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Physical Realizations of Multidimensional Voronoi
Constellations in Optical Communication Systems

Ali Mirani

Erik Agrell ™, Jochen Schroder

Abstract—Multidimensional geometric shaping has been shown
to outperform uniform quadrature amplitude modulation (QAM)
in optical communication systems but the complexity of symbol
decision and bit mapping can often be significant as dimension-
ality increases. In this paper, a low-complexity geometric shaping
method based on multidimensional lattices is investigated both in
experiments and simulations. The modulation formats designed
based on this method are called Voronoi constellations (VCs)
and we study them in 8, 16, and 32 dimensions. We obtain
transmission reach improvements of up to 22 and 70% for
VCs compared to 4QAM and 16QAM, respectively, in nonlinear
long-haul fiber transmission. Moreover, we compare different
physical realizations of multidimensional VCs over wavelengths,
polarizations, and time slots in both the Gaussian and non-
linear fiber channels. We demonstrate that different physical
realizations perform similarly in the fiber-optic back-to-back
channel. However, in long-haul transmission systems, spreading
the dimensions over time slots can increase the transmission
reach up to 4% compared to wavelengths and polarizations.
Furthermore, the mutual information and generalized mutual
information are estimated and compared to QAM formats at the
same spectral efficiencies.

Index Terms—Optical communication, multidimensional mod-
ulation format, geometric shaping, lattice, Voronoi constellations.

I. INTRODUCTION

EOMETRIC constellation shaping has become attractive
G in communication systems due to its flexible design for
different impairments [1], e.g., tolerance to laser phase noise
[2], [3], fiber Kerr nonlinearities [4]-[6], transceiver compo-
nents impairments [7], and low signal-to-noise ratio (SNR)
channels [8]. In contrast to probabilistic constellation shaping
(PCS) [9], [10], geometric constellation shaping (GCS) mod-
ifies the Euclidean geometry of the constellation points while
keeping their occurrence probability uniform [11], [12, Ch. 4].
Often, these constellation shaping methods are optimized in
2-dimensional (2D) space and they are independently realized
over the physical dimensions of optical fibers. For example,
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in [13], PCS and GCS are compared separately and in a
hybrid combination in a 2D Gaussian-noise channel. In [14],
an autoencoder-based geometric shaping method is applied in
a 2D space in the presence of transceiver impairments.

However, multidimensional GCS has the advantage of op-
timizing the constellations in the multidimensional Euclidean
space with higher degrees of freedom [15], [16] compared
to PCS and 2D GCS at the expense of increased design
complexity. For example, in [17], an 8-dimensional biorthog-
onal modulation format was realized over 2 polarizations
and 2 wavelengths with 84% transmission reach improvement
compared to quadrature phase-shift keying (QPSK) at the same
symbol rate but half the bit rate. In [18], a 24-dimensional
extended Golay-coded modulation format was realized over
polarizations and time slots providing 15% transmission reach
improvements compared to dual-polarization binary phase
shift keying.

Recently, many efforts have been made to reduce the design
complexity for multidimensional constellations [19]. Orthant
symmetry [20] and amplitude coding [21] are examples of re-
cent works to reduce the complexity of GCS in 4-dimensional
space. Another approach to reduce complexity is the lattice-
based modulation named Voronoi constellations (VCs) [22]—
[24]. The VCs are shown to be efficient at relatively high SNRs
with modulation and demodulation complexity independent
of their spectral efficiencies (SEs) [25], [26]. Moreover, no
look-up table is required to store the constellation points
of VCs, which makes the complexity independent of the
constellation size (cardinality). These properties make VCs a
suitable option for applications with strict limits on latency
or power consumption, e.g., video conferencing or instrument
control links that are latency sensitive [25]. The VCs have
been realized in optical communication systems at 8 dimen-
sions over time slots [27] and 32 dimensions over multiple
wavelengths, polarizations and time slots [28]. Another type
of VCs based on cubic coding lattice is investigated in
[29] for single and multi-wavelength transmission simulations
and mutual information (MI), generalized mutual information
(GMI), and bit-error rate (BER) metrics are compared with
quadrature amplitude modulation (QAM) formats. However,
different physical realizations of VCs over different fiber
dimensions have not been compared with each other in optical
communication systems.

Conventionally, in communication theory, all signaling di-
mensions are equal and independent, but in physical real-
izations, this may not always be the case. For example,
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in a quantum-noise limited channel, a single quadrature in
a polarization component cannot be detected or exchanged
without incurring a penalty or exchange of the other quadra-
ture (which is fundamentally originating from Heisenberg’s
uncertainty relation and the photon no-cloning theorem) [30],
[31]. This is in contrast with polarization components that can
be losslessly separated and processed individually. Another
example, of more relevance for this work, is the nonlinear
fiber channel, where it is unclear and not systematically
investigated whether the nonlinear distortions will affect polar-
ization/quadrature/time/wavelength dimensions equally or not.

In this paper, which is an extension of [27] and [28], we
investigate different realizations of VCs in 8, 16, and 32
dimensions and compare their BER performance both in sim-
ulation and experiment in back-to-back (B2B) and long-haul
fiber transmission. We show up to 22 and 70% transmission
reach improvement for VCs compared to 4QAM and 16QAM
at the hard-decision forward error correction (HD-FEC) limit,
respectively. Moreover, we show that spreading the VCs
dimensions over time slots rather than wavelengths and po-
larizations can provide slightly higher transmission reach, up
to 4% at the HD-FEC limit. Furthermore, the MI and GMI
are estimated for some of these VCs to show the achievable
gains when they are combined with multilevel coding (MLC)
and bit-interleaved coded modulation (BICM) schemes.

The remainder of the paper is organized as follows. In
section II, we describe the VCs and their physical realiza-
tions in optical fiber transmission systems. In section III, we
present simulation results for the multidimensional additive
white Gaussian noise (AWGN) channel and nonlinear fiber
transmission using the split-step Fourier method (SSFM). In
section IV, the experimental results for B2B and long-haul
transmission by a recirculating loop are demonstrated. Finally,
the conclusion of this paper is presented in Section V.

II. VORONOI CONSTELLATIONS
AND PHYSICAL REALIZATIONS

A VC is a set of multidimensional vectors based on two
lattices, viz. a shaping lattice and a coding lattice. The outer
boundary of the constellation is determined by the scaled
Voronoi region of the shaping lattice, and the constellation
points are selected from the coding lattice vectors inside this
boundary [28]. For example, QAM formats are generated using
integer (cubic) lattices for both the shaping and coding lattices,
providing 0 dB shaping and coding gains [26]. Therefore,
QAM formats are usually used as a benchmark to compare
the performance of other modulation schemes.

The VCs covered in this paper are based on
the 8-dimensional Gosset lattice (E8), and the 16-
and 32-dimensional Barnes—Wall Ilattices (BW16 and

BW32, respectively) [32, Ch. 4], [33] with SEs [ of
1 and 2 bits/sym/dimension. These modulation formats are
named as E8BI1, E8B2, BWI16B1, BW16B2, BW32BlI,
and BW32B2, having 256, 65536, 65536, ~4.3x10°,
~4.3%x10%, and ~1.8x10'” constellation points, respectively.
The modulation (bits to transmitted symbol mapping) and
demodulation (received symbol to bits demapping) of VCs
are discussed in detail in [25].
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Fig. 1: (a) 2D projection of the BW16B1 constellation with
a unit average energy. Each marker and color corresponds to
a pair of dimensions. The bars on the top and right show the
histogram of the constellation points. The black square marker
shows the 4QAM format at the same SE with unit energy.
(b) Investigated physical dimensions in a single-mode fiber to
transmit 16D symbols (colorized). Each small cube represents
a 2D symbol. QAM formats with independent symbols are
shown at the bottom as separate cubes.

To transmit a multidimensional VC over physical fiber
dimensions, we convert the multidimensional symbol into
multiple 2D symbols to modulate the amplitude and phase, i.e.,
in-phase and quadrature (IQ) components, in different combi-
nations of time slots (ts), polarizations (pol), or wavelengths
(A). The spatial dimensions (multi-core and multi-mode fibers)
[34], [35] offer additional degrees of freedom, which are not
covered in this paper. An example of a 2D projection of the
BW16B1 format is shown in Fig. 1 (a) together with 4QAM
at the same SE and unit energy. It is evident that a multidi-
mensional VC has a bell-shaped probability distribution in the
2D projection, which approximates a Gaussian distribution,
i.e., the optimum input distribution for the AWGN channel.
Moreover, we observe that the VC has more levels and higher
expansion in 2D space [24] compared to the equivalent QAM
format, which can potentially degrade the performance of the
VC in the presence of high transmitter noise or nonlinearity.

In Fig. 1 (b), we show examples of possible physical
realizations of a 16-dimensional (16D) modulation format
given our hardware limitations in the lab, i.e., 2 wavelengths
with dual-polarization transmitters. In Fig. 1 (b), from top to
bottom, we expand the modulation format dimensions from
time slots to polarization and wavelengths. First, each 16D
symbol is realized over 1 wavelength, 1 polarization, and 8
time slots. Then, each symbol is realized over 1 wavelength,
2 polarizations, and 4 time slots. Finally, each 16D symbol
is implemented over 2 wavelengths, 2 polarizations, and 2
time slots. The same concept can be generalized if more
wavelengths are available or spatial dimensions are added in
multi-core or multi-mode fiber systems. It should be mentioned
that each time slot carries two dimensions in each polarization



and wavelength, i.e., IQ components. The QAM formats are
shown with independent cubes in every time slot, polarization,
and wavelength with independent IQ components. These real-
izations of physical dimensions all yield the same bit rate at
a given bandwidth, i.e., the same SE.

To transmit the 16QAM and VCs payload symbols in our
experimental setup, we use the pilot-based frame structure
described in [36], [37] for each polarization and wavelength.
Blind digital signal processing (DSP) has been used for the
checkerboard (D,) lattice previously in [38], [39], but a pilot-
based DSP is easier and more flexible. The frame consists
of an initial sequence of 4QAM symbols for frame synchro-
nization and pilot-based equalization followed by a payload
sequence. The payload can be any higher-order QAM formats
or VCs, which are realized in 2D according to Fig. 1 (b).
The total frame length is 2'6 time slots, and the initial pilot
length is 2'2 time slots. For every 31 time slots in the
payload sequence, one 4QAM pilot is inserted for phase noise
compensation. This corresponds to an overall pilot overhead
of approximately 9.2% in a frame. The pilot overhead can
be optimized to maximize the throughput of the system [37].
Unlike 16QAM and VCs, 4QAM payloads are transmitted
without pilots, and blind algorithms are used at the receiver.

III. SIMULATION RESULTS

The performance of VCs is investigated over the AWGN
channel and long-haul nonlinear fiber channel without
transceiver implementation penalties. We study the perfor-
mance metrics of MI, GMI, and BER; however, because of
the lower computational complexity, we focus mostly on BER
in this paper.

A. BER estimation

The uncoded BER metric can be easily calculated by com-
paring the transmitted and received bits. In Fig. 2, we show the
BER performance of VCs over a zero-mean multidimensional
AWGN channel N(O, %INX ~N), where I is the identity
matrix, N is the dimensionality, and Ny/2 is the variance of
the Gaussian noise in each dimension. The SNR per dimension
is SNR = E/(N-Ny/2), where Ej is the average energy of
the constellation. The optical signal-to-noise ratio (OSNR) is
OSNR = SNR- Rs/B,, assuming an amplified spontaneous
emission (ASE) noise-limited optical channel, where B,, is the
optical noise bandwidth equivalent to 0.1 nm, and R, is the
2D symbol rate 20 GBaud.

Fig. 2 shows that below a certain BER at the crossing points
of the curves, the VCs outperform the uniform QAM at the
same SE. The OSNR improvements at lower BERs are due to
the power-efficient design of VCs in higher dimensions [25].
At the HD-FEC limit of BER = 2.26 x 10~4, which applies
to the KP4 code [40], the OSNR improvements are approxi-
mately 0.14, 0.84, and 0.85 dB at 5 = 1 bits/sym/dimension,
and 1.08, 1.68, and 1.73 dB at § = 2 bits/sym/dimension
for E8, BW16, and BW32 compared to QAM, respectively.
However, at high BERs, the QAM formats have a better
performance due to a lower kissing number [32, Ch. 1] and
efficient Gray labeling. Therefore, it can be concluded that
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Fig. 2: The BER simulation of VCs and QAM formats vs
the OSNR and SNR per dimension at 20 GBaud over the
multidimensional AWGN channel. QAM formats are labeled
by Gray mapping and VCs are quasi-Gray mapped based on
[25].

VCs are a better option for high-SNR applications compared
to QAM formats. Moreover, we see that VCs based on the
BW16 lattice can perform similarly to the BW32 [27] with a
lower complexity.

In Fig. 3, we show the simulation results for the VCs and
QAM formats by solving the Manakov model [41] using the
SSFM [42, Ch. 2] in a long-haul transmission link for a two-
wavelength and dual-polarization system. The fiber is modeled
with 0.2 dB/km attenuation, 16.8 ps/nm/km dispersion, and
1.3 (W km)! nonlinearity. Each span of fiber is 80 km and it
is followed by an erbium-doped fiber amplifier (EDFA) with
5 dB noise figure and a gain equivalent to the span loss, i.e.,
16 dB. The dispersion is only compensated at the receiver
side, and the optical launch power is optimized to achieve the
lowest BER. The BER is averaged over independent symbols,
which are realized over the physical dimensions of the fiber
channel.

Fig. 3 shows a comparison of different physical realiza-
tions of VCs with each other and with the QAM formats
at the same SE. In each subfigure of Fig. 3, at low BERs
and short transmission distances, all VCs and their physi-
cal realizations outperform uniform QAM. At the HD-FEC
limit of BER = 2.26 x 10~%, the transmission distance
improvements are approximately 1.2, 14.1, and 15.4% at
B = 1 bits/sym/dimension, and 5.8, 15.6, and 19.0% at
B = 2 bits/sym/dimension for E§, BW16, and BW32 com-
pared to QAM, respectively. However, at long transmission
distances, the QAM formats outperform the VCs with the
same SEs. Furthermore, among different physical realizations
of VCs, it is shown that spreading the dimensions over time
slots and using independent VCs on each wavelength and
polarization provides a slightly higher transmission reach.

These observations are consistent with [43], [44], where
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Fig. 3: BER simulation of VCs with different physical realizations and QAM formats using the SSFM. The performance is
shown at the optimum optical launch power. The inset shows BER vs. optical power at a specific transmission distance.

—— Shannon
E8B1
- == 4QAM

--- 16QAM| /7

Normalized MI

E8B2 /i

SNR (dB)

Normalized GMI

—— Shannon

- - = 4QAM, Gray
E8B1, optimized
- - - E8B1, quasi-Gray

—— Shannon
- - - 16QAM, Gray
E8B2, optimized

- - - E8B2, quasi-Gray

SNR (dB)

8 11 14 17

SNR (dB)

Fig. 4: (a) Normalized MI vs. SNR per dimension for VCs based on E8 lattice and QAM formats over the multidimensional
AWGN channel. (b) and (c) Normalized GMI performance with different labelings. The insets show the regions where VCs

outperform QAM formats.

4-dimensional formats showed very similar performance for
different physical realization strategies. In this work, the better
performance of the time slot realization might be due to our
usage of disjoint DSP in the receiver for different polarizations
and wavelengths, which results in a similar noise distribution
among constellation dimensions when VCs are spread only

over time slots.

B. MI and GMI estimation

Better metrics to predict the performance of modulation
formats combined with soft-decision forward error correction

(SD-FEC) are MI and GMI [45]. Generally, estimating MI
and GMI accurately is time-consuming for VCs since their
cardinality can be extremely high [25], [33]. Recently, the
MI and GMI for VCs with a cubic coding lattice have been
approximated [29], [46] based on importance sampling [33].
In this section, we estimate the MI and GMI for two E8-based

constellations with moderate cardinalities (256 and 65536
constellation points) based on Monte Carlo simulations.

In Fig. 4 (a), we show the normalized MI performance

over a zero-mean multidimensional AWGN channel. The
normalized MI is estimated using [47, Eq. (21)] divided by



the number of bits per symbol SN. In Fig. 4 (a), in both SEs,
the VCs based on the ES lattice outperform the QAM formats
due to their shaping gain and constellation power efficiencies
[25]. This shows the achievable SNR gains by designing an
MLC scheme for VCs compared with QAM formats.

In Fig. 4 (b) and (c), the normalized GMI performance,
i.e., the GMI [47, Eq. (22)] divided by the number of bits
per symbol SN, of VCs based on the E8 lattice and QAM
formats are shown for 5 = 1 and 2 bits/sym/dimension,
respectively. For QAM formats, Gray labeling is used, and for
VCs, a quasi-Gray labeling [25] and an optimized labeling
based on [48] and [8] are applied. Based on the normalized
GMI performance in Fig. 4 (b) and (c), the QAM formats
outperform VCs except at high SNRs, which are shown in
the insets. This is due to lower kissing number [32, Ch. 1]
and efficient Gray labeling for QAM formats compared to
VCs. However, at very high SNRs, because of the power
efficiency of VCs, they outperform QAM formats. This shows
that for bit-interleaved coded modulation schemes with the
typical forward error correction (FEC) overheads of around
20%, the QAM formats are a better option than VCs.

IV. EXPERIMENTAL RESULTS

To verify the simulation results, we experimentally realize
the VCs and QAM formats for a B2B and long-haul transmis-
sion experiment using a recirculating loop. The experimental
setup is shown in Fig. 5 (a). The performance is evaluated in
terms of the pre-FEC BER, which as discussed in Sec. III-A

is the relevant metric for HD-FEC systems. The experimental
verifications of VCs in SD-FEC systems, where the MI and
GMI are relevant metrics, remains for future work.

At the transmitter side, optical carriers are generated from
two independent external cavity lasers of linewidths <100 kHz
operating at 1550.12 and 1550.32 nm, i.e., ~25 GHz spacing.
Each laser is split up into two arms by a 3 dB coupler and
modulated by an 1Q modulator driven by 20 Gbaud amplified
electrical signals from an arbitrary waveform generator (AWG)
with 8 bits vertical resolution. A higher symbol rate will
induce higher implementation penalties and might increase
the transmission nonlinearities for VCs compared to QAM
formats; however, investigation of symbol rate effects remains
for future works. A variable optical attenuator (VOA) after
each modulator is used to balance the power of the arms with
respect to other arms. For each wavelength, the output of the
VOAs are combined using a polarization beam combiner to
create a dual-polarization signal. Finally, the two wavelengths
are combined using a 3 dB coupler. Nonlinear interference
from copropagating wavelength channels could be emulated
by adding shaped ASE noise at this stage, which is however
not studied in this work.

The optical channel includes a VOA to sweep the OSNR and
a recirculating loop. The recirculating loop consists of acousto-
optic modulators (AOMs), a 3 dB coupler, an EDFA to com-
pensate for the loop losses (losses in the wavelength selective
switch (WSS), AOM, and 3 dB coupler), a loop-synchronized
polarization scrambler, two stages of optical bandpass filters
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(BPFs) to remove the out-of-band ASE noise, VOAS to set the
launch power into approximately 80 km standard single-mode
fiber (SMF) spans, EDFAs to compensate for span losses at a
constant gain of 30 dB, and a WSS to equalize the gain-tilt
of the EDFAs. The mismatch between the amplifier gains and
the span losses is due to the limited configuration setting of
the amplifiers. The accumulated loop loss is measured to be
approximately 15.5 dB.

At the receiver, the optical signal is pre-amplified and
filtered into two separate wavelengths by a WSS. Each wave-
length is then fed into a polarization-diverse 90°-hybrid with
an independent <100 kHz linewidth laser as a local oscillator.
The electrical signals from the hybrids are sampled using an
8-bit resolution real-time oscilloscope at 80 Gsamples/s and
processed offline to compensate for the channel and transceiver
impairments.

The offline digital processing is based on [49]. For each
wavelength and measurement batch, front-end compensation
is performed followed by matched filtering. Then, frequency
offset compensation, adaptive equalization and polarization
demultiplexing, and carrier phase recovery are applied based
on pilot symbols. For the 4QAM payload, a non-data-aided
adaptive filter and blind phase recovery algorithm are used.
Finally, for VCs, the 2D symbols from physical dimensions
are combined together to generate multidimensional symbols,
and based on Algorithm 2 in [25], the BER is calculated and
averaged over independent symbols realized over the optical
channel. For QAM formats, maximum-likelihood detection is
applied. In Fig. 5 (b), we show an example of the measured

SNR at the receiver for different noise-loaded OSNR values
in the B2B measurement for 16QAM. This shows that 1Q
components experience different implementation penalties in
the setup. Therefore, VCs can have different noise distributions
between dimensions when they are physically realized over po-
larizations and wavelengths. This might result in a suboptimal
demodulation algorithm in [25].

In Fig. 6, we show the BER performance of a B2B system
by sweeping the VOA before the loop-switch and changing the
received OSNR. Each VC is compared in different physical
realizations with the QAM format at the same SE. Based on
Fig. 6, all investigated physical realizations for all VCs show
similar performance with negligible deviations which are due
to measurement errors. This result indicates that, on average,
the B2B channel statistics does not affect the performance
of VCs regardless of whether the physical realizations are
dependent on each other in different physical realizations or
not.

Comparing the AWGN simulation results in Fig. 2 and the
B2B experiments in Fig. 6, the implementation penalties for
4QAM and 16QAM formats are 0.7 and 2.7 dB at the HD-FEC
limit, respectively. For VCs, the implementation penalties are
0.8, 0.6, and 0.9 dB at 5 = 1 bits/sym/dimension, and 2.7,
2.8, and 2.3 dB at § = 2 bits/sym/dimension for E§, BW16,
and BW32, respectively. Due to higher peak-to-average power
ratio for VCs, we expect a larger implementation penalty
compared to QAM formats. However, with the optical power
after each 1Q modulator depending on the symbol pattern
loaded to the AWG, the measured OSNR based on the total
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Fig. 7: Experimental BER performance of VCs with different physical realizations and QAM formats using the recirculating
loop at the optimum optical launch power. The inset shows BER vs. optical power at a specific transmission distance.



received power might not be accurate for all the channels.
Therefore, the measurements have a higher variance for the
VCs.

In Fig. 7, we show the BER performance of the VCs and
QAM formats in long-haul transmission experiments using a
recirculating loop. Each measurement point is optimized by
sweeping the total optical power into the fiber from —3 to
+3 dBm with 1 dB step size. Based on our measurements
and simulations, the optimum power is approximately 1 dB
lower for VCs compared to QAM formats. Similar to the
long-haul simulation results in Fig. 3, expanding the symbol
dimensions over time slots and using independent VCs to
occupy the available physical dimensions provide an improved
transmission reach of up to approximately 4% in Fig. 7 (c)
and (d). Furthermore, comparing the performance of VCs with
QAM, at the HD-FEC limit of BER = 2.26 x 1074, the
transmission distance improvements are approximately 4.6,
21.4, and 21.9% at 3 = 1 bits/sym/dimension, and 42.1,
69.1, and 69.9% at 5 = 2 bits/sym/dimension for ES, BW16,
and BW32, respectively.

The reason for lower transmission reach in experiments
compared to simulations is the component losses in the
recirculating loop, including the waveshaper, loop switch,
3 dB coupler, and the noise figure of the amplifier used
to compensate for these losses. The performance difference
between physical realizations is more evident in experiments
compared to simulations, which might be due to the transceiver
and loop impairments.

V. CONCLUSION

In this paper, the performance of different VCs in 8,
16, and 32 dimensions are compared to QAM formats. We
showed that VCs outperform QAM formats at relatively high
SNRs and low transmission distances. Up to 4.6, 21.4, and
21.9% at 1 bits/sym/dimension and 42.1, 69.1, and 69.9%
at 2 bits/sym/dimension transmission reach improvements are
shown for 8, 16, and 32-dimensional VCs over QAM formats
at the HD-FEC limit. Furthermore, physical realizations of
VCs over single-mode fiber show a slightly higher transmis-
sion reach when the constellation dimensions are spread over
time slots compared to wavelengths or polarizations. However,
over a Gaussian noise channel in both simulation and B2B
experiments, different realizations perform similarly. Finally,
the MI and GMI results indicate that by designing an MLC
scheme or an optimized bit labeling, VCs can potentially
outperform QAM formats.
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