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Abstract
We investigate mapping properties of non-centered Hardy—Littlewood maximal oper-
ators related to the exponential measure du(x) = exp(—|x1| — --- — |xg4|)dx in R4,

The mean values are taken over Euclidean balls or cubes (£°° balls) or diamonds
(1&1 balls). Assuming that d > 2, in the cases of cubes and diamonds we prove the
L?-boundedness for p > 1 and disprove the weak type (1, 1) estimate. The same is
proved in the case of Euclidean balls, under the restriction d < 4 for the positive part.
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1 Introduction and statement of the results

Let d > 1. Consider a metric measure space (Rd , p,dn), with a Borel measure
n which is non-negative, non-trivial and locally finite. The associated non-centered
Hardy-Littlewood maximal operator is defined by

M, f(x) = sup |fldn, xeR?,

B,3x n(By) B,

where the supremum is taken over all open metric balls related to p that contain x and
have strictly positive measure 1. Here f is any Borel measurable function on R¢. The
centered variant of M,,, denoted by My, arises by restricting the supremum to balls
centered at x. Clearly, M} f < M, f. Furthermore, M, is trivially bounded on L.

When 1 is doubling, the two maximal operators are comparable and satisfy the weak
type (1, 1) estimate with respect to 1. The latter follows from a Vitali type covering
lemma, cf. [4, Chapter 2]. Then, by interpolation, M, and M;‘ are bounded on L” (dn)
for p > 1.

It is also well known, at least for the Euclidean distance p, that (see e.g. [2, p.44])
whatever the measure 7 is, M; is always of weak type (1, 1) with respect to 7, thus
also bounded on L? (dn) for p > 1. The former is a consequence of the Besicovitch—
Morse covering lemma. In dimension one the larger uncentered operator M, behaves
in the same way (see [2, p.45]), that is, it is weak type (1, 1) and bounded on L? (dn),
p > 1, independently of the doubling property of n. However, this is no longer true
in general in higher dimensions.

One of the authors [15] proved that for d = 2 (implicitly d > 2) and either
the Euclidean or the £°° distance p, and the Gaussian measure 7, the weak type
(1, 1) estimate for M, fails. Nevertheless, as shown by Forzani et al. [3], the L?-
boundedness for p > 1 in this case still holds, though the convenient interpolation
argument is inapplicable. Similar results for certain classes of rotationally invariant
measures 1 were established in [6, 14, 16, 17], among others. It is interesting to point
out that there are radial measures 1 for which M, is not even weak type (p, p) for any
p < oo, see [5, 6, 17].

It should be mentioned that so far non-centered Hardy—Littlewood maximal oper-
ators for non-doubling measures were studied in various settings and spaces also
different from Rd, for example in the framework of cusped manifolds [8, 9].

The main aim of this paper is to study the maximal operator M,, when the distance
p is the Euclidean one and for the particular exponential measure n = u,

du(x) =exp (= |xi| — -+ — |xql) dx.

Our motivation is to provide both methods and results in this model case where the
measure is non-doubling and non-radial, since the literature seems to lack a basic
example of this kind. Only recently Li, Wu and one of the authors [10] considered M,
essentially for dn(x) = e“'dx in R?. In this case the measure, in contrast with s, is
neither finite nor even in each variable. Moreover, it has a simple structure that makes
the associated analysis relatively straightforward.
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On non-centered maximal operators related...

The measure u is not radial in the sense of the Euclidean distance, nevertheless it
is radial with respect to the £! metric. Thus one might wonder whether, perhaps, the
maximal operator behaves better when p is the seemingly better matching ¢! distance.
This issue led us to study M, also when p is the ¢! metric, as well as in the opposite
extreme case where p is the £°° metric.

Denote by M By MQ, ME the maximal operators M, with the underlying 22 or
£ or ¢! metric, respectively. Note that the metric balls in the first case are just the
Euclidean balls BB, and in the second case the Euclidean cubes Q with sides parallel to
the coordinate axes. The third case is geometrically somewhat more complicated, and
we call the metric balls diamonds D in this situation. Notice that in dimension d = 2
the diamonds are simply rotated cubes (or actually squares), but there is no similar
relation in higher dimensions.

Our main result is the following theorem. We strongly believe it will be an inspi-
ration for considering M,, with more general non-radial and non-doubling 7, and for
further research in the future.

Theorem 1 Letd > 2.

(A) None of the maximal operators Mllf, MMQ, M/? is weak type (1, 1).
(B) The operators MMQ and ME are bounded on LP (d) for p > 1. The same is true
for M llf provided that d < 4.

Remark 1.1 The restriction d < 4 in Theorem 1(B), the case of M E , 1s caused by
substantial technical difficulties of geometrical nature in proving the result in dimen-
sions d = 5 and higher. Nevertheless, we strongly believe that the result is true for
any d > 2.

When d = 1, in view of what was said above, all the three maximal operators
coincide and are weak type (1, 1) and bounded on L?(du), p > 1. Note that the latter
readily implies Theorem 1(B) for M MQ Indeed, due to the product structure of the

cubes M MQ can be controlled by a composition of the one-dimensional operators.

Theorem 1 reveals that the L” behavior of M llf and M MQ is exactly the same as
in case of their counterparts for the Gaussian measure [3, 15]. In particular, we see
that the local doubling property (see Sect.2), satisfied by p but not by the Gaussian
measure, does not lead here to any improvement.

An interesting but technically quite complicated problem is to generalize Theorem
1 to Laguerre-type measures of the form

d
dpe(x) = [ ] 1xil* exp (= |xi) dx, (1.1)

i=1
where o = (aq,...,aq) € (—1, oo)d is a fixed multi-parameter. Clearly, the special
choice « = (0, ...,0) gives . The restriction of the measure space (R4, d i) to

(0, 00)? forms a natural environment for analysis related to the classical Laguerre
operator. Analysis of various objects in this context has already received considerable
attention; see for instance [1, 11-13] and references given there. Thus any knowledge
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A.Nowak et al.

about the non-centered Hardy-Littlewood maximal operator M, orits variants would
be potentially useful. For some negative results, see Remark 3.1 below, which says
that M, is not of weak type (1, 1) when the underlying metric is either €% or £,

The remaining part of the paper is devoted to the proof of Theorem 1. The subsequent
sections contain technical preliminaries, the proof of Theorem 1(A) and the proof of
Theorem 1(B), respectively.

2 Technical preliminaries

Denote Rﬂ’r = (0, oo)d, d > 1. For brevity the restriction of u to Ri will be denoted
by the same symbol. We write | - |, for the £9, 1 < g < 0o, norm in R,

d 1/q

lxlg = E |x; |7 if g <00, |x|lo= max |x;|.
1 1<i<d
i=

Of course, this norm generates a metric pg4 both in R4 and ]R‘_f_. Forg = 1,2, 00 we
denote the families of open balls in the metric measure spaces (Rd , Pg>dpn) by Dy,
By, Q4 respectively. Notice that these are exactly diamonds, Euclidean balls and
cubes, respectively, centered in and intersected with ]Ri.

Bring in the non-centered Hardy—Littlewood maximal operator

B 1 d
M;Tf(x)= su —/| ldu, xeR4%,
wf D B s +

XGBEBJr

and analogously M MQ+ and M,?*. The following elementary result shows that proving
Theorem 1 can be reduced to (actually is equivalent to) a similar analysis for M B*,
M, MQ+ and M,?+.
Proposition2.1 Let d > 1 and p > 1 be fixed. The operator ME is bounded on
L”(Rd,d,u) (is weak type (1, 1) with respect to (Rd, dw)) if and only lfM,lf+ is
bounded on LP (R, dy) (is weak type (1, 1) with respect to (R9., dy)).

The same relations hold between M MQ and M ,? *, as well as between Ml? and M E .

Proof This is a consequence of the symmetries involved. Use either the even (more
precisely even with respect to each coordinate axis) extension to R? of f; on R’i or,
for the other implication, the decomposition of f onR¢ into its symmetric components
which are either even or odd with respect to each coordinate axis. O

Thus, from now on, we focus on the restricted operators M B*, M ,? *and M E *.
This is a crucial reduction from a technical point of view, since in Rf{_ the measure u
has a simpler analytic structure than in R¢ (no absolute values involved). From now
on u will denote the restriction of the measure with density exp(—|x|1) to Ri.

In what follows we shall write X < Y with ¥ > 0 to indicate that X < CY
with a constant C > 0 depending only on the dimension and on p in the proofs of L”
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On non-centered maximal operators related...

estimates, and also on « in Remarks 2.4 and 3.1. We write X ~ Y when simultaneously
X<SYandY S X.

We will occasionally refer to the strong maximal operator in Euclidean space with
Lebesgue measure. It is defined as

1

M f (x) = SUP 11 lef(y)Idy, 2.1

where the supremum is taken over all rectangles with edges parallel with the coordinate
axes and containing x. Itis well known that M is boundedon L? (dx) for 1 < p < oo,
as seen by iterating the one-dimensional estimate.
The following notation will be used for ¢!, 02 and £ balls in Ri. For x € Ri and
r>0
Dx,r)={ye RY :jx —yh < r},
B(x,r)= {y IS R‘j_ Hx =yl < r},

O@x,r) = {y € Ri = Yoo < r}.
Euclidean balls in all of R¢ will be written as

B(x,r) = {y eRY:|x -y < r}.
Further, we denote

1=(1,...,1) eR?,
Z_d[l = {x eRi dx = 1},
aV b =max(a,b),
a Ab =min(a, b).

The measure w is not doubling in (Rf{_, Pg,dp), g = 1,2, 00; nevertheless it is
locally doubling in the following sense.

Lemma2.2 Letd > 1. Given R > 0, there exists a constant Cg > 0 such that
n(Q(x,2r) < Cr u(Q(x,r), xeRY, 0<r<R (22)

The same holds if Q above is replaced either by B or by D.

Proof This is elementary, since in any of the balls considered the density of p varies
at most by a factor depending only on R. O

Letd > 1. We now give sharp estimates for the measure of large cubes, balls and
diamonds provided that they are disjoint with the boundary of Ri. Consider a ball
in one of the three metrics ¢*°, ¢2, ¢! with center x € ]Ri and radius r satisfying
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1 <r < minj<;<g X;. We select a point z, = z,(x, r) in the closure of this ball where
| - |1 is minimal, i.e., the density of w is maximal, as follows:

Zoo =X —r1,

-
=x——1,
Jd
N
=x— -1
21 X d

Notice that z, and z, are unique points with this minimizing property, but z; is not.

Lemma2.3 Let x € Ri and 1 <r < x;,i =1,...,d. Then the balls Q(x,r),
B(x,r) and D(x, r) are contained in Ri and

1w(Qx, 1)) = exp(—|zaol),
w(B(x,r)) ~exp(—|zal) r
w(D(x,r)) = exp(—lzi11) r".

(d-1)/2

The implicit constants here depend only on d.

Proof The inclusions follow, since if y is in one of the balls, then |y; — x;| < r for
each i, so that y; > 0.
The estimate for cubes is straightforward. One has

d
w(Qx.n) = / exp(—|yl1)dy = 1‘[ (e—m—r) _ e—(x,-+r>)

O(x,r) i=1

~ exp(—|x[1)e" = exp(—|zoo ).

To deal with the case of Euclidean balls, observe that any point in B(x, r) can be
written as zp + \/Lg 1+ y, where s > 0 and y L 1. Using the expression for z2, we

see that this point is in B(x, r) precisely when (r — 5)2 + |y|*> < r? or equivalently

ly| < +/2rs —s?and 0 < s < 2r. We now integrate in y in a hyperplane orthogonal
to 1 and then in s, taking the density of w into account. For the upper estimate, we
simply write

2r
n(Bx,r) < / exp (— lz2l1 — \/c_is) Q2rs —sH)@=D12 g
0

o
< exp(—|z2l1) / exp (— \/c_ls) (rs)“=D72 ds ~ exp(—|za|1) r9=—V/2,
0

To obtain the lower estimate, we observe that 2rs — 52

similarly. Since r > 1, we get

> rs for 0 < s < r and argue

.
w(Bx,r) 2 / exp (— lz2l1 — \/c_is) (rs)4=D72 g5 ~ exp(—|za|1) r4=1/2,
0
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As for the diamonds, note that |z1|; = |x|; — r. For s > 0 the diameter of the
intersection of D (x, r) with the hyperplane {y : |y|; = |x|{—r+s}is O(r). Integrating
as before, we obtain the upper estimate.

On the other hand, consider the following set

{x—gl—l—j—il—}—y: O<s<r/2, yl1, |y,~|<é for i:l,...,d}.

The ¢! distance from x to a point in this set is

d d
Slfe e =L Gtz er

Thus D(x, r) contains the set, and the lower estimate follows by integration. O

Remark 2.4 Lemmas 2.2 and 2.3 can be generalized to the space (Ri, 0g» dta), Where
q € {1,2, 00} and py is the restriction of the measure defined in (1.1). This means
that 14 is locally doubling (but not doubling) in the context of this space. Moreover,

_ 1-1/q
pa(Eqg(x,r) ~xit - xy? exp(—|x|y) rd=V/aerd
uniformly in x € R‘i and 1 < r < minj<;<q X;; here E,(x,r) is the open ball in
(R‘fr, pq) centered at x and of radius r.

Proposition 2.1 can also be generalized in a similar spirit.

We now pass to the proof of Theorem 1. It is worth indicating that the radiality of
w with respect to the £! norm will be heavily exploited, often implicitly, throughout
our reasonings.

3 Proof of Theorem 1(A)

In this section we prove Theorem 1(A) working with the operators restricted to RY,

see Proposition 2.1. The cases of M ,%’ and M E * will be treated together, since the
argument is essentially the same. This argument has the advantage that it can be rather

easily generalized to cover MMQJ and Mfzj (analogues of M, E* and M, ,lf * for the
measure [iy), see Remark 3.1 below. Unfortunately, this argument does not apply to

Ml?+ since it uses essentially the non-radiality of the measure with respect to the norm.
Therefore, we give a different argument for M, MD *, but the question of its generalization

to M, MDJ seems to be technically difficult and remains open.

Proof of Theorem 1(A), the cases of M;? and Mﬁ

We first consider the case d = 2 and then indicate the changes needed for d > 3. We
begin with the operator M E*. Let Qs, s > 2, denote the square centered at (s, s) and
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Fig.1 Counterexample for M MQ * in dimension d = 2

of ‘radius’ s /2. Further, let @\S be the union of all squares obtained by moving Q; (or
rather its center) along the line segment A which is the intersection of % Q; with the

line x + y = 2s, see Fig. 1.

Assuming a contrario that M, ,?* is of weak type (1, 1), we claim that

w(0s) S w(Qy), s> 2.

@3.1)

To see this, take (xg, yo) € 0O, and find a square 0° = Q((x’, y’), s/2) with center
on A and of side length s, such that (xg, yo) € QO. It is clear that %Qs C QO,
and by Lemma 2.3 M(QO) = u(Qyg) ~ e~ %. Thus, for the L!'-normalized function
~ 1

X T Xlo, one has

~ udo;

1 1
_—
w(Q% Joo * M T 1oy

M[LQ+)7(-x09 y0) =

We conclude that

1
n(Qs) '

0, c {er i M2 TGy =
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()

\ A

)

Fig.2 Counterexample for M E * in dimension d = 2

hence (3.1) follows. On the other hand, since @ contains the rectangle R with basis
Ay — (%, %) and height /25, we have

3s
n(Qs) = / e~ dxdy > s/ e "dr > se”".
)

K

For large s this contradicts (3.1) since, as already noted, u(Q;) >~ e~5.

We now continue with the operator M, E * indimensiond = 2. Let By, s > 1, denote
the discs with center at (s, s) and radius s/2 (thus By is an ordinary Euclidean disc),
and let By be the union of all balls obtained by moving By (or rather its center) along
the line segment &; which is the intersection of %Bs with the line x + y = 2s, see
Fig.2.

Again, assuming a contrario that ME+ is of weak type (1, 1), we claim that

1(By) < w(By), s=2. (3.2)

The argument is similar to that for squares. Lemma 2.3 yields

V2 ~
w(By) = w(B((x'.Y).5/2) ~ 507D 522 (x.)) €A,
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Since 1/5’} contains the rectangle R; with basis Ay — (ﬁ, ﬁ@) and height s (that
contains %B‘Y), we have
R Q2+ %2)s 7
w(Bg) > / e~ dxdy > s/ e "dr > se” G,
Ry @-%2)s

which for large s contradicts (3.2).

We pass to explaining the changes necessary for d > 3. Let Oy, s > 1, denote the
cube centered at s1, of side length s, and let Q\s be the union of all cubes emerging
from moving the center of Q; along the hypersegment A; obtained by intersecting
% Q; with the hyperplane x1 +- - - 4+x4 = ds. With the present notation the justification

of (3.1), assuming a contrario the weak type (1, 1) of M MQJZ is analogous to that for
the case d = 2 and involves the estimate (see Lemma 2.3)

1w(Qo) = pn(Q(' s/2)) e ™2 5>2 x €A,
Now (3.1) is contradicted for large s by
M(é\s) Z sdﬁlefds/z.

To justify the last estimate, observe that @\s contains the hyperprism R with basis
Ay — 1 and height v/ds. Then

3ds

—_ T
w(Qys) > / el dx > sd_lﬁ e "dr 2 sd=leds/2 s> 1.
Ry ds

Similarly, let B, s > 1, denote the ball with center at s1 and radius s/2, and let B\s
be the union of balls emerging from moving the center of B along the hypersegment
Ay obtained by intersecting %BS with the hyperplane x| + - - - + x4 = ds. Assuming

again a contrario the weak type (1, 1) of M, B*, we prove (3.2) in a way analogous to
that for the case d = 2 with the estimate

_ Vi —_
;/,(B(x/, s/2)) ~ sdTle*S(dde), s>2, x e A

included. Let Ry be the cylinder with basis KS — ﬁg and height s that includes %Bs.

Since ITS C ﬁs, we have

vd
~ (d+5")s i
u(Bs) = / e_‘xll dx Z sd_1 e " dr Z sd—le—(d_T)S‘
ks @=%Ds

. . d—1 —s(d—ﬁ) . .
For large s, this contradicts u(Bs) >~ s 2 e 2/, This finishes the proof. O
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Remark 3.1 In view of Remark 2.4, the above proof extends in a straightforward man-

ner to the context of the measure 1, given in (1.1). Consequently, M ,%r and M, E " are
not weak type (1, 1).

Alternative condensed version of the proof of Theorem 1(A), the cases of MI? and
M3
7

Consider first MI? With s > 1, we choose 0 < f € Ll(du) so that the measure
fdu is a close approximation of the Dirac measure 8>51. The cube Q(2s1+ y, s) will
contain the point 2s1if y L 1 and |y|sc < s, and this cube is contained in Ri. Then
any point x € Q(2s1 + y, s) will satisfy

M2 Fx) 2 m(Q@s1+y,5)) " = exp (|zool1), (3.3)

where we applied Lemma 2.3, and 7o = zo0c(2s1 4+ y,s) = s1 4 y. Notice that
|zoo|1 = ds does not depend on y. The union of these cubes taken over all admissible
points y will contain the set

{Ul—i—y: s<o<2s,yl1, |y|oo<s},

whose 1 measure is at least ¢ exp (—|zool1) s¢~!. Since (3.3) holds in this set, the
weak type (1, 1) inequality is violated for large s.

In the case of ME *, we proceed similarly, with the same f but with the balls
B(2s1 + y, s) instead of the cubes. In view of Lemma 2.3, the estimate (3.3) will
now read M5 f(x) > w(BQsl+ y, )~ ~ exp(lz2l1) s1—9/2, where z, =
722(2s1 + y, s). The measure of the union of the balls will be at least constant times
exp (—|z2]1) s?~!. These two estimates together disprove the weak type inequality. O

Proof of Theorem 1(A), the case of MI?

Fixing a large N > 0, we now let fdu approximate 8
M.

Let& € Rf{_ with |€|; < N, and write s = |&|;. To estimate MMD*f(S) from below,
we introduce a (closed) diamond D = {x € Rﬁ Dx —clh < M} with ¢; = & for
i<dandcyg =&;+ M.Here M > N + s. Then the points £ and (0, ...,0, N) are
both in D, and |x|; > s if x € D. Since x4 > &, for all points x € D, one has for
h>0

o,n) (cf. the argument for

,,,,,

DALl =s+h) Cfr eRE: aly=s+h, & <)

d—1 d—1
C{xeRi:xdzs—i—h—in, in§s+h—$d]
1 1

@ Springer



A.Nowak et al.

and the (d — 1)-dimensional area of the last set here is O((s + h — £7)9™1), as seen
by projecting onto R?~!. Thus

w(D) S /Ooo(s +h—E) Ve hah ~ (1 +5s — )% e,

This implies that ME*f(E) Ze/(1+s— Ed)d_l; observe that s — &; = 7_1 &.

Next we choose the level A = N'~? ¢V and examine when M,?+ f(&) = A. This
occurs if 1 + (s — Sd)d_l < Na=1es=N ip particular if

1< NN je. s>N—(d—-1logN and (s — &) < N¥ 1SN,
To find points & € Rﬂ’r satisfying these two inequalities, we fix
Eli=s€(N—(@—-1logN, N).

We can then choose any & € (0, d~' N eC~M/@=D) i = 1 ... d — 1, and set

&g =5 — ”11_1 &;. Indeed, for such points & the first inequality is clear, and the
second one follows because

d—1
s—§&1= Zéji < Neb—M/d=D
1

Here the last inequality assures that &; is positive, and it holds since s < N implies
e’ s'74 < N N1~ for large s and N.

Keeping still s fixed, we see that the (d — 1)-dimensional measure of the set of points
£ thus obtained is of order of magnitude N%~ !¢~V Varying then s, we conclude that
the u-measure of the set of all points & obtained is greater than constant times

N , log N
f Nl Ne=5 gs ~ N1 e N jog N = g
N—(d—1)log N A
For large N, this contradicts the weak-type (1, 1) boundedness of M Z) *. O

4 Proof of Theorem 1(B)

As remarked in Sect. 1, the case of M #Q in Theorem 1(B) is an immediate consequence
of the one-dimensional result. The remaining two cases are much less straightforward
and will be treated subsequently. We shall work with the operators restricted to RY ,
see Proposition 2.1. We make the following two preliminary reductions in proving the

L?-boundedness of MZL)* and M 5 .
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Reduction 1 We may consider only diamonds (elements of D) or balls (elements of
B,) with radii bounded from below by any fixed positive constant, due to the local
doubling property of u, see Lemma 2.2.

Reduction 2 Among diamonds or balls remaining after Reduction 1, we may consider
only those not intersecting tEf‘i_l ={x e Ri x|l =t} for0 <t < cwithe > 2
arbitrary and fixed, since otherwise they have measures bounded from below (and
above) by a positive constant.

We first consider the simpler case ME*. The reasoning in case of M E * is more
sophisticated, because of the geometry of the balls in Ri, especially those touching
the boundary of Ri.

Proof of Theorem 1(B), the case of M;‘l)

Our aim is to prove that MMDJr is bounded on LP(R%, du) for 1 < p < o0o. Recall
that diamonds in Ri are denoted

D(z,r)={y eRi Hz—yh <r}.

Here r > 0, and z will always be in Ri.
For each x € R? we denote xo = Z”ll xj. Then

M :={xeR?: xg=1}

is a hyperplane for each r € R, and we write A, for the Lebesgue measure in IT;.
Further, x; will for t > 0 denote the orthogonal projection on I1; of any point x.

Let f be a nonnegative function in L'(d 1), which we extend by 0 in R? \ Ri. We
want to estimate M,ZB+ fatapoint& e Ri. So we take a diamond D = D(z, r) with
z € R‘i and such that £ € D, and estimate the mean

1

- d .
D) /Df(y) n(y)

Reductions 1 and 2 allow us to assume that the quantities r and zo —r > 2 are large. It
will be convenient to write b = zo — r, which indicates the “bottom” of the diamond.
Denoting slices of D as D; = D N I1;, we can write this mean as

1 b+2r
m A e! fd)nt dt. “.1)
Dy

The inner integral here will be estimated in terms of a (d — 1)-dimensional max-
imal operator. We define V as the set consisting of the d-dimensional vector v =
(1,—-1,0,...,0) and all the vectors obtained from v by permuting the coordinates.
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Proposition4.1 For each t € (b,b + 2r) there exists a (d — 1)-dimensional
parallelepiped P; C T1; containing D; and containing & such that

MPY S+ =b) v E—b)]" " e D)

and whose edges are all parallel to vectorsin V.

Before proving this proposition, we use it to finish the proof of the L?(du)-

boundedness of M,?Jr. Here 1 < p < oo.
In the iterated integral in (4.1), we extend the inner integration to P; and insert the

factor

[+ =DV &b uDd |
M (Pr) ~

Thus (4.1) is controlled by

fdidt.

A d—1
B 1 -b - D)~
/b e I+ (@ —=b) V(& —b)] ) I

The mean over P; here can be estimated in terms of the non-centered maximal
operator M; in I1; associated with parallelepipeds having edges with directions from
V, evaluated at &;. So the iterated integral is at most

b+2r b de1
/b eI+ =b)vE—b]T M f(&)dr. 4.2)

We consider the exponent —¢ + b here. Since &y > b and ¢ > b, we have

_[+b=%ﬁ—i—l/(l—b)_l(§0_b)
p D p
§o 1 1 1
o L _(ZAD) -0 ~b
<22 (pAp,)[a )V (o — )]
55_0_i_c[(;_b)v(go—m]—c@o—tl
p p

with ¢ = c¢(p) > 0; in the last step we used the simple fact that (t — b) Vv (§9 — b) >
|&o — t|. After inserting this estimate in the integral (4.2), we can delete the factors
e—clt=b)vEo—b)] [1 +(t—=b)Vv(&— b)]d_l, and thus estimate (4.2) by constant times

b+2r
/ e50/P o=1/P p=cléo—1] M, f (&) dt.
b
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Now we apply Holder’s inequality, with e~ 150~tI/ P’ as one factor. It follows that
(4.1) is not larger than constant times

+00 1/p
(/ eSO e—t e ¢ [Eo—1] [Mtf(gt)]p dt) )
0

Since this quantity is independent of the choice of the diamond D, it gives an upper

bound for MY " £ (£).
Integrating pth powers with respect to d . (£), one obtains

+00 +o00
/ [ME* r®)] du@) < /O /H fo e e BT M, £(&)]F dt di (&) dEo.

In the right-hand side here, we integrate first in £, using the fact! that the operator
M, is bounded on L?(d};) uniformly in ¢. Thus the triple integral is at most constant
times

—+00 +oo
/ f e el f FQO)P dni(©) dt di.
0 0 I1;

Integrating next in &p, we conclude that
D+ )4 < +oo —t )4 _ P
(Mt F©] du@) < | SO AM@ de =y

and this proves the L” (du)-boundedness of M MD +,
Proof of Proposition 4.1 We fix £ € D and t € (b, b 4 2r), and for convenience we

alsowrite t = b+ h = z9g —r + h with 0 < h < 2r. Further, we renumber the
coordinates so that

74 = max z;. 4.3
d 1<) <d J 4.3)

Denote
Grg=T,N{xeR!: Vi x; > —|t —&| and |z—x|; <7+t —&l}.

Obviously D; C G, ¢ but also & € G, ¢. Indeed, (§;); > ()i — & = —|& — &1 =
—lt —=éoland |z = &1 < |z =& + 1§ =&l <7+t — &l

! There are finitely many components of M; defined by fixing the directions of the edges of the paral-
lelepipeds, and each of them is made by a linear transformation into the strong maximal operator Mgt in
R~ see (2.1).
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In order to include Gy ¢ in a parallelepiped in IT;, we let x € G; ¢. Since |z —x|; <
r+ |t —&| and (z — x)9 = r — h, we then have foreachi =1,...,d

1
[Ix =zl = (z = x)0] < 3 (h+ 1t —&l). 44

N =

d
Xi—z <Y (-2 =
1

Switching coordinates to y; = z; — x; + (h + |t — &p|)/2, we get

O0<yi<zitlt =&+ M+t —5%l/2
—zi+ (h+3lt—&l)/2, i=1,....d

Further, (z — x)o = r — h implies, since y; > 0,
d—1

Zyi=y0—yd=(Z—X)o+
1

d<h+|2r—so|)_ ’ r_h+d(h+|2t—$0|).

We need a simple lemma.

Lemma4.2 Let m > 2 and consider the set E C R™ defined by

m

m
E= [y € H(O,ai) : Zyi < R}
1 1
for some a;, R > 0. Then E is contained in the m-dimensional rectangle
m
E=]]0©.a A R).
1

and the Lebesgue measures satisfy |E| =~ |E| =[1{"a AR

(In expressions like the last product here, we always mean the product of the minima.)

To get the lower estimate for | E| in the lemma, one observes that £ D ]_[rl" O, (ai A
R)/m), and the other parts are trivial.

Let the projection 7, : IT; — R?~! be given by suppression of the last coordinate.
The lemma, applied with m = d — 1 and in the coordinates (y1, ..., y4¢—1), implies
that the projection 7; (G, ¢) is contained in a rectangle E in R9~1 with sides parallel to
the y (or equivalently x) coordinate axes. Then G; ¢ is contained in rf] (E ), which is
seen to be a parallelepiped P; fulfilling the conditions of Proposition 4.1, except that
the estimate we get for its Lebesgue measure is

d—1
A (Pp) = 1_[ <Zi+w> A (r—h+—d(h+|2t_é0|))

1
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d—1
S[I+r+0=bvEG -] Ar 4.5)
1

In addition to (4.5), we will deduce a similar estimate by writing first

d—1

Zx,-zzo—(z—x)o—xd<zo—r+h+|t—f;‘o|.
1

Combining this estimate with (4.4) and applying Lemma 4.2 in the coordinates y; =
x; + |t —&p|, we can argue as above. As a result, we find a parallelepiped P; containing
G, ¢ and verifying

d—1
MP)ST]lzi+h+@—b) Vv E—D]A(co—r+h+]t—&l). 46)
1

Next we derive two different lower estimates for ;. (D), whose validity will depend
on the condition

d—1
Y zuz=r—h .7
1
We shall verify that
d—1 -
> b .
w(D) > e H(z, + DA {m—r} (4.8)

when (4.7) holds (upper), and when (4.7) is false (lower), respectively.
These two estimates will end the proof of Proposition 4.1 when combined with
(4.5) and (4.6), respectively, since

Zi+h+@—b)v (& —Db)
zi+1

ST+ @ —=b)v (6 —b),

and

[zi+h+ @ —b)V (Eo—b)A(zo—r+h+It —&)l)

< — —_b)
R F— ST+ —b) v (0 —b;

recall here that zo — r > 2, see Reduction 2.
To verify (4.8), itis enough to show that for 1 < # < 2, under relevant assumptions,

d-1
Ao+ (Dptn) 2 U(Zi + DA {zor— r}’ (4.9)
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because one can then integrate with respect to e "*~" dh over the interval (1, 2).
Observe that the last coordinate of any point x € 14, is given by

d—1 d—1

Xa=20+ Y @—x)—r+h=z0—Y xi—r+h. (4.10)
1 1

Let i € (1, 2). Aiming at the lower case in (4.9) and thus assuming (4.7) false, we
define the set

- _ h
E:{@ﬂ‘eW1:0<M<m+§E

d—1
i=1,...,d—1, and Xﬁ<m—4.
1
We claim that the inverse projection, or lift, T, +lh (E) is contained in Dy j,. Indeed, let
X €T, +lh (E) and consider the last coordinate x4 of x. From (4.10) we conclude

Xqg>z0—(zo—r)—r+h=h and xg<z0—r+h<zg,
the last step since (4.7) is false. Thus x € ]Ri N Ip4p. Further,

d

2(d — 1)h
M—dl=Q—xm+2§]m—%0+<r—h+l;—l—<r
1

4.11
d . (41D

so that x € D. The claim follows.
For the measures, we then get Apyp(Dpyn) = Aptn (tb_+1h (E)) ~ |E|, where | - |

denotes Lebesgue measure in RY~!. Lemma 4.2 yields that |E| ~ ‘ffl i+ DA
(zo — r). This proves (4.9) and thus (4.8), for the lower lines.

Next, we verify (4.9) (upper) under the assumption (4.7); recall that 1 < h < 2.
We start with the case z; > r, and here we argue almost as above. Define now

d—1 d—1

h

E:{mﬂ”eR*4:0<n<a+iji:1 ..... d—l,md}2m>§:a—r+h}
1 1

Points in E’ clearly satisfy

d—1

—M<Z(Zi—xi)<r—h.
1

2d

As before, we take a point x € Tl;-lh (E’) and verify that x € Dpyj. From (4.10)
combined with z; > r, we now get

Xqg>2g—@d—1)h/2d)—r+h>0 and xg<zg+r—h—r+h=z4.
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It follows that x € Ri N Ip4y and that (4.11) remains valid. This proves the inclusion
Ty 4 (E) C Dpii.

Thus Apss(Dpsn) = |E’|, and |E’| can be estimated by means of Lemma 4.2
and the coordinates y; = z; — x; + h/(2d), i = 1,...,d — 1. Since 0 < y; <
zi+h/Qd) ~ z; +1foreachiand Y97 y; < r —h 4 (d — 1)h/(2d) = r, the result
is |E'| ~ ‘f_l(zi + 1) A r. This proves (4.9) (upper) when z4 > r.

In the complementary case z4 < r, we can suppress Ar in (4.9) (upper) because of
(4.3). Define s, 0 € R by

d—1 I d—1 d—1 I
SX[:(Z:"Fﬁ):ZZi—V‘Fh, 0;(21'4-%):20—7-

1

They satisfy 0 < s < o < 1, where the first inequality follows from (4.7), the second
because & < 2 < z4 and the third from z; < r. Consider now the set

h h
S:{xel‘[h+h:s<zi+g)<xl~<a<zi+g>, i=1,...,d—1}.

Clearly, any point x € S satisfies

d—1 d—1
Zzi—r+h<2x,~<z()—r,
1 1

so for its last coordinate, (4.10) implies 0 < & < x4 < z4. Thus § C R4, and (4.11)
holds again, since foreachi =1,...,d — 1

xi—2zi <(c—1Dzi +0h/2d) < h/(2d).

It follows that S C Dpp.
For the measures, we have

d—1 d—1

h
Jin($) = [tin($)] = [T =) (zi + 55) = (@ =" [T + 1.
1 1

To finish the proof of (4.9) (upper), it is enough to verify that o — s = 1. But

2a—h zZ
o—5= d > 4>,

i+ h/an ~ X 417

the last inequality because of (4.3). Proposition 4.1 is proved. O
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Proof of Theorem 1(B), the case of ME

Our strategy of proving the L”-boundedness of M 5 * is heavily inspired by [10]. Thus
we first rotate suitably the whole situation and then use a slicing argument together with
LP-boundedness of certain standard maximal functions. The details are as follows.
Rotate simultaneously the cone Rd and all the objects considered (measure, trun-
cated balls, etc.) so that the rotation of E is orthogonal to the first coordinate axis
and contained in the half-space {x € Rd x1 > 0}. Then denote by C the rotated
open cone, in which the rotated measure is, up to a multiplicative constant and scaling,

v(dx) = e *dx.

Clearly, the above formula extends v from C, to all of R?. We shall sometimes use
this extension without explicit indication. Further, denote

me={xeR:x;=¢&), £=0.

Our aim is to prove that M E * is bounded on L?(R%, du) for 1 < p < oo. After

rotation and scaling and keeping the same symbols, we consider ME * as a maximal
operator acting on functions living on C,, related to the family E+ of truncated
Euclidean balls in R? with centers in C, the truncation being relative to C.. Then
the LP-boundedness concerns L? (Cy, dv).

Thus it is enough that we prove the L?(dv)-boundedness, | < p < oo, of the
maximal operator

1
Mf(x) = sup U(E) /E | fldv, 4.12)

where the supremum is taken over all truncated balls
B = §(m, r)y:=Bm,r)NCy,

called simply balls henceforth, such thatm € C4 andx € B. Further, we may assume
that f is non-negative and defined in all of R but supported in the closure of C..

In what follows pomts in R4 will be Wntten asx = (x1, x"). We shall always assume
that the centers of balls B are in C. Given B, the minimum

min {x1 1X € cl(§)}

(cl meaning closure in R?) is taken at a unique point a = a(§) =(ay,d) € 3B.
We now make some preliminary observations that lead to an essential reduction of
the class of truncated balls over which the supremum in (4.12) is taken.

Observation 1 We may restrict to balls B(m, r) with radii uniformly bounded from
below by a positive constant, see Reduction 1 above. In addition we may assume that
ai(B) > 2, see Reduction 2.

@ Springer



On non-centered maximal operators related...

Observation 2 We may further restrict to balls §(m, r) such that a = a(E) € dCy.
(In particular, we exclude untruncated balls B = B(m, r) entirely contained in C.)
Indeed, if a ¢ 9C,, i.e., a is in (the interior of) Cy, then m| = a; +r and m’ = d/,
and one considers the following two complementary cases.

If1 < JF < ay, then v(B(m, r)) ~ r@=D/2¢=a1 ~ y(B(m, r)) (for the last
relation, see the proof of Lemma 2.3) and the result is a simple consequence of [10,
Theorem 3].

On the other hand, letting M be that part of the maximal operator M given by
restricting the supremum in (4.12) to balls B(m,r) remaining after Observation 1 and
such that a(B) ¢ dC, and a; < /r, we have the following.

Claim M is L?(dv)-bounded for 1 < p < oo.

To justify the Claim, notice that any B under consideration contains a cylinder
parallel to the x; axis, with one face contained in 74, 11, of essentially unit width and
radius comparable to ay, so v(§) 2z afl_le—“l. Given that, consider the projections

dt(x1) = xf’*le_x1 dxy,

1
Fxp) = ﬁ/ [, x)ax’,
Xl nxlﬂC+

of dv and f, respectively, on the x| axis (here we omit multiplicative constants, which
are irrelevant for the argument). Notice that [ fdv = [ Fdt. Thus we have

1 1
~ / fdv < / Fdr,
Vv B) B f(lal) I‘,1

where 1,;, = (a1, 00). Now observe that the one-dimensional maximal operator

1
g(s) > sup—— | gdr
1ss TU) Jy

(the supremum taken over all intervals I C Ry such that s € [I) is of weak type
(1, 1) with respect to the measure space (R, dt), and it controls M. Therefore My
is of weak type (1, 1) with respect to (C4, dv), and the L? (dv)-boundedness of M
follows by interpolation with the L°-boundedness. This finishes proving the Claim
and ends Observation 2.

Summing up, in the analysis of (4.12) we may assume that B = B(m,r) is a ball
such that m € C4 and

r>+d, a1 >2  acdCy. (4.13)
By convention, we define the supremum in (4.12) as zero if there is no admissible ball
B containing x.

We shall first prove the result in the simplest situation when the dimension d = 2.
This will give us some intuition needed for higher dimensions.
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€
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G
\ 4

Fig.3 The situation ford =2

Dimension d =2 When d = 2 we write points simply x = (xy, xp) rather than

= (xl,x/).NOur rotated cone is C1 = {x € R? : |x2] < x1}. We can assume
that the balls B(m, r) under consideration are such that m, > 0, by symmetry. Then
a(E) = (a,a) with a > 2, and also r > V2 and my > a; see (4.13). Notice that
r/ﬁ < mp — a < r and, of course,

(my — a)* + (mp — a)> = 1. (4.14)

See Fig.3.

We shall now split into cases. In each case, we consider the maximal operator
obtained by imposing some conditions on B, in addition to (4.13).
Case 1 B contains the point (a+1, 0). Then v(B) 2> ae” %, since B contains arectangle
of unit width and height a, with one of the vertical edges contained in 744 1. Thus the
projection argument from Observation 2 gives the desired conclusion.
Case 2 B does not contain the point (a + 1, 0). We first find the lower intersection
of thelinex; = a+h,0 < }L < r/ﬁ, with 0B, denoted (a + &, a — &); here B is
the untruncated prototype of B and £ = £(h) > 0. Notice that the condition defining
Case 2 can be written as £(1) < a.

We have

(mi —a—h)>+ (my —a+£)7>=r2
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Subtracting (4.14) from this equation leads to
2+ 2(m2 — € —2(m1 — h +h* =0.
Dividing by &2, solving for 1/& and taking into account that & > 0, we get

2(my — a)h — h?
my — a—++/(my — a)2 + 2(m; — a)h — h2

E:

Note that 27 < m — a (recall that r/\/i <mi—a<r)Then2(m; — a)h — h? ~
(m1 — a)h =~ rh. Consequently,
rh rh

h) >~ ~
5t my—a-+4rh  my—a

AN,  0<h<r/v2.  (415)

To estimate v(§) from below, observe that B contains the triangle 7 whose vertices
are (a,a), (a+1,a—&(1)) and (a+1, a), and v(T) =~ £(1)e®. Thus (4.15) implies

r

v(B) 2 E(1)e @ ~ ( A ﬁ)e_“. (4.16)

my —a

Next, we consider all 4~ > 0 and estimate from above the measures of the
intersections w445 N shw B, where

shw B := B + (R+ X {0})

is the shadow of B in the positive x; direction. By the geometry of the situation and
(4.15), observing also that my — a < r/\/f, we have

|Ta+n Nshw B| < If(h)+h, hsr/ﬁ}

2r, h > r/ﬂ
rh /
< I my—a ANTh, h = r/ﬁ }, h > 0.
~r, h>r/v2

Using this together with (4.16), by an elementary analysis of cases we see that

}5ﬁ+h51+h, h >0,

|na+hﬂshw§|< Vh+h, h<r/J2
e%v(B) ~MNVrHrs h>r/V2

4.17)

uniformly in a and B.

Now, let M; be the part of the maximal~operator (4.12) under consideration, i.c.,
with the supremum taken only over balls B considered in Case 2. We will apply the
slicing argument from [10].
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Similarly as in [10], consider the unit slices
Si={xeCi:ii<x <i+1}, i>1.

In S; one has e "~ 'dx < dv(x) < e 'dx. Let

MyfGx)= Y xs;(x)Ma(fxs)(x).

j—i=k

Since Mrf < ZkeZMé‘f, it is enough to prove that ||M§f||Lp(dv) <

~

2—5|k|/p||f||”(du) with some § > 0, because then one can sum the estimates and
get the conclusion. Thus we must show that

/S[Mg(fx_gi)]pdvge_’slj_” : fPdv, i,j>1. (4.18)
J i

Withi, j > 1, weletx € §; and B be a ball containing x, and we will estimate
first the mean

1
= fB 15, ) F () dv(y).

In our situation x € B N 5:1 and y € BN Si. Observing that the sets {zo € R :
3z1 (21, 22) € Wa4n N shw B} form an increasing family of intervals with respect to
h > 0, we get

[y2 — x2] < |m+1 ﬂshwE! \% |71j+1 ﬂshwE’ = |mvj+1 N shw B ;

notice that here i, j > 1 v (a — 1) = a — 1. Then, using (4.17), we obtain

1
W/Em M fy)dv(y)

1 i+1 )
< — / e"/ _ fOn, ) dy2dy;
v(B) Ji |y2—2x2| <Imiy j41Nshw B

Tivjr1 Nshw B| fith . pitl
5 1ivjer Oshw Bl (71 / MF (G, x2) dyy
v(B) i i
) i+1
SH+Gvj—a+D]e™ [ MfOrx)dy, 1)

1

where the implicit multiplicative constant is independent of i, j > a — 1, the ball B
and the point x € BNS i, and of f. Here M is the one-dimensional non-centered
Hardy-Littlewood maximal function acting on the second coordinate. Note that M is
bounded on L? (R, dx;) for p > 1.
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We now estimate the factor in front of the integral in (4.19). Write

j—i
p
| AN

—(—/\—/)[l\/]—cH-l],
p p

. L. 1 . J—i
a—i—1= ——(—a+D)——(G—a+l)<®—
p p p

where the last inequality follows from the bound i A j > a — 1. Thus
[1+GVj—a+ D]t <el/pi/ptlem2elivizatlil] 4 (i v j —a+1)]
< gl /P=i/p p—€livj—a+l]
< eJ/P=i/po=eli=jl
with € = %(i A i,), uniformly ina > 2 andi, j > a— 1.

P
With the lgound just obtained, taking the supremum of the left-hand side of (4.19)
and using Holder’s inequality on the right-hand side there, we arrive at

o o 1/p
Xxs; OMa(f xs)(x) S e//P=1Pe=<lizilyg. (x)( f [Mf G, x2>]”dy1> :

<yr<i+l1
Raising to power p and integrating this estimate in x = (x1, x2) € S; we further get

[ Iarasa@] e ax

Sj

< emerliil / / [Mf(yl, xz)]p dxydxse " dy;.
i<yi<i+1JS;
Finally, we use the L”-boundedness of M to write

/R[Mf(yl,m)]p dxy S /pr(yl, y2)dy, yie@,i+]),

and (4.18) with § = € p follows. This finishes the proof in the case of dimensiond = 2.

Remark Cases 1 and 2 considered above can be merged. Indeed, right after (4.14) one
can estimate £ (), as it was done in Case 2, getting (4.15). Then it follows that

r

v(B) > [anE(D)]e® ~ (a/\ Aﬁ)e*“.

mp; —a

Further, we can estimate measures of the intersections 745 N shw B as (observe that
the expression 2(a + &) appears as the measure of C N wg4p)

2a+h) AEMR)+h), h<r/V2 }

T Nshw B| <
| ath | - {2r, h > r/ﬁ
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Fig.4 Positions of « and m,d =3

my—a

~r, h>r/v2

rh
<{m+mA AT, hgﬁJﬁ} o

Using this together with an elementary analysis of cases we get the key bound

N shw B
Woen NShWBL 0y s,
e*v(B)

uniformly in a and B. From here the slicing argument goes as described in Case 2
above.

Dimension d = 3 From now on we will write points x = (x, x"), with x; > 0 and
x’ € R2. Our fixed rotated cone C. is contained in Ry x RZ, its vertex is the origin
of R3, and its central axis is the Ox axis. For any & > 0, the intersection Cy N 7 is
an open equilateral triangle of side v/6 &. ~

In order to estimate M f defined in (4.12), we let B = B (m, r) be a truncated ball
with m € Cy verifying (4.13).

For any set E C R3, we define its shadow in the direction of the x; axis as

shw E := E + {(5,0,0) : s > 0}.
We claim that
1 <r/\/§§m1—a1 <r, (4.20)
where only the second inequality needs to be verified. For this we fix m| and a; and
use Fig.4.
Each part of this figure shows the triangles m,, N 9C4 and 7, N dC, and inside

the latter the triangle 7,,,, N shw(r,, N dC4). Notice that the point m cannot be in the
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Fig.5 The plane 7r4;,d =3

interior of this last triangle, since a is on the boundary of C. Given the position of
a, the figure illustrates the possible positions of m. To the left, a is on an open face
of the cone C, and then m is seen to be in the short, closed segment indicated. In
the right-hand part of the figure, a is on an edge of C, and m has to belong to the
closed quadrilateral marked in the figure. From this, we see that the minimal value of
the quotient (m| — ay)/r = (m; — a1)/|m — a| occurs when a and m are situated on
the same edge of C., and then the quotient equals 1/+/3. We have verified the claim
(4.20).
ForO0 <h <r + (m; — ay) we define

Ch={xeR*: (@ +hx)eCy} and By={x'eR*:(a+h x')eB}

with B = B(m, r). Observe that B, would be empty if defined in this way for 7 >
r—+ (m —~a1).
Case I a(B) lies on an edge of C.

We intersect C1 and B with 7, see Fig.5.

Then Cy is an equilateral triangle with one vertex at a’, and By is an open disc with
center m’ and radius R satisfying

(my —a)* + R* =2 4.21)

The definition of a implies that a’ € d By N dCy and also that the tangent line, denoted
t, to By through a’ does not intersect Cy. Thus R = |a’ — m/|.
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Fig.6 The plane 4, 4 (formally, here Co = shw(Cy N7gy) N7g 41),d =3

The point a’ is the endpoint of two edges of Cy, and we consider the angles at a’
between ¢ and these two edges. Let 8 denote the smallest such angle and let e; be the
corresponding edge. Then 0 < B < /3, and the other edge e, forms the angle of
B + 7 /3 with the same tangent.

We now consider the intersection of B and shw(Cy N 7, ) with the plane 7,4, 44,
assuming that 0 < & < r/+/3; see Fig. 6. Then a’ is an inner point of the disc By,.

From a’ we move first along the edge e and then possibly continue beyond it in
the same direction until we hit 3 By, say at distance p;, from a’. Then

(my — a1 — h)* 4 pi cos> B+ (R + ppsin B)* = r’. (4.22)
Subtracting (4.21), we get
pr+2pyRsin B —2(my —a))h +h*> =0,
We rewrite this as a quadratic equation in 1/pj; which we solve, getting

B 2(my —a)h — h?
VRZsin? B+ 2(m| — a))h — h2 + Rsin 8

Ph
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Since h < r/\/g <m] —ay <r,we see that

(my —aph rh rh
h A

n - ~ ~A/r —.
P v (my —aj)h+RsinB  +/rh+ Rsin B Rsin 8

We next repeat the above, but moving in the direction of e; until we leave By, after
covering a distance gy, say. The same argument applies, but instead of 8 we have
B+ /3 e€[n/3,2m/3]. The result is

(4.23)

h
an = Nrh A %. (4.24)

We now estimate the measure of B from below. Consider for the time being only
h € (1/2,1). Then p;, >~ p1 and g, =~ q;. Thus we can find one point on each edge e
and e; belonging to the closure of B; N C;, whose distance from @’ is comparable to
ai; A pp and a; A g1, respectively (recall that |e;| = |e2| =~ aj). The triangle formed
by these two points and @’ is also contained in B, N Cj, by convexity, and its area is
comparable to (a; A p1)(ar A q1). Integrating over 1/2 < h < 1, we see that

V(B) Z (a1 A p)(ar A gqr)e . (4.25)

Next, we consider all &2 € (0, r + (m — aj)). We shall need the following.

Proposition 4.3 There is an increasing family of parallelograms {P, : 0 < h <
r+my—ap)}in R2 with sides parallel to ey and ey and side lengths controlled (up
to multiplicative absolute constants) by (a1 + h) A py and (a1 + h) A gy, respectively,
incase 0 < h < r/3, and by r in case h > r/3, such that B, N C, C Py for
O0<h<r+(m —ay).

Proof Consider first & < r/3. The triangle Cj, is a concentric scaling of Cy, and all
its points have a distance of at most ﬁ h from Cy. In particular, C, has a vertex a;L,
corresponding to a’, which is at the distance V2 h sin(8 + 7/6) from ¢, and at the
distance ~/2 h cos(8 + 7/6) from the line perpendicular to ¢ and passing through a’
(and m'); see Fig.7.

Bring in the “vertical coordinate”

t(x)=u"—m',d —m') (4.26)

in the plane 74, 4.

We take as P, the smallest open parallelogram having one vertex at a; , sides parallel
to e1 and e, and containing Bj, N Cj,. Then we must show that the side lengths of Py,
are controlled by (a1 + k) A pj, and (a1 + h) A g;. We shall separate the cases when
aj, lies below or above the level of m’, see Fig.7.

Assume first that 7(a;) < 0, i.e., a; does not exceed the level of m’. This means
that v/2 hsin(B 4+ 7/6) > |a’ —m’| = R, which implies &1 > R/~/2. In this situation,
see (4.23) and (4.24), one has p, ~ rh >~ gn. On the other hand, the radius of B, is
also comparable with R + gj, ~ /rh.
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Fig.7 The plane 4, 4 (formally, here Co = shw(Cy N7qy) N7g 41),d =3

Now, observe that the edges of P, have lengths controlled by the quantity
(side length of Cj) A (radius of By,),

thus by (a1 + h) A rh >~ (a1 + h) A pn, = (a1 + h) A qp, as desired.

Next, assume that 7(a;) > 0, i.e., g, is above the level of m’. We shall construct a
parallelogram P} containing P, having vertex at a;, and sides parallel to e; and e,
whose side lengths satisfy the desired estimates. Clearly, this will be enough for our
purpose.

In the plane 7, 41, let w be the line through a;, parallel to 7. Define u to be the line
parallel to w given by u = {x’ : 7(x') = (suth ) A (supch 7)}. Observe that two
cases may occur (call them (a) and (b), respectively): u is tangent to By, (if the last
minimum is realized by supg, 7, see Fig.7) or u passes through the vertex of Cj of
maximal distance from w.

The intersection B, N Cj, is contained in the band between w and u. In case (a),
the width of this band, see Fig.7, is not larger than (actually comparable with) g, +
V2 hsin(B + 7/6), and this quantity, in view of (4.24), is comparable to g,. In case
(b), the width of this band is comparable with the side length of Cy, i.e., with aj + h.

Now consider the segment along the e, direction with one endpoint at a; , and whose
other endpoint lies on u. Since e, forms the angle 8 4 /3 with u, which is separated
from O, the segment in question has length comparable with the width of the band,
thus with (a; + h) A g,. We take this segment as a side of our P}
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As the other side of P}’ we shall take the segment along the e direction with one
endpoint at a;, and the other endpoint b lies either on the boundary of By, inside
the band, or is the vertex of Cj in case By, is so large that 9 B;, does not cross this
(e1-directed) side of Cj,. See again Fig.7. Denote by p;, the length of this segment.
Clearly, pj is comparable with a; + h in case b; is the vertex. Assuming the other
case b;l € 0By, we will show that pj, is comparable to pj, a fact that is intuitively
clear from the picture. Since P} just defined contains® By, N Cy, this will finish the
reasoning when i < r /3.

Observe that, cf. (4.22),

(my —ay — h)? + (pu cos B — /2 hcos(B + 7/6))°
+(prsin B+ R — V2 hsin(B +7/6))" = r2.

Subtracting (4.21) and solving for 1/p; (see the analysis leading from (4.22)
to (4.23)), we get after some elementary computations and applications of basic
trigonometric identities

; 2(my1 — ai)h + 2+/2Rh sin(B + 7/6) — 3h?
h — .
\/Rz sin? B +2h(m| — ay) + v/2Rhcos B —3h2/2 + Rsin B — v/23/3h/2

Then, recalling that r/\/§ <my;—a; <r,R <randh <r/3, we arrive at

rh
Rsin g

Prn = AANTh > pp.

Considering h > r/3, take as Pj, the smallest (open) parallelogram, with sides
parallel to e; and e3, containing both P, /3 and B, 4, . This parallelogram has side
lengths comparable to r, by the geometry of the situation.

The fact that the family {P;, : & > 0} is increasing is clear from the construction.
Proposition 4.3 follows. O

In view of (4.25), for P}, from Proposition 4.3 we have the bound

[(a1+m)Appll(ar+1) Agn]
[Pl < (alem)(amql) ) 0<h=r/3

e vB) | Grp@nan h>r/3.

To estimate the right-hand side here we use (4.23) and (4.24), and apply an elementary
analysis of cases. Considering h < r/3, if a; A p; = ay, then (recall that a; > 2)

(a1 +h) A pp ai+h
< <

=< 1+ h;
ap N\ pi ai

2 This inclusion is seen from the geometry of the situation, see Fig.7. Perhaps the least obvious point is
to ensure that in the case when b;l € JBy, the edge of P;l‘ starting at b;l and parallel to e; does not cross

By,. Indeed, this is true since the outward normal of By, at b;1 enters into Cj,. Thus the angle between this
normal and e is less than r/3, and the inclusion follows.
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if a; A p1 = p1, then

h ors
(a1 +h) A pn _Ph ®enp N VTh

<P RSP Y h VRS 14k
ai A pi Pl memp AVT

For h > r /3 we have

r r
~ . <rVv(RsinB)Vvr<1+h.
ai N\ pi (l]/\m/\ﬁ

The factors involving g, are treated similarly. Thus we arrive at the key bound

NPl <1+h%  h>0, (4.27)
e‘1v(B)

uniformly in a; and B.

We are now in a position to apply the slicing argument. Let M be the part of the
maximal operator (4.12) under consideration. As in dimension 2, we define S; for
i>las{xeCy:i<xy <i+1},andin S, e "ldx < dv(x) < eldx. Itis
enough to prove that for some constant § > 0

/_ [M(fxs)]" dv < e ®l! /S fPdv, i,j=>1, (4.28)

Sj

see (4.18) and the preceding comments. _

To prove (4.28), leti, j > 1. Letx € BN S; and y € B N S;. Proposition 4.3 tells
us that x” and y’ are contained in a certain parallelogram Py, and both parallelograms
are contained in the one given by Proposition4.3 withh = (i —a; +1) vV (j —a; +1);
notice that here i, j > a — 1. Define

, 1
Mg(z):sup—/ lg(w)]| dw,
Pl Jp

for any locally integrable function g in R?, where the supremum is taken over all
parallelograms P containing z and with sides parallel to two sides of the triangle Co,
and |P| denotes the area of P. Then we can write the estimate

1 1 —i i+l / /
5 /§XS,-(y)f(y)dv(y) < ¢ Py / M f O, )y,
(4.29)

Note that M’ is bounded on L?(R?) for 1 < p < oco. Indeed, M’ splits naturally into
three components, each determined by two edges of Cp. Then a linear transformation
makes each component coincide with the strong maximal operator My, in R
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Fig.8 The plane 74, in Case II, d =3

Combining (4.29) with (4.27) we obtain

1 . i+1
—N/NXS,.(y)f(y)du(y) ST+ GV j—ar+ 1)2]/ M f(y1, x"ydy.
v(B) JB i

This is an analogue of (4.19). From here one proceeds as before, arguing as done after
(4.19), getting L? (dv)-boundedness of the considered part of our maximal operator.
Case Il a(B) lies on a face of C..

Then &’ is an inner point of a side of the triangle Cy; see Fig.8.

We split Cy into its intersections with three two-dimensional cones, by introducing
two rays from a’ forming angles of 7 /3 with the side of Cy. Then we apply the
arguments from Case I, using instead of Cy each of these three intersections, with
B = 0 twice and with 8 = /3 once, as seen in Fig. 8. That intersection which has
B = m/3 is not a triangle but a parallelogram. But notice that the s-expansion of this
parallelogram, analogous to C, in Case I, will necessarily be contained in the analog of
the parallelogram P}, constructed in Proposition 4.3. To get the lower estimate (4.25),
it is enough to argue as in Case I for the larger of the two intersections with 8 = 0. In
each of the three intersections, we can now follow the pattern of Case I for all upper
estimates of integrals, and divide by v(B).

This ends the case of dimension 3.

Dimension d = 4 We largely follow the three-dimensional argument. Recall that

B = §(m, r)y:=Bm,r)NCy.
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The assumptions (4.13) remain in force. As in dimension three, we define for0 < <
r+(mp —ap)

Ch={x' eR?: (a1 +h,x) e Cy} (4.30)
which is an open regular tetrahedron of edge (a; + ) +/8, and
B, ={x"¢ R3: (a; +h,x) € B(m, r)}.

Observe that (4.13) implies a’ € 3Cy. The radius of the ball B, will be denoted by
Ry, and as before we write R for Ry.

In 7,,, which we identify with RR3, we now let T be the tangent plane of the ball
By passing through a’. Moreover, T will denote that closed half-space in 7,, whose
boundary is 7 and which contains Cp.

Instead of (4.20), we now have

l<r/2<my—a; <r. 4.31)
The equality (4.21) remains valid and implies

R2 =72 —(m —a1))* = (r + (m1 —a))(r — (my —ar)) = r(r — (m; —ay)).
(4.32)

When i < r, we similarly get for Ry, in view of (4.31)

Rﬁ:rz—(ml—al —h)2
=T+ m —ar—h)r—m —a)+h)=r(r—(m —ay)+h).
(4.33)

We also have

R} — R* = (my —a1)* — (my —ay — h)* = 2(m1 —a))h — h* S rh,
(4.34)

the last step by (4.31).

The “vertical coordinate” 7 in R is defined by (4.26), as in the three-dimensional
case.

We will need some angles connected with a regular tetrahedron. The angle at a vertex
between an edge and the axis of symmetry from that vertex is y, where siny = 1/+/3,
and the angle between two faces of the tetrahedron is 2y . Further, the angle between a
face and an edge not in that face is «, where sin ¥ = +/2/3. Using this last angle, one
finds that the ratio between the height and the edge of the tetrahedron is /2/3 > 1/2;
the height is the distance between a vertex and the opposite face.

Case I a’ is a vertex of Cy.
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In R3, the point a’ is now an endpoint of three edges e1, e and e3 of the tetrahedron
Co. Let Bi, i = 1,2,3, denote the angle at a’ between e; and the plane T. Then
0 < B; < m/2, and at most two of the 8; can be small.

Clearly a’ is an inner point of the ball B, when0 < & < r+(m| —a;). We consider
fori = 1, 2, 3 the intersection of By, and the ray in the direction of ¢; emanating from
a’. Let pz be the length of this intersection. We can determine the P;, exactly like pj,
in dimension three, and instead of (4.23) we getfor0 < h < r/2

. rh
! ~Arh A , i =1,2,3. 4.35
P ’ R sin B; ! ( )

The argument leading to (4.25) also carries over, so that
v(B) pe (a1 A pll) (a1 A p%) (a1 A p13) e 9. (4.36)

As before, a;l denotes the vertex of Cj that corresponds to a’; one finds that the
distance from a’ to aj, is V3 h.

Let P, € R3 for 0 < h < r/2 be the minimal parallelepiped containing B; N Cj,
which has one vertex at a;l and edges parallel to ey, e and e3. Then P, increases with
h.

Proposition 4.4 For 0 < h < r/2, the edges of Py are bounded by constant times
(@ +h)ynp,,i=1,23.

To prove this, we fix & € (0, r/2) and deal first with the simple case whenh > ¢y R,
for some small constant ¢y > 0 to be determined. Then the pj are all of magnitude

~/rh, and (4.34) implies
R} < R>+rh <rh,

the last step since here R < h. Thus R, < «/rh.

Comparing the sides of P, with the minimum of Rj, and the edge of Cj,, we arrive
at the conclusion of the proposition, when & > ¢ R.

Consider now the remaining case 0 < & < coR, and observe that then a;l € Bj.
Leti € {1, 2,3}. We define p; as the ray parallel with ¢;, with endpoint at a;, and
contained in the half-space {x’ : T(x") > 7(a)}. If sin B; > 1/32, we denote by b;

the point of intersection of p; and d H, where H is the half-space

H = {x’:r(x’) §supr}.

B

When sin g; < 1/32, we define b; similarly, but now with the intersection point of p;
and 9 By,. Finally, let v; be the vector b, — a;,, which is parallel with e;. See Fig.9.
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Pi

-

Fig.9 The plane perpendicular to T containing a, and b}, d = 4
Define now

3
Pﬁz{a;—i—Zaivi: O<o;<1,i=1,2,3},
1

a parallelepiped with one vertex at a; and edge lengths |v;|. It is increasing in .
We will need the following two lemmas, whose proofs are given after the end of
the proof of Proposition 4.4.

Lemma4.5 If0 < h < coR with coy small enough, then fori = 1,2,3
il S P
and if moreover sin B; < 1/32, then
lvi| > 4h.
Lemma4.6 If0 < h < coR with co small enough, then
By N Cy C Py,

Given these lemmas, and still assuming 0 < & < coR, let P;’ be the minimal
parallelepiped with one vertex at a;, that contains Cj,. Then the parallelepiped P} =
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P;, NP} will contain B, N Cj, because of Lemma 4.6. From Lemma 4.5 and the fact
that the edges of P, are of order of magnitude a; + A, it follows that the edges of P}’
are as stated in Proposition 4.4. The minimality of 7P, shows that P, C P}, and this
concludes the proof of Proposition 4.4.

In the proofs of the two lemmas, we will denote by w the angle at a’ between the
central axis of Cy emanating from &’ and the plane 7. Notice that w = 1, since w is
at least as large as the angle between the central axis and a face of Cy.

Proof of Lemma 4.5 Consider first the case sin 8; > 1/32. The vertical distance 7 (b;) —

t(ay) is R, — R + V3 hsin, see Fig.9. This gives an expression for |v;|, and then
we use in turn (4.34), (4.33), (4.32) and then (4.35). As a result,

. 2 p2
|vi|=Rh—R—.|-«/§hsma)§Rh R < rh
sin j; Ry, Nr(r — (my —ay)) +h)

h h .
’ /\«/rh:%/\«/r ~ pj.

r(r — (mp —ap))

In the opposite case sin §; < 1/32, the quantity |v;| is the length of a segment from
a;, to apoint on 3 B;,. The segment forms an angle #; with the plane W = {x" : t(x) =
r(a;l)} (and is on the same side of W as the point a’), as seen in Fig. 9.

Project this segment and also the central axis of Cj, starting at a; orthogonally onto
the plane W. Let 8 denote the angle between these two projections at their common

point aj,.
Since the endpoint of the segment is on d By, the following equation will have
the positive solution z = |v;|, and also a negative solution. We temporarily write

£ = R — /3 hsin w, which is the vertical distance between m’ and a;,. The equation
is

(€ + zsin ,31-)2 + (=v/3hcosw + 7 cos Bi cos ) + (z cos Bi sin 0)% = Rﬁ,
or simplified
2 +2Kz+L =0,
where K = €sinB; — v/3hcoswcos Bjcos and L = €2 + 3h%cos®> w — R,zl. We
consider this equation for all & € [0, w]. Since the two roots of the equation have
opposite signs, the constant term L is negative, which can also be seen geometrically.

Let us now vary only 6, and write the positive solution as z = z(6). Differentiating
the equation with respect to 6, we get

d
(z+ K) d—; = —z«/ghcosa)cos,Bi sin 8.

Since z is the positive solution of the equation, z + K equals the square root that
appears in the well-known formula for the solutions, so it is positive. Thus dz/d6 < 0
for 0 < 68 < m. It follows that the minimal and maximal values of z(8) are z(;r) and
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z(0), respectively, so that z(r) < |v;| < z(0). We now rewrite the equation with these
two values of 6, and replace K, L and also ¢ by their explicit expressions. Using some
elementary trigonometry, one obtains the result

22+ 2(Rsin B; £ V3hcos(w £ B;))z — (Rf — R* +2+/3 Rhsinw — 3h%) = 0,

where the =+ signs should be read as plus for z(7) and minus for z(0). We now solve
this equation for 1/z, denoting

Ky = Rsinf; £v3hcos(w+ ;) and L, = R? — R*+2+/3 Rhsinw — 3h>.
The positive solution z is given by

Ly

- (4.37)
K+ K2+ L,

Z

We estimate the numerator and the denominator in (4.37) from above and below,
choosing cg small enough whenever needed. Because of (4.34), we find

Ly <2rh+4Rh <6rh Srh (4.38)
and
L, >2(m; —a))h — 4n? >rh —4corh > rh/2, (4.39)
where we also used (4.20). Further, (4.38) implies that
Ky + K2+ Ly <2|K.| + VL. <2Rsin ;
+2v/3h +N6rh < 2Rsin B; + 3v/rh. (4.40)

From (4.39), we obtain

K.+ K24 L, > RsinBi — V3h+/rh/2 > Rsin B + /rh.  (441)

These four inequalities hold whether the =+ signs are read as plus or minus.
Combining (4.38) and (4.41) with (4.37), we conclude that

rh :
vil S ANFh >~ ph,
|l|~RSil’l,3i ph

because of (4.35). If sin 8; < 1/32, (4.39) and (4.40) similarly yield

| = rh/2 - l rh/2 rh Nrh _y

> — A >
2RsinB; +3+/rh ~ 2 2Rsin i) v (3v/rh) ~ 8Rsinfi 12
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The last two formulas end the proof of Lemma 4.5. O

Proofof Lemma 4.6 Any point x € Cj, can be written x = a;, + >3 ajvjwitha; > 0.
Assume now that x € B, N Cy. We will show that «; < 1 for each j, so that x € 77,/1.
Thus we fix j € {1, 2, 3}. Observe that to prove the inequality o; < 1, we may assume
that ; > 1, since the opposite case is clear.

Since x = a;, + Z? o;v; € H and the function o; — 7(a), + Z? o;v;) is nonde-
creasing for each i, the point @), + «;v; is also in H. If sin 8; > 1/32, this implies

j < 1, by the definitions of v; and bj,.

When instead sin 8; < 1/32, we w111 similarly show that o; < 1 by proving that
a, +ajv; € B,. We know that a; + 21 ajv; € By, soitis enough to verify that the

distance |a;, + Z? a;v; —m'| is increasing in o; fori # j. But

3 2
a},+Za,~v,’—m"
1
3
:|a,’1—m’|2+22a,~( —m’, v;) —}—Za [vi|> +2 Z ooy (vi, vg),
1

1<i<k<3

and here all the terms to the right except possibly the second one are nondecreasing
in ;. Further, (v;, vk) = |v;||vg|/2. Consider for i # j the following two terms from
the right-hand side

Zai(a;l — m’, v;) +aiaj|v,-||vj|. 4.42)
Now
(@, —m', v;) = —v/3hcosw |v;| cos Bi + (R — ~/3 h sin w)|v; | sin B;,

s0 (4.42) equals
o |vi| (—2¢§hcoswcos,3i +2(R — /3 hsinw) sin B; +aj|v,»|) .

It is enough to verify that the three terms in this parenthesis have a positive sum. The
middle term is positive, since c¢ is small. Recall that we assumed o; > 1 and also
sin 8; < 1/32 which implies |v;| > 4h because of Lemma 4.5. Thus the first term in
the above parenthesis is dominated by the third term, the parenthesis is positive and
the expression in (4.42) is increasing in ¢;, as desired. Lemma 4.6 is proved. O

We can now continue Case I as in three dimensions, but using the three quantities
pZ instead of p;, and gy. In the estimate (4.27) the exponent of # will be 3 instead
of 2. We extend the definition of P}, by setting it equal to the smallest parallelepiped
containing P2 N By, —g, forr/2 < h < r + (my — ay); cf. the end of the proof of
Proposition 4.3 in the three-dimensional case. We leave the details finishing Case I to
the reader.
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Fig. 10 Translates Cé of Cyp,
j=1,2,3,inCasell,d =4

Plane T’
Cy

Co

Case II ¢’ is an inner point of a face of Cj.

This face of Cy is contained in the plane 7, and we consider the three translates
Cé, Jj =1,2,3,0f Cyalong T which have a vertex at a’ (see Fig. 10, where for clarity
only that face of Cy contained in T is marked).

The angles at a’ between 7T and the edges of each C, g arenow 0, 0, k. The dilations
Cj, are given by (4.30), and we can define forO < h < r+(m—ay) analogous dilations
C,{ , J =1,2,3, of the Cé by replacing in (4.30) C4 by the four-dimensional cone
generated by Cé % {a1} and the origin. In analogy with the beginning of Case I, we
consider for each j the intersection with By, of the three rays emanating from a’ and
containing an edge of C}{. As in Case I, we write p;l, i = 1,2, 3, for the lengths of
these intersections. The l’;; will not depend on j, and from (4.35) we see that their
orders of magnitude are

h
Vrh, Ak and rh/\%. (4.43)

At least one of the intersections C~‘0 N C(J), Jj = 1,2, 3, is comparable in volume
to Co. To estimate the measure of B from below, we can thus for one value of j
argue as in Case [ with Cé and Cﬁ. Hence we still have the lower estimate (4.36). The
corresponding upper estimate will now be verified.

In addition to C(J), j = 1,2,3, we will consider a finite number of tetrahedra
C(]), J =4,..., N, of the same size. They will all have a vertex at a’ and be contained

in T'y. We select them so that the Cé, j =1,... N, together cover a neighborhood of
a’' in Ty. Here N will be an absolute constant. Of the three angles at a’ between the

plane 7" and an edge of any Cé , J =4,..., N, at least one must stay away from O,

. ] . . . .
+- y .
since Cyy C T4. (In fact, the largest of these three angles is at least 7 /4.) This implies
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Fig. 11 Translates C'Oi of Cp, j=1,2,inCaselll, d =4

that the corresponding lengths p;l’j (which will now depend also on j) have orders of
magnitude no larger than those in (4.43).

By Cé’z we denote the result of a scaling of Cé centered at a’ by a factor of 2.
Thus a’ is a vertex also of C(])’z. The C(J)’z, j =1,..., N, will together contain the
intersection of 7y and the ball of center @’ and radius equal to the height of C, 6’2. Since

this height is larger than the diameter, i.e., the edge, of Cé, we conclude that
N .
L ¢ > co.
j=1

The arguments from Case I will apply to each scaled tetrahedron C é 2 In particular,

we choose as there minimal parallelepipeds P,jl containing B, NC 14’2, j=1,...,N,
which together cover By, N Cj,. The proofs of Lemmas 4.5 and 4.6 and then also that
of Proposition 4.4 will go through for each P}{, and this allows us to conclude Case II
like Case L.

Case III ¢’ is an inner point of an edge of Cy.

This edge of Cq will be called eg. It is contained in 7', and it is the intersection of
two faces of Co. We denote by I1" and I1” the planes containing these faces. The angle
between IT" and T1” is 2y.

Consider the translates Cé and Cg of Cy along ey which have one vertex at a’ (see
Fig.11). Both Cé and Cg have three edges with endpoint a’: one in TT' N T1”, one in IT’
and one in IT”. These edges form angles with the plane T which are 81 = 0, 8 > 0
and 3 > 0. For h € (0,r + (m; — a1)) we have dilations Cy,, C,ll and Cﬁ of Co, Cé
and Cg, where the latter two dilations are constructed as in Case II.

Following Case II, we introduce rays emanating from a’ along the three edges of
Cé and Cg and segments of lengths p;l, i =1,2,3. These PZ will satisfy (4.35). At
least one of the intersections Cp N Cé and Co N Cg must have volume comparable to
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that of Co. The argument leading to (4.25) can be applied to the corresponding Cé;
cf. (4.36). This gives the necessary lower estimate for v(é).

To get the corresponding upper estimate, we follow the pattern of Case II. We will
cover C¢ by a finite number of (doubled) tetrahedra having one vertex at a’, among
them Cé and Cg doubled. This is done as follows.

Consider the wedge defined as that component of R¥ \ (IT" U TT’ ') which contains
Cy. There is then a half-plane that splits this wedge in two congruent wedges denoted
V/ and V”; of these V' shall be the one with boundary along IT'.

We will next rotate Cé, using as rotation axis the normal through a’ of the plane IT’.
The rotation angle will go from O to 277 /3; the angle 27 /3 will bring C(l) to Cg. During
this rotation, the edge of Cé from a’ in TT'NT1” and that in TT" will both stay in IT. The
edge from a’ which is in I1” before the rotation will describe a conic surface, and its
angle with I1” will be positive and increase until it reaches a maximum at the rotation
angle /3. Then it will decrease back to 0. This maximum is seen to be 2y — k, and
one has 0 < 2y — k < y, the last inequality since k > y.

This implies that the rotations of CO1 considered will together cover the intersection
of V' with a neighborhood of a’. We can then select a finite number of these rotated
tetrahedra, say Cé, j = 1,... N, which together also cover a neighborhood of a’ in
V’. Notice that Cé and Cé are included here. As in Case II, we consider the doubled

tetrahedra Cé 2 with a vertex at a’ and conclude that

N .
Uci?oconv
j=1

To deal similarly with V", we repeat the rotation procedure, swapping I1" and IT”
as well as V/ and V”.

The result will be that we cover Cy by a finite number of tetrahedra, each having
a vertex at a’. The edges of these tetrahedra will have angles with T which are larger
than or equal to 81, B2 and 3, respectively. This makes it possible to argue as in Cases
I and II, considering dilations Cj, and Ch’2 forh € (0, r + (m1—ay)) and also minimal
parallelepipeds.

This ends Case III and the argument in dimension four.
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