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Daniel Erkensten
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Abstract

Atomically thin materials such as transition-metal dichalcogenides (TMDs)
have emerged as an unprecedented platform for engineering future optoelec-
tronic devices and studying exotic quantum phases of matter. In particular,
the strong Coulomb interaction in these materials enables the formation of
tightly-bound excitons, electron-hole pairs with neither purely fermionic nor
bosonic character. These intriguing quasiparticles dominate the optical re-
sponse, dynamics and transport properties of TMDs.

The aim of this thesis is to investigate the impact of exciton-exciton inter-
actions on optics, relaxation dynamics and diffusion in 2D materials. Based
on the density-matrix formalism, we develop equations of motion which are
used to study intriguing and technologically relevant phenomena in the high-
excitation regime where interexcitonic interactions dominate. We shed light
on the fundamentally different interactions between intra- and interlayer ex-
citons in TMD monolayers and bilayers, respectively. Exciton-exciton inter-
actions in monolayers are governed by quantum-mechanical exchange inter-
actions and interlayer excitons in heterobilayers interact predominantly via
dipole-dipole repulsion. Furthermore, we demonstrate the crucial importance
of optically-dark recombination channels in exciton-exciton annihilation and
reveal the dominant role of dipole-dipole repulsion in interlayer exciton trans-
port. Finally, we show that interactions between layer-hybridized excitons are
electrically tunable and that electric fields can be used to boost and control
the exciton propagation in van der Waals heterostructures. Our material-
specific and predictive theory has allowed us to predict experimental ob-
servations, such as density-dependent exciton line-shifts and exciton-exciton
annihilation rates, that have been verified through joint theory-experiment
collaborations. Overall, this thesis provides microscopic insights into exciton-
exciton interactions, which are expected to play a central role in the optimal
operation of optoelectronic devices and the realization of strongly correlated
electron-hole systems.

Keywords: transition-metal dichalcogenides, 2D materials, dark excitons

iii



iv



List of publications

This thesis contains an introductory text and the following appended papers:

I. Exciton-exciton interaction in transition metal dichalcogenide
monolayers and van der Waals heterostructures
D. Erkensten, S. Brem, E. Malic
Physical Review B 103, 045426 (2021)

II. Dark exciton-exciton annihilation in monolayer WSe2
D. Erkensten, S. Brem, K. Wagner, R. Perea-Causin, R. Gillen, J.D.
Ziegler, T. Taniguchi, K. Watanabe, J. Maultzsch, A. Chernikov, E.
Malic
Physical Review B 104, L241406 (2021) (Editor’s Suggestion)

III. Microscopic origin of anomalous interlayer exciton transport
in van der Waals heterostructures
D. Erkensten, S. Brem, R. Perea-Causin, E. Malic
Physical Review Materials 6, 094006 (2022)

IV. Electrically tunable dipolar interactions between layer-hybridized
excitons
D. Erkensten, R. Perea-Causin, S. Brem, J. Hagel, F. Tagarelli, E.
Lopriore, A. Kis, E. Malic
Nanoscale 15, 11064-11071 (2023)

V. Electrical control of hybrid exciton transport in a van der
Waals heterostructure
F. Tagarelli, E. Lopriore, D. Erkensten, R. Perea-Causin, S. Brem,
J. Hagel, Z. Sun, G. Pasquale, T. Taniguchi, K. Watanabe, E. Malic,
A. Kis
Nature Photonics 17, 615-621 (2023)

My contributions to the appended papers
As first-author in Papers I-IV, I developed the microscopic theory, performed
the numerical calculations, analyzed the results and wrote the papers with
input from my supervisor. In Paper V, I was the leading theory-author and
I developed the microscopic theory and performed all simulations.

v



Publications not appended in thesis

VI. Topology of critical chiral phases: Multiband insulators and
superconductors
O. Balabanov, D. Erkensten, H. Johannesson
Physical Review Research 3, 043048 (2021)

VII. Fermi-Pressure and Coulomb repulsion driven rapid hot plasma
expansion in a van der Waals heterostructure
J. Choi, J. Embley, D. Blach, R. Perea-Causin, D. Erkensten, S.
Brem, D. Kim, L. Yuan, T. Taniguchi, K. Watanabe, K. Ueno, E. Tu-
tuc, E. Malic, X. Li, and L. Huang
Nano Letters 23 (10), 4399-4405 (2023)

VIII. Exciton optics, dynamics and transport in atomically thin
semiconductors
R. Perea-Causin, D. Erkensten, J. Fitzgerald, J. Thompson, R. Rosati,
S. Brem, E. Malic
APL Materials 10 100701 (2022)

IX. Interlayer exciton polaritons in homobilayers of transition metal
dichalcogenides
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1
Introduction

Two-dimensional (2D) materials have remained at the heart of materials sci-
ence for more than a decade. In 2004, Andre Geim and Konstantin Novoselov
successfully isolated and characterized a single layer of carbon atoms —
graphene, a nanomaterial with exceptional optical, mechanical and electronic
properties [1]. Their pioneering work on graphene spurred an immense in-
terest in the rapidly growing family of atomically thin 2D materials, which
today ranges from insulating hexagonal boron nitride to semiconducting or
even superconducting transition-metal dichalcogenides (TMDs).1 The latter
have emerged as a highly promising class of materials for studying intrigu-
ing many-body phenomena and hold prospects for being integrated into the
next-generation electronic and optoelectronic devices [3–7]. TMDs are com-
posed by a transition metal (typically molybdenum or tungsten) sandwiched
between two layers of chalcogens (typically selenium, sulfur or tellurium), as
illustrated in Fig. 1.1. The semiconducting TMDs, including the extensively
studied MoSe2, MoS2, WSe2 and WS2, exhibit weak dielectric screening due
to their two-dimensional nature. Concretely, the electric field lines gener-
ated by the charge carriers confined in the TMD extend outside the material
and into the surrounding environment, which typically has a smaller permit-
tivity. As a consequence, the Coulomb interaction between charges inside

1The first transition-metal dichalcogenide monolayer was exfoliated in 2010 [2]. The
very same year, Geim and Novoselov were awarded the Nobel Prize for their groundbreak-
ing experiments on graphene.
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CHAPTER 1. INTRODUCTION

Figure 1.1: TMD monolayers have the chemical composition MX2, where M is a
transition metal and X is a chalcogen. The monolayers are shown from the side
(A) and from the top (B), revealing their honeycomb structure. Figure adapted
from [8] under a CCBY 4.0 license.

the TMD is remarkably strong and favors the formation of tightly-bound
electron-hole pairs, i.e. excitons [9,10]. These quasi-particles exhibit binding
energies of hundreds of meVs making them stable even at room tempera-
ture. Therefore, excitons are said to dominate the optical response of TMDs
and are expected to govern the efficiency of TMD-based photodetectors and
LEDs [7,11]. Obtaining a microscopic understanding of these quasi-particles
and their interaction mechanisms is hence crucial.

In recent years, the scattering mechanisms of excitons with other quasi-
particles including phonons [12–17], free or microcavity photons [18–20], free
charges in the presence of doping [21,22], and their impact on exciton optics,
dynamics and transport have received large attention. At elevated densities
of electrons and holes, excitons scatter also efficiently with other excitons,
which results in a broad range of interaction-driven phenomena including
excitation-induced dephasing [23, 24], exciton-exciton annihilation [25, 26],
density-dependent energy renormalizations of exciton resonances [27–30],
and anomalous exciton transport [31–34]. Although all these phenomena
have been experimentally observed, their microscopic origin have remained
elusive in transition-metal dichalcogenides owing to the complex nature of
the exciton-exciton interaction. In particular, excitons are typically formed
via optical excitation and their scattering characteristics are determined by
the exciton density. In the low-excitation regime, excitons behave as non-
interacting bosons, but at higher densities their underlying fermionic sub-
structure influences the scattering characteristics [35,36].

2



CHAPTER 1. INTRODUCTION

 

Figure 1.2: Exciton species in monolayer and bilayers with a parabolic band struc-
ture. (a) Bright KK excitons (yellow) and dark KΛ excitons (purple) in a TMD
monolayer. (b) Intralayer (blue) and interlayer (red) excitons in a heterobilayer
with type-II band alignment.

In addition, the complex band structure of TMDs containing multiple val-
leys and sizable spin-orbit coupling [37, 38] gives rise to a plethora of opti-
cally active (bright) and inactive (dark) exciton states and results in a large
phase-space for scattering, see Fig. 1.2(a) [39]. The bright excitons form
when electrons are promoted from the valence band to the conduction band
at a single high-symmetry point in the hexagonal Brillouin zone. In con-
trast, (momentum)-dark excitons are composed by electrons and holes at
different symmetry points in the Brillouin zone [39–41] and need to scatter
with phonons in order to recombine [15, 42, 43]. There exists also spin-dark
excitons, i.e. excitons where the electrons and holes reside in conduction and
valence bands with opposite spin polarization. These excitons can recombine
e.g. via chiral phonons or can be seen directly in certain photoluminescence
experiments relying on a large aperture objective able to collect the radiation
stemming from their small but finite out-of-plane optical dipole moments [14].

The ultrathin nature of transition-metal dichalcogenides allows for stack-
ing TMD monolayers of top of each other, resulting in a van der Waals

3



CHAPTER 1. INTRODUCTION

heterostructure [44].2 Importantly, this extends the exciton landscape to
spatially separated interlayer excitons which are long-lived and exhibit out-
of-plane dipole moments (cf. Fig. 1.2(b)). The intra- and interlayer excitons
in a TMD multilayer can also be hybridized across the layers such that they
have both an intralayer and an interlayer component due to significant car-
rier tunneling. The dipolar nature of interlayer or interlayer-like excitons al-
lows these exciton species to couple efficiently to out-of-plane electric fields,
which could make them useful in the realization of electrically controlled
devices [50–53]. Finally, the long life-time of interlayer-like excitons could
facilitate exciton condensation [3, 4, 54].

1.1 Outline

In this thesis, we aim to investigate the impact of exciton-exciton interactions
on exciton optics, dynamics and transport in atomically thin semiconductors
at the microscopic level. In Chapter 2, a brief introduction to the theoret-
ical framework used throughout the thesis is given, i.e. the density-matrix
formalism and second quantization. In particular, we here emphasize the
Coulomb interaction and show how it gives rise to excitons. In addition, the
versatile exciton landscape in transition-metal dichalcogenides is discussed.
The electronic interactions and the relevant excitonic states are crucial inputs
for the exciton-exciton interaction discussed in Chapter 3. We show how to
formulate the exciton-exciton Hamiltonian and discuss the exciton-exciton
interaction in the context of intralayer, interlayer, and layer-hybridized exci-
tons, respectively. In Chapter 4, we demonstrate how exciton-exciton inter-
actions lead to experimentally accessible density-dependent shifts of exciton
resonances and in Chapter 5, we reveal the crucial role of dipole-dipole re-
pulsion in interlayer and hybrid exciton transport. Furthermore, in Chapter
6, we shed light on exciton-exciton annihilation in TMD monolayers, a non-

2In fact, stacking single monolayer crystals at different angles initiated the exciting
field of twistronics. This research field has gained immense attention recently, not the
least since the remarkable discovery of superconductivity in twisted bilayer graphene in
2018 by Pablo Jarillo-Herrero and collaborators [45]. Besides superconductivity, many so-
called moiré structures have been shown to host a plethora of intriguing correlated states
of matter including generalized Wigner crystal states, exciton density waves, and Mott
insulators [46–49].
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CHAPTER 1. INTRODUCTION

radiative Auger-like recombination process which fundamentally limits quan-
tum yields of 2D materials. Finally, in Chapter 7, some concluding remarks
and intriguing prospects for future research are provided.

1.2 Key outcomes

The thesis is based on five papers (I-V) and the key outcomes of each paper
are listed below.

Paper I: In this work we unveil the underlying mechanisms of exciton-exciton
scattering in TMD monolayers and heterostructures. In particular, we find
that intralayer excitons exhibit predominantly exchange interactions owing to
their fermionic substructure whereas interlayer excitons interact via classical
dipole-dipole repulsion. This paper served as a first step towards understand-
ing exciton-exciton interactions. Additional contributions to the interaction
including carrier-carrier exchange and correlation effects have been added
in subsequent publications. The main findings of Paper I are discussed in
Chapter 3.

Paper II: In this joint theory-experiment study, we reveal the crucial im-
portance of dark excitons in exciton-exciton annihilation (EEA) in WSe2
monolayers. We develop a general microscopic model for exciton-exciton
annihilation and find a characteristic temperature dependence of the EEA
rates, which is supported by temperature- and time-resolved photolumines-
cence measurements. The microscopic model and the insights of Paper II are
summarized in Chapter 6.

Paper III: In this work, we investigate the role of dipole-dipole repulsion, ex-
change and correlation effects in interlayer exciton transport in MoSe2-WSe2
heterostructures. Based on the Wigner function formalism, we find that
dipole-dipole repulsion between interlayer excitons accelerates the exciton
transport at elevated densities and renders the linear diffusion to anomalous
diffusion. The exciton transport is, however, slowed down by attractive ex-
change interactions and significant screening from surrounding excitons. The
impact of exchange and correlations contributions on exciton optics is dis-
cussed in Chapter 4 and section 4.1. Interlayer exciton transport is discussed

5



CHAPTER 1. INTRODUCTION

in Chapter 5, sections 5.1-5.2.

Paper IV-V: In both these works, we reveal the remarkable electrical tun-
ability of hybrid excitons and how exciton transport can be electrically con-
trolled in WSe2 homobilayers. In Paper IV, we microscopically model hy-
brid exciton-exciton interactions and reveal the emergence of two interaction
regimes involving mostly intralayer-like and interlayer-like excitons, at low
and high electric fields, respectively. In the joint experiment-theory study,
Paper V, the theoretically predicted interaction regimes are also verified
experimentally by means of spatiotemporally resolved photoluminescence
measurements and shown to result in highly electric-field-dependent exci-
ton transport. The electrical tuning of hybrid exciton-exciton interactions is
discussed in Sections 3.4 and 4.2. Hybrid exciton transport is discussed in
Chapter 5, section 5.3.

6



2
Theoretical framework

Here, a brief introduction to the theoretical framework used to model many-
body interactions in two-dimensional semiconductors is provided. The frame-
work relies on second quantization, a formalism which in the field of con-
densed matter physics is commonly used to model the excitation kinetics
of a quantum system of interacting electrons, phonons and photons. Here,
we focus on the electronic interaction mechanisms of relevance to this work
and the appended papers, i.e. the Coulomb interaction between carriers. In
particular, we show how the strong Coulomb interaction in two-dimensional
materials gives rise to tightly bound excitons.

2.1 Second quantization formalism

In quantum mechanics, we usually distinguish between two different types
of particles: bosons and fermions. The distinction originates from the sym-
metry of wave functions under particle exchange, with the wave function
being symmetric for bosons and anti-symmetric for fermions. The former
can in second quantization formalism be represented by commuting creation
operators b†i (or annihilation operators bi) and the latter are represented by

7



CHAPTER 2. THEORETICAL FRAMEWORK

anti-commuting operators a
(†)
i such that

{ai, a†j} = δi,j (fermions)

[bi, b
†
j] = δi,j (bosons) ,

(2.1)

where the compound indices i, j contain information about the state of the
particles, e.g. their momentum, spin, band and valley they reside in1. Typical
examples of bosons are phonons or photons and common fermions are elec-
trons or holes (signifying a vacancy in the valence band, i.e. the absence of
an electron). Depending on the density also excitons, although formally be-
ing a combination of electrons and holes, can be described as non-interacting
bosons [55–57]. This topic will be further discussed in Chapter 3. Here, we
only consider interactions between fermions.

Using second quantization formalism we may connect the creation and an-
nihilation operators introduced above to single- and two-particle operators,
Ô1 and Ô2, respectively. In particular, single-particle operators only involve
the coordinates of a single particle, and two-particle operators, such as the
Coulomb interaction between charges, involve coordinates of two particles.
The operators are generally expressed as

Ô1 =
∑

i,j

⟨i|ô1|j⟩a†iaj , Ô2 =
1

2

∑

i,j,l,m

⟨i,j|ô2|l,m⟩a†ia†jalam , (2.2)

where the first-quantized operators ô1 and ô2 act on single particle states |i⟩
and two-particle states |i,j⟩, respectively. The expressions in Eq. (2.2) also
hold for bosons. Most many-body systems can be described by a Hamiltonian
operator, Ĥ =

∑
i Ô

i
1 +

∑
i Ô

i
2, which is given by the sum of single-particle

and two-particle contributions. In the following, we will present the many-
particle Hamiltonian of relevance to this work.

1The word valley in the context of intra- and intervalley excitons is used extensively
in this thesis. The electronic band structure of transition-metal dichalcogenides exhibits
multiple valleys in the first Brillouin zone, that is, local extrema, in which it is energetically
favorable for a particle to reside in.

8



CHAPTER 2. THEORETICAL FRAMEWORK

2.2 Many-particle Hamiltonian

The Hamiltonian is a crucial quantity which determines the energy spec-
trum and the time evolution of a quantum system. Here, the quantum sys-
tem we consider includes interacting and photo-excited electrons in a two-
dimensional lattice. In particular, such a system is described by the electronic
many-particle Hamiltonian H = H0 +Hc−c where H0 is the kinetic contribu-
tion due to (quasi)-free electrons in a lattice and Hc−c is the electron-electron
Hamiltonian.2

Kinetic Hamiltonian

The Hamiltonian describing (quasi)-free electrons in a lattice reads

H0 =
∑

λ,k

ϵλka
†
λ,kaλ,k , (2.3)

with the single-particle band structure ϵλk being dependent on momentum
or wave number k and the band index λ. The electronic band structure is
typically obtained from ab initio calculations and contains several conduction
band minima or valence band maxima around the symmetry points of the
Brillouin zone. In Fig. 2.1, we show the schematic band structure of a
transition-metal dichalcogenide monolayer revealing a direct band gap at the
K-point. In particular, we note that optical excitation takes place around
the K(’)-points, but that also the Γ and Λ(’)-points3 could be important for
scattering processes involving holes and electrons, respectively. Moreover, the
K and K’-valleys and the Λ and Λ’-valleys have opposite spin configuration
and are related by time-reversal symmetry [37]. The ordering of spin-split
bands (red and blue lines) in the band structure corresponds to a tungsten-
based material, while in molybdenum-based TMDs the two conduction bands
are swapped [38]. See e.g. Ref. [38] for more details on the band structures
of TMDs. Around the symmetry points the single-particle dispersion can be

2More generally, the Hamiltonian contains contributions also from other quasiparticles
such as phonons and photons. We will focus on the electronic contributions here.

3The Λ-point is also commonly denoted the Q-point or Σ-point in literature.
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CHAPTER 2. THEORETICAL FRAMEWORK

Figure 2.1: Sketch of band structure of a W-based transition-metal dichalcogenide
monolayer. The band structure is shown along the Γ − Λ − K − M line in the
hexagonal Brillouin zone (inset) and includes spin-orbit split bands (red and blue
lines).

approximated as a parabola within the effective mass approximation [58]

ϵλk = ϵλ0 +
ℏ2k2

2mλ
, (2.4)

where λ = c (λ = v), is a conduction band (valence band), and ϵλ0 is a constant
energy taking into account e.g. spin-orbit splitting of bands (red and blue
lines in Fig. 2.1). The momentum k is expressed relative to the considered
high-symmetry point in the Brillouin zone and mλ is the effective mass. The
effective mass is directly related to the (inverse) curvature of the band such
that mλ = ℏ2/∂2

kϵ
λ
k, and is directly extracted from the single-particle band

structure.

Electron-electron Hamiltonian

Now, we consider the interaction between charge carriers represented by the
following two-particle Hamiltonian

Hc−c =
1

2

∑

i,j,l,m

V ijlma†ia
†
jalam , (2.5)

10



CHAPTER 2. THEORETICAL FRAMEWORK

where V ijlm = ⟨i,j|V (r− r′)|l,m⟩ is the Coulomb matrix element and can be
expressed via the Fourier transform as

V ijlm =
∑

q

VqFim(q)Fjl(−q) , Ffi(q) = ⟨f |eiq·r|i⟩ , (2.6)

where the form-factor Ffi(q) describes the probability of scattering from an
initial state |i⟩ to a final state |f⟩ with the momentum transfer q. The
Coulomb interaction includes intraband (λi = λm = λj = λl) as well as
interband processes, i.e. scattering processes involving different bands. By
restricting to the dominant scattering processes with a small momentum
transfer q (compared to the Brillouin zone) we may approximate the form-
factors as

Ffi(q) = ⟨kf , λf |eiq·r|ki, λi⟩ ≈ δλi,λf
δq,kf−ki

+ iq · dλfλi
, (2.7)

where we have here assumed Bloch states as initial and final states, i.e.
⟨r|i⟩ = eiki·ruλiki

(r) and introduced the transition dipole matrix element
dλfλi

= ⟨kf , λf |r|ki, λi⟩. The transition dipole matrix element can also be
expressed in terms of an optical matrix element, Mλfλi

= ⟨kf , λf |∇k|ki, λi⟩ ∝
dλfλi

[59]. Furthermore, we consider in the following a two-band model
including one conduction band c and one valence band v (λ = c,v). In this
specific case we may express the Coulomb interaction as

Hc−c =
1

2

∑

k,k′,q
λ,λ′

V λλ′
q a†λ,k+qa

†
λ′,k′−qaλ′,k′aλ,k

+
1

2

∑

k,k′,q
λ ̸=λ′

V̄ λλ′
q a†λ,k+qa

†
λ′,k′−qaλ,k′aλ′,k ,

(2.8)

with V λλ′
q = Vq and V̄ λλ′

q ≡ Vq|q ·Mλλ′|2 making use of Eq. (2.7). The sec-
ond interband term in Eq. (2.8) is commonly referred to as the electron-hole
exchange interaction [60]. In Fig. 2.2, we provide a schematic illustration of
the relevant intraband and interband Coulomb scattering processes within
the parabolic two-band model. Here, we have excluded terms with an odd
number of conduction band or valence band electron operators, i.e. terms de-
scribing Auger or impact excitation processes [61, 62]. Auger recombination
is discussed in detail in Chapter 6. Up to this point, we have only dis-
cussed the Coulomb interaction for an ideal many-body system. In order to
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CHAPTER 2. THEORETICAL FRAMEWORK

Figure 2.2: Schematic illustration of intraband and interband Coulomb scattering
processes for a two-band model with parabolic bands.

develop a material-specific model which accurately captures interactions be-
tween charges inside a real semiconductor, we also have to take into account
finite thickness effects as well as the screening from substrates/environment.
Therefore, for two-dimensional semiconductors we employ the widely used
Keldysh-like screening [63–66] and consider a screened Coulomb potential

Vq =
Vbare,q

εq
, Vbare,q =

e20
2ϵ0A|q|

, (2.9)

where A is the crystal area, e0 is the electric charge, ϵ0 is the vacuum permit-
tivity and εq is the dielectric screening. For TMD monolayers4 the screening
is described within a Rytova-Keldysh framework [63, 64] and given by the
dielectric function [15]:

εq = κTMDtanh

[
1

2
[αTMDdq − ln(

κTMD − κsub

κTMD + κsub

)]

]
, (2.10)

where d is the layer thickness of the TMD, κTMD =
√
ε||ε⊥, αTMD =

√
ε||/ε⊥,

ε|| and ε⊥ being the in-plane and out-of-plane components of the dielectric
tensor of the TMD respectively and κsub is the effective dielectric constant

4In Papers I, III, IV-V we also considered TMD monolayers stacked on top of each
other, i.e. van der Waals heterostructures. In this case the Keldysh screening has to be
modified, which is done by solving the Poisson equation for a multilayer system [51,67].
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CHAPTER 2. THEORETICAL FRAMEWORK

of the substrate, here assumed to be given by the average of the dielectric
constants above and below the semiconductor. The material-specific dielec-
tric constants are extracted from ab initio calculations [68, 69]. A linearized
version of (2.10) is also commonly used in literature which holds assuming

dq ≪ 1 and κsub ≪ κTMD, εq = κsub + dε||q
2

. When describing scattering
processes involving a large momentum transfer (of the order of a reciprocal
lattice vector, G) one has to extract the screening from ab initio calculations
or consider a more refined screening model than the one provided by (2.10).5

2.3 Heisenberg’s equation of motion

Equipped with the electronic Hamiltonian including the relevant interaction
mechanisms, we are able to investigate how the many-body system evolves
in time and obtain microscopic access to observables using the Heisenberg
equation of motion. In the Heisenberg picture of quantum mechanics, ob-
servables are defined as expectation values of time-dependent operators and
their time evolution is governed by the equation of motion

iℏ
d

dt
⟨A⟩ = ⟨[A,H]⟩ , (2.11)

where A is the operator of interest, here assumed to be explicitly time-
independent. In principle, A can be expressed as any combination of bosonic
and fermionic creation and annihilation operators, but in practice we are
interested in the time evolution of physically relevant quantities such as
microscopic polarizations pk,k′ = ⟨a†c,kav,k′⟩, describing a single electronic
transition from the valence band to the conduction band, or band occupa-
tions fλ

k = ⟨a†λ,kaλ,k⟩. More generally, the microscopic polarization and the
occupations are off-diagonal and diagonal elements of a density matrix re-
spectively, and the common framework in which these quantities are dealt
with is referred to as the density matrix formalism. Additional details on the
formalism can be found in [72]. Here, we focus on the equation of motion for
the polarization. By making use of Eq. (2.8) (here focusing on the first term

5In Paper II, we considered such exciton scattering processes and therefore we adapted
an analytic screening model [66] which is in good agreement with ab initio calculations
[70,71] also in the short wave-length limit.
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in Eq. (2.8)) we find

ṗk,k′ =
i

ℏ
(ϵck − ϵvk′)pk,k′

− i

ℏ
∑

k1,q,
λ

(V vλ
q ⟨a†c,ka†λ,k1−qaλ,k1av,k′−q⟩ + V λc

q ⟨a†λ,k1+qa
†
c,k−qaλ,k1av,k′⟩) .

(2.12)

Now, we have encountered a typical problem when dealing with Heisenberg
equations of motion and many-particle interactions: the single-particle quan-
tity (∼ ⟨a†iaj⟩) in the left-hand side of the equation couples to a two-particle

quantity (∼ ⟨a†ia†jalam⟩), which in turn needs to be evaluated, leading to a
system of differential equations which is not closed. This issue is referred to
as the hierarchy problem and is solved by applying a cluster expansion and
systematic truncation. In general, any many-particle operator quantity can
be factorized into correlations denoted by ⟨...⟩c of lower order [72]. Here, we
will only provide the important cluster expansion for a fermionic two-particle
expectation value, the so-called Hartree-Fock factorization:6

⟨a†ia†jakal⟩ = ⟨a†jak⟩⟨a†ial⟩ − ⟨a†jal⟩⟨a†iak⟩ + ⟨a†ia†jakal⟩c . (2.13)

The theory is now said to be treated on a Hartree-Fock level or a mean-field
level, which simplifies the system to a single-particle problem in which the
many-body correlations ⟨...⟩c are dropped. However, in order to describe
scattering processes such as carrier-carrier scattering or exciton-exciton scat-
tering (cf. Paper I) or the formation of bound particles, the correlations
have to be kept. Here, we apply the Hartree-Fock approximation (2.13) to
Eq. (2.12) and deduce

ṗk,k′ =
i

ℏ
(ϵ̃ck − ϵ̃vk′)pk,k′ − i

ℏ
(f v

k′ − f c
k)
∑

q

V cv
q pk+q,k′+q , (2.14)

with the renormalized band energies

ϵ̃λk = ϵλk −
∑

q

V λλ
q fλ

k+q . (2.15)

6A similar expansion can be made for bosonic operators, b
(†)
i , but then the intermediate

minus sign becomes a plus sign, reflecting their commuting nature.
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Noting that the occupation of valence band electrons f v
k = 1 − fh

k , where fh
k

is the occupation of holes, we can rewrite the equations above in terms of
electrons and holes and obtain the semiconductor Bloch equation for the po-
larization in the absence of electron-light coupling [72]. In the low excitation
regime, it furthermore holds that f v

k ≈ 1 and f c
k ≈ 0 which simplifies the

equations drastically. However, when treating exciton-exciton interactions
which become important at high electron-hole densities, the phase-space fill-
ing factors (∼ f v, f c) should be kept, as discussed in detail in Section 4.1.
Let us now consider (2.14) in detail, in this chapter assuming low densities
of electrons and holes. The presence of the second term, which is due to the
electron-hole interactions gives, as we shall see, rise to excitons.

2.4 The emergence of excitons

We shall now show that the electron-hole interaction results in bound exci-
tons, quasiparticles whose binding energy is governed by the Coulomb inter-
action. Assuming small densities of electrons and holes, the eigenfrequency
of the polarization is given by the transition energy ϵck − ϵvk′ (up to a factor
ℏ), but the presence of the electron-hole Coulomb interaction leads to a mix-
ing of electron and hole momenta. The mixing of electronic momenta can,
however, be disentangled by going to a different basis. This can be easily
achieved by transforming the electronic momenta k,k′ to the center-of-mass
momentum Q and relative momentum q defined according to

Q = k− k′ ,q = βk + αk′ , (2.16)

introducing the mass ratios β = mh/(me + mh) and α = me/(me + mh).
Secondly, note that, in the vicinity of band extrema, the electronic dispersion
can be well approximated by a parabolic dispersion (Eq. (2.4)) such that

ϵck − ϵvk′ =
ℏ2k2

2me

+
ℏ2k′2

2mh

+ Eg =
ℏ2Q2

2M
+

ℏ2q2

2µ
+ Eg , (2.17)

where M = me+mh and µ = memh/(me+mh) is the total and reduced mass
of an electron-hole pair respectively and Eg = ϵc0 − ϵv0 is the quasiparticle
band gap. Importantly, the center-of-mass and relative motion has been

15



CHAPTER 2. THEORETICAL FRAMEWORK

decoupled through the effective mass approximation. Hence, we may project
our microscopic polarization pk,k′ to an excitonic basis such that

pk,k′ → pq,Q =
∑

n

φ∗
n,qPn,Q , (2.18)

defining the orthonormal excitonic wave functions φn,q, n numbering the exci-
tonic state, and Pn,Q being the excitonic polarization. With these definitions
and taking the low density limit (2.14) transforms into

Ṗn,Q =
i

ℏ
(
ℏ2Q2

2M
+ Eg + En)Pn,Q , (2.19)

where the eigenenergies En and associated eigenfunctions are obtained from
the Wannier equation

ℏ2q2

2µ
φn,q −

∑

k

V cv
k φn,k+q = Enφn,q . (2.20)

Now, we admire the simplicity of the equation above. We have just ob-
tained an equation describing Wannier7 excitons which is in perfect analogy
to the corresponding time-independent Schrödinger equation for a hydrogen
atom. Here, the attractive electron-hole interaction gives rise to strongly
bound excitons. Similarly, as in the hydrogenic case, the energy levels of
excitons follow a Rydberg-like series, n = 1s,2p,2s..., up to the continuum,
as is schematically shown in Fig. 2.3 (b). However, importantly, in con-
trast to free hydrogen atoms, excitons in two-dimensional semiconductors
are screened by its environment, that is by the TMD itself and its substrate.
This crucially impacts the strength of the Coulomb interaction, through the
non-local dielectric screening εq, cf. (2.10). Furthermore, as already dis-
cussed in the previous chapter, the electrons and holes do not have to reside
at the same high-symmetry point in the Brillouin zone, but can form so-
called (momentum)-dark or intervalley excitons through the scattering with
phonons [76,77]. Remarkably, even though the Λ-point lies above the K-point
in the electronic band structure in tungsten-based TMDs (Fig. 2.3(a)), the

7Formally, one distinguishes between Wannier excitons [73], which are excitons with a
Bohr radius (spatial extension) larger than the lattice spacing as is typically the case in
semiconductors, and Frenkel excitons [74] which extend over a unit cell, typically found
in molecular crystals [75]. Edward Frenkel invented the concept of excitons in 1931.
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Figure 2.3: Excitons in the electron-hole picture and the excitonic picture for a
W-based TMD monolayer. (a) Electrons and holes residing around the same high-
symmetry point (K) form intravalley KK excitons (yellow). Electrons and holes
may also form e.g. KΛ intervalley excitons (purple). The spin polarizations of
the bands are indicated by solid and dashed lines respectively, and here we only
consider spin-allowed, so-called A excitons. (b) In the excitonic picture, excitons
exhibit a parabolic dispersion and form a Rydberg-like series of exciton states.

excitonic dark KΛ state lies energetically below the bright state in the exciton
picture (Fig. 2.3(b)), due to the large electron mass at the Λ-point.

By numerically solving the eigenvalue problem in (2.20) employing the screening-
dependent electron-hole interaction (2.9) with material-specific parameters
obtained from ab initio calculations (including effective masses [38] and di-
electric constants [68]), we get access to the energy spectrum of excitons.

In Fig. 2.4(a), we illustrate the 1s and 2p KK excitonic wave functions in
monolayer WSe2 encapsulated in the commonly used substrate hexagonal
boron nitride (hBN), revealing the usual radial shape of s and p-states. As
shown in Fig. 2.4 (b), the excitonic binding energies in TMDs are several
hundreds of meV, and are significantly reduced when increasing the dielectric
constant of the substrate. The huge binding energies found in TMDs enable
excitons to be stable even at room temperature.
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Figure 2.4: Wave functions and binding energies of KK excitons. (a): Excitonic
wave functions for KK 1s and 2p excitons in hBN-encapsulated monolayer WSe2.
(b): Excitonic binding energies as function of the dielectric constant.

2.5 Excitonic operators

In the previous section we provided a general recipe for how excitonic effects
can be accounted for in a microscopic theory. Firstly, we investigated the
relevant interactions in the electron-hole picture and secondly, we found the
equation of motion for an observable of our interest (e.g. the microscopic
polarization or the carrier population) by means of Heisenberg’s equation of
motion and finally, we transformed the resulting equations of motion into an
excitonic basis. An alternative approach to excitons relies on starting from a
Hamiltonian which contains the excitonic effects from the beginning, i.e. a so-
called excitonic Hamiltonian which is expressed through excitonic operators.
This approach is highly convenient when it comes to treating interactions
as it drastically reduces the number of operators needed to describe the
dynamics. We will only sketch the derivation of the excitonic Hamiltonian8

here and refer the interested reader to the works by Katsch et al. [55] in the
context of excitons and Ivanov and Haug [56] for a more general treatment.
Note that we may represent the creation and annihilation of an exciton with

8Historically, the excitonic Hamiltonian was first introduced through the boson formal-
ism by Usui in 1960 [57] shortly followed by works from Marumori [78] and Hanamura [79].
However, here we employ the unit operator technique introduced by Ivanov and Haug in
1993 [56] and outlined in detail in [55].
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the pair operators

P †
k1,k2

= a†c,k1
av,k2 , Pk1,k2 = a†v,k2

ac,k1 , (2.21)

respectively. Here, the pair operators are only dependent on the momenta
k1 and k2, but they could also generally depend on valley, spin and layer
configuration. In particular, the excitonic operator formalism can straight-
forwardly be extended to layer-hybridized excitons in TMD multilayers cf.
Ref. [80] and Paper IV-V. Given the construction of the pair operators, the
corresponding commutator relations are found directly using Eq. (2.1)

[Pk1,k2 , Pk3,k4 ] = [P †
k1,k2

, P †
k3,k4

] = 0 , (2.22)

and

[Pk1,k2 , P
†
k3,k4

] = δk2,k4δk1,k3 − δk2,k4a
†
c,k3

ac,k1 − δk1,k3av,k2a
†
v,k4

. (2.23)

From the two equations above we obtain two crucial insights about excitons.
First, we note that (2.22) states that two electron-hole pair annihilation or
creation operators are symmetric under exchange. Secondly, (2.23) illustrates
that excitons, in general, are neither bosons or fermions but obey so-called
cobosonic commutator relations. In the weak excitation regime, in which
the two-operator quantities ⟨a†c,k3

ac,k1⟩ ∼ f c and ⟨av,k2a
†
v,k4

⟩ ∼ fh can be ne-
glected, excitons can be directly approximated as bosons. However, excitons
are composed of fermions and at elevated densities of electrons and holes, the
commutator acquires correction terms of the order O(nxa

2
B) and beyond, nx

being the exciton density and aB being the excitonic Bohr radius (aB ∼ 1 nm,
in the case of monolayer TMDs). As a consequence, one finds that excitons
can be considered as weakly interacting bosons at densities nx ≪ 1014 cm−2.9

By employing the identity operator method [56] purely electronic quantities
are transformed to the pair-operator picture as follows [55]

a†c,k1
ac,k2 ≈

∑

k3

P †
k1,k3

Pk2,k3 −
1

2

∑

k3,k4,k5

P †
k1,k3

P †
k4,k5

Pk4,k5Pk2,k3 , (2.24)

9This crude density constraint does not take into account that the exciton Bohr radius
also gets renormalized at elevated densities. Furthermore, at large densities of electrons
and holes (typically at densities nx ∼ 1013 cm−2 [81]), excitons undergo the so-called
Mott transition, at which they dissociate into free electrons and holes. In this work,
and throughout the appended papers we stay in a density regime well below the Mott
transition.
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and

av,k1a
†
v,k2

≈
∑

k3

P †
k3,k1

Pk3,k2 −
1

2

∑

k3,k4,k5

P †
k3,k1

P †
k4,k5

Pk4,k5Pk3,k2 . (2.25)

Formally, one has to include an infinite number of pair operator terms in the
expansions above, but depending on the excitation regime it is often sufficient
to just consider terms up to first order in the excitation density, such that
f e,fh ∼ ⟨P †P ⟩. Additionally, we may, by analogy with (2.18), expand the
pair operators in a complete set of excitonic wave functions and form new
excitonic operators X(†) according to

P †
k1,k2

=
∑

n

X†
n,k1−k2

φ∗
n,βk1+αk2

, (2.26)

where the sum is taken over all exciton states, n = 1s,2p,2s.... Now, taking
the two-band Hamiltonian, H = H0 +He−h where H0 is the free Hamiltonian
(2.3) in the effective mass approximation and He−h contains the attractive
electron-hole interaction, as an example, it can be transformed directly to an
excitonic Hamiltonian via the pair operator expansions above:

H0 =
∑

k

(ϵcka
†
c,kack − ϵvkav,ka

†
vk)

≈
∑

n,m,k,Q

ℏ2k2

2µ
X†

n,QXm,Qφ
∗
n,kφm,k +

∑

n,Q

ℏ2Q2

2M
X†

n,QXn,Q ,

He−h =
∑

k,k′,q

V cv
q a†c,k+qa

†
v,k′−qav,k′ac,k ≈ −

∑

Q,q,k,n

V cv
q X†

n,QXm,Qφ
∗
n,k+qφm,k .

By making use of the Wannier equation, (2.20), we deduce that H0 +He−h ≈
Hx,0 where

Hx,0 =
∑

n,Q

En
QX

†
n,QXn,Q , En

Q = En +
ℏ2Q2

2M
. (2.27)

By commuting our new Hamilton operator (2.27) with the excitonic polar-
ization Pn,Q ≡ ⟨X†

n,Q⟩ we directly obtain (2.19) (omitting the band gap Eg).
This bosonic Hamiltonian could also have been read off directly from Eq.
(2.19). This way of deriving the bosonic Hamiltonian ensures that the equa-
tions of motion one obtains in the exciton picture are consistent with the
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equations of motion in the electron-hole picture. In the following chapter, we
will use this procedure in order to derive an effective interaction Hamiltonian
for excitons also taking exciton-exciton interactions into account. Finally, we
note that other interaction mechanisms such as exciton-phonon interaction
and exciton-photon interactions can also be incorporated into an effective
bosonic exciton Hamiltonian in a similar fashion as outlined above [55,82].
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3
Exciton-exciton interactions

A plethora of non-linear quantum phenomena in two-dimensional semicon-
ductors, ranging from anomalous diffusion and non-conventional exciton trans-
port [33, 52, 83] to optical non-linearities [84–86], have been experimentally
observed and are attributed to exciton-exciton interactions. Developing a
microscopic theory for these many-body interactions has, however, been
proven to be challenging due to the underlying fermionic substructure of
excitons [35, 87, 88]. In this chapter, we present the many-body Hamilto-
nian which takes into account exciton-exciton interactions in transition-metal
dichalcogenide monolayers and heterobilayers. In particular, we show that
intralayer and spatially separated interlayer excitons interact in fundamen-
tally different ways: intralayer exciton-exciton interactions are governed by
quantum-mechanical exchange interactions between individual charges and
interlayer excitons exhibit predominantly dipolar interactions. Furthermore,
we show that the dipolar interactions between layer-hybridized excitons can
be efficiently tuned with electric fields.

3.1 Exciton-exciton Hamiltonian

An effective bosonic Hamiltonian which takes into account exciton-exciton
interactions can be derived in various ways. As outlined in Ref. [55] and [89]
(Paper I), one way of deriving an effective Hamiltonian is to directly trans-
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form the purely electronic Coulomb Hamiltonian (2.8) using the pair operator
expansions in Eqs. (2.24)-(2.25). It turns out that the resulting Hamiltonian
needs to be supplemented by cobosonic correction terms (stemming from the
deviation from a bosonic commutator, cf. Eq. (2.23)) and special care has to
be taken when evaluating equations of motion with such a Hamiltonian [55].
Here, we therefore instead derive an excitonic Hamiltonian from the equation
of motion of the polarization, an approach which was applied on a mean-field
level in Ref. [90] (Paper III) and in general in Refs. [91,92] (Papers IV-V).

The theoretical approach consists of four steps: i) find the equation of motion
for the polarization P = ⟨a†cav⟩ using the Coulomb Hamiltonian (2.8), ii)
order the appearing fermionic operators in such a way that they can be
replaced by excitonic pair operators and transform the entire equation to the
exciton basis, iii) make an Ansatz for an excitonic interaction Hamiltonian
and commute this Hamiltonian with the excitonic polarization, iv) read off
the excitonic Coulomb matrix element by demanding that the equations of
motion in ii) and iii) should coincide. The resulting Hamiltonian reads1

Hx−x =
1

2

∑

µ,ν
Q,Q′,q

Gµννµ
Q,Q′,qX

†
µ,Q+qX

†
ν,Q′−qXν,Q′Xµ,Q , (3.1)

where X(†) are bosonic creation and annihilation operators, the Greek let-
ters µ, ν = KK,KK′,KΛ... denote excitonic valley indices2 which could be
extended to hold also exciton state or layer degrees of freedom, and Q(′)

are exciton center-of-mass momenta. Here, we also restricted ourselves to
intravalley and intervalley Coulomb processes involving carriers in the same
or different valleys, respectively, but still with a small momentum transfer q.
This allows us to study scattering between excitons in different valleys as il-
lustrated in Fig. 3.1. As such the efficiency of the intravalley exciton-exciton
scattering process (I, purple) and intervalley exciton-exciton scattering pro-
cess (II, yellow), as shown in Fig. 3.1, is determined by the excitonic Coulomb
matrix elements Gµµµµ and Gµννµ with µ ̸= ν, respectively. The excitonic

1In the Supplemental Material of Ref. [91] we derive a more general Hamiltonian with
the interaction matrix element Gαβγδ, where α ̸= β ̸= γ ̸= δ. Here, we consider a valley-
conserving Hamiltonian.

2By convention, the first letter denotes the hole valley and the second letter denotes the
electron valley, e.g. a KΛ exciton denotes an exciton composed of a hole in the K-valley
and an electron in the Λ-valley. See also Fig. 2.3(a).
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Figure 3.1: Schematic illustration of exciton-exciton scattering channels. We dis-
tinguish between intravalley (I, purple) and intervalley (II, yellow) scattering pro-
cesses. Figure adapted from Ref. [89] (Paper I).

Coulomb matrix element can be expressed as

Gµννµ
Q,Q′,q = V µννµ

dir,q + V µννµ
exch,Q,Q′,q , (3.2)

where V µννµ
dir,q and V µννµ

exch,Q,Q′,q are referred to as direct and exchange exciton-
exciton interactions, respectively. The latter incorporates exchange of indi-
vidual electrons, holes or simultaneous exchange of electrons and holes. As
these interactions depend crucially on the screened Coulomb interaction ma-
trix elements V cc, V vv (intraband elements) and V cv, V̄ cv (interband elements,
cf. Fig. 2.2) their explicit form differ depending on whether interactions be-
tween intralayer excitons in a monolayer or interlayer excitons in a bilayer
are considered. Both cases are therefore discussed separately below.

3.2 Monolayer excitons

Direct interaction

In the case of TMD monolayers, it holds that the dominant long-range part
of the Coulomb interaction V λλ′

q ≈ Vq and is dependent on the dielectric
function εq which takes into account screening from the surrounding sub-
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Figure 3.2: Intravalley (KK, blue) and intervalley (KK’, red, KΛ, yellow) exciton-
exciton interactions in a WSe2 monolayer. Figure adapted from Ref. [89] (Paper
I).

strate and TMD layer itself, cf. Eq. (2.10).3 Hence, we find that the direct
part of the exciton-exciton interaction reads

V µννµ
dir,q =

1

2
Vq

(
Fµµ(βµq) − Fµµ(−αµq)

)(
Fνν(βνq) − Fνν(−ανq)

)∗

, (3.3)

where we defined the form-factors Fµµ(xq) =
∑

k φ
∗
µ,kφµ,k+xq, dependent on

the excitonic wave functions as obtained from the Wannier equation (Eq.
(2.20)) and the electron and hole masses through β = mh/(me + mh) and
α = me/(me + mh). Intriguingly, we note that this part of the interaction
gets boosted by increasing the mass asymmetry of the electronic constituents
involved in the scattering processes, as shown in Fig. 3.2(a). In particular,
considering scattering between KK and KΛ excitons (process II in Fig. 3.1),
we obtain a more efficient scattering due to the large mass asymmetry be-
tween holes at the K-point and electrons at the Λ-point. By expanding Eq.
(3.3) for small momentum and expressing the form-factors in real space via
the Fourier transform we can gain additional insights in the direct matrix
element,

V µννµ
dir,q ∼ Vqr

2
µ,Br

2
µ,Bq

4QµQν (for small q) . (3.4)

3The Coulomb interaction is also principally screened by other charge complexes in the
material at elevated densities. This issue is addressed in Section 4.1.
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Here, we introduced the effective exciton charge

Qµ =
mµe −mµh

mµe + mµh
, (3.5)

and the exciton Bohr radius rµ,B =
√
⟨µ|r2|µ⟩. Importantly, we note that

the direct interaction for monolayers is vanishing for q = 0 and that the
nature of the interaction is either repulsive or attractive depending on the
sign of the excitonic charge. Note that Qµ should not be thought of as
an electromagnetic charge, but rather as a polarizability where the large
mass imbalance in electron and hole constituents polarizes the excitons to
effectively become less neutral, making them interact stronger.

Exchange interactions

Moving on to the exchange part of the Hamiltonian, there are two contri-
butions to consider, one contribution being responsible for carrier-carrier
exchange (∼ V ) and one contribution due to electron-hole exchange interac-
tions (∼ V̄ ), cf. Fig. 2.2. In particular, we find for the latter contribution
(setting Q = Q′ = 0 for simplicity)

V µννµ
exch,0,0,q|e−h exch. = (δµh,νeU

µν
q + δνh,µeU

νµ
−q) , (3.6)

with Uµν
q =

∑
q1,q2

V̄ µν
q2−q1

Rµ(q1, α
µq)Rν(q2, β

νq) introducing the function
Rµ(q1, xq) = φ∗

µ,q1
φµ,q1+xq and the electronic electron-hole exchange inter-

action V̄ µν
q = Vq(q · Mµh

)(q · Mνe)
∗ with M being the optical matrix ele-

ment. As shown in Fig. 3.2(b), the exchange interaction strength dominates
over the direct interaction strength in TMD monolayers by almost an or-
der of magnitude. Furthermore, it is always repulsive and non-vanishing at
q = 0. Moreover, it is not as sensitive in changes in electron and hole masses
as the direct interaction. Finally, the carrier-carrier exchange contribution
reads [35,90,93]

V µννµ
exch,0,0,q|c−c exch. = δµe,νeX

µν(q, αµ, βν) + δµh,νhX
µν(−q, βµ, αν) , (3.7)

where Xµν(q, αµ, βν) = 1
2

∑
k,k′ Vk−k′(φµ,k′−q −φµ,k−q)φ∗

µ,k−αµqφ
∗
ν,k′−βνqφν,k′

and the Kronecker deltas ensure that exchange of individual carriers (elec-
trons or holes) can only take place if the electrons or holes reside at the same
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high-symmetry point. The momentum-dependence of the carrier-carrier ex-
change interaction is qualitatively the same as the electron-hole exchange in-
teraction as has been reported in Ref. [35,94] for single layer TMDs and quan-
tum wells, respectively. Note that both exchange contributions in Eq.(3.6)-
(3.7) are generally repulsive and result in a net repulsive exciton-exciton
interaction in TMD monolayers.4 In Paper III and in Section 4.1, we show
that this contribution to the exciton-exciton interaction results in signifi-
cant density-dependent energy renormalizations for excitons in a single TMD
monolayer.

3.3 Interlayer excitons in heterobilayers

When vertically stacking two or more transition-metal dichalcogenide mono-
layers together a van der Waals heterostructure is obtained, which enables
the formation of long-lived interlayer excitons, i.e., excitons composed of elec-
trons and holes in different layers [95]. Due to the increased dielectric screen-
ing from the other layer and weak Coulomb interaction between spatially sep-
arated charges, interlayer exciton binding energies are significantly smaller
than the exciton binding energies in a monolayer. In particular, considering
KK interlayer excitons in hBN-encapsulated MoSe2-WSe2 heterostructures
we deduce a binding energy of around 90 meV [89], which is approximately
half of the binding energy of the bright exciton in monolayer WSe2, cf. Fig.
2.4(b). Still, the type-II band alignment (Fig. 1.2(b)) in MoSe2-WSe2 makes
the formation of interlayer excitons highly favorable and, in fact, interlayer
exciton states are rendered the energetically lowest states in these structures
as has been verified by microscopic calculations [96, 97], time-resolved pho-
toluminescence measurements [50,85,98] and tr-ARPES measurements [44].

In order to generalize the exciton-exciton interaction in Eq. (3.1) to in-
terlayer excitons, we have to take into account the fact that the Coulomb

4The carrier-carrier exchange, Eq. (3.7), is not present in the bosonic Hamiltonian dis-
cussed in Paper I. However, importantly, the conclusion that exciton-exciton interactions
between intralayer excitons are predominantly due to exchange effects still holds. More-
over, as shown in Ref. [55], the Hamiltonian considered in Paper I can still be employed
to study exciton dynamics.
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interaction between spatially separated electrons and holes is weaker than
the Coulomb interaction between charges within a single TMD layer. By in-
troducing layer indices l and l̄ for the two layers and modifying the Coulomb
matrix elements V cc

q → V clcl
q = Vbare,q/ε

ll
q, V vv

q → V
vl̄vl̄
q = Vbare,q/ε

l̄l̄
q and

V cv
q → V

clvl̄
q = Vbare,q/ε

ll̄
q with layer-dependent dielectric functions [51, 99],

the direct exciton-exciton interaction, which previously just included inter-
actions between intralayer excitons (abbreviated X-X), is generalized to in-
terlayer exciton-exciton interactions (IX-IX) and intralayer-interlayer inter-
actions (IX-X) . Here, we will not provide the full expressions for these inter-
actions, but in analogy to (3.4), consider the small q limit for the interlayer
exciton-exciton interaction. In this case, one finds

V IX−IX
dir,q ∼ e20

2ϵ0

[
d1

ε
(1)
⊥

+
d2

ε
(2)
⊥

)

]
+ O(q) (for small q) , (3.8)

where di are the TMD layer thicknesses and ε
(i)
⊥ are perpendicular compo-

nents of the dielectric tensor of the TMDs, the latter being extracted from

Figure 3.3: Interlayer (IX) and intralayer (X) exciton-exciton interactions in
MoSe2-WSe2 heterostructures. (a): Momentum space representation of interaction
matrix elements. Interlayer excitons exhibit a permanent out-of-plane dipole mo-
ment and hence interact much stronger than intralayer excitons. (b): Schematic il-
lustration of intralayer and interlayer exciton-exciton interactions. Figures adapted
from Ref. [89] (Paper I).
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DFT calculations [100]. By inspection, the direct interlayer exciton-exciton
interaction is a dipole-dipole interaction, where the layer thicknesses di deter-
mine the separation between electrons and holes and thereby the out-of-plane
dipole moment of the interlayer excitons. Similarly, one finds that the in-
teraction between intralayer excitons in a heterostructure, V X−X

dir,q , scales with
Vqq

4 as in the monolayer case, and that the mixed interaction between intra-
and interlayer excitons, V X−IX

dir,q attains a constant value in the limit q → 0,
reflecting the permanent out-of-plane dipole moment of the IX.

The full momentum-dependent matrix elements are shown in Fig. 3.3(a),
revealing a strong repulsive interaction for all q for interlayer interactions,
reflecting the dipolar nature of spatially separated electron-hole pairs. We
have also, in the Supplementary Material of Paper IV, explicitly shown that
the direct interlayer exciton-exciton interaction in real space can be well
approximated as a dipolar interaction at large distances, i.e. V IX−IX

dir (r) =∑
q eiq·rV IX−IX

dir,q ∼ d2

ϵ|r|3 + O(|r|−5). The mechanisms governing the exciton-
exciton interactions between intra- and interlayer excitons are hence funda-
mentally different: the intralayer interaction is governed by excitonic wave
function overlaps and the (direct) interaction between interlayer excitons is
a result of strong dipole-dipole repulsion (Fig. 3.3(b)).

The exchange contributions to the interlayer exciton-exciton interaction can
be obtained in a similar fashion as the direct dipole-dipole repulsion. As
shown in Paper III, however, these contributions are significantly smaller
than the direct contributions. In particular, we find that the carrier-carrier
exchange is highly dependent on the layer separation and is generally weak
and attractive when the layer separation becomes comparable to the exciton
Bohr radius [90]. Furthermore, due to the spatial separation of electrons and
holes forming the interlayer exciton in a heterostructure, their optical matrix
element is suppressed, and consequently the corresponding electron-hole ex-
change contributions are completely negligible. The tunability of interlayer
exciton-exciton interactions with layer separation is further discussed in the
context of interlayer exciton transport in Section 5.2.
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3.4 Layer-hybridized excitons in homobilay-

ers

In a general transition-metal dichalcogenide bilayer, electrons and holes do
not have to be confined to individual layers, but can display significant inter-
layer tunneling. As a result, layer-hybridized excitons are formed, where the
constituent electrons or holes are delocalized across the two layers (cf. Fig.
3.4) [80]. The formation of such excitons is particularly favored in homobi-
layers, in contrast to in the type-II MoSe2-WSe2 heterostructure considered
previously, where the dominating exciton species have interlayer character.
As layer-hybridized excitons have a non-zero interlayer component, they also
carry an out-of-plane dipole moment which can couple efficiently to out-of-
plane electric fields. In Paper IV, we investigate the large electrical tunability
of the dipole-dipole repulsion between hybrid excitons in naturally stacked5

WSe2 homobilayers. In particular, taking WSe2 homobilayers as an example,
we find that these structures exhibit a rich hybrid exciton landscape involv-
ing momentum-dark hybridized excitons with varying layer composition (Fig.
3.4(a)). In the following, we show how the theoretical framework introduced
in Chapter 2 and above is used to treat hybrid exciton-exciton interactions.

We microscopically access the hybrid exciton landscape by diagonalizing the
Hamiltonian

Hx,0 =
∑

ξ,L,L′,Q

(Eξ
L,QδL,L′ + T ξ

LL′)X
†ξ
L,QX

ξ
L′,Q . (3.9)

Here, Eξ
L,Q is the layer (L) and valley (ξ)-dependent center-of-mass disper-

sion, i.e. a generalization of Eq. (2.27) to multiple layers and valleys. The
layer index L = (lh, le) and valley index ξ = (ξh, ξe) are compound indices
taking into account both electron and hole degrees of freedom. Furthermore,
T ξ
LL′ is the valley-specific excitonic tunneling matrix element which describes

the tunneling of individual electrons/holes between the two layers. The tun-
neling matrix elements are dependent on excitonic wave function overlaps

5This stacking configuration is also referred to as 2H-stacking or anti-parallel stacking,
where the constituent monolayers are rotated 180◦ with respect to each other. Other
stacking configurations, such as R-type stacking are also possible [80,97].
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Figure 3.4: Electrical field tuning of hybrid excitons in naturally stacked WSe2
homobilayers. (a): Mostly intralayer-like KΛ (interlayer-like KΛ′) hybrid excitons
are predominantly formed via electron tunneling at the Λ-point (Λ’-point). (b):
Exciton landscape in WSe2 homobilayers as function of electric field. A transition
from a mostly intralayer-like KΛ/K’Λ’ exciton ground state to an mostly interlayer-
like KΛ’/K’Λ exciton ground state occurs at |Ez| > 0.15 V/nm. Figure adapted
from Ref. [91] (Paper IV).

and electron/hole tunneling strengths, where the latter are obtained from ab-
initio calculations and reported for all common TMD bilayers in Ref. [97]. In
the considered naturally stacked WSe2 homobilayer, the Hamiltonian above
can be expressed as 4 by 4 matrix coupling the intralayer (L = X1,X2) and
interlayer (L = IX1, IX2) excitons via interlayer tunneling. We also include
an out-of-plane electric field in our calculations by exploiting the quantum-
confined Stark effect such that the interlayer exciton energy becomes renor-
malized as Eξ

IX,Q → Eξ
IX,Q +dTMDe0Ez, with the dipole length dTMD taken as

the TMD thickness and Ez being the electric field. In order to diagonalize

32



CHAPTER 3. EXCITON-EXCITON INTERACTIONS

the Hamiltonian in (3.9), we perform a transformation to a hybrid exciton
basis such that X†ξ

L,Q =
∑

η C
ξη
L (Q)Y †ξ

η,Q, introducing hybrid exciton operators

Y (†). By solving the resulting eigenvalue problem for the mixing coefficients
Cξη

L (Q), we gain access to both hybrid exciton energies and the probability
|Cξη

L (Q)|2 which determines the amount of intra- and interlayer components
of hybrid excitons.

In Fig. 3.4(b), the electric-field dependent exciton landscape in WSe2 homo-
bilayers is shown. We find that the exciton ground state at vanishing electric
fields is a momentum-dark KΛ exciton state appearing ∼ 160 meV below
the bright A exciton, in agreement with previous Bethe-Salpeter calcula-
tions [101] and luminescence experiments [102,103]. Importantly, as natural
(H-type) stacking is considered here where the two monolayers forming the
bilayer are rotated 180 degrees with respect to each other such that e.g. the
K-point of one the layers reside on the K’-point of the other layer in momen-
tum space. As a consequence, the ordering of spin-split bands is effectively
inverted in one of the layers [80]. This results in a two-fold degenerate ground
state with a K’Λ’ state which carries an opposite dipole moment to the KΛ
state. Moreover, the ground state is strongly hybridized and intralayer-like
(|CKΛ

X |2 ≈ 0.77, cf. colorbar), where the hybridization is induced predom-
inantly via electron tunneling at the Λ-point [80, 97, 101]. Furthermore, in
close vicinity of the KΛ/K’Λ’ states lies a mostly interlayer-like KΛ’-state
(cf. the band ordering in Fig. 3.4(a)).

Considering the effect of applying an out-of-plane electric field on the ex-
citon landscape, focusing on the case Ez > 0, we predict a transition in
the exciton ground state from the mostly intralayer-like two-fold degenerate
ground state to the KΛ’ state at Ez ≈ 0.15 V/nm. This is due to the strong
coupling to electric fields of KΛ’ excitons owing to their large interlayer com-
ponent (|CKΛ′

IX |2 ≈ 0.64 at vanishing fields). Signatures of the transition in
exciton ground state with electric fields have also been observed by means
of electric-field dependent photoluminescence measurements at low temper-
ature, cf. Ref. [92,102,104] and Paper V. The remarkable interplay between
different hybrid exciton ground states as a function of electric field becomes
even more intriguing at elevated densities, where exciton-exciton interactions
become important. In particular, focusing on the dipolar part of the exciton-
exciton interaction, we may distinguish between two fundamentally different
interaction regimes at low and high electric fields involving weakly interact-
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Figure 3.5: Electrical field tuning of hybrid exciton-exciton interactions in nat-
urally stacked WSe2 homobilayers. The interactions at vanishing electric fields
(Ez = 0) and at finite fields (Ez = 0.3 V/nm) are shown as solid and dashed lines,
respectively. Figure adapted from Ref. [91] (Paper IV).

ing KΛ/K’Λ’ excitons and strongly dipolar KΛ’/K’Λ excitons, respectively.
These regimes can be described by generalizing the exciton-exciton interac-
tion (3.1) to layer-hybridized excitons and transform the Hamiltonian to a
hybrid basis

H̃x−x =
1

2

∑

ξ,ξ′,Q,Q′,q

W̃ ξξ′
q Y †

ξ,Q+qY
†
ξ′,Q′−qYξ′,Q′Yξ,Q , (3.10)

with W̃ ξξ′
q =

∑
L,L′ V

ξξ′

L,L′,q|Cξ
L|2|Cξ′

L′ |2, Cξ
L being mixing coefficients determin-

ing the intra- (L = X) and interlayer (L = IX) composition of the hybrid
exciton in valley ξ. Here, we also assumed that the mixing coefficients depend
only weakly on momentum, which holds well in an untwisted homobilayer
where the momentum transfer via tunneling is small, and consider only the
lowest hybrid exciton state η. Importantly, the hybrid exciton-exciton in-
teraction mixes contributions from both intra- and interlayer exciton species
and weights the interaction with the corresponding mixing coefficients.

In Fig. 3.5, the electric-field dependent hybrid exciton-exciton interaction
strength is shown for different valley species in a WSe2 homobilayer. We find
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both repulsive interactions between excitons with the same valley configura-
tion (green and yellow lines) and weakly attractive interactions between KΛ
and K’Λ’ excitons, reflecting their opposite dipole moments. Furthermore, as
expected, the interaction is most repulsive between KΛ’ excitons which carry
the largest out-of-plane dipole moment. We also confirm, by considering the
interaction in real space, that the hybrid exciton-exciton interaction between
mostly interlayer-like excitons (green lines) resembles a dipole-dipole inter-
action (∼ 1/r3) in the long wavelength limit (cf. inset). Finally, we note
that both the KΛ-KΛ and the KΛ’-KΛ’ exciton-exciton interactions are en-
hanced with electric fields. This enhancement is explained by the increase
in interlayer component at elevated fields. In contrast, as KΛ and K’Λ’ ex-
citons carry opposite dipole moments, the mixing coefficient for one of the
excitons is increased meanwhile the mixing coefficient for the other exciton
is decreased resulting in the weak electric field dependence of the KΛ-K’Λ’
exciton-exciton interaction (red lines).

Having discussed the fundamental interaction mechanisms between intralayer,
interlayer and layer-hybridized excitons, we have set the stage for investigat-
ing how these mechanisms become manifest in high-excitation experiments.
In the following chapters, Chapters 4-5, we show how the exciton-exciton
Hamiltonian can be used to study density-dependent shifts of exciton reso-
nances and non-linearities in exciton transport.

35



CHAPTER 3. EXCITON-EXCITON INTERACTIONS

36



4
Coulomb-induced many-body effects in optical

spectra

In the previous chapter we provided the theoretical foundation for the exciton-
exciton interaction in mono- and bilayer transition-metal dichalcogenides.
Here, we show that the exciton Hamiltonian can be used to compute density-
dependent exciton energy renormalizations which become manifest in exper-
iments and optical spectra as excitation power-dependent shifts of exciton
resonances (Paper III). In particular, we emphasize the crucial role of dipole-
dipole repulsion between interlayer excitons, but also shed light on different
interaction mechanisms such as carrier-carrier exchange and higher-order cor-
relation effects. Moreover, electric fields are shown to provide important tun-
ing knobs for the control of non-linearities in optical spectra in homobilayers
(Papers IV-V).

4.1 Density-dependent exciton line shifts

In order to study how exciton resonances shift with exciton density, the
equation of motion for the excitonic polarization Pζ,Q = ⟨X†

ζ,Q⟩ is considered,
where ζ is a general compound index which could include e.g. valley, layer or
the exciton state index. Considering Heisenberg’s equation of motion with
the Hamiltonian H = Hx,0 +Hx−x with Hx,0 defined in Eq. (2.27) and Hx−x
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in Eq. (3.1) (with general quantum numbers) on a Hartree-Fock level we find

d

dt
Pζ,Q =

i

ℏ
Eζ,QPζ,Q +

i

ℏ
∑

ζ′,q

(Gζζ′ζ′ζ
Q,q,0 + Gζ′ζζ′ζ

Q,q,q−Q)N ζ′
q Pζ,Q , (4.1)

where we here assumed a spatially homogenous system, i.e. set ⟨X†
ζ,QXζ′,Q′⟩ =

δζ,ζ
′

Q,Q′N
ζ
Q, N being the exciton occupation and made use of the random phase

approximation [105] to factorize the equation in terms of occupations and po-
larizations.1 An important special case, which was considered in Paper III,
is obtained by assuming that the dynamics is governed by a single exciton
species, ζ ≡ ζ0, which is a good approximation at low temperatures. Fur-
thermore, at low temperatures, the exciton distribution is strongly peaked
around vanishing momenta, such that Nq ∼ nxδq,0, nx being the total ex-
citon density. Within these approximations and defining Pζ0,Q=0 ≡ Pζ0 and

2Gζ0ζ0ζ0ζ0
0,0,0 ≡ G0

d

dt
Pζ0 =

i

ℏ
(Eζ0 + ∆EHF(nx))Pζ0 ,∆EHF(nx) = G0nx . (4.2)

We note that the quantity ∆EHF(nx) renormalizes the bare exciton energy
Eζ0 as function of density. Importantly, the equation above is the excitonic
analogue of Eq. (2.14), where the carrier occupations (f c, f v) entering Eq.
(2.14) have here been transferred to excitonic occupations (N).

In Paper III, we also consider contributions beyond Hartree-Fock theory by
including correlation effects in the form of excitonic screening [106]. At ele-
vated densities, below the Mott transition and assuming that all electron-hole
pairs are bound, excitons screen each other [106], analogous to how electrons
or holes screen each other in a semiconductor [107]. This induces a density-
dependence also in the interaction matrix elements as well as in the electronic

1Here, we note that, before factorization, the polarization couples to a three-operator
expectation value ∝ ⟨X†

1X
†
2X3⟩. Since we derived the exciton-exciton Hamiltonian from

the corresponding equation of motion for the microscopic polarization in the electron-hole
picture we explicitly include terms associated with carrier-carrier exchange at the level of
the Hamiltonian and can straightforwardly expand appearing three-operators quantities
as bosonic operators. In Ref. [55], it is shown that a Hamiltonian without carrier-carrier
exchange can also be used, but then the factorization of bosonic operators is more involved.
Still, independently of which Hamiltonian is used, the resulting equations of motion coin-
cide.
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band gap and modifies the energy renormalization ∆EHF(nx) → ∆E(nx)
with

∆E(nx) = G̃0nx + ΣCH , (4.3)

where G̃0 is the screened excitonic matrix elements being dependent on the
screened electronic Coulomb interaction Ṽq = Vq/εexc(q), εexc(q) being the
static dielectric screening due to Coulomb-bound electron-hole pairs. The
second term in Eq. (4.3) is the Coulomb hole, ΣCH =

∑
q(V vv

q /εexc(q)−V vv
q )

which describes the reduction of single-particle energies at high densities [108]
and in our formalism enters as a renormalization due to the fully occupied
valence band. We consider the long wavelength limit (q → 0) of the exciton-
exciton interaction for intra- and interlayer excitons, here denoted G̃X−X

0 and
G̃IX−IX

0 , respectively. These momentum-independent matrix elements can be
separated into direct and exchange contributions as G̃L−L

0 = gLd−d + gLx−x,
L = X,IX and are obtained from Eq. (3.2), (3.6), (3.7) and (3.8). The direct
contributions read

gXd−d = 0 , gIXd−d =
e20
2ϵ0

[
d1

ε
(1)
⊥

+
d2

ε
(1)
⊥

]
(4.4)

and dominant intra- and interlayer exchange contributions due to carrier-
carrier exchange are given by2

gXx−x = 2
∑

k,k′

Ṽk−k′(φX,k′ − φX,k)φ∗
X,kφ

∗
X,k′φX,k′

gIX−IX
x−x =

∑

k,k′

(2Ṽ
clvl̄
k−k′φIX,k′ − (Ṽ clcl

k−k′ + Ṽ
vl̄vl̄
k−k′)φIX,k)φ∗

IX,kφ
∗
IX,k′φIX,k′ .

(4.5)

Here, φL,k with L = X, IX are intralayer and interlayer exciton wave func-
tions and Ṽ λlλl , Ṽ λλ̄l̄ , λ = c,v are screened intra- and interlayer Coulomb
interactions, respectively.

In Fig. 4.1, we show the density dependence of the energy renormaliza-
tion, ∆E, (Eq. (4.3)) for intralayer excitons (X) in a WSe2 monolayer and
interlayer excitons (IX) in a MoSe2-WSe2 heterobilayer. Importantly, we ob-
tain a net blue-shift of 15 meV for interlayer excitons at the exciton density

2One also obtains a minor repulsive correction to the intralayer energy renormalization
due to electron-hole exchange, but here we focus on the dominant terms and refer the
interested reader to the Supplementary Material of Paper III for a more general derivation.
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Figure 4.1: Density-dependent exciton line shifts in hBN-encapsulated MoSe2-
WSe2 heterobilayers and WSe2 monolayers respectively. Individual contributions
are added up consecutively. (a) Interlayer exciton line shifts as a function of
exciton density, nx including dipole-dipole, exchange interactions and Coulomb-
hole contributions. (b) Intralayer exciton line shifts. Figure taken from Ref. [90]
(Paper III).

nx = 4 · 1012 cm−2 as a result of strong dipole-dipole interactions- in qual-
itative agreement with experimental studies [85] and a similar red-shift for
intralayer excitons when increasing pump power, which we explain through
the interplay of Coulomb-induced repulsive and attractive interactions. The
contributions due to exchange differ qualitatively comparing intra- and in-
terlayer excitons, with the exchange contribution being strongly repulsive
in the intralayer case and weakly attractive in the intralayer case. As can
be seen in Eq. (4.5), the exchange contribution to the energy renormaliza-
tion is dependent on both electron-hole interaction and the carrier-carrier
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interaction. The electron-hole interaction is much weaker than the carrier-
carrier interaction for interlayer excitons as electrons and holes are confined
to different layers and exhibit significant screening. In general, these inter-
actions are sensitive to changes in layer separation, and the strength of the
exchange interaction is significantly reduced as the electron-hole separation
becomes of the order of the exciton Bohr radius and excitonic wave func-
tion overlaps become small [109,110]. Furthermore, the Coulomb-hole term,
which includes the mutual Coulomb repulsion between holes in the valence
band, results in a significant reduction of the line shifts for both intra- and
interlayer resonances.

The predicted line-shifts for interlayer excitons are in good agreement with
previous experiments [52, 85, 111]. Comparing previous power-dependent
line-shifts in experiments [33, 85, 86] and theory, we note that the obtained
energy renormalizations for intralayer excitons are overestimated. Photolu-
minescence experiments reveal that the shift of exciton resonances in TMD
monolayers with density is suppressed and of the order of 1 meV at densities,
nx ∼ 1012 cm−2 [33]. A better agreement between theory and experiment
could potentially be achieved by treating screening in a more sophisticated
way, e.g. using a model which incorporates dynamic screening effects [30,112]
. Furthermore, it has recently been suggested that interactions between exci-
tons and higher-order charge complexes such as biexcitons could reduce the
shifts of exciton resonances in TMD monolayers considerably [86]. Guided by
many-body calculations and state-of-the-art experiments, we will therefore
disregard the intralayer exchange renormalizations and focus on the dipolar
interlayer part of the exciton-exciton interaction when discussing density-
dependent luminescence shifts of layer-hybridized excitons in the following.

4.2 Electrically tunable dipole lengths of hy-

brid excitons

The Heisenberg equation of motion for the polarization as presented in Eq.
(4.2) can also be generalized to hybrid excitons, starting from the hybrid
exciton Hamiltonian (3.10) and excitonic polarization expressed in a hybrid
exciton basis as discussed in Paper IV. As the calculation of the corresponding
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energy renormalization ∆E is analogous to the calculation done above, we
will just provide the final expression for the hybrid energy renormalization
on a Hartree-Fock level (see Paper IV for details)

∆Eξ
HF(nx) =

∑

ξ′

(W̃ ξξ′ξ′ξ
0 + W̃ ξξ′ξξ′

0 )nξ′
x , (4.6)

where W̃ ξ1ξ2ξ3ξ4
0 = δξ1,ξ4δξ2,ξ3W̃

ξ1ξ2
0 with W̃ defined in Eq. (3.10) and nξ

x is
the valley-specific exciton density. In contrast to the section above, we here
include interactions between hybrid excitons in different valleys ξ and ξ′ as
we here want to consider a homobilayer in which generally several hybrid
excitons with different layer hybridization and valley configurations are en-
ergetically favorable (cf. Section 3.4 and Fig. 3.4). We may express the
energy renormalization in terms of an interaction dipole length, dξ according
to ∆Eξ

HF(nx) ∼ dξeffe
2
0nx/ϵ, where nx =

∑
ξ n

ξ
x. This quantity directly deter-

mines the corresponding valley-specific energy renormalization for a single
exciton. Furthermore, we define an average interaction-induced dipole length
for the whole exciton gas as deff = 1

nx

∑
ξ d

ξnξ
x, which can be interpreted as

a measure of the effective interaction strength in the system.

As the hybrid exciton-exciton interaction is highly electrically tunable (Sec-
tion 3.4), it follows that also the interaction-induced dipole and energy renor-
malizations in a homobilayer can be substantially enhanced with out-of-plane
electric fields, as is shown in Fig. 4.2(a). In particular, we find for the natu-
rally stacked WSe2 homobilayer, that the weak dipole-dipole interaction be-
tween KΛ and K’Λ’ hybrid excitons (Fig. 3.5), is characterized by negligible
interaction dipole lengths at vanishing electric fields. The transition between
exciton ground states at elevated electric fields, from a mostly intralayer-like
state to a mostly interlayer-like state (cf. Fig. 3.4(b) and Fig. 4.2(b)), is
accompanied by a drastic increase of the effective dipole length. As such,
we predict that substantial luminescence blue-shifts of the order of tens of
meVs can be engineered by applying an electric field, |Ez| > 0.15 V/nm.
In summary, we distinguish between two different regimes for interactions:
a low-dipole regime at |Ez| < 0.15 V/nm involving weakly interacting hy-
brids and a high-dipole regime at |Ez| > 0.15 V/nm. The transition between
the regimes is also tunable with temperature (cf. solid and dashed lines in
Fig. 4.2), reflecting the interplay in relative occupations of intralayer-like
and interlayer-like states at elevated temperatures.
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Figure 4.2: Interaction-induced dipole lengths in naturally stacked WSe2 homo-
bilayers. (a): Electrically tunable dipole lengths at T=10 K (solid lines) and
T=100 K (dashed lines). (b): Valley-specific exciton occupations, revealing a
transition from a mostly occupied intralayer-like state (red) to a mostly occu-
pied interlayer-like (blue) state at elevated electric fields, Ez. Figure taken from
Ref. [91] (Paper IV).

In Paper V, we show, by combining the microscopic theory outlined above
and electric field- and power-dependent photoluminescence measurements
carried out by the group of Andras Kis (EPFL), that electric fields indeed
can be used to enhance excitonic non-linearities in optical spectra [92]. The
repulsive interactions between dipolar excitons have also intriguing conse-
quences for how excitons move in space and time as is shown in the next
chapter.
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5
Anomalous exciton transport

Being able to control and track excitons in space and time is crucial for the
operation of TMD-based devices, such as excitonic transistors [111]. Exci-
tons have shown to be remarkably mobile and can be efficiently guided by
potential gradients [31, 50, 113, 114] and exhibit intriguing transport prop-
erties and unconventional diffusion [115–117]. Therefore, a lot of recent
research on 2D materials has been focused on understanding the underly-
ing interaction mechanisms governing exciton transport. In this chapter, we
shed light on the key role of electron-hole density in exciton propagation
in van der Waals heterostructures. It is shown that dipole-dipole repulsion
between interlayer excitons give rise to non-linear, so-called anomalous, exci-
ton transport. Moreover, the tuning of interlayer exciton transport with layer
separation is emphasized. Finally, we reveal that hybrid exciton transport
can be efficiently controlled with out-of-plane electric fields. Our findings
on interlayer exciton transport are reported in Paper III and hybrid exciton
transport is investigated in Paper IV and in a joint experiment-theory study,
Paper V. In the following, we summarize the most important insights on
exciton transport as obtained in Paper III-V.

Obtaining a thorough microscopic understanding of exciton transport across
a wide range of densities of electrons and holes remains challenging due to the
complex interplay between free and bound charge complexes [34]. However,
here we focus on excitation regimes in which excitons stay bound and dom-
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Figure 5.1: Exciton diffusion in atomically thin semiconductors. In the intermedi-
ate excitation regime, exciton transport is characterized by regular diffusion and
is governed by exciton-phonon scattering. At high densities, exciton transport can
be governed by exciton-exciton repulsion. The repulsion between excitons gives
rise to a drift force pushing excitons away from the excitation spot resulting in
anomalous diffusion. Figure adapted from Ref. [11] (Paper VIII).

inate the optical response, i.e. at densities nx ≈ 1010 − 1013 cm−2 [112]. At
intermediate electron-hole densities (nx ⪅ 1011 cm−2), exciton propagation is
governed by the scattering with phonons, and is referred to as conventional
or regular diffusion [118]. However, at larger densities, exciton-exciton in-
teractions become important resulting in anomalous diffusion, cf. Fig. 5.1.
In TMD monolayers, the observed non-linear exciton transport has been as-
cribed to efficient Auger scattering1 [115, 116], but in bilayers anomalous
diffusion is often a result of strong dipole-dipole repulsion between interlayer
excitons as evidenced by recent experiments [33, 52, 92]. Guided by these
experiments and our microscopic theory on exciton-exciton interactions de-
veloped in previous chapters, we are almost set for investigating exciton
transport at elevated densities in van der Waals heterostructures. First, we
need to extend the theoretical framework introduced in previous chapters to
excitons propagating in both space and time, i.e. resolve their spatiotemporal
dynamics.

1Auger scattering or exciton-exciton annihilation in monolayers is discussed in the
following chapter. Here, we focus on homobilayers and specific TMD heterostructures in
which Auger processes are seen to be less efficient [119].
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5.1 Drift-diffusion equation and spatiotempo-

ral dynamics

In order to microscopically access the spatiotemporal dynamics of excitons,
we turn to Wigner function formalism [120]. In this formalism, we gain infor-
mation about the spatial and temporal dependence via the Wigner function
NQ(r) =

∑
q eiq·r⟨X†

Q−q/2XQ+q/2⟩ , which is the quasiprobability distribu-

tion of excitons with center-of-mass momentum Q at position r [115]. Here,
X(†) are excitonic operators, as introduced in Section 2.5. As outlined in
detail in Ref. [120] for carriers, the spatiotemporal dynamics can be accessed
by evaluating the Heisenberg equation of motion for the off-diagonal quantity
NQ,Q′ ≡ ⟨X†

QXQ′⟩ and Fourier-transform the result to get an equation of mo-
tion for the Wigner function [115, 118]. To take exciton-exciton interactions
into account we make use of the excitonic Hamiltonian in Eq. (3.1), which
together with the free exciton Hamiltonian (2.27) gives the equation of mo-
tion for NQ,Q′ . By Fourier transforming and performing a Taylor expansion
with respect to momentum and space coordinates, the following equation of
motion is found

ṄQ(r,t) = −vQ∇rNQ(r,t) − vQ
kBT

· ∇r(∆E(n))NQ(r,t)(1 + NQ(r,t)) . (5.1)

Here, the first term describes free propagation of excitons with velocity
vQ = ℏQ

M
, M being the total exciton mass. The second term results in a

drift of excitons due to their mutual interaction which enters via the now
space- and time-dependent energy renormalization ∆E, obtained by pro-
moting nx → n(r,t) in Eq. (4.3). It was here assumed that the momentum
dependence in NQ(r,t) is given by an equilibrium Bose distribution with tem-
perature T . Next, we recognize the equation above as a Boltzmann transport
equation. By including also collision terms due to e.g. exciton-phonon scat-
tering, invoking the relaxation time approximation and making use of the
continuity equation (details spelled out in [120] ) we obtain an equation of
motion for the space- and time-dependent exciton density

∂tn(r, t) = ∇r · (D(n)∇rn(r, t)) +µm∇r · [∇r(∆E(n))n(r,t)]− n(r,t)

τ
, (5.2)
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with n(r,t) =
∑

Q NQ(r,t). Here, we introduced the diffusion coefficient

D = D0
Td

T
[exp(Td/T ) − 1]−1, D0 being the low-density diffusion coefficient2,

Td = 2πℏ2n
kBM

is the degeneracy temperature and µm = D0

kBT
is the exciton

mobility, following the Einstein relation. We also phenomenologically took
into account the radiative decay of excitons by including a term proportional
to 1/τ , τ being the life time.

Eq. (5.2) is commonly referred to as a drift-diffusion equation [121], with
the first term describing the free propagation of excitons and the second
term denoting the Coulomb-induced drift term, which at high densities is
responsible for anomalous diffusion (Fig. 5.1). In fact, the derived drift-
diffusion is very general and could be extended to include potential gradients
due to e.g. inhomogenous strain, or gating [83,111,122]. The solution to (5.2)
provides access to the space- and time-dependent exciton density and allows
us to investigate the impact of exciton-exciton interactions on non-linear
exciton transport further. In the following, we apply our material-specific
theory to investigate interlayer exciton transport in a TMD heterobilayer
and hybrid exciton transport in a homobilayer at elevated densities.3

5.2 Interlayer exciton transport

Here, we briefly summarize our theoretical findings on interlayer exciton
transport in an hBN-encapsulated MoSe2-hBN-WSe2 heterostructure as con-
sidered in a recent experiment [52]. In Fig. 5.2 we present the spatiotem-
poral dynamics of interlayer excitons obtained from solving Eq. (5.2). We
initialize the exciton density as a Gaussian distribution, such that n(x,y) =
nxexp[−(x2 + y2)/σ2(0)] with the initial peak density nx = 5 · 1012 cm−2

and variance (laser spot size) σ2(0) = 1 µm2. As time progresses the initial
distribution develops into a super-Gaussian as illustrated in Fig. 5.2(a). In-

2The diffusion coefficient, D0, is determined by exciton-phonon scattering rates which
can be microscopically calculated, see e.g. Ref. [115, 118]. In this work and Paper III-V,
we however adapt the diffusion coefficient from experimental measurements [52,92].

3Exciton transport in TMD monolayers has already been extensively studied for a
broad range of densities [32, 113, 115, 116, 123]. In particular, it has been shown that
monolayers exhibit intriguing unconventional diffusion characterized by spatial rings, i.e.
exciton halos, in the high excitation regime, at room temperature.
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Figure 5.2: Exciton transport in MoSe2-hBN-WSe2 heterostructures. (a) Time
evolution of exciton density n(x,y,t), assuming a Gaussian distribution at t = 0.
(b) Time-dependent spatial broadening, separating contributions from diffusion
(blue) and different drift terms. Note that the contributions are consequtively
added up. The dashed lines show the solution of the drift-diffusion equation as-
suming a Boltzmann distribution for the interlayer exciton. Figure adapted from
Ref. [90] (Paper III).

cluding, only diffusion, i.e. the first term in (5.2), we note that variance of the
distribution (Fig. 5.2(b)), i.e. the spatial broadening ∆σ2 = σ2(t) − σ2(0),
acquires a sublinear time-dependence (solid blue lines). This is a result of
efficient boson bunching, which is prominent at the very high considered
densities. In contrast, taking the diffusion coefficient as density-independent
corresponding to considering a Boltzmann distribution as initial distribution
for the excitons (dashed lines), we retain Fick’s law, i.e. a variance which
varies linearly with respect to time. However, including also exciton-exciton
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interactions, we deduce that the exciton transport is boosted and displays a
non-linear time dependence - a hallmark of anomalous diffusion. As the repul-
sive exciton-exciton interactions is weakly reduced by exchange interactions
(as a consequence of its net attractive nature for interlayer excitons, cf. Eq.
(4.5) and the discussion in Section 4.1) and exciton screening, the anomalous
diffusion becomes less enhanced when including all Coulomb-induced contri-
butions to the drift term. Finally, we note that the non-linear character of the
interlayer exciton transport can be tuned by changing the (initial) electron-
hole density nx. As shown in Paper III, electron-hole densities nx > 1012

cm−2 are needed in order for Coulomb-induced drift to dominate over purely
diffusive propagation.

As discussed already in the previous chapter, the strong dipole-dipole re-
pulsion between interlayer excitons is directly proportional to the spatial
separation between the electron and hole forming the interlayer exciton (Eq.
(4.4)). This implies that the exciton-exciton interaction is highly tunable
with layer separation and the interaction strength in van der Waals het-
erostructures can be experimentally controlled simply by including dielectric
spacers between the stacked TMD monolayers. In particular, to lowest order
in momentum, it can be shown, by generalizing the Keldysh screening for ex-
citons, that the inclusion of a dielectric spacer (e.g. hBN spacer) of thickness
dhBN and dielectric constant κhBN modifies the dipole-dipole interaction as
gd−d ∼ dTMD

εTMD
+ dhBN

κhBN
. We have, in fact, already been considering a heterotri-

layer in the transport study above, with a single hBN spacer (dhBN = 0.3
nm) acting as a dielectric4 between molybdenum- and tungsten-layers.
In Fig. 5.3, we show the time-dependent effective diffusion coefficient given

by the slope5 of the variance, i.e. Deff(t) ≡ 1
4

d
dt
σ2(t) for different number of

hBN spacers between the TMD layers. For small times t, the obtained effec-
tive diffusion coefficient can differ more than an order of magnitude from the
low density diffusion coefficient D0 (indicated with an orange dashed line).
This reflects the overall faster propagation of interlayer excitons at elevated

4The inclusion of a hBN spacer between the TMD layers does not only enhance the
dipole moment of interlayer excitons, but also suppresses the impact of moiré potentials
which may trap excitons and affect their transport properties [83,124].

5In the low density regime, where diffusion dominates over repulsive exciton-exciton
interactions, Eq. (5.2) can be solved analytically and the time-dependent two-dimensional
variance is given by ∆σ2 = 4D0t.
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Figure 5.3: Time-dependent effective diffusion coefficient for different number of
hBN spacers, n. The inset illustrates the dependence of the interlayer separation,
R = ndsingle,hBN, dsingle,hBN = 0.3 nm on the exciton-exciton interaction, revealing
a net increase of the interaction with layer separation. Figure taken from Ref. [90]
(Paper III).

electron-hole densities and the importance of the interlayer exciton drift (cf.
Eq. (5.2)). When increasing the number of hBN spacers between the lay-
ers, anomalous diffusion is enhanced as a consequence of increased dipole
moments of interlayer excitons with layer separation (cf. inset in Fig. 5.3).
Intriguingly, we also find that the exchange interactions become more at-
tractive as the number of hBN spacers increases, counteracting the repulsive
dipole-dipole interaction. This can be explained by the interplay of different
Coulomb matrix elements entering Eq. (4.5) and their dependence on dielec-
tric environment, cf. Paper III for details. As time progresses, excitons drift
away from the initial laser spot and exciton density drops, and eventually
conventional diffusion starts to dominate over Coulomb-induced drift, caus-
ing the effective diffusion coefficient to coincide with the low density diffusion
coefficient D0 = 0.15 cm2/s at t → ∞.

By tuning the layer separation between TMD layers we have hence shown
how the non-linear character of the interlayer exciton transport can be ex-
perimentally controlled. In Paper III, we also study alternative tuning knobs
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of exciton transport such as the surrounding substrate of heterostructure, as
well as the size of laser spot size.

The initial study on exciton transport discussed above paves the way for
investigating more complex material systems such as twisted moiré structures
where excitons can be trapped efficiently by strong moiré potentials [33,83] or
homobilayers where the dominating exciton species are layer-hybridized [125].
In the following, we return to the WSe2 homobilayers considered in Sections
3.4 and 4.2 and in Paper IV-V and discuss the remarkable electrical tunability
of hybrid exciton transport.

5.3 Electrical control of hybrid exciton trans-

port

In previous chapters, it was shown that layer-hybridized excitons couple ef-
ficiently to electric fields via their interlayer component and out-of-plane
dipole moment. It was moreover revealed that dipolar interactions betweeen
hybrid excitons are electrically tunable and demonstrated the emergence of
two intriguing interaction regimes in WSe2 homobilayers as function of elec-
tric field. As is shown in Paper IV, hybrid exciton transport can be modeled
using a drift-diffusion equation analogous to (5.2) but with a drift term which

is dictated by an average energy renormalization ∆Ē(n) =
d̄effe

2
0

ϵ0ϵ⊥TMD
n(r,t) for

the entire exciton gas, where d̄eff is found from averaging over valley-specific
interaction-induced dipole lengths obtained from Eq. (4.6). As such, the
two interaction regimes appearing at small and elevated electric fields are
expected to also be reflected in field-dependent studies of the spatiotemporal
dynamics of hybrid excitons.

In Fig. 5.4, the spatial broadening of the hybrid exciton distribution as a
function of time and electric field is shown. Here, we assumed an initial hy-
brid exciton density nx = 1012 cm−2 and do not take into account correlation
or screening effects which could yield quantitative corrections to the obtained
broadenings. Furthermore, we stay in a density regime in which the initial
exciton distribution can be treated as Boltzmannian and the diffusion coef-
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Figure 5.4: Hybrid exciton transport in WSe2 homobilayers. (a): Electric field-
and time-dependent spatial broadening of exciton distribution reveals conventional
and anomalous exciton diffusion in low-dipole and high-dipole interaction regimes,
respectively. (b): Spatial broadening as a function of time at fixed out-of-plane
electric fields, Ez. Figure adapted from Ref. [91] (Paper IV).

ficient D(n) = D0 (cf. Eq. (5.2)). In Fig. 5.4(a), we identify two crucially
different regimes for exciton transport. At low electric fields, Ez < 0.15
V/nm, weakly interacting and mostly intralayer-like KΛ excitons give rise
to linear exciton transport with a spatial broadening ∆σ2(t) ∼ D0t [118].
At larger electric fields, Ez > 0, the transport is rendered from linear to
anomalous propagation, reflecting the strong repulsive interactions between
dominant KΛ’ excitons at these fields (cf. Fig. 3.4(d) and Fig. 4.2). At
time-scales t ≳ 1 ns, the density of excitons has dropped significantly, and
the diffusion becomes linear again also at elevated electric fields. The transi-
tion from the low-dipole regime to the high-dipole is accompanied by nearly
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Figure 5.5: Hybrid exciton transport in WSe2 homobilayers. Experiment (dotted
lines) and theory (solid lines) reveal a strongly dipole-dependent exciton transport
in the high-excitation regime (nx ∼ 1012 cm−12). Figure adapted from Ref. [92]
(Paper V).

a two-fold increase in diffusion lengths, cf. Paper IV.

The strongly electric-field-dependent hybrid exciton transport has also been
confirmed by spatiotemporal measurements performed by the group of An-
dras Kis (EPFL) as reported in Paper V and Fig. 5.5. In this work, we use the
experimentally extracted dipole lengths obtained from field-dependent pho-
toluminescence measurements at high power as input for the drift-diffusion
equation in order to make a consistent comparison between experiment and
theory. The dipole lengths are extracted at three different electric fields,
Ez = 0,±0.3 V/nm and obtained as deff(Ez = 0) ∼ 0, deff(Ez = 0.3 V/nm) =
0.41 nm and deff(Ez = −0.3 V/nm) = 0.24 nm and are in good agreement
with microscopically calculated dipole lengths, cf. Fig. 4.2.6 Furthermore,
we here consider the expansion of the hybrid exciton cloud as a function
of time, by introducing the effective hybrid exciton area A(t) = πx2

0(t)
where the radial broadening x2

0(t) is extracted from the threshold condi-
tion n(x0, 0, t)/max(n(x0, 0, t)) = 1/e for fixed times t, n(x,y,t) being the

6The asymmetry in the magnitude of the experimentally extracted dipole lengths for
positive and negative electric fields is not present in our microscopic theory, but is believed
to be due to intrinsic doping [92].
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space- and time-dependent exciton density. In this way, the expansion of
the exciton cloud is consistently obtained between simulations and experi-
ments. Importantly, at vanishing and small electric fields, the exciton cloud
can be fitted with a linear function with respect to time even at high density
(solid blue line), indicating that exciton-exciton interactions are weak in this
regime - consistent with our microscopic theory. Instead, at elevated elec-
tric fields (red and yellow lines) anomalous and non-linear diffusion is clearly
observed as predicted from theory (Fig. 5.4). Overall, our joint experiment-
theory study shows that the hybrid exciton transport is highly tunable with
electric fields and dipolar interactions can be efficiently controlled in WSe2
homobilayers. In particular, the remarkable electrical tunability of the re-
pulsion between dipolar excitons could further potentially be exploited to
engineer exotic phases of matter such as Bose-Einstein condensates of exci-
tons, of which there have been recent indications in the considered bilayer
structure [126].
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6
Auger-like exciton recombination

In this chapter, we will be concerned with a particularly important scattering
process which fundamentally limits the efficiency of optoelectronic applica-
tions, referred to as exciton-exciton annihilation. This type of non-radiative
recombination process determines life-times and transport properties of exci-
tons in TMD monolayers at elevated densities [115,116,119]. Exciton-exciton
annihilation (EEA) involves, as the name suggests, two excitons which, if the
density is sufficiently high and resonance conditions are fulfilled, could anni-
hilate each other and form a higher-energetic exciton (HX), as schematically
illustrated in Fig. 6.1 (a). This implies that, in contrast to the scattering
processes discussed in Chapter 3 and in Paper I, we here consider Auger-like
processes involving three different carriers.

Auger scattering has previously been shown to be extremely efficient in e.g.
graphene [127]. In graphene, the traditional Auger recombination process
takes place when an electron in the conduction band recombines with a va-
lence band electron and another conduction band electron is excited further
up into the same conduction band. Transition-metal dichalcogenides have a
finite band gap and exhibit a richer band structure than graphene containing
multiple bands and valleys and allow for additional scattering channels for
Auger recombination. In particular, considering tungsten-based monolayers,
which have a dark excitonic ground state (cf. Fig. 2.3) [128], we may distin-
guish between intravalley Auger recombination processes (I) and intervalley
processes (II and III), cf. Fig. 6.1(b). Furthermore, due to the favorable
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Figure 6.1: Schematic illustration of exciton-exciton annihilation processes in
monolayer WSe2. (a) The annihilation of two A excitons (purple) gives rise to
a higher-lying HX exciton (green). (b) We distinguish between three different
Auger scattering processes: intravalley processes (I, blue) between KK excitons
resulting in a final higher-lying KK exciton state, intervalley processes involving
scattering between KΛ (II, yellow) or KK’ (III, red) excitons where the final state
is a KΓ exciton. Figure is adapted from Ref. [133] (Paper II).

energetic separation of conduction bands and the fact that the conduction
and valence bands exhibit a parabolic dispersion around the high-symmetry
points in these particular materials it turns out that Auger recombination
processes involving two different conduction bands1 [132], as shown in Fig.
6.1, are possible and, as we show in Paper II, highly efficient.

In the following, we briefly summarize the findings in Paper II by introduc-
ing the theoretical framework for exciton-exciton annihilation and use it to
evaluate the exciton-exciton annihilation rate or Auger coefficient, which is
an experimentally accessible quantity. The microscopic and material-specific
theory presented in this chapter has been supported and successfully con-
firmed by time-resolved photoluminescence measurements carried out by the
group of Alexey Chernikov (TU Dresden).

1The higher-lying conduction bands which make the scattering processes most reso-
nant are negatively curved. This puts a constraint on the reduced exciton mass to be
positive and for the final exciton state to be bound such that |me| > |mh|. This condition
holds for our final states, and the existence of higher-lying exciton states has recently been
established in monolayer and bilayer WSe2 experimentally through up-converted photolu-
minescence measurements [129–131].
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6.1 Excitonic Auger Hamiltonian

We address exciton-exciton annihilation in TMD monolayers by starting off
from the electronic multivalley and three-band electronic Hamiltonian

HAug =
∑

k1,k2,q
ξ1...ξ4

V ξ1ξ2ξ3ξ4
Aug,q a†c′,ξ1,k1+qa

†
v,ξ2,k2−qac,ξ3,k2ac,ξ4,k1 + h.c. (6.1)

Here, V ξ1..ξ4
Aug,q is the electronic Auger matrix element determining the probabil-

ity of scattering between different conduction bands c(
′) and valence bands v

in valleys ξ1...ξ4 with a momentum transfer q. In this matrix element, the op-
tical matrix element, M , crucially enters, providing the transition probability
of scattering between different conduction bands or between conduction and
valence bands (second part in Eq. (2.8)). The optical matrix elements de-
pend strongly on electronic wave function overlaps and have been extracted
from ab-initio calculations, performed by Roland Gillen, Friedrich-Alexander
Universität, Erlangen-Nuremberg.

We now proceed to find the excitonic analogue of (6.1). In this work, this
is done by carrying out the three following steps (in analogy to how the
exciton-exciton interaction was found in Papers III-IV, cf. Chapter 3): i)
compute the equation of motion for the microscopic polarization using (6.1),
ii) transform the resulting equation to the exciton basis and iii) define an ex-
citonic Hamiltonian of the form Hx,Aug =

∑
µ,ν,ρ,Q,Q′ V

µνρ
Q,Q′Y

†
µ,Q+Q′Xν,QXρ,Q′ ,

where Y † creates a higher-lying exciton composed by an electron from the
higher-lying conduction band c′ and valence band v and X annihilates two
conventional excitons, cf. Fig. 6.1(a). The excitonic Auger matrix element
V µνρ
Q,Q′ is then obtained by requring bosonic commutator relations for the ex-

citonic operators, deriving the corresponding equation of motion directly in
the exciton picture and comparing the result with the equation from step ii).
The steps are carefully laid out in the Supplementary Material of Paper II
and the excitonic Auger matrix elements can be found there-in. Here, we just
note that, besides being directly dependent on the electronic Auger interac-
tion, the excitonic matrix elements also depend on excitonic wave function
overlaps between higher-lying and conventional excitons. In summary, we
find the following excitonic Hamiltonian describing exciton-exciton annihila-
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tion

Hx,Aug =
1

2

∑

µ,ν,ρ,Q,Q′

V µνρ
Q,Q′Y

†
µ,Q+Q′Xν,QXρ,Q′ + h.c. . (6.2)

Here, the excitonic indices µ, ν, ρ are compound indices which carry both
the exciton valley and state. In particular, we fix the initial exciton states
to be 1s exciton states as these states are mostly occupied, but include 1s,
2s and 3s states as final (HX) states. The excitonic Auger matrix element
decays rapidly with final exciton state due to the shrinking overlap with the
initial 1s states, as shown in Paper II, such that it suffices to only include
higher-lying excitons with low quantum numbers in our calculations.

6.2 Temperature-dependent Auger recombi-

nation rates

Exciton-exciton annihilation is experimentally addressed by means of time-
resolved photoluminescence (TRPL) measurements and via the exciton-exciton
annihilation rate or Auger coefficient, RA. Time-resolved photoluminescence
spectra provide information about how the exciton population decays with
time for a given excitation power. In particular, EEA is seen to lead to an ef-
fective saturation of the exciton density at high excitation powers [134]. Here,
we get microscopic access to the Auger coefficient by considering the Heisen-
berg equation of motion for the initial density of A excitons, nx =

∑
νQ Nν

A,Q,

reading ṅx = −RAn
2
x. We find2 that the Auger coefficient reads

RA =
2π

ℏ
∑

µ,ν,ρ,Q,Q′

|V µνρ
Q,Q′ |2N ν

A,QN
ρ
A,Q′δ(∆ϵ) , (6.3)

where ∆ϵ expresses energy conservation between initial (A) and final (HX)
exciton states in the scattering process and includes differences in HX and
A exciton center-of-mass dispersions (Eq. (2.27)) and single-particle energy

2In deriving the exciton-exciton annihilation rate we applied the second order Born-
Markov approximation, an approximation frequently used when treating many-body scat-
tering processes. Within this approximation, non-linearities caused by quantum memory
effects are neglected such that adiabatic solutions which express energy-conserving pro-
cesses are obtained [105].
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separations such as spin-orbit and valley splittings. Furthermore, we estimate
the appearing A exciton occupations N ν

A,Q with Boltzmann distributions, re-
sulting in an explicitly temperature-dependent Auger coefficient. In Figure

Figure 6.2: Temperature-dependent Auger coefficients in hBN-encapsulated mono-
layer WSe2. (a) Calculated Auger coefficient separating contributions from intra-
and intervalley processes, revealing the crucial importance of intervalley KΛ-KΛ
scattering channels at room temperature. (b) Temperature-dependent Auger coef-
ficients as extracted from time-resolved photoluminescence measurements. Figure
adapted from Ref. [133] (Paper II).

6.2(a), we present the calculated Auger coefficient for an hBN-encapsulated
WSe2 monolayer. Importantly, we reveal a highly non-monotonous depen-
dence with respect to temperature. This temperature dependence is ex-
plained through the interplay of KK’, KΛ and KK A exciton occupations
at different temperatures and reflects well the temperature dependence of
valley-specific densities, nν

x(T ) =
∑

Q N ν
A,Q(T ), as obtained by the Boltz-

mann distribution. Furthermore, we have separated contributions stemming
from intravalley Auger processes (process I in Fig. 6.1 (b)) and intervalley
Auger recombination (processes II and III in Fig. 6.1 (b)). Crucially, we find
that the impact of intravalley processes on the EEA is negligible, reflecting
the low occupation of KK excitons at all temperatures. At low temperatures,
the dark scattering channel involving KK’ excitons is dominant, as these ex-
citon states are the predominantly occupied states at these temperatures. At
elevated temperatures, the dark intervalley KΛ scattering channel becomes
highly efficient. This is due to two reasons: i) a predominant occupation
of KΛ excitons at room temperature, being a consequence of the three-fold
degeneracy of the Λ valley and energetic ordering of bright and dark exciton
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states in WSe2 (Fig. 2.3(b)) [39], ii) optimal energy separations and reso-
nance conditions for the scattering to occur (given by ∆ϵ in (6.3)). Note that
the size of the excitonic Auger matrix element of the KΛ channel relative to
the KK channel plays a minor role for the scattering efficiency, despite the
large momentum transfer entering and suppressing the KΛ matrix element.

In Fig. 6.2 (b) we present the Auger coefficients as extracted from time-
and temperature-resolved photoluminescence measurements conducted by
the group of Alexey Chernikov (TU Dresden). We find an excellent agreement
between theory and experiment - clearly revealing the impact of dark Auger
recombination processes in the exciton-exciton annihilation in WSe2. Hence,
remarkably, this joint theory-experiment study shows that momentum-dark
excitons, although not being directly accessible by light, can contribute to the
efficiency of exciton-based devices as efficient Auger recombination rates are
seen to fundamentally lead to a saturation of exciton densities. Finally, we
note that our material-specific theory can be used to study the dependence
of the dielectric environment on the EEA rates. In Paper II, we show that,
by changing the dielectric constant of the material surrounding the TMD,
the resonance conditions for efficient EEA also change owing to the sensi-
tive dependence of screening on the exciton energy landscape. Overall, this
work provides experimentally and technologically viable pathways to tune
and design inelastic many-body interactions in nanostructured systems.
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7
Conclusion and outlook

In this thesis, we shed light on the fundamental interaction mechanisms be-
tween excitons in atomically thin semiconductors. In our work, which is
based on a material-specific and quantum-mechanical many-particle theory,
the crucial impact of exciton-exciton interactions on exciton optics, dynamics
and transport in two-dimensional transition-metal dichalcogenide mono- and
bilayers is emphasized. In particular, we show that excitons in TMD mono-
layers exhibit significant exchange interactions between carriers reflecting
their fermionic substructure and that spatially separated interlayer excitons
interact via strong dipole-dipole repulsion. The latter gives rise to experimen-
tally observed blue-shifts in optical spectra and non-linearities in interlayer
exciton transport in the form of anomalous diffusion. Furthermore, the the-
oretical framework was extended to layer-hybridized excitons with the main
outcome that the dipolar interaction between these quasiparticles is highly
tunable with respect to electric fields. The high electrical tunability of hy-
brid exciton-exciton interactions is also shown, by combining spatiotemporal
measurements and microscopic theory, to result in an exciton transport be-
havior which can be electrically controlled. Finally, we provide a microscopic
theory of exciton-exciton annihilation, i.e. an Auger-like recombination pro-
cess, which is seen to limit the performance of photodetectors and solar cells
based on 2D materials. Overall, our insights on exciton-exciton interactions
could guide future experiments performed in the high excitation regime, con-
tribute to the realization of optoelectronic TMD-based devices and, perhaps
most intriguingly, be used to study other exotic quantum phases of matter.
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CHAPTER 7. CONCLUSION AND OUTLOOK

In the following, some prospects for future research and possible extensions
of the theoretical framework are provided.

The research focus of the 2D materials community has changed rapidly over
the last decade. Considering just transition-metal dichalcogenides, these ma-
terials when e.g. integrated in optical cavities [135,136], vertically [53] or lat-
erally stacked [137–139] have shown to exhibit remarkable correlated physics
which goes well beyond the exciton physics in a single TMD monolayer.
These material systems hold prospects for studying intriguing many-body
interactions between more exotic quasiparticles, including exciton-polaritons
which emerge as a result of the coupling between electron-hole pairs and
light when TMDs are put in cavities, or one-dimensional charge transfer ex-
citons forming at the interface of lateral heterostructures. The latter exhibit
huge dipole lengths owing to the large spatial separation between electrons
and holes, facilitating extremely long-range dipole-dipole repulsion [138,140].
The theoretical framework outlined in this thesis, in fact, allows for studying
polariton-polariton interactions [110, 141, 142] as shown in an initial study
(Paper IX) and could also provide the basis for investigating interaction-
induced phenomena such as the Tonks-Girardeau phase of 1D charge transfer
excitons in lateral structures [143,144].

Finally, having focused on either monolayers or bilayers with a small dif-
ference in the lattice constants of the individual monolayers in this thesis,
we turn to moiré materials and comment on the role of interactions in such
structures. Moiré materials, obtained by stacking e.g. TMD layers on top
of each other at a relative angle or by vertically stacking layers with sub-
stantially different lattice constants, have been extensively studied recently
owing to their remarkable unconventional electronic properties which are a
result of a strong moiré potential induced by the lattice [145]. The moiré
potential provides a potential landscape in which quasiparticles can be effi-
ciently trapped at different moiré sites [146–148] or individual charges can be
separated [149]. The interplay between the moiré potential and the Coulomb
interaction, or exciton-exciton interaction, has shown to give rise to a num-
ber of intriguing fermionic and bosonic phases of matter such as generalized
Wigner crystal states of electrons [46, 47, 49, 150, 151] and superfluidity of
excitons [152,153], respectively. In an initial study on exciton-exciton inter-
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actions in moiré structures [154], which takes the theory developed here as
a starting-point, it has further been demonstrated that dipole-dipole repul-
sion between excitons in a moiré potential leads to a bosonic delocalization
of interlayer excitons across the moiré lattice. Effectively, the dipole-dipole
repulsion makes the moiré potential shallower and increases the probability
for excitons to jump between different moiré sites. As such, exciton-exciton
interactions could crucially influence the transport properties of excitons in
twisted TMD bilayers. In future work, we would like to continue explor-
ing strongly correlated physics in quantum materials. Given the plethora of
fascinating many-body correlations that have been recently predicted just
in TMD-based structures alone ranging from excitons of crucial importance
for light emission and absorption to topological edge states of potential use
for quantum computation [155, 156], it is probably justified to say that 2D
materials remain at the heart of material science.
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Shlyapnikov, T. W. Hänsch, and I. Bloch. Tonks–Girardeau gas of
ultracold atoms in an optical lattice. Nature, 429(6989):277–281, 2004.

[144] R. O ldziejewski, A. Chiocchetta, J. Knörzer, and R. Schmidt. Exci-
tonic Tonks-Girardeau and charge density wave phases in monolayer
semiconductors. Physical Review B, 106(8):L081412, 2022.

[145] K. F. Mak and J. Shan. Semiconductor moiré materials. Nature Nan-
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