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ABSTRACT This paper derives approximate outage probability (OP) expressions for uplink cell-free
massive multiple-input-multiple-output (CF-mMIMO) systems with and without pilot contamination. The
system’s access points (APs) are considered to have imperfect channel state information (CSI). The signal-
to-interference-plus-noise ratio (SINR) of the CF-mMIMO system is approximated via a Log-normal
distribution using a two-step moment matching method. OP and ergodic rate expressions are derived with
the help of the approximated Log-normal distribution. For the no-pilot contamination scenario, an exact
expression is first derived using conditional expectations in terms of a multi-fold integral. Then, a novel
dimension reduction method is used to approximate it by the sum of single-variable integrations. Both
the approximations derived for the CF-mMIMO systems are also useful for single-cell collocated massive
MIMO (mMIMO) systems and lead to closed-form expression. The derived expressions closely match
the simulated numerical values for OP and ergodic rate.

INDEX TERMS Cell-free massive MIMO, outage probability, univariate dimension reduction.

. INTRODUCTION

ELL-FREE massive multiple-input multiple-output

(CF-mMIMO) system is envisioned as a key enabler
for sixth-generation (6G) communication systems. [1], [2],
[3], [4]. CF-mMIMO system contains many access points
(APs) that are connected to a central processing unit (CPU)
and jointly serve all the user equipment (UE) by coherent
joint transmission and reception [5], [6]. The name cell-free
comes from the fact that there are no boundaries, and each
AP serves all the UEs. This differs from a conventional
small-cell system where each AP serves only a particular set
of UEs. Early works in [7], [8] compare the CF-mMIMO
system with a conventional small-cell system and show
a multifold improvement in 95%-likely throughput can be
expected from CF-mMIMO.

A. PRIOR ART

The spectral efficiency (SE) has been studied extensively for
both uplink and downlink CF-mMIMO systems for various
receiver schemes and fading channels. The authors in [9]
analyze the SE of the uplink CF-mMIMO system under
Rayleigh fading, with minimum mean squared error (MMSE)
and large-scale fading deciding (LSFD) receivers. Upper and
lower bounds on the SE of the uplink CF-mMIMO system
with zero-forcing receiver with perfect and imperfect channel
state information (CSI) have been derived in [10]. In [11], an
achievable rate expression is derived, and then the minimum
uplink achievable rate is maximized under per-user power
constraint for the CF-mMIMO system. In the downlink
scenario, the CF-mMIMO system with APs having multiple
antennas was considered in [12], [13]. Here, the system’s
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total energy efficiency was maximized through the power
allocation algorithm and AP selection scheme. The uplink
and downlink SE of a CF-mMIMO system over Rician fading
where the phase shift of the line-of-sight (LoS) component is
modeled as a uniform random variable (RV), were analyzed
in [14].

Furthermore, several prior works in literature have
comprehensively analyzed the SE for different hardware
constraints. For example, the downlink SE of the CF-
mMIMO system with a low-resolution analog-to-digital
converter (ADC) at APs and UEs is investigated in [15]. They
considered multiple antennas at APs and a single antenna at
UEs. It was found that by increasing the number of antennas
at the APs, the performance loss due to low-resolution ADC
at the APs can be mitigated. In [16], authors consider the
CF-mMIMO system with multiple antennas at APs and UEs.
The low-resolution ADC’s presence was considered only
at the APs, and the uplink SE of the considered system
was derived. The authors in [17] considered a CF-mMIMO
system with transceiver hardware impairment and derived the
achievable SE for both uplink and downlink. A CF-mMIMO
system with a limited capacity link between APs and CPU,
i.e., only the quantized signal is assumed to be available at
CPU, is considered in [18].

The robustness of a CF-mMIMO system in the presence
of an active eavesdropper was studied in [19]. The authors
in [20] derived the coverage probability of the CF-mMIMO
system using the tools from stochastic geometry under
the assumption that the AP locations follow the Poisson
point process. Recently, the author in [21] studied the
downlink of a reconfigurable intelligent surface-assisted CF-
mMIMO system where both APs and UEs are assumed
to be equipped with low-quality hardware. Some funda-
mental aspects of the CF-mMIMO system, like channel
hardening and favorable propagation, are investigated in [22]
using stochastic geometry. It was shown that channel
hardening is not expected in general, but for the three-
slope pathloss model [7] and multiple antennas at APs,
it can be achieved. Similarly, favorable propagation is
experienced better under smaller pathloss and higher antenna
density. A reliable rate for each user was studied for
an asymptotic regime in [23]. Finally, there has been a
detailed SE analysis of variants of the CF-mMIMO system,
known as the user-centric CF-mMIMO system (UC CF-
mMIMO) in [24], [25], [26], [27]. In a UC CF-mMIMO
system, each AP serves only a predefined number of
UEs rather than all. Recently, in [28], authors proposed
the hybrid relay-reflecting intelligent surface-assisted CF-
mMIMO system where the SE for the uplink and downlink
of the proposed system was analyzed. Most of the papers
mentioned above derived and analyzed SE using the popular
use-and-then-forget (UaTF) bound. Also, one can utilize
the use-and-then-forget bound only for deriving a lower
bound on the SE rather than for other vital metrics,
such as outage probability (OP) that depend on the tail
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characteristics of the signal-to-interference-plus-noise ratio
(SINR).

B. CHARACTERIZATION OF OUTAGE PROBABILITY (OP)
For deriving any expressions for OP, characterization of
the probability density function (PDF) or the cumulative
distribution function (CDF) of the SINR at the APs is
imperative. However, in a CF-mMIMO system with maximal
ratio combining (MRC), for Rayleigh fading, the numerator
and denominator of the SINR are sums of correlated
Gamma random variables (RVs). Determining the PDF/CDF
of the ratio of correlated Gamma RVs is mathematically
intractable [34]. Recently, the authors in [35] made an
attempt to characterize the OP of a CF-mMIMO system
with a summation of all signal copies received on various
antennas of APs, which results in independent numerator
and denominator of the SINR. Hence, in [35], authors
approximated the numerator and denominator via Gamma
RV and further used the fact that the ratio of two independent
Gamma RV follows Beta distribution. Therefore, to the best
of our knowledge, there has been no prior literature analyzing
the OP of a CF-mMIMO system with MRC at APs.

The conventional single-cell collocated massive MIMO
(mMIMO) systems consider a base station (BS) with a
large number of antennas and all the users are served in
the same time-frequency resource block. mMIMO systems
enhance the signal-to-noise ratio and provide spatial domain
separation among users using directional beamforming [36].
Still, large data rate variation between cell-center and cell-
edge users is an issue that can not be solved by just increasing
the number of antennas at BS. CF-mMIMO is proposed
as a feasible solution to solve the large data rate variation
problem [37]. For such mMIMO systems, there have been
very few papers studying OP, all of which consider various
approximations. For example, in [29], the authors consider
the OP of a downlink mMIMO system with matched-filter
precoding. The numerator term of SINR is treated as a deter-
ministic quantity replaced by its mean, and the interference
term is treated as an RV. The PDF of SINR can, therefore,
be obtained by a simple transformation of the interference
term’s PDF. A similar method is used in [30], where the
BS is equipped with ADCs of different resolution levels.
Here, it is shown that the squared coefficient of variation
(SCV) of all the terms except one of the interference terms
approaches zero as the number of antennas approaches
infinity. Therefore, one can determine the approximate PDF
of the SINR by determining the PDF of that interference
term. However, it may not always be possible to show that
the SCV of all but one of the terms of the SINR becomes
zero. Even if two non-zero terms exist, the PDF becomes
intractable to characterize, and such is the case in CF-
mMIMO. In [31], the SINR is approximated to a Gamma
RV by moment matching. The OP is then obtained in terms
of the CDF of the Gamma RV. However, the efficacy of
moment-matching depends on the distribution to which the
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TABLE 1. Summary of related works on the performance analysis of cell-free & mMIMO systems.

. . Imperfect
Reference Scenario Metric Methodology oS
[7], [8] Cell-Free SE Use and forget bound v
[29] mMIMO OoP SCV X
[30] mMIMO (0)3 SCV v
[31] mMIMO OoP Moment matching X
[32] mMIMO OP Exact analysis X
[33] mMIMO OoP Moment matching X
. Cell-Free & Two-step moment matching &
This work OP, SE . . . . v
mMIMO uni-variate dimension reduction

metric is matched. Also, in many cases, it is algebraically
complex to determine the expressions for the moments.! In
a few other works, such as [32], [33], the exact expressions
for OP are derived under perfect CSI and independent and
identically distributed (i.i.d.) channel.

C. CONTRIBUTIONS

For CF-mMIMO, the effective channel vector for a user,
i.e., the vector of channel coefficients between the user
and all serving APs in the system can not have identically
distributed property as the APs are located at different
locations. In other words, the large-scale fading coefficients
between different users and APs are different. Also, the
assumption of perfect CSI knowledge at the APs is not
practical [7]. Also, it is essential to consider the effect
of pilot contamination during the channel estimation phase
on the resultant OP. However, an exact expression for OP
can be written using conditional expectation, which results
in a multi-fold integral of order M, where M denotes the
number of APs. It is generally challenging to evaluate
such multi-fold integrals even numerically when M is large,
which is the typical case for the CF-mMIMO systems.
Therefore, this paper uses two approaches to obtain novel OP
expressions for the CF-mMIMO system. For the case of no-
pilot contamination, to evaluate the multi-fold integrals, we
propose to exploit a uni-variate dimension reduction method
to reduce the Mth order integration into M single-order
integration approximations [38]. Secondly, for the case of
pilot contamination, we provide a two-step moment matching
method to approximate the SINR by a Log-normal RV
from which OP can be directly evaluated. We compare and
contrast our work to the existing critical literature in Table 1.
The obtained expressions are straightforward to evaluate and
novel. Our contributions through this paper are summarized
as follows:

o Two-step moment matching method: We study the
OP of the uplink of the CF-mMIMO system with
and without pilot contamination for Rayleigh fading.
We approximate the SINR with a Log-normal RV

1. We conducted numerical experiments to approximate the SINR RV
by Gamma RV. However, the resultant approximation did not match the
simulated OP. This is elaborated in Section IV.
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using a two-step moment matching method. A simple
approximation for the OP is obtained using the Log-
normal CDF.

o Uni-variate dimension reduction method: For the case
of no-pilot contamination, we derive an exact expression
for the OP in terms of a multi-fold integral. A novel
approximation is then derived by approximating the
multi-fold integral using the uni-variate dimension
reduction method [38].

o Special cases: Using the SINR, as mentioned earlier,
characterization, we propose an alternative to UaTF for
evaluating SE. Furthermore, we obtain approximate OP
expressions in terms of simple elementary functions for
a single-cell collocated mMIMO system.

Organization: The rest of the paper is structured as
follows. In Section II, the considered system model of
the CF-mMIMO system is discussed in detail. Section III
presents the analytical expression of OP and ergodic rate
obtained via two-step moment matching and uni-variate
dimension-reduction approach. The simulation results and
discussion are given in Section IV, and finally, the conclu-
sions are drawn in Section V.

Notation: In this paper, CA (a,b) denotes the complex
Gaussian distribution with mean @ and variance b. LN (i, 02)
represent the Log-normal distribution with parameters o and
o. The mean and variance of RV X are denoted by E[X] and
V[X]. Cov(X, Y) represents the covariance between RVs X
and Y. diag(ay, ..., ay) denotes a M x M diagonal matrix
with entries ay, . . ., ay, and Iy represents the identity matrix
of size N. Also, (a), denotes the Pochhammer symbol, U(-)
is the unit step function, and fRe(z) is the real part of z.

Il. SYSTEM MODEL

We consider a cell-free massive MIMO system with M APs
and K users where M > K, i.e., the number of APs is
much more than that of users. Each AP is equipped with N
antennas, and the users are equipped with a single antenna.
The channel between the mth AP and the kth user is modeled
as a Rayleigh fading channel. Let g,x € CNV*!, represent the
channel vector between the mth AP and the kth user and we

have,
gk ~ CN(0, Bidy), (D
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where B,x represents the large scale fading coefficients
between the mth AP and the kth user. Note that this model
is similar to the one assumed in [13]. We assume that
the knowledge of B, is available at both the AP and the
user. Let 7. be the length of the coherence interval (in
samples). Typically, in a cell-free massive MIMO system, the
coherence interval is partitioned into three phases, namely
the uplink training phase, uplink data transmission phase,
and downlink data transmission phase [7]. In this work, we
do not focus on downlink data transmission. Let 7, be the
length of the uplink training duration (in samples). Therefore,
(tc—1p) is the duration of the uplink data transmission phase.
The process of uplink training and uplink data transmission
is described in the following subsections.

A. UPLINK TRAINING

Before the transmission of uplink data by users, APs will
acquire the CSI through a training phase. This acquired CSI
is then used to process the received data symbols during
the uplink data transmission phase. During this phase, all
the users simultaneously transmit their pilot sequence to the
APs. Let /T, € C%*! be the pilot sequence transmitted
by the kth user, Vk = 1, ..., K where ||(bk||2 = 1. The signal
received at mth AP during the training phase is

K
Yo =Ty ) _ &kt + Wpm, )

k=1
where p, is the normalized transmit SNR of each pilot
symbol, and W), ,,, € CN*% is the noise matrix whose entries
are i.i.d. zero-mean complex Gaussian with variance 1. Now,
to estimate the channel coefficient using the observation
Y, m, we first project the received signal on ¢, and then use

the MMSE estimator. Let ¥, ik = Yy nfy, i.e.,

K
yp,mk = /TpPp8mk + /TpPp Z gmi¢lH¢k + V~Vp,mks 3)
i#k
where Wy, ik = W, ¢, is a vector with iid. CN(0, 1)
entries. The MMSE estimator is hence given by,

~1
Smk = ]E{gmkygmk} (E{Yp,rnkygmk}) Yo, mk,
= kayp,mk» 4
where ¢ /% Pp Pk Here, the term

©op it Buildf bl 41
fppngﬁk ﬂmi|¢f¢l~|2 corresponds to pilot contamination
due to the non-orthogonality of the pilot sequence of
different users. Also, g ~ CN(0, Yuudy), where yu =
/TpPpBmkCmk- In the case of orthogonal pilots, i.e., no pilot
— PPk

contamination, we have c¢,x = T P BT and therefore,
p PpPm

2
Vink = T Op Bk
m fpppﬁmk"l‘l :

B. UPLINK DATA TRANSMISSION

In the uplink data transmission phase, each user transmits
its data symbol to all the APs. Let p; be the information
symbol of the kth user, such that ]E[|pk|2] = 1. Hence, the
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TABLE 2. Important symbols used in defining system model.

Symbol Defintion
M Number of access points (APs)
K Number of users
e c oNx1 Channel vector between mth AP and
mk kth user
Large scale fading coefficients between
Pk mth AP and kth user
Te Coherence interval
Tp Uplink training interval

Pilot sequence transmitted by the kth

VTpdy € CPX1

user

Pp Normalized transmit SNR of each pilot
Yp,m Received pilot signal at mth AP

Emk MMSE estimate of g,,,x

Emk Error in channel estimation

Yu,m Received information signal at mth AP
Pk Information symbol of kth user

A,k Effective uplink SINR of kth user

received signal at the mth AP is

K
Yum = \/EZ EmkPk + Wi m, (5)
k=1
where p, is normalized uplink SNR and w,, ;, is the additive
Gaussian noise with w,,, ~ CA(0, Iy). Since all the APs
employ MRC, they multiply their copies of the received
signal with the estimated channel coefficients gf,{k The APs
then send their received signal to the CPU.? Therefore, the
received signal at the CPU is r,x = Y M_, 8 y,m which
can be written as

M M
Fuk = /Pu ) BoBmkDk + /Pu Y SgEmkDk
m=1

m=1

K M M

+ v Pu Z Z nggmipi + Z ngwu,m, (6)
i#k m=1 m=1

where &, is the channel estimation error, iLe., gux — Emk-

emk is a CN (0, (Bmk — Ymk)Iyv) random vector. The symbol

pi transmitted by the kth user is detected using r, ;. Let

& =[&u - QMk]T denote the channel estimate vector for
kth user Vk = 1, ..., K. Note that, & ~ CN(0, Cy, 3,) is
MN x 1 complex Gaussian vector, where

, YmrIn) (N

is the covariance matrix of g;. Using (6), the effective SINR
of the kth user is as follows:

Cs.5 = diag(yiely, - ..

pull¥l1 8
24+ éf(ﬂu SR LA+ IMN)gk’
®)
2. It is assumed that the APs are connected with the CPU through a

flawless backhaul network. This is a common assumption in many cell-free
mMIMO works like [5], [6], [7], [8].

_ ——
Pu Y ipr| &1 &
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where A; = diag((B1i—y1)In, - .., (Bui—vmi)In) is a MN x
MN diagonal matrix, X, x = ,o,,(||>|<||gk)2 is the desired 51gna1
power over estimated channel, and Y, x = p, Zi#klgk gz| +
ng (pu Zszl A;+TIpn)8r is the interference plus noise power.
Note that this SINR expression is similar to the SINR
expression given in [39, eq. (12)].

Using the effective SINR in (8), one can calculate
various performance metrics such as achievable rate, outage
probability, etc. In the following section, we derive novel OP
approximations utilizing the two-stage Log-normal moment
matching and uni-variate dimension reduction method.

lll. OUTAGE PROBABILITY ANALYSIS
The exact expression for OP involves characterizing the
CDF of the SINR at the APs. Note that the numerator and
denominator of the SINR involve correlated Gamma RV,
and determining the CDF of their ratio is mathematically
intractable [34]. Exact expressions are tractable only for
perfect CSI conditions and i.i.d. channels as in the case of
mMIMO channels [32], [33]. However, to assume that all the
channels from the UEs to APs are i.i.d. or that perfect CSI
is known at APs is impractical. In literature, it is common
to approximate end-to-end SINR via Gamma or Log-normal
RV using the technique of moment matching. This method
has been successfully employed for various scenarios like
intelligent reflecting surface (IRS) assisted communication
system [40], mMIMO system [31]. The challenging part
in such approximation is to derive the moments of SINR
Auk, which becomes more difficult due to the correlation
between numerator X, x and denominator Y, x. To circumvent
this issue, a bi-variate Taylor’s series-based approximation
for the first two moments of SINR is presented in [31].
We tried to mimic the approach described in [31], but the
resultant expressions did not match the simulated OP. This is
elaborated in Section IV. Through extensive simulation, we
discovered that the numerator and denominator are closely
approximated via Log-normal RV, separately. Therefore, to
derive approximate OP, we approximated the numerator
and denominator of (8) as Log-normal RV using moment
matching then it is easy to show that ratio, i.e., A, is also
a Log-normal RV. The result associated with Log-normal
approximation is presented in Theorem 1 and 2, which is
valid for both scenarios i.e., the system with and without
pilot contamination.

Theorem 1: For a threshold 7, the OP of kth user is

approximated as
InT —
D77 Pk , (9
0, Dk \/E

where parameter uy,,, oy, , of Log-normal distribution are
evaluated as

1
Pi{mt(T) = ]P)()‘u,k < T) ~ 5 erfc (—

/'L)“u.k = MXu,k - MYu,k’ (10)

E[Xu kYM k]
2 2 _9] Tty T )
%, T Oy, 08 <E[Xu,k]]E[Yu,k] ) v

a)“u.k =
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Here, erfc(-) is the complementary error function [41] and
MXy s MYyp> OXupr OV, 1S €valuated using (29) and (30).
Proof: Please refer to Appendix A for the proof. |
Corollary 1: In the absence of pilot contamination, the OP
of kth user is approximated using (9), where (10) and (11) are
evaluated using the moments of Y, ; given in (12) and (13),
shown at the bottom of the next page.

E[ = Np, Z Z VmkYmi + N Z Ymk

i#k m=1 m=1

+ Npy Z Z(ﬂml = Ymi) Yk
m=1 i=1

Proof: Equation (12) and (13) are obtained from (38)

and (39) by considering the fact that u’mi =0ifi#jand

v, = Vmi- |

Next, we used the Log-normal approximation of A,

to derive the approximate ergodic rate of kth user. We

also derive simple closed-form lower and upper bounds on

the derived ergodic rate. The results are presented in the
following theorem.

Theorem 2: Given A, ~ LN(uAu,k,afu.k) and ergodic
rate of k-th user, is

Ryi = E[10g2(1 + )\u,k)]

1 [ In(2f — 1) —
A= / erfc ( ) Hhuk dr.
2 0 a)tzt.k\/z

log, (e/*wk +1) < Ryx <
k
; —1>. (15)

e Mhuk U}%M,

e

ln2<1 n e‘2“*u,k) (
Proof: Please refer to Appendix C for the proof. u
Corollary 2: In the case of no pilot contamination, the
ergodic rate and the respective lower and upper bounds of
kth user are computed using the (14), and (15) with the
parameters of Log-normal are calculated using (12) and (13).
Along with this, for the case of no pilot contamination, we
first derive the conditional OP, assuming that g is a constant.
We then integrate the conditional OP over @, which gives
an exact expression of OP in terms of a multi-fold integral
of the order MN that is difficult to be solved in close form
or evaluated in Mathematica/MATLAB for usual values of
M and N. Therefore, we explore the use of a dimension-
reduction method known as a uni-variate approximation
that approximates MNth order integration with MN single
order integrals. The result associated with the uni-variate

approximation is given in the Lemma 1 and Theorem 3.
Lemma 1: In the absence of pilot contamination, the OP
of kth user for threshold T is given by (16), shown at the

bottom of the next page.

Proof: Please refer to Appendix D for the proof. |
To evaluate (16), we need to solve a MNth order
integration. For typical values of M and N used in cell-free
massive MIMO systems, say M = 32 and N = 1, it is

12)

(14)

log, (e/*uk +1) +
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intractable to solve a 32th order integration even in popular
software such as MATLAB, Mathematica, etc. Thus, it is
important to approximate (16) for evaluation and analysis. To
circumvent the intractability, we propose to utilize the uni-
variate approximation from [38]. Using this method, one can
tightly approximate an MNth order integration by a sum of
MN single-order integration. The approximation and detailed
proof are presented in the following theorem.

Theorem 3: For the case of no pilot contamination, the
OP of kth user for threshold 7 is approximated by (18)
shown at the bottom of the next page.

Proof: The derivation details are given in Appendix E. ®

case. However, the integral involved in (18) is simple enough
to be solved in closed form. For a fair comparison, we
consider MN antenna single-cell collocated mMIMO system
so that the total number of antenna remains the same in both
CF-mMIMO and collocated mMIMO system. The following
corollaries present the OP and rate approximations for the
single-cell collocated mMIMO system.

Corollary 3 (Corollary to Theorem 1): For the single
cell collocated mMIMO scenario, the OP of kth user is
approximated using (9), where (10) and (11) are eval-
uated using the following simplified expression for the
moments.

A. SINGLE-CELL COLLOCATED MMIMO E[Xuk] = pu(MN),y¢. (19)
Slng.le—cell collocated mMIMO can be considered as the E[Xz k] = p? 2(MN), Vk (20)
special case of the CF-mMIMO system; when all the M APs
are collocated, also termed as BS, and K pilot sequences are K K
pairwise orthogonal, then we have Bk = Bk = Brs Vmk = E[Yux] = MNyk| pu Z vil+1+pu Z(,Bi =)
Vo' k £ ¥k and no pilot contamination. The Corollary 1 and i#k i=1
Theorem 3 are applicable to calculate the OP for this special 21
2 2
K M K M M K
]E[Yik] =i | DN v+ Z(N > mGVmi) AN v D vimi
ik  m=1 i#k m=1 m=1 i#k
K M M M 2
V33 o) |48 3 (3 )
i#k m=1 m=1 m=1
M 2
+ :03 Z (Bmi — th)2 'k T N? <Z Z(ﬂmz - sz))’mk)
m=1 i=1 m=1 i=1
M M M
+ 2pu (N Z V;ﬁk)’mi + N? (Z mG) <Z mGVmi))
i#k m=1 m=1 m=1
M K M M K
+ 2pu< Z Z(lgmi - Vmi)yyik + N2 <Z mG) (Z (ﬂml %m))’mk))
m=1 i=1 m=1 m=1 i=1
M K M K M
+ 2,0u N Z Z /3mj Vm] mGsz + N? Z Z(,Bm] ij Ymk (Z mG)’mi) (13)
i#k m=1 j=1 m=1 j=1 m=1
5[3" M N
PE(T) =1 —/ f [1 - e"i:| u(sl) TT T e max. (16)
;7&]1{ 9 —6; ) m=1n=1
J#i
where X = [X11, ..., XN, X21, ..., Xun], 0 = Z%ZI(ZI,LI Xmn) Yk Ymi» and
2
(pu <Z%:1 (22\7:1 xmn) mG) =T Z%:l (pu Z,Kzl (Bmi — Ymi) + 1) (Zn 1 xmn)mG)
sT — a7
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2
K K

]E[Yzf,k:l = (MN)Z | pi Z vl + Z Vi +1
ik ik

K K
Pt Bi— v +20u| Y vi

i=1 ik

K
+200 Y _(Bi— Vi)

i=1

+ 2:0 Z(ﬂl Vi) Z Vi

ik
(22)
K
E[XuiYuk] = puMN)3y2 | pu| Y vi | +1
i#k
K
+0u Y _(Bi— 1) (23)

i=1

Corollary 4 (Corollary to Theorem 2): For the single
cell collocated mMIMO scenario, the ergodic rate and the
respective lower and upper bounds of k-th user are computed
using the (14) and (15) with the parameters of Log-normal
are calculated using (19) - (23).

Corollary 5 (Corollary to Theorem 3): For the single-
cell collocated mMIMO scenario, the OP of kth user is
approximated as

K _Di
. e 3
PK(T)~1—MNY Di|1-—
) 1]
ik
K
+(MN—1)ZD’1[1—e_

i=1
i#k

(D§+D§)] (24)

Pu(MN—Dyi
- (Puz, 1(/51 V1)+1)

K
PK (1) ~ 1 —MN Z D |:e

for T < and

Db p—r(Dh+1) }

= D, +1
ik
K ) . .
+MN -1 D [1 - e*(D'ﬁDS)] U(D4 + Ds + De)
Zk
(25)
pM(MN l)yk

for T > T , Where D’l, Di , Dg, Dy, Ds, Dg and
K are deﬁnedl 1|n (173) (76) and (78).

Proof: Using the fact that B, = Bk = Brs Vimk = Virk =
yk. We have simplified the (18). The details are provided in
Appendix F. u

Note that the expressions in Corollary 5 are in closed form
and do not require any numerical integration. The obtained
expressions for the single-cell collocated mMIMO system
with imperfect CSI are novel to the best of our knowledge.

IV. RESULTS & DISCUSSION

The simulation setup is similar to that in [7] and is repeated
here for completeness. A cell-free massive MIMO system
with various M and K values has been considered. All M
AP and K users are dispersed in a square of area D x Dkm?.
The large-scale fading coefficient §,,x models the path loss
and shadow fading according to

th mk

ﬂmk

where PL,, represents the path loss, oy represents the
standard deviation of the shadowing and z,x ~ N(O,1).
The relation between the path loss PL,; and the distance
between the distance d,,,; between the mth AP and kth user
is obtained using the three slope model in [7, eq. (52)]. The
other parameters are summarized in Table 3. The normalized
transmit SNRs p,, and p, are obtained by dividing the actual
transmit powers p, and p, by the noise power, respectively.
The numerical results are generated as follows.

PL, 10 (26)

M .| K

Pou(T) ~ 1 —NZf >
170 i—
= & H xC,
J#l/#k

ij
C4,m

K ck-2 o
+MN -1 K’—|:1 —eCi:| U(c,{).
ﬁ;k 1_[ (Ci - Cj)

=1
/#t JFEk

174

K-2
(xci 4 C" ) ,(M
1—e

i i
xcl.m+C2,m

) U(xzcs,m + xCo  + Clo,m> e *dx

(18)
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TABLE 3. Simulation parameters.

Parameter value
Carrier frequency 1.9 GHz
Bandwidth 20 MHz
Noise figure 9 dB

AP antenna height 15 m
User antenna height | 1.65 m
Osh 8 dB

Pp> Pu 100 mW
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E
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(a) With Pilot Contamination (M = 300, N = 1 and K = 30)
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(b) Without pilot contamination (M = 100, N =1 and K = 5)

FIGURE 1. Comparison of OP using different existing approaches with the
proposed methods.

1) We realized 100 random deployment of APs and UEs.
The large-scale fading coefficients, with the shadowing
effect, are calculated for each realization.

2) For each realization, 10, 000 Monte Carlo iterations are
performed to calculate the SINR for each UE. Using
this SINR, we calculated the OP and ergodic rate of
the UEs.

3) System’s OP and the system’s ergodic rate are the
averages of the OP and ergodic rate in each realization.
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We first compare our OP approximation in Theorem 1
and 3 with the existing moment-matching approxima-
tion approaches in Fig. 1. Two different moment-matching
approaches are compared with our approximation. In the
first, the SINR is approximated by a Gamma RV fol-
lowing [31], whereas, in the second, the numerators and
denominators of the SINR are separately approximated by
Gamma RVs. Then the ratio of two Gamma RV is Beta-prime
RV [42]. Note that the Gamma approximation and beta-
prime approximation fail to capture the tail behavior of OP
in both scenarios, i.e., with and without pilot contamination.
This is because the single Gamma approximation relies
on the approximate first and the second moment of SINR
obtained using bi-variate Taylor series expansion, which does
not provide a good approximation of SINR’s moments for
the CF-mMIMO system. Next, the Gamma-by-Gamma or
the Beta-prime approximation fails due to the correlation
between the numerator and denominator of SINR owing to
the use of MRC. Other treatises such as [30] approximate
the OP by proving that SCV of all but one component
of the SINR is zero and obtaining OP by transforming
the CDF of the remaining term. For our case, through
extensive simulations, we determined that the SCV of more
than one component of SINR is non-zero, and hence the
method cannot be applied. These results justify the necessity
of the new approximations proposed in this work. In the
subsequent subsections, we investigate the OP performance
of CF-mMIMO (with and without pilot contamination) for
various values of M and K.

A. RESULTS WITH PILOT CONTAMINATION

In this sub-section, the expression in Theorem 1 and 2 are
validated through numerical simulation. Fig. 2(a) and 2(b)
show the trend of OP for varying K and M, respectively.
The number of antennas per AP, i.e., N is chosen to be
4. Tt is evident that the proposed two-step Log-normal
approximation is closely matching with the simulated OP. It
is clear from Fig. 2(a) that the OP increases as the number
of users increases due to the corresponding increase in pilot
contamination and interference. Similarly, the OP decreases
with the increase in the number of APs in the system, as
shown in Fig. 2(b) for fixed K = 30 and N = 4.

Fig. 3(a) and 3(b) shows the simulated values for
ergodic sumrate and the approximate sumrate obtained using
Theorem 2 for CF-mMIMO with pilot contamination. It
can be observed that the popular use-and-then-forget (UaTF)
lower bound (LB) severely underestimates the ergodic
sumrate as compared to the simulated one. Theorem 2
proposed an ergodic rate expression in terms of an integral
and also provided simple and closed-form lower and upper
bounds for the proposed integral. The approximate rate
values and bounds better match the simulated one compared
to UaTF LB.

Next, we have generated OP plots for different pilot
length values, i.e., 7,. In Fig. 4(a), we have plotted the OP
with M = 80,K = 20, and N = 4 for different values
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(b) For fixed K = 30, N = 4.

FIGURE 2. Impact of M and K on the OP of CF-mMIMO system with pilot
contamination.

of 7,. Notably, the figure illustrates that OP is higher for
smaller 7, values. This outcome can be attributed to the
reduced number of available orthonormal pilots in scenarios
with lower t,, resulting in more users sharing the same
set of pilots. Consequently, pilot contamination becomes
more prevalent, impacting the overall system performance.
Furthermore, our analysis reveals that there is no discernible
advantage in setting 7, > K, as an 1, = K configuration
suffices to eliminate pilot contamination entirely. Fig. 4(b)
complements the results from Fig. 4(a) by presenting OP
outcomes at a specific threshold value, i.e., T = 0 dB. This
figure demonstrates that as 7, increases, OP experiences
a consistent decrease. Particularly noteworthy is that, with
K = 20, both 7, = 20 and 7, = 25 yield identical OP
results.

B. RESULTS WITHOUT PILOT CONTAMINATION
In this sub-section, we compare the performance of CF-
mMIMO and the single-cell collocated mMIMO systems
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FIGURE 3. Impact of M and K on the ergodic rate of CF-mMIMO system with pilot
contamination.

without pilot contamination. Fig. 5(a) and 5(b) shows that
the approximation presented in Theorem 3, Corollary 1 and
Corollary 3, 5 for CF-mMIMO and mMIMO, respectively
are closely matching with simulation results. Here, we
also observed that not only does the CF-mMIMO performs
better than mMIMO, but the improvement it shows with
varying parameter is also more significant than the mMIMO.
For example, when M increases to 80 from 40 at a
target SINR of —5 dB and N = 4, OP decreases by
69.45% for the CF-mMIMO system, whereas it decreases
by only 16.61% for the mMIMO system when antennas
are increased from 160 to 320. Hence, it is better to
increase the density of APs as compared to increasing the
antenna at a single collocated AP. The spatial distribution
of APs across a wider geographic area significantly reduces
the probability of users encountering outages, surpassing
the impact of simply increasing the number of antennas
at a single, collocated BS. Likewise, in CF-mMIMO,
a reduction in the number of users results in a more
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FIGURE 4. Impact of 7, on the OP of CF-mMIMO system.

pronounced decrease in outage probability compared to a
similar reduction in a traditional mMIMO system. This
phenomenon can be explained by the fact that, as the number
of users decreases, the spatial distribution of APs across
the geographical area becomes more influential. With fewer
users, a smaller portion of them falls outside the coverage
range of an AP, which, in turn, leads to a more pronounced
reduction in the likelihood of users experiencing outages
when compared to the scenario in a traditional mMIMO
system.

Next, Fig. 6(a) and 6(b) present the ergodic sumrate of CF-
mMIMO and mMIMO system without pilot contamination.
Again, it is observed that the ergodic sumrate calculated
using Corollary 2 provides a better estimate for sumrate as
compared to the UaTF bound, which heavily underestimates
the performance of CF-mMIMO as well as mMIMO system.
Also, the bounds provided for the integral in (14) tightly
bound it and are easy to compute as expressions are available
in closed form.
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FIGURE 5. Impact of M and K on the OP of CF-mMIMO and mMIMO system without
pilot contamination.

C. CORRELATED RICIAN FADING SCENARIO
For the case of correlated Rician fading the channel between
mth AP and kth is modeled as

Emk ™~ CN(gmka Ryu), (27)
where g,x € C is the LOS component and, R,; €
CN*N s the spatial correlation matrix between mth AP
and kth user. Following from [14], [39], [43], the LMMSE
estimate of channel vector is g,x ~ CN (&, Rka;; R0,
where Coi = T,0p S| Rpilpl ¢, + Ly and the channel
estimation error, i.e., €nr = Enk — &mk ~ CN (0, Ai). The
effective SINR of the k-th user is as follows:

Xk
Ay = o—
Yu,k

B pull <18 28)

Pu Zf;k@k”@ilz + 84 (,Ou KA+ IMN)@k
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FIGURE 6. Impact of M and K on the ergodic rate of CF-mMIMO and mMIMO system
without pilot contamination.

where & = [&ix ... @Mk]T and A; = diag(A;, ..., Aui).
Note that the SINR expression is functionally the same as for
the independent Rayleigh fading case. Hence, the two-step
moment matching method can also be extended for the case
of correlated Rician fading. The major difference is that the
calculation of moments of the numerator and denominator
will be more involved algebraically.

V. CONCLUSION

In this paper, we derived approximate OP and ergodic rate
expressions for a CF-mMIMO system with and without pilot
contamination under the Rayleigh faded channels. We used
the two-step moment matching to derive the approximate
expressions and provided simple expressions for the OP
and ergodic rate. In the case of no pilot contamination, an
exact expression is derived in terms of a multi-fold integral.
A simple and accurate approximation using the uni-variate
dimension reduction method is proposed to circumvent the
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evaluation of higher-order integration. Specific to the single-
cell collocated mMIMO system, approximate OP expressions
are obtained in closed form, which involves only elementary
functions. The validity of the approximations, derived for
both CF-mMIMO and mMIMO, was verified by Monte-
Carlo simulations. Investigating the effect of correlated
fading with a line-of-sight component will be an interesting
future direction.

APPENDIX A

PROOF FOR THEOREM 1

Using technique of moment matching, we first approximate
the X, x and Y, by Log-normal distribution, i.e., X, r ~
LN(ux, ;s o)%u’k) and Y,k ~ LN(uy,, a%u,k) with parameter
given as

2 E| x>
E(X
B[x2,] (E[Xux])
(29)
and
2 E|y?
E|Y,
E[Yfk] (E[Yuk])
(30)

The parameters in (29) and (30) can be evaluated
using (36), (37), (38) and (39). Consider

log()\,,,k) = log(Xu,k) — log(Yu,k). a3
Under Log-normal assumption, log(X, ) and log(Y, ) fol-
low normal distribution, i.e., log(Xy k) ~ N (ix, ;. a}%u k) and
log(Yy k) ~ N(,uyuy,(, a%uk), hence, log(%, k) follows normal
distribution with ’

My = Eflog(Xuk)] — Eflog(Yu)].

= UX,x — K- (32)
and
a7, = V[log(Xyx)] + V[log(Yux)]
—2Cov(log(Xuk). 10g(Yuk))
(33)

where Cov(log(Xy k), log(Y,.x)) is [44],

Cov(Xy.x, Y,
Cov(1og(X,.). og(¥uu)) = log( v (K. Yus) | 1)

E[Xu’k]E[Yu,k]
(34)
So,
E[X Yy k]
2 _ 2 2 uktu,
O-)‘u.k - O-Xu,k + O-Yu.k 210g(E[Xu’k]E[Yu‘k] > ’ (35)

where the E[X, Y, «] is calculated using (45). This com-
pletes the proof.
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APPENDIX B

MOMENTS CALCULATION

In this section, we have derived the first and second moment
of the RV X, and Y, and the correlation between X, k
and Y, k, i.e., E[X, Y, r]. From (8), we have

[/ M
(Dwn@fnk)
L m=1

M M M
D Illgm + Y1 D Ixl@nlxlign |,
m=1

m=1 n#m

2
E[Xu,k] = puE

= pulE

= pulN (36)

M M 2
zyzkw(zm)
| m=1 m=1

Similarly, after squaring the X, ; and taking term-by-term
expectations, we have

i) = G i o X

m=1
M M M 2
m=1 n=1 m=1
M M 2
+4N° (Z y,%,k) (Z m) (37)
m=1 n=1
Let Y, = le;k Bf{ + Ax + puCk, where B}; =
|Z lgmkgmA A = Yolilxlgl,. and G =
St i1 (Bmi — Ymi) I1%[182. So. we have
K .
E[Yus] = o Y E[Bi| +ElAd + p,EIC,  (38)
ik
where IE[B' NZm_l Vink Vimi +N2|Z]r‘n/1:l vfnk|2, E[A:] =
sz -1 Ymks ]E[Ck] = sz—l Zz 1(,3ml - th)ymk
and v,, = cmkcm,(b Cypypm®r and Cy, v =~ =

0p Z,K=1 Brmj#;d}’ + 1. After expanding Y7, we have

2

K
2B

ik

E[Yik] = p2E + ]E[A,%]

P2E[C}] + 204 XKjIE[B;Ak] + 2p ElACl]
i#k

+ 22 Z E[Bkck]
i#k

(39)

The expectation ]E[A,%] = E[X, «]/pu and the expectation of
E[(Z{;k B!)?] is given by (40) at the bottom of the page.
The rest of the terms are as follows:

M K
E[G] =N DD (B — v v+ BICD?. 41)
| m;l i=1 y |
E[BiAk| = N D" vdvmi + N Y viklvi
m=1 m=1
M M *
+ 2N*%Re <Z ymkvfnk> (Z V;ik)
m=1 n=1
+ E[AE[ B} . 42)
M K
E[ACH =N D> (Bui = Ymi) Vg + EIAJEICH]. (43)

m=1 i=1

Using the result of IE[Bf{Ak], we have

Ma

E[BC| =N %

m=1

ﬂmj Vm] Vimk| mG |
1

~.
Il

||M§

K
Z ,3m] ij mGle

LNk
ﬂm] VYmj mGvmk( ;,k) )

(44)

>3

j=1 n=1

Ma

+ 2N*Re

Il
-

m

Ck]IE[B

==
I_I

K
E| (> B

i#k i#k j#k

m=1

M M
= NZ Z|:Z Yk YmiYmj + Z mGlvl i|2 +2 Z mGij|V;nk|2 + 29&(2 mG(V;nk> ‘/mk <V£m~> )
m=1 m=1

- 4N5Re<z Y VokVmi mk( >*> + 4N9‘“(§: f: mG”rink"iﬂi("w*)

m=1 n=1
M M M

+ 2N29‘ie<z

m=1n=1 u=1
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2

(40)
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The correlation of X, x and Y, 4 is given as

K
E[XuxYur] = o2 ZIE[A,%B}C] + puE[Ai]
i~k

+ pZE[A7Cy, (45)

where E[A?B!] is given by (46) at the bottom of the page,
and

M M
E[4]] =28 3+ N (Z mG)

3

m=1 " m:A14
+3N? (Z y,ﬁ) (Z mG>. @7)
m=1 ;’;:l .
E[47C:] = E[a|EICi +28 ) >~ Bmi = vmidVik
y oK m=1 i=1 "
+ 2N? (Z Z(,Bmi - Vmi))/,ﬁk> (Z J/nk>~
m=1 i=1 n=1
(48)

This completes the calculation of required moments.

APPENDIX C
PROOF FOR THEOREM 2

The ergodic rate of kth user is given by
Ry = E[logy(1 4 Aui)].

Since, log,(1 4+ A, %) is positive RV, so we have R, =
fooo P[log, (14X, k) > t]dt. The logarithm is a monotonically
increasing function. Hence, we have R, = fooo PlA,x >
2" — 1ldt. Given Aux ~ LN(uy,,. 0% ), the Ryp is
nothing but ’

1o [In(2—1)—
Rur = - / erfe P =) i\ (50)
2 0 a)\u.k\/§

Using the transformation of variable In(2’ —1) = x, we have

(49)

1 o X — 1
Ry = —/ erfc P dx. (51)
’ 2In2 J_o g)mk\/i 1+e*
Again, apply :“k k:;% =y, we have

U)Lu k o erfc(.)))
Ru,k = - dy’
«/EIIIZ —00 1 + e_l’“bu,k_\/io-}”u,ky

Oy /0 erfc(y)
B «/EIHZ —00 1 + e_l‘“‘u,k_\/ig)‘u,ky

Il

dy

n [ © erfc(y)
y
0 1 + e_l'“‘u.k_\/io-)‘u.ky

I

(52)

After some algebraic manipulation, we have

I = / h 2 d
' 0 1 _i_e_”’)‘u.k—"_ﬁo-)‘u,ky Y

I

/ o0 erfc(y)
0 1 + e_”’)‘u,k-i_ﬁa)‘u,ky Y

112

(533)

Hence, we have
U)W k
R, = .
YT /212

The integral /; | is easy to calculate in closed form as follows

(hi+5h—17). (54)

R 2
L= dy. 55
b /0 1 _I_ e_u’)‘u.k—i_ﬁo-)“u.ky y ( )
_M)‘u,k—‘r\/ia)‘u,ky — = —du
Let 1 + e u then dy T, D)’ So
we have
V2
1= 1 -1 -1 oo
1,1 UAM(H(M ) HM)|1+6 g1
2
= V2 In(e/uk +1). (56)
G)‘-M.k

Now, it is interesting to note that
(S

oo
T o / [erfc(y) (eﬁ“*u.ky _ e—\/étnuvky)]dy7
l + [ “')‘u,k 0

\/5 eiu)\”'k U}‘u,k
= 2— e 2 —1].
(1 + e— Moy ke )o.)%k

My
L—-1, <

(57)

It can be easily shown that I, —I; 2 > 0, so we get a simple
upper and lower bound on ergodic rate as follows

M M M M
E[A,%B;'(] - E[A,%]E[B;;] AN S W PY2 AN Y v 2N DS v

m=1 m=1

M .
Z mGv,lnk

m=1

+2N?

m=1 n=1
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M M M M M
T+ 4N29%<Z Z Yk Vink (‘%ﬁk) ) + 4N Re Z Z Z Yimk Vi Vnk (%k)

M M
2Vuk + 2N Y Yk Vi

m=1 n=1

i
Yk

m=1 n=1

(46)
m=1 n=1 p=1
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log, (e/*«k +1) < Rk

— s o2
€ u.k huk
< log, (e"*k +1) + > e 2 —1}).
2 (14 )
(58)
This completes the proof.
APPENDIX D
PROOF FOR LEMMA 1
The OP of the kth user is given by
Pt (D) =P(hk < T) = P(Xuk < TY0ux). (59)
Substituting from (8), we have
K
P (D) =P pull@ll* < Tou Y |81 8|
7k
K
+ T8 <pu D A+ IMN) g | (60)
i=1

To simplify the above expression, we first calculate the
conditional probability PX,, for a fixed &. Therefore, for
8 =b=1[by,...,byl’, the OP is

K
Pha(D)I(& =b) = P| pulIbI* < Tp, > _[b" [
=1

ik

K
+71)H<puZA,~+IMN>b . (61

i=1
Rearranging the constants to one side of equality, we have

K
PS (D) =P > 8> > df |
iZk
where d,{ is given by (63) at the bottom of the page.

(62)

To further simplify, the CCDF of Y°X | |b¥g;|? is required.
i#k

i
Hence, note that for the case of no pilot contamination Z; =
bg;, is a complex Gaussian RV with mean [45, eq. (15.25)]

E[Zi|g = b] = b"E[g& = b] =0, (64)
and variance
V(Zi|gr = b) = b Cov(g:|&)b
M
= > IllbpYimi = . (65)
m=1

Eq. (64) and (65) follow from the fact that g; and g; are

independent Vi # k. Further, |Z;|? is an exponential RV

with parameter «;. Hence, W = Zlel b8 is a sum of
i

exponential RVs with CCDF
Phu(D)I(@ =b) =1 - P(W = df),

K K—2 T
—1- ZKO[—|:1—edk:| u(df). (6)

(i — o)

hl
F—
—

j=
JFLjFk

Now that we have obtained the conditional OP, to obtain the

final OP, we integrate over the multivariate Gaussian PDF

of 8. Hence, we get (67) at the bottom of the page. After a

Cartesian to polar transformatiozn, i.e., by = Fpne@®m, and

then using the transformation 2% = x,,,, we get the result
in (16) and this completes the proof.

APPENDIX E
PROOF FOR THEOREM 3
Let X = [x11,...,xyn] 18 a random vector with i.i.d.

exponential RVs of scale parameter 1. Then, (16) can be
described as

K 0](72 sT
Py =1-E| [ ——— |10 9:} u(sh) |
= (6 — )
itk

2
(pu(z’;f:l i) = 7 (o S0 ot Bi = v Ilbi® + S0 ||*||bm2))

dl = (63)
g Tpy
K K2 e M —lxibn?
o _ Tk Ymk
Phan =1- [ [ 1= ] U(df) TT a1 - by, (©7)
=l ] (i —a)) m=1 7 Vmk
i#k 1 ! ]
J=
Lk
M _H*}mez
where the PDF of g(b) is fz (b) = [] fﬂNy’% .
m=1 mk
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=1 [ s, (68)
RMN
Using [38, eq. (20)], (68) is approximated as
OMI(T) ~1 - ZZE g(/"l’]la <o Xmns "'7/‘LMN):|
m=1 n=1
+ (MN — Dg(ptts - -5 KMN)s (69)
where wpw = Elxpl = 1, Vm = 1,....M
and n = 1,...,N. Using the values of umu,, The
SULIT, ooy Xinny - o s UMN) 1S given by (70) at the bot-

tom of the page, where C’ = YkVmi» Clzm =

sz 't Yk Ym'i + (N — l)ymk)/mz, C;jm = C’i‘ Cll m
Cl,Jm = Cl, CIZ m’ CS,m - Tymk’ C6,m =N — Dy +
NCY L vuri)s Crm = (0w ey Bui = Vi) + 1)¥k
Csm = Nzﬂ,#m(pu YK 1<f3m/l- — Ywid) + DYk + (N —

2

DC7.m, Com = %ComYmk — C7 ms Clo,m = % —LCgm,
and g(//,u,...,;LMN) is g1ven by (71) at the bottorn of
the page. Finally, the approximation in (18) is obtained
after substituting values from (70), (71) into (69), and this

completes the proof.

APPENDIX F

PROOF FOR COROLLARY 5

Note that, for the case of mMIMO, y,,x = yx Vm and B =
Br Vm. Hence, the (18) simplifies to

Pk (1) ~ 1 —MNZ/ D’
l;ék

o~ (Dhx+D} )]

U<x2D4 + xDs5 + D6>e_x>dx

K
+MN -1 D [1 — e—(D’z+D§)] U(Dy + Ds + Dg),

where,
K2
Dy = —" D=2, (73)
5 Ty,
[T (=)
]:
JFELj#k
K o
i _ MN—Dye (”“ 2im1(Bi— v + 1) o
3= T : ’
Vi OuVi
and
1
Dy = ?)/kz,
D5 = 2(1‘4]\] 1) ! XK:(,B )+ 1 (75)
5= T ]/k Vk pul l i — Vi

MN — 1 Pu S (B — i) + 1

D6:(MN—1)yk(( - ))/k_( ! ))
Pu

(76)

The presence of the unit-step function in Eq. (72) results in
different domains of integration depending on the nature of
the roots of a quadratic equation D4x,2n + Ds5x,, + Dg = 0.

2
One can easily verify that Dg —4DyDg = %(pu ZlK: 1(Bi—
v) + 1% > 0.

A. WHEN BOTH THE ROOTS ARE NON-POSITIVE
In such a scenario, the region of integration will be the entire
R*. This is true for Dg > 0, ie., T < —2MN=Dye

= (pu i By D
Therefore I reduces to

I= D’i /000([1 — e_(Déx"'Dg)])e_xdx

i=1 i g_Dé
i#k =Dj|1- ; . a7
) D+ 1
. , K-2
K (ancll,m + Cl2,m) (szmcl,rlnergmningJrcmm)
g(l'l’ll""7xmn""’/"l/MN)= K l_e Lm Zm
;7:&/16 1_[ Xmn C3 m + lejm
/#tﬁﬁk
x U(xmncs,m + X Co.m + Clo,m) Vism<Mandn=1,...,N (70)
K ck-2 _q
gt ) = | Y ————[ 1= % | | u(d]). )

2 I (G-G

j=1

JFLIFk

2
= NZﬁLl Yk Ymi and CkT = NT(Z%:I Yimk)* — %

where C;

182
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B. ONE ROOT IS NEGATIVE, AND THE OTHER IS
POSITIVE

In this case, the quadratic D4x2 +Dsx+Dg <0for0<x<

K, where
—Ds + /D2 — 4D4Dg

2Dy

is the positive root of the quadratic. This is true when Dg <

0,ie, T>—LMV=D% _ Therefore I reduces to
(pu )iz (Bi=vi)+1)

I= D’i /OO<[1 — e_(Dé)H'Dé):I)e_xdx

e—Dée—K(D£+l)

K =

(78)

=Di|e™ — (79)

D +1
Substitution of (77) and (79) in (72) gives the result in (24)
and (25). This completes the proof.
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