
Modal analysis of vortex rope using dynamic mode decomposition

Downloaded from: https://research.chalmers.se, 2026-04-04 11:22 UTC

Citation for the original published paper (version of record):
Salehi, S., Nilsson, H. (2024). Modal analysis of vortex rope using dynamic mode decomposition.
Physics of Fluids, 36(2). http://dx.doi.org/10.1063/5.0186871

N.B. When citing this work, cite the original published paper.

research.chalmers.se offers the possibility of retrieving research publications produced at Chalmers University of Technology. It
covers all kind of research output: articles, dissertations, conference papers, reports etc. since 2004. research.chalmers.se is
administrated and maintained by Chalmers Library

(article starts on next page)




View

Online


Export
Citation

CrossMark

RESEARCH ARTICLE |  FEBRUARY 23 2024

Modal analysis of vortex rope using dynamic mode
decomposition 
Saeed Salehi   ; Håkan Nilsson 

Physics of Fluids 36, 024122 (2024)
https://doi.org/10.1063/5.0186871

 23 February 2024 14:53:24

https://pubs.aip.org/aip/pof/article/36/2/024122/3267252/Modal-analysis-of-vortex-rope-using-dynamic-mode
https://pubs.aip.org/aip/pof/article/36/2/024122/3267252/Modal-analysis-of-vortex-rope-using-dynamic-mode?pdfCoverIconEvent=cite
https://pubs.aip.org/aip/pof/article/36/2/024122/3267252/Modal-analysis-of-vortex-rope-using-dynamic-mode?pdfCoverIconEvent=crossmark
javascript:;
https://orcid.org/0000-0002-2037-8284
javascript:;
https://orcid.org/0000-0002-8070-8783
javascript:;
https://doi.org/10.1063/5.0186871
https://servedbyadbutler.com/redirect.spark?MID=176720&plid=2299170&setID=592934&channelID=0&CID=844984&banID=521657150&PID=0&textadID=0&tc=1&scheduleID=2219359&adSize=1640x440&data_keys=%7B%22%22%3A%22%22%7D&matches=%5B%22inurl%3A%5C%2Fpof%22%5D&mt=1708700004001521&spr=1&referrer=http%3A%2F%2Fpubs.aip.org%2Faip%2Fpof%2Farticle-pdf%2Fdoi%2F10.1063%2F5.0186871%2F19693070%2F024122_1_5.0186871.pdf&hc=3ac09fb5f7c45c89f2f203f8c9829ed871311b0a&location=


Modal analysis of vortex rope using dynamic
mode decomposition

Cite as: Phys. Fluids 36, 024122 (2024); doi: 10.1063/5.0186871
Submitted: 9 November 2023 . Accepted: 24 January 2024 .
Published Online: 23 February 2024

Saeed Salehi1,2,a) and Håkan Nilsson1

AFFILIATIONS
1Division of Fluid Dynamics, Department of Mechanics and Maritime Sciences, Chalmers University of Technology,
Gothenburg SE-412 96, Sweden
2Chalmers Industriteknik, Gothenburg, Sweden

a)Author to whom correspondence should be addressed: saeed.salehi@chalmers.se

ABSTRACT

The decelerating swirling flow in the draft tube of hydraulic turbines at part load conditions often results in a self-induced instability known
as vortex rope. This phenomenon is associated with detrimental pressure pulsations in the hydropower system that need to be mitigated. A
deep understanding of such instability is essential for developing effective mitigation and control strategies. The current article exploits the
dynamic mode decomposition (DMD) algorithm to perform an in-depth modal analysis of the physical aspects of the vortex rope. DMD can
efficiently identify distinct coherent structures with isolated frequencies. The sparsity-promoting variant of DMD is exploited to extract the
most influential modes. The computational fluid dynamics (CFD) data is generated via a resolved improved delayed detached eddy simula-
tion using OpenFOAM. Frequency analysis of the CFD data uncovered peaks at the normalized frequencies of f =fn ¼ 0:56 and 0.63, whose
origins seemed initially unclear. Nevertheless, the DMD modal analysis elucidates that these excitations are associated with the rotation of the
reunited vortex and fluctuations of the separated boundary layer, respectively. The non-linear dynamics of the flow field are unveiled through
a modal decomposition revealing distinctive coherent structures with isolated frequencies. These include rotational and plunging modes of
the vortex rope, traveling wakes of the blades, boundary layer separation due to strong adverse pressure gradient, and a reunited vortex core.
The flow field reconstruction through time dynamics of DMD modes highlights while it is possible to achieve a perfect flow field reconstruc-
tion considering all recovered modes, the model typically fails to predict future behavior with an acceptable level of accuracy. The chaotic
nature of the resolved turbulent flow field presents a substantial challenge for predicting the future through a model built based on prior
events. The current modal analysis not only provides a more comprehensive understanding of the physics underlying the vortex rope phe-
nomenon but also lays the groundwork for potential future applications in controlling mechanisms.

VC 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0186871

I. INTRODUCTION

The utilization of renewable electrical energy sources has wit-
nessed rapid growth due to their availability and environment friendli-
ness to meet the consistently growing global energy demand. However,
energy resources such as solar and wind are intermittent, as their out-
put depends on sunlight and wind availability and can vary signifi-
cantly in a short period of time. Such intermittency necessitates the
integration of controllable energy sources into the electrical grid.1 In
the contemporary energy landscape, this goal is achieved through the
integration of hydropower systems which can store energy for later use
and play a crucial role in providing the necessary flexibility to balance
the electrical grid over various time scales.2,3

Hydraulic turbines, originally designed for operating at the steady
best efficiency point (BEP), are now operated in various off-design
conditions and during transient sequences to stabilize the electrical
grid. Steady off-design conditions can be grouped up as part load (PL),
high load (HL), full load (FL), and runaway conditions. In theory,
hydraulic turbines are designed so that the runner extracts all the
angular momentum generated by the guide vanes at the BEP condi-
tion. Thus, operating at off-design conditions leaves a large residual
angular momentum at the runner exit, which can be positive (same
direction as the runner rotation) or negative (opposite direction). The
residual swirl enters the conical part of the draft tube where the flow
decelerates. Decelerating swirling flow in the draft tube often results in
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vortex breakdown and hydrodynamic instabilities that may lead to
unsteady phenomena such as a processing helical vortex structure, also
known as the PL vortex rope,4 or a torch-like axisymmetric vortex
structure at HL condition.5 The instability of the residual swirl can par-
ticularly be significant in turbines with a fixed runner blade pitch angle
(such as Francis or propeller turbines), while it can be partially reduced
by the adjustable runner blade angles in Kaplan turbines.

The vortex rope phenomenon is a self-induced instability that is
associated with severe pressure pulsations in the hydropower system.
Such pulsations could be especially damaging if the frequency of the
vortex rope matches one of the natural frequencies of the system. In
the case of Francis turbines operating at PL condition, the main fre-
quency of the vortex rope pulsations has been mostly identified in the
range of 0:2–0:4 times the runner rotation frequency, sometimes
known as Rheingan’s frequency of the system.6 The vortex rope insta-
bility and its effects on the vibrations of the turbines have been exten-
sively studied in the literature and shown to cause detrimental
structural vibrations.7–11 Such vibrations can develop fatigue damage
and seriously affect the lifetime of the turbine, which leads to tremen-
dous economic losses.12 Consequently, designing flow control strate-
gies to mitigate the emergence of such hydrodynamic instabilities
becomes immensely valuable for enhancing the operational versatility
of hydro turbines in a sustainable manner.

The implementation of an axial flow jet injection from the runner
crown has demonstrated notable effectiveness in mitigating the forma-
tion of vortex ropes.13 However, a thorough comprehension of the
draft tube instabilities is a fundamental requirement for devising effec-
tive and optimum flow control strategies. Numerous attempts have
been reported in the literature to understand and describe the underly-
ing physics of the part load draft tube instability. It is assumed that the
vortex rope instability is closely connected to the vortex breakdown
phenomenon, which is usually known as a significant sudden change
in the structure of the vortex core.14–20 Different researchers have
employed analytical,21–23 numerical,24–29 and experimental30–35 meth-
ods to understand and describe the vortex rope instability in the draft
tube of Francis turbines.

A linear global stability analysis of the time-averaged flow field
has been utilized to characterize the vortex rope as a global unstable
eigenmode.36 Similar to spiral vortex breakdown, a single-helix distur-
bance was shown to emerge around the time-averaged flow field and
evolve over time to eventually form the vortex rope.

The significant growth of computational power has led to a wide
utilization of data-driven and machine-learning algorithms in fluid
dynamics. Consequently, the model order reduction methods are used
to extract the fundamental features of flow fields. Such feature discov-
ery algorithms can play a crucial role in understanding complex flow
regimes such as the vortex rope instability and to describe them
through their underlying coherent structures. The main intention of
such algorithms is to reduce the dimensionality of a complex system
without significant information loss and represent it as a low-
dimensional approximation through the identification of the principal
patterns.

The most popular method for extracting spatial patterns in
fluid dynamics applications is proper orthogonal decomposition
(POD),37–40 which is also known as principal component analysis or
Karhunen–Lo�eve decomposition in other principles. POD operates on
snapshots of a mean-subtracted flow field (i.e., fluctuating field) and

represents the data through a number of extracted features, i.e., POD
modes, that are spatially orthogonal. The modes vary in time through
their corresponding time coefficients. A few researchers have
employed POD to investigate the vortex rope instability.41–44 �Stefan
et al.42 used POD to assess the effectiveness of injecting axial flow for
active flow control of the vortex rope. POD was able to represent a
low-dimensional approximation of the system through a limited num-
ber of modes and also to clarify the effect of axial injection on the
eigenmodes.

The dynamic mode decomposition (DMD)45,46 method is
another widely used technique, closely connected to the Koopman
analysis,47 that analyzes time snapshots of the flow field and extracts
the flow patterns. The extracted modes, unlike POD, are not spatially
orthogonal and oscillate harmonically with specific frequencies. In
other words, POD provides structures that are spatially orthogonal
while DMD focuses on temporal orthogonality.46 Despite their similar-
ities, POD and DMD are fundamentally different as POD modes are
associated with many different frequencies while each DMD mode
oscillates with an isolated frequency. In that sense, the DMD modes
are more realistic physical representations of flow patterns, i.e., coher-
ent structures. DMD can particularly be utilized for the identification
of flow patterns, low-order representation of flow field, or prediction
of the future based on the current data set.

There has been a significant effort in the literature to improve the
accuracy and robustness of both POD and DMD algorithms, which is
not the concern of the current study to thoroughly review. However,
we employ a variant of DMD known as sparsity-promoting DMD
(SPDMD)48 that takes advantage of compressed sensing concepts to
extract a subset of the most influential subset of DMDmodes.

Since its introduction, the DMD algorithm has been applied to a
variety of engineering flow applications, such as turbomachinery,49–51

aerodynamics,52–54 heat transfer,55,56 and marine.57–59 However, to the
best of the authors’ knowledge, the DMD method has not been
adopted for modal analysis and flow pattern extraction of self-induced
instability of decelerated swirling flows in draft tubes of hydraulic tur-
bines. Therefore, the current study performs a modal decomposition
of the vortex rope instability through DMD. First, the flow field is stud-
ied in detail through a resolved improved delayed detached eddy simu-
lation (IDDES) simulation and the fundamental physics of the flow
field is explained. Then, the DMD analysis is performed, and the
DMDmodes and eigenvalues are extracted. The DMD results are con-
nected to physical observations of the flow field. Additionally, a POD
analysis is also carried out on the data set to compare with the DMD
results.

The rest of the paper is organized as follows. Section II describes
the theory of the employed modal decomposition algorithms, i.e.,
DMD and SPDMD. The configuration of the studied flow field and
the numerical aspects of the computational fluid dynamics (CFD) sim-
ulations are presented in Secs. III and IV, respectively. Section V veri-
fies and describes the CFD and modal analysis results. The paper is
finally summarized and conclusions are drawn in Sec. VI.

II. THEORY OF DYNAMIC MODE DECOMPOSITION

The DMD algorithm46 starts by collecting a sequence of data
snapshots from CFD or experimental measurements. Assume that xi
is a single-column matrix consisting of flow field data, such as velocity,
pressure, and temperature, in different locations at time i. In the case
of using multiple flow field quantities, they can be stacked vertically to
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form one column. In general, the vector xi contains M complex com-
ponents, i.e., xi 2 CM , in which M is the number of measurement
points in space. Recording the data at different equispaced times with
time step Dt, a full matrix of the flow field data at all times and space
locations is constructed as

X ¼ ½x0; x1;…; xN�1; xN � 2 CM�ðNþ1Þ: (1)

Each column of matrix X represents a snapshot of the flow field data at
a specific time, whereas each row stores the time variation of the flow
field for one single location in space. The full sequence of data could
form two matrices as

X0 ¼ ½x0; x1;…; xN�2; xN�1� 2 CM�N ;

X1 ¼ ½x1; x2;…; xN�1; xN � 2 CM�N : (2)

For fluid flows, typically the number of point locations is much larger
than the number of time snapshots (M � N), and thus, X1 and X0

are tall rectangular matrices.
Assuming that the dynamical system that maps time i to iþ 1 is

linear and time-invariant, there exists a matrix A that enables

xiþ1 ¼ Axi: (3)

Substituting Eq. (3) into Eq. (2) yields

X1 ¼ AX0: (4)

In the case of a non-linear dynamical system, the above assumption
can be considered as a linear approximation. Since M is usually large,
the matrix A 2 CM�M contains a substantial number of complex
components. Therefore, the main goal of DMD analysis is to discover
a low-order approximation of the matrix A that can represent the
dynamics of the data with sufficient accuracy.

If the matrix of snapshots X0 is of rank r, an optimal low-rank
representation of the matrix A, namely, ~A 2 Cr�r , spanned by the
PODmodes of X0, can be constructed as

A � U ~AU�; (5)

where U is the POD modes of X0 and U� is its conjugate transpose. U
can be obtained through an economy singular value decomposition
(SVD) of X0,

48 i.e.,

X0 ¼ URV�; (6)

where R is an r� r diagonal matrix containing r non-zero singular val-
ues ½r1; r2;…; rr�, and U 2 CM�r and V 2 Cr�N are orthonormal
matrices, meaningUU� ¼ I and VV� ¼ I. The low-order approxima-
tion of the mapping matrix A can be calculated by combining Eqs.
(4)–(6), yielding

~A ¼ U�X1VR�1: (7)

Using the matrix of POD modes U, the high-dimensional data xi
can be mapped into a lower-dimensional space as z i ¼ U�xi. Thus,
inserting xi ¼ Uz i and Eq. (5) into Eq. (3) gives

z iþ1 ¼ ~Az i: (8)

Therefore, the full rank matrix Amaps the high-dimensional data xi to
the next time snapshot while the low-order representation ~A maps the
reduced order system z i. Eigendecomposition of ~A reads

~A ¼ WKW�1; (9)

whereW is a matrix whose columns are eigenvectors of ~A, i.e., wj, and
K is a diagonal matrix whose non-zero elements are the eigenvalues of
~A, i.e., kj. Therefore, the ith snapshot of the low-order system xi is cal-
culated as

z i ¼ WKiW�1z0 (10)

and hence, the ith snapshot of the high-dimensional data can be recon-
structed through

xi ¼ UWKiW�1U�x0: (11)

One can approximate the data by the linear combination of
DMD modes /j ¼ Uwj, and U ¼ UW can be defined as a matrix
containing all the DMDmodes. In Eq. (11),W�1U�x0 is an r � 1 vec-
tor, usually called the mode amplitude vector a ¼ ½a1; a2;…; ar �T,
whose jth element denotes the modal contribution of the correspond-
ing DMD mode to the initial condition (first snapshot x0).
Consequently,

xi ¼ UKia (12)

and then the matrix X0 can be reconstructed as

X0 ¼ UDaVand; (13)

where Da ¼ diagðaÞ and Vand 2 Cr�N is the Vandermonde matrix
defined as

Vand ¼

1 k1 k21 … kN�1
1

1 k2 k22 … kN�1
2

..

. ..
. . .

. ..
.

1 kr k2r … kN�1
r

2
666664

3
777775: (14)

A. Finding amplitudes of the DMD modes

One can find the unknown mode amplitude vector a through a
least squares fit or regression of all the sampled data. Alternatively, the
optimal mode amplitude can be obtained by solving an optimization
problem built upon Eq. (13) as

aopt ¼ arg min
a

jjX0 �UDaVandjj2F; (15)

where jj � jjF is the Frobenius norm. Employing X0 ¼ URV� and
U ¼ UW , the optimization problem can be rewritten as

aopt ¼ arg min
a

JðaÞ; (16)

where

JðaÞ ¼ jjRV� �WDaVandjj2F: (17)

Jovanovi�c, Schmid, and Nichols48 presented the analytical solution to
optimal amplitudes of DMDmodes as

aopt ¼ W�Wð Þ� VandV�
and

� �� ��1
diag VandVR�Wð Þ (18)
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in which � denotes the elementwise multiplication of matrices.
Acquiring an optimal solution to the mode amplitude completes the
DMD procedure and not only valuable information about coherent
structures of the flow is discovered, but the future flow field that is not
solved (or measured) can also be predicted.

The accuracy of the recovered solution can be assessed by com-
paring the reconstructed field and the original data. Accordingly, the
performance loss is defined as follows:

Ploss ¼ 100

ffiffiffiffiffiffiffiffi
JðaÞ
Jð0Þ

s
¼ 100

jjX0 �UDaVandjjF
jjX0jjF

: (19)

B. Sparsity-promoting DMD

It is usually desirable to find and extract a subset of DMD modes
that has the most influential role in the dynamics of the system rather
than considering the full set of modes. Sparsity-promoting48 DMD
(SPDMD) is proposed to seek a sparse solution to the optimization
problem of Eq. (16). The method works in two steps, namely, (1) seek-
ing a sparse structure with a trade-off between the number of modes
and the approximation error and subsequently, (2) fixing the sparsity
of the structure and finding the corresponding optimal amplitudes of
the modes. Figure 1 displays this trade-off, i.e., how the increasing
sparsity of the DMD solution can affect the accuracy of the recon-
structed signal.

In order to push the solution of Eq. (16) toward sparser answers,
the cardinality of a can be utilized as an additional term to the equa-
tion to penalize the number of non-zero elements, as

aopt ¼ arg min
a

JðaÞ þ cjjajj0
� �

; (20)

where jjajj0 is the ‘0 norm of a, i.e., the cardinality, and c is the regu-
larization parameter that determines the level of the sparsity of the
solution as a higher value of c enhances the sparsity of solution. The
optimization problem in Eq. (20) has a non-convex objective function
and is NP-hard to compute.60 Such optimization problems are usually
translated into a computationally tractable problem by replacing jj � jj0
with its convex relaxation jj � jj1 and solving

aopt ¼ arg min
a

JðaÞ þ cjjajj1
� �

: (21)

The above is a convex optimization problem that could be solved using
standard optimization methods. In this study, the efficient algorithm
developed by Jovanovi�c, Schmid, and Nichols48 that utilizes the alter-
nating direction method of multipliers (ADMM)61 is adopted to solve
the optimization problem. The details of the algorithm are not pre-
sented here and readers are referred to Ref. 48 for more information.

C. Frequency analysis

For the sake of analysis, a new variable can be defined as
lj ¼ lnðkjÞ=Dt where kj is the jth eigenvalue of ~A. Accordingly, Eq.
(12) can be reformulated as

xi ¼ U expðXtÞa; (22)

where X ¼ diagðlÞ, and t is the physical time at ith time step, i.e.,
t ¼ iDt. The current change of variable helps us to provide a frequency
interpretation of the DMD results. Note that l is a complex variable
with real and imaginary parts, i.e., l ¼ rþ ix. Equation (22) indicates
that for a pseudo-periodic dynamical system, the real part of lj (rj)
corresponds to the growth or decay rate of jth mode, while its imagi-
nary part (xj) correlates with the frequency of the mode. Thereby, the
underlying frequency of the jth mode reads

fj ¼
imagðljÞ

2p
¼ xj

2p
: (23)

D. Mode sorting algorithm

The DMD modes that are calculated through the classical full
DMD algorithm are not necessarily sorted and one needs to order
them to select the dominant modes. The simplest way of sorting the
DMDmodes is to order them based on the amplitude of the first snap-
shot, i.e., a. Although the approach is straightforward to implement, it
can fail to find the dominant coherent structure, especially in the case
of transient unstable flows.

An improved criterion for mode sorting is to consider the com-
plete time evolution of the amplitude of each mode.62 The amplitude
of mode j at time step i is bij ¼ kijaj. Thus, the time integration of the
amplitude of mode j is

Ij ¼
ð
jbjðtÞj dt ¼

ð
jbijj dt: (24)

Here, Ij denotes the impact of the jth mode on the whole sampling
space, and the modes are sorted based on its magnitude.

III. FLOW CONFIGURATION

The present work considers the Timisoara swirl generator (TSG)
as the investigated case. The apparatus was developed to study the self-
induced instabilities of decelerated swirling flows that can occur in
part load conditions of hydraulic turbines.13,63

Figure 2 presents a three-dimensional view of the TSG model
that consists of four main parts, i.e., leaned struts, guide vanes, runner,
and convergent–divergent pipe. Water flows between the leaned struts
to reach 13 fixed guide vanes that direct the flow toward the runner
with a proper angle of attack. The axial-flow runner has ten blades.
The primary purpose of the runner is to redistribute the total pressure

FIG. 1. Effect of the sparsity of the DMD solution on the performance loss. The rec-
tangles are symbolic representations of the recovered solution matrix, with non-zero
members shown as dots.
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by generating an excess in axial velocity near the shroud while simulta-
neously creating a corresponding deficit near the hub.13 This behavior
resembles that of a Francis turbine operating under PL conditions.
There exists a small gap, approximately 0.4mm wide, between the
blade tip and the shroud. However, the velocity profiles experimentally
measured downstream the runner did not indicate any significant
effects of the leakage flow. This observation was further supported by
numerical results derived both with and without the runner blade tip
clearances.64 Accordingly, the runner blade tip clearances are not con-
sidered in the current study.

The convergent–divergent pipe downstream the runner includes
a conical test section with a cone angle of 2� 8:6	 ¼ 17:2	. It resem-
bles the discharge cone of Francis turbines and is the main region of
interest in the experimental measurements. A two-dimensional cross
section view of the test section is displayed in Fig. 3. W0; W1, and W2

are the lines where velocity profiles are experimentally measured, while
MG0, MG1, MG2, and MG3 represent the level at which the pressure
sensors are placed.

In the experimental test rig, the rotational speed of the runner
may be reduced through a magnetorheological brake.65 The current
study considers the runaway condition in which the runner rotates
freely with no torque. At this condition, the flow rate is set to Q¼ 30
l/s which corresponds to the runaway rotational speed of 920 rpm.
More details on the TSG test case and the available measured data
are found through openfoamwiki.net/index.php/Sig_
Turbomachinery_/_Timisoara_Swirl_Generator.

IV. PHYSICAL AND NUMERICAL ASPECTS OF THE CFD
FRAMEWORK

This section describes both physical (e.g., turbulence modeling)
and numerical (e.g., CFD code, discretization, pressure velocity cou-
pling, parallel processing, etc.) aspects of the CFD framework of the
current study.

The governing equations are discretized using the finite volume
method on a collocated mesh employing the OpenFOAM-v2112
open-source CFD software.66,67 Sections IVA–IVG present a detailed
description of the numerical aspects of the adopted CFD framework. It
is worth mentioning that the current CFD model is developed based
on the open-source model,68 provided by the OpenFOAM turboma-
chinery working group.

A. Turbulence modeling

A hybrid Reynolds-averaged Navier–Stokes (RANS)-large eddy
simulation (LES) approach is employed for turbulence modeling
through the improved delayed detached eddy simulation (IDDES)69

technique that utilizes the low-Reynolds Spalart–Allmaras RANS
model for the closure. Historically the detached eddy simulation (DES)
model was first developed as a hybrid RANS-LES model to take advan-
tage of the accuracy of large eddy simulations and low computational
costs of RANSmodes.70 It was originally intended for flows with a thin
boundary layer solved through RANS with elongated grid cells fol-
lowed by a massively separated flow field modeled with LES on ideally

FIG. 2. Full computational domain of the Timisoara swirl generator.

FIG. 3. Cross section of the test section of the TSG model, showing PIV measurement lines W0; W1, and W2 and pressure sensor locations MG0, MG1, MG2, and MG3. All
dimensions are in mm.
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isotropic cells. However, the model failed to accurately predict turbu-
lent flows with thick boundary layers and shallow separation regions.
Therefore, the delayed DES (DDES) model was developed71 to address
this issue and reduce the immense sensitivity of DES to the grid spac-
ing parallel to the walls. However, both the DES and DDES methods
suffer from the log-layers mismatch problem that can cause an under-
prediction of the skin friction by up to 15%–20%.69 To overcome this
problem, the improved DDES (IDDES) model was proposed69,72–74 by
combining DDES and wall-modeled LES (WMLES) capabilities.

The definition of the sub-grid scale in the IDDES model reads

D ¼ min½max Cwdw;Cwhmax; hwnð Þ; hmax�; (25)

where dw is the distance from the nearest wall, hmax ¼ maxðhx; hy; hzÞ
is the maximum local grid spacing, hwn is the grid spacing in the wall-
normal direction, and Cw is an empirical constant whose value is set
to 0.15.

The length scale in the turbulent viscosity (~�) transport equation
of the IDDES model is defined as

lIDDES ¼ ~fd ð1þ feÞlRANS þ ð1� ~fd ÞlLES (26)

in which ~fd and fe are the blending and elevating functions introduced
by Shur et al.69 lRANS is the RANS length scale that is the wall distance
(dw) in the Spalart–Allmaras model. The LES length scale, lLES, is also
defined via sub-grid scale D as

lLES ¼ CDESWD; (27)

where CDES is the fundamental empirical constant of the DES model,75

andW is a low-Reynolds correction term.71

The selection of the present IDDES model stems from a compre-
hensive set of experimental simulations aimed at thoroughly examining
the impact of various turbulence models, such as unsteady RANS
(URANS), DES, and LES models, in this particular test case. The IDDES
model was ultimately chosen for the modal analysis due to its balanced
accuracy and computational cost. These findings are not included in the
article to ensure the main focus remains on the article’s primary objec-
tive, namely, the physical and modal analysis of the flow field.

B. Computational mesh

The full computational domain of the TSG model is divided into
four regions, namely, the struts, guide vanes, runner, and convergent–

divergent pipe (test section). A block-structured mesh is generated for
each region separately, and the meshes are merged together within
OpenFOAM. The struts and test section regions are meshed in ICEM-
CFD, while the guide vanes and the runner meshes are produced using
the TurboGrid software.

An extensive mesh study is performed to assess the effect of mesh
parameters, which is explained later in Sec. VA. Here, for the sake of
illustration, a zoomed view of the coarsest mesh (i.e., Level 1) that con-
tains a total of 9:3� 106 cells is shown in Fig. 4. The finer meshes uti-
lize the same block topology and their illustration is not feasible due to
extreme mesh density.

C. Temporal discretization scheme and time step

All the temporal derivatives in the transport equations are discre-
tized using the implicit second-order backward scheme.76 The time
step is chosen as Dt ¼ 2� 10�5 s, which corresponds to a runner
rotation of 0.1	. The blade passing frequency is calculated as
fb ¼ zbfn ¼ 155:3Hz, where zb and fn are the number of blades and
the rotational frequency of the runner, respectively. Therefore, the
time step frequency is two orders of magnitude larger than one of the
highest frequencies that need to be resolved in the flow field. The aver-
age CFL number of the finest mesh (i.e., Level 4, more information
provided in Sec. VA) oscillates around 0.1 throughout the simulation
while 99.3% of the cells had a Courant number of below 1.

D. Divergence schemes

The divergence term in the momentum equation is discretized
using a low-dissipation scheme, called DESHybrid in OpenFOAM,
specially developed for DES simulations.77,78 It is a blended convection
discretization scheme that combines a low-dissipating scheme (usually
second-order central, i.e., linear) with a diffusive scheme (usually
second-order upwind, i,e., linearUpwind) to ensure the stability of
the simulation while preserving accuracy. Accordingly, the face-
centered value of the transported quantity / is interpolated as

/c ¼ ð1� ruÞ/c þ ru/lu; (28)

where /c and /lu are the face-centered values through the central and
second-order upwind scheme, respectively. ru is the blending factor
and specifies the contribution of the second-order upwind scheme. ru

FIG. 4. Overview of the computational
mesh. Here, the coarsest mesh (Level 1
with 9:3� 106 cells) is only displayed for
better illustration. The finer meshes utilize
the same block topology.
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is bounded by user-defined lower and upper values, i.e., 0 
 rmin

< rmax 
 1. ru tends to approach the lower limit in the LES region
(which is usually the main region of interest) and the upper limit in
the RANS and non-turbulent inviscid regions. In the current study,
the ru limits are chosen as rmin ¼ 0 and rmax ¼ 0:2, meaning that the
scheme switches to the full central in the highly resolved LES region
while it contains a maximum of 20% contribution of the second-order
upwind scheme in the non-resolved regions (e.g., very close to the
walls). The blending factor ru is solution-dependent and varies in both
time and space. It has an elaborate definition that is omitted here for
brevity. Readers are referred to Spalart et al.78 for the full formulation.
Figure 5(a) displays the instantaneous distribution of the LES (red)
and RANS (blue) regions in the test section close to the runner, while
Fig. 5(b) shows the variation of ru at the same time step. It is seen that
ru is mostly close to zero, and thus, the convection scheme is predomi-
nantly fully central, except for a thin layer close to the wall and also
some other small regions that could be caused by the mesh quality
(such as close to the runner crown, probably due to high aspect ratio
cells). A comparison of the two figures indicates that the DESHybrid
scheme does not simply work as a switch between the two connection
schemes in the RANS and LES regions. Instead, it blends them in a
way that strives for the highest accuracy while ensuring numerical
stability.

The convection term in the transport equation of the turbulent
viscosity is discretized using the TVD scheme limitedLinear76

with a user-defined coefficient k¼ 0.1 that ensures low dissipation
(with k¼ 0 the limitedLinear becomes the central differencing
scheme).

E. Solution procedure

Pressure–velocity coupling is handled using the PIMPLE algo-
rithm, which is a combination of the SIMPLE79 (as outer correction
loop) and the PISO80 (as inner correction loop) pressure–velocity cou-
pling algorithms. The consistent version of the SIMPLE algorithm, i.e.,
SIMPLEC81 is utilized as the outer correction loop. At each time step,
a maximum of eight outer correction loops is carried out with conver-
gence residual criteria of 10�5 and 10�6 for p and U, respectively,
which is achieved mostly within four outer correction loops. In each
outer loop, three inner loops are performed. To ensure convergence of
all explicit terms in the discretized equations, a non-orthogonal

correction loop is performed in each inner correction. The pressure–
velocity coupling algorithm ensures a physical pressure distribution
through an implied implementation of the Rhie–Chow interpolation
technique.82

The turbulence viscosity transport equation of the Spalart–
Allmaras IDDES models is solved at the end of the final outer loop in
each time step. Furthermore, the dynamic mesh calculations due to the
solid-body rotation of the runner are conducted at the beginning of
the first outer loop, and subsequently, the face fluxes are calculated rel-
ative to the mesh motion to satisfy mass the conservation.83,84

F. Boundary conditions

The inflow velocity boundary condition is computed through
the divergence free synthetic eddy method (DFSEM),85 i.e., the
turbulentDFSEMInlet boundary condition in OpenFOAM.
The boundary condition produces physically synthesized eddies at the
boundary that are required for resolved simulations of turbulent flows
(DES, LES, DNS). In order to set up the boundary condition, first a
fully developed flow through a pipe with the same diameter and flow
rate as the TSG inlet condition was computed through a steady RANS
simulation. The resulting flow field distribution was utilized as the
base profile for the turbulentDFSEMInlet boundary condition,
and fluctuations generated through the synthesized eddies are added
to impose a time-varying spatially non-uniform velocity distribution
while ensuring a constant flow rate.

The inlet pressure is calculated based on a zero-gradient assump-
tion. At the outlet boundary, the zero-gradient condition is imposed
on U and ~� , while the pressure is assumed to be constant. Backflow is
prevented at the outlet boundary by setting the velocity to zero at faces
where the flux tends to be reversed.

A no-slip boundary condition is applied for the velocity at all
walls, while turbulent viscosity is calculated using the OpenFOAM’s
wall function nutUSpaldingWallFunction. A zero-gradient
assumption is applied on the wall pressure boundary condition.

The non-conformal mesh interfaces are coupled using the cyclic
arbitrary mesh interface (cyclicAMI) boundary condition. This
interface transfers the flow properties using a conservative interpola-
tion based on an efficient strategy developed for general transport
equations.86,87

FIG. 5. Illustration of (a) the LES and RANS regions and (b) the distribution of the blending factor (ru) of the DESHybrid convection scheme on the x¼ 0 plane of the finest
mesh (Level 4).
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G. Parallel processing

The numerical domain is decomposed with the scotch88 decom-
position method with uniform weights, ensuring load balance and
minimizing the number of processor boundary interface faces. The
inter-process information is exchanged using the message passing
interface (MPI).89 The simulation with the finest mesh of 54:7� 106

cells is distributed on 50 compute nodes of an HPC cluster where each
node has 32 cores and 96 GiB of RAM. Hence, the massively parallel
computation is performed using 1600 CPU cores. The full simulation,
including the time required to establish a statistically stationary flow
field, takes around 27days to complete. Hence, the total computational
cost of the simulation with the finest mesh is 1:04� 106 core hours.

V. RESULTS AND DISCUSSION

The results of the current study are presented and discussed in
this section. First, the reliability of the DES simulation is verified (e.g.,
mesh study), and then, the results are validated against experimental
data. Subsequently, the computed flow field through the resolved DES
simulation is analyzed in detail. Finally, an in-depth DMDmodal anal-
ysis is conducted, and its results are connected to the flow field study.

A. Verification and validation

The mesh properties play a substantial role in resolved simula-
tions of turbulent flows, such as DES simulations. Not only the switch
between URANS and LES is affected by the mesh, but the level to

which the turbulent kinetic energy is resolved in the LES region is
heavily influenced by the mesh resolution. Therefore, the dependence
on mesh resolution is assessed here through a systematic mesh study
considering four computational meshes with different levels of density.
The parameters of the meshes are presented in Table I. The coarsest
mesh (Level 1) contains a total of 9:3� 106 cells (displayed in Fig. 4),
while the finest mesh (Level 4) consists of 54:7� 106 cells.

The grid convergence method (GCI) method,90 based on the
Richardson extrapolation method,91,92 is used for estimating the discre-
tization error in the mesh study process. The detailed procedure is pro-
vided by Ref. 90. The following presents the results of the performed
GCI mesh study on the velocity profiles on the measurement lines.

The variations of the time-averaged velocity components along
the experimental velocity measurement lines W0; W1, and W2 (see
Fig. 3), obtained with the different computational meshes, are pre-
sented in Fig. 6. Inherited from the LDA technique that was used in

TABLE I. Number of cells in different regions of each mesh.

Density Struts Guide vanes Runner Test section Total

Level 1 1:7� 106 1:4� 106 1:5� 106 4:6� 106 9:3� 106

Level 2 2:4� 106 2:4� 106 3:2� 106 8:7� 106 16:8� 106

Level 3 4:1� 106 5:2� 106 6:8� 106 15:6� 106 31:6� 106

Level 4 7:4� 106 10:5� 106 12:3� 106 24:4� 106 54:7� 106

FIG. 6. Mean meridional and tangential velocity components along measurement lines W0; W1, and W2, obtained with different meshes. The error bars show the discretization
uncertainty calculated with the GCI method (in all plots, but only significant in one of them).
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the experimental investigation,93 the meridional velocity (Um) compo-
nent is in the midplane (x¼ 0) and perpendicular to each measure-
ment line, while the tangential velocity (Uh) happens to be in the x
direction (see Fig. 3). Both the numerical and experimental velocity
profiles are normalized with the test section throat bulk velocity (Ut).
Note that the discretization error is also estimated for the results of the
finest mesh (Level 4) using the two coarser levels (Level 2 and 3), and

the obtained GCI index values are presented as error bars in all figures
(although only significant in one of them).

The meridional velocity component along W0 indicates a slightly
decreasing trend from shroud (s¼ 0) to hub (s ¼ smax) in the experi-
mental data, which is well-captured by the numerical results. It is
worth mentioning that the arrows on the measurement lines in Fig. 3
indicate the direction of increasing curve length s. No major difference

FIG. 8. Quality index of LES (relative resolved turbulence kinetic energy) along measurement lines W0; W1, and W2.

FIG. 7. RMS of resolved meridional and tangential fluctuating velocity components along measurement lines W0; W1, and W2 obtained with different meshes. The error bars
show the discretization uncertainty calculated with the GCI method.
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is observed between the experimental and numerical profiles close to
the shroud, showing that the simplification of not including the tip
clearances in the simulations is acceptable. Um shows a relatively sym-
metrical behavior along W1 and W2, with a significant decrease
around the center of the lines due to the strong wake behind the run-
ner hub. Compared to the measured data, the numerical results suggest
a slightly larger reversed flow region behind the runner hub that has
been extended beyond W1, while the experimental data do not display
any negative values at W1. This is consistent with the previous numeri-
cal results reported in the literature.64 The grid study results indicate
an insignificant effect of mesh refinement on the mean velocity com-
ponents as the three finest meshes (Levels 2, 3, and 4) produce some-
what similar profiles, except for the central region of W2 line where
the finest mesh (Level 4) gives the most accurate results predicting the
smallest reversed flow region. The discretization error bars also show
negligible uncertainty due to the spatial discretization, and the highest
uncertainty in the normalized mean meridional velocity, attributed to
the center of W2, is60.16.

The mean tangential velocity on W0 indicates a nearly constant
swirl along the curve length for both numerical and experimental data.
However, the magnitude of experimental tangential velocity is slightly
higher close to the shroud (s¼ 0). Uh on bothW1 andW2 lines exhibit
a virtually anti-symmetric trend which indicates the swirling nature of
the flow and is well predicted by the numerical simulations.

The root mean square (RMS) profiles of the resolved velocity
fluctuations are presented in Fig. 7. In contrast to the mean velocity,
the fluctuating terms are generally more challenging to accurately cap-
ture and heavily depend on the resolution of turbulent kinetic energy.
The meridional (u0m) and tangential (u0h ) components of the fluctuat-
ing velocity are under-predicted at W0, which can be an indication of
under-resolution of the turbulent flow that leads to under-prediction
of turbulent kinetic energy at this location. The levels of fluctuating

velocities are acceptable compared to the experimental data and follow
similar trends along W1 and W2, except for the tangential component
along W1 which is under-predicted by the numerical results. This
notable under-prediction of u0h along W1 can be attributed to the defi-
ciencies of the IDDES model and is not significantly improved by the
current substantial refinement of the mesh. Similar under-prediction
and discrepancies between numerical and experimental fluctuating
velocity were previously reported in the literature (Ref. 94). The mesh
refinement significantly affects the resolution of the fluctuating velocity
components, and the GCI method reveals an oscillatory convergence
on several locations of each line. The error bars of the finest mesh
show a notable uncertainty in the discretization error.

The performance of an LES simulation can be assessed through
the resolution of the turbulent kinetic energy. Resolving 80% of the
turbulent kinetic energy can be considered “good” LES, while resolu-
tion above 95% is usually referred to DNS.95 Therefore, the relative
resolved turbulence kinetic energy, defined as

kres
ktot

¼ kres
kres þ ksgs

(29)

can be considered as an index of quality for LES simulations. kres; ksgs,
and ktot represent the resolved, subgrid-scale (modeled), and total tur-
bulent kinetic energies, respectively. Figure 8 displays the variation of
this index along the measurement lines for different meshes. Note that
the lines are not completely extended to the walls, meaning that the
index is only shown in the LES region and the narrow URANS region
close to the walls is excluded in these calculations. As expected, refining
the mesh results in a higher turbulent kinetic energy. Level 4 is the only
mesh that can resolve higher than 80% of the turbulent kinetic energy
along both W1 and W2, where the RVR is formed and which is the
main region of interest in this study. A contour plot of the LES quality
index of the finest mesh (Level 4) on the midplane (x¼ 0) of the test
section is shown in Fig. 9. It is seen that the index is generally higher
than 80% at the conical part of the test section (the region of interest).

Table II displays important results related to the quality of the
DES simulations and their LES resolutions in the test section. The
average yþ value is below one for the finest mesh, which shows that
the boundary layer is sufficiently resolved in the RANS region. The
LES region percentage shows how much of the total volume of the test
section is resolved by LES. All the meshes primarily simulate the flow

FIG. 9. Contour plot of the quality index of LES on the midplane (x¼ 0) of the test
section.

FIG. 10. Power spectral density (PSD) of the normalized velocity (ui=Ut) compared
to the Kolmogorov �5=3 slope.

TABLE II. Quality parameters related to DES simulation for different meshes in the
test section.

Density yþmax yþmean LES region (%) LES index (%)

Level 1 5.25 2.05 94.9 70.5
Level 2 4.13 1.61 94.6 71.1
Level 3 2.26 1.17 96.5 75.6
Level 4 2.56 0.98 97.4 81.2
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field through LES in the test section, and the URANS volume is gener-
ally less than 6% and occurs in a narrow region close to the walls [see
Fig. 5(a) for visualization]. The LES index in the last column shows the
volume-weighted average of the LES quality index in the test section.
Level 4 is the only mesh that is achievable a higher value than 80%.
Therefore, based on the presented mesh study, mesh Level 4 can be
considered reliable for LES results in the test section, and thus, its
results are chosen for the rest of the analysis (both flow and modal).

The adequacy of resolution of turbulent flow can be further
explored by assessing the velocity fluctuations in the frequency space.
As a well-established fact in the field, the fast Fourier transform (FFT)
of a sufficiently resolved velocity within the inertial range adheres to the
Kolmogorov slope, characterized by a power-law exponent of�5=3.95

To illustrate this, we present the FFT of velocity components
along the midpoint of the MG0 line in Fig. 10. It is evident that the
inertial range is effectively resolved, as confirmed by the line that fol-
lows the Kolmogorov slope of f �5=3. This comparison adds further
weight to the assertion that the LES region has been adequately
resolved.

B. Analysis of CFD flow field

This section provides a detailed analysis of the CFD flow field in
the investigated case study, as a foundation for the interpretations of
the DMD results. Figure 11 presents the normalized pressure fluctua-
tion at different pressure probes (at MG0, MG1, MG2, and MG3 levels
close to the test section wall; see Fig. 3) compared to the experimental
measurements.

The fluctuating part of the pressure is calculated by

p0 ¼ p� p; (30)

where p is the mean value. All the pressure values are normalized with
the dynamic pressure of the test section throat, i.e.,

~p ¼ p
pdyn;t

¼ p
1
2
qU2

t

; (31)

where pdyn;t and Ut represent the dynamic pressure and velocity mag-
nitude at the test section throat, respectively. The time values are nor-
malized with the period of the runner rotation (T), and the data are
presented for five runner rotations.

Although the levels of pressure fluctuations are slightly over-
predicted by the DES simulation, they are still in acceptable agreement
with the measured data. High-frequency fluctuations are visible at
MG0 [Fig. 11(a)] in the numerical results, superimposed on the high-
amplitude low-frequency oscillations. The high-frequency fluctuations
are attributed to the blade passing wakes and are strongest at MG0
which is the closest probe to the runner. Further downstream, at MG1–
MG3 [Figs. 11(b)–11(d)], these fluctuations become less prominent.
The experimental data do not show any trace of such high-frequency
fluctuations, which is due to the low sampling frequency of the data
measurement. The low-frequency oscillations are associated with the
rotating vortex rope in the test section. Such oscillations are less distin-
guishable and ordered downstream of the test section (i.e., at MG3),
which can be an indication of the disintegration of the vortex rope.

An FFT analysis of the fluctuating pressure signals is presented in
Fig. 12. The frequencies are normalized with the runner rotation fre-
quency (fn ¼ 1=T). The strongest frequency in all subfigures repre-
sents the fundamental frequency of the RVR and is captured at
f =fn ¼ 1:19 in the numerical results. Although the frequency is mar-
ginally higher in the numerical results than in the experimental data, it
matches the previous numerical results in the literature. As an

FIG. 11. Fluctuating pressure at different pressure probes.
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example, Petit et al.68 reported a normalized frequency of f =fn ¼ 1:21
for the same flow configuration. The cause is a higher value of the flux
of moment of momentum at the inlet of the test section, compared to
the experimental data.

The excitation of the blade passing frequency at f =fn ¼ 10 is visi-
ble at the MG0 probe [Fig. 12(a)]. However, the experimental sampling
rate does not satisfy the Nyquist–Shannon96,97 criterion to capture this
high frequency, and the highest resolved normalized frequency in the
measured data is f =fn ¼ 8:15. That is the main reason for the absence
of blade passing frequency in the experimental data [see both Figs.
11(a) and 12(a)]. Low-frequency excitations are observed across all
probes (MG0–MG3) whose sources cannot be conclusively identified
through mere FFT analysis of pressure probes. These observations will
be investigated more in-depth throughout the article. Specifically, the
first two probes (MG0 and MG1) illustrate an excitation at f =fn
¼ 0:29 [see the zoomed-view in Fig. 12(a)], attributed to the axial
oscillation of the vortex rope, recognized as the plunging effect, while
MG3 and MG4 show excitation at slightly higher frequencies. The
power spectrum of the pressure at MG3 [Fig. 12(d)] is more distrib-
uted over a broad range of frequencies, which can be explained by the
disintegration of the vortex rope into a wide range of smaller structures
with different frequencies.

The plunging and rotating effects of the vortex rope are investi-
gated through a decomposition of the pressure signal. The self-induced
instabilities in the conical section of the draft tube of hydraulic turbines
generally consist of two types of oscillations, namely, rotating and
plunging.13,98 The plunging mode is attributed to the axial pulsations
of the vortex rope and is sensed across the entire domain simulta-
neously, while the rotating mode is related to the precession of the vor-
tex rope and is active locally in the cross section. Accordingly, the
pressure signal decomposition can be performed using the unsteady

signals of two different pressure probes that are positioned at the oppo-
site sides of the draft tube cone as

psync ¼ p1 þ p2
2

; Synchronous plungingð Þ component;

pasync ¼ p1 � p2
2

; Asynchronous rotatingð Þ component;
(32)

where p1 and p2 represent the pressure signals of two opposing
probes at the same cross section of the draft tube. psync specifies the
pressure pulsations that are sensed by both signals simultaneously
(plunging mode), while pasync characterizes the local pulsations
that are recorded by each probe separately (rotating mode). In
order to perform the decomposition, the pressures at the opposite
location (with respect to the machine’s axis) of each pressure level
(MG0–MG3) are recorded in the numerical simulation, and subse-
quently, the synchronous and asynchronous components are com-
puted at each level.

Figure 13 displays the FFT of both synchronous and asynchro-
nous components for all pressure probes. The plots are presented in
log scale for better representation over a wide range. The low fre-
quency of f =fn ¼ 0:29 is mainly excited at the synchronous compo-
nent of the first two probes (MG0 and MG1), which represents the
plunging mode, whereas the fundamental frequency of vortex rope,
captured at f =fn ¼ 1:19, is exclusively visible in the asynchronous
component. The zoomed view of the asynchronous mode indicates
that the strongest rotating mode is present at MG1 where the vortex
rope is fully formed and its strength reduces downstream at MG2 and
MG3 due to disintegration. However, the second harmonic of the vor-
tex rope (f =fn ¼ 2:38) and the runner blade passing frequency
(f =fn ¼ 10) are sensed at both opposing probes simultaneously and
thus are seen in the synchronous mode.

FIG. 12. FFT of the fluctuating pressure at different pressure probes.
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Two low-frequency excitations, namely, f =fn ¼ 0:63 in the syn-
chronous and f =fn ¼ 0:559 in the asynchronous mode, are detected
whose sources are not clear through the current analysis. However,
through the modal analysis of DMD, it will be shown later that the fre-
quencies are connected to boundary layer separation due to the
adverse pressure gradient of the test section and the downstream
reunited central core, respectively.

Performing a frequency analysis of the force components acting
on the runner can offer additional insight into the coherent structures
of the flow like the plunging and rotating modes, providing a physical
explanation for these phenomena.

Figure 14 clarifies that the frequency of the plunging mode
(which is detected at f =fn ¼ 0:26 here) only appears in the axial force
fluctuations. This establishes a clear connection between this frequency

FIG. 13. FFT of synchronous and asyn-
chronous components of the pressure at
the probes.

FIG. 14. FFT of the fluctuating horizontal
(F0y ) and axial (F

0
z) forces on the runner.
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and the axial pulsations of the vortex rope. The small difference
between the value of the plunging frequency in the pressure and force
analysis might be due to insufficient sampling time. Considering a
wider sampling time span provides more accurate frequency informa-
tion due to the uncertainty principle.

Much like the synchronous mode in Fig. 13(a), the axial force
exhibits a clear excitation at f =fn ¼ 0:63. As explained, it will be
shown through the DMD analysis that the coherent structures arising
from the boundary layer separation on the outer wall of the test section
encompass a similar frequency range.

The rotating mode frequency (f =fn ¼ 1:19) is visible only in the
horizontal fluctuations. The blade passing frequency (f =fn ¼ 10) is
mainly observed in the horizontal force, but its harmonics are clearly
present in both the horizontal and axial forces. The amplitude of the
high-frequency fluctuations (f =fn > 10) of the horizontal force decays
linearly in the logarithmic scale, whereas it seems to remain at a con-
stant level for the axial force and does not decay. Such high-frequency
fluctuations are more likely generated by the small structures created
by the disintegrated vortex rope downstream of the test section.
Therefore, such high stochastic frequencies arising from small local
flow structures predominantly impact the axial component of the force
rather than the horizontal. This observation is compatible with our
previous finding in a Francis turbine.26

The two horizontal components of the runner force, Fx and Fy,
can be summed up in a vectorial manner to create the radial force. The
value and direction of the radial force for five runner rotations are
illustrated in Fig. 15. The change in the direction of this force is mainly
driven by the vortex rope precession. Thereby, the radial force rotates
more than five full rotations as the vortex rope fundamental frequency
in this case is slightly higher than the runner rotation frequency
(f =fn ¼ 1:19). One can also see that the radial force magnitude and
direction follow a rather chaotic pattern, which indicates the presence
of smaller local structures that increase the complexity of the vortex
rope precession.

Here, we focus on examining the flow structures that develop
within the test section. The k2 vortex identification technique99 and
vorticity magnitude contours are employed to detect and visually rep-
resent the vortical structures within the investigated test case. Figure
16(a) displays the iso-surface of k2 ¼ 3� 105 s�2 colored by axial
velocity (Uz). Moreover, contours of vorticity magnitude (x) on the
test section midplane (x¼ 0) and four axial cross sections, namely, test
section inlet, z=Dt ¼ 1:5; z=Dt ¼ 2:5, and z=Dt ¼ 3:5 are exhibited
in Fig. 16(b). Note that similar planes are later used for the DMD
analysis.

The wakes behind the runner blades’ trailing edges form vortical
structures that are transported with the flow. They seem to be mostly
damped downstream by the convergent part of the test section, as no
clear trace of such vortices is identified in the k2 iso-surface. However,
vorticity contours still display weak remaining wakes at z=Dt ¼ 1:5.

A strong unified vortex rope is clearly observed, which is formed
right behind the runner crown. The vortex rope is extended helically
downstream and precesses in time. Considering the contours of the
axial velocity, a large reversed flow region (negative axial velocity) is
detected at the center of the test section. Therefore, as documented in
the literature,26 the vortex rope is helically wrapped around the stag-
nant region characterized by a reverse axial flow. The emergence of the
vortex rope is known to be connected to the instability of the shear
layer formed between the outer swirling flow and inner stagnant region
that causes the rolling up of the interface, vortex breakdown, and the
emergence of the vortex rope.

Shortly after the test section throat, the evolving boundary layer
of the swirling outer region on the test section wall proves unable to
withstand the pronounced adverse pressure gradient (APG) encoun-
tered in the divergent segment. This leads to instability within the
boundary layer, resulting in boundary layer separation, as annotated in
the figure.

The connection between the annotated vortical structure and the
boundary layer separation becomes more apparent when examining
the vorticity contours in Fig. 16(b) (see the annotated separated
boundary layer). The expansion of the high vorticity region close to
the diverging boundary of the test section, along with the detachment
of high vorticity pockets in the form of vortex shedding, indicates the
boundary separation phenomena due to the strong APG. The separa-
tion of the swirling outer region reduces the annulus space occupied
by the high swirling flow, causing instability in the vortex rope and
ultimately resulting in its disintegration.

Moving further downstream, the primary vortex rope structure
loses stability and disintegrates, giving rise to a large number of disor-
dered, local vortices that fluctuate across a wide spectrum of frequencies.
A central slender reunited vortex core is formed after the disintegration
of the vortex rope, which has been previously reported.100

C. Modal analysis

The modal analysis is conducted by employing dynamic mode
decomposition on the velocity magnitude field from the finest mesh.
This analysis necessitates temporal sampling of the results. Two critical
parameters in this process are the DMD sampling frequency and the
total sampled time, both of which demand careful consideration to
ensure the accurate representation of the key physical phenomena and
coherent structures.

FIG. 15. Polar plot of runner radial force. The values on the radial axis indicate the
magnitude of the radial force in N.
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1. Data sequence and DMD analysis

As discussed in Sec. VB, the flow field under investigation con-
tains a wide spectrum of frequencies, ranging from the low-frequency
plunging pulsations of the vortex rope at f =fn ¼ 0:29 to the high-
frequency runner blade wakes at f =fn ¼ 10 and its harmonics.
Consequently, to effectively capture the high-frequency coherent struc-
tures, the sampling interval must be significantly small. Conversely,

the total sampling time needs to be sufficiently large to encompass
multiple instances of the low-frequency phenomena. These two com-
peting requirements make the modal analysis exceptionally challeng-
ing, particularly given the extremely fine computational mesh in use.

Here, the numerical results are recorded every 50 CFD time step
(DtCFD ¼ 2� 10�5 s), yielding a sampling time step of DtCFD
¼ 10�3 s. Therefore, the DMD sampling frequency is fDMD=fn ¼ 65:2,
which according to the Nyquist–Shannon96,97 criterion is sufficient to

FIG. 16. Illustration of the instantaneous flow structures in the test section of the TSG through (a) k2 ¼ 3� 105 s�2 criterion and (b) vorticity magnitude contours.
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resolve the blade passing frequency up to its third harmonics. The total
sampling time is chosen as TDMD ¼ 1 s so that at least four periods of
the coherent structures with the lowest frequency, corresponding to
the plunging mode axial oscillation of the vortex rope, are recorded
throughout the simulation. Therefore, a total of 1000 instantaneous
snapshots of the flow field are stored during the CFD computations.

The DMD study is narrowed down to the test section (conver-
gent–divergent pipe) of the computational domain since it is the main
region of interest. However, capturing and analyzing all 1000 flow field
snapshots on the computational mesh of the test section, comprising
24:4� 106 cells, is not computationally viable. To overcome this chal-
lenge, the modal analysis is instead performed on multiple 2D planes,
namely, one horizontal plane located at x¼ 0 and three axial planes at
z=Dt ¼ 1:5, 2.5, and 3.5. The flow field of the fine mesh is sampled on
the aforementioned planes with the same mesh resolution.

In addition to the 2D plane analysis, the DMD analysis is also
performed on a three-dimensional mesh that is much coarser than the
CFD mesh (roughly by a factor of 2.6 in all directions), consisting of
only 1:32� 106 cells. The numerical results are interpolated from the
CFD mesh onto the DMD mesh at each DMD sampling time using a
volume-weighted interpolation method.

Figure 17 provides a visual comparison between the instantaneous
velocity magnitude on the test section midplane (x¼ 0) obtained
through the DES computations on the fine mesh and the interpolated
results on the DMD mesh. As expected, some fine details of the flow
field are lost during the interpolation procedure, but the main features
of the flow are preserved. The interpolation effectively acts as a filter,
removing small-scale variations in the flow. As a result of these proce-
dures, a total of 380 GB of data were stored for the DMD analysis.

The DMD analysis starts with an SVD of the X0 matrix. The
resulting non-zero singular values can be considered as a measure of
the energy of each corresponding mode in the data matrix. Figure 18
shows the cumulative sum of singular values with respect to the total
sum, representing the cumulative relative energy of the X0 POD
modes. Notably, the cumulative energy does not exhibit the sharp rise
observed in many other reduced-order modeling applications. In this
case, it is not possible to pinpoint a mode index beyond which the
energy contribution becomes negligible.

Consequently, accurately capturing the complex non-linear
dynamics of the flow field through POD necessitates the inclusion of a
significant portion of the modes. This phenomenon can be attributed
to the chaotic and broadband nature of turbulent flows, in which all
scales contribute to the overall flow energy. As shown in Fig. 9, a

significant share of the turbulent kinetic energy is resolved through the
DES simulation which yields a complex flow field with a wide range of
energy spectrum. The same effect has been previously reported in the
literature for modal analysis of Direct Numerical Simulation (DNS) of
turbulent channel flow.101

Figure 18 also indicates that the plane at z=Dt ¼ 1:5 exhibits a
more rapid convergence, implying that the flow field can be described
using a smaller number of modes. This is attributed to the presence of
organized flow oscillations generated by the coherent vortex rope at
this location. In contrast, the other planes and the coarse mesh display
lower cumulative energy due to the existence of resolved small-scale
vortical structures resulting from the disintegration of the vortex rope.
Using an arbitrary threshold of 80% for cumulative energy, it is found
that the axial plane at z=Dt ¼ 1:5 requires only 370 modes to repre-
sent the flow field, while the remaining data sets necessitate a mini-
mum of 450 modes.

2. Sparsity-promoting DMD performance

The sparsity-promoting DMD (SPDMD) algorithm is employed
to selectively identify a subset of DMD modes that significantly

FIG. 17. Comparison of the CFD and interpolated results for the instantaneous velocity magnitude on the test section midplane (x¼ 0).

FIG. 18. Cumulative relative sum of non-zero singular values obtained through SVD
of the X0 matrix.
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influence the dynamics of the flow field. As discussed in Sec. II B, the
regularization parameter of SPDMD, denoted as c, controls the level of
sparsity in the resulting DMD solution. Increasing this parameter
reduces the number of DMD modes and increases sparsity, as illus-
trated in Fig. 19(a). It is important to note that a sparser solution may
yield a less accurate representation of the field. To assess the accuracy
of the recovered solution, the performance loss, as defined in Eq. (19),
is used as a measure.

Figure 19(b) indicates that the first mode that can be considered
as a representation of the time-averaged flow field contains a large
share of the energy and can recover the solution with a maximum per-
formance loss of 30%. Planes z=Dt ¼ 2:5 and 3.5 have the highest loss
with the first fewmodes, while Plane z=Dt ¼ 1:5 has the most accurate
representation of the dynamics. However, as the number of modes
grows, the convergence rate of the axial planes increases, and their per-
formance loss drops below the midplane curve which is explained by
the fact that the axial planes have limited information about the entire
flow field. In contrast, the test section midplane contains a full range of
energy spectrum and has the lowest convergence rate.

The distribution of the real and imaginary parts of the eigenval-
ues of the ~A matrix (known as Ritz values) in the complex plane for
the test section midplane (x¼ 0) is illustrated in Fig. 20. Here, only the
midplane results are shown as the rest of the eigenvalue distributions
demonstrate similar trends and do not provide extra information. The
scatterplot represents the full DMD eigenvalues colored by their rela-
tive impact I [Eq. (24)]. The dashed line represents the unit circle of
jkjj ¼ 1.

The majority of DMD eigenvalues are closely situated near the
unit circle (jkj ¼ 1), signifying that these modes exhibit a relatively sta-
ble behavior over time. This suggests that they neither significantly
amplify nor decay. This observation aligns with the statistically station-
ary characteristics of the turbulent flow field under consideration,
which involves persistent periodic instabilities. However, upon closer
examination in the zoomed view, it becomes apparent that the

magnitudes of some eigenvalues are not precisely equal to one, and
some modes exhibit slight amplifying or decaying behaviors.

The squares indicate the first 111 modes recovered by the
SPDMD algorithm using c¼ 6500. The squares are not colored for
better clarity as they have nearly similar levels of I as the full DMD
eigenvalues. The SPDMD algorithm successfully identifies and recov-
ers the most influential modes, offering a sparse solution in which the
primary features of the flow are retained. Notably, none of the strongly
damped modes (jkj < 1) are included in this sparse solution.

FIG. 19. Performance of the SPDMD algorithm: (a) the effect of the regularization parameter c on the cardinality (number of modes, i.e., sparsity) of the recovered DMD solu-
tion, and (b) variation of the performance loss Ploss(%) with the cardinality of the solution.

FIG. 20. Distribution of the complex eigenvalues, kj, for the midplane (x¼ 0)
results.
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In DMD analysis, each mode contains an isolated frequency of
the dynamical system. Figure 21 displays the dependence of the abso-
lute value of the mode amplitude ai, i.e., the contribution of the DMD
mode to the initial condition, on the frequency of the mode. For the
sake of clarity, only the frequencies up the blade passing frequency
(f =fn ¼ 10) are shown here. The full DMD results are compared to
the recovered SPDMDmodes with different sparsity levels.

Two non-oscillatory modes are identified precisely at f =fn ¼ 0.
However, when reconstructing these modes through the SPDMD algo-
rithm, the one with the lower mode amplitude is primarily recovered,
which might appear contradictory. However, it is important to note that
ai represents the mode amplitude of the initial condition (x0), whereas
the complete contribution of the modes in time includes the powers of
the eigenvalues of ~A [as shown in Eq. (12)]. The magnitude of the eigen-
value of the non-oscillatory mode recovered by SPDMD is jkj ¼ 1:0,
while the other stationary mode has an eigenvalue of jkj ¼ 0:916.
Therefore, only the recovered stationary mode persists in time, whereas
the other mode decays relatively fast in time. In fact, this mode repre-
sents the mean flow field around which the flow dynamics oscillates.

The SPDMD does not select modes based on their amplitudes
and is able to successfully recover the most influential modes by con-
sidering their total effect. Differences are observed between the mode
amplitude of the full DMDmodes compared to the recovered sparsity-
promoting modes. This is because the SPDMD algorithm adjusts the
amplitude of the preserved modes to provide an optimal solution to

the problem in Eq. (21). Increasing the number of recovered modes
(by decreasing the regularization parameter) reduces the discrepancies
between the DMD and SPDMD modes’ amplitudes. As expected,
recovering all the modes with SPDMD results in exact amplitudes as
the full DMD (not shown here for brevity).

3. Comparison of DMD and POD

To facilitate a comparative study, a POD analysis is conducted on
the same data sequence, and the frequency contents of the PODmodes
are contrasted with the corresponding DMD results.

In Fig. 22, we analyze the frequency content of the first 12 DMD
modes on the midplane (x¼ 0), which have been recovered by the
sparsity-promoting algorithm. This analysis is carried out through an
FFT of the real part of the modes’ time dynamics. It is important to
note that DMD modes come in pairs with positive and negative fre-
quency values, and for the sake of the analysis, we only consider one
mode from each pair. The obtained results are then compared to the
corresponding values from the FFT of the time coefficients of the first
12 PODmodes.

The FFT analysis of the DMD modes’ coefficients reveals a single
prominent peak for each mode. The DMD modes contain isolated fre-
quencies that can be directly associated with distinct physical phenom-
ena. In contrast, the POD modes exhibit a noticeable spectral leakage
over a wide range of frequencies. While the amplitudes of the FFT of

FIG. 21. Dependence of the absolute value of the mode amplitude ai on the frequency of the mode. The full DMD results are compared to the recovered SPDMD values with
different levels of sparsity.
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POD coefficients may have peaks at fundamental frequencies (e.g., the
vortex rope frequency), no individual POD mode can be linked to a
single physical frequency. This distinction can be explained by the fact
that PODmodes are spatially orthogonal, meaning they capture spatial
structures but not necessarily individual frequencies. On the other
hand, DMD aims to provide eigenmodes that are temporally orthogo-
nal,46 allowing it to capture and isolate specific physical frequencies
associated with coherent flow phenomena.

4. Coherent structures

The eigenmodes of the DMD algorithm provide a representation
of the coherent structures within the flow field. This is achieved by iso-
lating specific frequencies, enabling a clearer understanding of the
underlying dynamics and patterns of the flow.

The real part of the first 18 SPDMD eigenmodes of the midplane
(x¼ 0) is presented in Fig. 23 (Multimedia view). Mode 0 [Fig. 23(a)]

is stationary (f =fn ¼ 0) and represents the time-averaged velocity
magnitude of the flow field. The slight asymmetry observed in this
mode may be attributed to the limited time span of the sampled data,
and extending this span is expected to resolve it. The rest of the recov-
ered modes are oscillatory with distinct frequencies that construct the
non-linear dynamics of the system. The mode dynamics are recon-
structed through the combination of mode pairs with their corre-
sponding time coefficients.

An anti-correlated pattern is observed in Mode 1 [Fig. 23(b)],
which propagates downstream indicating a precessing vortical struc-
ture. The mode encompasses the fundamental frequency of the vortex
rope and represents the rotating (asynchronous) effect of this instabil-
ity. The frequency is slightly overpredicted by 1.34% compared to the
calculated frequency by FFT analysis of the fluctuating pressure and
force signals in Sec. VB. The frequency of Mode 3 [Fig. 23(c)] is
roughly two times larger than that of Mode 1 and similarly contains
smaller anti-correlated patterns. Accordingly, Mode 3 is the second
harmonic of Mode 1.

FIG. 22. A comparison between FFT analysis of time coefficients of DMD and POD modes of the midplane (x¼ 0) results.
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Modes 5 and 11 [Figs. 23(d) and 23(g), also see the corresponding
videos] are primarily active in the downstream region of the test sec-
tion where the vortex rope disintegrates into a wide range of local
structures. Later, in Fig. 25, it is shown that the strongest

non-stationary mode of Plane z=Dt ¼ 3:5 (which is placed around the
same location) oscillates with a frequency in the similar range
(f =fn ¼ 0:546). The modes appear to partially represent the reunited
vortex downstream of the test section, as described in Fig. 16(a).

FIG. 23. Real part of the first 18 SPDMD modes of the midplane (x¼ 0) with their corresponding frequencies. Multimedia available online.
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A distinct anti-correlated pattern is prominently evident in the central
region downstream of both modes, extending toward the outlet, that
can express a central oscillating vortex.

A similar frequency peak was previously noted in the fluctuations
of the asynchronous pressure mode [see Fig. 13(b)]. The current modal
analysis has made it clear that these fluctuations are connected to the
downstream reunited vortex. Considering the earlier FFT analysis in
Fig. 13 and the fact that a similar frequency was observed only in the
asynchronous component, it can be concluded that this mode repre-
sents the rotation of the downstream reunited vortex.

The boundary layer separation phenomena due to the strong
APG, depicted in Fig. 16, appears to be represented by Mode 9 at
f =fn ¼ 0:65 [Fig. 23(f)]. The highest values of this mode align with the
location of the separated flow region near the outer wall of the test sec-
tion. Again, a rather similar frequency was previously observed to
excite the synchronous pressure mode [Fig. 13(a)] and the axial force
on the runner (Fig. 14). Hence, we can draw the conclusion that
boundary layer separation induces axial oscillations at f =fn ¼ 0:65.
This discovery is attainable only through a combined DMD and flow
analysis.

Mode 7 seems to be the harmonic of Mode 9, as its frequency is a
whole number multiple of the original frequency. Mode 17 [Fig. 23(j)]
appears to be associated with the vortex shedding phenomenon result-
ing from the flow separation behind the runner crown. Strong anti-
correlated patterns are clearly visible behind the crown. The video
depicting the mode’s dynamics also demonstrates an oscillatory
shedding-type behavior behind the runner.

Modes 13, 15, 19, and 21 [Figs. 23(h), 23(i), 23(k), and 23(l)] are
low-frequency modes that oscillate with frequencies consistent with
the range of the plunging (synchronous) effect. These modes feature a
high-velocity oscillation region located directly behind the runner
crown that does not alternate in the radial direction (as opposed to the
rotating mode) and predominantly moves in the axial direction. The
accompanying videos provide a distinct visualization of pronounced
pulsations in the velocity magnitude in the axial direction behind the
runner.

Mode 31 [Fig. 23(q)] has the same frequency as the runner blade
passing frequency (f =fn ¼ 10) and is attributed to the wakes behind
the trailing edges of the runner blades. The mode is primarily active
in the convergent region of the test section and is largely damped
downstream of the throat. The observation is consistent with the
purpose of the special design of the swirl generator, in which the con-
vergent part was originally designed to eliminate the runner trailing
edge wakes and decouple the vortex rope from upstream flow
phenomena.64

The real part of the first 16 SPDMD modes of the axial cross sec-
tions, i.e., Planes z=Dt ¼ 1:5 and z=Dt ¼ 3:5, is illustrated in Figs. 24
(Multimedia view) and 25 (Multimedia view), respectively. Similar to
the midplane, the strongest oscillatory mode of Plane z=Dt ¼ 1:5
[Mode 1 in Fig. 24(b)] corresponds to the rotating mode of the vortex
rope where a helical vortex structure is observed.

Modes 3 and 13 [Figs. 24(c) and 24(h)] represent the second and
third harmonics of the Mode 1, featuring two and three smaller helical
structures, respectively. Also, their frequency corresponds to the whole
number multiples of the vortex rope fundamental frequency.
Visualization of the modes and their corresponding frequencies indi-
cate that Modes 7, 9, 15, 19, and 23 also correspond to the rotating

effect of the vortex and its harmonics and likely their interaction with
other low-frequency phenomena.

Strong plunging effects are observed in Modes 5, 11, 21, and 29.
Once again, it is seen that the plunging modes are nearly axisymmetric
and do not show any sign of rotation, which is consistent with our
observation on axial oscillating of the plunging mode in Fig. 23.

Mode 25 [Fig. 24(n)] exposes the runner blade trailing edge
wakes with the blade passing frequency (f =fn ¼ 10). Additionally,
distinct eigenmodes representing linear combinations of the blade
passing frequency with the vortex rope frequency, namely ðf1 � f2Þ=fn
¼ 8:780 and ðf1 þ f2Þ=fn ¼ 12:213, are observed in Modes 17 and 27
[Figs. 24(j) and 24(o)], respectively.

Plane z=Dt ¼ 3:5 is situated in a region where the vortex rope is
no longer integrated as a whole but has fragmented into smaller struc-
tures. Consequently, the most dominant non-stationary mode (Mode
1 in Fig. 25) oscillates at a frequency of f =fn ¼ 0:546. Interestingly, a
similar frequency range was observed in the eigenmodes of the mid-
plane (x¼ 0), mainly occurring downstream of the test section. This
mode likely represents the reformation of the central vortex after the
disintegration of the vortex rope. The FFT analysis of the horizontal
force components (e.g., Fy) acting on the test section walls also exhibits
the highest peak at a similar frequency, consistent with the current
observation (the results are not shown here for conciseness).

In plane z=Dt ¼ 3:5, Mode 3 exhibits the frequency closest to the
vortex rope, even though its contours do not depict an integrated heli-
cal structure. Unlike the upstream plane (z=Dt ¼ 1:5), most modes in
the downstream plane display a more chaotic structure. This chaotic
behavior is a consequence of the disintegration of the vortex rope into
a broad spectrum of stochastic frequencies that are resolved through
the DES simulation.

5. Data reconstruction and prediction of future

Having obtained the DMD eigenmodes and their corresponding
time dynamics, it becomes feasible to reconstruct the flow field to com-
pare with the original data sequence and even predict the future that
was not computed by CFD or measured in the experiment. Figure 26
presents the instantaneous SPDMD reconstructed velocity magnitude
on the test section midplane (x¼ 0) at the final time step (t¼ 1 s) of the
analyzed time span. Different levels of SPDMD sparsity are used to
reconstruct the field. Their corresponding relative errors are also com-
puted with respect to the CFD results, i.e., jUCFD � USPDMDj=Ut � 100.

Considering only the first three eigenmodes, i.e., the time-
averaged flow field and the mode pair representing the processing vor-
tex rope [the modes were previously shown in Figs. 23(a) and 23(b)],
the main dynamics of the flow field, i.e., processing vortex rope is cap-
tured [see Fig. 26(a)]. However, the reconstructed field is overwhelm-
ingly smooth and simplified and lacks all the resolved local structures
and eddies that contribute to the overall flow. The relative error is
remarkable, especially downstream of the test section where the vortex
rope is collapsed into small local structures [Fig. 26(d)]. As expected,
to reconstruct fine details of the flow field and capture local eddies,
more DMD modes are required. Increasing the number of modes and
employing more than half of them (Nz¼ 524) results in an accurate
reconstruction of the field with a negligible relative error [Figs. 26(c)
and 26(f)]. The resulting field of the full DMD calculation is exactly as
the reference data with a relative error of nearly zero everywhere (not
shown here).
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The time-averaged relative error of the velocity magnitude, recon-
structed with different sparsity levels, is presented in Fig. 27. The mid-
plane results elucidate that the maximum average error occurs right
behind the hub cone where chaotic local structures due to separated flow

are resolved (see midplane and z=Dt ¼ 1:5 results). Inevitably, such fine
details cannot be reconstructed only by considering the fundamental
eigenmodes. In addition, the error increases close to the test section
walls, where the flow separates. As seen previously, the flow separation

FIG. 24. Real part of the first 16 SPDMD modes of Plane z=Dt ¼ 1:5 with their corresponding frequencies. Multimedia available online.
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phenomenon is represented by distinct modes and their consideration is
essential for accurate reconstruction of the separated region.

The reconstructed and predicted fields are further studied by
extracting and comparing them at four probes on the test section

midplane shown in Fig. 28. The location of the probes is illustrated in
the top right corner of the figure. Here, only the full DMD results are
displayed. As seen in the previous figure, the full DMD reconstructed
velocity, at t 
 1 s, precisely matches the original data for all the

FIG. 25. Real part of the first 16 SPDMD modes of Plane z=Dt ¼ 3:5 with their corresponding frequencies. Multimedia available online.
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probes. However, the modal analysis generally fails to predict the
future (t> 1 s) with an acceptable level of accuracy. The chaotic nature
of the resolved turbulent flow field, characterized by a wide range of
frequencies, makes prediction of the future through modal analysis
exceptionally difficult.

Another possible explanation for the lack of accurate prediction
of the future could be the settings of the current DMD analysis. On the
one hand, the DMD sampling frequency, set at every 50 CFD time
steps, may cause information loss. With this frequency, at most 1000
DMD modes can be recovered (equivalent to the number of consid-
ered time steps). Utilizing all the CFD time steps could have generated
50 000 modes.

On the other hand, the analysis is carried out on a few 2D planes
rather than the complete 3D CFD mesh. Hence, the DMD model has
only access to the local information. It is known that the dynamics of
turbulent eddies extend to all dimensions and analyzing local planes
may not provide a comprehensive picture of the physics. Performing a
DMD analysis on the entire CFD dataset (both in time and space) has
the potential to enhance the precision of predictions of the future for
this intricate system. Nonetheless, this computationally intensive anal-
ysis remains beyond the scope and feasibility of our current study.

Still, it is important to acknowledge that the classical DMD algo-
rithm may inherently fall short in accurately describing and predicting
the behavior of this complex non-linear system. As explained in Sec.
II, DMD strives to provide a linear approximation of non-linear
dynamical systems. Exploring more sophisticated alternatives, such as
high order DMD (HODMD102) and spectral POD (SPOD103), might
offer a more suitable modeling solution. This requires further investi-
gation in the future.

In Fig. 28, Probe 1 is positioned upstream of the vortex rope, and
its behavior is predominantly influenced by the runner’s revolutions
and the wakes generated behind the trailing edges of the blades. The
high-frequency oscillations observed in the Probe 1 data correspond to
the blade passing frequency. The presence of a well-organized periodic
flow makes future prediction more feasible, leading to an adequate
level of accuracy in velocity prediction.

Probes 2 and 3 are located further downstream in the region
where the flow field is significantly influenced by the rotation of the
vortex rope. Probe 2 can still detect the rotor blades and exhibits both
high-frequency fluctuations caused by the wakes from the blades and
low-frequency pulsations from the vortex rope. In contrast, Probe 3
primarily displays large oscillations related to the vortex rope. The full
DMD analysis has accurately predicted the main trends in velocity var-
iations for both probes, which are influenced by the coherent struc-
tures, with an acceptable level of accuracy. However, the DMD
prediction does not accurately capture the finer details generated by
the local turbulent eddies.

Probe 4 is positioned further downstream along the machine’s
axis, where the vortex rope has disintegrated. The chaotic velocity fluc-
tuations at this probe are primarily caused by the presence of fine local
turbulent structures that the DMD analysis struggles to accurately pre-
dict. Consequently, the modal analysis data are in complete disagree-
ment with the CFD solution.

VI. SUMMARY AND CONCLUSION

The sparsity-promoting dynamic mode decomposition
(SPDMD) algorithm was employed to conduct an intricate modal
analysis of the vortex rope instability within a swirl generator. This

FIG. 26. SPDMD reconstructed velocity magnitude field on the midplane (x¼ 0) at t¼ 1 s using different levels of sparsity and their corresponding relative errors.
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machine was initially designed to emulate the draft tube instability
observed in Francis turbines operating at part load conditions. The
CFD computations were performed using the open-source software
OpenFOAM. The turbulent flow field was resolved through a fine
IDDES simulation. The LES region was shown to be sufficiently
resolved (more than 80%) throughout the main region of interest, i.e.,
the test section. The CFD simulation was verified by an extensive grid
study and validated through the comparison of the computed velocity
field with the experimental data.

The signal processing of the pressure and force data reveals the
existence of a robust vortex rope that precesses with f =fn ¼ 1:19 (rotat-
ing mode) and oscillates axially with f =fn ¼ 0:29 (plunging mode).

The visualized flow structures through the k2 criterion and vortic-
ity contours indicate that the vortex rope is helically wrapped around
the stagnant region. The evolving boundary layer on the test section
wall separates shortly after the test section throat which leads to

instability and disintegration of the vortex rope downstream. A
reunited vortex core is formed downstream after the disintegration.

The modal analysis is performed on multiple 2D planes and a 3D
coarse mesh onto which the CFD data are interpolated. The slow con-
vergence rate of the cumulative energy of the data matrix POD modes
can be attributed to the chaotic and wide-ranging characteristics of tur-
bulent flows, where all scales collectively contribute to the overall flow
energy. The distribution of complex eigenvalues exhibits mostly stable
modes which is consistent with the stationary nature of the flow. The
SPDMD algorithm demonstrated its ability to effectively retrieve the
most influential modes by taking into account their overall time
contribution.

The FFT analysis of the eigenmodes’ time dynamics indicates
that the DMDmodes indeed include isolated frequencies linked to spe-
cific physical phenomena, whereas POD modes display significant
spectral leakage across a broad spectrum of frequencies.

FIG. 27. Time-averaged relative error of the SPDMD reconstruction of the velocity magnitude field using different levels of sparsity.
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The reconstruction of the DMD eigenmodes and their dynamics
revealed that the rotating mode, characterized by anti-correlated pat-
terns, is the most dominant mode oscillating with f =fn ¼ 1:21 in both
the midplane and the z=Dt ¼ 1:5 plane. However, downstream at
z=Dt ¼ 3:5, where the primary structure disintegrates, the mode rep-
resenting the downstream reunited vortex corresponding to
f =fn ¼ 0:55 emerges as the most dominant.

Distinct eigenmodes at about f =fn ¼ 0:65 were identified that
represent the boundary layer separation on the test section wall
caused by the pronounced adverse pressure gradient. The eigenfre-
quency associated with the boundary layer separation and reunited
vortex phenomena elucidated the origin of the observed peaks at
similar frequencies in the FFT analysis of pressure and forces. This
finding was made possible through the combined modal and flow
analysis, which would not have been achievable through a flow field
analysis alone.

Eigenmodes related to the plunging effect and the wakes of the
blades were consistently identified at both the midplane and the
z=Dt ¼ 1:5 plane. Plunging effect modes exhibited primarily axial
oscillations immediately behind the runner crown. However, both
plunging and blade wake modes diminish as they move downstream
from the test section and become indistinguishable.

Data sequence reconstruction reveals that the essential character-
istics of the flow field, such as the rotational dynamics of the vortex
rope, can be simplified using just a few DMD modes. Nonetheless,
when it comes to reconstructing intricate and localized structures, a
larger number of modes is necessary. The most considerable recon-
struction error tends to arise in regions with chaotic local eddies, like
separated flow areas.

While it is possible to achieve a perfect flow field reconstruction
through a full DMD computation, the model typically fails to predict
future behavior with an acceptable level of accuracy. The chaotic

FIG. 28. Reconstruction and prediction of future of velocity magnitude at four probes located on the test section midplane.
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nature of the resolved turbulent flow field presents a substantial chal-
lenge for predicting the future through a model trained on prior
events.

The current modal analysis can help in understanding the under-
lying physics and can ultimately lead to designing effective controlling
mechanisms.
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