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Towards Improved Scale-Resolving Modeling and Simulations of Turbulent Flows
MAGNUS CARLSSON

Department of Mechanics and Maritime Sciences

Division of Fluid Mechanics

Chalmers University of Technology

ABSTRACT

Scale-resolving simulations are viewed as powerful means for predicting complex turbulent
flows, as often encountered in aeronautical applications. However, since turbulent scales
span over a considerable range from the smallest Kolmogorov scales to the largest of
equivalence to configuration size, scale-resolving computations are often demanding
on computational resources and, furthermore, on the underlying numerical methods
used in the simulations. Nonetheless, hybrid RANS (Reynolds-Averaged Navier-Stokes)-
LES (Large-Eddy Simulation) techniques are considered computationally accurate and
affordable for aeronautical industry applications.

This thesis explores and develops numerical methods suitable for hybrid RANS-LES.
These methods are implemented in the Computational Fluid Dynamics (CFD) solver
M-Edge.

A low-dissipative, low-dispersive numerical scheme was analyzed and verified in subsonic
LES of turbulent channel flow and Decaying Isotropic Turbulent (DIT). It was shown that
numerical dissipation and dispersion needs to be carefully tuned, in order to accurately
predict resolved turbulent stresses and the correct decay of turbulent kinetic energy. The
reported results are in good agreement with reference DNS and experimental data. The
numerical scheme was further adapted and analyzed for compressible flow, where good
agreement with reference DNS and experimental data is achieved for hybrid RANS-LES
of supersonic turbulent channel flow and supersonic baseflow.

The optimized numerical scheme was then examined in hybrid RANS-LES computa-
tions of developing turbulent channel flow. In order to mitigate the grey area the LES
zone, synthetic turbulence was applied at the RANS-LES interface using the Synthetic
Eddy Method (SEM) and the Synthetic Turbulence Generator (STG). It was shown that
using upstream turbulent statistics from a precursor LES or RANS, the recovery length
of the skin friction coefficient can be reduced with improved mitigation of the grey area.

A new implicit gradient reconstruction scheme was developed, which is suitable for
node-centered solvers. It was shown that the reconstruction scheme achieves fourth-order
scaling on highly irregular anisotropic grids for an analytical academic case.

The Navier-Stokes Characteristic Boundary Condition (NSCBC) was implemented
and verified for transport of an analytical vortex. It was shown that special boundary
treatment is needed for transporting turbulent structures through the boundary with
minimal reflections.

Keywords: Numerical methods, High-order gradient reconstruction, Scale-resolving simu-
lation, Turbulence modelling, Hybrid RANS-LES, Synthetic Turbulence, Compressible
flow



ii



To my family.

iii



iv



ACKNOWLEDGEMENTS

I would like to thank my supervisors who gave my the opportunity to pursue a PhD:
Lars Davidson at Chalmers, Shia-Hui Peng at FOI and Sebastian Arvidson at Saab
Aeronautics. Your support and guidance have been invaluable during the years.

I would like to thank Peter Eliasson and Per Weinerfelt at Saab Aeronautics for
providing support regarding the flow solver M-Edge and for the theoretical input on my
work. It was always a pleasure to visit you to discuss numerical schemes and discretizations,
and mathematics in general. I look forward to continuing the collaboration with you as
future colleagues.

I would like to thank all my colleagues at Chalmers for creating an enjoyable work
atmosphere. Special thanks to Niklas Hidman for helping me stay in shape by dragging
me through the surrounding running trails during lunch breaks in a pace I cannot keep
up with, and Gonzalo Montero Villar (Hernandez, Rodriguez, di Maria and all your other
family names) for our overlapping work and all interesting discussions we had. I have
never enjoyed discussing with someone I have disagreed with this much before.

Furthermore, I would like to thank the following people that I have been in contact
with during the PhD: Stefan Wallin at KTH, Stockholm, for showing interest in my work
and providing great input and support regarding the length scale based commutation
term and turbulence modelling in general. Axel Probst and your colleagues at the German
Aerospace Centre (DLR), Gottingen, for having me as a guest researcher May-June 2022.
The discussions I had with you regarding numerics, hybrid RANS-LES methods among
other things served as a great inspiration and I consider my visit to Goéttingen a highlight
of my PhD. Alistair Revell at the University of Manchester, for considering having me as
a guest researcher in spring 2020. Sadly, a certain pandemic ended those plans.

Finally, I would like to thank my friends and family for the support and especially
acknowledge my girlfriend Sara for putting up with my irrational working hours and
sometimes lack of acknowledgement.

This work has been funded by the Swedish Governmental Agency for Innovation Systems
(VINNOVA), the Swedish Defence Materiel Administration (FMV) and the Swedish
Armed Forces within the National Aviation Research Programme (NFFP, Contract No.
2017-04887) and Saab Aeronautics. The simulations were performed on resources provided
by the Swedish National Infrastructure for Computing (SNIC) at Chalmers Centre for
Computational Science and Engineering (C3SE).

Magnus Carlsson
Goteborg, December 2022



vi



NOMENCLATURE

Greek letters

density

viscous stress tensor
dynamic viscosity
kinematic viscosity
local filter-width
dissipation rate

Qo
<

o >R E

Roman letters

Uu; it" component of the velocity vector

T; it" component of the position vector

P pressure

) total energy

K thermal conductivity

T temperature

Cp specific heat at constant pressure

Cy specific heat at constant volume

R universal gas constant

y heat capacity ratio

P, Prandtl number

c speed of sound

tsj turbulent stress tensor

k turbulent kinetic energy
Abbreviations

CFD Computational Fluid Dynamics

NSCBC Navier-Stokes Characteristic Boundary Condition

RANS Reynolds Averaged Navier-Stokes

LES Large Eddy Simulation

ELES Embedded LES

DNS Direct Numerical Simulation

HRLM Hybrid RANS-LES Modeling

STG Synthetic Turbulence Generator

SEM Synthetic Eddy Method

DES Detached Eddy Simulation

(D)DES Delayed-DES
() DDES Improved-DDES
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Part 1
Extended Summary

The scope of this thesis is the development of methods used in hybrid RANS-LES
modeling. A low-dissipative, low-dispersive numerical scheme is evaluated in Paper A,
where it is calibrated and verified in hybrid RANS-LES of turbulent channel flow and
Decaying Isotropic Turbulent (DIT). It was concluded that numerical dissipation needs
to be carefully reduced, in order to accurately resolve relevant turbulent scales while still
achieving a converged solution. The predictions are further improved by the enhanced
dispersive properties of the scheme. The numerical scheme was then adopted to and
applied in compressible flows, such as a classical shock tube case and in hybrid RANS-
LES of supersonic baseflow, where good results with respect to analytical results and
experiments are achieved.

In Paper B, an embedded hybrid RANS-LES approach is verified using synthetic
turbulence, in order to introduce turbulent fluctuations into a LES domain. Three
different methods to inject the synthetic fluctuation into the LES domain was investigated.
It was concluded that introducing synthetic fluctuations at the RANS-LES interface can
effectively mitigate the grey-area region for turbulent channel flow, where the proposed
turbulence injection method gives the best result for developing turbulent channel flow
and developing boundary layer flow.

In order to further increase the numerical accuracy, a new implicit gradient reconstruc-
tion scheme was proposed in paper C. The reconstruction scheme achieves fourth-order
scaling on irregular, highly anisotropic mixed-element grids for an analytical academic
case.

In Paper D, a new seamless hybrid RANS-LES approach was derived and evaluated
for free shear layer flows. The method exploits the commutation error at RANS-LES
interfaces, where a commutation error term based on the hybrid length-scale is applied to
reduce the grey-area in the vicinity of the RANS-LES interface. Improved results with
respect to experiment are achieved in hybrid RANS-LES of mixing shear layer flows.

To avoid nonphysical reflections in scale-resolving simulations, the boundaries of a
truncated flow domain needs to be able to handle incoming and outgoing numerical or
physical waves. The Navier-Stokes Characteristic Boundary Condition (NSCBC) was
implemented and verified for transporting an analytical vortex through the boundaries in
paper E.

This thesis is organized as follows. An introduction is given Chapter 1 where hybrid
RANS-LES methods are introduced with an aeronautical perspective. A survey of
turbulent inflow boundary conditions is given, along with numerical methods commonly
used in hybrid RANS-LES. The turbulence modeling approaches and the numerical
methods used in this thesis are presented in Chapters 2 and 3, respectively. Chapter 4
further validates the turbulence modeling approaches and numerical methods used for
additional test cases. A summary of the appended papers is given in Chapter 5. Finally,
Chapter 6 summarizes the outcomes of the thesis work.






Chapter 1
Introduction

Aviation industries have over the years made tremendous effort dedicating to innovation
and development of technologies in order to reduce environmental footprint with reduced
life-cycle costs of aeronautical systems. Computer-based techniques, which have been
increasingly implemented to support aircraft design and performance analysis, have shown
great potentials in supplementing costly wind-tunnel and flight tests. Indeed, multi-
disciplinary design optimization is now becoming possible in industrial applications, by
incorporating model-based tools/approaches in design procedure, and advanced flow simu-
lation strategies in performance analysis. The techniques as such have been implemented
in research and development of novel and innovative aeronautical products to support the
realization of the targets in line with e.g. ACARE 2020 [1] and FlightPath 2050 [2].

In conjunction with different functionalities, Computational Fluid Dynamics (CFD)
form the core and the fundamental platform of flow simulations. To address turbulent
flows commonly encountered in aeronautical applications, the methods used today for
aerodynamic design are mainly based on steady-state RANS (Reynolds-Averaged Navier-
Stokes) simulations, which often provide reliable results for steady flows and attached
boundary layers. In dealing with complex aerodynamic flows characterized by, for
example, massive flow separation and unsteady vortex motion, RANS methods become
often inaccurate. In many applications, resolved turbulence is required to support reliable
analysis of, e.g., aeroacoustic noise generation. Obviously, it is desirable to introduce
accurate and reliable modelling and simulation methods, such as advanced turbulence
modelling and improved numerical schemes, in order to enable scale-resolving simulations
in an industrial environment. It is recognized that, by definition, spectral effects are
lost in Reynolds-averaging of conventional RANS methods, which are unable to produce
scale-resolving predictions. On the other hand, the use of LES (Large-Eddy Simulation)
methods remains unfeasible in complex aeronautical applications in the foreseeable future.
As highlighted in the NASA CFD vision [3], nonetheless, Hybrid RANS-LES and wall-
modeled LES offers the best prospects for industry applications.

With improved flow simulation techniques, accurate predictions of complex unsteady
fluid flows can be made, i.e. separated flows which can lead to system disturbances and
structural fatigue. Hybrid RANS-LES techniques are considered to be sufficiently accurate
and computationally affordable for the aeronautical industry. Industrially adapted hybrid
RANS-LES modelling (HRLM) techniques thus have the potential to improve product
quality, give a more efficient design process with shorter time-to-market for new products
and products with a reduced environmental impact.

1.1 Modeling of Turbulent Flows

Turbulence is a three-dimensional, chaotic and unsteady phenomenon governed by the
Navier-Stokes equations. It is present in most flows in nature and in engineering appli-
cations, for example, the flows around cars, airplanes, trains as well as and flows in a



ventilated room or in a combustion chamber. Turbulence appears when the inertial force
dominates significantly over the viscous force, which are characterized by high Reynolds
numbers. Its chaotic nature makes it difficult to estimate or solve analytically, and often
numerical simulations are required. Turbulent flows are considered to consist of swirling
structures of different sizes, which are usually referred to as eddies.

These eddies are characterized by three different scales: a length scale, a time scale
and a velocity scale. The kinetic energy of these eddies can be statistically quantified by
studying the energy spectrum illustrated in Fig. 1.1, where the energy of eddies with a
certain length scale is described by the inverse of their length scale, the wave number
ko 1/l

E(x)

R

Figure 1.1: Energy spectrum. I: Large scale energy containing eddies, I1I: Inertial subrange
and III: Dissipative range. E(k) is the turbulent kinetic energy and k is the wave nuber.

The energy spectrum is divided into three sub-regions. Eddies in region I shown in
Fig. 1.1 are the most energy-containing eddies and extract energy from the mean flow.
They have a length scale proportional to the geometry of the problem being studied,
but are unstable and will eventually break down into smaller eddies. Part of the energy
extracted from the largest scales is transferred to the smaller scales. This process is
repeated and the energy transfer to the smaller scales is referred to as the cascade process.

Eddies in region II (presented in Fig. 1.1), the inertial sub-range, have become
statistically isotropic, i.e. they have no preferred direction, and exhibits a x~5/3 decay in
the energy spectrum. The eddies located in the dissipative range, indicated by region III
in Fig. 1.1, are described by the Kolmogorv scales. Here, the turbulent kinetic energy
is transferred to thermal heat through viscous dissipation. Energy conservation dictates
that the energy dissipation from the small eddies to heat in region III must be in the
order of the rate of energy transfer from large eddies in region I.

The complex non-linear interaction described above is reflected by turbulence modeling.
The common techniques in turbulence modeling are presented in Fig. 1.2, where the
region resolution of the corresponding modeling technique is indicated in the turbulent
kinetic energy spectrum. Different modeling techniques aim to model and/or resolve
different parts of the spectrum. Direct numerical simulation (DNS) is the most accurate



method available for investigating fundamental physics of turbulent flows. In DNS, the
Navier-Stokes equations are solved numerically without any turbulence model. This gives
an exact solution of the flow field in time and space. However, in order to resolve all
the turbulent scales, the local grid size and time step need to be in the order of the
Kolmogorov scales. This is extremely costly in terms of computer resources for domains
with large dimensions or at large Reynolds number, and this approach currently remains
out of reach for most engineering applications.

K

Figure 1.2: Spectrum for turbulent kinetic energy. Turbulence modeling techniques are
indicated with horizontal lines, where dashed indicates modeled part and solid indicates
resolved part. Vertical dashed line indicates the location of the cut-off frequency k..

The computational methods associated with the lowest computational cost, but the
least general method, is the RANS family, which model all turbulent scales by Reynolds-
averaging the Navier-Stokes equations. The time-averaging needs to be sufficiently large
in comparison with the turbulent time scale. Of different RANS methodologies, the most
commonly used are eddy viscosity based models (EVM), which approximate the turbulent
stresses using a linear relation of the mean strain-rate tensor and an eddy viscosity, and
Reynolds stress models (RSM), in which aims to either solve the transport equations for
the turbulent stresses or to formulate the turbulent stress tensor in a non-linear algebraic
form. RANS models work well in flows where the time variation in the mean flow is
of much lower frequency than the turbulence itself, but may fail when the mean flow
quantities are strongly affected by large scale turbulent eddies.

Different from RANS, LES methods are based on the spatial filtering of the Navier-
Stokes equations. LES aims to model the effect of sub-grid small scales that are more
isotropic, while the large scale motions are explicitly computed. The spatial filtering
introduces a cut-off frequency k., as indicated in Fig. 1.2, which is inversely proportional
to the local cell size A. The small scales are commonly described as Sub-Grid-Scales (SGS),
and the filter-width should be chosen so that k. is in the inertial sub-range (see region II
in Fig. 1.1) for accurate LES predictions. Compared to the full statistical averaging in
RANS, the LES resolves the large scale turbulent interactions, and information about



velocity, pressure fluctuations as well as e.g. two-point correlations are possible to obtain.
However, while being much more computationally affordable than DNS, LES suffer from
the requirement that the near-wall energetic eddies to a large part need to be resolved,
which is still beyond the realistic computational limit for most engineering applications.

Hybrid RANS-LES modeling

Due to the excessive computational demand by LES and DNS, common practices for
CFD-based workflows in the aeronautical industry still utilize steady RANS, although
HRLM are increasingly adopted for certain classes of simulations in which swirling and
separated flows are dominant. The key feature of HRLM is the RANS-type behavior in
the vicinity of a solid boundary and a LES-type behavior joint with the RANS-modelled
wall layer. In the HRLM framework, the most commonly used methods include the
family of detached eddy simulation (DES) [4, 5, 6], which was extended by boundary-layer
shielding, e.g. delayed DES (DDES) [7] and further wall modelling improvements in the
improved DDES (IDDES) [8]. The DES-type of methods blend between the different
modes through a hybrid length scale, which is adapted to the RANS length scale in the
RANS region and to the LES length scale in the LES region. Alternative HRLM includes
the partially integrated transport modeling (PITM) method [9, 10], the partially averaged
Navier-Stokes (PANS) method [11, 12], and the scale adaptive simulation (SAS) [13].
Unlike in DES, the PANS formulation introduces a resolution parameter in terms of the
ratio between the modeled and the total turbulent kinetic energy (resolved plus modeled).
Another HRLM is for example the algebraic HYB0-model [14, 15|, which blends between a
mixing-length RANS model and a Smagorinsky LES model through an empirical blending
function.

In embedded LES (ELES) or other zonal hybrid RANS-LES approaches a LES zone,
embedded in the RANS region, is introduced to resolve the turbulent flow in regions of
particular interest. The aim is to increase accuracy and to reduce the computational effort.
The Zonal Detached Eddy Simulation (ZDES) [16, 17] is an example of such approaches.
In connection to the RANS-modelled turbulence feeding into the LES region at the
RANS-LES interface, the resolved turbulence in the LES region neighboring the interface
is often delayed. This is the so-called "grey-area problem”, which is not only present in
zonal modeling approaches but also in non-zonal hybrid RANS-LES computations as well.

In LES, when the Navier—Stokes equations are subjected to spatially varying filter
widths, it is recognized that the filtering operation and the standard finite volume
spatial discretization does not commute [18], i.e. one introduces extra error terms called
commutation errors. It was also shown in the hybrid RANS-LES context that these
commutation residues may be potentially significant in regions with a filter width varying
between RANS and LES scales [19, 20|, which may further delay the transition from
RANS to LES. In the PANS context, these commutation errors were explicitly accounted
in simulations with temporal resolution variation [21], which was shown to promote the
production of resolved turbulence. This was further investigated in [22, 23, 24|, where
the commutation residue term is active between the RANS and LES regions over and
prescribed interface. It has been proven that that the commutation residue term can
significantly accelerate the transition from modeled to resolved turbulence.



1.2 Simulation Methods and Accuracy

Synthetic Turbulence

The grey-area problem can be further mitigated by introducing resolved turbulence based
on the statistics of the upstream modeled RANS turbulence. The most general approach
is to synthesize artificial turbulence based on turbulent length scales and time scales from
the mean RANS flow field using a so-called synthetic turbulence generator (STG). An
ideal STG should be able to inject turbulent structures that are realistic for the specific
problem under study. This involves satisfying the desired mean velocity profile, Reynolds
stress tensor, turbulent kinetic energy spectrum, and correct phase information [25].

A family of STG methods attempt to synthesize a turbulent velocity field through
the use of a spectral approach [26], where the fluctuating velocity field is represented
by a Fourier series expansion. The intensity of the fluctuations can be computed from
a modified von Karman spectrum and second-order statistics can be imposed through
a Cholesky-decomposition-based tensor scaling approach [27, 28]. Temporal correlation
of the fluctuation may be imposed by applying a time-filter [29] or a modified position
vector scaled with the bulk velocity of the flow [28].

Another family of approaches is the Synthetic Eddy methods (SEM) [30, 31], where the
turbulent field is superimposed by virtual vortical structures. These vortical structures
or eddies are randomly generated and convected through a fictional domain, usually
taken a box, giving both spatial and temporal correlation to the fluctuations, which
are allowed to induce perturbations to cells in their neighbourhood. The SEM is able
to predict statistical input data but fails to reproduce realistic spectral properties and
yields a fluctuating velocity field with non-zero divergence [32]. Improvement was made
to the original SEM, by which it was extended to give a divergence-free (DF-SEM)[32]
fluctuating velocity field, and a generalization of the fictional domain in order to remove
the dependency of the box [33], simplifying the implementation for complex geometries.

Numerical Accuracy

Proper resolution of the LES mode in HRLM requires a minimal dissipative and minimal
dispersion numerical scheme. In scale-resolving computations, the accuracy and the order
of the numerical method dictates the capabilities of resolving relevant length and time
scales for turbulent flows, where higher-order methods (higher than second-order) are
popular. Higher-order methods can be achieved by increasing the discretization stencil
with additional neighbor points or by assuming a high-order polynomial for each cell.
For complex geometries, which are typical for problems in the aeronautical applications,
unstructured grids are often used to provide a quick discreization of the flow domain. For
an unstructured flow solver, managing this type of grids poses a severe challenge due to
the fact that the cells can have arbitrary shape and number of neighbours. Examples
of higher-order methods for unstructured grids are higher-order finite-volume [34, 35],
discontinuous galerkin [36], spectral volume [37, 38] or spectral difference [39, 40]. For an
industrially capable CFD-package using second-order schemes, incorporating the changes
adapting to higher-order methods require often substantial changes.



A low-dissipative finite-volume scheme suitable for unstructured compressible solvers
was developed by Probst et al. [41], where the added numerical dissipation was effec-
tively reduced and demonstrated with improved turbulence-resolving capabilities for
wall-bounded flows. To further improve the capabilities of the numerical scheme, a low-
dissipation and low-dispersion (LD2) scheme was formulated by Lowe et al. [42] and Probst
et al. [43], where a higher order extrapolation of the face fluxes is used to control and
reduce the numerical dispersion errors. The shock capturing capabilities of the numerical
scheme is important, and should not interfere with the scale-resolving properties. In the
original formulation by Jameson, a sensor similar to the second derivative of the pressure
was formulated to identify shock waves [44]. A different variant of sensor targeting to
minimize excessive dissipation in shock/turbulence interaction in LES was formulated
by Ducros [45]. The sensor is a slight modification to Jameson’s sensor and involves the
local flow vorticity to identify regions with resolved turbulence.

1.3 Motivation and Objectives

This thesis has been motivated by the needs of aerodynamic industries, targeting improved
simulation accuracy and increased computational efficiency for complex turbulent flows
present in aeronautical applications. Although hybrid RANS-LES methods have been
developed and implemented over the past two decades, the coherence and joint behavior
of numerical schemes, synthetic turbulence injection and modeling techniques remain
challenging and interesting research topics that need to pay special attention in order to
increase the simulation robustness and accuracy in industrial applications. Additionally,
the methodology needs to be able to handle different flow regimes, ranging from subsonic,
transonic to supersonic and even hypersonic flows.

The general targets of this thesis is to improve the feasibility of scale-resolving modelling
approaches in terms of both computational accuracy and computational efficiency for
robust numerical analysis of aerodynamic flows. More specifically, the thesis work has
been dedicated to development, implementation and evaluation of the following technical
aspects for predicting unsteady aeronautical flows serving industrial applications:

e Robust numerical methods adapted for improved turbulence-resolving capabilities
with hybrid RANS-LES methods.

e Synthetic Turbulence Generator (STG) methods adapted in scale-resolving sim-
ulations using zonal hybrid RANS-LES methods (including embedded LES) for
improved feasibility and for potential industrial use.

e Improved RANS-LES interface methodology with seamless scale- and arbitrary
geometry adaptation.

The methodology described above have been implemented into the flow solver M-Edge,
which is the CFD package deployed in a set of industries, academia and research institutes
(including Saab and FOI in Sweden). It is expected the method developed from the work
will be exploited by industries to improve current aircraft designs and meet requirements
on future aircraft platforms, and even in academic education for knowledge transfer.



Chapter 2
Modeling of Turbulent Flows

This chapter introduces the governing equations for turbulent flows. First, the form
of Navier-Stokes equations which are solved for Direct Numerical Simulation (DNS)
are presented. These equations need to be filtered in order to reduce the spatial and
temporal resolution requirements, to make scale-resolving simulations more accessible to
the industry. The filtered Navier-Stokes equations are presented, along with the turbulence
modelWing methods used in this thesis. A description of the CFD solver used in this
thesis then follows, with a detailed outline of the relevant numerical methods used for
scale-resolving simulations.

2.1 Governing Equations of Fluid Motions

The Navier-Stokes equations for unsteady compressible flow reads

@ A(pu;) _
T 0z, 0 (2.1)
pu;) | O(puju;)  Op  0Ooyj
ot " oz, | om | oz (22)
d(peo) | Opeou) _ O(pu;) 0 [ oT
815 + aCCj B an an lial‘j +'Uz10'7,j (23)

where the thermal conductivity & is set to kK = Cpu/P,, Cp is the specific heat capacity
for constant pressure, p is the molecular viscosity and P, is the Prandtl number. The
total energy is computed as ey = e + u;u;/2. For a perfect gas we have the internal
energy e = CyT, Cy = R/(y—1), v = Cp/Cy, where Cy is the specific heat capacity for
constant volume, 7" is the temperature, R is the gas constant and + is the heat capacity
ratio. The equation of state reads

p=(r=1) e~ o (2.4

A Newtonian fluid is assumed and the viscous stress tensor is modeled as

B Ou; ~ Ouj 2 0uy
su=h (8:16]- T 90, 30m 6”) (2:5)

To solve this set of equations (2.1)-(2.3) for turbulent flows in DNS, all relevant spatial
and temporal scales in the flow field need to be resolved. This means that the grid needs
to be fine enough to resolve features on the order of the Kolmogorov length scale

n= /et (2:6)



where v is the kinematic viscosity and ¢ is the dissipation rate. Likewise, the time step
needs to be fine enough to resolve temporal dynamics on the order of the Kolmogorov
time scale

T=(v/e)? (2.7)

These resolution requirements for DNS impose a computational cost for industrial flows at
high Reynolds numbers which is not feasible today and in the foreseeable future [46]. By
filtering the Navier-Stokes equations (2.1) - (2.3), the resolution requirement is reduced.
However, this filtering introduces additional unknown terms. Hence, modeling techniques
such as, namely, turbulence modeling, are implemented to close the set of equations. The
typical filtering process and the filtered Navier-Stokes equations used in this thesis are
outlined below.

2.2 Modeling Methodologies

The RANS equations are derived by using time-averaging, which can for an arbitrary
quantity ® be expressed as

_ 1 _
<I>:—/<I>dt7 =0+ (2.8)
T Jr

where the instantaneous variable ® is decomposed into a time-averaged part ® and a
fluctuating part ®'. Note that T is the time-averaging period in Eq. (2.8) that needs to
be sufficiently large.

In LES, a spatial filter is applied instead. This can for a top-hat filter based on the
finite volume method be expressed for the quantity ® in 1D as:

x+0.5Ax

Bl t) = 5 / L eleni o=F+a (2.9)

Here, ® corresponds to a large scale fluctuating part (or resolved part) and ®’ corresponds
to sub filter scale fluctuating part. In Eq. (2.9), an implicit filter is used through the
finite volume discretisation, where the local control volume on the computational grid
represents the spatial filter. In addition to the time-averaging in Eq. (2.8) and the spatial
filtering in Eq. (2.9), the compressible Navier-Stokes equations contains also Favré filtered
[47] quantities. The Favré filter is defined by

I v _
3=-2L 3=3+9" (2.10)
I3

Here, (7) means time-averaged quantities when RANS is applied and spatially-averaged

quantities when LES is applied. The Favré filtering is denoted by (7).
After filtering, the compressible Navier-Stokes equations ((2.1) - (2.3)) become

dp | O(pu)
ot T o,

=0 (2.11)
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apt; 8(@11&]) . op _ (’)ﬁj

d(peo) | O(peotiy)  O(pu;) | OH,
= — 2.1
81& + 6SCJ' 8:1:j + afﬂj ( 3)

where 7;; is the total stress tensor 7;; = p7y; — 045, and H; = q§- + n@f/&vj + Tiju; are
the sum of heat flux plus work done by viscous stresses . The Favré averaged viscous
stress tensor is approximated as
ou; ~ Ou; 20U
Gij = + — =—0;; 2.14
w=H (8xj ox; 30z ( )
The filtered kinetic energy k = 7;;/2 should be included in the expression for total energy
€9 = e + U;U; /2 + k due to the filtering process. The equation of state is then given by

N
p=(-1 {peo — Py Ukle — pk] (2.15)

The filtering process has introduced two additional unknowns that need to be modeled,
the turbulent stresses and the turbulent heat flux

Tij = U:\’U,J] — ’l]idj (216)
45 =—Cpp (1;;1/1 - Tuj) (2.17)

A common approach is to use the Boussinesq approximation, where an eddy viscosity p;
is introduced to relate the turbulent stresses to the mean flow. The assumption is that
the turbulent shear stress is proportional to the rate of mean strain rate
Ou; ~ Ou; 20Uy 2
Tij = — + — ——0;; | + =Pk 2.18
*J He (&rj dx; 30z 7 3 Els ( )
and the turbulent heat flux is modeled as a diffusion term

. e 0T
4 = Cr Pry Ox; (2.19)

Obviously, for models based on the Boussinesq assumption, the key has been to find
an expression of the eddy viscosity to close the equation system of turbulence flows.
Many different models for the turbulent viscosity p; of varying complexities exists in the
literature, in the following sections the turbulence models used in this thesis are outlined.

2.2.1 Reynolds-Averaged-Navier-Stokes (RANS)

The Spalart-Allmaras model

The one-equation model of Spalart and Allmaras (SA) was especially developed for
applications of aerodynamic flows and is empirically built as follows [48, 49]:
A(pp)  (pi,;v) =179 O o Op _ 7\
T = CopirS | A ) 4 Chage 2~ Cunpf | 7
ot + 8xj sLpv +0‘ 6.’1?j (qupI/) 8$j + anSL‘j 8$J‘ 1Pf ZRANS
(2.20)
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where the quantities on the right-hand side correspond to, respectively, production,
diffusion, cross diffusion and destruction. The length scale appearing in the destruction
term is computed as the distance to the wall [gans = dy. The eddy viscosity is defined
as

pe = prfur (2.21)

In order to ensure that o equals xkyu, in the log-layer, buffer layer and viscous sublayer, a
damping function f,; is defined as

\3
fo= =X with x=
X3+l

R

(2.22)

The quantity S in the production term corresponds to a modified vorticity such that it
maintains its log-layer behaviour (5 = x)

§=0t g —fun (2.23)
RANS
which is accomplished with the function
X
o =1—-—2 2.24
f g 1 + val ( )

In Eq. (2.23) the magnitude of the vorticity tensor is computed as

- -1 (0u; 0wy
Q= 2 ij3Ligs Qij = 5 <81‘J — 8.’171) (225)

ol
ol

In order to obtain a faster decaying behaviour of the destruction term in the outer region
of the boundary layer, a function f,, is utilised

v

fulg) =g (Hw) =1+ gualr® + 1), r= (2.26)

6 1 .6 ==
9° + Cys Sk g Ans

where g act as a limiter that prevents large values of f,,. Both r and f,, are equal 1 in
the log-layer and decrease in the outer region. Constants of the model are

cp1 = 0.1355, ey = 0.622, 0 =2/3, r=0.41,
ey 1+ (2.27)

Cwlzﬁ‘i‘ pt cw2 =03, co2=2, c,n =71

The Shear Stress Transport (SST) k-w model

The two-equation SST k-w model by Menter [50] was developed for improving predictions
of aeronautical flows with strong adverse pressure gradients and separation. The model is
a blending of the standard k-e [51] model in the outer part of the boundary layer and
the Wilcox k-w model [52] in the near-wall part. The k- model is transformed into k-w

12



formulation, resulting in a cross diffusion term and modified coefficients, which is then
blended with the near-wall k¥ — w via a blending function. The model follows:

opk) | 9(pizk)

0 o0k
= — —_— — 3
o, [(u + Ok ht) axj] + P, —pVE3/lgans

ot (9£Ej
d(pw) O(pujw) 0 Ow P o, Powe Ok Ow
ot + ox;  Oxj (ot owpe) Oz + /y,ut P = Bpw”+2(1 = 1) w Oxj 0x;

(2.28)

The RANS length scale is computed as lgans = Vk/(C,w) with C, = 0.09. The
production term in (2.28) reads as:

Py, = min(1;5%,10 - C, pkw) (2.29)

Here S is the magnitude of the strain rate tensor:

. - 1 /0u; 0uy
S =1/285;;8:5, Sij = 5 (axj + axZ) (2.30)

e
U

In line with the shear-stress transport idea, the eddy viscosity is formulated

Cllk‘

_ (2.31)
max(aw, SFy)

Mt =P

which complies with w/v" < aik, with a1 = 0.31. This is in accordance with the Bradshaw
assumption, and will reduce the turbulence level around stagnation regions and in adverse
pressure gradient boundary layers compared to a standard eddy-viscosity model and
the prediction of separated flows is improved. In Eq. (2.28) F; and F5 denote the SST
blending functions which read as follows:

. VE  500v |  4po.qk
F = tanh(arg‘ll), arg; = min (max Crody’ P | CDd?, )
2VEk
= tanh(arg%), argy, = max (CMM\/;U), il%i:) , (2.32)

95
CDy,, = max ( PIw2 8—ka—w, 10_10)

w  Oxj 0z

The model constants of the k-¢ and k-w turbulence models are computed by a blend
via v =71 F1 + (1 = F1):

Y1 = 5/9, ﬂl = 0075, 01 = 085, Oul1 = 0.5

2.33
No = 0.44, PBo =0.0828, ok2 =1.0, 0o = 0.856 (2:33)
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2.2.2 Scale-Resolving Modeling

Large Eddy Simulation

In LES the large scales of turbulent flows are resolved, whereas the scales smaller than
the local grid resolution are modeled. A popular and simple expression of computing v,
in Eq. (2.18) is the Smagorinsky model [53]

Vegs = (C5A)[S

N —— (2.34)
|S| = QSl'jSij

where the local filter-width, A, is taken as the cubic root of local cell volume

A = (6Vp)V/3 (2.35)

The model constant C'g is recognized flow-dependent, taking a values typically in the range
of (0.1,0.2). This model implies incorrect scaling close to walls. This is usually alleviated
by using a damping function that gives the correct near-wall behaviour. However, the
damping functions usually requires the skin-friction velocity in proximity of wall surface as
input parameters, possibly leading to complex implementation issues for flow separation
where the friction velocity becomes zero.

The Wall-Adapting Local Eddy-Viscosity (WALE) [54] model addresses this issue
by providing a more complex expression in terms of resolved spatial derivatives, that
automatically fulfills the near-wall scaling. The subgrid viscosity is defined as

(St
(8ij5i)%/2 + (SE S )5/4
1 (5‘11,; oty n 0t 8&1) 1 01y, 01y

2 ox; 87:1:] %axi

Vsgs = (CmA)Q
(2.36)
d

3 0x; Oz, g

A common value for the model constant for wall bounded flow is C,,, = 0.325 [54].

A differential operator based on the singular values of the velocity gradient tensor
was proposed in [55] as a basis for an improved SGS eddy-viscosity model. The o-model
was shown to generate zero eddy-viscosity for any two-dimensional or two-component
flows, an attractive feature that can unlock Kelvin-Helmholz instabilities and trigger
resolved turbulence in free shear layer flows. Similar to the WALE model, it has the
proper behavior in near-wall regions. The o-model reads:

Vsgs = (Cad)* S5
g — o3(01 — 02)(02 — 03) (2.37)
7 2

0y

where 01 < 09 < 03 < 0 are the singular values of the velocity gradient tensor. In quasi
two-dimensional flow regions, S, is close to zero, which ensures the decrease of the eddy
viscosity in shear layers by rapidly reducing the sub-grid viscosity. The constant C,, = 1.35
is chosen according to Nicoud et al. [55].
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Hybrid RANS-LES

A variety of hybrid RANS-LES methods has been developed for the past 25 years. The
idea is to exploit the computational efficiency in RANS and the computational accuracy
in LES. The hybrid methods produces RANS-type behavior in the vicinity of a solid
boundary, where RANS models have successively proven to accurately model attached
boundary layers using a moderately coarse mesh. The HRLM switches to LES mode in
off-wall regions and in region with separated flow, where LES models have proven to be
able to effectively predict unsteady flow features.

Many methods are available in the literature, where the most well-known is the
Detached Eddy Simulation (DES) [56, 5, 7, 8] family of models. Two different hybrid
methods are used throughout this thesis, the Delayed-DES (DDES) for attached boundary
layers where flow separation triggers the generation of resolved turbulence, and the
Improved-DDES (IDDES) [8] for boundary layer flows with turbulent inflow content.

Detached Eddy Simulation (DES)

The DES [56] model modifies the underlying RANS model length scale (Irans) given in
Eq. (2.20) for SA and Eq. (2.28) for SST, where lpans is replaced by

Ipps = min(lrans,lLEs) (2.38)

where

lpps = CpesYA (2.39)

is the LES length scale. Here, Cpgg is a modeling constant calibrated in simulations of
decaying isotropic turbulence and ¥ is a correction function to avoid (an unphysical) low
Reynolds number damping in the LES region [8]. This correction is not needed for the
SST model [57] (¥ = 1), since no low Reynolds number damping functions are present. A
is the local filter width. In the original DES it is defined as

Ama:r = maX(Axa Aya Az) (240)

For an unstructured solver with a dual-grid, A4, in Eq. (2.40) can be ambiguous for
cells not aligned with the coordinate directions. In the edge-based solver, such as M-Edge
which is used in this work, it is approximated as the maximum edge length of a dual-cell
(see Fig. 3.1).

In the near wall region the model reduces to the RANS model, whereas far away from
the wall, I[gans > A leading to Ipgs = I ps and the model acts as a subgrid scale model.
The formulation of the length scale in Eq. (2.38) caused premature switching from RANS
to LES, known as grid-induced sepration (GIS). The grid-induced separation is caused by
the DES model extending the LES region into the boundary layer, where the grid is not
fine enough to resolve the turbulent stresses which leads to a reduction of the modeled
skin friction and possibly an unphysical flow separation.
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Delayed DES (DDES)

The GIS problem was addressed in the formulation of Delayed DES (DDES) [7], where
the DES-length scale in Eq. (2.38) was redefined as

Ippes = lrans — famax(0,lrans — LLEs) (2.41)
where L gg is given in Eq. (2.39) and f; is a shielding function
fa=1—tanh ([C1ra?) (2.42)

which takes on the value unity in the LES region and zero elsewhere. This function aims
to prevent LES content from penetrating into the RANS modeled boundary layer. The

function r4 reads

ry = ity (2.43)

K242,/ 1(52 + O2)

which is similar to r in Eq. (2.26) for the SA-model and should identify the outer wake of
a boundary layer, where the grid is fine enough to resolve the turbulent stresses.

Improved DDES (IDDES)

For the simulation of wall bounded flows with synthetic turbulence injection in this thesis
work, the Improved Delayed DES (IDDES) [8] is employed. The IDDES blends two
branches, a DDES-like branch and a WMLES-like branch. The DDES-like branch should
become active only when the inflow conditions do not have any turbulent content. The
WMLES-like branch is intended to be active only when the inflow conditions used in the
simulation are unsteady and impose some turbulent content. An additional criteria on the
WMLES-like branch is that the grid is fine enough to resolve boundary-layer dominant
eddies. The blending function between the RANS mode and the LES mode reads:

lippes = fa(l + f)lrans + (1 — fa)lres (2.44)

Here, fd is a function that blends between DDES and WMLES, and f. is a function to
enhance the RANS length scale in the vicinity of the RANS-LES interface in order to
reduce the log-layer mismatch. The LES length scale in (2.44) is given by Eq. (2.39) but
the the local filter-width A is replaced by

A gy = min(max|[Coyduy, CawAmaz, Dwn], Amax) (2.45)

The purpose of Ay, in Eq. (2.45) is to give a correct log-layer behaviour in WMLES
without the need to alter the value of the modeling constant C'pgg adapted to decaying grid
turbulence. In Eq. (2.45), C,, = 0.15 and A, is the characteristic wall-normal cell size.
For an unstructured edge-based solver, this quantity is not defined in a straightforward
way. In this thesis, it is approximated by taking the difference between the maximum
and the minimum cell face value of the wall distance d,, for a given cell. The cell face
value is computed by the average of the two connecting nodes for a given edge.
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2.3 Improvements to Modelling

2.3.1 LES Length Scale

In the original formulation of the DES model, the the local filter width A in Eq. (2.39)
is set to the maximum cell dimension A,,.z. It has been shown in several studies that
Anae often gives an excess SGS viscosty for flow cases involving free shear layers in LES
mode (e.g. [58, 24]). An alternative length scale to alleviate this problem was formulated

by Shur et. al [58], where the length scale A, is based on the local vorticity direction in
the flow. For a hexahedral cell A, is formulated as

w

= Tol (2.46)

1
w = % I}Q{%HLL - Im||7 I, =n, x (rn - r)7 ng,
where n,, is the unit vector aligned with the vorticity vector. This approach adapts
the filter width to the local orientation of eddies, thus helping to reduce the problem of
delayed transition from RANS to LES in the initial region of the shear layer. The factor

% is needed to recover A,, ., for cubic cells in isotropic turbulence.

However, as pointed out in [58], replacing A4, with A, is not enough to fully unlock
the Kelvin-Helmholtz instability. To further force the reduction of the turbulent SGS
viscosity in free shear layers the Fx g function is added to A, to give

Aspa = Ay Frg((VTM)) (2.47)

The Fip function is based on a Vortex Tilting Measure (VIM) with the aim to detect
Kelvin-Helmholtz like structures and rapidly reduce the LES filter width. The Vortex
Tilting Measure and Fx are given:

VB[S - w) x w]

VIM = - — max (0.2v/v4,1) (2.48)
w?/3tr(82) — [tr(S)]2
_ min . max min F}(ng[m B FI??IZLIn _
Frp = max(FRy, min[FRg°, Fy + ——22((VTM)) — a1)) (2.49)

az — ay

where tr(-) is the trace operator, Fi24* = 1.0 and Fi*%, aq and as are adjustable empirical
parameters which are set to 0.1, 0.15 and 0.3 respectively [58]. Local VTM values are
averaged over the current and closest neighboring cells, in order to make Agr 4 behave
as Ayqe in developed 3D turbulence. (VTM) is close to zero in the quasi-2D regions of
the flow, whereas in regions with fully developed turbulence it is of the order of 1.0. The
Vortex Tilting Measure (VT M) in in this thesis is computed as a volume average of the
neighbouring cells. The function Fxp takes values between zero and one, where one is its
natural value and a reduction towards zero takes place in flows where Kelvin-Helmholtz
like structures are detected. By achieving this additional reduction of the turbulent SGS
viscosity compared to A, the two dimensional Kelvin-Helmholtz structures are able to
break up and form three dimensional turbulent structures.
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2.3.2 Zonal Interface Methods

In a zonal approach, a RANS and a LES region is separated by a prescribed interface. A
schematic of a zonal approach with the prescribed RANS-LES interface is presented in
Fig. 2.1. Here, an upstream region is treated in RANS but further downstream a focusing

Prescribed interface

LES

Figure 2.1: Schematic of RANS and LES regions in zonal hybrid RANS-LES (embedded
LES) with wall-normal RANS-LES interface indicated.

LES region is defined in order to get a better prediction of the flow field. However, if
no special care is taken at the prescribed interface, there will be a severe delay in the
development of resolved turbulence in the LES region since all turbulent scales are modeled
in the RANS region, which is usually called a grey-area transition region. In order to
trigger the equations to resolve turbulence and reduce the RANS-to-LES transition region,
synthetic turbulent fluctuations can be superimposed onto the RANS mean flow field at
the prescribed interface.

Synthetic Turbulence

The synthetic turbulence methods considered in this theses are the Synthetic-Eddy Method
by Jarrin et al. [31] and the Synthetic Turbulence Generator (STG) by Shur et al. [28].
A brief outline of the theory and the implementation of these methods are given in the
following sections.

Synthetic Eddy Method (SEM)

The velocity fluctuations for the SEM are generated by a fixed number, N, of artificial
eddys and have the representation

N
1
vi(x,t) = —NZE?fU(x—xk) (2.50)
k=1
where x* are the locations of the eddies, 6? are their respective intensities (with (¢;) =0

and (5?) =1). The shape function f,(x — x¥) sets the velocity distribution of the eddy
located at x* and is given by

ol = () () 1 (222) (251)
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where Vp is the volume of the box of eddies explained below, ¢ is a parameter that
controls the size of the vortical structures and f is a shape function chosen to satisfy the

normalization condition L
] P = (2.52)

A function that satisfies this condition is a tent function [31]
31— if 1

foy = (V3O lal) i el < 2.53)
0 otherwise

but is in this study taken as a truncated Gaussian according to

L exp(—skzz]?) if |z <1
ﬂ@:{Vﬁwmwn (=zezlal) it (2.54)

0 otherwise

with C = 1/3. The shape functions for Eqgs. (2.53) and (2.54) are shown in Fig. 2.2. The
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Figure 2.2: SEM shape functions.

length scale o is estimated using information from a RANS model and the maximum
local mesh size [31]
o =max min(lrans, £9), Amaz)] (2.55)

where [gpang is @ RANS length scale and 0 is the thickness of a boundary layer considered.
The virtual eddies are randomly generated in, and convected through, a virtual domain
around a given synthetic-forcing region. The virtual domain is given by a box and
is generated around the forcing region S = {x1,xXs,...,Xs}, where the minimum and
maximum coordinates are defined by

i,min — [ d i,max — 7 2.56
e = max(a — o) And 24 = max(z + o(x) (2.56)

In order to ensure that the density of eddies inside of the box of eddies is constant and
that the synthetic turbulent field is statistically covered by the eddies, the number of
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eddies is set as N = max(Vp/03). Note the formulation of Eq. (2.56) generates a padding
around the forcing domain S of the maximum eddy size o. This padding is ignored in the
vicinity of a wall or a periodic boundary. If an eddy overlaps a periodic boundary, the
eddy position is mirrored to the other side of the periodic boundary in order to impose a
periodic fluctuating velocity field. Time correlation of the fluctuating velocity field are
imposed by updating the positions of the eddies using the integrated bulk velocity

x"(t + At) = x*(t) + Uy At (2.57)

where the integration of Uy, is carried out over the interface S. Eddies that leave the box
are randomly regenerated at the inlet side of the virtual box, given by the streamwise
direction.

Synthetic Turbulence Generator (STG)

The velocity fluctuations for the STG [28] are computed by superimposing N Fourier
modes:

N
= \/62 V@ [o" cos(k"d"™ - x' + ¢™)) (2.58)

where n denotes the mode number, d™ is the random vector that is uniformly distributed
over a unit sphere and o™ is a unit vector normal to d” (™ - d™ = 0) [26, 29]. These are
given by

sin(©™) cos(P") cos(D™) cos(O™) cos(n™) — sin(P) sin(n™)
d" = [sin(©")sin(®") |, o" = |sin(®")cos(O™) cos(n™) + cos(P) sin(n™) (2.59)
cos(O™) —sin(©™) cos(n™)

where ®", ©" = arccos(1 — 29™) and n™ are random angles with uniform distributions
and intervals given in Table 2.1. Here, the uniformly distributed random phase angle ¢™
in Eq. (2.58) is also shown.

Table 2.1: Intervals for uniformly distributed random variables.

variable | @™ | 4" | g | ¢"
interval | [0,2m) [ [0,1) | [0,27) | [0,2)

The normalized mode amplitude g™ is computed using a modified von Karman spectrum
[28] according to
E(k™)Ak™

q" = q 2.60
Z kn Akn ; ( )

where k" is the wave number magnitude of the vector d™. Note that the random variables
in Table 2.1 is only computed once. A modified position vector x’ in Eq. (2.58) is
introduced to impose time-correlation. Assuming that the streamwise direction is aligned
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with the z-direction, the position vector is expressed as
2
En max(l. (x)) (z — Ust)
x = Y (2.61)
x
The bulk velocity U, is integrated over the RANS-LES interface. l.(x) corresponds to the
length scale of the most energy-containing mode and is given by l.(x) = min(2d,,(x), Cilrans)-
C; = 3.0 is an empirical constant and Ipa g is the local RANS length scale. The set of
wave numbers k" is fixed and is common for the entire RANS-LES interface. A geometric
series is used
E" = kpin(1 + )" ™, n=1,2,..., N, a=0.01 (2.62)
to decrease the number of modes compared to a uniform distribution. The number of
modes N in Eq. (2.58) is then obtained by

o . ln(kmam/kmin)
where kpin = 7/ max(le(x)), and kpmar = 1.5 max(27/leys(X)). lewt(x) is computed as

lewt = 2min(0.3Amaz + 0.1dy (X), Apaz) (2.64)

which corresponds to the length scale of the smallest scales that can be resolved by the
grid.

Anisotropic Fluctuations

The velocity fluctuations in Egs. (2.50) or (2.58) satisfy the restrictions (v}) = 0 and

3

(vjv}) = dij, where (-) denotes time averaging. In order to impose the correct Reynolds

stress statistics [59] at the interface, the actual fluctuations u(x,t) are computed from
uj(x,t) = a;;vj(r,1) (2.65)
where a;; is the Cholesky-decomposed Reynolds stress tensor:

Ry 0 0
a;; = |Ra1/an m 0 (2.66)
Rai/ain  (Rss — aziazi)/ass  /Rsz — a3, — a3y

a;; determines the magnitude of the velocity fluctuation as a function of the estimated
Reynolds stresses R;; = (uju’), taken as the RANS modeled stresses at the RANS-LES
interface.

Turbulence Injection Methods

The synthetic turbulence methods provide a fluctuating velocity field that is well defined
in both space and time. If the LES domain starts directly at the inflow boundary, the
fluctuating velocity signal may be imposed as a Dirichlet boundary condition according to

u(x,t) =u(x,t) +u'(x,t) (2.67)
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where u(x, t) is the boundary value of the velocity, T(x, t) is the mean velocity profile at the
boundary and u’(x,t) fluctuating velocity given by Eq. (2.65). However, if the synthetic
turbulence is supposed to be injected in an embedded hybrid RANS-LES framework as
in Fig. 2.1, where a forcing region is defined to drive the steady RANS velocity to an
unsteady resolved turbulent velocity, Equation (2.67) can not be readily applied in a
straight forward way.

This problem is addressed in Paper B [60], where suitable source terms are derived
and investigated in developing turbulent channel flow and spatially developing boundary
layer flow. The source terms are found by performing an expansion of the instantaneous
velocity field according to
in Egs. (2.11)-(2.13), where @; is the mean flow and « is an added synthetic part. These
source terms are active only in the forcing region, taken as a wall-normal plane in Paper
B, that provide a physically consistent way to impose fluctuations at an embedded RANS-
LES interface. The interested reader is referred to Paper B for details about the derivation,
below we state the results for the corresponding source terms.

Injection Method 1

Method 1 (M1) represents the injected fluctuations by considering the contribution from
the convective flux [61, 22]. The additional source term associated to the fluctuations and
stemming from the convective term is

v
Qo=S.|  p@V +u(V+Vv)) (2.69)
PEV + 5(} (2, + ud))(V + V)

where H = E + 7/ is the total enthalpy, V' = nius, V = n;ii; and u} is taken from
Eq. (2.65). Here, S, is the projected cell area in a plane with normal n;. The source
term in Eq. (2.69) is added to the equations (2.11) - (2.13) to the cells that intersects the
prescribed interface.

Injection Method 2

Method 2 (M2) is a volume source term stemming from the time derivative [62, 63], the
contribution reads
o(pu)

Qr = =5 AV (2.70)

where AV is the cell volume. In the work by Schmidt et al. [62], they introduced a ratio
of the synthetically generated velocity fluctuations «} and the integral time scale T instead
of applying a temporal derivative in order to express the source term. However, this
requires knowledge about the integral time scale T, which may not be readily available.
In the work by Probst [63], the term in Eq. (2.70) was discretized using the same time
discretization scheme as the underlying flow solver. For a second-order backward difference
scheme, this requires the fluctuations at previous times )" and ugnfl. It is argued that
using the previous fluctuations from the synthetic turbulence generator may decouple the
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predicted flow solution from the target synthetic field, and are instead computed as the
predicted fluctuations of the flow solver, namely u/" = u? — (u;) and u/" " = u? ™' — (u;),
respectively. This requires time-averaged mean values (u;), which are computed as a
running-time average. The approach by Probst is adopted in this thesis.

Injection Method 3

Method 3 (M3) introduces fluctuations by superimposing both previous methods. That is,
the contribution from the source terms given by Eq. (2.69) and (2.70) are added to the
continuity, momentum and total energy equations, see Egs. (2.11) - (2.13). By considering
the contribution from both the time derivative and convection term, Method 3 should
present a more complete formulation than Methods 1 and 2.

2.3.3 Improved Seamless Interface Method

The zonal interface method described in Section 2.3.2 is an effective hybrid RANS-LES
approach when the prescribed interface can be readily defined, e.g. in flow cases where an
attached boundary layer is located upstream of a region with flow separation induced by
geometric settings to which the interface can often be referred. A sudden change in the
geometry, e.g. a cavity or an obstacle, induces the flow separation and the LES region can
easily be identified with prescribed RANS-LES interface beforehand, at which synthetic
turbulenc can be added if needed. On the other hand, flows where the separation is
subjected to adverse pressure gradient [17] or smooth-body separation [64], the location
of the interface may become subtle.

A seamless hybrid RANS-LES interface method is investigated in Paper D [65], which
requires no a prior knowledge of the RANS-LES interface location that is implicitly
incorporated in the modelling formulation. The method aims to express the transfer of
kinetic energy from the modeled turbulent scales to the resolved turbulent scales through
an energy conservation principle based on the variation of the local hybrid length scale
with the intention to accelerate the RANS-to-LES transition.

In regions of variable resolution, the transfer of energy between modeled RANS and
resolved LES turbulence is quantified by a commutation residue term, originally formulated
by Girimaji and Wallin [21]. They proposed a model for this term related to PANS and
indicated extensions to length scale based models such as DES. We seek to exploit and
extend this formulation for DES-based models aiming at entailing a more rapid transition
between unresolved and resolved turbulent scales in the vicinity of a RANS-LES interface.

The energy balance in the spectral space is illustrated in Fig. 2.3 with k. o< 1/l,¢f as
the spectral cut-off wave number dividing the turbulence energy into the resolved and
unresolved parts, k. and k, respectively. For constant resolution, where k. is constant
in space/time, the energy cascade o is responsible for the energy exchange between the
resolved and unresolved scales. With variable [,.¢, k. can vary in time or space and
correspondingly the position of the interface between k, and k will change. This leads to
an additional mechanism of energy exchange between k, and k. Following Girimaji and
Wallin [21], this energy exchange can be described by a commutation residue term, Pr.,
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Figure 2.3: Illustration of energy spectrum with cut-off wave number.

in terms of the variation of the hybrid length scale l,.:

2 k Dlyey

Pr, ==
" 3l Dt

(2.71)

In the DES concept, l,.f can be taken as any of the DES length scales (e.g. Ipgs in
Eq. (2.38), Ipprs in Eq. (2.41) or I;pprs in Eq. (2.44)). The commutation residue
term Pr, in Eq. (2.71) acts as a source/sink term in the equations for k& and w, see Eq.
(2.28). In the case of decreasing l,.f, energy is transferred from the unresolved (RANS)
to the resolved (LES) scales and Pr, < 0. Energy conservation dictates that the energy
transfer rate, Pr,, removed from the unresolved scales must be added to the resolved
scales. The energy transfer to/from the resolved scales is modelled as a diffusion term in
the momentum equation [21]

_ ﬁPTT
Hrr = 92

(2.72)

where S = \/25}]'5'”. It must be emphasized that pup, and p; represent different physics
and should not be mixed up. For numerical solution they can be added through:

By = ft + pry (2.73)

where u} replaces p; in Eq. (2.18). When resolution improves in space/time, energy is
transferred from unresolved to resolved turbulence. This is brought by a negative pup,. A
limit g, > —pe is introduced to ensure positive total turbulent diffusion.
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Chapter 3
Numerical Methods for Scale-Resolving
Simulations

The CFD solver used in the thesis work is the M-Edge code, which is an edge- and
node-based Navier-Stokes flow solver applicable for both structured and unstructured
grids [66, 67]. The finite volume discretisation of a node is obtained by applying the
integral formulation of the filtered governing equations (2.11)-(2.13) to a control volume
surrounding node 1,

ov; 94i + Z Fij(SSij + Z Gijés’ij =o0V;Q; (31)

7
o " <

where 6V} is the control-volume surrounding node 4, ¢; = (p, pu, pv, pw, pE)T are the
unknown conservative variables at node ¢, Fj; and G;; are the cell face convective and
viscous fluxes, respectively, between nodes i and j, §.5;; is the cell face area connecting
the dual control volumes of the nodes, and @); is the source term computed directly at the
node. The dual grid control-volumes are computed from a primary grid. A visualisation
of the dual and primary grids is shown in Fig. 3.1. The main numerical methods adopted
in this thesis are outlined in the following sections.

b, Vi

____________

Figure 3.1: Notation for dual grid control-volumes for a finite-volume discretization. The
dual grid is generated from a node-centered unstructured grid.

3.1 Temporal Discretization

For time-accurate unsteady simulations Eq. (3.1) is integrated in time using a second-order
backward difference scheme. A dual-time stepping methodology exploiting an explicit
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low-storage multistage Runge-Kutta scheme [44] is used to advance the solution between
physical time steps. The convective, diffusive and source terms in Eq. (3.1) are lumped

into the residual 5
5v8—‘t’ +R(q)=0 (3.2)

where the physical time derivative is discretized as

aq - 3qn+1 _ 4qn +qn
ot 2At

(3.3)
where At is the physical time step. Equation (3.2) is converted to a steady state problem

for each physical time step, where a dual-time derivative is introduced

W R (3.4

and the residual is modified with the physical time derivative incorporated

3(]* _ 4qn + qnfl

R*(¢") = R(q") + AL

(3.5)

The left hand side of Eq. (3.4) is driven to zero at each physical time step and the time
accuracy according to Eq. (3.3) is achieved when sufficient convergence is reached. An
m-stage Runge-Kutta scheme is used for time advancement in dual-time

¢ = ¢®

AT m—
gm0 _ o BT e (k=1

oV (3.6)

q(k+1) — q(kﬂn)

where A7 is the pseudo-time step and ay, is the coefficients according to the Runge-Kutta
scheme. Convergence is achieved after k + 1 inner-iterations, ¢t ~ ¢"*', usually after
the residual in Eq. (3.4) has dropped two to three orders of magnitude. A three-stage
RK scheme is used to solve the steady-state problem, where the coefficients with good
smoothing properties are given by [66]

2 2
(05] Zg, 04225, 053:1 (37)

Note that the order of the daul-time stepping scheme with coefficients chosen as Eq. (3.7)
is first-order. However, this does not degrade the solution quality since since the RK
scheme, based on the local time step, is adopted to drive the solution converged to a
steady state at each physical time step. The convergence of the local time-stepping scheme
is further accelerated by using implicit residual smoothing and full-approximation storage
(FAS) multigrid [44].
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3.2 Spatial Discretization

The convective fluxes are discretized according to the second-order central skew-symmetric
energy preserving formulation of Kok [68], together with a Jameson-Schmidt-Turkel (JST)
artifical matrix dissipation [69, 70|

Fy; = Fi;(qr,qr) — Dij(q) (3.8)

where qr,qr are extrapolated face values according to a central scheme for reducing
dispersion errors [42], the subscripts L and R refer to the left and right states at the cell
face ¢j. D;; is the JST artificial viscosity term needed for numerical stability, since the
central skew-symmetric formulation by Kok does not provide any numerical dissipation
to the scheme.

The boundary conditions are implemented in a weak formulation, in which a set of
temporary flow variables are computed and used in the calculations of the boundary flux
added to the residual. The residual then updates all unknown variables including the
boundary values [71]. The viscous fluxes are discretized with a compact second-order
central scheme.

3.2.1 Numerical Dissipation

The artificial viscosity in Eq. (3.8) is given in the JST scheme [72, 69], which is constructed
as a blend of second- and fourth-order artificial dissipation according to

Disla) = 14l [#2 (6 - a7) = £ (L(as) — L(ay) (3.9)

Here, |A|, ;= ’%—Z ~is the convective flux Jacobian and L is the undivided Laplacian.
?

In the original "scalar dissipation" formulation of the JST-scheme, |A\ij is taken as
the spectral radius basd on the eigenvalues of |A] ij = |u| + ¢, where u and ¢ are the

velocity and the speed of sound, respectively. The terms involving the parameters EEJQ») and

51(-;-1) correspond to second- and fourth-order dissipation, respectively. The fourth-order

dissipation should be active in smooth regions of the flow in order to provide good
convergence to a steady state, but should vanish in the vicinity of shock waves as it
will produce oscillations. The second-order dissipation term can mitigate oscillations
and should be switched on by a sensor that can detected shock waves, as it will lead to
degraded accuracy if it is active elsewhere.

The scalar dissipation formulation of |A|; ; provides good convergence properties for
steady simulations, usually in steady RANS simulations, but may add too much numerical
dissipation and dampen actual physical waves (for example resolved turbulence) in scale-
resolving simulations. In this thesis work, a matrix valued artificial dissipation formulation
is exploited, where the dissipation for each equation is scaled by the respective eigenvalue
of |A|, ;- The convective flux Jacobian in Eq. (3.9) is computed and diagonalized according
to Langer [73]:

|Al;; = Rij| Al R (3.10)
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where |A|;; is the diagonal eigenvalue matrix, R;; and Ri_jl are the left and right eigenvector

. . . . 4) .
matrices, respectively, based on the conservative variables. The parameter agj) is taken as

the difference between a global constant £(*) and eg)

sg) = max[0.0, k¥ — 51(-]2-)] (3.11)
such that in presence of shocks the higher differences are switched off in order to prevent
oscillations. Typical values of x*) in Eq. (3.11) are in the range of 1/32 to 1/64 for
RANS applictations [73] in order to provide good convergence properties to a steady state
solution. However, as shown by Probst et al. [43] and Carlsson et al. [74], these values are
not suitable for scale-resolving simulations and will severely dissipate resolved turbulence.
LES of decaying grid turbulence and turbulent channel flow indicate that 1/512 to 1/1024
is a suitable range for £K® to allow a good trade off between convergence and numerical

accuracy in scale-resolving simulations.
(2)

The second order dissipation coeflicient ¢; ; is chosen as

sg) = min[x® max(¥;, ¥;), 0.5] (3.12)

where £® is a constant and ¥, is a shock-capturing sensor. Note that the choice of
61(-]2-) =1/2, EE?) = 0 gives a pure first-order upwind scheme in Eq. 3.9, which motivates
the limit of 0.5 in Eq. (3.12).

Shock Capturing Methods

In the presence of shock waves, the flow solver should be able to distinguish discontinuities
in the flow field. The standard pressure-based sensor by Jameson [72]

mo /o~ ~
v, = |Zﬁ1=01(132 Pik)| (3_13>
Z k=1 (pi + pk)
identifies regions with large pressure differences, e.g. shock waves, and returns a value
close to unity. The numerical scheme is then reduced to a first-order scheme through Egs.
(3.12) and (3.9). This is necessary according to Godunov [75], since any monotonicity
preserving numerical scheme in the presence of shock waves can be at most first-order
accurate. For regions with a smooth but continuously varying flow field the sensor given
by Eq. (3.13) is usually switched off and the scheme follows the fourth-order dissipation
in Eq. (3.9).

A different sensor targeted for minimizing excessive dissipation in shock/turbulence
interaction in LES was proposed by Ducros [54]. The sensor is a modification to Jameson’s
sensor and is formulated by multiplying ¥ of Eq. (3.13) with a local function ®; defined
by

(V-u)?
(V-u)2+ (Vxu)?+e

where € is a numerical parameter included to avoid division by zero. The sensor includes
the dilation and rotation of the flow field. Thus, regions with resolved turbulence will

o, = (3.14)
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reduce the added dissipation. The second-order dissipation is then reformulated as
&2 = min[x® max(¥;®;, ¥;@;),0.5] (3.15)

It was shown to effectively distinguish between shocks and compressible turbulence [54].

Low-Mach-Number Preconditioning

Low speed preconditioning is often introduced in CFD solvers for compressible flows to
reduce the stiffness in the solution procedure for low speed flows with large disparity
between the speed of sound and the local velocity. The positive definite preconditioning
matrix P is based on Turkel’s preconditioning method [76], where it implemented, for
example, for the steady state Equations (3.4)

L aq* 8q*
or or

The preconditioning matrix multiplies the entire residual vector. It is noted that it
modifies the speed of sound into an artificial speed of sound close to the local velocity.
For time-accurate scale-resolving simulations of low speed flows it is crucial to introduce
low speed preconditioning to reduce numerical dissipation, see e.g. [74, 41].

P~ + PR*(¢*) =0 (3.16)

+R(¢") =0 &

3.2.2 Numerical Dispersion

The skew-symmetric energy preserving formulation deploys a particular discretization of
the convective terms in the mean flow equations such that good dispersion properties are
obtained. The averaged cell face values in the convective numerical flux are formulated as

(7)., 1 3(pruc + prur) |
Fij = (pﬁ’a +}3[)7] = §(pLuL + pRuR)i(“’L + uR) + §(pL +pR)I
Pukl + pu); 5(prur + prur) |5(uLur = 5(uLpr +urpr
(PuE + pu) s(prur + prur) | 5(urur) + 554y | + 5(urpr + urpr)

(3.17)
The reader is referred to [42, 68| for the particular choice of averaging ((*) and (%)) in
Eq. (3.17). For the conventional central flux the subscripts L, R are given by the nodal
values at node i and j, respectively. In the low-dispersion scheme by Lowe et al. [42], the
left and right face values of the velocity u and pressure p are extrapolated from the left

and right node values, respectively, by using the gradient of the variable in the nodes, i.e.

ur =u; + O[V’UJZ‘ . dij7 UR = Uj — onuj . dij

(3.18)
pr =pi +aVp;-di;, pr=p; —aVp;-d;

where d;; is the distance vector between the two nodes. In this thesis work, the gradients
are evaluated with a Green-Gauss’ approximation, see Eq. (3.20), unless otherwise stated.
« is a parameter that can be chosen to reduce the dispersion error for a specific range of
wave numbers. Note that the the speed of sound and density is not extrapolated in the
original scheme, since the effects of extrapolation of these quantities are small as reported
by Lowe et al. [42]. However, this formulation was only evaluated for subsonic flow cases.
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For compressible flow cases involving shock waves, as shown Paper A, it is recommended
to extrapolate both density and speed of sound as well

pr = pi+aVp;-di;, pr=p; —aVp;-d;; (3.19)
Cr, :ciJronci'dij, CR:Cj —ach dl] '

in order to reduce the oscillations in presence of a normal shock, especially for the

temperature.

3.3 Gradient Reconstruction

Three different gradient reconstruction methods are outlined in this section. The first
two are conventional explicit gradient reconstruction methods widely used in CFD codes.
The third method is a new implicit gradient reconstruction method developed in Paper C
[77]. A summary of these methods is given below.

3.3.1 Explicit Gradient Reconstruction

The divergence theorem (or Green-Gauss) gradient scheme is a popular method for
discretizing the gradient operator in second-order accurate finite volume methods. On
unstructured grids the discrete version of the divergence theorem is applied to estimate
the nodal gradient of a function ¢ at node i according to

1 &
Vig =~ m;qsijasij (3.20)
where ¢;; = M The Green-Gauss gradient in Eq. (3.20) is second-order accurate on

structured grids but may lose accuracy on skewed and anisotropic unstructured grids.

A more robust method is the least squares based (LSQ) method, which is a technique
unrelated to the grid topology. The method relies on a stencil which identifies relevant
neighbouring points for use in the gradient reconstruction. A linear system is solved to
estimate the coefficients of a polynomial expansion around node i. Depending on the
number of neighbours included to estimate the coefficients of the polynomial expansion,
the resulting linear system may become over determined. The nodal gradients can be
approximated for an assumed second-order polynomial [78, 79, 80] as

wi1 Az wi1 Ay wi Az wit Az Ay wi Ay w1 (d(xi) — ¢(x1))
: : : : : g ) :
Wi Axy; Wi Ay wijAzfj Wi Az Ayi; wijAy?j (Ty(xi) = | wi(d(xi) — d(x5))
win, ATin, win,Ayin, win,Azy,  win, ATin, Ayin,  win, Ayly, win, (%) — (X, )

(3.21)
where Az;;, Ay;; are distances between node ¢ and a neighbouring node j and are given
as

Azij = xi — 5, AYij = Yi = Yj (3.22)
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The explicit least-squares problem in Eq. (3.21) can be efficiently solved using QR-
factorization. In order to improve the condition number of the linear system, the weight
in Eq. (3.21) is usually computed using the inverse distance according to

1
dij

wij = = dij = /(@i — @) + (i — y)? (3.23)
To increase the order and accuracy of the gradient reconstruction scheme in Eq. (3.21), one
can include neighbours to nearest neighbours. However, the compact formulation (by only
including nearest neighbours according to Fig. 3.1) is then lost and the implementations
on an unstructured grid may become increasingly complicated.

3.3.2 Implicit Gradient Reconstruction

In Paper C, a higher-order accurate gradient scheme is formulated to increase the recon-
structed gradient accuracy while still maintaining the compact stencil in Fig. 3.1. The
coefficients of a higher-order polynomial can be estimated by assuming knowledge of not
only the values but also the gradient values of the neighbouring nodes. In numerical
analysis this is referred to as Hermite interpolation. The coeflicients of the polynomial are
estimated by summing over j nearest neighbours to node i. This leads to the following
set of equations, where the gradient values are implicitly connected:

[ AI“ Ayﬂ AJZ?I AmﬂAyﬂ Ayzzl -] [ ¢(xi) - ¢(X1) |
Azin, Ayin, Aady,  Azin,Ayin,  Ayy, o o o) Bf(be)
1 0 2A.L11 Ayil 0 e szgz (Xi) Li,z %(Xl)
L : : A N :
1 0 QAxiNl, AyiNb 0 e Li,zgﬁ(be)
0 1 0 Axy 28y - Liw%(xl)
L 0 1 0 AxiNl, 2AyiNb s i Li,y%@dj(be) ]
(3.24)

In order to increase the robustness and the condition number of the gradient scheme in
Eq. (3.24), normalized distances are introduced according to

%{ Ti Ay =Y (3.25)

Li,y

The choice of these factors are crucial to avoid growth of the condition number of the
reconstruction matrix with grid refinement [81]. Different formulations were investigated
in Paper C, the following factors showed robust performance on highly irregular and
anisotropic grids with high aspect-ratio:

Liy= mjax |z; — x|, Ly = mjax ly; — vl (3.26)

The local system of equations in Eq. (3.24) can effectively be solved using QR-factorization.
Coeflicients that are connecting gradient values are collected at the left hand side and
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summed over the entire grid to form a global system of equations

Pp

%%] = Q2p [ﬂ (3.27)

which has to be solved every solution iteration.
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Chapter 4
Verification and Validation

This chapter summarizes the selected test cases used for calibration and evaluation of
the methods presented in Chapters 2 and 3. In relation to numerical schemes, gradient
reconstruction and scale-resolving modelling, the verification and validation conducted
are briefly highlighted with computations of relevant test cases. All simulations have
been performed with the unstructured compressible flow solver M-Edge, unless otherwise
stated.

4.1 Verification and Validation of Numerical Schemes

In this section, computations of several test cases are presented for the evaluation of the
performance of a proposed low-dispersive and low-dissipative numerical scheme adapted
for compressible flows, the LD2C scheme. The scheme has been further verified on the
basis of the LD2 scheme proposed by Probst et al. [43] and examined for incompressible
flows. The related numerical parameters for both schemes are shown in Table 4.1.

Table 4.1: Numerical parameters for the LD2 scheme and the LD2C scheme adapted
further to compressible flows.

Scheme x® kW, @, a, a.
LD2 0 1/1024  1/3 0
LD2C 5  1/512  1/3 1/3

The value of the shock capturing parameter x(2) and the extrapolation parameter « in
Egs. (3.18) and (3.19) in the compressible flow adapted scheme (denoted the LD2C scheme)
was established in a shock-tube case in Paper A. The turbulence-resolving properties of
the numerical scheme and calibration of the modeling constant Cpgg are investigated in
simulation of DIT in Section 4.1.1. The turbulence-resolving capabilities of the numerical
scheme in wall-bounded flows in subsonic and supersonic conditions are investigated in
Section 4.1.2 using IDDES. The LD2C scheme is further evaluated in hybrid RANS-LES
of the supersonic baseflow case in Section 4.1.3.

4.1.1 Decaying Isotropic Turbulence

To asses the scale-resolving properties of the numerical scheme for incompressible isotropic
turbulence using the LES mode of the SA (Eq. (2.20)) and SST (Eq. (2.28)) turbulence
models, the isotropic grid-generated turbulence measured by Comte-Bellot and Corssin
[82] is simulated as a temporal decay on an equidistant isotropic mesh.

The computational domain is a 27 x 27 x 27 cube discretized with N3 equal sized
Cartesian control volumes, using three different grid resolutions: N = {32,64,128}. The
initial velocity distribution with zero mean velocity is obtained from the experimental
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energy distribution for £ = 0 using an inverse Fourier transformation in a tool provided by
Prof. Strelets at St. Petersburg Technical University. The other thermodynamic variables
are initiated to uniform fields to simulate an initial turbulent Mach number of M, = 0.1.

The turbulence modeling quantities are initialized as follows. The initial eddy viscosity
field is computed from the Smagorinsky model (2.34) using the initial flucutating field. The
SA-viscosity 7 is then computed iteratively using a Newton solver to fulfil vy = f,10. For
the SST-model, the specific dissipation is computed using the Bradshaw [83]| assumption:
w= S/\/CTH with C, = 0.09. The modeled kinetic energy % is then computed as k = v;w.

Periodic boundary conditions are applied in all directions. The computed results are
compared with the experiment by comparing the three dimensional spectrum at times
t € {0.87,2.0}. The results on three different grids for SA-based and SST-based LES
modes are shown in Fig. 4.1 using the LD2C-scheme in Table 4.1. For this case low
Mach-number preconditioning is used but the shock capturing constant x£(®) is switched
off.

104} ol 104} ol
—N =32 o —N =32 o
—N=64 A —N=64 A

N=128 N=128
107 ¢ : = 07k : :
10° 10! 102 10° 10! 102
& [ &[]
(a) SA LES. (b) SST LES.

Figure 4.1: Decaying isotropic turbulence (DIT) using LES mode of hybrid RANS-LES
model. Compared with experiments [82] at non-dimensional times t = 0.87 (0) and t = 2.0
(D).

The modeling constant for the SA-based LES model is set to the standard value
Cpps = 0.65 [7], where the presented spectra in Fig. 4.1a are in good agreement with the
experiment. Results for the SST-based LES model is shown in Fig. 4.1b. Here, the model
is run in its k — ¢ mode using the standard value Cpgs r— = 0.61 [57]. The experimental
spectra is well captured on all three grids. The SST model was also run in its k — w
mode with Cpgs k—. = 0.78 (not shown), giving nearly identical results as in Fig. 4.1b.
The results shown in Fig. 4.1 indicate that the LD2C scheme can accurately predict the
correct decay of isotropic turbulence without the need to recalibrate the standard values
of the modeling constant C'pgg for the underlying turbulence models.
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4.1.2 Fully Developed Channel Flow

Fully-developed turbulent channel flow is a a useful test case commonly employed for
examining the capabilities of resolving turbulence in wall-bounded flows. The test case is
employed for the implementation, examination and validation of the numerical scheme
and turbulence models using WRLES and the WMLES branch of IDDES. In order to
evaluate the methodology for aeronautical applications both subsonic and supersonic
conditions and a wide Reynolds number range of the fully-developed turbulent channel
flow are simulated.

The computational domain is a rectangular box of height 26 (y), a length of 276 (z),
and a width of 7 (z), where 0 is the half-channel height. Periodic boundary conditions
are applied in the streamwise and the spanwise directions. To replicate the same wall
boundary conditions as the reference DNS [84, 85], no-slip adiabatic conditions are applied
in the subsonic cases and no-slip isothermal conditions are applied in the supersonic cases.

To compensate for the lack of a pressure gradient 0p/0z driving the flow in the
streamwise direction, the flow is driven by a forcing term f, which enforces a specific
massflow through the channel in order to achieve a target Reynolds number based on the
bulk velocity Rep. The target bulk Reynolds number is chosen to satisfy a corresponding
Reynolds number based on the friction velocity Re,, where the target Re, is derived
from DNS results or correlations. Subsonic or supersonic conditions are controlled by
specifying the bulk Mach number Mj. The operating Rep, Re, and M, are defined as in
Coleman et al. [86]

_ B0 T g Putnd (4.1)
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where 7, is dynamic viscosity at the wall, ¢, is the speed of sound at the wall and
Ur = \/Tw/ Py 18 the friction velocity. Details on the computational arrangement of the
turbulent channel flow simulations are given in Table 4.2. Wall-resloved (WR) indicates
the WALE model given by Eq. (2.36) and wall-modeled (WM) indicates the WMLES
branch of IDDES, where both the SA and SST models are considered. WM-Compressible
(WMC) indicates that the case is supersonic.

Table 4.2: Summary of channel flow test cases and corresponding grid properties.

Case Rey My  Re, Ny Ny Ny r Azt Ayt Azt
WR-395 6875 0.15 395 81 97 97 1.1 31 0.37-20 13
WM-395 6875 0.15 395 64 75 64 1.14 40 0.47-38 20
‘WM-2400 52500 0.15 2400 64 102 64 1.14 239 0.45-219 120
WM-18000 483000 0.15 18000 64 132 64 1.14 1795 0.45-1697 898
WMC-500 7667 1.5 500 64 78 64 1.14 50 0.45-46 25
WMC-1015 17000 1.5 1015 64 90 64 1.14 101 0.47-97 51
WMC-1015F 17000 1.5 1015 128 118 128 1.11 50 0.5-40 25
WMC-5000 100000 1.5 5000 64 112 64 1.14 518 0.5-515 259
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Subsonic Channel Flow

The numerical settings according to the LD2-scheme (using low Mach number precon-
ditioning) in Table 4.1 are evaluated in the nearly incompressible subsonic regime. A
random initial velocity field is generated by imposing synthetic fluctuations (STG, see
Section 2.3.2) in a y — 2z plane in the middle of the channel for one convective time units
(CTU = 6/Up). The flow is then allowed to develop for two CTU and then averaged over
ten CTU. Time averaged quantities are then averaged in the streamwise and and spanwise
directions.
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——IDDES SA IDDES SA 0°
20 H WALE 25 || o Reichard's law 0°
o DNS
© Reichardt's law

0 : ‘ 0 ‘ ‘ :
10° 10! 102 10° 10! 102 10°
y* vt
(a) Velocity profile, WR-395 and WM-395. (b) Velocity profile, WM-2400.
35 : ‘ ‘ ‘
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30 [——IDDESSA ,0°] —IDDES SA
o Reichard's law ° 8t WALE 1

10° 10! 102 103 104

(c) Velocity profile, WM-18000. (d) Total stresses, WR-395 and WM-395.
Figure 4.2: Fully developed subsonic channel flow at different Re, using WRLES and
Hybrid RANS-LES IDDES. Turbulence model sensitivity. Results compared with DNS [84]
and Reichardt’s law [87]. O : WJr, VAN :WJr, >: w’w’+, o from DNS data [84].

Figure 4.2 presents the mean velocity profile for the subsonic cases at different Reynolds
numbers and the total stresses (modeled plus resolved stresses) at Re, = 395. Excellent
agreement with reference DNS [84] for the velocity profile (Fig. 4.2a) and the total stresses
(Fig. 4.2d) is achieved using the WALE model at Re, = 395, where the peak of the

streamwise stress W/ | is very well captured. The velocity profile is slightly overpredicted
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for the case using IDDES, where the effect is largest for the SA model. The velocity
profile for the higher Reynolds number are in general well captured in comparison with
the correlation by Reichardt [87], where a small log-layer mismatched can be observed at
the RANS-LES interface (at around y* a 200 for Re, = 2400 as shown in Fig. 4.2b and
yT ~ 2000 for Re, = 18000 as shown in Fig. 4.2¢).

Supersonic Channel Flow

In the supersonic channel flow simulations the bulk Mach number is set to M, = 1.5.
No low Mach number preconditioning is used. In this case, both the LD2 and the
LD2C schemes are evaluated. The same meshing strategy, initialization of flow field
and averaging as in the incompressible cases are used. The Reynolds numbers for cases
WMC-500 and WMC-1015 in Table 4.2 are chosen according to the DNS data available
by Modesti et al. [85]. The Reynolds number for WMC-5000 was estimated using fully
developed RANS to establish the relation between Re, and Re, since no reference DNS
data was found by the author for this combination of higher Reynolds number and Mach
number. However, by using proper velocity profile transformation the accuracy of the
simulation can be estimated by using incompressible scaling laws.

As discussed by Coleman et al. [86], the so-called Van Driest transformation [88] can
be employed for supersonic boundary layers in accounting for mean property variations
in compressible turbulent wall-bounded flows. That means that the density weighted
velocity profile and Reynolds stresses

+ — _
T ' Laat, W = L (4.2)
P o Pu Toteb o, .

are expected to follow their incompressible counterparts.

Figure 4.3 presents the mean velocity profile for the cases WMC-500, WMC-1015 and
WMC-5000 and the total stresses WMC CMP-1015 using SST-IDDES. Details about the
grids used are given in Table 4.2. The results are similar to the subsonic case, the LD2
and LD2C schemes predicts the velocity profile very well in comparison to DNS data for
cases WMC-500 and WMC-1015 (Figs. 4.3a and 4.3b), which collapses onto Reichardt’s
incompressible scaling law. Thus, the good agreement for the LD2 and LD2C schemes
with the aforementioned law for the higher Reynolds number in WMC-5000 (Fig. 4.3c) is
considered accurate.

However, the Reynolds stresses shown in Fig. 4.4b are not captured as well as in the
incompressible case (Fig. 4.2d) for the LD2 and LD2C schemes using the same meshing
strategy. For example, the peak value of the streamwise normal stress W:D is under
predicted in comparison to the DNS result. In order to investigate the grid sensitivity,
a finer grid is generated (see WMC-1015F in Table 4.2) with doubled grid resolution in
the streamwise and spanwise directions, and a slightly finer resolution in the wall normal
direction (r = 1.11). As shown in Figs. 4.4a and 4.4b, both the prediction of the velocity
profile and the Reynolds stresses are improved.

37



—IDDES SST LD2 o

—IDDES SST LD2 3
—IDDES SST LD2C 00 ©
20 | © Reichard's law ° g 20
¢ DNS

—IDDES SST LD2C
L| © Reichard's law

¢ DNS

103 10° 10! 102 103

Yy
(a) Velocity profile, WMC-500. (b) Velocity profile, WMC-1015.

—IDDES SST LD2 09 ——IDDES SST LD2
—IDDES SST LD2C ° o —IDDES SST LD2C

25 1| o Reichards law 1 8ron

102 103 10 0 100 200 300 400

+ +

Yy Y
(c) Velocity profile, WMC-5000. (d) Total stresses, WMC-1015.

1

0 10

0
10

Figure 4.3: Fully developed supersonic channel flow at different Re, using Hybrid RANS-

LES SST-IDDES. Results compared with DNS [85] and Reichardt’s law [87]. O :WjD,

A v’v’jD, >: w’w’jD, o u’fu’jD from DNS data [85].

4.1.3 Supersonic Baseflow

A supersonic flow downstream of a blunt-based cylinder is characterized by expansion
waves triggered by the sharp turn of the flow over the base corner. A separation bubble
with a low pressure recirculation region contained by a shear layer is formed behind the
base. The shear layer undergoes recompression and reattaches at the downstream end of
the separation bubble along the symmetry axis. Due to the recompression, a shock wave
is formed. A visualisation of the computational domain and the flow field is shown in
Fig. 4.5. This kind of flow is commonly found behind high-speed projectiles, and the low
pressure region behind the base can cause drag which can be a major part of the total
drag. Thus, the modelling needs to be able to accurately predict the base pressure, along
with other relevant properties such as the size of the recirculation bubble and turbulent
properties subject to strong compressibilty effects. For this flow, experimental data are
available from the study by Herrin and Dutton [89]. This test case was chosen to evaluate
the LD2C scheme in a flow with strong turbulence/shock-wave interaction.

38



—IDDES SST LD2C G1 b 10 ‘ " IDDES SSTLDIC Gl
—IDDES SST LD2C G2 % ° -
i ' & ° o —IDDES SST LD2C G2
20 | © Reichard's law &% i g lLas |
4 DNS 57 ° 3

3
10
st
0 - - - [ | |
10° 10! 102 10° 0 100 200 300 400
yt y*
(a) Velocity profile, WMC-1015F. (b) Total stresses, WMC-1015F.

Figure 4.4: Fully developed supersonic channel flow for cases WMC-1015 (G1) WMC-
1015F (G2) using Hybrid RANS-LES SST-IDDES. Results compared with DNS [85] and

Reichardt’s law [87]. O : u’u’:D, A W:D, D> w’w’:_D, o W:D from DNS data [85].
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0.0e+00 1 1.5 2 3.0e+00

Figure 4.5: Supersonic base flow. Illustration of computational domain (left) and visual-
ization of flow field in the near wake of the cylinder (right). Simulation results acquired
using LD2C on the finest grid.

Table 4.3: Summary of supersonic base flow grid properties. Ny indicates number of cells
used in the azimuthal direction.

Grid Ncells NG Type

Gl  1.82-10° 128 Baseline

G2  2.06-10° 96 Refined shear layer

G3 8.51-10° 176 Refined shear layer/wake region

The flow includes a trailing wake of a circular cylinder with adiabatic walls aligned with
a uniform supersonic flow, with a free stream Mach number of M., = 2.46. The Reynolds
number based on the free stream velocity U, base radius R and free stream viscosity
v is set to Reg = 1.632 - 10°. Three different grids are considered. A baseline grid with
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Neetrs = 1.82 x 106 cells (G1) is used, which was designed by FOI in the DESider project
[90]. Two new grids were generated!, a grid with improved resolution in the shear layer
consisting of Ngeys = 2.06 x 106 cells (G2), which was designed to match the resolution
used in Guseva et al. [91]. The third grid considered contains N..;s = 8.51 x 10° cells
(G3), where several cells in the axial and radial directions have also been added in the
recirculation region downstream the base.

The simulations are performed using the SA-DDES, where the length scale A = Agpa
(see Eqgs. (2.39) and (2.41)) is chosen in order to trigger an early development of resolved
fluctuation in the separated shear layer. A time step of At = 0.018 R/U is used in the
computation. After 10000 time steps, the flow is averaged for 20000 time steps. However,
it is observed that the mean flow is still slightly asymmetric after time averaging, which
is diminished by further averaging the solution in the azimuthal direction.
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Figure 4.6: Supersonic base flow using Hybrid RANS-LES SA-DDES. Results compared
with experiment [89].

Time- and azimuth-averaged flow properties are shown in Fig. 4.6. The base pressure

IThe grids G2 and G3 were generated using G3D::Mesh with the help of fellow PhD-student Gonzalo
Montero Villar. The help is much appreciated.
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is presented in Fig. 4.6a, where the experimental results yield a relatively flat profile
around C}, = —0.102. The simulations show radial variations along the base and in general
an under predicted base pressure coefficient. However, a wavy base pressure profile and
in general lower base pressure values are also observed in the works of Simone et al. [92]
and Guseva et al. [91].

The previous trends can be explained by investigating the behavior of the centerline
streamwise velocity component in Fig 4.6b. The simulations predicts the reattachment
point fairly well (/R ~ 2.9 on Gl z/R =~ 2.7 on G2 and G3) as compared to the
experimental value /R = 2.67. On the other hand, the reverse flow inside the recirculation
region is in general over predicted, which gives rise to the under predicted base pressure
levels in Fig. 4.6a. Figures 4.6c and 4.6d present a comparison of the predicted and
measured fields of turbulent shear stresses at locations z/R = 1.57 and z/R = 2.52
downstream of the cylinder base, respectively. The shear stress magnitude is slightly

under predicted on the coarsest grid G1 at z/R = 1.57 but is in very good agreement on
the finer grids G2 and G3.

4.2 Verification of Gradient Reconstruction

A new method for gradient reconstruction is presented in Paper C. In order to assess the
order of accuracy and robustness of the least-squares gradient reconstruction methods
given in Section 3.3, the numerical gradient of a known smooth test function is compared
to its analytical value on consecutively refined meshes [93, 94]. The function is evaluated
for each interior node through several refinement levels for a set of different unstructured,
isotropic and high-aspect-ratio grids. The L; and Lo errors in the resulting numerical
gradient are calculated as

N N o\ 1/2
Ll _ 21 |v¢z,num - v¢i,ana| L2 — (Zl |v¢z,num - ngi,ana‘ ) (43)
N ’ N

where IV is the number of nodes, V¢; pum and V@, one are the numerical and analytical
gradients, respectively. The reconstruction schemes are implemented in a stand alone
MATLAB script.

The implicit least squares (ILSQ) scheme detailed in Section 3.3.2 is evaluated assuming
a fourth-order polynomial order. Since the accuracy of interior nodes is the scope in this
thesis, it is assumed that the gradient values at the boundary are known. The compact
implicit gradient scheme is compared to the standard distance weighted explicit LSQ
(ELSQ) gradient reconstruction scheme given by Eq. (3.21). We consider only connecting
neighbours in the LSQ formulation according to Fig. 3.1. This limits the ELSQ schemes
to maximum second-order schemes. The test function for the first case is given by:

f(z,y) = sin(mx) sin(my) (4.4)

The function in Eq. (4.4) is evaluated on a rectangular domain given by [0, 1] x [0, 1]
shown in Fig. 4.7a and is discretized using mixed elements (quadrilaterals and triangles).
Note that vertices of the elements are randomly perturbed in order to fully remove any
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structure in the grid. This is done in order to remove any favorable cancellation of
higher-order error terms.
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Figure 4.7: Gradient reconstruction of an analytical function. Mized elements on isotropic
domain size.

The order of convergence of the error is shown in Fig. 4.7b. The ILSQ scheme
yields a robust fourth-order accuracy in the L1 and L2 error norms using a compact
stencil, and indicates that the ILSQ gradient reconstruction formulation is insensitive to
grids with mixed quadrilaterals and triangles. The ELSQ scheme attains its prescribed
second-order scaling using the same compact stencil. In order to evaluate the performance
of the gradient reconstruction methods on highly stretched grids, a different problem is
considered. The test function is given by:

f(z,y) = sin(nzx) sin(40007y) (4.5)

Equation (4.5) is evaluated on a rectangular domain given by [0, 1] x [0,0.0005]. Using
this domain size, elements with aspect-ratio of 2000 is considered. This setup models a
typical boundary layer problem [94], where the solution variation is predominant in the
direction of small grid spacing and an anisotropic grid is specifically tailored to represent
the solution anisotropy. The computational domain and the test function are presented
in Fig. 4.8. The same mixed element discretization is used as in the previous case.

The order of convergence of the L1 and L2 error norms are shown in Fig. 4.8b. Both
methods yield the prescribed accuracy, the ILSQ shows fourth-order convergence and
the ELSQ scheme shows second-order convergence. Note that the error levels are higher
compared to the case with the isotropic domain size in Fig. 4.7. This is due to the
resulting error of the gradient in the direction of the anisotropic scaling being much higher
than in the other direction with no stretching. Nevertheless, the ILSQ scheme shows the
correct fourth-order scaling on both test cases and are several orders of magnitude more
accurate than the standard ELSQ scheme. For example, to reach a similar order of error,
the standard ELSQ scheme need to use a discretization of approximately 2.5 - 10 nodes
compared to 3.0 - 102 nodes used by the ILSQ scheme.
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Figure 4.8: Gradient reconstruction of an analytical function. Mized elements on highly
anisotropic domain size. Aspect ratio AR = 2000.

4.3 Examination of Turbulence Injection Methods

This section evaluates the performance of the zonal hybrid RANS-LES approach outlined
in Section 2.3.2. The purpose of this section is to assess the injection methods (M1-M3)
used in combination with the SEM and STG synthetic turbulence methods. The zonal
methodology is evaluated in a hybrid RANS-LES of the spatially developing zero-pressure-
gradient (ZPG) turbulent boundary layer. This test case was evaluated in Paper B, where
the developing turbulent channel flow at Re, = 5200 was also evaluated.

4.3.1 Spatially Developing Boundary Layer Flow

Simulations of spatially developing boundary layers are essential in the aeronautical
industry in order to achieve accurate predictions of aircraft drag. The spatially developing
zero-pressure-gradient (ZPQG) turbulent boundary layer over a smooth flat plate is therefore
simulated using the SA-IDDES with a prescribed wall-normal RANS-LES interface (see
Fig. 2.1) located inside the boundary layer. A RANS region is prescribed by forcing
lippEs = lrans in Eq. (2.44) between 0 < z/dy < 4, and an embedded interface is
prescribed at /0y = 4, where dg is the initial boundary layer thickness. Downstream of
this interface, the IDDES length scale in Eq. (2.44) is unmodified. Synthetic turbulent
fluctuations and an eddy viscosity treatment for the SA-model described in Paper B are
imposed at the embedded interface in order to obtain a rapid development of downstream
turbulence-resolving LES flow.

The Reynolds number range covered by the simulation is approximately 3000 < Reg <
6000, where 6 is the momentum thickness computed according to

Uy S u
2 g = (1-=2)4 4.6
R€9 Py ) /0 UO < U()) Yy ( )

where Uy is the free stream velocity and v is the dynamic viscosity. The Mach number
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based on the free stream velocity is My = 0.2. Profiles of u, v and 1, from a precursor
RANS simulation using the SA model are prescribed at the inlet boundary. Adiabatic
conditions are applied at the bottom wall boundary and characteristic Riemann boundary
conditions is applied at the top and outlet boundaries. Periodic boundary conditions are
applied in the spanwise direction.

The grid used for the simulation is designed by Onera and used in the EU-FP7
Go4Hybrid [95], the Garteur AG54 projects and in Deck et al. [96]. The dimensions of the
computational domain in the streamwise, spanwise and in the wall-normal directions are,
respectively, L, = 11309, L, = 56p and L, = 526y. Note that for x/dy > 77, grid cells
are stretched in the streamwise direction in order to progressively damp the turbulent
fluctuations. This procedure is common to ensure that the domain of interest is free from
wave reflections from the outlet. Details about the grid used are given in Table 4.4.

Table 4.4: Grid parameters of the ZPG turbulent boundary layer. Rey, and Re,, are
computed with the initial boundary layer thickness dg.

Rep, Rer, Mo ny mny n, Azt Ayt Azt

3030 1065 0.2 587 127 103 100-200 2 50

The injection methods M1-M3 (see Section 2.3.2) are assessed by imposing synthetic
fluctuations from either the STG given by Eq. (2.58) or the SEM given by Eq. (2.50)
at the wall-normal RANS-LES interface. The fluctuations are scaled with the Cholesky
tensor given by Eq. (2.66), where the Reynolds stress tensor is taken as the RANS stresses
from a precursor RANS simulation.
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(a) Skin friction, SEM. (b) Skin friction, STG.
Figure 4.9: Developing turbulent boundary layer at Reg = 3030 using Hybrid RANS-
LES SA-IDDES. Synthetic turbulence model and turbulence injection method sensitivity.

Results compared with Coles-Fernholz correlation [97]. Prescribed wall-normal RANS-LES
interface is located at &/dy = 0.

Figure 4.9 shows the resulting skin friction coefficient in comparison with the Coles-
Fernholz correlation [97]. It can be concluded that the proposed method M3, which is
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the combination of M1 and M2, performs best for both the SEM and STG. The initial
sudden decrease of the skin friction coefficient is characteristic for the SEM, but this
effect seems to be mitigated by using method M3. On the other hand, the initial skin
friction is over predicted for the STG in combination with M3, but the correct asymptotic
behavior is reached quicker compared to M1 and M2. The correct trend of M3 is reached
after roughly 50y when using either the SEM or the STG, a clear improvement compared
to M1 and M2. However, it is important to highlight that all simulations are within a
5% margin after 105y from the reference correlation, and give a correct decay of the skin
friction further downstream in the boundary layer, as shown in Fig. 4.9.

The difference between the methods with respect to the mean velocity profile and
resolved stresses measured at Rey = 4060 are very small and yield similar small deviation
from DNS [98], as shown in Figs. 4.10a and 4.10b. Here, only the results are shown for
the STG, the results for the SEM are very similar.
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Figure 4.10: Developing turbulent boundary layer using Hybrid RANS-LES SA-IDDES.
Synthetic turbulence model and turbulence injection method sensitivity. Profiles are

measured at at Reg = 4060 and compared with DNS data [98]: O : v , A v s
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4.4 Verification of Seamless GAM Methodology

This section reports results from Paper D, which evaluate the proposed seamless Grey-Area
Mitigation (GAM) methodology outlined in Section 2.3.3. The seamless methodology is
evaluated for a mixing shear layer flow case using hybrid RANS-LES. Additional results
of flow over a wall-mounted hump (Hump flow) is presented in Paper D. A baseline
formulation is considered, the & — w SST DDES model (Eqs.(2.28) and (2.41)) using the
filter width A = A,. The length scale based commutation term (CT) is implemented as a
source term in the k and w equations through Eq. (2.71). The contribution to the resolved
Eqgs.(2.11) - (2.13) is implemented as a modified eddy viscosity u; (see Eq. (2.73)), which

replaces p; in Eq. (2.18). In addition to the length scale based commutation term, the
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o-DDES model by Mocket et al. [99] is evaluated in combination with the commutation
term or as a stand-alone GAM methodology.

4.4.1 Mixing Shear Layer Flow

Mixing layer flows and free shear flows are often encountered in aeronautical applications,
for example jet flows and flows downstream of aircraft wings after the trailing edge.
The free shear layer flow evaluated in this Section was investigated experimentally by
Delville [100]. The computational domain includes a very thin flat plate, with turbulent
boundary layers on each side. A mixing layer is formed in the region downstream of the

flat plate trailing edge. The experimental boundary layer properties at the trailing edge
are presented in Table 4.5.

Table 4.5: Flow parameters of mixing-layer case. Data from experiment [100].

Measure Notation High vel. BL Low vel. BL
Velocity Uso 41.54 m/s 22.40 m/s
Thickness é 9.6 mm 6.3 mm
Displ. thick. 01 1.4 mm 1.0 mm
Mom. thick. 0 1.0 mm 0.73 mm
Shape factor H 1.35 1.37
Re based on 6 Rey 2900 1200
Turbulence level — u//Us ~0.3% ~0.3%
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Figure 4.11: Mixzing shear layer flow using Hybrid RANS-LES SST-DDES. Commutation
term is indicated by CT. Results compared with experiment [100].

The focus region, i.e. the region from the flat plate trailing edge at x =0 to z = 1 m,
is meshed with (ng,n,,n.) = (640,196, 96) cells. The grid is equidistant in the streamwise
z-direction and spanwise z-direction, Az = Az = 1.5625 mm. The total number of
hexahedral grid cells are 13.7 million. A timestep of At = 2.5 x 10~° seconds is used. The
upstream boundary layers are treated in RANS mode and the DDES model automatically
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switches to LES after the trailing edge. The growth of the mixing layer, the vorticity
thickness, computed as
5 U, - Uy
©(0U/0y)y=o

is presented in Fig. 4.11a. The baseline case clearly underpredicts the growth of the shear
layer. By applying the the commutation term, the o-DDES model or a combination
of those gives improved results, where the agreement with the experimental result is
significantly improved for after x > 0.2 m. The maximum eddy viscosity at the initial
part of the shear layer is shown in Fig. 4.11b. The effect of the commutation term is
large, where the eddy viscosity is rapidly reduced. Without the commutation term, such a
reduction is relatively slow. The lower eddy viscosity levels contributes to a rapid growth
of resolved turbulence, which is visualised in Fig. 4.12. As shown, the resolved shear
stress is better predicted at station x = 0.2 m, where the prediction incorporating both
the commutation terms combined with o-DDES gives the best result.

(4.7)
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Figure 4.12: Mizing shear layer flow using Hybrid RANS-LES SST-DDES. Commutation
term is indicated by CT. Resolved shear stress at locations x = 0.2 m (left), x = 0.65 m
(middle) and x = 0.95 m (right). Results compared with experiment [100].
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Chapter 5
Summary of Papers

The main contribution and the major work done for each paper appended in the thesis
are presented in this chapter. Comments are given to highlight possible improvement and
future work.

5.1 Paper A

"Investigation of Low-dissipation Low-dispersion Schemes for Incompressible and Com-
pressible Flows in Scale-Resolving Simulations”

In Paper A, a numerical scheme suitable for unstructured grids was investigated and
developed. The numerical scheme is an essential part of a CFD code and will determine
the capabilities of resolving the turbulent scales in the LES mode of hybrid RANS-LES. A
low-dispersive, low-dissipative (LD2) scheme developed by Lowe et al. [42] and Probst et
al. [43] was found suitable, since the scheme requires little modification to the second-order
scalar valued Jameson-Schmidt-Turkel (JST) scheme already present in M-Edge. The
scheme exploits a matrix valued dissipation operator to reduce the added numerical
dissipation while maintaining numerical stability. Numerical dispersion is reduced and
controlled by using higher order central reconstruction of the face values, using the local
nodal gradients on each side of the cell face.

The work in Paper A is a continuation of the work in Carlsson et al. [74], in which
the numerical scheme was evaluated in incompressible LES of the turbulent channel flow
at Re; = 395 and decaying isotropic turbulence (DIT). In Paper A, the LD2 scheme
was examined and modified for compressible flow cases involving shock discontinuities,
LD2-Compressible (LD2C), and verified in a shock-tube problem. The scheme was then
further verified in hybrid RANS-LES of DIT, and the turbulent channel flow for a wide
range of Reynolds numbers in both subsonic and supersonic conditions. It is reported
that the LD2C scheme can accurately predict the correct decay of the turbulent energy
spectrum in DIT and the mean velocity profile and turbulent stresses in the turbulent
channel flow cases.

Moreover, a supersonic base flow was simulated using hybrid RANS-LES. The LD2C
scheme exploits a shock sensor incorporating vorticity and was shown to improve the
prediction of the resolved shear stress in the shear layer of compression in comparison
with the conventional scheme. However, the predicted base pressure was shown to be
underestimated in comparison with experiments, which was also reported in the works by
Simone et al. [92] and Guseva et al. [91]. This was caused by an overprediction of the
back flow inside the recirculation bubble.
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5.2 Paper B

"Turbulence Injection Methods at RANS-LES Interfaces or Inlets for Scale-Resolving
Simulations”

The purpose of Paper B was to develop and demonstrate a methodology for inject-
ing synthetic turbulence in a fully coupled embedded hybrid RANS-LES. Three different
methods for imposing velocity fluctuations in a compressible finite-volume solver were
evaluated for zonal hybrid RANS-LES applications using the SA-IDDES model. The
methods were derived from an expansion of the governing equations, resulting in addi-
tional source terms stemming from the time derivative, the convective operator and a
combination thereof. Additionally, following the work by Hamba [20], a commutation term
was derived for the convection term in the SA turbulence model in order rapidly reduce
the turbulent viscosity across the RANS-LES interface. The three injection methods
and the commutation term was verified in embedded RANS-LES using SA-IDDES in a
turbulent channel flow at Re, = 5200 and zero-pressure-gradient boundary layer flow at
Reg > 3000, where the synthetic fluctuations were computed according to the Synthetic
Turbulence Generator (STG) formulation by Shur et al. [28].

It is reported that the commutation term is able to effectively reduce the upstream
RANS levels of turbulent viscosity to LES levels of turbulent viscosity across the embedded
interface for both considered cases. The transition occurs over a distance much shorter
than §, where ¢ is the channel half width or the local boundary layer thickness. The
formulation is expressed as a source term, and is free from model dependent parameters.

It is concluded that all the three injection methods perform very well for the turbulent
channel flow case, and are able to reproduce reference simulation friction velocity (within a
5% margin) within 16 downstream from the interface. In the simulations of the boundary
layer flow, the discrepancy between the different injection methods are relatively large.
The shortest recovery length with a well predicted skin friction level is produced by the
combined approach. The other two approaches yield similar recovery lengths, considerably
longer compared to the combined approach. However, all the simulations that are presented
predict a skin friction distribution within 5% compared to the Coles-Fernholz correlation,
which is used as a reference. Good agreement with DNS data further downstream is
achieved for all simulation, with respect to mean velocity profile and resolved Reynolds
stresses.

5.3 Paper C

"Higher-Order Gradients on Unstructured Meshes Using Compact Formulation for Node-
Centered Schemes"

In Paper C, a new approach for gradient computations on node-centered unstructured
grids was introduced. This was done in order to improve the numerical scheme in Paper
A, which use nodal gradient for reconstructing the cell face values in the convective flux
computations. The proposed approach derives a gradient algorithm from a least squares
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(LSQ) approximation, where a local equation system is solved to introduce connectivity
between neighbouring nodes. The resulting scheme forms a globally coupled linear system
of equations for the gradients. The implicit LSQ (ILSQ) allows a higher-order gradient
reconstruction using a compact formulation, i.e. using only nearest neighbours. This may
greatly simplify implementations of higher-order schemes in unstructured CFD codes.

The ILSQ scheme was assessed in the capability of reconstructing the gradient of a
known analytical function, and was implemented in a standalone MATLAB script. It
is reported that the ILSQ scheme shows a fourth-order scaling on all grids considered,
including highly irregular quadrilateral grids, triangular grids, mixed element grids and
high-aspect-ratio grids (AR = 2000). Using the same compact stencil, it is shown that
a standard distance weighted explicit LSQ (ELSQ) can at most achieve a second-order
scaling.

Comments

The new gradient-reconstruction algorithm in Paper C considers only interior nodes and
it was assumed that the gradient was known on the boundaries, i.e. a Neumann boundary
condition. The proposed gradient scheme needs to be closed with a suitable boundary
condition for cases when the gradient is unknown, e.g. a Dirichlet boundary condition, in
order to maintain the fourth-order accuracy and be applicable for general CFD purposes.

While the overall accuracy of the numerical scheme in Paper A may be improved
using the new gradient reconstruction scheme, a higher-order evaluation of the surface
integral in the flux evaluation needs to be considered in order to raise the overall order of
accuracy of a finite-volume scheme, as is shown by Gooch [93]. This can e.g. be achieved
by using additional quadrature points in the surface integral [93] or an iterative k-exact
reconstruction strategy by Setzwein et al. [101].

5.4 Paper D

"Seamless Interface Methods for Grey-Area Mitigation in Scale-Resolving Hybrid RANS-
LES"

A new Grey-Area Mitigation (GAM) method was proposed in Paper D. A commu-
tation residue term formulation by Girimaji and Wallin [21] for PANS modeling was
further expanded to DES-type modeling aiming for a more rapid transition between
modeled and resolved turbulent scales in the vicinity of a RANS-LES interface. The
proposed GAM method, aiming to mitigate the grey area over the RANS-LES interface,
is based on a commutation term stemming from the variation of the local hybrid length
scale. Furthermore, a sub-grid model enabling to reduce the eddy viscosity in a shear
layer, the o-DDES model by Mocket et al [99], was also evaluated. Both methods require
no additional manipulation of, or explicitly defining, the RANS-LES interface and are
applied in a global manner.

Paper D reports hybrid RANS-LES computations undertaken in the verification of
GAM formulations incorporated into the SST DDES model. Two test cases, namely, the
flow over a wall-mounted hump and a mixing shear layer was computed. It was shown
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that the effect of both the commutation term and the o — DDFES model improve the
results for the mixing shear layer and are able to trigger a rapid transition of modeled to
resolved turbulence. This indicated improved predictions of both vorticity thickness and
resolved shear stress. The effect of commutation term and the 0 — DDES model is less
pronounced for the hump flow, however, where the recovery of the skin friction coefficient
is only slightly better predicted.

Comments

The commutation term presented in Paper D effectively reduces the modeled kinetic
energy and eddy viscosity further in the vicinity of a RANS-LES interface. We believe
that this is necessary but not enough, and synthetic turbulence could be added to further
mitigate the grey area in flow cases where resolved fluctuations are not triggered by
strong shear. The commutation term, which is a measure of the energy transfer between
the modeled and resolved scales, can be used to scale the intensity of the synthetic
fluctuations. The Anisotropic Linear Forcing (ALF) method by de Laage de Meux et al.
[102] offers an interesting combination with the commutation term, due to its relatively
small computational overhead, which is necessary since the commutation term is computed
in the entire computational domain, and that it requires no explicit RANS-LES interface
to be defined.

5.5 Paper E

"Implementation of Nonreflecting Inlet and Outlet Boundary Conditions in the Subsonic
Regime for a Node-Based Compressible Solver”

With the experience gained from the work in Paper B, it was concluded that synthetic
turbulent fluctuations may produce spurious pressure reflections in the vicinity of inlet
or outlet boundaries. This is caused by an improper treatment of the incoming and
outgoing characteristic waves at truncated computational domains, which is not accounted
for in standard inlet/outlet boundary conditions. Paper E presents a survey on the
implementation of the Navier-Stokes characteristic boundary conditions (NSCBC) by Lele
et al. [103]. Special attention paid to node-centered finite volume schemes, with the aim
to mitigate the reflected waves from the boundaries. Two different implementations were
investigated of the NSCBC, the first sets the primitive variables at the boundary from
the NSCBC equations, the other implements the NSCBC as a source term. The NSCBC
implementations were compared to conventional boundary conditions.

A subsonic inlet was tested to evaluate the boundary conditions in their capability to
inject an analytical isentropic vortex. The boundary conditions was verified in examining
how well the analytical solution is preserved. A Dirichlet boundary condition was capable
of injecting the vortex with minimal distortion and give accurate results. The strong
implementation of setting the primitive variables at the boundary was capable of injecting
the vortex, although significant checkerboard pattern is observed in the pressure. The
source term implementation failed to inject the vortex in a reasonable form unless a high
value of a penalty parameter o is chosen. The value had to be chosen much larger than
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the recommended value (50 vs. 0.25), although a zero value of this parameter has been
reported in the literature to give satisfactory results.

A subsonic outlet was evaluated to assess the boundary conditions of their capability
of transporting out an analytical vortex through the exit boundary. No reflections and
minimal distortion of the vortex condition is expected. The NSCBC was compared to a
conventional outlet condition with a static pressure specified. The static pressure outlet
condition is reflective, and reflection in the pressure field is observed. The source term
implementation of the NSCBC gives the best result with minimal reflections observed.
The strong implementation of setting the primitive variables manages to transport out
the vortex with checkerboard pattern observed.
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Chapter 6
Conclusions and Outlook

The thesis work has dedicated to improvements of modelling and simulation methodologies
for robust use in scale-resolving computations of turbulent flows of industry relevance.
These concern of developing and examining both improved modelling approaches and
feasible modelling-related numerical issues.

6.1 Concluding Remarks

A low-dissipative low-dispersive scheme (LD2) by Lowe et al. has been investigated in in
order to reduce the dissipative and dispersive numerical errors connected to the convective
term. The scheme controls added artificial dissipation through a matrix dissipation
operator and is adapted to low speed flows with a low Mach number preconditioner.
The scheme exploits a higher order central reconstruction of the face fluxes to reduce
the dispersive numerical error. In Paper A, the numerical scheme was applied in hybrid
RANS-LES of turbulent channel flow and the decaying isotropic turbulence (DIT) for
calibration purposes. The scheme was then further adopted to and assessed in compressible
flows involving shock waves, such a shock tube case. Additional hybrid RANS-LES of
supersonic flow over a cylindrical base further verifies the scheme and give good agreement
with reference data.

A sensitivity study on the implementation of the Synthetic-Eddy Method (SEM)
and the Synthetic Turbulence Generator (STG), to inject synthetic turbulence at the
RANS-LES interface in order to mitigate the grey-area problem in the LES region has
been made. Three methods have been implemented in Paper B, where the synthetic
turbulent fluctuations is numerically represented by means of, respectively, a volumetric
source term or a virtual flux term, or the combination of both methods, where the three
methods were implemented through imposing the fluctuations (in the form of a source
term) at the inlet boundary or in a plane further downstream of the inlet boundary. The
methods have been verified in hybrid RANS-LES of developing turbulent channel flow
and developing boundary layer.

In Paper C, an implicit least squares gradient (ILSQ) reconstruction scheme with a
compact formulation has been derived. A detailed study of two-dimensional gradient
calculation for node-centered unstructured data on regular and highly irregular grids
has been made. Compared to a standard compact LSQ scheme, which uses only nearest
neighbours in the stencil, the implicit scheme also includes information from neighbouring
gradients, leading to a linear system to be solved. This allows the assumed polynomial
or Taylor expansion in the least squares approach to be of higher order. In this study, a
third-order polynomial is assumed for the ILSQ scheme. The ILSQ shows a fourth-order
scaling on highly irregular mixed-element grids (quadrilaterals and triangles) with large
variation in number of nearest neighbours.

In Paper D, a new seamless hybrid RANS-LES approach was derived and evaluated
for free shear layer flows. The method exploits the commutation error at RANS-LES
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interfaces, where a commutation error term based on the hybrid length-scale is applied to
reduce the grey-area in the vicinity of the RANS-LES interface. Improved results with
respect to experiment is achieved in hybrid RANS-LES of the mixing shear layer flow.

The Navier-Stokes characteristic boundary conditions (NSCBC) has been implemented
in Paper E and evaluated in order to reduce numerical and physical wave reflections from
simulation boundaries. The implementation was assessed by the transport of an analytical
vortex in the subsonic regime. The current implementation of the boundary condition
give satisfactory results for a subsonic outlet, where the vortex is effectively transported
with minimal reflections. For a subsonic inlet, the implementation deviates from results
reported in the literature and will be further examined.

The numerical scheme, the synthetic turbulence generator, and the characteristic
boundary conditions were implemented and evaluated in M-Edge, a node-centered second-
order unstructured compressible finite-volume Navier-Stokes solver. The new gradients
scheme was implemented in a stand-alone script, where an implementation of the gradient
scheme in the aforementioned flow solver is planned.

6.2 Outlook

The work presented in this thesis and in the appended papers is by no means considered
the end of research effort dedicated to these topics. The numerical scheme will be further
assessed and improved in verification and validation of additional hybrid RANS-LES
flow cases. The performance of the numerical scheme will be examined and evaluated on
true unstructured grids, i.e. grids containing mixed elements of hexahedra, prisms and
tetrahedrons, which often is encountered in industrial applications of complex aeronautical
flow cases.

The implementation of the characteristic boundary conditions will be further explored.
A combination of the synthetic turbulent inlet boundary condition and the characteristic
boundary condition is of special interest. The ability to inject synthetic turbulence while
not producing unphysical pressure waves and reflections will be examined.

The current study of the new gradient-reconstruction algorithm is planned to be
followed up by an implementation in the M-Edge flow solver, where the accuracy, feasibility
and robustness will be further evaluated on relevant flow cases. The gradient scheme will
be extended to three dimensions and applied to scale-resolving simulations for hybrid
RANS-LES applications.
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Abstract

A comprehensive study is conducted on a second-order low-dissipation
low-dispersion (LD2) scheme in scale-resolving simulations of both incom-
pressible and compressible flows, using a node-based unstructured CFD solver.
The scheme deploys a higher order central reconstruction of the face values
(up to fourth-order on structured meshes) and a matrix dissipation formu-
lation to reduce the dispersive and dissipative numerical errors. The LD2
scheme is examined for compressible flow cases involving shock discontinu-
ities, LD2-Compressible (LD2C), and is verified in a classical shock-tube
problem. The scheme is then further verified in Large-Eddy Simulations
(LES) of decaying isotropic turbulence (DIT) in comparison with available
experimental data. It is shown that in scale-resolving simulations, the LD2C
scheme is able to significantly improve the prediction as compared to a con-
ventional second-order central scheme. The scheme is then further assessed
and verified in hybrid Reynolds-Averaged Navier-Stokes (RANS)-LES com-
putations for the subsonic and supersonic turbulent channel flow, where ex-
cellent agreement with reference DNS and correlations are observed. More-
over, a supersonic base flow is simulated using hybrid RANS-LES, where
improved predictions are observed. The LD2C scheme exploits a shock sen-
sor incorporating vorticity and is shown to improve the prediction of the
resolved shear stress in the shear layer of compression.
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1. Introduction

Hybrid RANS-LES modeling (HRLM) is a computational technique con-
sidered to be more accurate than RANS and computationally more afford-
able than LES for the aeronautical industry. The key feature of HRLM is
the RANS-type behavior in the vicinity of a solid boundary combined with
LES in regions far away from the wall. Commonly used HRLM methods
stem from the Detached Eddy Simulation (DES) by Spalart et. al [1] and
extended by boundary-layer shielding, e.g. Delayed DES, which is consid-
ered to be the most mature for industrial use. A wide variety of additional
methods exist such as Improved DDES (IDDES) [2], HYBO [3, 4], PANS [5]
and ZDES [6].

The turbulence-resolving capability in LES mode of DES and hybrid
RANS-LES approaches depends strongly on the choice of the LES length
scale. In flows involving free shear layers, the choice of LES length scale is
crucial in order to mitigate the ”grey-area” problem, which delays the de-
velopment of LES-resolved turbulence in the initial LES region adjacent to
the RANS-LES interface. As a result, the accuracy of scale-resolving sim-
ulation in the focusing LES region may become significantly degraded. In
order to have effective transition between the RANS and the LES region
in free shear layers, Grey-Area Mitigation (GAM) methods modifying the
LES-length scale may be employed [6, 7].

To accurately capture resolved turbulent fluctuations, proper resolution of
LES requires a minimal dissipative and minimal dispersion numerical scheme.
A low-dissipative finite-volume scheme suitable for unstructured compress-
ible solvers was developed by Probst et. al [8], where the added numeri-
cal dissipation was effectively reduced and demonstrated for wall-bounded
scale resolving flow. The numerical dissipation of the scheme is controlled
by a Jameson matrix dissipation scheme [9], in order to reduce the level of
added numerical dissipation suitable for scale-resolving simulations. To fur-
ther improve the capabilities of the numerical scheme, a low-dissipation and
low-dispersion (LD2) scheme was formulated by Léwe et al. [10], where a
higher order extrapolation of the face values is used to control and reduce
the numerical dispersion errors.

A thorough study similar to [8, 10] was conducted in Carlsson et al.
[11] using the LD2 scheme in the compressible flow solver M-Edge [12] (for-

2



mer CFD solver Edge), which is an unstructured finite-volume Navier-Stokes
solver used to investigate complex aeronautical flows. A number of previ-
ous examples of aeronautical relevant cases using HRLM simulated with the
solver have been well demonstrated, e.g. the flow over rudimentary landing
gear [13], transonic duct flow [14, 15] and flow around a three-element airfoil
in high-lift configuration [16]. In the previous work [11], the LD2 scheme was
applied to low-speed (nearly incompressible) turbulent flows, showing good
results in LES of the turbulent channel flow case for a moderate Reynolds
number and the decaying isotropic turbulence (DIT) in comparison to DNS
and experiments.

In this work, we seek to adapt the LD2 scheme for scale-resolving of com-
pressible flows. In addition to a verification of the LD2 scheme in hybrid
RANS-LES of subsonic turbulent channel flow and DIT, three compressible
flow cases are also considered here. The Sod shock tube case, hybrid RANS-
LES of the super sonic channel flow and the supersonic base flow (experimen-
tally investigated by Herrin and Dutton [17]). These test cases are chosen
to adapt and evaluate the numerical scheme in compressible scale-resolving
simulations.

The shock capturing capabilities of the numerical scheme is important,
and should not interfere with the scale-resolving properties. In the original
formulation by Jameson, a sensor similar to the second derivative of the pres-
sure was formulated to identify shock-waves [9]. A different variant of sensor
targeting to minimize excessive dissipation in shock/turbulence interaction
in LES was formulated by Ducros [18]. The sensor is a slight modification
to Jameson’s sensor and involves the local flow vorticity to identify regions
with resolved turbulence.

The paper is organized as follows. The numerical method is outlined in
Section 2 and the turbulence models used in the paper is presented in Section
3. Results and evaluation of the numerical test are then presented in Section
4. Finally, the work is summarized and concluded in Section 5.

2. Numerical Methods

The CFD solver used in the computations is the M-Edge code, which
is an edge- and node-based Navier-Stokes flow solver applicable for both
structured and unstructured grids [12, 19]. The finite volume discretization
is obtained by applying the integral formulation of the governing equations
to a control volume surrounding node ¢,



nb; nb;
dg; - -
AV; a + ; Fi;Sij + ; GijSij =0, (1)

where AV} is the volume surrounding node i, ¢; = (p, pu, pv, pw, pE) are
the unknown conservative variables at the node, Fj; and Gj; are the cell
face convective and viscous fluxes between nodes ¢ and j, and S;; is the cell
face area connecting the dual control volumes of the nodes. The number of
neighbours adjacent to node ¢ is denoted by nb;. Equation (1) is integrated
in time using a 2nd-order backward Euler scheme, together with a dual-time
stepping methodology using an explicit low-storage multistage Runge-Kutta
scheme accelerated further by full-approximation storage (FAS) multigrid
[9]. The boundary conditions have a weak formulation in which a set of
temporary flow variables are computed and used in the calculations of the
boundary flux added to the residual. The residual then updates all unknown
variables including the boundary values [20].

Since the dispersion and dissipation, due to the convective term, are of in-
terest, a detailed description of the theory and implementation follows below.
The convective fluxes are discretized according to the central skew-symmetric
energy preserving formulation of Kok [21], together with a Jameson-Schmidt-
Turkel (JST) artifical matrix dissipation [22, 23]

Fy; = Fij(QLa (IR) - Dij(Q)a (2)

where qr, qr are extrapolated face values according to a central scheme for
reducing dispersion errors [10], and the subscripts L and R refer to the left
and right states at the cell face ij. The matrix dissipation D;; is the JST
artificial viscosity term included for increased numerical stability on hybrid
grids, since the central skew-symmetric formulation by Kok does not provide

any numerical dissipation to the scheme.

2.1. Numerical Dispersion

The skew-symmetric energy preserving formulation by Kok [21] relies on a
particular discretization of the convective terms in the mean flow equations
such that good dispersion properties are obtained. The averaged cell face



values in the convective numerical flux are formulated as

(P) i . %(PILUL + pruR) )
Ey= | (pua+pl)y | = 3(prur + prur)z(u +ur) + 5(pr + pr)!
(PuE + pu);; 3(pLur + prurg) [%(ULUR) + f(fﬁ] + 3(uLpr + urpr)

(3)
The reader is referred to [10, 21] for the particular choice of averaging ((7)
and (7)) in Eq. (3). For the conventional central flux the subscripts L, R
are given by the respective nodal values. In the low-dispersion scheme by
Lowe et al. [10], the left and right face values of the velocity and pressure
are extrapolated from the left and right node values, respectively, by using
the gradient of the variable in the nodes, i.e.

ur =u; + aVul . dij~, URr = Uj — aVuj . dij

(4)
pL =pi +aVp;-d;;, pr=p;—aVp;-dj

where d;; is the distance vector between the two nodes. In this work, the gra-
dients are evaluated with a Green-Gauss’ approximation. « is a parameter
that can be chosen to reduce the dispersion error for a specific range of wave
numbers. Note that the speed of sound and density is not extrapolated in
the original scheme, since the effects of extrapolation of these quantities were
argued to be small as reported by Lowe et al. [10]. However, Lowe’s formula-
tion was only evaluated for subsonic flow cases. For compressible flow cases
involving shock waves, see Section 4, we evaluate further the extrapolation
of density and speed of sound as well in the following form,

pr=pi+aVp;-dy, pr=p;—aVp;-d
Cr, = C; + onci . dij7 Cr — Cj — OtVC]' . dij

(5)

A theoretical analysis of the dispersion properties of a for an analytical case
is given in Section 2.3.

2.2. Numerical Dissipation

2.2.1. Matrix Dissipation
The artificial matrix dissipation [22] in Eq. (2) is given by
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where L is the undivided Laplacian and the convective flux Jacobian |%—§|U =
R;j |A|ini_j1 is computed and diagonalized according to Langer [24]. A Harten
type entropy fix [25] is employed to prevent vanishing eigenvalues of |Al;;,
and are limited so that they are larger than 30% of the spectral radius. The
second order dissipation scaling parameter 51(-12-) in Eq. (6) is only active in
the presence of strong discontinuities (i.e. for high speed flows with shocks)
and can be omitted when low Mach number flow cases are considered. The
parameters W and 5§4) are given by, respectively,

i

p p
RO A RN N (A
¢ 2)\01‘]' J 2)\01']'

nb; (7)
A = Z(Uiknz‘k +cik)Siks  Aoij = (|wijnig| + cij)Sij,
k=1

where u;; = (u; +u;)/2 and ¢;; = (¢; + ¢;)/2 denote, respectively, the flow
velocity and speed of sound at the control volume face. The normal direction
of the control surface to the edge between nodes ¢ and j is denoted by n;;.
The purpose of the additional scaling with the local convective eigenvalues
(Miy Aj and Ag;;) in Eq. (7) is to apply extra dissipation for highly stretched
cells in direction of the cell stretching, for example in near wall boundary
layer flows or free shear layer flows resolved by an anisotropic grid. This is a
desired effect to improve the robustness of the discretization [26]. The factor
p is chosen to have a close resemblance with the Martinelli [27] eigenvalue
scaling for structured grids (p = 0.3). Note that by setting p = 0 we have
0@ _

i £; ). The fourth-order scaling parameter

e® = max|[0, s® — Eg)] (8)

is deactivated in the vicinity of shocks. Here, k™ is a global scaling parame-
ter, where a typical value of k* used in RANS simulations varies often with
a value set between 1/128 — 1/64 [24]. These values gives extra numerical
dissipation to dampen numerical errors and converge to a steady state sim-
ulation quickly. However, as shown by Probst et al. [8, 28] and Carlsson et
al. [11], these values are not suitable for scale-resolving simulations and will
severely dissipate resolved turbulence. LES of decaying grid turbulence and
turbulent channel flow indicate that 1/512 to 1/1024 is a suitable range for
k™ to allow a good trade off between convergence and numerical accuracy



in scale-resolving simulations. The dissipation properties of this parame-
ter is theoretically analyzed in Section 2.3 and is further explored in hybrid
RANS-LES simulations in Section 4.

2.2.2. Low Mach Number Preconditioning
To enhance the convergence properties and accuracy for low Mach number
flows the convective flux Jacobian in Eq. (6) is modified,

8£
dq

OPF
dq

-1
ij

(9)

ij i

where the preconditioning matrix P;; is based on Turkel’s formulation [29].

The matrix ‘%’ ~in Eq. (9) is approximated by ‘%—Z ~ [24], where the local
i 2]

%—5 has been replaced with an artificial speed of sound

v

speed of sound ¢ in

&= g\/(1+5)2M2+4ﬂ(1—M?). (10)

where M is the local Mach number on the cell face. Both the precondtioning
matrix and the convective flux Jacobian are functions of the local speed of
sound given in Eq. (10), where the rescaled speed of sound decreases the
difference between the largest and the smallest eigenvalues of the convec-
tive flux Jacobian in Eq. (9) for low Mach number flows. The function of
preconditioning is controlled by

B = min[max(M?, K M2), 1] (11)

where = 1 gives no preconditioning, M, is the free-stream Mach number
and K is a tuning coefficient. In Eq. (9) the preconditioning can be turned off
by setting K to a very large value (K — o00) to ensure 8 = 1. Typical values
of K previously used in M-Edge vary between 1 and 4 for RANS simulations
[30].

2.2.3. Shock Capturing Methods

For high speed flows the flow solver needs to be able to identify disconti-
nuities in the presence of shock waves. A standard pressure-based sensor by
Jameson [31] is often deployed, reading

£@ = min[k? max(¥;, ¥;), 0.5] (12)

vy
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where the sensor

nb;
pe1 (Di — D)
e (13)
> k1 (pi + pr)
identifies regions with large pressure differences, e.g. shock waves, and re-
turning a value close to unity. The numerical scheme is then reduced to a
first-order scheme through Eqs. (12), (8) and (6). This is necessary since ac-
cording to the work by Godunov [32], any monotonicity preserving numerical
scheme in the presence of shock waves can be at most first-order accurate.
For regions with a smooth continuously varying flow field the sensor given
by Eq. (13) tends to be switched off and the scheme follows the fourth-order
dissipation in Eq. (6). The value 0.5 in Eq. (12) limits the scheme to behave
as a first-order upwind scheme in shock regions. The sensitivity of the sen-
sor is modified through s, where the value is tuned in a shock-tube case
(Section 4.1) in this work.
A different sensor targeted for minimizing excessive dissipation in shock-
turbulence interaction in LES was formulated by Ducros as [18]

(V-uw)?

@i:
(V-u)2+(Vxu)?+e

(14)

where the sensor includes the dilation and the magnitude of vorticity of the
flow field. Here, € is a small number (107%) in order to avoid singularities.
This limiter reduces the added dissipation in regions with resolved turbu-
lence where the vortex motion becomes intensive. However, Eq. (14) alone is
not capable of separating large dilatations (shocks) from small dilatational
disturbances. Also, in flow regions where vorticity is negligible even very
small dilatations will activate the switch. This can add dissipation where it
is not wanted and can also introduce spurious oscillations, which both can
degrade the accuracy of the solution. In order to mitigate these problems,
the sensor given by Eq. (14) was multiplied [18] by the standard Jameson’s
sensor given by Eq. (13)

e = min[k® max(¥;®;, ¥;®)), 0.5] (15)

which was shown to effectively distinguish between shocks and compressible
turbulence [18].



2.3. Analysis of Numerical Scheme

The dispersion and dissipation relations for the convective scheme can be
analyzed by performing a semi-discrete stability analysis of a one-dimensional
convection equation as discussed by Hirsch [33]. The numerical error of the
discretization due to the convective term can be cast into a purely dissipa-
tive term, €p, and a purely dispersive term, €4, as a function of the wave
numbers that the grid can resolve, ¢ € [0, 7]. Here, values ep < 1 correspond
to physical waves being dissipated by the convective scheme, and deviations
from €4 = 1 corresponds to physical waves being transported with a nega-
tive (¢ < 1) or positive (eg > 1) group velocity. The contribution to the
dissipative error for smooth flows is a function of the fourth-order dissipation
scaling parameter £ (Eq. (8)), and the contribution to the dispersive error
is a function of o (Eq. (4)). The corresponding errors for a set of chosen
values are presented in Fig. 1.

1.2
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| e ]
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E—] —a=1/5
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(a) Dissipation. (b) Dispersion.

Figure 1: Dissipation and dispersion relations.

The added numerical dissipation can effectively be lowered by reducing
the value of £(¥), as indicated in Fig. 1(a). If one assumes that the added dis-
sipation to the simulation should be only due to the SGS scales, it is therefore
desirable to use as low value as possible of kK® in order to avoid dissipation of
the smaller scales that the grid can resolve. However, in practical application
some amount of numerical dissipation is often needed (k) > 0) in order to
reach convergence.

The dispersion error is presented in Fig. 1(b). Taylor expansion shows
that one has to choose @ = 1/3 to achieve fourth-order approximation of
the derivative, which is the theoretically highest order for any «. The value
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a = 0 yields a pure second-order central approximation. In [10], Lowe et al.
investigated the values of & = 0.36 and a = 0.4, which showed better perfor-
mance than o = 1/3 in resolving features on a coarse grid for an analytical
case, while admitting higher dispersion errors on finer grids compared to
a = 1/3. They concluded that oo = 0.36 gave the most favorable cancellation
properties [10] and used it in a set of studies [28, 34, 35] for scale-resolving
simulations. However, the dispersion relation in Fig. (1) indicates that there
is a small difference between o = 0.36 optimized by Léwe et al. [10] and
the value o = 1/3 that gives the theoretically highest order. In Carlsson et
al. [11], LES of fully developed channel flow and DIT using the LD2 scheme
showed that in practical applications there is little difference between the val-
ues of @ > 0 shown in Fig. 1. Therefore, « = 1/3 is chosen in the following
analysis.

3. Turbulence Modeling

For the hybrid RANS-LES computations of attached boundary layers
with flow induced separation, we use the DDES approach [36]. The blending
function between the RANS mode and the LES mode reads:

Ippes = lrans — famax(0,lpans — LES) (16)

where the enhanced boundary layer shielding function f; blends between
lrans and Iy gg, the RANS and LES length scales, respectively. The RANS-
model then works as a hybrid RANS-LES model by replacing [grans by the
hybrid length scale given by Ipprs. The LES length scale in (16) is given by

lres = CprsYA (17)

Here, Cpgs is the modeling constant and is code dependent, and ¥ is a
correction function to avoid (an unphysical) low Reynolds number damping
in the LES region [36]. In the original formulation of the DDES model, the
length scale in Eq. (17) is set to the maximum cell dimension A,,,,. In an
edge-based code like M-Edge, it is defined as the maximum edge length of a
dual control volume cell.

For scale-resolving simulation of wall bounded flows, the IDDES [2] is
employed. The IDDES blends two branches, the DDES-like branch which
should become active only when the inflow conditions do not have any tur-
bulent content, and the WMLES-like branch intended to be active only when

10



the inflow conditions used in the simulation are unsteady and impose some
turbulent content and if the grid is fine enough to resolve boundary-layer
dominant eddies. The blending function between the RANS mode and the
LES mode reads:

lippes = fa(1 + f)lrans + (1 — fa)loes (18)

Here, fd is a function that blends between DDES and WMLES, and f. is a
function to enhance the RANS length scale in the vicinity of the RANS-LES
interface in order to reduce the log-layer mismatch [2]. The LES length scale
in Eq. (18) is given by Eq. (17) but the the local filter-width A is replaced
by

Agy = min(max[Cawdi, CawAmazs Dwnl, A). (19)

The purpose of Ay, in Eq. (19) is to give a correct log-layer behaviour in
WMLES without the need to alter the value of the modeling constant Cpgg
adapted to decaying grid turbulence. In Eq. (19), C,, = 0.15 and A, is the
characteristic wall-normal cell size. For an unstructured edge-based solver as
M-Edge, this quantity is not defined in a straightforward way. In this work,
it is approximated by taking the difference between the maximum and the
minimum cell face value of the wall distance d,, for a given cell. The cell face
value is computed by the average of the two connecting nodes for a given
edge. As underlying RANS models, the Spalart-Allmaras (SA) RANS model
[37] and the Menter Shear-Stress Transport (SST) [38] are considered in this
work. Note that the damping function in Eq. 17 is not needed for the SST
model (¥ = 1). The A4, length scale is used in Egs. (17) and (19) unless
otherwise stated.

3.1. Improved LES Length Scale

It has been shown in several studies that A,,,. often gives an excess SGS
viscosity for flow cases involving free shear layers in LES mode (e.g. [7, 39,
40]). An alternative length scale to alleviate this problem was formulated by
Shur et. al [7], where the length scale in Eq. (17) is replaced by A,, which is
based on the local vorticity direction in the flow. For a hexahedral cell A,
is formulated as in Eq. (20)

w

1
= —max|I, - L,|, I, =n, x(r,—r), n, (20)

A
W \/g
where n,, is the unit vector aligned with the vorticity vector. This approach
adapts the filter width to the local orientation of eddies, thus helping to

el
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reduce the well-known problem of delayed transition from RANS to LES
modeling ("grey area”) in the initial region of the shear layer. The factor %
is needed to recover A, for cubic cells in isotropic turbulence.

However, as pointed out in [7], replacing A, 4, with A, is not enough to
fully unlock the Kelvin-Helmholtz instability. To further force the reduction
of the turbulent SGS viscosity in free shear layers the Fi g function is added
to A, to give ~

Agra = AyFru((VTM)) (21)

The Fgpy function is based on a Vortex Tilting Measure (VTM) with the aim
to detect Kelvin-Helmholtz like structures and rapidly reduce the LES filter
width. Local VTM values are averaged over the current and closest neighbor-
ing cells, in order to make Agy 4 behave as A4, in developed 3D turbulence.
The averaged VIT'M quantity denoted (VT'M) is close to zero in the quasi-2D
regions of the flow, whereas in regions with fully developed turbulence it is of
the order of 1.0. The Vortex Tilting Measure (VI'M) in our implementation
is computed as a volume average of the neighbouring cells. The function
Fiy takes values between zero and one, where one is its natural value and
a reduction towards zero takes place in flows where Kelvin-Helmholtz like
structures are detected. By achieving this additional reduction of the turbu-
lent SGS viscosity, the two dimensional Kelvin-Helmholtz structures are able
to break up and form three dimensional turbulent structures. For further
information about Fxy and VTM, the reader is referred to Shur et al. [7].

4. Results and Discussion

In this section, computations of several test cases are reported to investi-
gate the effect of numerical dispersion (Section 2.1) and dissipation (Section
2.2) on resolved turbulence. In the present study we have examined a certain
range of values of different parameters in test case computations. A summary
of the optimal values for each parameter is shown in Table 1, which in the
present study give the optimal performance, numerical stability and numer-
ical accuracy in the computation of both incompressible and compressible
flows. For reference, the LD2-related parameters adopted for incompressible
flows by Probst et al. [28] and the values for the conventional second-order
central scheme often used in RANS applications [26, 24] are also shown in
Table 1.

To establish the value of the shock capturing parameter s and the
impact of the extrapolation parameter « in Egs. (4) and (5) in the compress-
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Table 1: Optimized parameters in numerical dissipation and dispersion for incompressible
(LD2) and compressible (LD2C) flows.

Scheme  £®  Shock Sensor k¥ a,, @, a,, a.
Ref 5 v, 1/128 0 0
LD2 [28] 0 - 1/1024  1/3 0
LD2C 5 V., /512 1/3  1/3

ible flow adapted scheme, LD2-Compressible (LD2C), the Sod shock tube
test case is evaluated in Section 4.1. The turbulence-resolving properties of
the numerical scheme and calibration of the modeling constant Cpgs are
then investigated in simulation of DIT in Section 4.2.

The turbulence-resolving capabilities of the numerical scheme in wall-
bounded flows in subsonic and supersonic conditions are investigated in Sec-
tion 4.3 using IDDES. Having established the shock capturing and the tur-
bulence resolving capabilities in supersonic flow, the LD2C scheme is further
evaluated in hybrid RANS-LES of the supersonic base flow case in Section
4.4. In the supersonic base flow, the optimized numerical parameters using
the test cases in Sections 4.1, 4.2 and 4.3 are evaluated, together with the
length scale Agrpa (Eq. (21)).

4.1. Sod shock tube

The Sod Shock tube [41] is a Riemann problem commonly used to test the
accuracy of computational methods for flow cases involving discontinuities.
The problem consists of propagation of a shock wave, a contact discontinuity
(surface that separates zones of different density and temperature), and an
expansion fan. The Euler equations are solved to measure how well the
numerical scheme can resolve the propagation speed of the rarefaction wave,
the contact discontinuity and the shock discontinuity without introducing
nonphysical oscillations. The test case is chosen to evaluate the effects of the
second-order dissipation parameter £ and the extrapolation (dispersion)
parameter «. All simulations in this section exploit the standard Jameson
sensor given by Eq. (13). In order to detect the contact discontinuity (since
the pressure is continuous here), the sensor is modified to include the density
as well, i.e.

U, = max[¥;,, U; | (22)

where ¥;, and ¥;, are the sensors of Eq. 13 evaluated with pressure and
density, respectively.
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Figure 2: Sod shock tube [41] problem at £ = 0.2 using different schemes.

The initial conditions are given by:

(1,0,1), <05

(p [bar],u [m/s], p [kg/m?]) = (0.125,0,0.1), x> 0.5.

(23)

The computational domain is given by = € [0,1] m. Simulations are per-
formed with constant time steps At = 3.162 - 107 s on a uniform grid
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composed of 200 grid points where Az = 0.005 m, comparison between
the exact solution and the numerical solution is made after 200 time steps
(non-dimensional time £ = 0.2).

Figure 2 presents the density and temperature profiles. Figures 2(a) and
2(b) shows the result for no extrapolation (a = 0, see Ref scheme in Table
1), and Figures 2(c) and 2(d) for the LD2 scheme (v, oy, = 1/3, see Eq. (4)
and Table 1). Somewhat surprisingly, the oscillations at the normal shock
location (z =~ 0.85 m) are slightly reduced when using the higher order
extrapolation for the pressure and velocity. The oscillations are effectively
dampened by increasing the value of the second-order dissipation parameter
k@ from 1 to 5. However, the oscillation around the contact discontinuity
(z ~ 0.7 m) remains mainly unaffected by this treatment.

This deficiency can effectively be mitigated by including the density and
the speed of sound in the extrapolation scheme («,, o, = 1/3, see Eq. (5)).
Figures 2(e) and 2(f) present the density and temperature profiles for the
LD2-Compressible (LD2C) scheme (see Table 1), where oscillations around
the contact discontinuity are effectively dampened by increasing x®. The
value £ = 5 was chosen for the LD2C scheme as a good trade off between
shock sensitivity and not adding too much numerical dissipation. The Ducros
sensor (Eq. (15)) was verified as well for the LD2C scheme (not shown), and
showed similar results as in Figs. 2(e) and 2(f).

4.2. Decaying isotropic turbulence

To asses the scale-resolving properties of the numerical scheme for nearly
incompressible isotropic turbulence using the LES versions of the SA and
SST turbulence models, the isotropic grid-generated turbulence experiment
of Comte-Bellot and Corssin [42] is simulated as a temporal decay on an
equidistant isotropic mesh. The incoming velocity field in the experiment
was Uy = 10 m/s, the grid spacing M, = 0.0508 m, with a resulting Reynolds
number Re = Y — 34 000. The kinetic energy and the turbulent spectra
were reported for dimensionless times % € {42,98,171}. The reported spec-
tra and wave number are made dimensiognless to correspond to computational
times of ¢ € {0,0.87,2.0} [43].

The computational domain is a 27 x 27 x 27 cube discretized with N3
equal sized Cartesian control volumes. Three grids have been considered with
N € {32,64,128}. The flow field is initialised with a prescribed velocity
field of zero mean velocity. The initial fluctuating velocity distribution is
obtained from the experimental energy distribution for ¢ = 0 using an inverse

15



Fourier transformation in a tool provided by Prof. Strelets at St. Petersburg
Technical University. The other thermodynamic variables are initiated to
uniform fields to simulate an initial turbulent Mach number of M; = 0.1.
The chosen physical time step At corresponds to C'F'L = 0.2 based on
the maximum initial velocity in the domain. A timestep of At/2 (namely
CFL = 0.1) was tested for a couple of cases and gave no deviation in the
result. Periodic boundary conditions are applied in all directions. The com-
puted results are compared with the experiment by comparing the three
dimensional spectra at times ¢ € {0.87,2.0}. The results on three different
grids for the LES models of SA and SST are shown in Fig. 3, where a sen-
sitivity study on the different numerical settings given in Table 1 is made.

The modeling constant for the SA LES model is set to the standard value
Cpps = 0.65 [36], the results are presented in Figs. 3(a), 3(c) and 3(e).
For this test case the LD2 scheme is examined with two different values of
x®, namely 1/512 and 1/1024. The results indicate that a relatively large
value of k® is only slightly more dissipative on the higher wave number
for each grid. Nevertheless, the effect is very small and does not affect the
overall performance of the scheme in this case. The results also show that the
reference scheme (see Table 1) applies too much numerical dissipation, where
the energy spectrum shows a too steep decay for the higher wave number on
all three grids.

Results for the SST LES model is shown in Figs. 3(b), 3(d) and 3(f).
Here, the model is run in its k — ¢ mode using the standard value Cppgg -
= 0.61 [38]. Similar trends can be seen compared to the results of the SA
model, the experimental spectra is well captured on all three grids for the
LD2 scheme. The SST model was also run in its k — w mode with Cpgs -
= (.78 (not shown), giving nearly identical results as in Figs. 3(b), 3(d) and
3(f).

The results shown in Fig. 3 indicate that the LD2 scheme with a value
k™ = 1/512 can accurately predict the correct decay of isotropic turbulence
without the need to recalibrate the standard values of the modeling constant
Cpgs for the underlying turbulence models.

4.8. Fully developed channel flow

The fully-developed turbulent channel flow is a very useful test case for ex-
amining the capabilities of resolving turbulence in wall-bounded flows. The
test case is employed for the implementation, examination and validation
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Figure 3: DIT. Prediction of energy spectra in comparison with experimental data at
non-dimensional times ¢ = 0.87 (O) and ¢ = 2.0 (A). Effects of numerical scheme. The
legend is referred to Table 1.

of the numerical scheme for wall-bounded turbulence resolving simulations
using IDDES (see Eq. (18)). In order to evaluate the methodology for aero-
nautical applications both subsonic and supersonic conditions and a wide
Reynolds number range of the fully-developed turbulent channel flow are
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simulated.

The computational domain is a rectangular box of height 24 (y), a length
of 2m6 (x), and a width of 76 (z), where 0 is the half-channel height. Periodic
boundary conditions are applied in the streamwise (z) and the spanwise (2)
directions. To replicate the same wall boundary conditions as the reference
DNS [44, 45], no-slip adiabatic conditions are applied in the subsonic cases
and no-slip isothermal conditions are applied in the supersonic cases.

To compensate for the lack of a pressure gradient dp/dx driving the flow in
the streamwise direction, the flow is driven by a forcing term, which enforces
a specific massflow through the channel in order to achieve a target Reynolds
number based on the bulk velocity Re,. The target bulk Reynolds number
is chosen to satisfy a corresponding Reynolds number based on the friction
velocity Re,, where the target Re, is taken from DNS results or correlations.
Subsonic or supersonic conditions are controlled by specifying the bulk Mach
number M,. The operating Re,, Re, and M, are defined as in Coleman et
al. [46]

Pptind Putird
PpUp M, = iib’ Re, = Pqiu (24)
c

w Cw Hoay

Reb =

where [i,, is dynamic viscosity at the wall, ¢, is the speed of sound at the
wall and u, = \/7,/p,, is the friction velocity. Details on the computational
arrangement of the turbulent channel flow simulations are given in Table 2.

Table 2: Summary of channel flow test cases and corresponding grid properties.

Case Rey M, Re, n, n, n, r Azt Ayt Azt
INC-395 6875  0.15 395 64 75 64 1.14 40 0.47-38 20
INC-2400 52500 0.15 2400 64 102 64 1.14 239 0.45-219 120
INC-18000 483000 0.15 18000 64 132 64 1.14 1795 0.45-1697 898
CMP-500 7667 1.5 500 64 78 64 1.14 50 0.45-46 25
CMP-1015 17000 1.5 1015 64 90 64 1.14 101 0.47-97 51
CMP-1015F 17000 1.5 1015 128 118 128 1.11 50 0.5-40 25
CMP-5000 100000 1.5 5000 64 112 64 1.14 518 0.5-515 259

The different numerical settings (using low Mach number preconditioning,
see Eq. (9)) in Table 1 are evaluated in the nearly incompressible regime
(M, = 0.15, cases INC-395, INC-2400 and INC-18000 in Table 2), where
the meshing strategy follows WMLES practice according to Shur et al. [2].
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The first off wall-normal node is placed at y™ ~ 0.5 and a stretching factor
r = 1.14 is used. A time step of At™ = 0.4 is chosen in accordance to
Probst et al. [28]. A random velocity field is generated by imposing synthetic
fluctuations (STG by Shur et al. [47]) in a y — 2z plane in the middle of the
channel for one convective time units (CTU = §/U,). The flow is then allowed
to develop for two CTU and then averaged over ten CTU. Time averaged
quantities are then averaged in the streamwise and and spanwise directions.
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Figure 4: Fully developed turbulent channel flow with bulk Mach number M; = 0.15 using
SST-IDDES. Effects of numerical scheme. Results compared with Reichardt’s law [48] and
DNS [44]: O AN T IT AN AR T A

Figure 4 presents the mean velocity profile for the cases INC-395, INC-
2400 and INC-18000 and the total stresses (modeled plus resolved stresses)
for INC-395 using the SST version of IDDES. For comparison in this case,
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we have also included additional simulations with the LD2 scheme and the
second-order dissipation activated by setting ) = 5, as in the LD2C scheme.
This is to verify that the shock capturing scheme is automatically switched
off for low speed incompressible flows. The results using the SA model are
very similar (not shown). Excellent agreement with reference DNS [44] for
the velocity profile (Fig. 4(a)) and the total stresses (Fig. 4(d)) is achieved for
the LD2 and LD2C schemes at Re, = 395, where the peak of the streamwise
stress W/ is very well captured.

The velocity profile for the higher Reynolds number are in general well
captured in comparison with the correlation by Reichardt [48], where a small
log-layer mismatched can be observed at the RANS-LES interface (at around
yT ~ 200 for Re, = 2400 as shown in Fig. 4(b) and y* =~ 2000 for Re, =
18000 as shown in Fig. 4(b)). On the other hand, the reference scheme (see
Table 1) shows a significant log-layer mismatch for all Reynolds number.
The velocity profile are well captured in the viscous sub-layer, buffer layer
and the part of the log-layer where the IDDES operates in RANS mode, but
fails as soon as the model switches to LES due to adding to much numerical
dissipation. Overall, the results for the LD2 scheme are in line with previously
reported results by Probst et al. [28].

In the supersonic channel flow simulations the bulk Mach number is set
to M, = 1.5. No low Mach number preconditioning is used. A time step
AtT = 0.0015 was chosen according to [49]. The same meshing strategy,
initialization of flow field and averaging as in the incompressible cases are
used. The Reynolds numbers for cases CMP-500 and CMP-1015 in Table 2
are chosen according to the DNS data available by Modesti et al. [45]. The
Reynolds number for CMP-5000 was estimated using fully developed RANS
to establish the relation between Re, and Re,, since no reference DNS data
was found by the author for this combination of higher Reynolds number and
Mach number. However, by using proper velocity profile transformation the
accuracy of the simulation can be estimated by using incompressible scaling
laws.

As discussed by Coleman et al. [46], the so-called Van Driest transfor-
mation [50] can be employed for supersonic boundary layers in accounting
for mean property variations in compressible turbulent wall-bounded flows.
That means that, the density weighted velocity profile and Reynolds stresses

wt = _
ul, = / ﬁdfﬁ, ugu;:D = ﬁuéuﬁ, (25)
0 Pw Pw
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are expected to follow their incompressible counterparts. However, it has
been shown in several studies, for example in [51, 45, 52|, that the velocity
transformation in Eq. (25) is inaccurate for non-adiabatic walls. Trettel and
Larsson [52] proposed a different velocity transformation according to

A dyr p(ru/p)"*y
uh = —Ldu +7 r+ =t = 26
g / \ 7 dyt o n (26)

which was found to produce a good collapse of the mean velocity profile
in comparison to standard incompressible scaling laws at different Reynolds
numbers and Mach numbers of supersonic channel flows with iso-thermal
walls. The velocity transformation in Eq. (26) is adopted in this work.
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Figure 5: Fully developed turbulent channel flow with bulk Mach number M, = 1.5 at
different Re; using SST-IDDES. Effects of numerical scheme. Compared with Reichardt’s
law [48] and DNS data [45]: O : WID, A :W:D, >: w’w’:rD, o W:D‘

Figure 5 presents the mean velocity profile for the cases CMP-500, CMP-
1015 and CMP-5000 and the total stresses for CMP-5000 using SST-IDDES.
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Details about the grids used are given in Table 2. The results are similar to
the subsonic case, the LD2 and LD2C schemes predicts the velocity profile
very well in comparison to DNS data for cases CMP-500 and CMP-1015
(Figs. 5(a) and 5(b)), which collapses onto Reichardt’s incompressible scaling
law. Thus, the good agreement for the LD2 and LD2C schemes with the
aforementioned law for the higher Reynolds number in CMP-5000 (Fig. 5(c))
is considered accurate. The reference scheme shows similar behavior as in
the incompressible cases, the velocity profile is accurately predicted in the
RANS part but is overestimated in the LES region.

However, the Reynolds stresses shown in Fig. 6(b) are not captured as well
as in the incompressible case (Fig. 4(d)) for the LD2 and LD2C schemes using
the same meshing strategy. For example, the peak value of the streamwise
normal stress W:D is under predicted in comparison to the DNS result.
In order to investigate the grid sensitivity, a finer grid is generated (see
CMP-1015F in Table 2) with double grid resolution in the streamwise and
spanwise directions, and a slightly finer resolution in the wall normal direction
(r=1.11).
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Figure 6: Fully developed supersonic channel flow with bulk Mach number M;, = 1.5 using
SST-IDDES and LD2C. Effects of grid resolution, cases CMP-1015 (G1) and CMP-1015F

G2). Results compared with Reichardt’s law [48] and DNS [45]: O : v VAN v ,
vD vD
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cw'w'yp, 0 U .

The results for the LD2C scheme are shown in Fig. 6. The improved
grid resolution yields a better match with the DNS velocity profile in the
buffer layer (Fig 6(a)) and the peak value of the streamwise stress is better
predicted (Fig. 6(b)).
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4.4. Supersonic Base Flow

A supersonic flow downstream of a blunt-based cylinder is characterized
by expansion waves triggered due to the sharp turn of the flow over the base
corner. A separation bubble with a low pressure recirculation region con-
tained by a shear layer is formed behind the base. The shear layer undergoes
recompression and reattachment at the downstream end of the separation
bubble along the symmetry axis. Due to the recompression, a shock wave is
formed. An illustration of the flow field is shown in Fig. 7. This kind of flow
is commonly found behind high speed projectiles, and the low pressure region
behind the base causes drag which is a major part of the total drag. Thus,
the modelling needs to be able to accurately predict the base pressure, along
with other relevant properties such as the size of the recirculation bubble and
turbulent properties subject to strong compressibility effects. For this flow,
experimental data is available from the study by Herrin and Dutton [17].

Figure 7: Supersonic base flow. Illustration of computational domain (left) and visual-
ization of flow field in the near wake of the cylinder (right). Simulation results acquired
using LD2C on the finest grid.

The base flow has been employed in a number of modelling validations
for compressible turbulent flows. The case was one of the test cases in the
in the DESider EU Project [53]. Most of the contributors used SA-DES [54]
with the standard length scale A, and standard value of modeling con-
stant Cprs = 0.65. Different grid resolution (0.9 - 3.6 Million cells) and
grid type (structured and unstructured) were investigated but a common
trend was identified: good prediction of the base pressure with a flat profile
as in the experiment, an over-estimated size of the recirculation bubble and
underpredicted shear stress levels in the initial part of the separated shear
layer. This was mainly attributed to the excessive levels of u; produced by
Anaz in the separated shear layer, which severely delayed the development
of resolved turbulence. Simone et al. used the ZDES in two different studies
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[55, 56, which employs the cubic root length scale A,y = (A,A,A,)Y? and
a slightly lower value of the model constant (Cpgs = 0.55). The studies
included very fine grids (13.5 and 20.7 Million cells) and they reported very
good agreement with experiment with regards to length of recirculation zone
and the shear stress profiles. However, the backflow magnitude inside the
bubble was greatly overpredicted yielding a wavy base pressure profile with
the azimuth averaged pressure level significantly lower than that in the ex-
periment. More recently, similar results was reported by Guseva et al. [57],
where they employed the SA-DDES and the Agr 4 length scale (Eq. (21)) on
a relatively coarse mesh (2 Million cells) using Cpgs = 0.65. They reported
a considerable acceleration of the shear layer instability (due to the reduced
levels of p; stemming from Agy4) and a better general turbulence resolution
in general, but did not capture a flat radial distribution of the base pres-
sure. Nevertheless, the length scale was able to trigger resolved turbulence
on a relatively coarse grid, which motivated the use of Agr4 to evaluate the
impact of the numerical scheme in this study.

The Reynolds number based on the freestream velocity U, base radius
R = 0.03175 m and kinematic viscosity v is Rer = 1.632 - 105, with a
freestream Mach number of M., = 2.46. In the computation, we have used
a computational domain (shown in Fig. 7) of size L, x L, = 23R x 8R in
the axial and radial direction, respectively. The length of the cylinder is set
to 8R, in order to match the upstream boundary layer momentum thickness
with the experimental measurement at a distance of 1 mm up the base [53].
The downstream extension of the domain is 15R after the cylinder base.
Characteristic Riemann conditions are imposed on all no-wall boundaries,
and adiabatic wall conditions on the cylinder surfaces.

Three different grids are considered. A baseline grid with N, = 1.82 x
10% cells (G1) is used, which was designed by FOI in the DESider project
[53], see Figs. 8(a) and 8(b). Two new grids were generated, a grid with
improved resolution in the shear layer consisting of Nees = 2.06 x 108 cells
(G2), which was designed to match the resolution used in Guseva et al. [57].
An illustration of the grid is shown in Figs. 8(c) and 8(d). The third grid
considered contains Neg; = 8.51 x 105 cells (G3), where several cells in
the axial and radial directions have also been added in the recirculation
region downstream the base, see Figs. 8(e) and 8(f). A time step of At =
1.0 x 107% s (or equivalently At = 0.018 R/Us,) is used, and the time sample
for accumulation of turbulence statistics after a transient period of 90R /U, is
equal to 350R/U,.. It is observed that for some of the simulations, the mean
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(a) (b) Zoomed mesh over the base plane, G1.

(d) Zoomed mesh over the base plane, G2.

i

(e) Zoomed mesh on the plane y = 0, G3. (f) Zoomed mesh over the base plane, G3.

Figure 8: Supersonic base flow. Illustration of computational grids adopted to highlight
grid sensitivity of resolving critical flow regions.

flow is still slightly asymmetric after time averaging, which is diminished by
further averaging the solution over the azimuthal direction ¢. The hybrid
RANS-LES method SA-DDES (Eq. (16)) using DES model constant Cpgs =
0.65 is employed, as determined in the DIT case in Section 4.2. The length
scale Agra (Eq. (21)) is used as the filter width for the LES length scale in
Eq. (17), where it was verified in DIT that the same spectra is acquired as
for Apae (see Figs. 3(a), 3(c) and 3(e)) using the same value of the modeling
constant.
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(e) Reference scheme, G3. (f) LD2C, G3.

Figure 9: Supersonic base flow. Resolved turbulent structures visualized using iso-surfaces
of Q-criterion Q(D/Us,)? = 10. Colorbar indicates Mach number.

Resolved instantaneous flow structures

In Figure 9 the resolved turbulent structures are visualized using iso-
surfaces of the Q-criterion at Q(D/Us)? = 10. Similarly as reported by
Guseva et al. [57], the Agpa length scale reduces the eddy viscosity p; in
the initial part of the shear layer to relatively small levels as in comparison
to the upstream RANS modeled boundary layer. This allows unsteady tur-
bulent motion to be triggered due to the strong shear. Thus, the creation
of turbulent structures in the initial part of the shear layer using Agpa is
mainly governed by the amount of numerical dissipation introduced by the
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numerical scheme and the resolution of the grid.

The results of using the reference scheme for the three different grids are
presented in Figs. 9(a) (G1), 9(c) (G2) and 9(e) (G3). There is a strong
delay in the creation of the resolved structures in the vicinity of the trail-
ing edge due to the high levels of numerical dissipation. Kelvin-Helmholtz
(KH) like structures with large azimuthal coherence just downstream the
base can be observed, where the two-dimensional structures break up into
three-dimensional structures further downstream of the reattachment point.
By refining the grid in the separated shear layer (G2), the delay is mitigated
and hence the length of the recirculation bubble is reduced. The richness of
the small scale turbulence is further increased by further refining the grid in
the axial and azimuthal directions (G3), where an earlier breakup of the KH
structures can be observed.

However, the effect of using the low dissipative LD2C scheme (Figs. 9(b),
9(d) and 9(f)) has a drastic effect on the flow field. A reduction in numerical
dissipation from the shock capturing sensor (Ducros sensor in Eq. (14)) and
the reduced overall dissipation unlocks the KH instability and substantially
accelerates the transition to 3D turbulence in the separated shear layer. The
overall richness of small scale turbulence on the coarse grid G1 is comparable
to the fine grid G3 using the reference scheme.

Mean flow statistics

Time- and azimuth-averaged flow properties are shown in Fig. 10. The
base pressure is presented in Fig. 10(a), where the experimental results yield
a relatively flat profile around €, = —0.102. The reference scheme is able
to predict a flat profile on all three grids, but show a large variation of
the mean value between G1 and the two other grids. The C, values are in
quite close agreement with the experiment on the axis for grids G2 and G3,
but deviates more further away from the center. The simulations using the
LD2C scheme show radial variations along the base and in general an under
predicted base pressure coefficient. The difference between G1 and the other
grids is smaller as compared to the reference scheme, but predicts too low
pressure levels compared to the experimental data. However, a wavy base
pressure profile and in general lower base pressure values are also observed in
the works of Simone et al. [55] and Guseva et al. [57] as previously mentioned.

The previous trends can be explained by investigating the behavior of the
centerline streamwise velocity component in Fig 10(c). The reattachment
point is poorly predicted using the reference scheme, which is x/R ~ 4.0 on
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Figure 10: Supersonic base flow. Effect of numerical scheme on SA-DDES prediction of
the ¢-averaged mean flow. Experiment by Herrin and Dutton [17] (o).

G1 and /R = 3.0 on G2 and G3, as compared to the experimental value
x/R = 2.67. By using the LD2C scheme, the reattachment point (z/R =
2.7 on G2 and G3) and the flow downstream of /R > 2 is much better
predicted. On the other hand, the reverse flow is in general over predicted
for the simulations using LD2C, which give rise to the under predicted base
pressure levels in Fig. 10(a). The average Mach number and radial velocity
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at /R = 1.57 are shown in Figs. 10(b) and 10(d). In general, the radial
size of the recirculation bubble is under predicted for the simulations using
LD2C scheme compared to the reference scheme, which indicates that the
strength of the shear layer is under predicted.

Figures 10(e) and 10(f) present a comparison of the predicted and mea-
sured fields of turbulent shear stresses at locations /R = 1.57 and ©/R =
2.52, respectively. The LD2C scheme is able to provide a much better agree-
ment with the experimental data at /R = 1.57, where the peak value of
the shear stress is improved (which is further verifies the smaller resolved
structures shown in Figs. 9(b), 9(d), 9(f)). A great over prediction of the
shear stress at /R = 2.52 can be observed for the simulations using the
reference scheme, as is shown in Fig. 10(f). However, this effect is mitigated
when using the LD2C scheme.

A general conclusion based on the simulations of the supersonic base flow
is that improved numerics in the initial shear layer does not produce a better
prediction of the base pressure profile, where a wavy pattern can be observed.
However, the results are in line with what is reported in Simone et al. [55]
(where they use the AUSM + (P) numerical scheme and the ZDES model
[65] on a much finer grid than G3) and in Guseva et al. [57] (where they use a
blended fourth-order centered/third-order upwind biased convective scheme,
the same length scale Agr 4 and similar grid resolution as G2). A much better
prediction of the resolved shear stress, both in the initial part of the shear
layer and close to the attachment point, is achieved with the LD2C scheme.

5. Summary and Conclusions

The low-dissipative low-dispersive scheme (LD2) by Lowe et al. [28] has
been investigated in scale-resolving simulations. The original formulation
considered only subsonic flow cases, but in this work the numerical scheme
was investigated in and adapted to compressible flow cases, with the up-
dated abbreviation LD2-Compressible (LD2C). The scheme reduces the dis-
sipative and dispersive numerical errors connected to the convective term.
The scheme controls added artificial dissipation through the matrix dissipa-
tion operator by Swanson and Turkel and can be adapted to low speed flows
with a low Mach number preconditioner. The shock capturing parameter 2
and the global scaling parameter x®* are important parameters incorporated
in the artificial dissipation formulation. The scheme exploits a shock sen-
sor (formulated by Ducros [18]) targeting to minimize numerical dissipation
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in shock/turbulence interaction in scale-resolving simulations. Furthermore,
the scheme employs a higher order central reconstruction to reduce the dis-
persive numerical error, controlled by an extrapolation parameter «.

The LD2C scheme was verified in scale-resolving simulations of two fun-
damental incompressible flows, the decaying isotropic turbulence (DIT) and
the subsonic turbulent channel flow. Furthermore, the LD2C scheme has
been calibrated and evaluated in an inviscid fundamental test case involving
a contact discontinuity and a normal shock wave. Further validation has been
made in scale-resolving simulations of fully developed supersonic turbulent
channel flow and supersonic base flow using hybrid RANS-LES modeling.

The first test case is the Sod shock tube. Validation against analytical
solution showed that it is important to extrapolate both density and speed
of sound to cell face using the extrapolation parameter «, in addition to only
velocities and pressure as formulated in the LD2 scheme. This was needed
to properly capture and mitigate oscillations in the vicinity of the normal
shock wave and the contact discontinuity. The oscillation could effectively
be reduced by setting the shock capturing parameter £ to 5.

The second test case is decaying homogeneous isotropic turbulence with
a turbulent Mach number of 0.1. It was shown that numerical dissipation
associated to the convection term dominates the decay of turbulent kinetic
energy, which becomes too strong at higher wave numbers. This could ef-
fectively be controlled by employing a low Mach number preconditioner and
using a reduced value of £ in the range of 1/512 or smaller. Results ac-
quired on 322, 643, 128% grids give good agreement with reference experi-
mental data using standard values of the modeling constant Cpgg for the
Spalart-Allmaras (SA) and Menter Shear Stress Transport (SST) as under-
lying turbulence models.

The third test case is the fully developed turbulent channel flow, inves-
tigated in subsonic and supersonic conditions at a wide range of Reynolds
numbers. In validation against DNS data and correlation using SST-IDDES,
the prediction of the mean velocity profile and the resolved turbulent stresses
for Re, = {395,2400, 18000} is excellent using the LD2C scheme, and is sig-
nificantly improved as compared to a conventional second-order scheme. The
results are consistent with previously reported results in [10] for the subsonic
channel flow case. Moreover, the LD2C scheme shows good agreement with
reference DNS using SST-IDDES in supersonic channel flow (M, = 1.5) for
Re, = {500, 1015, 5000}, where the mean velocity profile and the Reynolds
stresses are accurately predicted.
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The final test case is the supersonic base flow. Hybrid RANS-LES sim-
ulations using SA-DDES showed a substantial improvement in the resolved
turbulent structures triggered by the initial shear layer downstream the base,
using the LD2C scheme and using the shear layer adapting LES length scale
Agra. It is shown that the parameters optimized for the previous test cases
remain suitable. The prediction agrees reasonably well with the measured
data, but yield similar results to previously reported studies [55, 57]. A
shock-capturing scheme appropriately incorporating vorticity in the sensor
formulation, e.g. by Ducros [18], was shown to improve capabilities in re-
solving the shear stress and contributing to grey-area mitigation in the initial
part of the shear layer behind the base, compared to a standard scheme using
the sensor formulation by Jameson [9].
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Three different methods for imposing velocity fluctuations in a compressible finite-volume
solver are evaluated for zonal hybrid RANS-LES applications using the SA-IDDES model. The
first method is a volume source term derived from an expansion of the time discretization of the
fluctuating velocity component, suitable for an unstructured solver. The second method stems
from an expansion of the convective flux of the fluctuating velocity component normal to the
flow direction. The third methods considers a combination of both aforementioned methods.
Additionally, a commutation term is derived for the convection term in the SA turbulence model
in order rapidly reduce the turbulent viscosity across the RANS-LES interface. Good agreement
with reference data is obtained with the investigated interface methods for the evaluated flow
cases, which includes the turbulent channel flow and the zero-pressure-gradient boundary layer
flow.

I. Introduction

omputational Fluid Dynamics (CFD) is a powerful tool for the acronautical industry in predicting complex turbulent

flows. Reynolds-averaged Navier—Stokes (RANS) is an industry standard computational technique, where temporal
and spatial turbulent length scales are completely modeled. The method have been proven to effectively estimate
turbulent flows in attached boundary layers at an affordable computational cost. However, RANS based methods
are rather inaccurate in predicting turbulent flows around bluff bodies that produce massively separated flow regions.
Scale-resolving methods such as Large-Eddy-Simulation (LES), where the turbulent scales are partly resolved have
been shown to be much more accurate than RANS in estimating separated flow regions. However, LES is much more
computationally demanding than RANS and is expected to remain unfeasible for complex engineering computations in
the foreseeable future.

Hybrid RANS-LES modeling (HRLM) is a computational technique considered to be more accurate than RANS and
computationally more affordable than LES for the aeronautical industry. The key feature of HRLM is the RANS-type
behavior inside the near wall boundary layer coupled with a LES-type behavior further away from the wall. The most
commonly used HRLM methods are based on Detached Eddy Simulation (DES) by Spalart et. al [1] and extended by
boundary-layer shielding, e.g. Delayed DES (DDES), which is considered to be the most mature for industrial use. A
wide variety of additional methods exist such as Improved DDES (IDDES) [2], HYBO [3, 4], SAS and PANS (e.g. [5]).

In zonal RANS-LES approaches, zonal scale-resolving simulations are enabled using a LES mode embedded in an
overall RANS computation. The embedded coupling often leads to the so-called “grey-area” problem, which delays the
development of LES-resolved turbulence in association to the RANS-modeling over the RANS-LES interface. As a
result, the accuracy of scale-resolving simulation in the focusing LES region may become significantly degraded or
might even generate nonphysical predictions. In order to have effective transition between the RANS mode and the
LES mode, Synthetic Turbulence (ST) have been often employed at the RANS-LES interface. The synthetic turbulent
fluctuations are often superimposed on the mean flow over the RANS-LES interface to mitigate the grey-area problem.

Common ST methods are usually based on Fourier reconstruction techniques [6—8], where Fourier series is used
as a mean to introduce spatial correlation. Time correlation can be introduced through imposing a time filter [7] or
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using a modified position vector [8], where time correlation is imposed in the streamwise direction of the flow using
mean flow quantities. An alternative approach is the Synthetic Eddy methods (SEM) [9, 10], where the flow field is
superimposed by virtual vortical structures. These vortical structures or eddies are randomly generated and convected
through a fictional domain giving both spatial and temporal correlation to the fluctuations, which are allowed to induce
perturbations to cells in their neighbourhood. Further improvement was made to the original SEM, where it was
extended to give a divergence-free (DF-SEM) [11] fluctuating velocity field.

For grey-area mitigation in zonal hybrid RANS-LES computations, different methods to inject the artificial velocity
fields into the flow domain have been proposed. In scale-resolving simulations, for example in LES, a Dirichlet boundary
condition can be readily used for the velocities by directly imposing the fluctuations at the inlet boundary. In the work by
Mathey [12] and Davidson [13], they imposed the fluctuations as an embedded approach where virtual fluxes are added
to the momentum equations. The virtual fluxes are derived from an expansion of the convective flux term and were
added to an interface plane between a RANS and a LES region. However, these studies were using the incompressible
flow equations. Other approaches are based on the expansion of the time-derivative term, where in the works by Schmidt
et al. [14] and Probst [15], they investigated a volumetric source term to impose the fluctuations. The expansion is
based on the time derivative of the momentum equations, the fluctuations in the continuity and total energy equations
are assumed to be small and are neglected.

In order to provide a rapid development of the turbulence-resolving LES flow, excess modeled turbulence (i.e.
turbulent viscosity) need to be reduced across the RANS-LES interface. If not, the resolved turbulence imposed by the
ST methods might be dampened and further delay the development of resolved turbulence. Hamba [16] identified a
commutation error, owing to the non-commutivity of the spatial derivative and the filter applied in RANS and LES, at
the RANS-LES interface. It was found that the commutation error can be large across the RANS-LES interface and
should be considered. Following the work by Hamba, Davidson [17] and Arvidson et al. [18] explored the combination
of the commutation term with synthetic fluctuations at interfaces in hybrid RANS-LES simulations, with the aim to
reduce the turbulent viscosity across the RANS-LES interface. Commutation terms were derived for the k and w
equations used for the hybrid RANS-LES model and successively applied to embedded hybrid simulations, such as
turbulent channel flow, zero-pressure-gradient boundary layer and mixing boundary layers.

In this work, we further explore the effects of the aforementioned injection methods using the Synthethic Turbulence
Generator (STG) by Shur et al. [8]. A virtual flux term suitable for a compressible solver is derived and compared to the
source term based on the time derivative. In order to provide a more complete description of the injected fluctuations, a
combination of the two methods are evaluated. We apply the proposed methodology to embedded LES simulations of
turbulent channel flow and boundary layer flow, using the SA-IDDES hybrid RANS-LES turbulence model [2, 19].
Hence, a commutation term suitable for the SA-model is also derived and evaluated. The efficiency and performance of
the proposed methodology are evaluated and implemented into a compressible flow solver, M-Edge [20, 21].

The paper is organized as follows. In Sections II and III the synthetic turbulence methods and turbulence models
used in this paper are outlined. The numerical method, injection methods and the commutation term are presented in
Section IV. In Section V, the performance of these methods are assessed by their capabilities of mitigating grey area, by
comparing the resolved turbulent statistics and the skin friction coefficient. Finally, some conclusions are made with a
proposed continuation of the work in Section VI.

I1. Synthetic Turbulence Method
The synthetic turbulence method considered in this paper is the Synthetic Turbulence Generator (STG) by Shur et al.
[8]. The velocity fluctuations are computed by superimposing N Fourier modes:

N
v/ (r,t) = \@Z \/LF [o" cos(k™d" - " + ¢™)] )]
k=1

Here, the fluctuating field v’ is computed from random quantities (mode direction vectors d”, o - d"” = 0 and mode
phase ¢™), and statistical quantities such as the wave number amplitude k", which is computed from upstream RANS
statistics and grid metrics. A modified von Karman spectrum is used to compute the mode amplitude ¢". An important
note is that the random numbers used in (1) is only computed once. Unlike in [7], where a time-filter is introduced to
impose a temporal correlation between the fluctuations, a modified position vector r’ is introduced and linked with the
actual quantities x and ¢ using Taylor’s frozen velocity hypothesis [8].

The velocity fluctuations v’(r, 7) in (1) satisfies the restrictions (v;) = 0 and (v;v}) = §;j, where (-) denotes time
averaging. In order to impose the correct Reynolds stress statistics at the interface, the actual fluctuations u’(x, r) are



computed from

u'(x,1) = a;;v'(r,1) 2)
where a;; is the Cholesky-decomposed Reynolds stress tensor:
VR 0 0

a;; = |Rai/an \JR2 — a3, 0 (3)

Rsifan  (Rs2—anasi)fan  |Rss — a3 —a3,
a;; determines the magnitude of the velocity fluctuation as a function of the estimated Reynolds stresses R;; =< ul’u} >,
taken from upstream RANS modeled stresses in the hybrid RANS-LES simulation.

II1. Turbulence Modeling
For the simulation of wall bounded flows with synthetic turbulence (ST) injection, the Improved Delayed DES
(IDDES) [2] based on the SA-model [19] is employed. The IDDES blends two branches, the DDES-like branch which
should become active only when the inflow conditions do not have any turbulent content, and the WMLES-like branch
intended to be active only when the inflow conditions used in the simulation are unsteady and impose some turbulent
content and if the grid is fine enough to resolve boundary-layer dominant eddies. The blending function between the
RANS mode and the LES mode reads:

Iy = fa(1 + f)lRrans + (1 = fa)lres (€3]

where Igans for the SA-model is the wall distance d. The SA-model can then work as a hybrid RANS-LES model by
replacing the wall distance d by the hybrid length scale given by /;y5,. The LES length scale in (4) is given by

ILes = Cpes¥A, A =min(max[Caywd, CawAmax> Aminls Dmax) 5)

Here, Cpgs = 0.65 and ¥ is a damping function [2]. In the edge-based solver (further outlined in Section IV), A4
and A,;;,, in Eq. (5) are approximated as the maximum and minimum edge length of a dual-cell, respectively.

In an zonal approach, a RANS region upstream of the ST-injection interface can be enforced by setting the hybrid
length scale to the RANS length scale of the underlying turbulence model, /5y, = [rans. Then, further downstream of
the interface Eq. (4) can be used without any modification. In this way, no assumptions are made about the downstream
region. A schematic of a zonal approach is presented in Fig. 1.

Prescribed interface

IDDES

Fig.1 Schematic of RANS and LES regions in zonal hybrid RANS-LES (embedded LES) with wall-normal
RANS-LES interfaces indicated.

An alternative method is to modify the switching function fy, [22]

fu=max(1 = fa, f), far=1—tanh[(8rqr)*] ©)

where fy; is set to 0 in the upstream RANS region, driving the length scale to I,y = [rans. Downstream of the
interface the WMLES mode is enforced by setting fz; = 1. This was necessary since without manual switch to WMLES
mode, the large (RANS-level) eddy viscosity resulted in too strong damping of the injected fluctuations [22]. In Section
IV.B, a method to reduce the upstream RANS-level eddy viscosity at the interface is presented, which does not require a
manual switch to WMLES mode.



The turbulent stresses used in Eq. (3) needs to be approximated by the RANS-model. This can be achieved by the
eddy viscosity assumption:
%Pkfsi J (7)
The modeled kinetic energy & in Eq. (7) is usually not computed in the SA-model but at a RANS-LES interface where
synthetic turbulence is to be generated by Eq. (1), non-zero normal stresses < u;u; > have to be provided. The turbulent
kinetic energy is estimated as [23]

—p <ufu}>=2S;; -

ko~ S
PVCu

where S = /25;;S;; is the magnitude of the strain rate tensor. It is reported in [24] that the ratio between the Reynolds
shear stress — < uju’ > and the turbulent kinetic energy k is nearly the same for a wide range of flows, including
boundary layers, wakes and mixing layers. This constant is fixed to 0.3 and Eq. (8) agrees well with this relationship for
a zero pressure gradient boundary layer where \/@ =0.3and S ~ — < u/u), >. The reconstructed isotropic normal
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stresses are then evaluated as

®

2 >=<y’

<u” 2 s=< w? >= %k 9)
where k is computed according to Eq. (8). In order to take into account the turbulence anisotropy, a more realistic
distribution of the normal shear stresses can be employed. The anisotropic Reynolds stress tensor can be computed by
the Wallin and Johansson EARSM model [25], which requires the modeled kinetic energy k and specific dissipation w
at the interface. However, in the work by Wilcox [26], it is shown that in the case of a zero pressure gradient turbulent
boundary layer (ZPG), the following expression provide a good approximations throughout the log layer and most of the

defect layer:

4 2 3
<u?>= 52k < V2 >= 52k, <w?>= 52k (10)

Equation (10) is only a slight modification to Eq. (9), where the spanwise stresses remain unaffected. The robustness
and efficiency of Eq. (10) was further verified by Deck et al. [24] for the ZPG boundary layer in case hybrid RANS-LES,
when used for reconstruction stresses from the SA-model in combination with synthetic turbulence (the ST model
used in [24] was the SEM [10], but it uses the same expression as Eq. (3) for anisotropic stresses). In this paper, the
anisotropic normal stresses given by Eq. (10) is used.

IV. Numerical Method

The flow solver used in this paper is the M-Edge code, which is an edge- and node-based Navier-Stokes flow solver
applicable for both structured and unstructured grids [20, 27]. The compressible Navier-Stokes equations are discretized
with a finite-volume approximation and is integrated in time using a 2nd-order backward difference scheme, together
with a dual-time stepping methodology using an explicit low-storage multistage Runge-Kutta scheme accelerated by
local-timestepping and full-approximation storage (FAS) multigrid [28]. The boundary conditions are based on a weak
formulation in which a set of temporary flow variables are computed and used in the calculations of the boundary flux
added to the residual. The residual is then used to update all unknown variables including the boundary values [21].
The viscous fluxes are discretized with a 2nd-order central scheme. The inviscid fluxes are based on the LD2 scheme,
which combines a low-dissipative convection operator with a low-dispersive reconstruction of the face values [29]. The
LD2-scheme was successfully applied to reduce the numerical dissipation and dispersion for fully developed turbulent
channel flow and decaying homogenous isotropic turbulence [30].

A. Synthetic Turbulence Injection

The velocity fluctuations provided by the STG in Eq. (2) are injected by considering three different methods. A
forcing region is defined at the RANS-LES interface, which is a plane perpendicular to the general flow direction, where
cells that intersect this plane are identified by manual input. This is visualized in Fig. 1. The velocity fluctuations are
then added to the flow solver using three different methods outlined below.

The first method represents the injected fluctuations by means of a flux [12] added to the momentum residuals

F; = pSy (unut! + upu; +ujul) (11)



where u, = u;n;, u; = ujn;, u; is taken from Eq. (2) and »; denotes the unit vector normal to the interface S,,. The
expression (11) is derived for an incompressible solver. The extension of Eq. (11) suitable for a compressible solver is
straightforward. Consider a convective flux projected in the plane (ny, ny,n;)

pV
puV +nyp
ﬁc =Sn [pvV +nyp (12)
pwV +np
pHV

where V = nyu +nyv + n,w is the projected normal velocity and H = E + p/p = e + u;u;/2 + p/p is the total enthalpy.
By letting u; — ii; +u; in Eq. (12), where #; is the instantaneous velocity, and identifying all terms that contain a
fluctuating part, an additional flux associated to the fluctuations is derived in the following form:

pV’
. p(@V' +u' (V+V'))
Fi"=§, p(BV +v'(V+V") (13)
p(WV +w'(V+V"))

PHV' + p(§ Qitu] + uu}))(V + V')

where V' = nyu’ +nyv’ +nyw’ and V = nyii + n, + n,w. If the interface coincides with an inlet boundary, adding the
velocity fluctuations as Eq. (13) would be equivalent to a Dirichlet boundary condition, where #; is the inlet mean flow.
This method is denoted M1.

The second method is a volume source term [31] derived from an expansion of the implicit time discretization for
the fluctuating velocity components u; at different time levels consistent with the 2nd-order difference scheme. The
contribution to the momentum residuals reads

_ w3 dlpup)” + (o)

2 =5 ~ 2At v 19

where AV is the cell volume and At is the physical time step. The fluctuating velocity u,f"“ is taken from Eq. (2) but the
values at previous times are computed as the predicted fluctuations, namely u"* = u} — (u;) and ulf"‘l = u:"l —(ui),
respectively. This treatment prevents decoupling of the predicted flow solution from the target synthetic field, and adds
the requirement of incorporating the time-averaged mean values (u;) [31], which is computed as running-time average.
Note that the contribution from Eq. (11) are added to the continuity, momentum and total energy equations, whereas the
contribution from Eq. (14) are only added to the momentum equations. The turbulent fluctuations of other solution
variables are expected to be reflected through the injection of velocity fluctuations. This method is denoted M2.

The third method introduces fluctuations by superimposing both previous methods. That is, the contribution from
the source term given by Eq. (14) are added to the momentum equations. In addition, the contribution from the virtual
flux term given by Eq. (11) is added to the continuity, momentum and total energy equations. This method is denoted
M3.

B. Eddy Viscosity Treatment at Interface
A commutation error occurs in hybrid RANS-LES simulations since the hybrid filter width does not commute with
the spatial derivative. Additional terms appears when computing the spatial derivative of a physical quantity f, as
shown in Eq. (15)
of _Of OAOf
dx;  dx;  Ox; OA
where (%) denotes filter operation. It has been shown that the commutation error (second term on RHS in Eq. (15)) can
be large at RANS-LES interfaces [16]. The effects of adding the commutation term in hybrid RANS-LES simulations
has been explored by Arvidson et al. [18] and by Davidson [17]. It was shown that by introducing commutation terms
in the k and w equations for a k — w based hybrid model at zonal RANS-LES wall normal interfaces, the upstream
RANS modeled kinetic energy levels could effectively be reduced to downstream SGS levels of modeled kinetic energy

15)



without using any model dependent parameters. In this paper, the underlying RANS model considered is the SA-model
which solves the transport equation for the modeled eddy viscosity 7. Using Eq. (15), the commutation term for the
convection term in the SA-model can be formulated as

[)u[\? _ 3ﬁ[17 A 6%,-17

dx:  Ox; 0x; OA

(16)

If one then considers a wall normal interface in the x—direction, the second term on the RHS in Eq. (16) can be
disctretized as

. _ OAouy (AHyb - ARANS) URANSVRANS — UHybVHyb

v ox OA - Ax ARANS — AHyb (17)
_ UHybVHyb — URANSVRANS
- Ax

where Ax is the length of the region in which the commutation terms are used for the ¥, equation. The RANS properties
in Eq. (17) can either be taken from a precursor steady RANS simulation or upstream RANS values. The value of Vg yp
is estimated from a Smagorinsky model expression [2]

Yt,Hyb = mil’l[(Kd)z, (CSA)2]57 Vt,Hyb = fvlf/Hyh (18)

in order to provide a rapid transition form pure RANS levels of ¥,, to a ¥;-profile given by the hybrid length scale in
Eq. (4). In Eq. (18), the modeling constant is set to Cs = 0.2, the length scale A is given by Eq. (5) and f, is the
near-wall scaling function for the SA-model. The non-linear relationship between v; gy, and ¥y is solved using a few
iterations of a Newton-Rhapson solver.

The influence of the distance Ax, which is the length of the region in which the commutation terms are used in the
equations for modeled turbulence, has been analyzed by Davidson [17], where he concluded that the larger the distance,
the weaker the effect of the commutation terms. In this paper, Ax is taken as the characteristic cell size in the direction
of the mean flow. For an unstructured code like M-Edge, Ax is approximated as the maximum edge length of the cell.

V. Results

The different injection methods defined in Section IV are evaluated in embedded hybrid RANS-LES simulations for
developing turbulent plane channel flow and zero-pressure-gradient boundary layer. A set of cells coinciding with a
plane defining the forcing-region are chosen manually, where the fluctuations from the STG in Eq. (2) are added by the
methods defined by Eq. (13) (referred to as M1), Eq. (14) (referred to as M2) or the combination of both methods
(referred to as M3).

The effect of the commutation term outlined in Section IV.B for the SA equation is evaluated for developing turbulent
plane channel flow. The commutation given by Eq. (17) is added to the same cells where the fluctuations are added.

A. Turbulent channel flow at Re, = 5200

Hybrid RANS-LES simulations of the turbulent flow in a plane channel are performed at Re, = 5200. A hexahedral
grid of dimensions 96 x 26 X 1.66 is discretized using 96 X 96 x 32 cells. The resolution in wall units is set to
Ax* =500, Az* =250, and Ay* < 1 at the wall. Periodic boundary conditions are applied in the spanwise direction
and adiabatic wall boundary conditions are used. Standard inlet and outlet boundary conditions are applied in the
streamwise direction. The bulk Mach number M}, is set to 0.15. A baseline simulation is performed for a fully developed
turbulent channel flow with periodic boundary condition in the streamwise direction using the SA-IDDES model which
is used as reference. Emphasis will be put on how quickly the different methods outlined in Sections II and IV can
re-establish fully developed turbulent conditions with the same grid and conditions. A precursor RANS simulation
using the SA-model is used to generate initial conditions for the embedded simulation. Fluctuations are added at the
interface at ¥/6 ~ 1.92, where the IDDES is forced to be in RANS mode upstream of the interface. Reynolds stress
statistics used by the STG are generated from the RANS SA-model using Egs. (8) and (10).

The first test case evaluates the effect of the commutation term (17). The IDDES length scale in Eq. (4) is
manipulated to work either in WMLES mode, by setting fs; = 1, or by using the standard definition without any
modification. Fluctuations are imposed at the interface using method M1. The effect of the commutation term is shown



in Figs. 2 -4. The response in friction velocity is shown in Fig. 2(a), and the velocity profile at 26 downstream of the
interface is shown in Fig. 2(b).

As can be observed in the Fig.2(a), the upstream RANS friction velocity deviates from the developed IDDES friction
velocity, where the developed IDDES result underpredicts the target u, = 1 by approximately 4%. This is due to a too
short simulation domain in the spanwise direction, another developed IDDES simulation was performed with twice the
domain size (3.26) in spanwise direction with the same resolution Az* = 250, which yielded the desired value of u, = 1
(not shown).

When the commutation term is applied, the IDDES is able to rapidly switch from RANS to hybrid mode, as the
friction velocity reaches the developed results within 16 and are almost spot on for the entire channel length. This is
also achieved without forcing the IDDES to be in WMLES mode. The mean velocity profile agrees very well with the
reference simulation after 26, as shown in Fig. 2(b). When no commutation term is applied, the results are different. If
the IDDES is forced to be in WMLES mode, a longer adaption length is observed in the friction velocity, but are still
within 5% after 16. When no commutation term is applied and not forcing the IDDES to be in WMLES, a slight over
prediction of the friction velocity and an under prediction of the velocity profile is observed.
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(a) Normalized friction velocity (b) Mean velocity profile

Fig.2 Effect of commutation term applied at RANS-LES interface using M1 to inject fluctuations. Friction
velocity and mean velocity profile for turbulent channel flow at Re, = 5200. Velocity profile taken at 2§
downstream of interface. Green and red lines are on top of each other. Red and black lines are computed with no
modification of /;,,; in Eq. (4), blue and green lines are computed with f;; = 1 in the IDDES region.

The impact of the commutation term on the modeled eddy viscosity is shown in Fig. 3. A quick reduction of the
turbulent viscosity is obtained across the interface due to the commutation term, where the reduced eddy viscosity
levels reaches the downstream developed levels within 16. If no commutation term is applied, the IDDES has to be
forced to WMLES mode in order to reduce the upstream RANS level viscosity. However, the reduction is relatively
much slower compared to using the commutation term, where the fully developed levels are reached within 66. If no
commutation term is applied and the model is not forced to be WMLES, the modeled eddy viscosity is not reduced at
all across the interface, but rather slightly increased compared to the upstream RANS levels. The reason is that the
excessive upstream RANS viscosity hinders the model to switch from the RANS length scale to the hybrid length scale,
since fg; remains unmodified across the interface. By using the commutation term, fy, is modified implicitly with the
reduced eddy viscosity, and can quickly switch to the hybrid length scale.

The positive impact of the commutation term is further verified in the response of the resolved shear stress (Fig. 4(a))
and resolved normal stresses (Fig. 4(b). When no commutation term is applied and without forcing the downstream
domain to be in WMLES mode, most of the fluctuations from the STG are damped within 25. A slight difference
is observed when using the commutation term for both zonal methods (i.e. setting fy; to 1 in Eq. (6) or using the
standard expression given by Eq. (4)), but both agree very well with the stresses from the reference simulation. When no
commutation term is applied in the forced WMLES mode, a minor under prediction of the resolved stresses is observed.

In general, it is concluded that the positive response of using the commutation term at the wall-normal RANS-LES
interface together with the synthetic fluctuations from the STG are large and greatly improves the transition from
modeled RANS turbulence partly resolved turbulence in the downstream hybrid RANS-LES domain. Hence, the
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Fig. 3 Effect of commutation term applied at RANS-LES interface using M1 to inject fluctuations. Maximum
turbulent eddy viscosity for turbulent channel flow at Re, = 5200. Colors correspond to legend in Fig. 2(a).
Green and red lines are on top of each other. Red and black lines are computed with no modification of /;,,;, in
Eq. (4), blue and green lines are computed with f;; = 1 in the IDDES region.
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Fig.4 Effect of commutation term applied at RANS-LES interface using M1 to inject fluctuations. Resolved
shear stress and RMS of resolved normal stresses for turbulent channel flow at Re, = 5200. Profiles are taken 26
downstream of interface. Colors correspond to legend in Fig. 2(a). Red and black lines are computed with no
modification of /;,;, in Eq. (4), blue and green lines are computed with f;; = 1 in the IDDES region.

commutation term given by Eq. (17) for the ¥;-equation is important and is used at the interface for the remaining test
cases of this paper. fy; is not forced to one but is computed from Eq. (6).

The second part to evaluate is considering the effects of imposing fluctuations at a wall-normal RANS-LES interface
using the different injection methods (M1 - M3) outlined in Section IV.A. The results are shown in Figs. 5 and 6. Fig.
5(a) shows the response in friction velocity across the interface. All three methods experiences a sudden decrease in
friction velocity across the interface, but remain within 5% for the entire downstream region. M2 experiences the
largest decrease and does not reach the developed conditions. Closest to the reference simulation is M3, which is a
superposition of the source term based on the time derivative and the virtual flux term based on the convective flux. The
mean velocity profile shown in Fig. 5(b), where all methods show similar agreement with the reference simulation,
measured 26 downstream of the interface.

The effect of the different injection methods on the resolved stresses is shown in Fig. 6(a) and 6(b), where the
profiles are measured 26 downstream of the interface. A slight overestimation of the maximum value of resolved
shear stress is observed for M1 and M3, but similar results are also reported in the work by Shur et al. [2], where the
fluctutations are imposed at an inlet. M2 captures the near wall shear stress quite good but deviates more from the
reference simulation further away from the wall. The same trends can be observed in the resolved normal stresses in Fig.



—MI
—M2
1.2 M3

o Reference
---+-5%

0.9
0.8
0 2 4 6 8
x/0
(a) Normalized friction velocity (b) Mean velocity profile

Fig. 5 Effect of different injection methods applied at RANS-LES interface. Friction velocity and mean velocity
profile for turbulent channel flow at Re, = 5200. Velocity profile taken at 26 downstream of interface.

6(b), where M2 under predicts all normal stresses, M1 captures the streamwise stress very good and M3 gives a slight
over estimation of the streamwise stress.
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Fig. 6 Effect of different injection methods applied at RANS-LES interface. Resolved shear stress and RMS of
resolved normal stresses for turbulent channel flow at Re. = 5200. Profiles are taken 26 downstream of interface.
Colors correspond to legend in Fig. 5(a).

B. Zero-Pressure-Gradient Turbulent Boundary Layer at Rey > 3000

The spatially developing zero-pressure-gradient (ZPG) turbulent boundary layer over a smooth flat plate is simulated
using an zonal RANS-LES approach. The Reynolds number range covered by the simulation is approximately
3000 < Reg < 6000, where 6 is the momentum thickness. The Mach number based on the free stream velocity is
My = 0.2. Profiles of u, v and v; from a precursor RANS simulation using the SA model is prescribed at the inlet
boundary. An initial RANS region is prescribed by forcing l/,y;, = [rans in Eq. (4), and an embedded interface is
prescribed at x/8y = 4, where &y is the initial boundary layer thickness. Downstream of this interface, the IDDES length
scale in Eq. (4) is unmodified. Synthetic turbulent fluctuations from the STG given by Eq. (2) and the commutation
term given by Eq. (17) for the SA-model are imposed at the embedded interface to obtain a rapid development of
downstream turbulence-resolving LES flow.

The grid used for the simulation is designed by Onera in the EU-FP7 Go4Hybrid and the Garteur AG54 projects. The
dimensions of the computational domain in the streamwise, spanwise and in the wall-normal directions are, respectively,



Ly = 11360, L; = 56p and Ly = 526¢. The computational domain is discretized using 587 X 127 x 103 cells, which
gives 7.8M cells. The wall units are (Ax*, Ay*, Az*) = (100 — 200, 2,50). Note that for x/§p > 77, grid cells are
stretched in the streamwise direction in order to progressively damp the turbulent fluctuations. This procedure is
common to ensure that the domain of interest is free from wave reflections from the outlet.
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Fig.7 Effect of different injection methods applied at RANS-LES interface. Skin friction coefficient for ZPG
boundary layer at Rey > 3000. Results compared with Coles-Fernholz correlation [32].

The injection methods M 1-M3 are assessed by imposing the fluctuations from the STG at the wall-normal RANS-LES
interface. Fig. 7 shows the resulting skin friction coefficient in comparison with the Coles-Fernholz correlation [32].
Compared to results for the developing channel flow case 5(a), the methods show larger differences for this flow case.
M1 gives a drop in the skin friction, a rapid increase and then a transition region to reach the correct trend according
to the correlation after approximately 205, from the interface. On the other hand, M2 experiences a sudden increase
across the interface, but shows a similar adaption trend as M2. M3 over estimates the skin friction initially but reaches
developed flow conditions much quicker than the other two methods. The correct trend of M3 is reached after 76y, a
clear improvement compared to M1 and M2. However, it is important to highlight that all methods are within a 5%
margin after 56o from the reference correlation, and give a correct decay of the skin friction further downstream in the
boundary layer, as shown in Fig. 7(a).

30

—M1

25

Fig. 8 Effect of different injection methods applied at RANS-LES interface. Mean velocity profile compared
with DNS data [33] for ZPG boundary layer at Rey > 3000.

The difference between the methods with respect to the mean velocity profile and resolved stresses measured at
Reg = 4060 are very small and yield similar small deviation from DNS [33], as shown in Figs. 8 and 9.
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Fig. 9 Effect of different injection methods applied at RANS-LES interface. Total shear stress and RMS of
resolved normal stresses compared with DNS data [33] for ZPG boundary layer at Rey > 3000.

VI. Summary and Conclusions

A sensitivity study on different formulations of synthetic turbulence has been conducted, which is imposed at the
RANS-LES interface for zonal RANS-LES computations in order to mitigate the grey-area problem in the LES region,
has been made in a compressible flow solver. Three injection methods have been implemented, where the synthetic
turbulent fluctuations is numerically represented by means of, respectively, a volumetric source term, a virtual flux
term, or a combination of thereof. The three methods were implemented by imposing the fluctuations (in the form of a
source term, a flux term or a combination thereof) at an embedded wall-normal RANS-LES interface. Additionally, a
formulation based on the commutation error for the convective term at the RANS-LES interface has been derived for the
Spalart-Allmaras turbulence model, in order to reduce the modeled turbulent viscosity across the RANS-LES interface.
This formulation is expressed as a source term, and is free from model dependent parameters. The three injection
methods and the commutation term have been verified in embedded RANS-LES using SA-IDDES in a turbulent channel
flow at Re, = 5200 and zero-pressure-gradient boundary layer at Rey > 3000.

The commutation term is able to effectively reduce the upstream RANS levels of turbulent viscosity to LES levels
of turbulent viscosity across the embedded interface for the turbulent channel flow case. The transition occurs over a
distance shorter than 18, where § is the channel half width. The same effect can be achieved by forcing the IDDES to be
in WMLES mode, however, this delays the transition length to above 46. If no commutation term is applied, or no
explicit forcing of the IDDES to WMLES mode, the turbulent viscosity remains in RANS levels across the interface and
dampens the fluctuations imposed by the STG, effectively driving the IDDES towards the RANS mode. Thus, it is
concluded that the commutation term works very well and does not require any manual manipulation of the IDDES to
force it to WMLES mode.

All the three injection methods perform very well for the turbulent channel flow case, where the virtual flux based
method and the combination of the virtual flux term and the source term give nearly identical results. The two methods
are able to reproduce reference simulation friction velocity within 16 downstream from the interface. By using only the
source term, the friction velocity does not fully recover for the downstream computational domain. The deviation is
although very small (less than 5%) compared to the reference simulation.

In the simulation of the boundary layer flow, the discrepancy between the different injection methods are relatively
large. The shortest recovery length with a well predicted skin friction level is produced by the combined flux and source
term method. The other two approaches yield similar recovery lengths, considerably longer compared to the combined
approach (76¢ compared to 208y, where & is the initial boundary layer thickness). However, all the simulations that are
presented predict a skin friction distribution within 5% compared to the Coles-Fernholz correlation, which is used as a
reference. Good agreement with DNS data further downstream is achieved for all simulation, with respect to mean
velocity profile and resolved Reynolds stresses.
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Higher Order Gradients on Unstructured Meshes using Compact
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This paper introduces a new approach for gradient computations on node-centered unstruc-
tured grids. The proposed approach is to derive a gradient algorithm from a least squares
approximation, where a local system is solved to introduce connectivity between neighbouring
nodes. The resulting scheme forms a globally coupled linear system of equations for the gradients
which can be solved efficiently by iterative techniques. Fourth-order gradient accuracy for
interior nodes can be obtained on isotropic quadrilateral and mixed elements (quadrilaterals
and triangles) grids. The same accuracy is achieved on quadrilateral and mixed elements grids
with high-aspect-ratio. Additionally, a different formulation to the standard distance weighted
least squares node-centered gradients is proposed, which shows robust second-order accuracy
on grids with high-aspect-ratio compared to the standard formulation. The paper concludes
with a proposed continuation for future developments.

I. Introduction
COMPUTATIONAL Fluid Dynamics (CFD) tools are now routinely used for direct support/guidance of fast-paced

engineering design processes in the aerodynamic industry. The gradient reconstruction scheme is a crucial part in a
CFD analysis, which is closely associated to computational accuracy and efficiency, where the finite-volume methods is
an industry standard. Finite volume discretizations are usually divided into cell-centered and node-centered approaches
[1, 2]. In the cell-centered approach, the solution is defined at the centers of the grid elements, where the cell center
coordinates are typically defined as the averages of the coordinates of the cell’s vertexes. In the node-centered approach,
the solutions are defined at the grid nodes. Control volumes are constructed around the grid nodes by a dual-grid, where
the faces between control volumes are located at the midpoints between nodes. Since this study is focused towards a
Node-centered finite-volume solver [3, 4], the focus is placed on a node-centered gradient reconstruction scheme.

Two common gradient reconstruction methods for unstructured finite-volume schemes are the Green-Gauss (GG)
(see for example [5]) and Least Squares (LSQ) methods (see for example [6]). The LSQ method is a very popular
method for unstructured grids, where the gradients are computed as a solution to a LSQ problem of fitting a polynomial
over solution values in nearby cells. The LSQ method is more flexible than the GG method in that it is designed to be
exact for linear functions on any type of grid, and also can be extended to high-order by fitting high-order polynomials.
A drawback is, however, that high-order LSQ methods require large stencils, thus being less attractive for parallel
implementation and for the construction of effective implicit solvers.

A recent approach called the variational reconstruction (VR) [7] method was proposed. In this method, a globally
coupled system of linear equations for the gradients is found by minimizing the solution jumps at cell faces. The system
is iteratively solved along with a finite-volume solver. In case that only one iteration is performed for the gradients per
solver iteration, the cost per iteration is almost the same as the explicit methods suchs as the GG or LSQ methods. A
similar approach, the Implicit Green-Gauss (IGG) gradient method [8], was derived from a second-order finite-volume
discretization of a hyperbolic diffusion model. A common feature shared among these methods is that higher order
can be achieved while still retaining a compact formulation. However, both methods were designed for cell-centered
schemes, where the high accuracy gradients are assumed to be stored at the cell centers. Inspired by the these methods,
we have explored a similar implicit gradient methodology, but targeted towards a node-centered scheme.
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The presented work shares many similarities with high-order implicit finite difference (FD) methods called compact
difference (CD) methods, also known as Padé schemes [9, 10]. The main difference between the CD and classical FD
schemes is the computational stencil employed in the formulation of the discretization formulas. In the CD methods,
the derivatives approximations are the results of solving linear systems of equations formulated based on coefficients
calculated for all grid points along particular node lines. It makes the CD schemes much more accurate than FD methods.
The CD schemes have been successfully applied on non-uniform meshes and in irregular domains, e.g. see [11-16].
However, in these works, the CD schemes are implemented with an underlying structure (Cartesian or curvilinear
coordinate system) assumed. In the present work, we seek to extend the CD framework to fully unstructured grids,
containing quadrilaterals, triangles or mixed elements.

The paper starts with the mathematical formulation of the implicit gradient scheme. A detailed investigation of
the performance of the scheme to reproduce a known function on unstructured grids is then presented. Finally, some
conclusions are made with a proposed continuation of the work.

I1. Compact Gradient Reconstruction
A compact finite difference Padé scheme for approximating a derivative on a 1D grid can be written [9, 10, 17] as

Bix1 (6(15) +Bi (aj) +Bi-1 ((M) = Yir1Pir1 +Vibi + Vi-10i-1, (1)
i+1 i-1

where the coefficients {8;-1, 8i, Bi+1, Yi+1, Yi» Yi-1} Will set the order of the scheme. To obtain an approximation for the
first derivative at node 7, a polynomial can be fitted to pass through nodes i — 1,7, + 1, where both the variable values
atnodes i — 1,7,i + 1 and the first derivatives at nodes i — 1,7 + 1 will be used. Using this compact formulation as in
Eq. (1), a polynomial of fourth-degree can be constructed. Note that for a non-equidistant grid spacing, the coefficients
in Eq. (1) need to depend on grid metrics to maintain a high order. The gradient scheme in Eq. (1) can be written as

P ¢ = 0ipd. @

which has to be solved each iteration if not the inverse solution a¢ 1 DQl p¢ can be easily found. To extend the
compact scheme for higher dimensions, Eq. (1) can readily be apphed along grid lines if the grid is structured (see e.g.
Visbal et al. [11] for application in a curvilinear coordinate system). However, for an unstructured grid containing mixed
elements (quadrilaterals and triangles) considered in this work, Eq. (1) can not be applied in a straight forward manner.
In this work, we seek to derive an expression similar to Eq. (1) which is valid for higher dimensions on unstructured
grids.

The derivation is made in 2D, the extension to 3D is straight forward. Consider a node i with a nearest neighbouring
node j separated by a distance vector d;;, as shown in Fig. 1. Here, an unstructured grid containing mixed elements of
quadrilaterals and triangles is considered, where only nodes j sharing an element with node i are included to maintain
the compact formulation. The nodal value and the gradients of an arbitrary function ¢ at node j can be expressed from a
polynomial expansion around node i:

¢) = wZZakAx AN,
1=1 m=0

K I

(@) = T - A v, &)
ox);  Lix H 15 !

a¢) 1 R I-m -1

—| = arAx;;"mAyY:

1(1+1)

where ay is the unknown coefficients of the polynomial, k = +m and K is the polynomial order. M is the number

of terms in the polynomial expansion, where the relation between Mand K is M = K(’;+3) in 2D. The normalized
distances are expressed as
Xj—Xi Yi— i
Axji= =" Ay;i= 4
ij Li,x )u Li,y ( )



Fig.1 Notation for dual grid control-volumes for a finite-volume discretization. The dual grid is generated from
a node-centered unstructured grid.

where L; y, L; y are normalization factors for node i. The choice of these factors are crucial to avoid growth of the
condition number of the reconstruction matrix with grid refinement [18]. A natural choice is to choose the normalization
according to the maximum distance to a neighbouring node j

L,',X = L[,y = m,ax d[j (5)

where
dij = dij| = \J(xj —x)>+ (yj — yi)? (6)

is the distance between node i and neighbouring node j. In the work by Lou et al. [18] they tested a different
normalization according to:

Li,x = (xmax _xmin)/27 Li,y = (ymax - ymin)/zv (7)

which uses the local grid spacing in each coordinate direction. Here, X4y, Ymax> Xmin and y,,i, are the maximum and
minimum coordinates of node 7 and neighbouring nodes j in x— and y—direction, respectively. This is helpful and
important to remove the stiffness of the system matrices (Eqs. (9) and (13)) for higher-order approximations [18]. In
this work, we also investigate a slightly different formulation, which can be seen as a combination of Eqgs. (5) and (7),
and is given by

Lf,x=mj€;1X|Xj—Xi|a Li,y=mjé,lx|yj'—yi|- (®)

The coefficients ay in Eq. (3) are estimated by summing over j € {1, ..., N5} nearest neighbours to node i. This
leads to the following set of equations:

Axi Ay A Axi1Ayi Ay e ¢i(xi) — ¢(x1)
: : : : : ATar] :
Axin,  Ayin, MGy, AinAvin, Ayl || a2 #i(xi) — p(xn,)
1 0 ZAX,'I A)’il 0 s as Li,x%(xl)
: : : : : A% = : ®
1 0 2Aun, Ay, 0 % Lix 52 (xx,)
0 1 0 Axi 2y || Liy 52 (x1)
. . . . | Land] :
0 1 0 Aviy,  2yin, o) Liy 52 (xn,) |




where a; = Li,x‘;—f(xi) and a; = Li,y‘;—;&(xi) by construction. Equation (9) can be expressed as Ax = b, where A has

the size 3N, X M, x has the size M x 1 and b has the size 3N}, X 1. The solution to Eq. (9) is found in a least squares
sense, since the local system may be overdetermined, upon the number of neighbours Ny, to node i and the polynomial
order K assumed. Note that for a quadrilateral grid where each interior node has 8 neighbours sharing an element, we
have 3N, > M for a fourth-order polynomial.

The least square solution for Eq. (9) is found by minimising ||Ax — b||2, where the matrix A is decomposed using
QR factorization via the Householder transformation [19]:

A=QR; 07'=0"; C=(A)"=R"Q", (10a)
=x=Cb, (10b)
where Q is an orthonormal matrix and R is an upper triangular, non singular matrix. Since we are only interested in
the gradients, only the first two rows of C are kept. The higher order terms contribute to an increased accuracy of the
gradients. The first two rows of C now contains the connectivity coefficients between the gradient at node i, nodal
values at neighbouring nodes j and gradients at neighbouring nodes j. This can be seen from the the first two rows of
Eq. (10b):
3
L,'anff(xi) C]_ibj
9
Liygr(xi)| | Cojby
By expanding the terms on the right hand side of Eq. (11) and moving the terms which contains coefficients from
neighbouring gradient values at nodes j to node i to the left hand side, we get the following linear system for node i:

2N, 3N, Np, Np
a¢ i (09 AN i i
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Equation (12) is then evaluated for all nodes N in the grid, which results in the following global sparse block linear
system:

e (x1) [¢x)]
Cirax  Cray %(XN) _|Cx 0 |]o(xN) (13)
Crax Coay| |5y (1) 0 Cyay||e(x1)
&2 (xn) [6(x) |
expressed as
99
Pyp %} =0 (14)
oy ¢

The order of the solution of Eq. (14), depend on the polynomial order K in Eq. (3). In the current formulation, the order
of the scheme is increased by including connectivity from neighbouring gradients, allowing a higher polynomial order
K in Eq. (3) while maintaining the compact formulation of only including neighbours according to the stencil in Fig.
1. The effective stencil however, incurred in Eq, (13), then span over the entire grid. This method will be referred to
implicit LSQ (ILSQ).

The coefficients of P,p and Q»p only depend on grid metrics, if the grid is stationary these can be computed in
preprocessing step. The appearance of the off-diagonal block elements Ci g4y, C2 4x in Eq. (13) is a result due to the
formulation of the two-dimensional polynomial expansion in Eq. (3) and the solution of the least square system in
Eq. (10). For a uniform cartesian grid, the resulting coefficients in Cy 4y, and C, 4 are zero. The coefficients in P>p
and Q,p then reduce to the 1D case in Eq. (1) in each coordinate direction, with coefficients according to the classical
compact fourth-order formula [9, 10]

1(d¢ 0¢\ 1(8¢\ 3 ¢ir1 — Pi-i
i), (5] ra5) = 3 )



A. Boundary Conditions

In this paper, the high-order compact gradient scheme is only considered for interior nodes. For a Neumann boundary
condition, the gradients are specified at the boundary and the coefficients in Eq. (14) may be moved to the right hand
side. For a Dirichlet boundary condition, the boundary nodes requires special care. According to Gustafsson [20], the
global order of the scheme is conserved if the boundary nodes are closed with one order less than the interior nodes. For
the ILSQ scheme with target fourth-order accuracy, the boundaries need to be closed with at least third-order accuracy.
Methods of deriving appropriate high-order boundary schemes are e.g. based on one-sided formulas [9, 10, 21] or the
so-called Summation-By-Parts [22] which can be also applied for high-order compact gradients schemes.

B. Solution of Linear System

The size of the matrices Pop and Qap in Eq. (14) are 4N2, the corresponding system in 3D have size 9N2. As
the compact discretisation leads to a non-symmetric matrix P,p for unstructured grids, Eq. (14) is solved with ILU
preconditioned biconjugate gradient stabilized method (BiCGStab) [23]. In the test cases considered in Section IV, the
BiCGStab solver requires only a couple of iterations to reach the set tolerance of 1073 of the linear solver. If there is
enough memory space available the solution of Eq. (14), P LI)QZD, may be precomputed and stored in a preprocessing
step.

II1. Explicit Gradient Reconstruction
The implicit gradient scheme is compared to an explicit LSQ (ELSQ), which for a second-order polynomial can be
formulated as

wi1Ax;y wil1Ayil wil AxZ, witAx;1Ayil wil Ay} wit (¢i(xi) — ¢(x1))
: : : : : Li 52 (%) :
2 2 Ly 2 (i)
wijAx;j wijAy;; wijAx; wijAxijAy;j wijAy;; Lyay X[ =1 wii(¢i(x) — ¢(x5))
Win, AXiN,  WiN,AYiN, WiNbebe WiN, AXiN, AYin, WiNbAylsz win, (¢i (Xi) — #(xN,))
(16)

where Ax;;, Ay;; are given in Eq. (4). The explicit least-squares problem in Eq. (16) is solved using QR-decomposition
according to Eq. (10). We investigate two different variants of Eq. (16). The first one is according to the standard
distance weighted LSQ [24-26] (WLSQ) scheme, where the following weights and normalization factors are chosen as:

1
Wij = o Lix=1 Liy=1 an
ij
where d;; is defined in Eq. (6). It is shown in Section IV that the order and accuracy of this formulation deteriorates on
grids with high-aspect-ratio. In order to alleviate this problem, we propose a similar but different variant by choosing
the following weights and normalization factors:

wij =1, Li x, Liy (18)

where L; x, L;,y can be either of the normalization methods defined by Eqgs. (5), (7) or (8). This method will be
referred to as modified LSQ (MLSQ). By choosing normalization method according to Eq. (7) or (8), the local grid
spacing in each coordinate direction is used instead of the maximum length method given by Eq. (5), which should
intuitively be more valid in regions with high-aspect-ratio elements. In order to increase the order and accuracy of an
ELSQ gradient reconstruction scheme, one can increase the amount of node candidates by including neighbours to
nearest neighbours. However, the compact formulation is then lost and the implementations on an unstructured grid may
become increasingly complicated.

IV. Analysis and Assessment of Gradient Reconstruction
In order to assess the order, accuracy and robustness of the gradient reconstruction schemes, the numerical gradient
of a known smooth test function is compared to its analytical value on consecutively refined meshes [6, 8]. The
function is evaluated for each interior node repeatedly through several refinement levels for a set of different structured,



unstructured, isotropic and high-aspect-ratio grids. The L; and L, errors in the resulting numerical gradient are
calculated as 1
N N
Z,‘ |V¢i,num - V¢i,ana| L Z,‘ |V¢i,num - V¢i,ana|2
= )=

L , , 19
| N N (19)

where Vé; num and Vo; 4,4 are the numerical and analytical gradients, respectively. The implicit (ILSQ) scheme is
evaluated for a polynomial order K = 4 in Eq. (3) using the normalization given by Eq. (8), unless otherwise stated. We
set the tolerance of the BiCGStab solver to 10~® measured in the L, norm of the residual. Since the accuracy of interior
nodes of in the scope of this work, it is assumed that the gradient values at the boundary are known. The compact
implicit gradient scheme is compared to the standard distance weighted explicit LSQ (WLSQ) gradient reconstruction
scheme (Eq. (16)), with weighting and normalization factors according to Eq. (17). The modified LSQ (MLSQ) scheme
is also considered, with weighting and normalization factors according to Eq. (18). We consider only neighbours
included in the LSQ formulation according to Fig. 1. This limits the ELSQ schemes to maximum second-order schemes.
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Fig.2 Error convergence of gradient reconstruction of the function given by Eq. (20), using WLSQ (red), MLSQ
(black) and ILSQ (blue) gradients on isotropic quadrilateral grids.

A. Isotropic Grids
The test function is given by:
f(x,y) = sin(nx) sin(my) (20)

Function (20) is evaluated on a rectangular domain given by [0, 1] X [0, 1], discretized with quadrilaterals or mixed
elements (quadrilaterals and triangles).

Results on the isotropic quadrilateral set of grids are shown in Fig. 2. Error convergence results for the interior
nodes are given in Figs. 2(b) and 2(d). The ILSQ scheme yields fourth-order accuracy on both the uniform and the
perturbed quadrilateral grids. The vertices of the grid in Fig. 2(c) are randomly disturbed compared to the grid Fig.
2(a), and as a result, the underlying structure is lost. This produces a one order of magnitude larger error level for the
ILSQ scheme, however, the fourth-order scaling is still preserved. The two different ELSQ schemes show the expected
second-order accuracy on both grids, where the two different formulations show a negligible difference in error.



We consider uniform and perturbed mixed element grids for the same function. The two different grids are shown in
Figs. 3(a) and 3(c). The grids are generated from a quadrilateral grid, where for each element, there is a 50 % probability
that the quadrilateral element will be split into two triangles. The error convergence are given in Figs. 3(b) and 3(d).
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Fig.3 Error convergence of gradient reconstruction of the function given by Eq. (20), using WLSQ (red), MLSQ
(black) and ILSQ (blue) gradients on isotropic mixed element grids.

All methods yield the prescribed accuracy, the ILSQ shows fourth-order convergence and the two different ELSQ
schemes show second-order convergence, on both the uniform and perturbed grids. The error levels are comparable
to the quadrilateral grids considered in Fig. 2, which indicates that the LSQ gradient reconstruction formulation is
insensitive to grids with mixed quadrilaterals and triangles.

B. High-aspect-ratio-grids
The test function is given by:
f(x,y) = sin(mx) sin(40007y) 21

Equation (21) is evaluated on a rectangular domain given by [0, 1] x [0, 0.0005]. Using this domain size, elements with
aspect-ratio of 2000 is considered. This setup models a typical boundary layer problem [8], where the solution variation
is predominant in the direction of small grid spacing and an anisotropic grid is specifically tailored to represent the
solution anisotropy. Five types of grids are considered: uniform quadrilateral, perturbed quadrilateral, uniform mixed
elements, perturbed mixed elements and perturbed fully triangular grids.

The quadrilateral grids are shown in Figs. 4(a) and 4(c), error convergence results on these grids are shown in Figs.
4(b) and 4(d). The error convergence results are similar to the isotropic quadrilateral grids, the ISLQ scheme yields
fourth-order accuracy, the two ELSQ schemes yield second-order accuracy. However, on the perturbed quadrilateral
grid, the WLSQ method breaks down and even yields larger errors with increased grid refinement. On the same grid,
the ILSQ and MLSQ methods yield the prescribed accuracy, fourth-order for ILSQ and second-order for MLSQ.

Results for the mixed element grids are shown in Figs. 5(a). and 5(c), error convergence results on these grids
are shown in Figs. 5(b) and 5(d). The error convergence results are similar to the isotropic mixed element grids,
the ISLQ scheme yields fourth-order accuracy, the two ELSQ schemes yield second-order accuracy. Similar to the
high-aspect-ratio uniform quadrilateral grid, the WLSQ method fails to recover second-order on the perturbed mixed
element grids, as can be seen in Fig. 5(d). On the same grid, the ILSQ and MLSQ methods yield the prescribed
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Fig.4 Error convergence of gradient reconstruction of the function given by Eq. (21), using WLSQ (red), MLSQ
(black) and ILSQ (blue) gradients on high-aspect-ratio quadrilateral grids.

accuracy, fourth-order for ILSQ and second-order for MLSQ. Remarkably, the accuracy is preserved for the ILSQ and
MLSQ although these grids are irregular and involve two different types of cell stencils.

Finally, the effects of using different normalization given by Eqs. (5), (7), (8) are investigated for the ILSQ and the
MLSQ. A perturbed triangular grid is considered (Fig. 6). Results for the error convergence are shown in Figs. 6(b),
6(c) and 6(d). Similar to WLSQ, the ILSQ using the length based normalization according to Eq. (5) completely fails to
reconstruct the gradients. However, this is not observed for the MLSQ using the same normalization method. This can
be attributed to that the MLSQ only assumes a second-order polynomial, whereas the ILSQ assumes a fourth-order
polynomial, which should be more sensitive to specific choice of normalization. The ILSQ is able to recover the
fourth-order accuracy by using the normalization according to Eqs. (8) or (7). These methods take the local grid spacing
in each direction into account and is thus more accurate and robust compared to the length based approach given by
Eq. (5) on grids with high-aspect-ratio.
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V. Conclusions and future work

An implicit least squares gradient reconstruction scheme with a compact formulation is derived and compared with
a standard distance weighted explicit least squares scheme. Additionally, a modified explicit least squares scheme is
formulated, which uses different weighting compared to the standard method. The schemes only use neighbouring
nodal values and can be viewed as unstructured finite difference schemes. A detailed study of gradient calculation for
node-centered unstructured data on regular, highly irregular and high-aspect-ratio (AR = 2000) grids is presented.

Compared to a standard distance weighted LSQ scheme, which uses only nodal values of nearest neighbours in the
stencil, the implicit scheme also includes information from neighbouring gradient values, leading to a linear system to
be solved. This allows the assumed polynomial or Taylor expansion in the least squares approach to be of higher order.
In this study, a fourth-order polynomial is assumed for the implicit LSQ scheme, and a second-order polynomial is
assumed for the explicit LSQ schemes.

The schemes are assessed in the capability of reconstructing the gradient of a known analytical function. The implicit
LSQ shows a fourth-order scaling on all grids considered, including highly irregular quadrilateral grids, triangular grids,
mixed element grids and high-aspect-ratio grids. The standard distance weighted LSQ scheme, on the other hand, fails
to achieve the prescribed second-order accuracy on high-aspect-ratio grids, where even the error is increased with grid
refinement. The modified explicit least squares scheme, which uses the local grid spacing in each coordinate direction
in the weighting procedure, is able to achieve second-order accuracy on high-aspect-ratio grids.

The current study is planned to be followed up by an implementation of the new scheme in an unstructured
compressible finite-volume flow solver, where the accuracy, feasibility and robustness will be investigated on relevant
flow cases.
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1 Introduction

A new Grey-Area Mitigation (GAM) method for hybrid RANS-LES is presented.
In regions of variable resolution, the transfer of turbulence energy between
RANS-modeled and LES-resolved turbulence are quantified by a commutation
residue term, as proposed by for PANS modeling [1]. Girimaji and Wallin showed
that the commutation residue term needs to be accounted for in regions with a
variable PANS parameter, fi, which is a ratio of modeled and total turbulence
energy, in order to have a proper transition from modeled to resolved turbulence.
A model was proposed for this term in PANS, of which an extension was also
indicated for other hybrid RANS-LES formulation based on length scales [1].

Commutation residue stemming from length scale variation was quantified
by Hamba [2] for fully developed turbulent channel flow, by a filtering operation
with the filter width varying between RANS and LES length scales in different
regions. The magnitude of the commutation term was found in the same order as
the turbulence production term. This was further investigated by Arvidson et al.
in their hybrid RANS-LES method based on the K — w model [3]. It was shown
that the commutation residue term can significantly accelerate the transition
from modeled to resolved turbulence, and thus effectively mitigating the grey
area.

In this work, an effort has been made to exploit the formulation proposed
by Girimaji and Wallin and expand it further in DES-type modeling aiming for
a more rapid transition between modeled and resolved turbulent scales in the
vicinity of a RANS-LES interface.

2 Mathematical formulation

The turbulence energy cascade in the spectral space is illustrated in Fig. 1 with
ke X 1/Lycs as the spectral cut-off wave number dividing the turbulence energy
into the resolved and modeled turbulence energy, denoted by K, and K,, re-
spectively. It is noted further that L,.s is a reference length scale. For constant
resolution, where k.. is constant in space, the energy cascade o is responsible for
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Fig. 1. Illustration of energy spectrum with cut-off wave number.

the energy exchange between the resolved and unresolved scales. With variable
Lyes, ke can vary in time or space and, correspondingly, the position of the in-
terface between K, and K, will change. This leads to an additional mechanism
of energy exchange between K, and K. Following Girimaji and Wallin [1], this
energy exchange can be described by integrating the unresolved turbulent kinetic
energy in spectral space

Ak, d (= ~ 4 dr,
dt*&AfM”“*[‘E“’M%”E' (1)

Yo

The first term on the RHS represents the balance between the unresolved and
dissipation considering non-varying k.. The second term on the RHS corresponds
to energy exchange between K, and K, in the vicinity of ., denoted by Pp.
By assuming a standard spectrum in the Kolmogorov inertial subrange, F(x) =
Ce?/3K75/3 one can show that

dk. _ _ 2 K, dk,

Prsz mti*“** ’
T T 3 e dt

2

where % is the material derivative, or advection by the resolved flow field. Using
the relation k. o< 1/Lycy, one can express the commutation residue in terms of
the variation of the hybrid length scale L.y:

2 K, AL,

Pr. ==
T 3Ly dt

®3)

The commutation residue term Pp, in Eq. (3) acts as a source/sink term in the
equation for K. If a K — w based hybrid model is used, as in this work, it can
be shown that a corresponding term has to be added to the w-equation, namely
—(Ku/wy)Pry [1]. In the case of decreasing L,.y, energy is transferred from the
RANS-modeled to the LES-resolved scales and Pr, < 0. Energy conservation
dictates that the energy transfer rate, Pp,, removed from the unresolved scales
must be added to the resolved scales. The energy transfer to/from the resolved
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scales is modelled as a diffusion term in the momentum equation [1]

PT’V‘
Vpr = 52 (4)

where S = /25;;5;;. It must be emphasized that vr, and v, represent different
physics and should not be mixed up. For the numerical solution they can be
added as:

v = + v, (5)
With increasingly refined resolution in space/time, energy is transferred from
unresolved to resolved turbulence. This will bring up a negative vp,.. Decreasing
resolution will, on the other hand, transfer energy from resolved to unresolved
scales through positive vy, and Pp,.. We limit vy, > —v; to ensure positive
total turbulent diffusion for numerical stability. Note that Egs. (3) and (4) are
deployed in the whole computational domain.

3 Numerical setup

The computations have been conducted using the M-Edge code, which is an edge-
and node-based Navier-Stokes flow solver applicable for both structured and
unstructured grids [4]. The compressible Navier-Stokes equations are discretized
with a finite-volume approximation and integrated in time using a 2nd-order
backward difference scheme. The viscous fluxes are estimated with a 2nd-order
central scheme. The inviscid fluxes are based on the low-dispersive and low-
dissipative (LD2) scheme, which combines a low-dissipative convection operator
with a low-dispersive reconstruction of the face values [5].

All computations have been carried out using the K —w SST DDES model
[6,7] as base model in combination with the proposed GAM formulation. The
hybrid length scale in Eq. (3) is computed as

Lyef = Lrans — famax(0, Lrans — LLes), (6)

where Lrans = f*Kyw, and Lyps = CppsA are the RANS and LES length
scales, respectively, and f4 is the DDES shielding function. The LES filter width
is computed as A = A, [8], which adapts the subgrid-scale based on the local
vorticity direction of the flow. Furthermore, another modification of the sub-grid
model aiming at acceleration of the RANS-LES transition in separated shear
layers for the DDES method is evaluated. The o-DDES model [9, 10] replaces
the standard strain rate invariant S in the production term by a blended variant

Se—ppES =S — fa pos(Lrans — Lres)(S — BsSs), (7)

where pos(a) = 1 if a > 0, otherwise 0. The subgrid model of SST ¢-DDES then
performs as the algebraic o-model [11] instead of the Smagorinsky model in the
LES domain, and the empirical constant B, = 60 is calibrated in decaying grid
turbulence. In quasi two-dimensional flow regions, S, which is the strain rate
operator in the o-model, is close to zero and ensures the decrease of the eddy
viscosity in shear layers by rapidly reducing the production term in the LES
mode of DDES.
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4 Results and discussion

The commutation term is evaluated and verified for two different flow cases with
geometry induced flow separating and mixing, the flow over a wall-mounted
hump and mixing shear layer. The upstream boundary layers are treated in
RANS mode, and the DDES automatically switches to LES in the separated
region. Simulations using the commutation term (i.e. Egs. (3) and (4)) are indi-
cated by CT. The baseline case is the SST DDES version with length scale A,
while the variations with GAM methods are made by incorporating 0 — DDES
and/or the commutation term. Figure 2 presents the Q-criterion for the two flow
cases, highlighting the resolved flow features.

Vorticity Magnituds

Vortieity Magritude

Fig. 2. Q-criterion coloured by vorticity magnitude contours for flow over wall-mounted
hump (left) and mixing shear layer (right). Results are acquired using SST o-DDES
with commutation terms.

4.1 Flow over a wall-mounted hump

This flow was experimentally studied by Greenblatt et al. [12]. The Reynolds
number based on the hump length ¢ and a reference velocity Uy (maximum free
stream velocity at the inlet of the domain) is Re. = 9.36 - 10°, the height of
the hump is A = 0.128c. The flow is characterized by a large-scale separation
on the downstream lean of a wall-mounted hump as well as a free shear layer
emanating from the crest of the hump. The flow over the hump separates at
2/c = 0.65 and is reattached at z/c = 1.1. The grid adopted in all computations
has (ng,ny,n;) = (520,128,80) cells in x-, y- and z-directions, respectively,
resulting in a total grid size of about 5.3 - 108 cells. The size of the domain in
the spanwise direction is 0.4¢ and the grid-spacing is Az = 5.0-10~3¢. The time
step in the simulation is 0.002¢/Uy, which ensures that the CFL number, based
on the streamwise spacing dz, less than one in the entire domain.

The effect of the commutation term is presented in Fig. 4. The commutation
decreases modeled K, by activating negative Pr, (see Eq. (3), which is further
amplified by a positive contribution to the production term in the w,-equation.
As a result, the modeled eddy viscosity in the free shear layer is dramatically
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reduced at station /¢ = 0.8. This effect is not captured by the 0 — DDES
model solely, since the 0 — DDES model only modifies the production of K,
in the LES region and does not provide an additional mechanism for reducing
upstream RANS modeled eddy viscosity entering the LES domain.

The response in the resolved stresses are presented in Figs. 5 and 6. A slight
increase in the streamwise stress and shear stresses can be observed at x/c =
0.8 for the ¢ — DDES model using the commutation term, but only marginal
difference is observed further downstream for the different settings. The skin
friction is shown in Fig. 3, where the reattachment region is slightly better
predicted by the o — DDES model in combination with the commutation term.
However, the reattachment is located too much downstream for all cases, which
implies that a reduced eddy viscosity in the LES-region due to the commutation
term is not sufficient to fully trigger resolved turbulence for this flow case.

4.2 Mixing Shear Layer

The free shear layer flow was investigated experimentally by Delville [13]. The
computational domain includes a very thin flat plate, with turbulent bound-
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ary layers on each side, a mixing layer is formed in the region downstream of

the flat plate trailing edge. The experimental boundary layer properties at the
trailing edge are presented in Table 1. The focus region, i.e. the region from

Table 1. Flow parameters of mixing-layer case. Data from experiment [13].

Measure Notation High vel. BL Low vel. BL
Velocity Uso 41.54 m/s  22.40 m/s
Thickness § 9.6 mm 6.3 mm
Displ. thick. o1 1.4 mm 1.0 mm
Mom. thick. 6 1.0 mm 0.73 mm
Shape factor H 1.35 1.37

Re based on 6 Reg 2900 1200

Turbulence level u'/Us ~ 0.3 % ~ 0.3 %

the flat plate trailing edge at @ = 0 to « = 1 m, is meshed with (ns,ny,n.)
= (640,196, 96) cells. The grid is equidistant in the streamwise z-direction and
spanwise z-direction, Az = Az = 1.5625 mm. The total number of hexahedral
grid cells are 13.7 million. A timestep of At = 2.5x 1075 second is used. The up-
stream boundary layers are treated in RANS mode and the DDES automatically
switches to LES after the trailing edge.

The growth of the mixing layer, the vorticity thickness, is presented in Fig. 7.
The baseline model clearly underpredicts the growth of the shear layer. With
either of the two GAM methods considered the results are improved. By using a
combination of both 0 — DDES and the commutation term the agreement with
the experimental result is significantly improved for > 0.2 m. The maximum
eddy viscosity at the initial part of the shear layer is shown in Fig. 8. The effect of
the commutation term is large, as indicated by a rapidly reduced eddy viscosity.
Without the commutation term, such a reduction is relatively slow. A reduced
eddy viscosity level contributes to a rapid growth of resolved turbulence, which
is visualised in Fig. 9. As shown, the resolved shear stress is better predicted
at station x = 0.2 m, where the prediction incorporating both the commutation
terms combined with o-DDES gives the best result.

5 Conclusions

A new Grey-Area Mitigation (GAM) method is proposed in this paper. The work
presents hybrid RANS-LES computations undertaken in the verification of GAM
formulations incorporated into the SST DDES model. Two test cases, namely,
the flow over a wall-mounted hump and a mixing shear layer have been computed.
The proposed GAM method, aiming to mitigate the grey area over the RANS-
LES interface, is based on a commutation term stemming from the variation of
the local hybrid length scale. Furthermore, a sub-grid model enabling to reduce
the eddy viscosity in a shear layer, the c-DDES model, is also evaluated in the
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Fig. 9. Resolved shear stress at locations # = 0.2 m (left), = 0.65 m (middle) and
z =0.95 m (right).

comparison. Both methods require no additional manipulation of, or explicitly
defining, the RANS-LES interface and are applied in a global manner.

It is shown that the effect of both the commutation term and the o — DDES
model improve the results for the mixing shear layer and are able to trigger a
rapid transition of modeled to resolved turbulence. This is indicated improved
predictions of both vorticity thickness and resolved shear stress. The effect of
commutation term and the o — DDES model is less pronounced for the hump
flow, however, where the recovery of the skin friction coefficient is only slightly
better predicted.
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This paper examines the implementation of the Navier-Stokes charac-
teristic boundary equations in a node-centered edge based compressible
code. The boundary conditions are tested for injecting and transporting
an analytical vortex through a subsonic inlet and a subsonic outlet, re-
spectively. Since the analytical solution is known, any distortion from this
is an error in the boundary condition. Two different implementations are
evaluated, an implementation which modifies the convective flux at the
boundary and a method that sets the primitive vector at the boundary.
The current implementations of the non-reflecting boundary conditions
does not give results comparable to results reported in the literature.
The non-reflective inlet implementation performs worse than a standard
incompressible dirichlet inlet, but the results are improved compared to
standard incompressible static pressure oulet.

1 Introduction

Boundary conditions are an important part of a compressible solver to ensure well-posed numerical
problem with unique solution of flow variables, especially for large eddy simulation (LES) and direct
numerical simulation (DNS) in addressing flow-induced aero-acoustic problems. For external flows
around, for example, an air vehicle immersed in a fresstream, a truncated computational domain is
often taken where special attention should be paid to handling possible reflections of pressure waves
at the boundaries. The nonreflecting characteristic boundary condition was initially introduced by
Hedstrom [1] and Thompson [2] in solving the Euler equations, which was then further extended
to the Navier-Stokes equations by Poinsot and Lele [3], namely, the Nacier-Stokes characterisc
boundary conditions (NSCBC). The NSCBC approach decomposes the Navier-Stokes equations
at the boundary to identitfy the contribution of waves going into the domain and waves leaving



the domain. The outgoing waves are computed using one-sided derivatives and are not modified,
whereas the waves leaving the domain are changed according to the boundary condition imposed.
The original NSCBC approach solves a local one-dimensional inviscid (LODI) problem [3] to impose
the wave amplitudes for the outgoing waves.

For outlet boundaries, it was found that including transverse terms [4,5] in the analysis for
multidimensional problems provide better damping than the one-dimensional LODI formulation.
However, at in inlet these terms play a limited role and can be omitted. In LES and DNS ap-
plications, imposing turbulent fluctuations to a mean velocity profile while being nonreflecting to
acoustic and numerical waves is a challenge in specifying relevant inlet boundary conditions. The
vortical-flow characteristic boundary condition (VFCBC) [6] by Guézennec and Poinsot was proven
to successfully be able to impose an analytical isentropic vortex and homogeneous isentropic turbu-
lent flow into a two-dimensional domain for low speed flows, based on a Mach number expansion,
as detailed in Prosser [7].

The implementation of the NSCBC is straightforward task for codes using structured (4, j, k)
grids, while it may become more challenging on a unstructured grid, as exampled in previous
work, see e.g. [6,8]. In this paper, we have investigated the implementation of the NSCBC for a
node-centered finite-volume solver. In Section 2, the theory for the NSCBC is outlined along with
the conditions for subsonic non-reflecting inflow and outflow boundaries. The numerical methods
adopted in the computation are introduced in Section 3. Results are then presented and analyzed
in Section 4. The work is concluded in Section 5.

2 Navier-Stokes Characteristic Boundary Conditions

When solving the compressible Navier-Stokes equations, five characteristic waves are introduce into
the domain. In case of an inflow boundary, four waves are entering the domain while one is leaving
the domain. In case of an outflow boundary, four are leaving the domain while one is entering. It
is crucial to introduce dampening factors at the boundaries to mitigate the numerical and physical
waves leaving the domain.

The NSCBC approach [3] uses the Navier-Stokes equations in the characteristic form in which
outgoing and incoming waves can be identified. The outgoing waves can be computed from interior
points. The incoming waves which come from outside of the domain must be prescribed to close the
boundary problem. The characteristic equations of a boundary with a normal in the z;-direction



are:

% +di + %’Zf + 88’;13 =0, .
ag?l +urdy + pds + 8/(;1;1:2 3?23“3 N %1; o ?
agif + %“i“’?dl + % + purds + pusdy + pusds + 8/;1';22H N ag;zH _ 0 (_QLajz': Tijui) (5)

The system of Egs. (1) - (5) contains derivatives normal to the z;-boundary (d; to ds). The d; are
functions of the characteristic wave amplitudes [3]

dy L [Lo+1(L5+£y)] g
do % [L5 + L1] pc”?ﬁ —&—ula‘?—f1
d= |ds| = 30 L5 — L] = | wms iz (6)
dy L3 ulg,—j'j
ds Ly ulg—:‘:

where ¢ is the local speed of sound given by ¢? = vp/p and the £; are the amplitude variation of
the i’th characteristic wave crossing the boundary

L At (5)*? — pegt
Lo Ao (02367”1 - %
L= 1L = /\3% (7)
Ly )\42—;;
Lol s (3 + o)

propagating at the characteristic velocities:

AN =u —c¢
Ay =A3 =N\ =
As=u +c

Uy

(8)
(9)
(10)

A1 and A5 are the velocities of sound waves moving either in the negative or positive direction. All
the other characteristic velocities are convection velocities. For the outgoing waves, the £’s may
be computed using one sided differences with interior points and values from previous time steps
using (7). The incoming waves can be determined from the LODI assumption. Once all waves are

3



computed, balance equations are used to advance the sytem in time. Under the LODI assumption,
the flow is assumed to be locally one-dimensional and inviscid. The equations of the primitive
variables on the boundary become [3] (diffusive terms and source terms are neglected):

[LQ"_ (Ls+ Ly )] C% [724‘1(75-5-71)] 0

ou 2;0 [L5 - Ll] 2pc [75 “Tl} 0
ot = Ls + T3 =10 (11)

£’4 74 O

%[’65+'£’1] %[754’71] 0

where U = (p, uy, us, us, p) is the primitive variable vector. The extension of the LODI equations
to multidimensional problems is achieved by introducing the transverse wave amplitudes:

i 0 Ou, 1
T, Uy ( L —pc ‘?,Zi) “"ngT:
T, u 62@ _ + C2 Jut Ouy
2 t Ozt du pdrf ’ypdu
7= |%| = i 412 (1=23). (12)
T 8u 1 0p
4 dLj + p815
Tl | w (o) +mie

The inclusion of the transverse terms (12) are essential for estimating incoming waves at an outlet.
At an inlet these terms plays a limited role [6] and can be neglected to recover the original LODI
assumption. Equation (11) can be written in characteristic form of the so-called effective boundary
conditions (Yoo et al. [4]):

(2 — pedu) £y T, 0

(CZ%;’—%) Ly To 0
duy + | Ls| + [T5| = |0 (13)
% Ly Ta 0

( +pca”‘) Ls ‘.Tf, 0

Depending on the type of boundary, inflow or outflow which is considered here, the wave amplitudes
can be determined by Eq. (13).

2.1 Subsonic non-reflecting outflow

For a subsonic outflow, all waves go out, except the acoustic wave traveling at speed u; — ¢ cor-
responding to £1. £; (i = 2,...,5) are directly determined by the expression in Eq. (7). £ is
computed using Eq. (13):

@ 8u1
ot “ort

)+L1+‘J'1—O (14)
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The outlet pressure is enforced to be p,,, which is done by introducing a relaxation term and a
constant (:

@_ c@ul
o "o

—>+K(p—poo)+ml:0 (15)

where K is a relaxation term for the pressure. Combining (14) and (15) gives the following expression
for the incoming wave amplitude:

Li=Kp—px)+(B-1)T (16)

where 3 € [0,1] is a transverse damping parameter. When the parameter § is set to one, the LODI
assumption is recovered. It is found in [6] that using the mean Mach number averaged in space over
the exit section give good dampening properties:

5= o) =10 = (42 (1)

e(x,t)
The pressure relaxation coefficients K is chosen as [9]

oc(l — M?)

K =
L

(18)
where M is the maximum Mach number on the boundary, L and c are a characteristic length and
a typical sound speed of the domain. The factor ¢ is a reduced scaling factor and is commonly
chosen as 0.25 [3,4]. A non-zero relaxation term makes the outlet partially reflecting, but prevents
the outlet pressure to drift from its target value pe.

2.2 Subsonic non-reflecting inflow

For a subsonic inlet, four incoming waves Ls,..., L5 must be imposed, which is equivalent to
imposing the three velocity components u; and the temperature 7. The £; wave is computed from
the interior using Eq. (7). The inlet is imposed to be isentropic, which is achieved by setting £ to
zero. The remaining incoming waves are determined by Eq. (11), where the transverse terms are
omitted since they play a insignificant role at an inlet. For injecting a velocity signal (u!,ub, u}),
we set:

Ly=0

Ly =— %ﬁ}—l—ﬂ((u?—ué)

Ly=-— 68—1? + 2K (ug — ub) (19)
Ls =pc (78871? + 2K (uy — ug))



The (u},ub,u}) are the target velocities, either coming from a steady mean velocity profile or an
unsteady velocity signal. The time derivative terms in Eq. (19) are computed with Eq. (22). The
relaxation terms like (u; — u}) prevent the inlet velocities to drift from their target values. The
relaxation coefficients K is chosen as [9,10]

K="2 (20)

where L, ¢ and o are chosen as in Eq. (20).

3 Numerical Method

The flow solver used in this paper is the M-Edge code, which is an edge- and node-based Navier-
Stokes flow solver applicable for both structured and unstructured grids [11,12]. The compressible
Navier-Stokes equations are discretized with a finite-volume approximation and is integrated in
time using a 2nd-order backward difference scheme. A dual-time stepping methodology using an
explicit low-storage multistage Runge-Kutta scheme accelerated by local-timestepping and full-
approximation storage (FAS) multigrid [13] is used. The boundary conditions are based on a weak
formulation in which a set of temporary flow variables are computed and used in the calculations
of the boundary flux added to the residual. The residual is then used to update all unknown
variables including the boundary values [14]. The inviscid fluxes are based on the LD2 scheme,
which combines a low-dissipative convection operator with a low-dispersive reconstruction of the
face values [15].

3.1 Implementation for Unstructured Grid

Consider a boundary node (in 2D case for easy demonstration) with a corresponding dual-grid as
shown in Fig. 1. Two implementation strategies of the NSCBC are tested. Method 1 computes the
vector d in Eq. (6) from the known or imposed characteristic waves £;, and are directly injected
as source terms in the system of Equations (1) - (5) at the boundary nodes. Since the convective
terms normal to the boundary has been replaced by the d vector, the convective contribution in the
numerical scheme normal to the boundary from other neighbouring nodes is canceled. This method
is similar to the methods reported by Widenhorn et al. [16] and Granet et al. [17].

Method 2 solves the system (11) and sets the primitive variables vector at the boundary
Po
U p
Uy = |ugp (21)

us,p
Do

There is no modification to the numerical scheme at the boundary nodes. In an edge-based solver,

6



the boundary nodes can either be solved for by a weak boundary condition [14], or fixed when using
a strong boundary condition. The time derivative is computed using the implicit backwards Euler
in M-Edge

% ~ ﬁn+l¢n+l + ﬁn¢n + /67L*1¢n71

ot At (22)
Thus, the updated boundary value for the next time step is computed as:
To enforce the weak boundary condition, the new boundary value is updated as

U = U a0 - U (24)

where « is a penalty factor and has stability limit of & > 0.5. The contribution from the boundary
values are then added to the residuals through a boundary flux

Riy = R}, + F(U;) (25)

where F' is the convective flux as a function of the primitive variables vector. To enforce a strong
boundary condition, the new value is set to the updated boundary value

uptt =gyt (26)

with the residuals of the boundary nodes set to zero.

9

Figure 1. Control volume of a boundary node.



4 Verification in Propagating a 2-D Inviscid Vortex

To evaluate the implementation and functionality of the nonreflecting boundary condition to handle
outgoing vortices, a typical convected vortex case [3,5] is considered. The velocity field of a vortex
convected by a steady flow is defined using the stream function:

9 2
<u1> = < f”ézw ) and ¢ = Cexp (—%) (27)
Uz Toax, "

where r = \/X? + X2, C is the vortex strength, and 7, is a characteristic radius. From Eq. (27),
the radial and tangential velocity fields are given as

X 2
u, = 0 and ug = C—; exp ( 4 > (28)
r

2o\ 2
and the vorticity distribution is given by
2r2 — 2 r?

The corresponding analytical pressure field is given as

plr) = poexp (—; (C)xp (—)) (30)

These results are expressed in a reference frame of (X7, X5) attached to the vortex, which is traveling
with the speed of the free stream velocity (e, 0). The analytical results show that the vortex should
propagate undisturbed through the computational domain.

4.1 Test-Case Conditions

The computational domain is a 2-D square box of dimension L = 1 mm with a resolution of 642
cells. The air flow has the following ambient conditions, py = 101.3 kPa, Ty = 300 K. The vortex
strength C is set to 5 x 107% m?/s, producing a maximum vortex induced velocity of 30 m/s. 7,
is 0.1 mm and the free stream velocity is varied to give locally a boundary condition that varies
between an inlet/outlet. The top and bottom boundaries are set to periodic boundaries. The Euler
equations are solved and thus all viscous terms are set to zero in Egs. (1) - (5).

4.2 Subsonic Inlet

The subsonic inlet is tested for two different free stream velocities, us, = 20 m/s and uo, = 100 m/s.
Three nonreflecting methods are compared to a standard Dirichlet inlet, where the target velocity
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Figure 2. Pressure contours P — P, for inlet case, M, = 0.0585. Rows from top to
bottom: Dirichlet inlet, Method 2 strong NSC inlet with ¢ = 0, Method 1 with ¢ =0,
Method 1 with ¢ = 50. ¢ is used in Eq. (20).

and density are prescribed and the pressure is extrapolated from inside the domain. Method 1 is
tested for o in Eq .(20) set to 0 and 50, Method 2 is tested for ¢ = 0 using the strong implementation.
Note that for this case, the correct injection of the vortex should be achieved even for ¢ = 0,
according to results reported in [6]. The results for the weak implementation of Method 2 are not
shown since it diverges after a couple of time steps for any values of ¢ and « tested, the reason
is still unknown. The pressure contours, stream wise velocity contours and vorticity contours for
U = 20 m/s, which corresponds to a free stream Mach number of 0.0585, are shown in Figs. 2 - 4.
Note that for this case the inlet becomes locally an outlet as the vortex pass through the boundary.

The dirichlet inlet injects the vortex reasonably well, the result matches almost perfectly with
the analytical results for pressure, stream wise velocity and vorticity. Method 1 fails to inject the
vortex for ¢ = 0, where the shape of the vortex is completely lost compared to the analytical
solution, as shown in Figs. 2 - 4. However, when the target velocity is enforced with a very large
relaxation parameter o = 50, the velocity and vorticity contours shows some resemblance with the
analytical solution, as shown in Figs. 3 and 4, respectively. The pressure field is however heavily
distorted, as shown in Fig. 2. Method 2 injects the velocity and vorticity signal fairly well as shown
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Figure 3. Streamwise velocity contours u; — u., for inlet case, M., = 0.0585. Rows from
top to bottom: Dirichlet inlet, Method 2 strong NSC inlet with ¢ = 0, Method 1 with
o =0, Method 1 with ¢ =50. ¢ is used in Eq. (20).

in Figs. 3 and 4. A checkerboard pattern is observed in the pressure field for ¢t = 22.75us when the
vortex enters the domain, this effect seems to be disappearing for later simulation times.

The pressure, stream wise velocity and vorticity contours for u., = 100 m/s, which corresponds
to a free stream Mach number of 0.2924, are shown in Figs. 5 - 7. The dirichlet inlet performs
equally well as in the previous case, where the vortex shape is preserved in pressure, velocity and
vorticity. Method 1 fails to reproduced the vortex for ¢ = 0, but the velocity field in Fig. 6 for
o = 50 resembles the analytical solution very well. The core of the vortex is well represented in
the pressure field, as shown Fig. 5, but slight disturbance is present around the vortex for times
t = 7.35ps and t = 10.15us.

4.3 Subsonic Outlet

The subsonic outlet is tested for two freestream velocities, uo = 20 m/s and uy = 100 m/s. Two
nonreflecting methods are compared with a standard static pressure outlet, where the target pressure
is prescribed and the velocity and density are extrapolated from inside the domain. Both Method
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Figure 4. Vorticity contours w for inlet case, M, = 0.0585. Rows from top to bottom:
Dirichlet inlet, Method 2 strong NSC inlet with ¢ = 0, Method 1 with ¢ = 0, Method
1 with 0 = 50. o is used in Eq. (20).

1 and Method 2 are tested for ¢ = 0.25, the recommended value for the relaxation parameter. For
Method 2, only the strong implementation is shown since the the weak implementation diverges
for any values of o and « tested after a couple of time steps. The pressure contours, stream wise
velocity contours and vorticity contours for u,, = 20 m/s are shown in Figs. 8 - 10, the same
contours are shown in Figs. 11 - 13 for us = 100 m/s.

The first case uy, = 20 m/s creates a local inlet when the vortex passes through the exit. As
shown Fig. 8 , Method 1 creates the least distortion in the pressure contours, the pressure is
completely reflected with the static pressure prescribed and there is a strong checkerboard pattern
for Method 2. Similar checkerboard patterns are observed for the contours of the stream wise
velocity and vorticity in Figs. 9 and 10, the least distortion of the vortex is observed for Method 1.

The last case for us, = 100 m/s is shown in Figs. 11 - 13. The static pressure outlet behaves
similarly compared to Method 1, with minimal reflections from the outlet. Method 2 is capable of
transporting out the vortex but with a strong checkerboard pattern observed in pressure, stream
wise velocity and vorticity contours.
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Figure 13. Vorticity contours w for inlet case, M., = 0.2924. Rows from top to bottom:
Weak static pressure outlet, Method 2 strong NSC inlet with ¢ = 0.25, Method 1 with
o0 =0.25, ¢ is used in Eq. (18).
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5 Conclusions

The Navier-Stokes characteristic boundary conditions (NSCBC) has been tested in a node-centered
edge-based compressible flow solver. Three different implementations have been evaluated, the
first method imposes the characteristic boundary condition through a source term that is added
to the residual, the convective contribution in the numerical scheme has thus been canceled at the
boundary nodes. The second method sets the value of the primitive parameters at the boundary
nodes. The strong implementation sets the value hard at each iteration, the weak implementation
imposes the boundary value through a flux. The NSCBC has been compared to conventional BCs.

A subsonic inlet has been tested to evaluate the boundary conditions in their capability to
inject an analytical isentropic vortex. The boundary conditions are verified in examining how well
the analytical solution is preserved. A Dirichlet boundary condition is capable of injecting the
vortex with minimal distortion and give accurate results. The strong implementation of setting
the primitive variables at the boundary is capable of injecting the vortex, although significant
checkerboard pattern is observed in the pressure. The source term implementation fails to inject
the vortex in a reasonable form unless a high value of a penalty parameter o is chosen. The value
has to be chosen much larger than the recommended value (50 vs. 0.25), although a zero value of
this parameter has been reported in the literature to give satisfactory results.

A subsonic outlet has been evaluated to assess the boundary conditions of their capability
of transporting out an analytical vortex through the exit boundary. No reflections and minimal
distortion of the vortex condition is expected. The NSCBC are compared to a conventional outlet
condition with a static pressure specified. The static pressure outlet condition is reflective, and
reflection in the pressure field is observed. The source term implementation of the NSCBC gives
the best result with minimal reflections observed. The strong implementation of setting the primitive
variables manages to transport out the vortex with checkerboard pattern observed.

The implementation of weak boundary conditions both inlet and outlet needs to be further
explored in the next step work. Verification with more test cases will be carried out.
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