = Qu.., the lin-
earization is valid if the laser power is sufficiently large for
devices (ii)—(iv), which is the case in all figures presented in
this paper. The laser powers used in most figures (see Table I)
for devices (ii) and (iii) are indicated by the vertical dotted
black line in Fig. 11(b). However, the linearization for device
(v), in Fig. 11(f), is never valid, which is expected since this
device is in the strong-coupling regime g* > K_.
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FIG. 11. Steady-state photon numbers, for the cavity mode in
green and the mirror mode in red, in the classical steady state |c|?
(solid lines) and in the fluctuations (§¢78¢) (dashed lines at Tpee =
300 K and dotted lines at T, = 4 K) as a function of (a), (b) the
detuning A_ and (c)—(f) the laser power Py (at A_ = Q) for the
device indicated on top of each panel. The dotted vertical black lines
in (c¢) and (d) indicate the laser powers used in all the figures where
Py, is not on the x axis. See Table I for the other parameters of devices
(i) and (iii) and Table II for the parameters of devices (iv) and (v).

3. Solution of the linearized Langevin equations

In the frequency domain, using the convention f[w]=
fj;o dr e f(t) for the Fourier transform, the linearized
Langevin equations (14) become
lg~8€,l; + 2/%a&in,L + 27/1/z€lin,R7
iGsa +

x—l[wwa =iv28,6G —

x; [@18d =iv2848G —
w

8p= —i=——10q,
p lQmec q

Koo oL@180 =2 " (@mee.c86" + g 38) + v/ Tineck

2'k‘dain,La

+ cxV2Rinr + cpV2P 1. (A4)

The susceptibilities x4, x4, and xmec 0 are given in Sec. I C 3.
From these equations, we obtain

8¢ = V2C (0184 + Cf[wlan L + Calwlanr,  (AS)
with the coefficients C¢ defined in Egs. (19) and (22). Then

we get Egs. (18) and (21) by putting Eq. (AS) in the last
equation of (A4).

Furthermore, we can write each quadrature 0, with Q =
Xa, Pas X4, Pa, q, p, as

= Clwlilw], (A6)
n

where we are summlng over the input noises ) =
XmL,PmL,XmR, 1.R> E and we have defined the coefficients

[0] = Xinee, etf[w]z (Brnee.cCo ] + Zmee.Co[—]")

l"M

+ (S;L,LXmeC,eff[w]CX \/5’

ch 10] = Xmeeerl@©] Y 1(ZFinee Col@] = Bmee. ol —]")

+ SM,LXmec,eff[w]CP\/i
c{[®] = Xmee.er[@]y/ Timec
cf”[a)] = —1 — cg[w],
. 0] = (Cilol + Cy[—ol*)cf, (@]
Cilol + Cil-w]
> :
ey [o] = (Cslw] + Ci[-o]*)ch, (o]
Cilel =~ Gil-ol' |
2
ci’lo] = (Cilol + Cil—wl*)cflw],

o lo] = i(Cil-ol" = CGlal)dt, [o]
N inL[—w]* —Clw]

2 9
e [0l =i(Cil-ol" — Cilwl)ch, (o]
Cilol + Cil-w]*
2 b
cf'lw] =i(Ci[-o]* — Ciw])cf[w]. (A7)

4. Evolution of the second-order moments

Due to the linearization in Sec. II C, the system is Gaussian.
Therefore, the evolution of the second-order moments of the
quadratures can be put in the form of a Lyapunov equation

dav
o =AV +VAT +B (A8)

for the covariance matrix V of the quadratures. The elements
of the covariance matrix V are defined as

Vij = 3 ({0, Ye}) — (V)(Ye), (A9)
with ¥ = (8X,, 8Py, 8%y, 8Py, 8G,8p). We have de-
fined the optical quadratures = (8a+8a")/V2,

8P, = (5a—8a")/iv2,  8X;=(8d+5d")/v/2,  and
8P, = (8d — 8d%)/iv/2. The expressions of the matrices
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A and B,
i _’za — Ya Aaz Y /Zaizd A _ZIm(ga) 0
-A, —Ra — Va —A —Rakq 2Re(g,) 0
A —Rakg A —Ryg Ay —2Im(3y) 0
o —A —»\/Izak'd —Ad —I?d 2 Re(gd) 0 ’
0 0 0 0 0 Qinec
_2 Re(gmec,a) 2 Im(gmec,a) 2 Re(gmec,d) 2 Im(gmec,d) _Qmec - 1—‘mec
_Ea + Ya 0 aY% ’Zakd 0 0 CX\/E
0 Ko+ Ya 0 v Kakq 0 CP\/E_LI
B— «//2(,/24 0 I?d 0 0 Cx\/lz_d (AlO)
- 0 kg 0 R4 0 cp/Ra
0 0 0 0 0 0
_CX\/’?_a CP\/’?_a CX\//?_d CP\/E 0 C% + C)Z( + Cimec 2imec + 1)

are obtained from the Langevin equations (14) and the cor-
relation functions of the noise, Eqgs. (12) and (11). Solving
numerically the Lyapunov equation (A8) for the steady state,
AV + VAT 4+ B = 0, gives access to, among other quantities,
the phonon number in the mechanical fluctuations [Eq. (35)]

fifin = 5 (Vss + Ves — 1). (A11)

APPENDIX B: DETAILED ANALYTICAL EXPRESSIONS
FOR THE MEAN OPTICAL RESPONSE

The optical response of the optomechanical system is dis-
cussed in Sec. IIIB. Here, we provide explicit analytical
expressions, which are not given in Sec. III B.

The derivative of the intensity transmission 7" in Eq. (26)
can be explicitly expressed as

T DT
aA,  OA,D’
aT DT 8y _ -
= — 4 YR Ay — RaRaD),
A, 9A,D ' D (RaBa a*)
aT ADT Ay Ay{ -

= T i A Ya2d Ad - I,.{,_d)\' )
ok, ok, D D a

T DT 4y f [ -
— == VT A2 (BD)
IRy 0ky D D Kd

with
aD _ _ _
R = 2Aa(Raka = M) — daRgRakq + 2(A] + &])Aa,
oD o ) . —
=~ =2Aa(KaKd - A ) - 4)\-(’60 + Va)\/ KaKg
A,
+2(A2 + (Ra + va)?) Aus
oD _ % _ s
Py =2|:Ad - I?_d)":| [Aa’?d + Ad(’za + ya) - 2)‘-\/ izalzd]’
oD _ % | - _
= =2[Aa —/ f—x]mazd + AR + Vo) — 20/Rakia]
aKd Kq

+ 27a(A? + yaka — AyAg). (B2)

APPENDIX C: POWER SPECTRA

In this Appendix, we compute the power spectra of the
mechanical position fluctuations and some of the optical
quadratures. In the following, the power spectrum of an op-
erator 8Q is denoted Sp[w], with

Solw]

+00
/ dt € (8Q(1)80(0))

oo

+00 d / N N
_ / S (B0lw1301), 1)
oo 27

and we will also use the notation
1 [t do 4 A, N A,
So,0,[0] = = ——(801[w]80s[@] + § Q2 [w]6 01 [w'])
2 )« 27
(C2)
for correlators between two operators § 0, and 80s.
For measurements such as homodyne detection, the rel-

evant spectrum is the symmetrized spectrum %(SQ[a)] +
Sol—w]). Using Eq. (A6), we get

+00 da)’ 0 Or 1in A
Sol—w] = Zf 2 Cn [—eleylo 1l -l Te),
YT

(C3)

and, given the noise correlations functions (11) and (12),
we have (j[—w]n'[w']) x 8(w' — w). Therefore, Sol—w] =
Solw] and the symmetrized spectrum is also given by
Eq. (C1).

1. Mechanical position spectrum

We first compute the mechanical position power spectrum
Sqlw]. Using Eq. (18) and the noise correlation functions (12)
and (11), in the frequency domain, we get Eq. (33). In the
limit of a purely dispersive optomechanical coupling gt — O,
we recover Eq. (D10) from [17]. The effective susceptibility,
which appears in Eq. (33), is defined by Eq. (20) and the
related coefficients C4/¢ by Eqgs. (19). The phonon number in
the mechanical fluctuations, Eq. (35), can also be computed

043532-17



JULIETTE MONSEL et al.

PHYSICAL REVIEW A 109, 043532 (2024)

from the position spectrum [41] since

o +% 4
(8% = / —Slw],

o 2T
+o0 4 2
(65%) = / %(%) s lwl. )

Note that, in practice, these integrals only need to be evaluated
on a frequency range [0, Qmax], With the cutoff frequency
Qmax one or two orders of magnitude larger than 2., since
the integrands are even functions of @ and S,[w] is sharply
peaked at the effective mechanical frequency.

2. QOutput light spectrum

As a next step, we compute the power spectra, as defined in
Eq. (C1), of the quadratures of the light leaking out of the cav-
ity, i.e., Sx,,, and Sp,, . where Xoui = @oy 0 + i)/ V2
and Py, = (A Out w) )/ix/2 are the position and mo-
mentum quadratures of the output light. The input-output
relation for these quadratures is

Xouel = XinL — v/2800X, — /2848Xy + /2¢p84,
Pou oL = P — V2Ra8P, — \/2R48P; + N2cx 84,
Xour = Xinr — v/246Xa,

Pour = Por — v2v48E, (C5)

[see Eq. (17)]. Therefore, we get the output spectra given
in Eq. (31). Using the solutions of the Langevin equations,
Eq. (A6), and the noise correlation functions, we compute the
fluctuation spectra

Solw] = Z| Xin chw a)]’2
+ (2imee + 1>\c§[w]| :
1
Sag:lwl =3 3 [Re{(f) o] — icf [o])

i

X (c,%iu[w] lc,,2 [a)]) H

+ fimee + 1)Re{c§1 [w]cgl[—w]}, (C6)

with O, 01, O» € {Xy, Ps, X4, P4, q}. The coefficients cﬁf are
defined in Egs. (A7) and note that c?[—w] = cZ[w]*.

In many cases, including all devices considered here, the
part of the noise power spectrum coming from the optical
environments (vacuum noise) is negligible compared to the
thermal noise from the mechanical environment. As a conse-
quence, we have

Solo] ~ 2fimec
So,0,[w] =~ 2ﬁmecRe{c§‘ [a)]c:Qz[—a)]}, (C7)

and, in particular, S,[@w] 2 2@ nec/imec| Xﬁgc [w]|*. The expres-
sion for céQ[a)] always contains the factor /I ec ngc [w] [see
Egs. (A7)]. Therefore, Sy, [w] and Sp, [w] can be approxi-

mated by Tpec| szfgc[w] |? times a frequency-dependent factor

Device (i) Device (ii) Device (iii)
x10~° X101 x10713
g5 b
& i 5 2 A
2 lI| ,’\\ ~ l' \
] ,' Il 1 \\\ _____ e ‘\ _______ 1' I\
QC} I’ :" ] /I ‘\
0= L o 0E= e
—5 0 5 05 10 15 05 1.0 15
A—/’%— A—/Qmec A—/Qmec

FIG. 12. Factor Dy, [Qmec] for Q = X (solid orange) and Q =
P (dashed blue) for devices (i)—(iii) as a function of the detuning A _.
See Table I for the parameters.

and they hence exhibit a peak at the effective mechanical
frequency. However, in all generality, they do not give direct
access to (84%) by simple integration over a range of val-
ues of w, [0, Qmnax], relevant for mechanical features, like in
Eq. (C4), because of the frequency-dependent prefactors. We
can nonetheless make S, [w] appear in the expression of all the
Solw] and Sy, o, [@], such that

SQnul,u [Cl)] = SQin,/L [C()] + DQ(,[“,M [a)]Sq [w]v (CS)
with Q = X, P, u = L, R, and where we have defined
2
Dy, [o] = ‘fch + Y V2k(Cilwl + Cil—0])| .
2

Dy, [w] = ‘fzcx + Y V2k&A(C ol — Clw))| .

2y4|Cilo] + Cl—

om R [w]

12

Dp,, [@] =2y.|Cjl0] — Cj[-w]*|". (C9)
We can then compute (84%) as

Qe
mx de S w] = Sg,, [w
((Sqf\2> — 2/ w Qoul,u[ ] QmAu[ ]
0o 27 Dy, [o]

(C10)

Note that for the devices we consider, the frequency depen-
dence of Dy, [w] for w € [0, Qnax] is weak, especially for

Device (ii) Device (iii) Device (iv)

RRET U NG
_a 107!
| ~
L1072 S i
100 100 102 102 107" 10°10°9 10 107
Pas (W) Plas (W) Plas (W)

T =300 K: —{(6¢%) (0p%) T =4K: —{5¢°) --{6p°)

FIG. 13. Mechanical position and momentum fluctuations (§4%)
and (8 %) as a function of laser power for devices (ii), (iii), and (iv).
See Tables I and II for the parameters.
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device (i), such that Dy, [@] > Do, ,[S2me] can be taken
out of the integral but remains a strongly detuning-dependent
prefactor, as evidenced by Fig. 12 and the area plots in Fig. 6.

APPENDIX D: GROUND-STATE COOLING
AND ENERGY EQUIPARTITION

In the main text, we showed that devices (ii), (iii), and (iv)
can reach 7ig, < 1 (see Figs. 8 and 9). This is, however, not the
only requirement to achieve ground-state cooling. The other

condition is that energy equipartition (84%) = (§p?) ~ 1 has
to be satisfied. We check this second requirement in Fig. 13
around the laser powers giving 715, < 1. We see that energy
equipartition eventually breaks down when P, increases, but
on a large range of powers before the one giving the minimum
phonon number, we have both 7ig, < 1 and (84°) ~ ().
This is true both at room temperature (300 K) and at low
temperature (4 K), though in the latter case (84%) and (§p%)
get closer to 1 since the minimum g, is smaller in that

2
case.
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