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Abstract

Finding a maximum-weight matching is a classical and well-studied problem in computer science, solvable in cubic time in general
graphs. We introduce and consider in this work the “discovery” variant of the bipartite matching problem (or assignment problem)
where edge weights are not provided as input but must be queried, requiring additional and costly computations. Hence, discovery
algorithms are developed aiming to minimize the number of queried weights while providing guarantees on the computed solution.
We show in this work the hardness of the underlying problem in general while providing several efficient algorithms that can
make use of natural assumptions about the order in which the nodes are processed by the greedy algorithms. Our motivations for
exploring this problem stem from finding practical solutions to maximum-weight matching in hypergraphs, a problem recently
emerging in the formation of peer-to-peer energy sharing communities.
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1. Introduction

As one of the probably most studied problems in computer science and discrete maths, the assignment problem has
a very simple formulation, yet a plethora of solutions exist for its many variants and possible additional assumptions
or optimization aims. Describing the problem in the same terms and conventions we use in the rest of the paper, the
assignment problem consists in pairing together the member of a first set P, often referred as Producers or agents in
the literature, with members of a second and disjoint set C, often referred as Consumers or tasks. The rule assumed
here is of a One-to-One correspondence, i.e. each producer may handle at most a single consumer and vice-versa, and
as not all producers may be able to serve any particular consumer, some pairs are considered non valid (a variant would
consider setting a weight of O for those pairs but zero weights are ruled out in our formulation). For each possible pair
(p,c) € Ewith E C P x C, (p,c) is associated with a positive weight w(p, c¢) that represents how much gain one can
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obtain if producer p € P is paired with consumer ¢ € C. The problem consists then in finding an assignment M of the
consumers to the producers in order to maximize the total gain w(M) = 3., »em W(p, ¢). This is a well-studied problem
where the Hungarian algorithm [1] computes the optimal solution in time O(n - m + n? log n) for n = |P| and m = |E|;
see among others [2] for unbalanced assignment problems and [3] for linear-time bounded-approximation algorithms.
One may observe that the problem can be alternatively formulated as finding a maximum-weight matching in the
bipartite graph G = (P U C, E), with the two formulations being equivalent and used interchangeably for convenience.

A “discovery” problem is any optimization problem where the information that is the basis of the optimization is not
provided as input but must rather be discovered during the algorithm’s execution. We extend this notion of discovery
algorithms, introduced among others in [4, 5], to assignment problems. We shall study in this work the Maximum-
Weight Matching Discovery (MWMD) problem that consists in finding a Maximum-Weight Matching (MWM) using
weights that can only be obtained through explicit calls to a computationally-expensive weight function. We denote
by query complexity the number of inspected weights used by a given algorithm to produce its solution. Since one can
easily show that in general, finding the MWM requires the computation of all possible weights, we aim to investigate
in this paper if approximation algorithms can reach a bounded approximation ratio while requiring the calculation
of only a subquadratic number of weights in n. Our methods apply to the assignment problems (i.e., bipartite graph
matchings) and can be further extended to solve a bipartite version of the hypergraph matching problem.

Contributions. Recall the greedy matching considers the edges one-by-one in decreasing order of weights and at
each step, the procedure adds the current edge if both its endpoints are still available. It is a folklore result that the
greedy matching algorithm M, produces a 2-approximate matching compared with the optimal algorithm, i.e., we have
w(M,,) < 2-w(M,) where M, is the MWM on the input calculated for instance using the Hungarian algorithm; note
that both the greedy and optimal matching require to inspect the value of all the weights of the input to compute their
solution. The argument for the bounded approximation bound relies on two elements: the order in which the greedy
algorithm considers the edges (from largest to smallest weights) and the fact that for each edge e of M,, if e is not
present in M, then it may only be “replaced” by two other edges in M,,,;, from which one deduces the approximation
bound. Our main contribution is to propose a generalization of the above argument to edge sets that are only partially
ordered, hence allowing to deduce approximation bounds using problem-dependent heuristic orders on the vertex
sets. In this work, we introduce in Section 2.2 “oracles” that are capable to order nodes in specific orders concerning
the weights of the edges in their neighborhood without requiring any computation of the edge weights. This ordering
allows us to design efficient greedy algorithms with bounded approximation ratio and requiring to compute only O(n)
weights when the vertices of each set are processed in a heuristic order, while still allowing some of the nodes to
be processed out of their real order. Our solutions extend to hypergraph matching as well, hence making them ideal
candidates to solve the problem in practical instances. We summarize our results in Table 1. “Classic-Greedy” refers
there to the classical greedy algorithm ordering all edges by weight while the other algorithms are the ones developed
and analysed in this work. Parameters 3, y, y,, B, control the quality of the heuristic orders for processing of the nodes
of P and C, are respectively specified in Assumption 1, 2, 3 and 4, and are assumed to be greater than or equal to 1.

Table 1. Approximation ratios shown in this work for the one-to-one assignment discovery problem.

Algorithm Hungarian Classic-Greedy Greedy-Local {-Greedy-Local Naive-Local
Query Complexity m = |E| <m | <+D-n | 0
No weight assumption unbounded
Assumption 1 1+ unbounded
Assumption 2 | ) 1+vy unbounded
Ass. 1 + Ass. 2 1 + min{B, y} B+
Ass. 1 + Ass. 3 B+ve unbounded
Ass. 2 + Ass. 4 v+ By unbounded

Ass. 3 + Ass. 4 unbounded




Romaric Duvignau et al. / Procedia Computer Science 223 (2023) 43-52 45

Motivations. In the context of peer-to-peer energy sharing [6], the Geographical Peer Matching (GPM) problem is
introduced in [7] to efficiently compute a matching of the peers targeting the maximization of a global objective.
It relies on both geographical information about the peers as well as their local matching preferences, and seeks to
build an efficient bipartite hypergraph matching of the peers as advocated by the application. The matching problem
involved, a variant of hypergraph matching with all hyperedges of size up to k, is not approximable within a factor of
o(k/ log k) in polynomial time, unless P = NP [7]. The best approximation algorithms [8, 9, 10] for solving it reach an
approximation ratio slightly better than (k+1)/2, but they require the computation of O(n*) weights, already prohibitive
in practical instances. Using the extended version of the discovery algorithms presented and analysed in this work, we
obtain algorithms running in O(kn) time, requiring the knowledge of O(kn) weights, and achieving an approximation
bound of 1 + ¢ where ¢ is a constant controlling the precision of the heuristic order used to compute the matching.
Hence, under certain assumptions occurring in practice, greedy matchings do produce bounded approximations.

Related work. Discovery algorithms have been studied in the literature for various problems on weighted graphs.
However, as far as we are aware, they have not been investigated so far for the maximum-weight matching problem.
Note that the time complexity of producing an optimal solution to the discovery problem is always at least as large as
the one for the usual problem with all weights provided at the beginning.

Szepesvari [4] introduced the Shortest Path Discovery Problem (SPDP), in which the task is to discover in a given
edge-weighted graph a shortest path for fixed source and target nodes. An algorithm is proposed that is shown to use
a small number of queries. Experimental results on real-world instances are also presented. Caro et al. [5] generalize
the SPDP to the Optimal Path Discovery Problem. First, they consider a broader class of cost functions, and relax the
constraint that an optimal path has to be discovered, allowing the discovered path to be an @-approximation. Second,
whereas in [4] the performance of algorithms was measured with the number of queries, Caro et al. [5] propose a more
fine-grained performance measure, called the query ratio, i.e., the ratio between the number of queried edges and the
least number of edge values required to solve the problem. They prove a 1 + 4/n — 8/n* lower bound on the query
ratio and present an algorithm whose query ratio, when it finds the optimal path, is upper bounded by 2 — 1/(n — 1),
where n = |V|. Finally, they implement different algorithms and evaluate their query ratio experimentally.

In [11], the authors consider the minimum spanning tree problem with queryable uncertainty. This concept refers
to settings where the input of a problem is initially not known precisely, but exact information about the input can
be obtained at a cost using queries. An algorithm with query ratio 2 is proposed in [11] for the minimum spanning
tree problem, and it is shown that this query ratio is the best possible among deterministic algorithms. In [12], the
authors extend the framework to cheapest set problems with queryable uncertainty that englobe previously studied
problems such as the minimum spanning tree, or the minimum matroid base problem under queryable uncertainty.
For the cheapest set problems with queryable uncertainty, the authors present an algorithm that makes d - OPT + d
queries, where OPT is the optimal number of queries required to solve the problem and d is the maximum cardinality
of a feasible set in a given instance. An algorithm with query ratio 2 for the minimum matroid base problem is also
provided in [12].

Another similar line of work considers the robust spanning tree problem with interval data. For a given graph with
weight intervals specified for its edges, the goal is to compute e.g. a spanning tree that minimizes the worst-case
deviation from the minimum spanning tree (also called the regret), over all realizations of the edge weights. This is an
off-line problem, and no query operations are involved. The problem is proved NP-hard in [13]. A 2-approximation
algorithm is given in [14]. Further work has considered heuristics or exact algorithms for the problem, see e.g. [15].

Plan. In Section 2, we show the hardness of the assignment discovery problem and hence the need for order oracles
in order to analyse the performance of greedy algorithms for solving the discovery problem. In Section 3, we present
several greedy algorithms producing a matching without querying the totality of weights, and analyse them relying
on different assumptions about the order in which the nodes are processed in regard to the weights of the edges. In
Section 4, we present how our algorithms extend to the one-to-many assignment problems, before concluding our
work.
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Fig. 1. Examples of matchings: (a) Optimal with weight 23, (b) Greedy with weight 17, (c) Greedy-Local with weight 16, (d) Naive-Local with
weight 19. Here, B =7/3,y = 8,81 = 1, y1 = 3 and y, = 1 the 1-Greedy-Local algorithm outputs the matching (a).

2. Order Oracles for the Assignment Discovery Problem
2.1. Preliminaries

We adopt the following conventions for the notation used hereafter. Let G = (P U C, E) denote a bipartite graph
serving as our input instance; P, a set of “agents” to match with “tasks” with n = |P| the number of considered
agents; C, a set of tasks with ¢ = |C|; E C P X C the set of possible edges with (p,c) € E if the task ¢ can be
assigned to the agent p and m = |E|; w(e) for e € E is the weight of edge e. We slightly abuse the w notation so
as to write w(p, ¢) to denote as well the weight of the edge (p, c) and w(M) for the weight of the matching M C E,
ie., w(M) = Y .o w(e). An isolated edge is any edge without any adjacent edges in G, i.e., e = (p,c) is isolated if
-(A(p,c’) € C,c’ # ¢V A(P',c) € E,p’ # p). In the following, we assume that all weights are strictly positive as
edges with negative or zero weight are assumed to be removed from the considered input graph. The query complexity
of an algorithm A is the number of weights A inspects in the worst-case in order to compute its output. Example of
matchings are provided in Fig. 1 with the discovery algorithms computing them being defined in Section 3.

2.2. The need for order oracles

We first show that, without additional assumptions, any algorithm requires the computation of all possible weights
in G (discarding isolated edges) in order to reach a bounded approximation ratio. Note if G has isolated edges, all
such edges can be added safely without computing their weights and we can assume that the considered algorithms
rather start with G’, the graph obtained by stripping all isolated edges from G.

Proposition 1. If no additional assumptions on the weights are provided, then there does not exist a bounded-
approximation algorithm that computes strictly less than m’ = |E’| weights, with E’ being the set of non-isolated
edges in the input graph G.

Proof. Suppose there exists an a-approximate algorithm A that always avoids the computation of at least one weight
w(p, ¢) > 0 for a non-isolated edge (p, ¢) in a given input graph G,, = (V, E) with weight function w. Since G,, has no
isolated edges, there exists an edge ¢’ € E of the form ¢’ = (p’, ¢) with p’ # p, or of the form ¢’ = (p, ¢’) with ¢’ # c.

Denote M = A(G,,) the matching obtained by running A on G,,. Hereafter, we will further define the weighted
graph G,, by setting differently the value of w(p, c) that is, by assumption, never discovered by the algorithm A.
Intuitively, the proof relies on the fact that if (p, c¢) is not selected then w(p, c¢) can be arbitrarily large and if (p, ¢) is
selected, it can be very small. Let w(e’) = 2ag with g = ¥ cg cg((p.c)e) W(€)- Suppose (p,c) ¢ M. Setting w(p,c) =
20 Y pep ex(pey W) = 2a(g + 2ag) entails that wW(M) < 3 g ex(p,cy W(€) < vg‘;"‘ as the weight of the optimal matching
Wopt 18 always larger than the weight of any edge in the input graph, and in particular of the edge (p,c). Hence
A is not a-approximate in that case. Suppose now (p,c) € M. Let now w(p,c) = € with 0 < &£ < g. We have
Wopt = w(e’) with w(e’) = 2ag by the same argument as in the former case, meaning 2g < % That is w(M) <
W(P,€) + Xpek eel(pore) W(€) as € & M because M is a matching and cannot have two edges sharing a common node.
Thus w(M) < € + g < 2g, hence w(M) < % and thus A is not @-approximate in that case as well. O
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Proposition 1 essentially tells us that without additional assumptions, we need to compute at least m’ weights and
in this case, we can run the optimal algorithm on G’ and add all isolated edges afterwards which obviously produces
the optimal solution for G (in the rest of the paper we will implicitly assume that G does not have any isolated
edges). To circumvent the impossibility and aim to compute less than m’ weights, we assume that there exists an
oracle that provides us with the vertices of P and possibly of C in an order op (or o¢) which guarantees additional
properties about the weights. The matching algorithm A’s aim is to heuristically use op and o¢ to query the weight
w(p, c) of particular edges (p, c) € E. More generally, one may assume that the oracle is powerful enough to provide
the edges that the matching algorithm should consider in an order o over E so that edges with higher weights are
generally considered earlier on. In such a case, observe that for any given matching algorithm A, there exists an
optimal order o4 over E that optimizes the weight of the matching produced by A (note, for some algorithm, all such
orders may still produce the same result). Since our goal is to design efficient matching algorithms that minimize the
number of weight calculations, we cannot assume that edges are processed by A in the order o4 but rather the goal
is to design an algorithm A’ (o p, o¢) which produces a matching of bounded approximation ratio given the oracle’s
orders, while calculating a hopefully limited number of weights. Assuming there exist heuristic orders on P and C
with interesting properties on the weight function stems from the settings of our original motivating problems of peer
matching among energy communities [7]. In the next section, we design greedy algorithms exploiting op and o¢ and
show their approximation ratio. Our aim is to assume that op and o ¢ entail weak properties on the weights but strong
enough to be able to reach a sub-quadratic number of weight calculations in max{|P|, |C|} while keeping a bounded
approximation ratio for the calculated matching.

3. Discovery Algorithms for the One-to-One Assignment Problem
3.1. The Greedy-Local algorithm

We first study the following greedy algorithm: the vertices of the set P are processed one-by-one in the oracle’s
order op where op was designed to have earlier vertices more likely to have high gains for a given task than vertices
appearing later in the order. Each time a node is processed, its full neighborhood is examined and the available edge
with highest weight is selected to be added to the matching. In the following, during the round where p € P is
considered, we refer to an edge (p, ¢) as being available if the endpoint ¢ € C of the edge has not been previously
blocked by adding another edge (p’, ¢) to the matching at an earlier stage of the algorithm (which is greedy and never
reconsiders previous choices). We show that this Greedy-Local algorithm achieves a bounded approximation ratio if
Op = P1,..., Py orders the vertices in P such that for any 1 < i < j < n, the weight of (p;, ¢) is bounded by S times the
weight of (p;, ¢). Since in our original application, many of the weights of the input graph may be equal to each other,
the “best value” that 8 may take is 1 (i.e. any subsequent edge sharing an endpoint in C with an edge being processed
has either an equal or strictly smaller weight); hence, for simplicity, we assume hereafter § > 1. Note that without
any additional assumptions, Alg. 1 does not produce a bounded approximation in general as its greedy decisions do
not take the “future” into consideration, hence adding (p;, ¢) to the matching might remove the possibility to add a
later-to-be-processed (p;, ¢), with j > i, and whose weight might be arbitrarily large.

Assumption 1. Assume that P is processed in the order op = p1, pa, ..., pn, S0 that for any p;,p; € Pwith i, j > 1,
i < jandc € C suchthat (p;,c) € E and (pj,c) € E, we have w(pj,c) < B-w(p;,c), with 5 > 1.

Proposition 2. Under Assumption 1, Alg. 1 has approximation ratio at most 1 + f3.

Proof. Let M be the matching obtained by an optimal algorithm and M’ the one by Alg. 1. Let f : M — M’ be a
function that projects the edges selected by the matching M onto the edges of M’ defined as follows. (1) For e € M,
if e € M’, then f(e) = e. (2) Fore = (p;,c) € M and e ¢ M’, consider the two following cases. (a) At the beginning
of p;’s turn, e was not selected in M’ because it was already blocked. That is, e was not among the available edges
considered by Alg. 1 during p;’s turn, and since p; has not been assigned to any node in C yet, that means there exists
a blocking edge (p;,c) € M’ with i < j that has been added to M’ before p;’s round. Define f(e) = (p;, c) then. (b)
The complementary case is that e was not selected in M’ during p;’s turn but it was still available to pick (that is, e
was not blocked). In this situation, Alg. 1 picks the edge with highest weight locally and since (p;,c) ¢ M’ there must
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Alg. 1: Greedy-Local Matching

Alg. 2: Naive-Local Matching

Input : A bipartite graph G = (P U C, E) with sets

1 forl <i<ndo

P=pi,p2..., prnand C =cy,c2,..., ¢q 2 N « {1 £ j<ql|{pi,cj} € E Aavailable };
Output: M, a matching of E; 3 if N # 0 then
// Initialization 4 Jj e N[1T;
1 M0, 5 available; « False; M < M U {p;,c;};
2 foreach j € C do 6 return M;

w

‘ available; < True ;
// Greedy Matching Loop

Alg. 3: ¢-Greedy-Local Matching

4 for1 <i<ndo

5 N « {1 <j<ql{picj} € E Aavailable;} ; 1 forl <i<ndo

6 if N # 0 then 2 N — {1 <j<ql{picj} € E Aavailable;} ;

7 if [N] > 1 then 3 if N # 0 then

8 foreach j € N do 4 if [IN] > 1 then

9 ‘ bj < weight(p;, ¢;); // Keep the ¢+ 1 first values

10 Jjeargmaxjey bj;  // In the case 5 N« N[:e+1];
of a tie, take the smallest j 6 foreach j € N do

1 else 7 ‘ b; « weight(p;, c;);

12 Jj < NI[1]; // Retrieve the first 8 jeargmaxjey bj;// As in Alg. 1, line 10
value 9 else

13 available; « False ; 10 ‘ j e NI[1];

14 M — MU {p;,cj}; 1 available; « False ; M <« M U {p;, c;};

15 return M; 12 return M,

All 3 algorithms have the same input/output (as Alg. 1) and Alg. 2 and Alg. 3 start by the same initialization lines (1-3) as in Alg. 1.

be another edge (pj, ¢’) € M’ with ¢’ # ¢ with a higher weight that has been selected instead. Define f(e) = (p;,c’) in
this case.

By exhaustion of possible cases, every edge of M has an image in M’. We now prove that every edge (p;,c) € M’
has at most two preimages under the function f. If (p;,c) € M, the edge has only itself as preimage as this implies
that there exist no edges in M’ such that (p’,c) € M’ with p’ # p; nor (p;,c’) € M’ with ¢’ # ¢ as M’ is a matching
of the edges; in this case, f is prevented from applying Cases 2a and 2b and only the Case 1 remains. Now, consider
(pisc) ¢ M. We show that there is only a single edge e € M such that Case 2a applies so that f(e) = (p;, ¢), and the
same for Case 2b. For Case 2a to apply, e must be of the form (p;, ¢) with j > i and since M is a matching there cannot
exist another edge in M containing node c. Similarly, for Case 2b to apply, we need to have (p;,¢’) € M and for the
same reason there cannot be another edge in M sharing the node p;.

Note that in Case 1, we have trivially w(e) < w(f(e)); in Case 2a, we have w(e) < S-w(f(e)) by direct application of
Assumption 1; in Case 2b, we have w(e) < w(f(e)) as the algorithm chooses f(e) as the local maximum of unblocked
edges and both e and f(e) are then unblocked. Hence, we can now bound the total weight of the matching M as:

B-w(f(e) + w(f(e)).

e=(p;j,0)eM, f(e)=(pi,c),i<j e=(p;,0)eM, f(e)=(pj.c’), c#c’

wM) = Y wer < Y w(fle) +

eeM eeM, f(e)=e

As each edge ¢/ € M’ appears either only in the first sum, or at most once in each of the last previous two
sums (see discussion above): W(M) < X ey | qeem, fe)=e (1 + B) - w(e’). As all weights are greater than zero, we get
w(M) < Ypepr(1+B)-wle') < (1 +p) - w(M). O

We note that this first algorithm may reduce drastically the number of computed weights, as blocked choices as well
as vertices left with a single choice are not computed during the execution. However, in the worst case, the algorithm
does end up computing all weights in G. The example input given in Fig. 2 illustrates that there exist instances where
Alg. 1 has an approximation ratio of at least 1 + 8 — &£ under Assumption 1, where £ > 0 is only introduced to break
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/1/5/ €l 1 =
D1 + p1 a J2 5
I ) B Y Ye oo
C
D2 B P2 2 D2 B Cev2
Fig. 2. Counter-example for Alg. 1, & > 0. Fig. 3. Counter-example for Alg. 2. Fig. 4. Counter-example for Alg. 3.

ties. Note that one can introduce the following symmetric assumption in comparison to Assumption | reversing the
sets P and C.

Assumption 2. Assume the set C is provided in the order o¢c = c1,¢2,...,Cq, SO that for any c;,c; € Cwith i, j > 1,
i < jand p € P such that {p,c;} € E and {p,c;} € E, we have w(p,c;) <y -w(p,c;), withy > 1.

If we run Alg. 1 with input G = (C U P, E), i.e., inverting the set P and the set C in its input, Assumption 2 entails
that the output is a (1 + y)-approximation over G = (P U C, E) by following Proposition 2 with 8 = y. Observe that
Alg. 1 is not symmetric in P and C and the output that is produced is naturally different than with the original input.

Proposition 3. Under Assumption I, there exist instances where Alg. 1 has an approximation ratio of at least 1 +B—¢&
for any € > 0.

Proof. Let us consider the example input given by Fig. 2 with P = {p;, p»} and C = {cy, c»}. Assumption 1 holds on
this input as we have w(ps,c2) < B - w(p1,c2) and this is the only pair of edges where it can apply. Alg. 1 selects
as matching the pair (pi, cz) as it is the local maximum of p;, with weight 1, to compare with the optimal matching
which selects the two other edges with total weight 1 + 8 — &. U

3.2. The Naive-Local algorithm

The introduced assumptions allow to make greedy choices during the processing of nodes by the matching algo-
rithm, however, they do not always guarantee that one can omit the computation of the weight of at least one edge
of the input graph if the assumptions are used separately. For instance for Assumption 1, consider a graph where
each p; is connected to ¢y; and ¢y;;1 and nothing else, hence omitting the computation of a single weight of the graph
may lead to an unbounded approximation as Assumption | does not provide bounds on the omitted weight. Observe
that the same argument applies in a symmetric manner with Assumption 2. However, if both previously introduced
assumptions hold in the oracle’s orders op and o, then one can actually design an algorithm computing no weights
at all but achieving a bounded approximation of the optimal matching. Following a similar proof as in Proposition 2,
one can derive that if both assumptions hold, then Alg. 2 produces a (8 +7y)-approximate matching without calculating
any weights of the input. Using the example of Fig. 3, one can also show that any matching algorithm that calculates
0 weights (and in particular Alg. 2) cannot be better than (8 + y)-approximate under both assumptions combined.

Proposition 4. [If Assumptions 1 and 2 hold, Alg. 2 produces a (B + y)-approximate matching without calculating any
weights.

Proof. The proof follows the same structure to the one of Proposition 2. The difference is only that the Naive-Local
algorithm assigns the first unblocked edge (in C’s provided order o¢) to p; whereas the Greedy-Local algorithm
chooses the local maximum of the unblocked edges. Hence, we can define similarly f and we have again that any
edge of M’ can only be the image by f of at most two different preimages. By using the same arguments, the same
inequalities on weights hold for Cases 1 and 2a. Observe now that in Case 2b with e = (p;,cx) € M and f(e) =
(pj,cy) € M’, we have x >y as ¢, is chosen by M’ as the first available edge, hence, we have that w(e) < y - w(f(e))
following Assumption 2. With analogous concluding arguments, we get that each edge of M’ can either be also
present in M and has then a unique image by f, or appear at most once in each Case 2a and 2b, entailing: w(M) <

Deem | eeM, fe)=e Y T B) - w(e') < (y + ) - w(M’). O

Proposition 5. Under Assumptions 1 and 2, any matching algorithm that calculates 0 weights cannot be better than
(B + y)-approximate.
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Proof. Let us consider the 4-nodes instance given by Fig. 3. Given the provided ordering of vertices in P and C, we
have that both Assumptions 1 and 2 hold on the instance. Note first that the Naive-Local matching on this instance
produces {(p1, c1)} with weight 1 whereas the optimal picks the two other edges with weight 8 + y. Now, consider a
matching algorithm A that picks (p;, ¢2) and (p», c1). In that case, change the instance so that w(p;, c;) = a with «
arbitrarily large and all other weights set to € > 0 to simplify (note that both our underlying assumptions hold in this
situation as well). A is then arbitrarily far from the optimal matching that selects (py, ¢1). O

3.3. The {-Greedy-Local algorithm

Our first results show that the first set of assumptions that was considered may be unsatisfactory for two reasons:
either one of the assumptions holds and all weights may end up being computed or both assumptions hold at the same
time and absolutely no weight calculations are required to reach a bounded approximation ratio. This may indicate that
the assumptions could be too strong in some sense. We design here weaker assumptions that only require the condition
on one set to hold (e.g., Assumption 1) and a weaker form of the other assumption: the bound holds between node
p € Pandc, ¢’ € C if there exist at least £ other neighbors of p between ¢ and ¢’ when taken in o¢’s order. That is,
we do not control the weight of successive edges in a given node’s neighborhood but if there are ¢ other edges (p, ¢/)
between two edges (p,c”) and (p, c*!), then the latter one must have a bounded weight in comparison to (p, c%).
The following assumption allows us to design a matching algorithm (Alg. 3) requiring only at most £ + 1 weight
computations for each node in P. In the following assumption, smaller values for £ make the assumption stronger,
with £ = 0 being equivalent to Assumption 2 (hence yy = y) and £ = g being always true for any input.

Assumption 3. Assume { > 0 and o¢c = cy,¢3,...,¢y S0 that for any c;,c; € Cwithi,j > 1,i < jand p € P such
that (p, ci), (p,c;) € E and such that |{(p,cx) € E | i < x < j}| = £, we have w(p, c;) < y¢-w(p,ci), , withy, > 1.

Proposition 6. Under Assumptions 1 and 3, Alg. 3 has approximation ratio at most 3 + y;.

Proof. The proof follows the same structure as the one for Proposition 2. Define M as an optimal matching, M’ as
the matching produced by Alg. 3 on G, and f as a mapping of M’s edges into M’ similarly and have identical Cases
1 and 2a. For Case 2b, that is when we consider an edge ¢ = (p,¢) € M such that e ¢ M’ while considering that (p, ¢)
is unblocked during p’s assignment round, we define f as the edge with the maximum weight among the ¢ + 1 first
unblocked edges (in the same way as Alg. 3 picks the edge during p’s round). Since for each p, we assign as before an
edge of its neighborhood by f, our previous arguments hold regarding the number of preimages by f. Now, consider
the bound on the weight of edges in M. We know that w(e) < w(f(e)) in Case 1 (trivial) and w(e) < 8- w(f(e)) in Case
2a thanks to Assumption 1.

In Case 2b, let’s consider two possible subcases. (1) If there are at most £ + 1 unblocked edges during p’s round,
then since e is unblocked, it is among these edges. Hence, by the property that w(f(e)) is the maximum of the weights
of the unblocked edges, we get w(e) < w(f(e)).

(2) Suppose there are strictly more than ¢ + 1 unblocked edges. Since if e were among the first £+ 1 ones we would
also have w(e) < w(f(e)), let’s assume e = (p, c;) is not among these edges. By Assumption 3, recall that one cannot
bound the weights of the edges between p and its neighbors ¢; such that (p, ¢;) is among the ¢ distinct edges incident
to p directly preceding (p, ¢;) in o¢’s order; note T'(c;) the set of these edges. If Alg. 3 selects an edge f(e) = (p,cx)
outside T'(c;), we can apply the aforementioned assumption and get w(e) < 7y, - w(f(e)). Let’s suppose thereafter that
Alg. 3 selects an edge (p, cx) € T(c;). Observe that among the ¢ edges of T(c;), some of them might be blocked and
others unblocked, however, in any case there exists at least one unblocked edge (p, ¢’) € T'(c;) because |T(c;)| = £ and
we assumed at least £ + 2 unblocked edges. Note that there are at most £ — 1 edges between (p, ¢’) and (p, cy) in o¢’s
order, hence w(p, ¢’) was considered by the algorithm during p’s round. Finally, we have w(p, ¢’) < w(p, c,) because
the algorithm picked the edge with the best weight, and thus w(p, ¢;) <y, - w(p, ¢’) by application of Assumption 3,
which gives us w(e) < vy, - w(f(e)) here as well.

By reusing similar arguments as in the previous proofs, we get w(M) < (8 + y,) - w(M"). O

Proposition 7. Under Assumptions 1 and 2, Alg. 3 is (B + y)—approximate.

Proof. Follows directly from Proposition 6 when ¢ = 0. O
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The example of Fig. 4 can be used to show that under Assumptions 1 and 3, Alg. 3 has approximation ratio at least
B + y¢. By symmetry, we use Assumption 9 to obtain symmetric results.

Proposition 8. Under Assumptions 1 and 3, Alg. 3 has approximation ratio at least B + y;.

Proof. We use the example of Fig. 4 where p; has €+ 2 neighbors, and on which Assumption 1 only applies to (py, ¢1)
versus (pz, ¢1) and Assumption 3 to (p1, c1) versus (p1, ce+2). In the example, the algorithm picks (py, ¢1) for a weight
of 1 whereas the optimal matching picks (p1, c¢+2) and (p», c1) for a weight of 8 + ;. O

Assumption 4. Assume op = pi,D2,...,Pn SO that for any p;,p; € Pwithi,j > 1,1 < jand c € C such that
(pi»©), (pj,c) € E and such that [{(px,c) € E|i < x < j}l 2 £, we have w(pj,c) < B¢ - w(p;, ¢), with B¢ > 1.

Proposition 9. Under Assumptions 2 and 4, Alg. 3 has approximation ratio at most y + .

At last, we explain briefly why lifting Assumption 1 controlling the order in which vertices of P are processed
and replacing it by a bounded variant tolerating out-of-orderness such as Assumption 4 leads to impossibility to
approximate the optimal matching. One can consider a path as an instance and can derive that any algorithm only
inspecting a bounded number of edges f(€) to decide greedily which edge to add will have no control on the weight
of the edges connected to the last inspected edge on the input path. We also note that Assumption 4, for £ > 1, does
not imply any bounds between the weights of (p, c;) and (p, c3), hence any algorithm that does not check all weights
has unbounded approximation ratio.

Proposition 10. Under Assumptions 3 and 4 with € > 1, suppose a greedy matching algorithm A decides to add a
particular edge (p, c) after examining a bounded number of edges f(£) < |E|. Then A does not provide a bounded
approximation ratio.

Proof. Without loss of generality, we can consider as a counter example a path of length f(£) + 1 of the form
D1>C15 D2, - - -» Xf(0), Yf(o+1- After executing A, the weight of the edge (x7(), yr)+1) was not checked though it can
be arbitrarily large because if xf(, has only two neighbors, then both assumptions (about 8, and y,) do not apply to
that particular edge and its weight can thus be arbitrarily large in this case. O

4. Extensions and Conclusions

One can reduce any one-to-many assignment problem (that is, where p € P may be allowed to be paired with up
to k consumers of C) to a one-to-one assignment problem in the following manner. For each p € P, make k copies
p', ..., p* of node p, while keeping the original weights, i.e., Yc € C,w(p/, c) = w(p, ¢). Finally, solve the maximum
matching in bipartite graphs problem with the input P’ = {p’ | j € [1..k], p € P} and C. This reduction allows to extend
all our results to one-to-many assignment problems with all bounds shown in Table 1 still holding the same way using
the algorithms we have introduced in this work. They also extend to the bipartite hypergraph matching whenever the
weight of a hyperedge can be upper- and lower-bounded by the sum of the pairwise weights. We note that for a given
input, processing order and with access to all weights, one can easily compute the values of 8, v, 8, and y, which can
become good estimations for bounds on larger instances in a given application. We have in this work extended the
notion of discovery algorithms to assignment problems, and we believe our work provides useful theoretical bounds
for algorithms that are efficient in practice'. Our findings open up for further rehabilitation of greedy algorithms in
theoretical analysis, and advocate that greedy algorithms do not only often provide computationally-efficient solutions
to hard problems but can also be formally analysed within the scope of concrete applications.

! Using data from [7] (search radius of 1km that is n = 445, g = 1776, m = 9903) and the order of resources for the prosumers (members of set
P) and consumers (set C), we get 8 = 3.10, 82 = 1.95, 817 = 1, y = 4.15, y20 = 1.95 and 53 = 1. Greedy-Local computes 85.8% of the weights
and achieves 98.2% of the optimal weight W,,,;, Naive-Local 94.4% of W, and e.g. {-Greedy-Local computes 8.5% of the weights for 96.4% of
Wopr with € = 1, and 39% of the weights for 98% of W, for £ = 10.
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