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A B S T R A C T

Traditionally, the geometric quality of assembled products has been evaluated by deviation from nominal val-
ues. However, the increased use mixed materials in especially automotive industry, in combination with an
increased use of non-rigid simulation, open up for other evaluation criteria to complement the traditionally
used deviation. The stiffness of a part or subassembly will, in combination with its deviation from nominal,
give rise to different amounts of energy needed to join it to other parts. In this paper, the energy needed for
joining is suggested as an evaluation criterion, complementary to geometric deviation, to judge the severity
of the deviation.
© 2023 The Author(s). Published by Elsevier Ltd on behalf of CIRP. This is an open access article under the CC

BY license (http://creativecommons.org/licenses/by/4.0/)
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1. Introduction

Variation in manufacturing processes is unavoidable and toleranc-
ing is a way to specify the allowed variation, aiming to secure product
quality [1]. The tolerances are related to cost, and tighter tolerances
usually drive a higher cost [2,3]. The tolerance design is often based
on digital tools, i.e. Computer Aided Tolerancing (CAT). Using CAT
tools, the resulting variation on assembly level can be predicted
based on inspection data or tolerances on part level, and a model
relating part deviations to assembly deviations [4]. CAT tools have
developed over the years and become more advanced. A good CAT
tool is characterized by accuracy, reasonable calculation times and its
ease of use. It should also provide the ability to include the compliant
behavior of non-rigid parts. For rigid parts, different tolerance analy-
sis models can be applied to evaluate the effect of part tolerances on
assembly level [5]. Over the years, digital tools have become more
and more important in the product development cycle [6], and CAT
tools, being an important part in the set of digital tools, are used to
make sure that both the producability and the quality of a mechanical
product can be fulfilled.

Traditionally, tolerance specification and analysis, usually relying
on the assumption of rigid parts, evaluate deviation from nominal
and variation around the mean deviation on assembly level. This is
also how the requirements on assembly level are set. Usually, also
non-rigid variation simulation follows this regime and predicts the
distributions of dimensional deviations on assembly level, even if
there are examples of evaluation of stress [7], forces [8] and vibra-
tions [9] during the joining process or other performance measures
[10]. An entropy-based method to evaluate how the strain-energy
distribution affects assembly accuracy for machined parts was sug-
gested by [11].
The standards ASMEY14.5 and ISO 1101 [12,13] consider flexible (i.
e. non-rigid)parts, butwitha focuson the specificationmethod to com-
municate the requirements on a part. There are also scientificworks on
how to inspect non-rigid parts and how to compensate for gravity and
other forces affecting theparts during inspection [14�16].

This paper aims at discussing alternatives and complements to the
traditional evaluation criterion based on deviation and/or variation,
and points out a criterion that might be useful to evaluate the sever-
ity of a deviation of a non-rigid part or subassembly.

1.1. Scope of the paper

This paper suggests a new complementary evaluation criterion for
non-rigid variation simulation, based on the work or energy required
to assemble a part or subassembly to its mating parts. In this way,
both the stiffness and the deviation of a part is included in the evalua-
tion. For example, the deviation of a really flexible part or subassem-
bly will be deemed less severe than the same deviation of a very rigid
part or subassembly.

In Section 2 an overview of non-rigid variation simulation
is given. This is followed by a definition of the suggested evaluation
criterion in Section 3. In Section 3, one simple and one industrial
case study are used to validate and illustrate the suggested method.
A discussion is found in Section 4 and a summary and conclusions are
presented in Section 5.

2. Non-rigid variation simulation

A non-rigid Monte Carlo-based variation simulation allows for
bending of parts due to part and fixture deviations or other forces
affecting the parts. The simulation is based on finite element analysis
in combination with the method of influence coefficient (MIC) to
save simulation time [17]. In contrast to rigid analysis, where only six
locators per part can be allowed, an N-2�1 locating scheme can be
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Fig. 1. Upper: The bean is deviating 1 mm in Z-direction in the middle of the beam.
Lower: The energy Wtot required to clamp it to nominal equals 0.20 Nmm (0.1 Nmm in
each one of the two clamps in the middle, as shown by the color-coding of the arrows).
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allowed, where N is an arbitrary number of clamps. The main steps in
the simulation are described below. The starting point is two parts, A
(master part) and B (slave part), that are to be joined to the assembly
AB. The stiffness matrices of the parts are denoted KA and KB, and the
part deviations from nominal values in the clamping points are uA

and uB.

Step 1. Fixturing/Clamping. The forces needed to close the gaps in
the clamping points and to avoid that the two parts penetrate each
other are denoted FA and FB.

FA ¼ KAuA; FB ¼ KBuB ð1Þ

Step 2. Joining and contact modeling. In this paper, a point-based
joining method is assumed, such as spot welding, riveting or screw-
ing. Other joining methods require other modeling techniques [18].
The modeling of the joints is done using contact modeling. For each
contact point/node on part A, the closest node on part B is identified
to form a contact pair. The purpose of contact modeling is that the
slave part is not allowed to penetrate the master part in any of the
contact pairs.

The distance, di, between the two nodes in contact pair i, is a linear
combination of the reaction forces in the slave nodes, Rj. The forces
are caused by a collision with the master surface:

di ¼ bi0 þ R1bi1 þ :::þ Rnbnm ð2Þ
If Ri >0 in slave node i, there must also be resulting forces, Fk,

on the master part to maintain the force and moment equilib-
rium. The resulting forces are distributed over the nodes in the
corresponding master element. Moreover, the constraints below
should be fulfilled:

3a: di�0; 8 i
3b: Ri�0; 8 i
3c: diRi ¼ 0; 8 i

ð3Þ

Constraint 3a are used to avoid penetrations. Constraint 3b states
that a reaction force must never pull the parts together. Finally, con-
straint 3c implies that either Ri = 0 or di= 0, meaning that if the reac-
tion force is negative, it must result in a penetrated distance di = 0,
alternatively if di > 0 (i.e. no penetration), there can be no reaction
force (i.e. Ri = 0).

Step 2b. For the joining points, step 2a is redone, but the constraint
3a in Eq. (3) is replaced with di � 0 for all i. In this way, the distance
di = 0, for all joining points and the joining nodes are brought
together.

The contact problem can be solved iteratively [19] or as a
quadratic problem formulation [20,21] to minimize the applied
forces.

After applying the forces described above, and with all joining
points set, the assembly deviation from nominal is uAB

clamped
and the

assembly has stiffness matrix KAB. For simplicity, all forces required
to achieve the shape uABclamped

are summarized inFABclamped

Step 3. Spring back. Finally, the assembly is released from the over-
constrained locating scheme and spring-back occurs. The final devia-
tion of the assembly is denoted u and is calculated by applying the
forces FABclamped

from the previous step, but in opposite direction:

u ¼ �K�1
AB FABclamped

ð4Þ
The details of the calculations can be found in [22]. The steps

above can be included in a Monte Carlo (MC) based variation simula-
tion. In each MC replication the resulting assembly deviation is calcu-
lated and by running many MC replications, a distribution of the
assembly deviation in each node can be formed. The results are tradi-
tionally summarized in a root mean square measure over all nodes or
color-coded.

The process briefly described above can be adjusted to different
joining methods [18] and other aspects and it can also be used for
other purposes than calculating deviation and/or variation, such as
calculation of stresses, forces etc.
Please cite this article as: K. W€armefjord et al., Evaluation of geometric
Technology (2023), https://doi.org/10.1016/j.cirp.2023.03.002
3. An energy-based evaluation criterion of geometric deviation

As earlier mentioned the traditional evaluation criterion for varia-
tion simulation is the deviation and variation in each node of the
assembly. The stiffness of the parts is of course affecting the deviation
of the subassembly. However, in many cases the deviation is not as
important as how the subassembly behaves in the next assembly step.
As an example, a really flexible subassembly will, when assembled to
a stiffer subassembly, form according to the mating subassembly.
Therefore, its deviation is less likely to propagate to downstream
assembly stations [23]. A complementary evaluation criterion reflect-
ing this behavior is to investigate how much work or energy that is
required for the next assembly step. The strain energy is the energy
stored in an isotropic, ductile part as a result of an elastic deformation
of the part, i.e. in this context, the work done to assemble the evalu-
ated subassembly in the next assembly step. The strain energy can be
divided into strain energy due to volume changes of the part (some-
times referred to as hydrostatic stresses) and strain energy due to dis-
tortion of the part (sometimes referred to as deviatoric stresses) [24].
For a subassembly discretized into a finite element mesh, the strain
energy per unit volume can be considered and is then called the strain
energy density, W [25]. Using the notation from Section 2, the strain
energy density can be derived and expressed as

W ¼ 1
2
uTK u ð5Þ

For this derivation, the reader is referred to for example [25]. The
strain energy density W is a px1 vector, where p is the number of
nodes in the mesh representation of the subassembly. Summarizing
over the elements in the vector will give the total work or energy
required to assemble a part or a subassembly to another part or sub-
assembly:

Wtot ¼ 1T
W ð6Þ

3.1. Case study, part

The suggested method is mainly aimed at serving as an evalu-
ation criterion for subassemblies, complementing geometric devi-
ation and/or variation which are the standard criteria. However,
the method can also be applied on part level. Here, a very simple
example, see Fig. 1, is used. This can also serve as a validation of
the calculation procedure, since it can be compared to an analyti-
cal solution.
tolerances using strain energy density, CIRP Annals - Manufacturing
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The analytical solution can easily be found by utilizing the basic
formula for three point bending with a central load [26], i.e.

d ¼ F � l3
48E � w � t3=12ð Þ ; ð7Þ

where d is the deformation, F is the applied central force, l is the
length of the beam, E is Young’s modulus, w is the beam width and t
is the beam thickness. Solving the equation for F and utilizing that
the applied work can be calculated as 0.5*F* d gives 0.20 Nmm, which
agrees well withWtot in Fig. 1.
3.2. Case study, subassembly

The evaluation criterion suggested above will be applied to a case
study from the automotive industry, see Fig. 2. The color-coding
shows part deviations based on scan data. The parts will be joined
using spot welding to form the subassembly in Fig. 3, denoted “Sub-
assy1”. The color-coding in Fig. 3 shows the predicted assembly devi-
ation based on the simulation methodology outlined in Section 2. The
simulation is done in the software RD&T [27].

In the next assembly step “Subassy1” is supposed to be joined to
the three gray parts shown in Fig. 4 to form “Subassy2”. The focus
here is to evaluate the energy required to form “Subassy2” and use
Fig. 2. The four parts that will form a subassembly (“Subassy1”). The color-coding
shows part deviations based on scan data.

Fig. 4. “Subassy 100 from Fig. 3 will be assembled to other parts to form “Subassy2”
shown in this picture. The arrows show clamps/locators and the gray spheres welding
points.

Fig. 3. Color-coding of the simulated deviation of “Subassy1”.

Please cite this article as: K. W€armefjord et al., Evaluation of geometric
Technology (2023), https://doi.org/10.1016/j.cirp.2023.03.002
that to evaluate the quality of “Subassy1”. For simplicity, the gray
parts in “Subassy2” are supposed to be nominal.

In Fig. 5, the energy-based evaluation criterion from Eq (4) is
calculated and the values in each node where energy is applied is
color-coded. This covers clamps, joining points and nodes affected
by contact forces. Also the sum over all nodes are calculated
(as shown in Eq. (5)). The value of Wtot is 786 Nmm. In this
case, the parts constituting “Subassy1” were supposed to have
Young’s modulus E = 210 GPa, which is the standard value for
sheet metal.

As an alternative to this, the stiffness of the parts constituting
“Subassy1”, was lowered to E = 2 GPa, corresponding to ABS plastic.
Again, the energy required to assemble “Subassy1” to some nominal
parts to form “Subassy2” was calculated. The results can be seen in
Fig. 6 and the value of Wtot is now 7 Nmm, i.e. much lower than for
the more rigid subassembly.
Fig. 6. The required energy to assembly Subassy1 to other parts to form Subassy2. The
stiffness of all parts are 2 GPa.

Fig. 5. The required energy to assembly Subassy1 to other parts to form Subassy2. The
stiffness of all parts are 210 GPa.
The point here is that both the versions of “Subassy1” will get the
same result when evaluated in the traditional way using RMS values
or a color-coding of the deviation of the assembly, as shown in Fig. 3.
The change in stiffness (i.e. material) will not affect the result, due to
the fact that all the parts in the subassembly are supposed to have
the same Young’s modulus and then it will cancel out in the calcula-
tions. Therefore, the complementary evaluation criterion based on
energy required to assemble the subassembly to other parts in the
next assembly step is suggested.
tolerances using strain energy density, CIRP Annals - Manufacturing
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4. Discussion

In the case studies, sheet metal parts have been replaced with
plastic parts. This is not a realistic scenario, but its purpose was to
illustrate how the stiffness of a part or subassembly affects its behav-
ior in subsequent assembly steps. It should also again be noted that if
all the parts in a subassembly have the same Young’s modulus, the
resulting deviation of that subassembly will not depend on the mate-
rial, i.e. a subassembly of plastic parts or sheet metal parts will have
the same deviation but the work required in the next assembly step
will differ.

In this work, a static analysis of the strain energy has been con-
ducted. This means that the deviation, u, after, and not during, joining
of the parts in an assembly is considered. During the joining process
the deviation, and the strain energy, may vary. As an example, if sev-
eral spot welds are set in a sequence, the strain energy after a few
executed spot welds might differ from the strain energy in the com-
plete assembly after completing all spot welds. However, the strain
energy-based criterion is supposed to complement the simulated
final assembly geometric deviation and variation and can therefore
be calculated based on the final assembly deviation. A limitation of
this work is that only non-linearity due to contacts between parts is
included. In [28], also the effects of material and geometric non-lin-
earity are discussed and in [29], the inclusion of plastic strain in varia-
tion simulation is explored. Non-linearity in the material can be
interesting to include in future work, especially for highly flexible
parts where large deformations leading to non-linear behavior can
be expected.

For future work, it will also be interesting to investigate how
mixed materials affect the energy-based criterion and how the stiff-
ness of parts can be included in the choice of locating schemes.
5. Summary and conclusion

In the paper, the stiffness was varied for a case study. Given that
each one of the parts has the same geometrical deviation for both
stiffnesses, the more flexible parts will transmit less of their deviation
when assembled to another part or subassembly in a downstream
assembly step. It was shown that the energy-based criterion sug-
gested in this paper displayed this difference, while the traditional
criterion based on the geometric deviation did not. The geometric
deviation and variation on the assembly level should still be the
major evaluation criteria, but when studying non-rigid parts, the
authors believe the suggested criterion based on the work required
to join the part or subassembly to its mating parts in the next assem-
bly step can add valuable information concerning the severity of the
deviation and variation. The main purpose and conclusion of this
paper were to show this phenomenon and suggest an evaluation cri-
terion taking this into account.

Other conclusions that can be drawn are that the since the sug-
gested energy-based criterion can be calculated based on the devia-
tion and the stiffness matrix, it can be easily calculated without
adding much simulation time, and that color coding can be used to
identify areas with high-strain energy.
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