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Abstract

We investigate a class of nonlocal conservation laws in several space dimensions, where the
continuum average of weighted nonlocal interactions are considered over a finite horizon.
We establish well-posedness for a broad class of flux functions and initial data via semigroup
theory in Banach spaces and, in particular, via the celebrated Crandall-Liggett Theorem. We
also show that the unique mild solution satisfies a Kruzkov-type nonlocal entropy inequality.
Similarly to the local case, we demonstrate an efficient way of proving various desirable
qualitative properties of the unique solution.

Keywords Nonlocal differential equation - Conservation law - Nonlinear semigroup
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1 Introduction

We study the semigroup theory of nonlocal conservation laws of the form

11Bi ()| gn

u(x,0) = uo(x), x e R",

k
du @i (u, Tg(myu) — Qi (T—p; (4, u) .
— 4+ E wi(Bi(h))dh =0, inR" xR_;
ot [n o l(ﬁl( )) + (1)

where t4u(x, t) = u(x + h, t) denote a spatial shift of the conserved quantity u(x, ¢) and
the flux functions ¢; : R x R + R are assumed to be increasing with respect to their first
arguments and decreasing with respect to their second arguments, and to have the property
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¢i(0,0) = 0. The number 1 < k < n denotes the number of subinteractions and the functions
Bi : R" > R" are assumed to be of the form

Bithy = hjej,  h=(hi,hy ... .}y,

JEB;
where the nonempty, pairwise disjoint sets B; C {1,2,...,n} are such that U{F:l B; =
{1,2,...,n} and e; denotes the jth unit vector in R". The kernel functions w; € LYBRY N

L®(R") are assumed to be nonnegative with Hwi (ﬂi(.)) | | IR = 1. We further assume
that the support of the kernel functions are finite and are either

1. symmetric around the origin, in which case we further assume that the kernels are even,
or
2. contained in R’ such that the closure contains the origin.

For example, in the context of nonlocal particle flows, the above cases allows us to differentiate
between multidirectional and unidirectional flows.
Our main examples for the choice of k, 8; and w; are as follows.

1. If k = 1 and B (h) = h, then the conservation law (1) takes the form

u 1 (u, Thu) — 1 (t—pu, u)
ot R [17]|Rn

w(h)dh = 0. )

This case describes a natural multidirectional generalization of the one-dimensional uni-
directional nonlocal pair-interaction model investigated in [20]. In fact, if n = 1 and
supp(w) C Ry, the law (2) coincides with the latter.

2. If k = n and B;(h) = hje; and w;(h) = ]_[;5=l @;j(hj), where the kernel functions @;
have analogous properties to that of w; in R with supp(@;) = (=4;, §;) for §; > 0, then
the conservation law (1) takes the form

o~ [ i, Thyeu) — i (Tt 1)
— Ll i v; (h;)dh; = 0.
- *;f_a,. - 1 (1)

Should the underlying model allow such considerations, this case corresponds to interac-
tions that can be unfolded into subinteractions along the individual axes. A clear advantage
of this example is the ease of numerical approximation of the integral as described in
[20, Section 3.1]. If » = 1 and supp(®1) = (0, §1) instead, then again, we obtain the
one-dimensional unidirectional nonlocal pair-interaction model of [20], as in the previous
special case.

We say that the nonlocal flux functions ¢; are consistent with the local fluxes v; if ¢; (a, a) =
Vi (a) holds for all a € R. For consistent flux functions, if in addition, the weighting kernels
are smooth with their support approaching zero, both special cases formally lead to the
standard local conservation law

M = Iy ()

- =0

at Z 0X;

3)

i=

For the formal derivation of (1) we utilize the nonlocal vector calculus established in [19,
25]. Let v, b, @ : R" x R" > R be vector two-point functions defined by the coordinate
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functions
v, v, 1) = i (wr, 0, u(x + By = ).1) ),
B0y, 1) = ¢ (ulx + By = 00,1, u@,n),

' _ woi(Bi(y —x))
) = e ol

Then, the nonlocal point divergence is defined as

D(v(u), 5(w)) (x, 1) = /R () (x, y, 1) = 5@ (x, y, 1)) - e(x, y)dy

and repeated changes of variables in the integral gives

k
. bi (u, Tp;(myu) — Pi (Tp; () )
D s s = i ,']’l dh
(. 56) .1 fR 2 181 (1) @i (6i)

“

i (Bi(h))dh.
118 () I i (i)

The theory of abstract balance laws thoroughly discussed in [19, Sect. 7] shows that in the
absence of external sources a class of nonlocal balance laws are given by

_/ Xk:d’i(u,fﬁ,-(h)’/l)_¢i(7—ﬁi(h)u,u)
" i=1

ou -
E(Xs t) +D(V(H), v(u))(-xs t) = 07

which, combined with (4), gives exactly the law (1).

Local conservation and balance laws have been widely used in aerodynamics and Eulerian
gas dynamics [32], pedestrian flows [39], ribosome flows [37] and many other fields [41]
for the past decades. In recent years nonlocality has been introduced in multiple forms. A
particular method is considering a nonlocal velocity, often expressed as a spatial convolution.
The resulting family of models found many applications, for example for modelling supply
chains [27, 28, 40] and traffic flows [8, 24]. However, in some cases these models lack
monotonicity of solutions and violate the maximum principle, two naturally imposed property
of physical models. Certain convolution based models do satisfy these constraints, see for
example [2, 29]. Another approach to spatial nonlocality is considering pointwise interactions
weighted by an appropriate integral kernel [18], which has many applications in the field of
peridynamics [3, 26, 34]. However, the nonlocal model of [ 18] failed to preserve monotonicity,
hence the authors formalized the nonlocal pair-interaction model in [20], where they show
that it satisfies the desired properties. A final advantage of this model is that it reduces to its
local counterpart (3) as the nonlocal horizon vanishes [21], while some other nonlocal models
do not have this property [9]. Because of these improvements the nonlocal pair-interaction
model, similarly to its earlier version, has seen many applications in the field of peridynamics
[1, 43], while similar integral terms can be seen in nonlocal formulations of other problems
as well, for example of that of the Allen—Cahn equation [42].

It is well known that the solution of (1) (including the local case (3) as well) may develop
spatial discontinuities (shock waves) over time, even if the initial data is smooth. Hence
the Cauchy problem must be considered in a weak or generalized sense. However, there
might be infinitely many weak solutions of (1) for given initial data. This fact lead to the
development of additional constraints, such as the entropy condition, selecting the unique,
physically relevant weak solution, which in this case is the so-called entropy solution.

@ Springer



32 Page4of26 Partial Differential Equations and Applications (2023) 4:32

The well-posedness of the local conservation law (3) is a thoroughly investigated problem,
heavily influenced by the profound work of Kruzkov [31]. Kruzkov showed uniqueness via
a priori estimates and existence using the vanishing viscosity method for bounded and mea-
surable initial data and sufficiently smooth flux functions, thus achieving well-posedness.
Existence of entropy solutions can often be proved by the convergence of an appropriate
numerical scheme [15, 38] (the technique was first used to prove the existence of weak solu-
tions [10, 17]). Another classical framework is nonlinear semigroup theory and, in particular,
the celebrated Crandall-Liggett Theorem [13], which was first used to prove well-posedness
by Crandall [11]. Many combinations of these approaches were developed, a notable example
being the approximation of semigroups of contractions [35].

The well-posedness of the one-dimensional nonlocal Cauchy problem with Bi(h) = h
was investigated in [20], where Kruzkov’s method was applied to prove uniqueness and
existence was proved by the convergence of an appropriate finite volume scheme. While this
approach could be extended for multidimensional non-homogeneous Cauchy problems in
some special cases (see our second example above), the method is difficult to apply in the
generality of (1) if kK < n. Instead, we will also work with the semigroup framework, which
provides an elegant way of handling further problems like inhomogeneous conservation laws
[5] or error control of finite volume methods [36]. Another particular advantage of semigroup
theory is the ability to handle L£1(R") initial data, while with the methods of [20] one can only
show existence and uniqueness for LL®R")N £ (R") initial data. The semi group framework
considers generalized solutions of abstract Cauchy problems, often called mild solutions. In
general, a mild solution can coincide with a weak solution or an entropy solution or, in some
cases, with neither; after proving well-posedness an additional investigation is necessary to
determine this.

The main results of the paper are contained in Theorems 3.8 and 3.9 and Corollary 3.11.
In Theorem 3.8, we give appropriate circumstances under which there exists an operator
satisfying the assumptions of the Crandall-Liggett Theorem. In Theorem 3.9, we show
that the unique mild solution of (1) satisfies a nonlocal Kruzkov-type entropy inequality
and has many other qualitative properties that are desirable from a physical point of view.
In Corollary 3.11 we extend the well-posedness to conservation laws under Carathéodory
forcing.

The outline of the paper is as follows. In Sect.2, we introduce notations and the abstract
framework. In Sect. 3, we give the necessary definitions and state our main results. Section4
contains the proof of the main results. The main steps of the proofs are based on [11],
however, there are significant nontrivial differences in the details. The difficulty in carrying
out this construction is the absence of flux derivatives rendering the method of integration
by parts and thus many simplifying steps inapplicable. Most of these complications can be
solved by a formally similar technique obtained via changes of variables in the integrals;
the technique is often called integration by parts for difference quotients, see, for example
[22, page 295]. However, a significant step that cannot be resolved in such manner is the
verification of the range condition. Crandall uses a perturbation results to establish this,
namely [30, Theorem 3.2], but this approach does not seem to be applicable in the nonlocal
setting. Instead, we use a fix-point based approach similar to that of [33, Chapter 4] and [14,
Proposition IV.3]. Throughout the paper the arguments of the functions B; and w; are omitted
unless necessary and C is used as a generic constant that may take on different values at
different occurrences.
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2 Preliminaries

We give a brief introduction of the abstract setting based on [4, 11, 12].

2.1 Mild solutions of the abstract Cauchy problem

Let X be areal Banach space and A be a possibly multivalued operatorin X and J = [0, T] C
Rand f € £!(J, X). Consider the quasi-autonomous Cauchy problem
' + Au s f(1), tel;

u(0) = ug ®)

for ug € D(A). We call u € C(J, X) a mild solution of (5) if for every ¢ > 0
there exists a partition 0 = 19 < 1 < b < --- < ty of [0,7y] and sequences
{z1,z2, ..., an ) {1, fa, ..., fn} in X such that

i —ti_1 <€, i=1,...,N
T—e<ty<T,

N
> [ e - fillds <e.
i=1Yfi-1

Zi —Zi—1 .
2T Az s f, i=1,...,N
i —ti—

and |[z(t) —u(®)|| < e on|0, txy], where z : [0, ty] — X is defined by
Z(t)=z,' fort,_1<t<t,i=1,2,...,N.

The piecewise constant function z is called an e-approximate solution of (5).
Let F : J x D(A) — 2%X\@. A mild solution of the Cauchy problem

u' € —Au+ F(t,u), teJ;
u(0) = ug

is a function that is a mild solution of the quasi-autonomous problem

u' + Au s f(1), tel;
u(0) = ug

with some f € £'(J, X) such that f(t) € F(t,u(1)) a.e.

2.2 Crandall-Liggett Theorem
Here we discuss a special case of the Crandall-Liggett Theorem as it appears in [11, p. 110].
Let X be a Banach space and A be a possibly multivalued operator in X. The operator A is

called accretive if, for any A > 0 and x, y € D(A), the inequality

[[(x +Au) — (v + 20)|] = [|x = yl|
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holds, where u € Ax and v € Ay. The operator A is called m-accretive if it is accretive and
the operator I 4 A A is surjective for A > 0; that is, we have

RI+24) = | (Jlx+m)=x. (6)

xeD(A) veAx

Theorem 2.1 [Crandall-Liggett Theorem] Let X be a Banach space and A be a possibly
multivalued m-accretive operator in X. Then for € > 0 and ug € X the problem

1
E(ue(t) —uc(t —€)) + Auc(t) 30, t>0; o

ue(0) = ug, t<0

has a unique solution uc(t) on [0,00). If ug € D(A), then lim¢_guc(t) converges
uniformly to the unique mild solution of (5) in bounded sets and (S (t)) defined by

>0
S(t)uog = lime_, o ue(t) is a semigroup of contractions on D(A); that is, we have

(i) S@t): D(A) > D(A) fort >0,
@) S@)S(t)y =St + 1) fort,t >0,
@) [|S@Hv —SEHw]|| < ||lv —wl| fort > 0 and v, w € D(A),
@iv) S) =1,
(v) S(®)v is continuous in the pair (t, v).

3 Statement of new results

The abstract framework of operator semigroups and, in particular, the fundamental Crandall—
Liggett Theorem utilizes the notion of mild solutions. Later we will show that the unique mild
solution of the conservation law (1) also satisfies a KruzZkov-type entropy inequality. For the
exact formulation of this inequality let us define the function 5 : R” — R to be an entropy
of (1) with entropy fluxes g; : R” x R" — R given that it is continuously differentiable and
the equality

o ) i (u, Tg,u) — @i (t—p;ut, ”)a),-dh =/ qi(u, tg;u) — qi (1—p,u, u)a),»dh ®)
R [1Bi [l n [1Billgn
holds foralli = 1,2, ..., k. Then if u(z, x) is a C! solution of (1) then it also satisfies
k
an(u) +/ Z qi(u, Tg;u) — qi(t—p;u, u)widh —o.
o e 1Bl

In the case of an n € C> convex entropy standard vanishing viscosity arguments (using
integration by parts for difference quotients) show that the inequality

T P T k o
/ / n(u)—fdxdt—i-/ / / B =L, wywndhdxdr > 0
0 n 8l 0 n n ||/3i||]R"

i=1

holds for any T > 0, nonnegative f € C§° (]R" x (0, T)). Our goal is to utilize classical
Kruzkov-entropies of the form n(u) := n(u, c) = |u — c|, however, in this case, an explicit
formula for ¢; does not seem to reveal itself. Instead, during the vanishing viscosity derivation
we rely on (8) to arrive at the following definition:

@ Springer
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Definition 3.1 A function u € £1(R" x (0, T)) N LXR" x (0, T)) is an entropy solution
of (1) if the inequality

g, [ signy (T, ¢) — fsigng(u — )
°</ /n<”_4 / z:ﬂ B }

| Rn

(i (u, Tp,u) — @i (c, C))G),'dh)dxdt

holds for any 7' > 0, nonnegative f € C°(R" x (0, 7)) and ¢ € R.

Remark 3.2 Let the functions §; be given by,
gi(a,b,c) =¢i(ave,bve)—gilanc,bnc)
= ¢; (max{a, c}, max{b, c}) — ¢; (min{a, c}, min{b, c})
signy(a — ¢) + signy (b — ¢)
= 250 E02 7 (pi(a.b) — il o)

2
signg(a — ¢) — signy(b — ¢)
1 2N = (¢1(a, ) — i c, b)),
where
1 x>0,
signg(x) =90 x =0,
—1 x <O.

For the sake of notational simplicity, let us omit the sum in this remark. The properties of ¢;
after adding and subtracting ¢; (¢, ¢) imply that

signo(u—c)/ ¢i(u,r,e,-u)—¢i(r—ﬁ,-u,u)widh
R» 1Bi |l gn
>/ gi(u, tgu, ¢) — g (t_gu, u, c)
= JRe [1Billrn

and thus it seems reasonable to define entropy solutions using ¢; as entropy fluxes corre-
sponding to the entropy |u — c|. But, in fact, using the product rule for difference quotients
shows that

T 1 — — i —
/ / / rﬁif51gn0(fﬁ;u||ﬂc|)| J signg(u —¢) (¢ (. Tu) — i (c. ©))wydhdxdr
n n i [IRn

/ / / I|ﬂ T slgno(fﬁiu — o) (i (u, Tg,u) — ¢i(c, ¢))widhdxdt
n n il IRn

+ / / / fs1gno(rﬁ,-u —H;)H— signg(u — c) (¢l. (u, Tg,u) — i (c, C))widhdxdt.
0 n n i || Rn

w;dh,

Clearly
signy(Tg;v — ©) [¢,~(v, T5,v) — ¢i(c, c)]

<¢i(vVve,tgvVve) —¢i(vAc, TV Ac) =qi(v, T8V, 0)

I As already noted by [23, Definition 2.2] the second line is not identical to the corresponding equation in
[20, p. 2470], which is assumed to be a misprint. Here we gave a more straightforward formula.
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and similarly

—signg(v — 0)[¢i (v, T4,V) — Pi(c, )] < —Gi (v, TB, vV, )

holds, thus
[ signg(zp,v — ) — signg (v — o) ][ (v. 75,0) = i )] <0 ®

and finally

T . ) 3 _

/ / / g, f signy(tg,u — ¢) — f signg(u — ¢) (¢i (u, Tg,u) — ¢ (c, ¢))w;dhdxdr
0 n n | |ﬁl | |R"
T —
- / / / W =S G, s, owosdhdds;
o JroJre lBillgn

that is, in some sense, the inequality in Definition 3.1 is more precise in selecting the
physically relevant weak solution than the right-hand side of the above inequality. This
precision turns out to be crucial in later steps; the operator defined in Definition 3.6 does not
seem to be accretive with the functions g; which is an essential property to derive uniqueness
of solutions via the Crandall-Liggett theorem.

Throughout the paper difference quotients will be denoted by

Tyf_f

DYf = :
11l

where y € R” and the partial derivative of the ¢; functions with respect to their first and
second argument will be denoted by ¢,{,1 and ¢; 2> respectively. For open subsets €2 of R” let
Wk-P(€2) denote the Sobolev space of functions whose distributional derivatives of order at
most k are in £L”(€2). The space Wg P (Q) c Wk-P(Q) denotes the set of functions vanishing

at the boundary of Q and Wlk of (£2) denotes the set of locally integrable functions whose
restriction to any pre-compact Q € € lies in W57 (Q). We will use the standard notation
HA(Q) = WH(Q).

We rewrite the nonlocal conservation law (1) using the operator

. =/ i¢,-(u,rﬁ,.u)—¢l-<r_,siu,u)widh
& 1B 1z

as

o | Bu—0 (10)
—_— u =\=u.
ot

The following lemma shows that for continuously differentiable fluxes the operator B

maps WHP(R?) to L7 (R™).

Lemma3.3 Ler ¢; € CHR x R) have bounded partial derivatives. Then v € wlr(®rm)
implies Bv € LP(R") for all 1 < p < oo. In particular, there is a constant C = C(p) > 0
such that || Bv| zpwny < C ||Vl zp@ny forall v € wl-p(Rrm).

@ Springer
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Proof Let |¢/ || < K. and |¢] ,| < K; > and % +§ = 1. Setting K; = max{K; |, K; 2} we
find that

p
dx

k
@i (v, T;v) — ¢i (T—p; v, V)

[|Bvl|% n:/ / C d w;dh
LPERD T Jgn ; [1Billrn ’

k _ _ p
f/ (/ ZKilU f_ﬂiU|+|TﬁiU vla)ldh) dx
R n 0 ||/3i||]R"
k P
| (/ (,Dﬁihﬁivaﬁm\)widk) dx (11
l=1 n ]Rn

k
fk””ZK,-”IIwillﬁuRn)/W/ . (|Dﬁit—ﬂiv|+|Dﬁiv|)pdhdx
i1 supp(w; )

k
<o 1 3Ok IIwiIIZq(Rn)/ 190112 gy 4 = C IV VI

i=1 supp(w;)

where we used the Lipschitz continuity of ¢ in the first inequality, Holder’s inequality in
the third inequality and finally Fubini’s theorem and [6, Proposition 9.3(iii)] in the fourth
inequality.

The continuity of B is established by our next lemma.

Lemma 3.4 Let the assumptions of Lemma 3.3 hold. Then B is continuous from H'(R") to
LER™M).

Proof Letu, v € H!(R"). Similar estimates as in the proof of Lemma 3.3 lead to

|| Bu = Bl 75 g,

k 2
=/ (/ ZDﬁi [¢i(T—ﬂiu,M) —qbi(‘r_ﬂiv,v)]widh) dx
n n l:l
- 2
<C) /]Rn || D7 [ (r e, 1) = i (T p,0, 0)] | 2 oy O
i=1
- 2
< CZ/W |[V[¢i (z—pt, 1) — i (z—p, v, V][ 2 ) A
i=1

k
=C Z Hd)z/ 1 (T—put, WV T_pgu + ; 2 (T—pu, u)Vu
P R ’ ’

2
—¢; (T v, VIVT_gv — @ 5 (T_pV, V)V ’ﬁ(R") dh.
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By introducing mixed terms we find that

1Bu = Bul[7s gy

k
=C Z /R" ( ||[¢l{,1(7"_ﬂiu7 M) - ¢l{,l(t_ﬂiv7 U)]V‘C_ﬁiu| |,C2(]R”)
i=1

1[0} 2 (r—prits ) — 2 (e— v, 0]Vt | (12)

Vgt

+ Hd’z{,l(":—ﬁiv’ v)HZLW(Rn) zﬁz(R")

11687 27,0, 0 [y 1V = 01 oy )

Let v converge to u in H'(R") through a sequence {u,} C H!'(R") and let {tn;) be a
subsequence of {u,}. Since u,, also converges to u as ny — 00, there exists a subsequence
{tny, } of {un, } such thatu,, — u a.e.asny — oo. Let |¢lf’1| < K; 1 and |¢;72| < K;»and
observe that

‘[¢§,1(Lﬁ,~u, u) = ¢ 1 (T—pythny, s U, )]Vrfﬂ,.u' <2K;1|Vt_pul,
‘[¢;,2(T—ﬁi”’ u) — ¢i/,2(f—ﬁi”nk1 ’ ”"k,)]vr—ﬂi”‘ = 2Ki32|Vu|.
Using the dominated convergence theorem and the continuity of ¢; we find that the first two
terms in (12) converge to zero as ny, — 00. Similarly, since ¢;7 | and q/)lf’z are bounded and

Uy —> U in H' (R"), the second two terms also converge to zero as ng, — 00. Since {uy, }

was arbitrary we conclude that each subsequence of the sequence ||Bu — Bu,,| |2LZ ®) has a
convergent subsequence with limit zero; that is, the sequence itself converges to zero and the
proof is complete.

Remark 3.5 In [23] the authors consider the case (in one dimension) when fRn ﬁfﬁfﬁ@ < 0.

In this case the above calculations can be modified to show that B : £I(R") > £I(R") is
Lipschitz continuous. Hence, standard contraction mapping principle shows existence and
uniqueness without entropy conditions. However, in this special case the kernels w; assign
small weight to close interactions and more weight as the interaction distance increases. As
such, the model’s applicability to physically relevant problems is reduced.

We will consider X = £!(R") and proceed by verifying the hypotheses of the Crandall-
Liggett Theorem for an appropriate operator A in £'(R") that is, in some sense, the
generalization of the B of (10). The operator A will be the closure of the operator Ag defined
as follows.

Definition 3.6 Let A be the operator in £!(R") defined by: v € D(Ap) and w € Aguv if

(i) v,we L' R,
(i) ¢i(v, T8,m)V) € LY R for h € supp(w;) andi = 1,2, ...k,
(iii) the inequality

/ signg(v — c)wfdx
k
+/ / Z DFi x [ f signg(v — 0)] (1 (v. T4,v) — $i(c, ©))w;dhdx = 0 (13)
n n im
holds for any nonnegative f € C{°(R") and ¢ € R.

@ Springer



Partial Differential Equations and Applications (2023) 4:32 Page110f26 32

As we will see later, the inequality in Definition 3.6(iii) ensures that if u € D(Ap) is a
solution of the abstract Cauchy problem, then it satisfies the entropy inequality in Defini-
tion 3.1. Lemmata4.1 and 4.2 show that under appropriate circumstances Ay is single-valued
and coincides with B, further substantiating our definition.

While the accretivity of Ag, and thus the accretivity of its closure A, can be established in a
straightforward manner using a tool described in [11, Proposition 2.1] (see Proposition 4.6),
the verification of the range condition (6) is more intricate. In fact, it requires the treatment
of the stationary equation

u+ Bu=g. (14)
We define the generalized solutions of (14) in terms of A.

Definition 3.7 Let g € £'(R"). Then u € £'(R") is a generalized solution of (14) if u €
D(A)and g € (I + A)u.

Our first main result is the following theorem.
Theorem 3.8 Let ¢; € WIIU’COO(R x R) and g € LY(R™). Then A satisfies the assumptions

of the Crandall-Liggett Theorem on £'(R") and the unique generalized solution of (14) is
givenbyu = (I + A)~g.

Theorem 3.8 and the Crandall-Liggett Theorem show that a semigroup of contractions is
determined by the operator A, whose various properties are listed in the next theorem.

Theorem 3.9 Let the assumptions of Theorem 3.8 hold and S be the semigroup of contractions
on D(A) obtained from A via the Crandall-Liggett Theorem on LY (RM). Letu,v € D(A)N
LP@R" and t > 0. Then

(i) (integrability) S(1)v € LP(R") for p > 1, furthermore the estimate ||S(1)v||zp@wn)
1 1

IA

1 -1
||U||ZI(R)1) ||U| |Loop(]Rn) holds,

(i1) (maximum principle) —} < Stv < ||v+||£w(Rn), where v— =

|U_HLOC(R")
max{0, —v} and vT = max{0, v}.

(iii) (monotonicity) H(S(t)u - S(t)v)"" ’LI(R”) = H(u - U)+HL1(Rn)y

(iv) (equicontinuity) if y € R", then

/ |S(Hv(x + y) — SMv(x)|dx < / [v(x +y) — v(x)|dx,
R Rn

(v) (conservation of mass) [p, S(t)v(x)dx = [, v(x)dx,
(vi) S(t)v satisfies the nonlocal entropy inequality in Definition 3.1.
Remark 3.10 Note that the properties (iii)—(v) still hold if we only assume u, v € D(A).

Corollary 3.11 Let g : [0,T] x D(A) — LY(R") be strongly measurable with respect to t
and locally Lipschitz with respect to u such that

g, wll g1 wny < c()(1+ ||M||,/;1(Rn))
holds for some ¢ € L1([0, T1). Then the Cauchy problem

1Billn

u(x,0) = ug(x), x eR”

k
. [, T0) — i (T,
l*f S P Z O gy~ e ), iR x (0, T
ot "
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has a unique mild solution for each ug € D(A) that depends continuously on ug, that is, the
map ug(.) — u(., t) is continuous in the Banach space X = LYRM).

Proof The statement follows directly from [5, Theorem 5.2].

4 Proofs of the main results

The following lemma shows that Ag is single-valued for bounded functions.

Lemma 4.1 Let Ag be given by Definition 3.6 and v € D(Ay) N L (R™). Then Ay is single-
valued and the equality

k
/ Agvfdx = — / / > D fei(v, T, v)aidhdx
Rn n n

i=1

holds for any nonnegative f € Ci°(R").

Proof Let w € Agv. Then by (13) for any nonnegative f € C5°(R") and ¢ € R we have

k
/ wfdx + / f Z DFi[ f signg(v — ©)](¢i (v, T5,v) — @i (c, ©))w;dhdx > 0,
RVI n n 1:1

thus for ¢ = [[v][ zoo(rny + 1, we have that

k
f wfdx < —/ f > DPi £ (v, T, v)a;dhdx.
n n Rﬂ l:l

Similarly, letting ¢ = —(|[v]| goomny + 1) yields

k
/ wfdxz—f / > DFi f¢i (v, Tp,v)w;dhdx,
R R IR g

showing that for any w € Agv, the following equality holds

k
/ wfdx:—/ / ZDﬂ"fqbi(v,rﬁ[v)widhdx.
n Rn Rn l=l

To show that Agv is single-valued, suppose that wi, w; € Agv. Then the equality
Jgn w1 fdx = [, w2 fdx holds for all nonnegative f € C3°(R"), thus w; = wy a.e.

The following lemma shows that Ap extends B on Cé (R™).
Lemma4.2 Let ¢; € C'(R x R) have bounded partial derivatives and Aqy be given by
Definition 3.6. Then Cé (R™) € D(Ag) and for any v € Cé (R™), the equality Apv = Bv
holds.

Proof The fact v € Cé (R™) implies that ¢; (v, g, V) € LY(R") holds for all & supp(w;)
andi =1,2,...,k Let f € Cj°(R") be nonnegative and ¢ € R. Multiply Bv by signy(v —

@ Springer



Partial Differential Equations and Applications (2023) 4:32 Page130f26 32

¢) f and integrate over R” to find that

f signg (v — ¢) f Bvdx
R’l
- (15)
= —/ / Z DFi[f signg (v — c)](¢i(v, 78,0) — ;i (c, c))a),-dhdx;
" IR G

that is, we have v € D(Ap) and Bv € Agv. This, combined with Lemma 4.1 implies that
Aopv = Bv ae.

We will use an efficient tool of Crandall to prove accretivity, characterized by the following
definition and the two subsequent lemmata.

Definition 4.3 [11, Definition 2.1] For u : R” — R measurable, let
sign (u) 1= {v R ]R||v| < la.e. and vu = |u| a.e.}.
Note that signy(u) € sign(u), thus sign(u) is always nonempty.

Lemma4.4 [11, Lemma 2.1] Let u,v € LYR") and o € sign(u). IffR,, avdx > 0, then
[lu + Avll 1wy > llull 21 ey holds for A > 0.

Lemma4.5 [11, Lemma 2.2] Let {8} be a sequence in L' (R") with lim B, = B in L1 (R™).
If oy € sign(Br), then there exists a subsequence {oy,} and function a € sign(B) such that
{a, } converges to a in the weak-star topology on L% (R").

Proposition 4.6 Let Ag be given by Definition 3.6. Then Ay is accretive in L' (R™).

Proof Let v € D(Ag) and w € Agv and choose u € £ (R") such that Definition 3.6 (ii)
holds. Set ¢ = u(y) and f(x) = g(x, y) in (13), where g € Cj°(R" x R") is nonnegative.

We introduce the notations IT = (R")2 and

Dlig(x.y) = g+ B ) —g(x. )
11Bi |l

Dligx,y) = 80y + i) —8(x,y)
11Bi e

For the sake of readability we omit most arguments in this proof. Integrating over y yields

/ signg(v — u)wgdxdy
I1
k (16)
+/ / 3" Df [gsigng(v - u)](q)i(v, 4) — i (. u))widhdxdy > 0.
IR ;4

Suppose that u € D(Ag) as well and let z € Agu. Set ¢ = v(x) and f(y) = g(x, y) in (13)
and integrate over x to find that

/ signg(u — v)zgdydx
n
k a7
+/ / > DY [ signg(u u)](¢,~ (. Tp,) — 5 (v, v))a),-dhdydx > 0.
IR
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and adding the inequalities (16) and (17) yields

/ signy(v — u)(w — z)gdxdy
m

k
+ /n /Rn ; (D*fi [g signg(v — u)](qbl-(v, 8,0) — ¢i (u, u))

+ D§' [ g signg (u — U)](¢7i (u, Tg;u) — ¢i(v, U)))‘“idhdx‘iy = 0.

Let § € C;°(R) be nonnegative and even such that ||5]] ci@ny = 1 and

a0 = []80,
i=1

1 X
ke(x) = 7)\.(*)
€ €

fore > 0. Let f € C5°(R") nonnegative and set

g, y) = f(x§y>xé<x;y).

Setting 26 = x + y, 2n = x — y in (18) yields

/ ( [ Signo(v—M)(w—z)fdé)/\e(ﬁ)dﬂ-i- | 56 mazan=o.

where

k
o
IsEm=[ > l
r&m /Rnizl 1Bl

x [(r,i Frag he signg (e v — 1) = fhe signg(v — ) (61 (v, 75,0) — ¢y, )
2 2

+ (1'57,- [T g Aesigng(tg,u —v) — fAesigny(u — v)) (d),- (u, Tg;u) — ¢ (v, v))]dh.
2 2

(18)

19)

Denote the integral in parenthesis in the first term of (19) with I (n). We want to let e — 0.

Since Iy is bounded and ||A¢| 21 (rny = 1 we have that

limi(r)lf / Ir(mAe(m)dn < limsup I¢(n).
€—> ]er

lInllgn —0

A similar argument after a change of variables shows that

liminf/ J;(S,n)dédn
e—=0 Jn

118

k
. wj 1 2
< limsup / / Z '|l|]R <tﬁi fqi( )(U’ gV, TgU) — fqi( )(U’ TRV, U)
n n l:1 1 n

[nllgn —0

+ 5 fa u, thu, ta0) — fq (u, Thu, v))dhds,

@ Springer



Partial Differential Equations and Applications (2023) 4:32 Page 150f26 32

where

q"(a, b, ¢) = signy(a — ¢)(¢i(a, b) — i (c, ©)),
47 (@.b. ¢) = signg(b — o) (i (a. b) — i(c. 0)).

Introducing mixed terms yields

lim inf/ 5, mdédn
e—0 Il

k
< 1imsup/ / Z<f<(qi(l) a®)w. t50.0) + (4" — 4®) . T, v))
n n i—1

[Inllgn—0

+ (g f = HaP . g, ) + (tp f — gl g, v>> dhd.

|1Bi IIRn

But then (9) shows that the first two terms are nonpositive, thus we conclude that

k

. . a)i
1 £ J dédn < 1 E :

imin / 7(& m)dédn < limsup // = ||Billgn

lInllgn—0

X ((tﬁ,f — f)qi(l)(v, T8V, T8;u) + (T8, f — f)qi(l)(u, g U, TG, v))dhd“;‘

=: limsup if(n).

lnllgn —0

Choose a sequence {nx} C R" such that |[nillge — 0 and limgoo Ir(pp) =
lim SUP) [ I}(n) and limy_, o jf(’?k)) = lim SU)| [z —0 jf(ﬂ) (note that it might be

necessary to choose two different sequences for Iy and j 7)- Using Lemma 4.5 we assume
(passing to subsequences if necessary) that the sequence

i (§) = signg (v(§ +ne) — u(E — )

converges weakly-star in £ (R") to « € sign (v(é) — u(é)). We similarly assume that the

sign, sequences appearing in j 7 (ni) converge weakly-star in £°°(R") and we denote the
limit as

k
k]i)ngojf(nk):/é /R > DFf(viv. g v, Thu) + viu, Thu, T8,0)) i dhdE.
i=l1

Then

Jim (Ir(m) + T () = /]Rn a(w —z) fdé
k (20)
+/ / Z DPi f(yi (v, tg,v, Tg,u) + ¥i (u, Tp,u, T, v))w;dhdE > 0.
]Rn n i:1

Let & € C3°(R) be nonnegative such that k(s) = 1 for |s| < 1. Set fi(§) = K(HEllhRn) and
let/ — oo. Since the difference quotient

Bi
ds
1Billgn

Dﬁffmx):fo Vfi(x + Bis) - Q1)
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is bounded and is zero for x € R" such that ||x & B;||gs < [, the second integral in (20)
converges to zero; that is, we conclude that

/ a(w —z)dé > 0.
Lemma 4.4 shows that the inequality
||v —u—+ A(w — Z)”Ll(Rn) > ||U — u||LI(RH)
holds for A > 0. Since u, v € D(Agp) were arbitrary we conclude that A is indeed accretive.

Remark 4.7 One can observe that in the above proof we did not use the fact that the kernels
w; have finite support.

The stationary Eq. (14) will be investigated through the regularized equation
U+ ABu —eAu =g, (22)

where A, e > 0. In [11, Proposition 2.2] the author shows existence of solutions using a
special version of the perturbation result [30, Theorem 3.2] without further preparations. A
key step of the proof is the fact that for u € £2(R"), the B local version of the operator B (see
(3)) has the property (éu, u) = 0. However, this is no longer true in the nonlocal case, and
thus we instead use a fix-point approach based on [33, Chapter 4] and [14, Proposition IV.3].
In order to do so, we first establish some a priori estimates on the solutions.

Lemma4.8 Let ¢; € C'(R x R) have bounded partial derivatives and let u € HYR™) N
HZ (RY) satisfy (22) for g € LY R™) N LP(R"). Then we have u € L' (R") N L2 (R") and

loc
Nullzr ey < 18ller@ny s
Null goomny < gl zoomry -

Proof We treat the case of £!(R") first. Define

—s ifs < —1,
O (s) = { s>+ & ifIs| < L, (23)
s ifs > 7

and let f € C§°(R") be such that 0 < f < 1. Multiplying (22) by ®;(u) f and integrating
over R" gives

/Rn (u®) () f + ABud)(u) f — e Aud)(u) f)dx = fR gP)(u) fdx <|Igllz1gny - (24)

Since the sequence {u®;(u)f} is a nonnegative and pointwise non-decreasing sequence
with u®;(u) f — |u|f as I — oo, the monotone convergence theorem and the fact that
0 < @) f < 1implies

lim / udDE(u)fdx :/ ufdx. (25)
=00 Jpn R
Since @} is monotone, and f is nonnegative we have that
/ Audj(u) fdx = —/ <b;’(u)|Vu|2fdx —/ @) (u)VuV fdx
]R}’l Rll Rn

(26)
= —/ @) (u)|Vul|* fdx +/ ®;(u)A fdx < / ®;(u)A fdx.
R’l Rn R"
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By letting I — oo we conclude that

—]imsup/ Audj(u) fdx > —/ uA fdx.
n Rn

[—o00

Finally, the sequence {Bu d>; (u) f} converges pointwise to Bu signy(u) f as [ — oo and is
dominated by |Bu| f. The fact that | Bu| f is integrable follows from Sobolev’s embedding of
H? into W' on the support of f and Lemma 3.3. Thus, using the dominated convergence
theorem yields

lim Bu®)(u) fdx = / Bu signg(u) fdx.
R”

[—00 Rn

Use the integration by parts formula for difference quotients to find that
k
lim / Bu®)(u) fdx = — / / > DPisigng(uyts, £ i (u. Tp,1)w;dhdx
[—00 R» n n i—1

—/ / @) (u)DP i (u, tg,u)w;dhdx,
n Rn

and apply inequality (9) with ¢ = 0 to conclude that

k
llim / Bu@f(u)fdx > —/ / Zsigno(u)Dﬁ"fd)i(u,T,giu)a)idhdx. 27
—o0 Jpn Rr JRr £

i=1

Substituting (25), (26) and (27) into (24) yields
k
A@ (uf —eul f)dx _/R /]1; Zsigno(u)Dﬂ" Si(u, tgu)widhdx < ||gllz1wny -
i=1

Let ¥ € C5°(R) nonnegative such that «(s) = 1 for [s| < 1. Set fi(§) = K(@). Since

the difference quotient DFi f; is bounded and is zero for x € R” such that ||x £ f;| |gn <1
(see (21)), letting [ — oo yields

Nl 1y < 1181121 Rny -

For the case of £L®(R"), let M € R be such that M > g% a.e. Subtract M from (22),
multiply by d>;+ (v — M) and integrate over R” to find that

(u — M + ABu — e Au)®;  (u — M)dx = f (g — M)P;"(u — M)dx <0. (28)
R" R

A similar argument as in (26) gives

lim | Au®)"(u— M)dx <0, (29)

=00 Jrn

as before. Again, integration by parts for difference quotients and the inequality (9) with
¢ = M (the reader may want to check that sign,, and sign(j)E are interchangeable in (9)) imply

@ Springer



32 Page 18 0of 26 Partial Differential Equations and Applications (2023) 4:32

that

lim / Bu®;"(u — M)dx
[—o0 n

k (30)
= —/ / > DFisignd (u — M)[¢i (u. t5,u) — ¢ (M. M) ]widhdx > 0.
]RYI n [:]

Substituting (29) and (30) into (28) yields

(u— M) (u — M)dx <0,
Rll

which implies that u < M a.e.
To establish an analogous lower bound, let M be such that M < g~ a.e. Add M to (22),
multiply by CD;_ (u + M) and integrate over R" to conclude that

/ (u+ M+ rBu — eAu)dD;_(u + M)dx = / (g +M)Pj(u+ M)~dx <O0.
R R”
Similar estimates as before show that
(u+ M) (u+ M)dx <0,
RYL

which implies that —M < u a.e. Setting M = ||g|| zoo(rny concludes the proof.
Remark 4.9 The proof also shows that the maximum principle holds for Eq. (22); that is, any
solution u € H'(R") N HIOC(R”) of (22) satisfies the inequalities — ||gi||z:°°(]R") <u <
||g ||£°°(R")

Holder’s inequality immediately yields the following result.

Corollary 4.10 Let the assumptions of Lemma 4 8 hold and let g € LY(RY) N L®(R™). Then
u e ﬁP(R”)fOr P = > 1 with ||u||£l’(R") = ||g||£1(Rn ||g||£DO(R)z)
The next result shows the uniqueness of solutions of (22) for g € LLRM).

Lemma4.11 Let the assumptions of Lemma 4.8 hold and let u,v € H'(R") N leoc (R™)
satisfy

U+ ABu —eAu =gy,
v+ ABv —€eAv = g.

Ifgi, g2 € LY(R™), then
+ +
||(M —v) Hl)l(R”) =< ||(g1 —82) ||£1(Rn) .
Proof The proof follows the proof of Lemma 4.8. Let w = u — v. Then w satisfies
w+ A(Bu — Bv) —eAw = g1 — g. 31
Let f € C5°(R") be such that 0 < f < 1. Define W, by setting \Il[/ = CI);+ and ¥;(0) = 0.
Multiply (31) by ¥/(w) f and integrate over R” to find that

/ (w+}»(Bu—Bv)—eAw)lI/l’(w)fdx
" (32)
= /R”(gl — )V (w) fdx < ||(g1 _g2)+||Ll(R’l)
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holds, since 0 < W/ f < 1. The facts that W;(w) € H}OC(R”) and that both ¥/, f > 0 imply
that

/ AwY](w) fdx Sf W (w)A fdx,
n Rll
and thus
— lim sup/ AwW/(w) fdx > —/ wh A fdx. (33)

[—00

as before. Integration by parts for difference quotients yields

/ (Bu — Bv)\IJl/(w)fdx
RV[

k
:_/ / > P w)ts, £ (. Tpu) — ¢i (v, Tp,0) |w;dhdix
IR o

k
—/ / > W w)DP £ (u, Tpu) — i (v, T,v) |y dhdx.
REJRT 2y

Letting / — oo in the first integral and using a similar argument as in (9) we find that

k
— lim / / > DPw](w)g, f i (u, Tpu) — i (v, T,0) Jwidhdx > 0,
=00 n n i—1

and thus, by the dominated convergence theorem,

lim (Bu — Bv)¥/(w) fdx

=00 Jrn

k (34)
z—/ / > signg () D @i (u, Tg,u) — i (v, 74,v) Jwidhdyx.
R" JR" ;g

Using (33) and (34) in (32) and letting [ — oo gives
k
/ wt fdx — A / / > signg () D @i (u, Tg,u) — i (v, 74,v) Jwidhdx
n er n l':l

_6/1\@ w+Afdx = ||(g1 _g2)+||[,1(]R”)'

By the same argument as before, let k € CJ°(R) nonnegative such that « (s) = 1 for |s] < 1.
Set f1(§) =« %) Since the difference quotient D# f; is bounded and is zero for x € R”
such that [|x £ B;||gn <1 (see (21)), letting | — oo yields

%l;n whdy = H(M - v)+H[,1(]R”) =< H(gl _g2)+H,C1(]R”)'

Corollary 4.12 Let the assumptions of Lemma 4.8 hold and let u, v € H'(R") N leoc R™)
satisfy

U+ Bu —eAu =g
v+ Bv—€eAv = g.
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If g1, 82 € L'(R"), then
[lu —vllz1@ny < 1181 — g2ll o1 @ny -
Proof Notice that the equality
lla = Dll g1y = H(“ - b)+H£‘(R") + ||(b _a)+||,c|(]R”)
holds for any a, b € Ll (R™). Lemma 4.11 shows that

[ =0 21 gy = 1l Ce1 = 87| 21 gy »
@ =] 21y = |[C82 = 0™ || 21y -

Hence, the inequality ||u — v||£l(Rn) <|lg1 — gz”l:l(Rn) holds as claimed.

The next result shows the existence of a unique generalized solution of (22) for g €
LY R™) N £®(R") and plays an essential role in our developments. In order to do so we
consider the problem on the ball B, C R” for r > 0 with zero Dirichlet boundary condition.
Letu” € H}(B,) N H?*(B,) =: H}(B,) satisfy

u" (x) + ABu" (x) — eAu" (x) = g(x), X € B,;

35

u (x) =0, X € 0B, (35)

where A denotes the Dirichlet-Laplacian Ap on £2(B,) with D(Ap) = H%(Br). For the
operator B to remain meaningful we use the E : H(I)(B,) — H!'(R") extension opera-
tor [22, Chapter 5.4] on u" supplemented with the fact that supp(Eu") = supp(u”) and
[|Eu" |l ey = ||ur||'H(])(B,) [7]. Then we use the restriction operator R : L2(R") — L£2(B))

on BEu" to obtain the operator RBE : H}(B,) — L*(B,). As in (35), we will denote Ap
by A and RBE by B for brevity.

Remark 4.13 One can verify from the proof of Lemmata 3.3, 3.4, 4.8 and 4.11 and Corollar-
ies 4.10 and 4.12 that they all hold for the Dirichlet problem too. Minor steps of the proofs
have to be modified, for example, in the proof of Lemma 4.8, instead of multiplying by ®; (u)
and integrating over R” we multiply by ®;(Eu") and integrate over B,. Then we can repeat
the same estimates as before. Similar arguments should be used in the rest of the proofs as
well.

Proposition 4.14 Let the assumptions of Lemma 4.8 hold. Then for each g € L£'(R") N
L°(R") there is a unique solution u € H'(R™") N leoc R™) of (22).

Proof We consider the Dirichlet problem (35) first. Define the operator T : H(l)(B,) =
HE(B,)by T = —(I —€A) '"ABu+ (I —eA)~'g and let

S:={ueH\B):u=nTu, nelo,1]}.

Note that H%(B,) can be compactly embedded into H(l)(B,), which implies that T is con-
tinuous (see also Lemma 3.4) and compact and maps the Banach space H(l)(Br) into itself.
Observe that u € S implies in fact u € H%(Br), and thus u = nTu is equivalent to

u—+niBu —eAu =ng (36)
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on B, a.e. Multiply by « and integrate over B, to find that

||”‘||%:2(B,.) + € IIVMIIZQ(BJ = n/ gudx — nk/ Buudx
B,

)

=7 ||g||52(3,) ||”||LZ(Br) + 1A ||BM||£2(B,‘) ||M||52(3,

== ||g||£2(3)+ ||M|| 2(3)+77)»32||B”||£2(3)+ 82 ||u||£2(3)

A
singnmﬁ el 2, + 282 11Bul Gy + 55 Wl 2o,

for any § > 0. Using (11) and Corollary 4.10 (note that the right-hand side is ng in (36) and
g in (22)) we find that

||M||2£2(3r) <nligllzi) gl zony < 118llc1cBy) gl 2o (B,) (37)
and that

(e — CA8%) || Vul 2 <1|| P2p y + 12 ]2
2y = 182y T\ 5 T 52 £2(B,)

A
<1 + ) gl gl coocs,) -

The inequalities (37) and (38) show that by choosing § small enough S is bounded in H(l] (B)).
Then Schaefer’s fixed point theorem shows that T has a fixed point [16, Corollary 8.1] and,
in fact, Lemma 4.11 ensures that the fixed point is unique on B,.

Choose a sequence {r;;} C R such that r,, — oo in an increasing fashion as m — oo
and let u' € H%(B,.m) be the corresponding sequence of solutions. Then clearly { Eu'"} C
H?(R") and by Lemma 4.8 we also have NEu™goocB,,) < 118llcoecs,,) = 181l comn)-
For any r < r’ we have by Corollary 4.12 that

(38%)

IA

HEu’—Eur/

e <8Nz (505

and thus the sequence is Cauchy and converges in LL(R") to some u € L1(R™) N L (RM).
Furthermore, elliptic regularity [22, Sect. 6.3.1] combined with inequalities (37) and (38)
imply that { Eu"} is uniformly bounded with

1EW™ L qny = [l 11z, < CUUIglc2,,) + 1Bu™ || 25,,))
. , (39)
< C(llgllz2p,,) + HurmHH(])(Brm)) = C( 18lle2qen) + 1181121 e ”gnzm(w)).

Let us consider By, for some ryp > 0 and let {Eu""«} be any subsequence, which is
then bounded in HZ(B,O) and thus by the compact embedding of HZ(BVO) into H! (By,) it
has a subsequence {E u'"™ } that converges in H! (By,) to u. Since any subsequence has a
convergent sequence with the same limit the original sequence converges in 1! (B,,) to u. By
(39 Nullpr (s, o= < C independently of ry showing that u is in fact in HI(R™) and is a weak

solution. Thus, by elhptlc regularlty u e H[ ¢ (Bro) as well and since rp > 0 was arbitrary
we conclude thatu € HI(R")N HZOC (R™) is a strong solution solution and by Corollary 4.12
it is unique.

In our next result we take the limit € — 0. This will not only allow us to consider flux
functions in Wllofo (R x R) but will show that the various properties established for the
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solutions of (22) hold for the generalized solutions of (14), which in turn will imply that they
hold for the semigroup as well.

Proposition 4.15 Let ¢; € Wllofo (R x R) and Ag be given by Definition 3.6. Then LYRMN
L®R") € R(I + MAg) for A > 0. Accordingly, let Ty, : L'(R") N LPR") > L1(R") be
the restriction of (I + AAg)~! to LV (R™) N LX®(RM). If g1, g2 € LYR™) N L®R?), then
1 1—1

(i) Thgi € LPR") for p = 1 with || Tagil| zogrny < 11811121 gay < 1811 o),

.o — +

(11) - Hgl ||[,°°(R") = T)»gl = Hgl H,COQ(R”)’
(1.11) H(T)»gl - T)Lg2).+| |E1(R") f ||(g1 - g2)+| |£1(]Rn)’

@iv) T, commutes with translations,

V) fgn Tr.81dx = [ g1dx.

Proof Let {¢/"} C C I(R x R) be a sequence such that each ¢;" is bounded and have the
property ¢ (0, 0) = 0 and {¢!"} converges to ¢; uniformly on compact sets. Define

k
By — / o7 (u, tgu) — ¢ (t_p;u, M)a),'dh

= |1Bil |
and the operator T, : L'(R") N LX[R") > L'R") N LPR") by Th.mg = uifu €
H'(R") N'HZ (R") and

loc
1
U+ AByu — —Au =g. (40)
m

Proposition 4.14, Lemmata 4.8 and 4.11, Remark 4.9, Corollaries 4.10 and 4.12 and the fact
that 7} , commutes with translations imply that 7;_,, is well-defined and has the properties
(i)-(iv). Let g € LY ®R™) N L ([R") and u,, = T)..mg. By Lemma 4.11 and the translation
invariance of T ,, we conclude that

/Rn |tm (x 4+ y) — w (x)|dx < /R lg(x +y) — g(x)|dx

for y € R". The above estimate and || || z1gny < 1€l 21 gn)» bY the means of the Fréchet-

Kolmogorov compactness theorem, imply that {u,,} is precompact in lllloc (R™). Thus, there

is a subsequence {u;,;} which converges a.e. in Cllo L(R") to alimit u € L' (R™). This con-
vergence will be denoted as u;,; — u. Let f € C5° (IR™) be nonnegative and ®; be given by
(23). Multiply (40) by <b; (um — ¢) f and integrate over R” to find that

1
/ <um + ABputy, — —Aum>d>;(um —¢) fdx = / 8P (uy —c) fdx.
n m Rn

Integration by parts gives
/ <(”m _g)cpg(”m _C)f'i‘)\Bmum‘D;(um -of
R?l
1 " 2
+ ;(obl (tm — O)Vum|” f — (um — c)Af) Jdx = 0.
Note that both @}/, f > 0 implies that

1
—/ O (um — )| Vium|* fdx >0
m Jgn
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and ||um || goomny < |1811 zoo(mny implies that the integral

/ Dy (upm — c)A fdx

is bounded. Letting m — oo through the subsequence {m;} and using the convergences
Up; — u and ¢" — ¢; uniformly on compact sets yields

/ ((u — @) ®j(u — ) f +ABu®(u — c) f)dx < 0.
]Rn

Letting / — oo and using (15) gives
/ (signo(u —ow-gf
Rll
k
- A/ > D[ f signg(u — )] (i (u, Tp,1) — ¢i(c. c))wl-dh)dx <0.
" i=1

Since [[u]| goowny < |18l zoomny and ¢; € WII(;EO(R x R) we have ¢; (u, tg,u) € LY R™).
Thus, we have g € (I + AAo)u by Definition 3.6 and, in fact, by Lemma 4.1 the equality

u+rAou=g 41)

holds. The accretivity of Ay shows that u is unique, hence lim,, o Ti,ng = T)g holds
with convergence in £ll e (R™). Properties (i)-(iv) are preserved under El] o (R") convergence.
Choose f e Cy°(R") nonnegative, multiply (41) with f and integrate over R” to find that

/ufdx—i—)»/ Aoufdx
n R"

k
:/ ufdx—,\/ / > Dﬂffqbi(u,tﬁiu)a)idhdx:/ gfdx
Rn n n - R
i=1

also holds by Lemma 4.1. Let k € C;°(R) be nonnegative such that «(s) = 1 for |s| < 1.
Set f1(§) =« (m) and let [ — oo. Using (21) we find that the integral

k
/ / > D figi(u. tgu)widhdx
Rn n

i=1

converges to zero as [ — oo and thus property (v) holds as well.

Remark 4.16 By Definition 3.6 it is clear that D(A) C L(R") and in some cases, in fact, the
equality D(A) = LL(R™) holds, see Lemma 4.2. However, this remains to be shown under
our general assumption that ¢; € Wllgcoo (R x R).

Proof of Theorem 3.8 Since A is accretive it follows that the closure A is also accretive. Let
g € LY(R") and {g,,} € £L'R") N L2(R") be such that g,, — g in LI (R™). Since T}, is
a contraction, the sequence {75 g;,} is Cauchy. Let Aw,, = (I — T3)gm, $0 Wy, € AoTigm
and the sequence {wy,} is also Cauchy. If T) g, — v and w;; — w, then w € Av and
g =v+ A w € (I + AA)v. This shows that A is m-accretive and the proof is complete.
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Proof of Theorem 3.9 The solution u.(¢) of (7) is given by

ue(t) = (I +eAy"LE] g,

The uniform convergence lim¢_, g uc(t) = S(t)ug for ¢ in LY (R") shows that properties
(i)-(v) hold for S(z), since by Proposition 4.15 they hold for 7;, = (I + AA)~ L

For property (vi) let ug € LY R™) N £ (R") (note that by Lemma 4.1 the operator Ay is
single-valued in this case) and u¢ (x, ¢) satisfy

é(ue(x, 1) —ue(x,t —€)) + Ague(x, 1) =0, (x,1) e R" x (0, T);
ué(x70):u0(x)7 X ER”.

The definition of Ag implies that

/ signg (ue(x, 1) — ¢)Ague(x, 1) fdx
Rn

k
+/ f > D[ £ signg(u — )] (i (ue. T8,ue) — i (c. ©))widhdx > 0
n n l=1
holds for any nonnegative f € Cg° (R” x (0, T)) and any ¢ € R. Notice that

1
Aoue(x,t) = g(ug(x, t—e€)—uc(x, t))

and that
signg (ue(x, 1) — ¢)(ue(x, 1 — €) — ue(x, 1)) = signg (ue(x, 1) — ¢)(ue(x, t —€) — c)
+ sign,, (ué(x, t) — c)(ué(x, 1) — c) < |u€(x, t—e¢)— c| — |u€(x, 1) — c|.

Using the above and integrating over (0, T') yields

T
/0 /]Rn g(’ue(x, t—e€)— c| — |u€(x, t) — c[)f(x, t)dxdt

T k
+/ / / > D[ f signg(u — )] (i (ue. T8,ue) — i (c. ©))widhdxdr > 0.
0 JRUIR G
(42)

Observe that

T
lf / (|”6(x’t_€)—c|—|Me(x,t)—C|)f(x,z)dxdt
€ Jo Rn

€ T
= l(/ f |ug(x,t—6)—C‘f(x,t)dxdt—/ / ‘ue(x,t)—c|f(x,t)dxdt>
€\Jo Jrr e Jan

T—e¢
+/ f ‘ue(x,t)—c’é(f(x,t—l—e)—f(x,t))dxdt.
€ Rn

Since f e C3° (R" x (0, T)) the first two integrals after the equal sign vanish for € small
enough. The uniform convergence lim¢_, o u¢(x, 1) = S(¢)up(x) in LY R implies that the

third integral tends to
T
d
/ / \S(:)uo(x)—c|—fdxdr;
0 Rn at
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that is, by taking the limit € — 0 in (42) the proof is complete.
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