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A B S T R A C T   

This work is concerned with the calculations using eight different isotherm models (Langmuir, Freundlich, 
Halsey, Temkin, Toth, Sips, Radke-Prausnitz, and Redlich-Peterson) to fit the experimental isotherm data of CO2 
on activated carbon (AC). Moreover, systematic and comprehensive modeling of non-linearized isotherms was 
performed by developing an algorithm for determining their parameters and analyzing seven error functions. To 
determine the best-fitted isotherm model and error function, we used the sum of normalized errors (SNE) pro
cedure. The modeling results obtained showed that the Redlich-Peterson, Radke-Prausnitz, and Toth isotherm 
models are best suited to the empirical data, with relatively high R2 determination coefficients. Finally, the SNE 
method allowed the selection of the chi-square test (χ2) and the HYBRID error as universal indicators in 
nonlinear regression to select the set of optimized isotherm parameters. The interpretation of the assumptions of 
the isotherm models, which featured a strong correlation with the experimental data, allowed a conclusion to be 
drawn about the sub-monolayer adsorption mechanism on the heterogeneous surface of the AC. The acquired 
modeling findings are expected to establish a certain theoretical foundation for the characterization of CO2 
adsorption equilibrium studies at the interface between porous solid materials and gases.   

1. Introduction 

The tremendous rise in CO2 emissions into the atmosphere over 
several years is closely related to significant energy generation in the 
power industry. This sector directly uses the process of burning fossil 
fuels (mostly coal, crude oil, or natural gas processing products), whose 
reserves are rapidly depleting at an alarming rate due to their time of 
formation [1]. The world’s demand for energy continues to soar due to a 
growing population and lifestyle changes, along with the most crucial 
environmental problem, such as climatic change, or more specifically, 
global warming [2]. In 2021, global CO2 emissions increased by 6%, the 
highest level to date of 36.3 billion tonnes, according to the Interna
tional Energy Agency (IEA). The analysis proved that this was a generic 
cause for the global economy to rebound from the COVID-19 pandemic 
crisis, using coal directly to stimulate its growth [3]. To find a solution to 
this worldwide issue, a great number of researchers have looked at 
extending the share of renewable energy sources (RES) and nuclear 
energy in the total balance of the energy system [4], the use of clean coal 
technologies (CCT) [5], and, above all, a wide spectrum of carbon 

capture, utilization, and storage technologies (CCUS) [6]. In light of the 
problems mentioned above, the adsorption process is swiftly becoming 
more well-known and is currently commonly used as a method of sep
aration in CCUS systems with TRL of 2–5, along with other techniques 
such as absorption, membranes, cryogenic method, chemical looping 
combustion, or calcium looping. First, some of its benefits are as follows: 
high CO2 capture efficiency (>85% vol. CO2), large selection of mate
rials, mild operating conditions, a wide range of operability, or low 
energy requirement [7]. The kind of adsorbent material that is used is 
the single most significantly essential factor in determining how effec
tive the adsorption process is. Among them, carbonous materials have 
garnered a lot of attention owing to the rather unusual features they 
possess, especially activated carbons (AC). They are distinguished by 
being low in density, easy to modify in any way, developed pore 
structure, high surface area, chemical inertness and stability, low price 
and exhibit very high resilience to rapid changes in temperature and 
pressure [8]. As a result, AC is unquestionably the carbon-based material 
that has been subjected to the most in-depth study, which makes it not 
only incredibly effective but also extremely appealing for the purpose of 
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CO2 capture. 
Adsorption isotherms, which indicate the state of equilibrium as a 

function of the pressure of the adsorbate, may be used to specify how 
effective they are at capturing carbon dioxide. On top of that, in the 
process of characterizing porous materials, gas adsorption/desorption 
isotherm analysis is a technique that is used extensively, including pa
rameters such as porosity, surface area, pore size, and pore size distri
bution. Therefore, the utilization of mathematical models for their 
description (fitting the obtained experimental data to the appropriate 
model of the adsorption isotherm) seems to be a reliable way to predict 
the behavior of activated carbons (AC) under a wide variety of process 
conditions. This step is vital for the efficient design of the adsorbate- 
adsorbent complex, as well as the scaling and optimization of the 
adsorption technology in the sense of the practical application of CO2 
uptake. Furthermore, equilibrium data at constant temperature provide 
key information on the nature and type of interaction between CO2 and 
the surface of AC, also including a complete mechanism (development of 
the porosity of the solid, pore size distribution, chemical properties of 
the surface of AC, or values of thermodynamic parameters, enthalpy, 
Gibbs free energy, and standard entropy) [9]. In addition, comprehen
sive knowledge of the adsorption at the molecular level requires the 
identification of the equilibrium parameters using either a theoretical 
equation or an empirical value. Actually, in sorption studies, many 
two-parameter and three-parameter models are used. Langmuir, 
Freundlich, Hill, Temkin, Dubinin-Radushkevich, or Redlich-Peterson 
are just some examples. The equations most often used by scientists to 
determine adsorption isotherms are based primarily on the Langmuir 
and Freundlich model [10–12]. The selection of the relevant isotherm 
model (linear, or non-linear) compelling in evaluating one or more 
statistical criteria, defining the degree to which it correlates with the 
experimental data. The coefficient of determination (R2), the sum of 
square errors (ERRSQ/SSE), the sum of absolute errors (SAE), the hybrid 
fractional error function (HYBRID), the percent standard deviation of 
Marquardt (MPSD), the average relative error (ARE), the chi-square test 
(χ2), are some of the error functions used to model the CO2 adsorption 
process. 

To date, a great deal of research by scientists has focused on 
modeling sorption isotherms for removing pollutants, including: foods 
(moisture reduction level) [13,14]; heavy metals [15,16], dyes [17,18] 
from aqueous media or volatile organic chemical mixtures [19,20]. In 
the case of mathematical modeling studies of adsorption equilibrium 
data concerning the removal of greenhouse gases from the mixture of 
fossil fuels, in particular CO2, there are noticeable shortcomings in the 
well-description of this comprehensive procedure in the literature. 
Furthermore, there are a significant number of unanswered problems 
about the phase and sorption behaviors of CO2 in increasingly compli
cated pore structures of different types of AC with heterogeneous sur
faces and differing pore size configurations. This affects their levels of 
effectiveness for CO2 adsorption, depending on their properties. Each 
type of AC raw material has its own unique features and optimal ther
mochemical conversion parameters. Precursors used to synthesize AC, 
such as biomass (andiroba shells [21], walnut shells [22], or garlic peels 
[23]) and industrial waste (surgical masks [24], fly ashes [25], or waste 
tiers [26]) influence the final characteristic of activated carbon related 
to the application of CO2 capture. Hence, it is important to carefully 
consider the feedstock, thermochemical conversion parameters (tem
perature, activation time, residence time, heating rate), and especially 
guidance regarding CO2 modeling equilibrium adsorption. 

Therefore, in this paper, we aim to present the isotherm models and 
error functions that are most frequently selected, as a generic summary 
of a comprehensive modeling procedure for CO2 adsorption on activated 
carbon (AC). Our work provides an important theoretical background 
and an in-depth understanding of the importance of CO2 isotherm 
modeling. Consequently, this research can be considered as a basis for 
further improvement of low-TRL CO2 capture systems with respect to 
the following: fundamental experimental methodology (advancing 

identification of promising materials for CO2 sorption applications), 
design optimization (identifying the optimal operating conditions for a 
given adsorbent material), scaling up (distinguishing potential issues 
and opportunities related to the feasibility of the adsorption systems at 
larger scales), and commercialization (improving the performance and 
reducing the costs of the adsorption systems, making them more 
attractive for industry sector). 

1.1. The theoretical foundations of adsorption isotherms modeling systems 

To effectively remove CO2 from the flue gas mixture, the synthesized 
sorbent material should have strictly defined desired properties and 
meet engineering and economic criteria [27]. First, they must be 
conducive to modeling the CO2 adsorption system for design and opti
mization purposes. Moreover, their specific evaluation is obtained 
mainly based on the initial characteristics of the new materials and 
experimental studies on CO2 adsorption isotherms - equilibrium data. 
The adsorbent, above all, must stand out by its high ability to effectively 
capture CO2 from the flue gas under various process conditions and has a 
high potential for implementation in the industrial sector [28]. How
ever, a single adsorbent rarely fulfills all these criteria. The current ad
vantages of adsorption and the barriers that have to be overcome are 
illustrated in Fig. 1. At this time, there are a few key characteristics that 
pose the most important hurdles to the application of adsorption on an 
industrial level and an increase in technological maturity, which are: the 
manufacturing of adsorbents on a wide scale that is both cost-effective 
and efficient; a reduction in CO2 uptake, as a result of the detrimental 
effects of contaminants in the flue gas mixture (water, SO2, and NO); 
bringing the temperature of the flue gas down to the appropriate level by 
monitoring, controlling and regulation; and finally efficiently unite 
characterization studies with adsorption isotherms [29–32]. 

One of the essential issues for projecting and scaling up the adsorp
tion process is the equilibrium adsorption capacity, which is directly 
related to the type of sorption and characterization of the material, 
including the specific surface, the pore size, and the surface chemistry of 
the sorbent. The value of the capacity indicates how many adsorbate 
molecules related to the adsorbent mass unit can be adsorbed at equi
librium (phase equilibrium at the solid-gas interface, where the 
adsorption rate is equal to the desorption rate). In terms of character
ization and the characteristics of the pores (i.e. their size, shape, and 
morphology), the effectiveness of the sorbent is directly related to the 
micropores, as their size is comparable to the size of the gas molecules 
that can be adsorbed. Secondary roles are played by mesopores and 
macropores whose tasks are to transport the adsorbed gaseous medium 
through a network of channels, leading to active sites in micropores, 
located inside the solid body structure. Consequently, the step of eval
uating the characterization of the perspective sorbent for use on an in
dustrial scale is an important aspect of the verification procedure for the 
application of CO2 adsorption [33–35]. 

The obtained experimental adsorption isotherm data is subsequently 
verified using mathematical models, which are now widely used in 
studies of the nature of the formed adsorption complex and in a detailed 
analysis of the mechanisms prevailing on the adsorbent surface. This 
procedure allows for a more realistic picture of the actual course of 
carbon dioxide adsorption while determining the factors affecting it, 
that is, course of the mechanism, temperature, CO2 concentration/par
tial pressure in the gas mixture to be separated, the thermodynamic 
nature of the process, and detailed information on the theoretical 
evaluation and the use of the adsorbent in the form of a specific bed 
(specific surface area and its chemical properties, porosity and pore 
volume). Due to the correct interpretation of the parameters of the 
models used, it is possible to optimize the efficiency of CO2 capture by 
the adsorbent. Ultimately, a techno-economic analysis is performed that 
highlights its potential for scaling and its application in many industries 
[36]. 
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1.2. The main types of sorption process 

There are two main types of gas molecule adsorption on the surface 
of a solid. If the accumulation of the adsorbate on the surface of the solid 
occurs due to weak intermolecular van der Waals interactions, then 
adsorption is termed physisorption or physical adsorption [37,38]. 
When gas molecules accumulate on the surface of the adsorbent by 
chemical bonds, the phenomenon occurring is called chemical 

adsorption or chemisorption [39,40]. Both types are schematically 
shown in Fig. 2. 

Chemical adsorption, also known as irreversible adsorption, is the 
process that is archived by substantial exchanging, or sharing, of elec
trons of adsorbate molecules with the adsorbent surface. The final result 
is the formation of a covalent or ionic bond [33]. Chemisorption is 
characterized by high interaction potentials, which lead to soar 
adsorption heat temperatures, often close to the value of chemical bonds 

Fig. 1. State of the art of adsorption process and its upcoming challenges for increasing the technology readiness level (TRL).  

Fig. 2. The mechanism of physical (left) and chemical adsorption (right).  
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(80–240 kJ/mol) [41]. As is also the case with most chemical reactions, 
it is often connected with a specific amount of activation energy, which 
is required to bring the system back to a state of equilibrium. Another 
critical aspect that affects the monolayer created is the arrangement of 
the molecules adsorbed on the surface. The adsorbate cannot move 
easily on the surface due to the establishment of chemical bonds be
tween molecules and a specific site on the adsorbent. In the process of 
physical adsorption, van der Waals interactions occur between the 
adsorbate and the adsorbent, which are directed perpendicular to the 
boundary surface (as a result of dispersion forces or dipole interactions) 
[31]. Van der Waals forces are weak but long-range forces and have low 
enthalpy values (2040 kJ/mol). Due to them, a multilayer complex of 
adsorbate molecules can be formed on the surface of a solid [42]. 

The efficiency of the process in both types is closely related to the 
pressure and temperature; however, the characteristic features of each 
of them should be specified, due to a different mechanism, described in 
Table 1. 

1.3. Classification of pores in adsorbent materials 

The pore size of the porous adsorbent is commonly used to assess its 
adsorption capacity. The pore enables gas molecules to migrate from the 
solid’s surface to its volume, where they are adsorbed. Aside from that, 
the adsorbent surface may be categorized into two types due to the 
pores: internal - defined as the area around closed pores, as well as the 
area surrounding all fissures and cracks that are deeper than their width, 
and external - defined primarily as superficial cracks of significant width 
[44]. The total surface of porous materials consists mainly of the inner 
surface; therefore, a greater amount of adsorption will be adsorbed in 
small pores, with a quite large depth in its structure. 

Another critical topic is material porosity, which refers to the pores 
and their distribution collectively. Adsorption occurs exclusively in open 
pores, and hence the ratio of empty spaces and open pores to the volume 
occupied by the adsorbent is specified. Following the recommendations 
of the International Union of Pure and Applied Chemistry (IUPAC), 
pores can be divided into specific classes, which are given in Table 2 and 
Table 3 [45]. The classification of the main types of pores is presented in 
Fig. 3. 

The size of the pores is an important aspect of the adsorption of gases 
in porous materials. Larger pores increase the amount of gas that can be 
adsorbed in the material and enhance the adsorption kinetics, but their 

size causes problems with the stability and structural penetration of the 
adsorbate. If the diameter of the pores is not large enough, the diffusion 
of adsorbates will be limited. It is more desirable for the adsorbent to 
have more small pores that increase the efficiency of the process through 
favorable interactions [46]. 

1.4. Mechanism of CO2 adsorption at the solid-gas interface 

The surface phenomenon known as adsorption may occur under any 
conditions, including pressure and temperature, if the CO2 molecules 
and adsorbent are in intimate contact. The primary control factors are 
then either the adsorbate concentration or the partial pressure, 
depending on which one is being considered. As a consequence of the 
presence of strong interatomic and intermolecular forces [47], adhesion 
takes place at the contact boundary between two phases, more specif
ically at the interface between the solid and the gas [48]. Throughout 
the duration of the adsorption, the concentration of the gas agent varies, 
and the solid body has a tendency to attract and accumulate the 
adsorbate on its own surface. The mechanism of adsorption is strictly 
related to the resulting disproportion between the energy of the adsor
bent surface (the inherited forces attract the molecules of gas) and 
molecules within its structure, where the forces are mutually balanced. 

Table 1 
Comparison of the physical and chemical adsorption mechanism [43].  

Characteristic Physisorption Chemisorption 

Type of bonding 
forces 

The weak forces of Van 
der Waals 

High forces, similar to a 
chemical bond 

The thermal effect of 
the phenomenon 

Low heat of adsorption, 
usually <40 kJ/mol 

Large heat of chemisorption, 
80–240 kJ/mol, up to the 
magnitude of the heat of 
chemical reactions 

Equilibrium of 
adsorption and 
desorption 

Complete reversibility Partial irreversibility 

Chemical change of 
adsorptive 

None Formation of a surface 
compound 

The energy needed to 
establish an 
equilibrium 

Very low (close to zero) High activation energy needed 

Course of the 
phenomenon 

It is unbraked even at 
low temperatures, 
therefore fast 

Only at higher temperatures is 
it no longer strongly braked 

Specificity of 
adsorbate 
adsorbent 
interaction 

No outstanding 
specificity 

Outstanding specificity 

Covering the surface 
with a solid as an 
adsorbent 

Possible formation of 
multimolecular 
adsorption layers 

Establishing the phenomenon 
with complete monomolecular 
coverage  

Table 2 
Pore classification by the IUPAC according to the size [39].  

Classification of pores Diameter 

Submicropores <0.4 nm 
Ultramicropores <0.7 nm 
Supermicropores 0.7–2 nm 
Micropores ≤2 nm 
Mesopores 2–50 nm 
Macropores >50 nm  

Table 3 
Pore classification by the IUPAC according to accessibility [39].  

Classification of pores Accessibility to surroundings 

Open pore Communicating with the external surface 
Closed pore No communicating with surroundings 
Blind pore Open only at one end 
Through pore Open at two ends  

Fig. 3. Schematic classification of pores according to the IUPAC classification 
by accessibility to surroundings (a-closed pores; b, f-blind pores; c, d-open 
pores; e-through pores; g-roughness). 
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That difference of forces is created by reactivity [49]. Fig. 4 shows a 
schematic representation of the forces at the solid-gas interface. 

Adsorption is also a mass transfer process, when gas molecules come 
into contact with the adsorbent surface, the adsorption equilibrium is 
established after some specific time. This means that in the same unit of 
time, the same number of gas molecules is adsorbed as the number that 
is removed from the adsorbent surface (desorption) [50]. The amount of 
adsorbed adsorbate molecules per unit mass of adsorbent (m) is a 
function of the equilibrium pressure of the gas medium (p) and the 
process temperature (T), which can be formulated as follows: 

m = f (p,T) (1) 

There are three parameters in this common equation; therefore, the 
adsorption equilibrium can be represented in the form of three equa
tions, respectively, named the isotherm equation, adsorption isobar 
equation, and isosteres equation. The equilibrium data at constant 
temperature are used to a large extent in empirical research, because of 
their convenience, with the aim of developing the adsorption process in 
the industrial gas separation market [51–54]. Hence, adsorption 
isotherm models allow for a detailed analysis and estimation of the 
experimental findings under a variety of operating conditions to un
derstand the nature of the adsorbent-adsorbate complex, which trans
lates directly into optimization and increasing the TRL of adsorption 
technology in the industry. Along with studying the characteristics of 
potential materials for use in adsorption, they provide a rigorous method 
for verifying their ability to store CO2. 

2. Computational details 

Numerous isotherm models and different approaches have been 
created for mathematical modeling over the years. One of the most 
useful methods for identifying the most accurate correlation, measuring 
the distribution of the adsorbate, and enabling the theoretical analysis of 
the adsorbate-adsorbent complex is linear regression, which has been 
used extensively. It is closely related to aspects of the straightforward 
nature of the linear equation and the versatility with which it may be 
used in a broad variety of ranges of process parameters, such as tem
perature or pressure. However, over time, it has been established that 
the non-linear regression methodology is the most effective way to 
choose the best-fitted isotherm [55–59]. It enables us to skip the 
transformation of isotherm non-linear equations into their linearized 
forms and eliminate any inherent bias that may have an influence on an 
incorrect interpretation of the isotherm model parameters along with 
making inappropriate use of them the gain insight into the design of 
adsorption systems [60]. Moreover, non-linear regression comprises the 
precise procedure of reducing the error distribution between the 
experimental equilibrium data and the curve of predicted ones from the 
anticipated isotherm model [61]. Finally, to assess the fit of a certain 

isothermal curve, this optimization process requires the specification of 
error functions, which will be discussed deeply in the next section. 

Considering the above, we employed eight widely reported adsorp
tion isotherm models in this study to model the CO2 adsorption equi
librium data on activated carbon (AC), including two-parameters 
(Langmuir, Freundlich, Halsey, and Temkin), and three-parameters 
(Toth, Sips, Redlich-Peterson, and Radke-Prausnitz). To detailed esti
mate the parameters of the selected isotherms, the nonlinear optimiza
tion technique was implemented, utilizing Excel’s Solver Add-in with 
Origin’s NLfit tool to perform the verification and validation of the 
concluding results. The non-linear equations of examined isotherm 
models, together with their respective theoretical assumptions and a 
detailed explanation of the parameters, are provided and explained in 
more complexity below. 

2.1. Theoretical outlook on the modeling of the adsorption equilibrium 
systems 

2.1.1. Two-parameters isotherm models 

2.1.1.1. Langmuir isotherm model. The Langmuir isotherm is applied to 
monolayer adsorption occurring at homogeneous sites on the surface of 
solid adsorbent material. The model assumes that there are a certain 
number of active sites on the surface of a solid, each of which can adsorb 
only one adsorbate molecule. The achievement of an equilibrium state 
should be interpreted as the occupation of all active centers on the 
surface by adsorbed molecules and the formation of a monomolecular 
layer. In other words, the Langmuir isotherm is characterized by a 
monotonic approach to boundary adsorption, which corresponds to the 
monomolecular adsorption layer covering the entire surface of the solid 
body [62,63]. Moreover, it is assumed that between the molecules 
adsorbed on the surface of the adsorbent there is no interaction, and the 
heat of adsorption is constant and independent of the degree of surface 
coverage [64,65]. The nonlinear equation of the Langmuir isotherm 
model takes the following form: 

qe = qm
KL⋅P

(1 + KL • P) (2)  

where, P is relative pressure of the adsorbate [Pa], qe is the amount of 
adsorbed adsorbate at equilibrium state (mol/g), qm is maximum 
monolayer adsorption capacity (mol/g), and KL is equilibrium constant 
between the gas and adsorbed phases (1/Pa). 

2.1.1.2. Freundlich isotherm model. The Freundlich isotherm model is a 
purely empirical equation with no theoretical basis and is not limited to 
the formation of a monolayer. It describes the non-ideal, reversible 
process of monolayer or multilayer adsorption on a heterogeneous 

Fig. 4. Surface layer at the solid-gas interface.  
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surface [66]. In Freundlich’s theory, the number of adsorbed molecules 
with complete coverage of the adsorbent surface cannot exceed the 
number of active sites. Moreover, unlike the Langmuir model, which 
states that the heat of adsorption does not change with the surface 
coverage of the adsorbent, Freundlich’s model is based on the assump
tion that the adsorption energy logarithmically decreases as the number 
of available adsorption sites decreases (with increasing coverage of the 
adsorbate on the surface of the solid) [67]. The equation of the 
Freundlich model in nonlinear form takes the following mathematical 
representation: 

qe = KF ⋅PnF (3)  

where, KF is Freundlich constant (1/Pa), and nF is heterogeneity factor 
(− ). Physisorption is indicated when the value of nF is more than one, 
whereas chemisorption is shown by a number that is less than unity 
[68]. 

2.1.1.3. Temkin isotherm model. The Temkin isotherm model is an 
experimental two-parameter equation of adsorption isotherm on a het
erogeneous solid, which assumes that the adsorption process is charac
terized by a uniform, infinite (unlimited minimum or maximum energy) 
energy distribution of the adsorption sites on the adsorbent surface [69]. 
The Temkin model disregards both the very high and extremely low 
amounts of concentration of adsorbate. It also takes into account the 
influence of indirect interactions between the adsorbate and the adsor
bent on the heat of adsorption of the adsorbed molecules in the layer, 
which decreases linearly rather than logarithmically (as in the case of 
Freundlich’s model) with increasing solid surface coverage [70,71]. As a 
result of these assumptions, adsorption is characterized by a continuous 
distribution of the bond energy in the adsorption complexes. The 
equation of the Temkin model in a non-linearized form takes the form: 

qe = B • ln(KT ⋅P) (4)  

where, B is Temkin constant (− ), and KT is adsorption equilibrium 
constant (1/Pa). 

The Temkin constant can be formulated as follows: 

B =
R⋅T
b 

where, R is universal gas constant (J/mol⋅K), T is temper

ature (K), and b is parameter related to the adsorption energy (J/mol). 
Parameter b of the model can be written as: 

b = ΔQ = − ΔHads (6)  

where: ΔQ is change in adsorption energy (J/mol), ΔH is change in heat 
of adsorption (J/mol). If the value of parameter b is positive, it means 
that the adsorption process is exothermic. On the other hand, the 
negative value of parameter b determines the endothermic nature of 
adsorption. 

2.1.1.4. Halsey isotherm model. The Halsey isotherm model is appli
cable for multilayer adsorption systems that include heterogeneous 
surfaces of adsorbents, in which the heat from adsorption is not evenly 
distributed [72]. It also assumes that condensation of adsorption occurs 
at a comparatively great distance from the surface. The Halsey model 
equation in non-linearized form is presented as follows: 

qe = e
[ln(KH )− ln(P)]

nH (7)  

2.1.2. Three-parameters isotherm models 

2.1.2.1. Toth isotherm model. The Toth isotherm model is an additional 
helpful modification of the Langmuir model, which increases the accu
racy of the predicted value to the experimental findings, by taking into 
account the presence of submonolayer coverage [73–75]. It is applied to 
describe adsorption occurring on heterogeneous surfaces with a wide 

variety of absorbate concentrations, both low and high [58]. The Toth 
model also assumes an asymmetrical Quasi-Gaussian energy distribution 
extended toward low adsorption energies [76]. The expression for the 
nonlinear Toth isotherm model may be found down below: 

qe =
qm⋅KT ⋅P

[1 + (KT ⋅P)nT ]
1

nT
(8)  

where, qm - maximum adsorption capacity (mmol/g), KT - Toth isotherm 
constant (bar− 1), nT - heterogeneity factor (− ). If the surface is ho
mogenous, then nT equals one, there is no difference in the relative 
energies of the various adsorption sites, and the Toth equation is 
reduced to the Langmuir equation. 

2.1.2.2. Sips isotherm model (Langmuir-Freundlich). The Sips isotherm 
model is a combined form of the Langmuir and Freundlich model 
equations [77]. It was developed for the purpose of forecasting the 
heterogeneous adsorption systems and eliminating the constraint 
imposed by the growing concentration of adsorbate that is experienced 
when using the Freundlich isotherm model. As a result, at a low con
centration of adsorbate, this model becomes equivalent to the Freund
lich isotherm, while it predicts monolayer adsorption at high 
concentrations, which is indicative of the Langmuir isotherm [78,79]. 
The nonlinear Sips isotherm may be quantitatively expressed by the 
following equation: 

qe =
qm⋅(KS⋅P)

1
nS

1 + (KS⋅P)
1
nS

(9)  

where, qm is maximum adsorption capacity (mmol/g), Ks is Sips 
isotherm constant (bar− 1), and ns is Sips isotherm exponent (− ). 

2.1.2.3. Redlich-Peterson isotherm model. Integrating the Freundlich and 
Langmuir isotherms leads to the formation of the Redlich–Peterson 
model, which consists of three different parameters [80]. This empirical 
isotherm model is used to accurately portray adsorption equilibrium 
conditions over a broad concentration range of adsorbate that can be 
employed in either homogenous or heterogenous systems, due to its 
adaptability [81,82]. At large concentrations of adsorbate, 
Redlich-Peterson isotherm reduces to the Freundlich model, and the 
exponent βRP tends toward zero. However, for low concentrations, it 
reduces to the Langmuir model, owing to the fact that the βRP value 
approaches one [83]. The nonlinear form of the Redlich-Peterson 
isotherm model is represented by the following equation: 

qe =
KRP⋅P

1 + aRP⋅PβRP
(10)  

where, KRP is Redlich-Peterson isotherm constant (bar− 1), aRP is a con
stant (bar − 1), and βRP is the exponent, which may range from 0 to 1 in 
value (− ). 

2.1.2.4. Radke-Prausnitz isotherm model. The Radke-Prausnitz isotherm 
model is typically applied in adsorption systems when the concentration 
of the adsorbate is relatively low [84]. The following expression pro
vides a mathematical representation of the Radke-Prausnitz isotherm 
model: 

qe =
qm⋅KRPr⋅P

1 + KRPr⋅PeRPr
(11)  

where, qm is maximum adsorption capacity (mmol/g), KRPr is Redlich- 
Prausnitz isotherm constant (bar− 1), and eRPr is the model exponent (− ). 

2.2. Error functions, as an isotherm model fitting selection criterion 

To assess the fit of adsorption isotherm models for the analysis and 
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design of a specific adsorption system, statistical criteria, known as error 
functions, are significantly required. Evaluation of the accuracy of the 
isothermal model curves in relation to the experimental data enables 
verification of the theoretical assumptions of the adsorbate-adsorbate 
interactions on a solid porous material. Consequently, the error func
tions allow to estimate the differences between the predicted and 
experimental amounts of adsorbed CO2 at the equilibrium state. The 
ultimate selection of an isotherm is defined by a comparison of one or 
more of them, indicating the magnitude of compliance with the re
quirements regarding best-fitting. In this study, we examined seven 
error functions, which are: coefficient of determination (R2), sum of 
squares error (ERRSQ/SSE), average relative error (ARE), the hybrid 
fractional error function (HYBRID), Marquardt’s percent standard de
viation (MPSD), the sum of absolute errors (SAE), and chi-square test 
(χ2), by minimizing the respective error function across the relative 
pressure of adsorbate. In the section that follows, error functions are 
examined in great depth. 

Since each error function is likely to provide a different set of 
isotherm parameters and affect them directly in the sense of the accu
racy of fitting, there are many difficulties in identifying the optimum 
ones. It is important to note that there is no single one that is considered 
the best for all sorption systems and that the choice of the criterion 
depends on the specific characteristics of the adsorbent and adsorbate, 
as well as the range of the experimental data. Therefore, it is recom
mended to use multiple methods for model selection and comparison. In 
view of this, we applied a conventional procedure to normalize and 
combine the value of all the error functions used in the adsorption 
equilibrium modeling for a better and meaningful comparison between 
the set of model parameters, called the sum of normalized errors (SNE) 
[85,86]. Using SNE, the set of isotherm parameters that provides the 
best fit to the experimental data is identified by comparing the scaled 
errors directly [87]. The minimum SNE value is considered as a final 
indicator for choosing the optimal type of error function and on its basis, 
the best-fitted set of parameters for the examined single isotherm model. 
The sum of the normalized error calculation procedure is presented in 
Fig. 5. The following is the methodology that is utilized to evaluate the 
SNE:  

a) Choosing the specific adsorption isotherm model and the error 
function for non-linear regression to determine the parameter set of 
the model equation.  

b) Define the scope of maximization, or minimization, of the selected 
error function (for R2 it is defined by 1, while for the rest of the errors 
it is 0). 

c) Analysis of the remaining selected error functions in the SNE pro
cedure that are calculated from the obtained predicted isotherm 
model data in the same parameter set. 

d) Repetition of subitems a, b, and c and obtaining subsequent param
eter sets of the same isotherm model related to the specific error 
function.  

e) Normalization and selection of the highest value of each error 
derived from all the parameter sets.  

f) Dividing all obtained statistical criteria by their highest value in the 
entire normalization procedure.  

g) Summation of error functions from specific parameters sets to obtain 
SNE values related.  

h) Determination of the smallest SNE and the most accurate type of 
error function, which provides the best fit of the isotherm model 
curve to the experimental data. 

2.2.1. The coefficient of determination (R2) 
The quality of the fit of isothermal models to the experimental data is 

usually assessed based on the value of the coefficient of determination 
[88], which represents the variance of the mean value [89]. The closer 
the value of R2 is to one, the better the fit of the tested model is ensured. 

Fig. 5. SNE process determination for selection of the optimum error function 
and set of isotherm parameter, best correlating with the experimental data. 

J. Serafin and B. Dziejarski                                                                                                                                                                                                                   



Microporous and Mesoporous Materials 354 (2023) 112513

8

The coefficient of determination is expressed as follows [90]: 

R2 =

∑n

i=1

(
qe,mod − qe,exp

)
2

∑n

i=1

(
qe,mod − qe,exp

)
2

+
∑n

i=1

(
qe,mod − qe,exp

)
2 (12)  

2.2.2. The sum of the squares error (ERRSQ/SSE) 
The sum of squares errors (ERRSQ/SSE) is the most widely reported 

error function in isotherm modeling [55]. However, the major disad
vantage of ERRSQ/SSE is that at higher relative pressure, the error 
squares increase. This results in a better fit, which does not always 
reflect the true nature of the adsorption complex. The sum of the squares 
error is defined as the equation [55]: 

ERRSQ =
∑n

i=1

(
qe,exp − qe,mod

)
2

(13)  

2.2.3. The sum of absolute errors (SAE) 
The sum of the absolute errors (SAE) is a similar error function to the 

sum of squared deviations (ERRSQ/SSE) [80]. In such a case, fitting the 
isotherm model to the measurement data using this error function would 
provide a better fit at higher relative pressure. The SAE is presented by 
the formula [91]: 

EABS =
∑n

i=1

⃒
⃒qe,exp − qe,mod

⃒
⃒ (14)  

2.2.4. The hybrid fractional error function (HYBRID) 
The hybrid fractional error function (HYBRID) was developed to 

improve the fit of the sum of squares error (ERRSQ/SSE) at low relative 
pressure by dividing it by the measured experimental value [92]. 
Furthermore, the equation considers he number of degrees of freedom 
(the difference between the number of measurement points (N) and the 
number of variable parameters (p)). The HYBRID error is defined as 
[93]: 

HYBRID =
100

N − p
∑n

i=1

[(
qe,exp − qe,mod

)2

qe,exp

]

(15)  

2.2.5. The Marquardt’s percent standard deviation (MPSD) 
The percentage standard deviation according to Marquardt is related 

to the geometric mean of the error distribution modified according to 
the number of degrees of freedom in the isotherm model [94]. The MPSD 
error is determined by the following equation [95]: 

MPSD = 100

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1
N − p

∑n

i=1

(
qe,exp − qe,mod

qe,exp

)2
√
√
√
√ (16)  

2.2.6. The average relative error (ARE) 
The average relative error (ARE) was created by Marquardt with the 

intention of minimize the distribution of the fractional error over the 
entire range of relative pressure (independent variables) [96]. The ARE 
error is expressed as follows [97]: 

ARE =
100
N

∑n

i=1

⃒
⃒
⃒
⃒
⃒

qe,exp − qe,mod

qe,exp

⃒
⃒
⃒
⃒
⃒

(17)  

2.2.7. The chi-square test (χ2) 
The chi-square test is a very important error function in determining 

the best fit of the isotherm model to the tested adsorption system. It is 
possible to estimate it by finding the difference in squares between the 
model data that was predicted and the data that was actually collected, 
then dividing each difference by the corresponding experimental value. 

The error χ2 is defined by the following equation [84]: 

χ2 =
∑n

i=1

(
qe,mod − qe,exp

)2

qe,exp
(18)  

Where: qe,mod - predicted amount of adsorbed adsorbate at equilibrium 
state [mmol/g], qe,exp - experimental amount of adsorbed adsorbate at 
equilibrium state [mmol/g], qe,exp- mean value of qe,exp [mmol/g], N - 
number of measurement points of experimental data [− ], p – the num
ber of variable parameters in the equation of the isotherm model. 

3. Results and discussion 

The data used in this work was taken from our earlier research on 
activated carbon from pomegranate peels, where we presented the 
entire physicochemical characteristics of the obtained series of activated 
carbon [98]. The experimental CO2 adsorption equilibrium data on 
activated carbon (AC) from the pomegranate peels at two temperatures 
of 0, and 25 ◦C were evaluated using the non-linear curve fitting sum of 
normalized error (SNE) procedure. SNE was crucially adopted to directly 
determine the choice of the optimum error function, the parameter set, 
and ultimately the best-fitting isotherm model. Overall, this included 
minimizing the effects of a single error function while simultaneously 
computing the other error values that have been comprehensively 
investigated in this study. Of all AC samples that have been activated at 
four different temperatures (600, 700, 800, and 900 ◦C), AC-800 has 
shown the highest CO2 adsorption capacity of 5.53, 4.44 mmol/g for 
0 and 25 ◦C at atmospheric pressure, respectively. Hence, we chose it as 
a representative example in the error function analysis of the adsorption 
isotherms. Additionally, with reference to the article [92], it has been 
proven that AC-800 sample likely achieved the best CO2 uptake due to 
its structural and textural characteristics, specifically the largest BET 
surface area, total pore volume and micropore volume. Activation 
temperature directly affected CO2 adsorption, as its mechanism is 
strongly influenced by the size and distribution of pores in the AC ma
terial. Accordingly, 800 ◦C has been determined to be the optimum 
temperature during activation, as it led to the formation of a large mi
cropores. That simultaneously increased both the specific surface area 
and the number of available adsorption sites, providing an optimal 
environment for CO2 capture among the activated samples at different 
temperatures. In summary, the development of porosity was examined 
as the most essential factor influencing the mechanism of CO2 

Fig. 6. Mechanism of CO2 adsorption on investigated activated car
bon samples. 
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adsorption, especially large volume micropores in AC-800 - the narrow 
micropores (<0.8 nm), which allowed small CO2 molecules (~0.33 nm) 
to easily penetrate within activated carbon structure along with efficient 
and selective sorption (Fig. 6). 

Tables 1–8 depict the different parameter sets of all the studied non- 
linear isotherm models of CO2 adsorption data for AC-800, as well as the 
analysis of error functions, which include the procedure of sum of 
normalized errors (SNE). The examination of the smallest SNE values for 
the particular isotherm model enables the specification of foremost 
isotherm parameter set that provides the most satisfactory 

approximation between the experimental and predicted data, along with 
identified the isotherm models fitting selection criteria. The rest of the 
modeling results for the AC-600, AC-700, and AC-900 samples are 
included in Tables S1–S16. The minimal values of SNE for an adequate 
error function are indicated by the numbers that are bolded and 
underlined, with regard to every individual isotherm model and every 
single sample of activated carbon (AC). 

Evaluation and interpretation of the calculated values of the indi
vidual sum of normalized errors greatly facilitate the selection of the 
most convenient and precise optimization criteria among the seven error 

Table 4 
Summarization of the determined error functions, sum of normalized errors (SNE), and parameter sets of the non-linear Langmuir isotherm model for AC-800.   

R2 ERRSQ/SSE ARE χ2 HYBRID MPSD EABS 

Temperature 0 ◦C 

KL 2.2535 2.2652 3.788 2.9519 2.9519 3.8149 2.3683 
qm 7.8128 7.7863 6.2707 6.9707 6.9707 6.1616 7.6085 
R2 0.997929 0.997926 0.988881 0.995891 0.995891 0.986874 0.997819 
ERRSQ 0.359029 0.358513 1.736549 0.683417 0.683417 1.990773 0.372078 
ARE 15.580369 15.496994 6.040002 9.439708 9.439708 6.090364 14.586652 
χ2 0.517337 0.512165 0.513813 0.296384 0.296384 0.524590 0.458137 
HYBRID 1.124646 1.113403 1.116985 0.644314 0.644314 1.140413 0.995949 
MPSD 0.198586 0.197645 0.073926 0.115500 0.115500 0.072793 0.186198 
EABS 3.732897 3.709755 5.557537 3.915185 3.915185 5.744248 3.631505 
SNE 5.807925 5.773798 5.551652 4.343543 4.343543 5.748482 5.444510 

Temperature 25 ◦C 

KL 1.3090 1.3156 1.8363 1.5503 1.5503 1.8807 1.2995 
qm 7.8069 7.7819 6.4608 7.1282 7.1282 6.3993 7.8176 
R2 0.998551 0.999457 0.997696 0.997594 0.997594 0.992926 0.998529 
ERRSQ 0.084542 0.084460 0.345253 0.135032 0.135032 0.370719 0.085570 
ARE 6.321370 6.275618 4.089008 4.829069 4.829069 4.161500 6.427680 
χ2 0.103697 0.102125 0.107751 0.069924 0.069924 0.117816 0.109057 
HYBRID 0.414788 0.408501 0.431004 0.279697 0.279697 0.471265 0.436227 
MPSD 0.099245 0.098476 0.051783 0.068146 0.068146 0.051125 0.101917 
EABS 1.372133 1.370727 2.155000 1.606149 1.606149 2.271842 1.346719 
SNE 5.549591 5.508306 5.852404 4.677202 4.677202 6.143438 5.674889  

Table 5 
Summarization of the determined error functions, sum of normalized errors (SNE), and parameter sets of the non-linear Freundlich isotherm model for AC-800.   

R2 ERRSQ/SSE ARE χ2 HYBRID MPSD EABS 

Temperature 0 ◦C 

KF 5.91834 5.8961 6.9198 6.1976 6.1976 7.2273 6.0099 
nF 0.60839 0.6059 0.7366 0.6796 0.6796 0.7731 0.6245 
R2 0.995521 0.995504 0.972783 0.991401 0.991401 0.960951 0.995202 
ERRSQ 0.723331 0.720591 6.062083 1.520939 1.520906 9.527079 0.798935 
ARE 40.430735 41.245645 14.473847 18.754386 18.754604 16.398340 34.799100 
χ2 1.858150 1.932588 1.485869 0.732455 0.732455 2.352835 1.396320 
HYBRID 4.039456 4.201278 3.230150 1.592294 1.592294 5.114858 3.102932 
MPSD 0.784976 0.800019 0.234417 0.380822 0.380826 0.199079 0.681525 
EABS 5.307359 5.325995 9.556287 5.877570 5.877538 12.251787 5.244120 
SNE 5.050053 5.153105 4.300430 3.188568 3.188573 5.611695 4.407272 

Temperature 25 ◦C 

KF 4.6777 4.6702 4.8985 4.7854 4.7854 5.0161 4.6986 
nF 0.6649 0.6631 0.7263 0.7053 0.7053 0.7504 0.6650 
R2 0.997588 0.999134 0.997520 0.996113 0.996113 0.989444 0.997524 
ERRSQ 0.131718 0.131449 0.394490 0.226496 0.226496 0.691091 0.136491 
ARE 9.210621 9.371613 5.664600 6.048124 6.048124 6.115476 9.291468 
χ2 0.207856 0.215305 0.143990 0.120728 0.120728 0.220924 0.213949 
HYBRID 0.831425 0.861221 0.575961 0.482912 0.482912 0.883698 0.855796 
MPSD 0.182034 0.185481 0.085358 0.107652 0.107652 0.074957 0.184577 
EABS 1.716645 1.714970 2.403854 1.972595 1.972595 3.115059 1.701096 
SNE 5.586061 5.689876 4.709059 4.276654 4.276654 6.046978 5.665405  
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Table 6 
Summarization of the determined error functions, sum of normalized errors (SNE), and parameter sets of the non-linear Halsey isotherm model for AC-800.   

R2 ERRSQ/SSE ARE χ2 HYBRID MPSD EABS 

Temperature 0 ◦C 

KH 0.0538 0.0535 0.0725 0.0683 0.0683 0.0774 0.0561 
nH − 1.6437 − 1.6504 − 1.3606 − 1.4714 − 1.4714 − 1.2936 − 1.6072 
R2 0.995521 0.995504 0.974207 0.991401 0.991401 0.960949 0.995258 
ERRSQ 0.723331 0.720591 5.670653 1.520912 1.520913 9.527703 0.788162 
ARE 40.430046 41.245353 14.471942 18.754784 18.754784 16.398332 35.641159 
χ2 1.858087 1.932561 1.416232 0.732455 0.732455 2.352941 1.460675 
HYBRID 4.039320 4.201219 3.078765 1.627678 1.592294 5.115089 3.175381 
MPSD 0.784964 0.800013 0.236159 0.385038 0.380830 0.199079 0.697069 
EABS 5.307339 5.325991 9.316241 5.877532 5.877532 12.252053 5.243265 
SNE 5.049894 5.152993 4.184013 3.200717 3.188540 5.611697 4.487431 

Temperature 25 ◦C 

KH 0.0982 0.0979 0.1122 0.1086 0.1086 0.1166 0.0977 
nH − 1.5040 − 1.5080 − 1.3767 − 1.4179 − 1.4179 − 1.3326 − 1.5027 
R2 0.997588 0.999134 0.997510 0.996113 0.996113 0.989444 0.997510 
ERRSQ 0.131718 0.131449 0.396149 0.226499 0.226488 0.691090 0.137520 
ARE 9.210814 9.371403 5.664656 6.048105 6.048185 6.115465 9.255405 
χ2 0.207865 0.215295 0.144262 0.120728 0.120728 0.220924 0.212536 
HYBRID 0.831461 0.861180 0.577050 0.482912 0.482912 0.883695 0.850144 
MPSD 0.182039 0.185476 0.085330 0.107651 0.107654 0.074957 0.183839 
EABS 1.716638 1.714976 2.407169 1.972602 1.972574 3.115053 1.702432 
SNE 5.586239 5.689792 4.714869 4.276689 4.276686 6.047002 5.646746  

Table 7 
Summarization of the determined error functions, sum of normalized errors (SNE), and parameter sets of the non-linear Temkin isotherm model for AC-800.   

R2 ERRSQ/SSE ARE χ2 HYBRID MPSD EABS 

Temperature 0 ◦C 

B 1.0037 0.8635 0.0985 0.2975 0.2975 0.0975 0.9181 
KT 118.8407 157.1366 1267.5418 656.0070 656.0070 1292.7293 122.3163 
R2 0.877444 0.860327 0.281125 0.273563 0.273563 0.281175 0.868956 
ERRSQ 27.060423 23.280823 219.983791 108.876581 108.876580 220.585698 24.554522 
ARE 1.155425 473.651652 52.121889 111.572702 111.572703 52.257402 565.892516 
χ2 575.976086 325.993156 52.602664 33.927953 33.927953 52.766645 469.484263 
HYBRID 1252.121927 708.680773 114.353618 73.756420 73.756420 114.710097 1020.617963 
MPSD 23.500290 17.681812 0.616985 2.048019 2.048019 0.616709 21.235201 
EABS 27.760167 27.848011 64.373373 47.365318 47.365318 64.486343 27.095331 
SNE 4.555198 4.239251 2.616925 1.941975 1.941975 2.622261 5.055648 

Temperature 25 ◦C 

B 1.1357 1.0369 0.4988 0.7414 0.7414 0.4645 1.1487 
KT 33.8360 40.5346 97.3483 71.6896 71.6899 107.8795 30.1430 
R2 0.919971 0.968196 0.796063 0.730480 0.730479 0.414679 0.916027 
ERRSQ 5.345245 4.880264 31.177453 10.024311 10.024356 35.037866 5.791273 
ARE 74.167452 61.575749 34.701074 40.903407 40.903357 35.579722 80.180111 
χ2 19.143894 12.139720 8.883432 5.153595 5.153595 9.880980 23.622059 
HYBRID 76.575576 48.558880 35.533729 20.614381 20.614381 39.523920 94.488238 
MPSD 2.157111 1.665528 0.405804 0.644455 0.644452 0.397610 2.417826 
EABS 9.496719 9.784400 21.602410 13.620199 13.620226 22.939692 9.285896 
SNE 4.954762 4.050463 4.006496 2.847339 2.847338 3.873087 5.516199  
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Table 8 
Summarization of the determined error functions, sum of normalized errors (SNE), and parameter sets of the non-linear Toth isotherm model for AC-800.   

R2 ERRSQ/SSE ARE χ2 HYBRID MPSD EABS 

Temperature 0 ◦C 

qm 18.5888 18.5880 15.0967 16.9315 16.9315 11.1395 17.7196 
KT 1.7320 1.7323 1.9677 1.8110 1.8110 2.4015 1.7724 
nT 0.4757 0.4757 0.5289 0.5005 0.5005 0.6304 0.4886 
R2 0.999981 0.999981 0.999905 0.999973 0.999973 0.999225 0.999976 
ERRSQ 0.003117 0.003117 0.015719 0.004563 0.004563 0.126953 0.004077 
ARE 2.351571 2.355321 1.765341 1.869985 1.869978 2.592740 1.965651 
χ2 0.006640 0.006651 0.007131 0.005064 0.005064 0.037797 0.005635 
HYBRID 0.014756 0.014781 0.015847 0.011253 0.011253 0.083993 0.012521 
MPSD 0.064745 0.064786 0.048726 0.053900 0.053900 0.037436 0.059203 
EABS 0.308533 0.308992 0.469294 0.326054 0.326051 1.468487 0.285302 
SNE 3.492359 3.495347 3.253657 3.079135 3.079134 6.577080 3.196503 

Temperature 25 ◦C 

qm 23.2117 23.2046 21.1111 22.0880 22.0881 19.7322 23.5379 
KT 0.7092 0.7092 0.7573 0.7318 0.7318 0.7940 0.7036 
nT 0.4762 0.4763 0.4959 0.4870 0.4870 0.5108 0.4731 
R2 0.999999 0.999999 0.999994 0.999998 0.999998 0.999982 0.999999 
ERRSQ 0.000052 0.000052 0.000341 0.000105 0.000105 0.000984 0.000057 
ARE 0.244640 0.244345 0.241042 0.232454 0.232454 0.164357 0.257860 
χ2 0.000200 0.000199 0.000188 0.000147 0.000147 0.000377 0.000244 
HYBRID 0.000833 0.000827 0.000785 0.000614 0.000614 0.000838 0.001017 
MPSD 0.007004 0.006974 0.004462 0.005157 0.005157 0.002717 0.007773 
EABS 0.028531 0.028603 0.078427 0.046973 0.046972 0.128455 0.026142 
SNE 4.574183 4.560236 5.391102 4.232127 4.232123 7.695828 5.018127  

Fig. 7. CO2 experimental equilibrium data at 0 ◦C with fitted non-linear isotherm models based on HYBRID error function for AC-800.  
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functions for the modelling of CO2 adsorption equilibrium in AC. In sets 
of 64 adsorption systems (considering eight isotherms for four activated 
carbon samples at two adsorption temperatures), it was observed that 
the hybrid fractional error function (HYBRID), in conjunction with the 
chi-square test (χ2), yielded the principal overall performance. They 
make a clear distinction between isothermal models, for which the 
remaining statistical criteria offer equivocal results, and concepts that 
may rely on the number of measurement points, degrees of freedom of 
the adsorption system, and the relative pressure of CO2. The specific 
reasons why the HYBRID and χ2 errors showed the lowest values of SNE 
in isotherm modeling series may vary depending on the specific details 
of the data and the model being applied. However, in general, HYBRID 
and χ2 errors are considered comprehensive tools in isotherm modeling 
because they are both robust and well-established measures of model 
accuracy that can help identify good-fitting models. The HYBRID error 
balances the influence of both large and small errors, while the χ2 error 
compares the deviation of the model’s predicted values from the 
observed values, taking into account the uncertainty of the experimental 
values. Finally, it was determined that the HYBRID error function 
generated the most reliable data (in the case of the AC-800, the SNE 
varies between 1.9420 and 5.43661), providing the lowest SNE value for 
41 systems, where χ2 was ranked as the second best for 19 different 
systems. 

Based on this line of reasoning, HYBRID was chosen as the optimal 

error function for the purpose of ascertaining and analyzing the 
isotherm models that characterize the finest fit to the experimental data. 
Moreover, the SNE values for the chi square test differed insignificantly 
compared to HYBRID, equivalent to approximately 10− 4 to 10− 9, which 
can suggest a similar effect on the predicted isotherm data regarding the 
analogous error structure. Among the rest of error functions, Mar
quardt’s percent standard deviation (MPSD) was the most inappropriate 
one as a statical tool for non-linear mathematical modeling of CO2 
adsorption equilibrium on AC. The MPSD exhibited the largest dis
crepancies in the estimation of the rest errors, which had a direct 
negative impact on the SNE. In order to compare the fitting all eight 
evaluated isotherm models based on the HYBRID error function, their 
curve runs are illustrated in Figs. 7 and 8, for AC-800 at 0 and 25 ◦C. 

As can be observed from Figs. 7 and 8, four three-parameter isotherm 
models are overlapping at some points and produce a forecast that is 
competitive in relation to the empirical data, including: Toth, Sips, 
Radke-Prausnitz, and Redlich-Peterson. Therefore, a careful analysis of 
the error functions obtained is recommended for each isotherm model. 
Table 4 displays the Langmuir isotherm constants and error functions 
that were calculated for AC-800. The HYBRID error function produced 
the optimal parameter in six out of the eight two-parameter models 
examined. Among the two-parameter isotherm models, the Langmuir 
model provided a better fit with high R2 (0.995891–0.997594) and 
relatively low HYBRID (0.279697–0.644314) values than the 

Fig. 8. CO2 experimental equilibrium data at 25 ◦C with fitted non-linear isotherm models based on HYBRID error function for AC-800.  
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Freundlich, Halsey (R2: 0.991401–0.996113, HYBRID: 
0.482912–1.592294) and Temkin (R2: 0.273563–0.730479, HYBRID: 
20.614381–73.756420) model in the studied relative pressure range. 
This demonstrates that the non-linear Langmuir isotherm model is su
perior to the other two-parameter isotherm models in regard to its 
capability to match the experimental data. When comparing the Lang
muir model curve based on different error functions (Figs. 9 and 10), 
there is a noticeable difference between their courses throughout the 
entire examined pressure range. This confirms that each of the errors 
used generates a different value of the predicted model data, which may 
result in incorrect selection of the optimal one during modeling. 
Therefore, the use of the SNE procedure is such an important step that 
allows for the correct recognition of the CO2 adsorption system on AC. 
With a detailed analysis of the SNE values, it is easy to determine the 
specific order of the function errors in relation to their degree of cor
relation with the equilibrium CO2 data. In the case of the test CO2- 
activated carbon (AC) complex for AC-800 at 0 ◦C, the calculated SNE is 
as follows for successive errors: R2: 5.807925, ERRSQ/SSE: 5.773798, 
ARE: 5.551652, χ2: 4.343543, HYBRID: 4.343543, MPSD: 5.748482, 
and EABS: 5.444510. Following is a categorization of error functions 
that was made possible by the findings obtained by the SNE method, 
starting from the left with the error that best fits the model to the 
experimental data for AC-800: 

χ2 > HYBRID > EABS > ARE > ERRSQ
/

SSE > MPS > R2  

while at 25 ◦C: 

HYBRID > χ2 > ERRSQ
/

SSE > R2 > EABS > ARE > MPS 

For the two data series, there is a noticeable dominance by HYBRID 
and χ2 over the other errors when it comes to the smallest SNE values. 
During modeling, the initial values of the empirical isotherm points, 
which quantified the course of the isotherm curve, had the greatest 
impact on the error values obtained. 

Tables 5 and 6 present the Freundlich and Halsey isotherm constants 
determined by non-linear regression and error functions. Taking into 
account the HYBRID values in Table 7 and the shape of the model curve, 
the Temkin isotherm was unable to characterize the equilibrium CO2 
adsorption data on activated carbon in a satisfactory manner, compared 
to Langmuir, Freundlich, and Halsey. 

In terms of three-parameter isotherms, all models were characterized 
by extremely low hybrid fractional error function values, contrasted to 
models with only two parameters (in 6 of 8 sets, HYBRID was the 
preferable error function). Conclusions that may be drawn from the non- 
linear regression of the Toth isotherm (given in Table 8) exposed that the 
experimental findings were described exceptionally precisely (R2: 
0.999973–0.999998, HYBRID: 0.000614–0.005064), which may sug
gest CO2 adsorption on the heterogeneous surface. For the remaining 
isothermal models, these values were varied, respectively, as fallows: 
Sips (R2: 0.999934-0.999737, HYBRID: 0.012317–0.071389), Radke- 

Fig. 9. Fitting the Langmuir isotherm curve to the experimental data based on different error functions for AC-800 at 0 ◦C.  
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Fig. 10. Fitting the Langmuir isotherm curve to the experimental data based on different error functions for AC-800 at 25 ◦C.  

Table 9 
Summarization of the determined error functions, sum of normalized errors (SNE), and parameter sets of the non-linear Sips isotherm model for AC-800.   

R2 ERRSQ/SSE ARE χ2 HYBRID MPSD EABS 

Temperature 0 ◦C 

qm 11.0271 11.0294 8.2242 9.6235 9.6235 7.1316 10.7465 
KS 1.0230 1.0223 1.9752 1.3940 1.3940 2.7287 1.0819 
nS 1.2255 1.2257 1.1164 1.1640 1.1640 1.0546 1.2095 
R2 0.999907 0.999907 0.998439 0.999737 0.999737 0.995350 0.999886 
ERRSQ 0.015413 0.015412 0.254675 0.043888 0.043888 0.740819 0.018835 
ARE 7.905490 7.927624 3.725715 4.544523 4.544523 4.589710 6.266616 
χ2 0.068007 0.068350 0.072906 0.032125 0.032125 0.197429 0.049374 
HYBRID 0.151127 0.151890 0.162014 0.071389 0.071389 0.438731 0.109721 
MPSD 0.188999 0.189378 0.085617 0.114977 0.114977 0.057475 0.162409 
EABS 0.770727 0.770201 1.942869 1.025619 1.025619 3.486595 0.679714 
SNE 3.925990 3.934111 3.560165 2.859046 2.859046 5.877887 3.368598 

Temperature 25 ◦C 

qm 11.6973 11.8298 10.1543 10.7803 10.7808 9.3862 12.1583 
KS 0.5756 0.5629 0.7568 0.6773 0.6773 0.8848 0.5321 
nS 1.1861 1.1901 1.1480 1.1599 1.1599 1.1220 1.2003 
R2 0.999969 0.999970 0.999828 0.999934 0.999934 0.999620 0.999967 
ERRSQ 0.001722 0.001672 0.009566 0.003689 0.003687 0.021147 0.001856 
ARE 1.223074 1.281723 0.994768 1.020829 1.020855 0.629386 1.477625 
χ2 0.004466 0.005034 0.003913 0.002956 0.002956 0.006970 0.006900 
HYBRID 0.018607 0.020977 0.016303 0.012317 0.012317 0.015490 0.028751 
MPSD 0.031471 0.033772 0.018365 0.020414 0.020417 0.009851 0.039599 
EABS 0.179476 0.172821 0.374358 0.269036 0.268971 0.562276 0.163800 
SNE 4.448022 4.705662 4.463428 3.800682 3.800588 5.256048 5.541605  
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Table 10 
Summarization of the determined error functions, sum of normalized errors (SNE), and parameter sets of the non-linear Radke-Prausnitz isotherm model for AC-800.   

R2 ERRSQ/SSE ARE χ2 HYBRID MPSD EABS 

Temperature 0 ◦C 

qm 7.0690 7.0685 7.0316 7.0489 7.0489 6.9923 7.0402 
KRPr 3.8693 3.8703 3.9780 3.9471 3.9471 3.7552 3.9317 
eRPr 0.6852 0.6852 0.6746 0.6774 0.6774 0.7319 0.6807 
R2 0.999973 0.999973 0.999966 0.999971 0.999971 0.999766 0.999969 
ERRSQ 0.004549 0.004549 0.005672 0.004869 0.004869 0.038619 0.005129 
ARE 1.550047 1.547215 1.395403 1.412119 1.412119 2.092602 1.421789 
χ2 0.003731 0.003720 0.003434 0.003268 0.003268 0.015137 0.003401 
HYBRID 0.008291 0.008266 0.007632 0.007262 0.007262 0.033637 0.007557 
MPSD 0.036359 0.036383 0.040344 0.039236 0.039236 0.032953 0.038260 
EABS 0.327988 0.327336 0.301767 0.318836 0.318836 0.904422 0.301383 
SNE 3.615358 3.612372 3.601143 3.557783 3.557783 6.816592 3.543172 

Temperature 25 ◦C 

qm 6.5701 6.5666 6.5446 6.5437 6.5437 6.5393 6.5501 
KRPr 2.2288 2.2305 2.2703 2.2628 2.2628 2.2694 2.2603 
eRPr 0.6496 0.6493 0.6393 0.6429 0.6429 0.6413 0.6421 
R2 0.999997 0.999996 0.999993 0.999996 0.999996 0.999995 0.999995 
ERRSQ 0.000189 0.000206 0.000372 0.000232 0.000232 0.000259 0.000282 
ARE 0.203041 0.205387 0.120113 0.131577 0.131577 0.071494 0.127061 
χ2 0.000131 0.000135 0.000109 0.000087 0.000087 0.000089 0.000096 
HYBRID 0.000544 0.000563 0.000453 0.000361 0.000361 0.000197 0.000398 
MPSD 0.003086 0.003114 0.001677 0.001652 0.001652 0.001173 0.001736 
EABS 0.063670 0.065307 0.062828 0.062930 0.062930 0.064124 0.059623 
SNE 6.397284 6.554889 5.693643 5.042492 5.042492 4.408526 5.261913  

Table 11 
Summarization of the determined error functions, sum of normalized errors (SNE), and parameter sets of the non-linear Redlich-Peterson isotherm model for AC-800.   

R2 ERRSQ/SSE ARE χ2 HYBRID MPSD EABS 

Temperature 0 ◦C 

qm 27.3495 27.3567 27.9682 27.8226 27.8226 26.2570 27.8343 
KRPr 3.8689 3.8702 3.9780 3.9471 3.9471 3.7551 3.9559 
ВRP 0.6852 0.6852 0.6747 0.6774 0.6774 0.7319 0.6773 
R2 0.999973 0.999973 0.999966 0.999971 0.999971 0.999766 0.999968 
ERRSQ 0.004549 0.004549 0.005728 0.004869 0.004869 0.038615 0.005377 
ARE 1.551436 1.547512 1.395547 1.412164 1.412164 2.092632 1.403563 
χ2 0.003737 0.003721 0.003448 0.003268 0.003268 0.015137 0.003381 
HYBRID 0.008304 0.008268 0.007663 0.007262 0.007262 0.033638 0.007514 
MPSD 0.036348 0.036381 0.040320 0.039234 0.039234 0.032953 0.039321 
EABS 0.328165 0.327374 0.302254 0.318841 0.318841 0.904361 0.301366 
SNE 3.617237 3.613200 3.605063 3.558326 3.558326 6.817071 3.565166 

Temperature 25 ◦C 

qm 14.6413 14.6411 14.8576 14.8067 14.8067 14.8405 14.7780 
KRPr 2.2284 2.2283 2.2702 2.2627 2.2627 2.2694 2.2546 
ВRP 0.6496 0.6496 0.6394 0.6429 0.6429 0.6413 0.6434 
R2 0.999997 0.999997 0.999993 0.999996 0.999996 0.999995 0.999995 
ERRSQ 0.000189 0.000189 0.000369 0.000233 0.000232 0.000259 0.000269 
ARE 0.204682 0.205053 0.120185 0.131507 0.131563 0.127076 0.133525 
χ2 0.000132 0.000132 0.000108 0.000087 0.000087 0.000089 0.000098 
HYBRID 0.000549 0.000550 0.000450 0.000361 0.000361 0.000369 0.000410 
MPSD 0.003117 0.003125 0.001674 0.001655 0.001653 0.001607 0.001872 
EABS 0.063771 0.063798 0.062676 0.062871 0.062906 0.064092 0.059524 
SNE 7.034019 7.043568 6.049459 5.436782 5.436615 5.507954 5.745137  
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Prausnitz (R2: 0.999971–0.999996, HYBRID: 0.000361–0.007262), and 
Redlich-Peterson (R2: 0.999971–0.999996, HYBRID: 
0.000361–0.007262). Their isotherms parameters and error analysis are 
included in Table 9, Table 10, and Table 11, respectively. 

From the set of error functions in Tables 10 and 11, it can be clearly 
seen that their values for Radke-Prausnitz and Redlich-Peterson 
isotherm are completely identical, regarding the low concentration of 
the adsorbate in adsorption system. Moreover, they better correlate with 
CO2 adsorption equilibrium data, due to the lower optimal error func
tion. In accordance with the HYBRID, we ranked the degrees of fitting of 
the all isotherm models in the following order: (from the left isothermal 
model that possesses minimum error distribution to the experimental 
equilibrium for the studied AC-800 at 0 and 25 ◦C):  

Redlich-Peterson = Radke-Prausnitz > Toth > Sips > Langmuir > Freundlich 
= Halsey > Temkin                                                                               

The same sequence is also found for samples of AC-600, AC-700, and 
AC-900. Interpreting the above relationship made it possible to clearly 
define the choice of the Redlich-Peterson and Toth isotherm model as 
appropriate for the verification of research on the CO2 adsorption system 
in AC (Radke-Prausnitz finds application only for a specific range of CO2 
concentration, without specifying the mechanism between the 
adsorbate-adsorbent complex). Because the βRP value of Redlich- 

Peterson isotherm becomes closer to one (βRP: 0.6747–0.7319 at 0 ◦C, 
βRP: 0.6413–0.6496 at 25 ◦C), the model tends to be simplified down to 
the Langmuir model when applied to scenarios with low concentrations. 
On the contrary, all the heterogeneity factors of the Toth isotherm do not 
equal unity (nT: 0.4757–0.6304 at 0 ◦C, nT: 0.4731–0.5108 at 25 ◦C, 
which indicates the heterogeneity of the CO2 - AC adsorption system. 
Moreover, the Toth model is an expression that rises steadily and 
monotonically, and it correctly depicts a great deal of systems with 
coverage submonolayer. Verification of selected assumptions of 
isothermal models leads to the conclusion that CO2 storage in AC 
occurred in accordance with the submonolayer adsorption on the 
heterogenous surface of solid porous activated carbon (AC). Addition
ally, it is clear that the three-parameter model, compared to the two- 
parameter models, offered a better fit for the CO2 adsorption equilib
rium data. The course of the curves of the Redlich-Peterson, and Toth 
models based on different error functions, is given in Figs. 11 and 12 at 0 
◦C. An example of those two model fittings clearly emphasizes that 
without the SNE procedure, it would not be possible to select the correct 
model for the description of CO2 adsorption on AC, selection of optimal 
isothermal parameters and error function. The implementation of SNE 
directly made it possible to recognize the mechanism of the adsorption 
process and to determine the nature of CO2 binding in the specific 
pressure range. 

Fig. 11. Fitting the Radke-Prausnitz isotherm curve to the experimental data based on different error functions for AC-800 at 0 ◦C.  
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4. Conclusions 

This article emphasized the vital function of equilibrium adsorption 
isotherm modeling, along with material characterization, in the design 
and optimization of sorption systems in the sense of increasing the TRL. 
Consequently, we examined a detailed mathematical approach to the 
CO2 adsorption process on activated carbon, using eight selected non- 
linear isothermal models and seven different error functions for this 
purpose. Based on the sum of normalized error (SNE), a comparison of 
the error functions was made, and the most accurate isotherm model, set 
of parameters, and error functions for correlation with the experimental 
data were identified. According to the statistical analysis, it was found 
that the three-parameter isotherms, Redlich-Peterson, Radke-Prausnitz, 
and Toth, best correlate with the experimental data in the entire pres
sure range for all AC samples. Due to the highest coefficient of deter
mination (R2) - close to one, with the lowest values of the determined 
error functions from the SNE procedure. The obtained results of fitting 
the nonlinearized form of isothermal models enabled the following 
graphic notation (from the left the best fitted model): Redlich-Peterson 
= Radke-Prausnitz > Toth > Sips > Langmuir > Freundlich = Halsey >
Temkin. Interpretation of the values of individual SNE error functions 
also made it possible to select the most convenient and precise optimi
zation criteria in the equilibrium sorption application. HYBRID and the 
chi-square test (χ2) were considered universal indicators in the predic
tion of isotherm modeling in sets of 64 adsorption systems, providing the 
best fit to the experimental data. The remaining statistical criteria gave a 
variety of outcomes, the nature of which may be contingent in part on 
the number of experimental points, model parameters, and pressure 
range. The entire sorption modeling methodology testified to the 
occurrence of the phenomenon of sub-monolayer adsorption on a 

heterogeneous surface. Finally, it was achieved to determine the nature 
of the CO2 adsorption complex that is formed and to perform a detailed 
analysis of the mechanisms that prevail on the surface of activated 
carbon. The actual process of carbon dioxide adsorption was shown to be 
more accurately and realistically as a result of the selection of the model 
and error function that had the greatest match with the empirical data. 
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