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ABSTRACT ARTICLE HISTORY
A continuous-time Markov process X can be conditioned to be in Received 30 November 2021
a given state at a fixed time T > 0 using Doob’s h-transform. This ~ Accepted 31 October 2022
transform requires the typically intractable transition density of X.

X : . . KEYWORDS
The effect of the h-transform can be dgscrlbed as |ntroducmg. a gqld- Markov processes; jump
ing force on the process. Replacing this force with an approximation processes; Doob’s

defines the wider class of guided processes. For certain approxima- h-transform; conditional
tions the law of a guided process approximates — and is equivalent to process; landmark dynamics;
- the actual conditional distribution, with tractable likelihood-ratio. diffusions; guided process

The main contribution of this paper is to prove that the principle of
a guided process, introduced in [M. Schauer, F. van der Meulen, and
H. van Zanten, Guided proposals for simulating multi-dimensional dif-
fusion bridges, Bernoulli 23 (2017a), pp. 2917-2950. doi:10.3150/16-
BEJ833] for stochastic differential equations, can be extended to a
more general class of Markov processes. In particular we apply the
guiding technique to jump processes in discrete state spaces. The
Markov process perspective enables us to improve upon existing
results for hypo-elliptic diffusions.

1. Introduction
1.1. Problem description and motivation

Continuous-time Markov processes are widely used for modelling phenomena that evolve
over time. Examples include Brownian motion, the Poisson process, Lévy processes in
general, and diffusion processes generated by a stochastic differential equation. Many appli-
cations require sampling corresponding bridge processes, that is sampling the Markov
process X conditional on the value of its trajectory at some time 7. For example in the
statistical context, with X; the state of the process at time t, the process is typically only
observed at times t) < t; < ... < t, . Based on these observations one may be interested
in estimating a parameter 6 appearing in the forward description of the process X. In
this setting, likelihood based inference is difficult if the transition densities of the process
are intractable. However, if the process were observed continuously rather than discretely,
then likelihood computations for the continuously observed process on [0, ¢,] would typ-
ically be easier. This observation has led many authors to employ a data-augmentation
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scheme, where one samples iteratively (i) (X, t € [0, t,]) conditional on {X,}!"_, and 6; (ii)
6 conditional on (X, t € [0, t,]).

Clearly, step (i) requires a way to sample (X;, t € (ti—1,t;)) conditional on Xy, | and X,
i.e. a bridge process. More generally, both data augmentation approaches and approaches
based on particle samplers naturally lead to the problem of sampling a bridge process.
Whereas for Brownian motion the corresponding bridge process, the Brownian bridge, is
fully tractable, for general continuous-time Markov processes this is not the case. It is the
aim of this paper to provide a general framework for this.

Without loss of generality, we can state the problem as simulating (X;, t € [0, T]) con-
ditional on (X, X7) = (x0, x7). When feasible, we sometimes consider generalizations of
this setting, such as conditioning on (Xo, LXT) = (%, v) for a given matrix L.

1.2. Approach: conditioning by guiding

Our approach builds upon earlier work in the specific setting where X is a diffusion process
generated by a stochastic differential equation (SDE). That is, X satisfies the equation

dXt = b(t, Xt) dt + U(t, Xt) th, X() = Xp.

In this case the problem of bridge sampling has attracted much attention over the past two
decades. The approach that we adopt here consists of guiding, the terminology originating
from [13], the underlying ideas going back to [7,8]. Guiding refers to adjusting the dynam-
ics of the process X to ensure that it hits x7 at time T. This can be done in multiple ways.
Following [7], [8] proposed to superimpose the drift of a Brownian bridge to the original
drift, leading to the process

dX? = b(t,X9) dt + L

XO
tf dt + o (t, X)) dW,  Xo = xo.

If oo’ is strictly positive definite, then indeed X7 = xr, provided certain smoothness and
boundedness conditions on b and o are satisfied. Equally importantly, they derived an
expression for the Radon-Nikodym derivative of the law of the conditioned process, P*,
with respect to thelaw of X° = (X7, t € [0, T]), which we denote by P°. If Py and IP; denote
the restrictions of P* and IP° to [0, t], respectively, then proving Py « P} is relatively easy,
but the limiting operation ¢ 1 T requires careful arguments.

[5,16] considered different, more flexible, guiding terms which can also handle hypo-
elliptic diffusions. A major effort in these papers consists of formulating sufficient condi-
tions that justify taking the limit t 1 T. For diffusions on manifolds, introducing guiding
terms has recently been introduced in [2,6]. While these works contain numerically
convincing results of absolute continuity, no proof is given. Recently [10] proved that
the approach of [8] can be extended to simulating Brownian Bridges on Riemannian
manifolds.

1.3. Contribution

A first contribution of this paper is to define guided processes by means of an exponen-
tial change of measure, rigorously studied in [12]. The beauty of this approach is that it is
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not restricted to diffusion processes, but applies generally to continuous-time Markov pro-
cesses, including for example jump processes. Our main result, Theorem 3.3, gives a simple
expression for dIP*/ dIP° and states sufficient conditions to justify the aforementioned lim-
iting operation t 1 T. These conditions are designed to facilitate this operation in specific
examples. We first illustrate the power of our approach to non-homogeneous jump pro-
cesses and a continuous-time process evolving over a Delaunay triangulation. Secondly,
we apply this to diffusion processes, thereby lifting restrictions on the dynamics of the
process from [5] which then enable us to fully theoretically justify the bridge simulations
in [3]. Some technical proofs are gathered in the appendix.

1.4. Outline

We start this paper by stating the general setting and briefly describing Doob’s h-transform.
We will also use this section to introduce guided processes that are similar to the guided
proposals presented in [5,16,17] for SDEs. In Section 3, we formulate conditions and prove
equivalence between the tractable guided process and the intractable true conditional pro-
cess. In Sections 4 and 5, we apply the theory to Markov processes in a discrete state space
and Markov processes that arise as solutions to SDEs.

1.5. Frequently used notation

The transpose of a matrix A is denoted by A’. We denote the smallest and largest eigenvalue
of a square matrix A by Amin(A) and Apmax (A), respectively. For matrices, we use the spectral
norm, which equals the largest singular value of the matrix and is denoted by ||-||. We will
also use that for a symmetric, positive definite matrix A, [|A|| = v/Amax(A’A) = Amax(A).
The determinant and trace of the matrix A are denoted by |A| and tr (A), respectively.
For stochastic differential equations with diffusion coefficient o, we denote a = oo”.

2. General setting, Doob’s h-transform and guided processes

Throughout we assume existence of an underlying probability space (€2, F,P). Let X =
{Xt}te[o,r] be a Markov process on a Polish space S equipped with a o -algebra B and
define the filtration F; = o ({X;: s < t}). Let xp € S. Throughout this paper, we denote
P; = P|#, E; = E| £, and assume all probabilities and expectations are taken conditional
on Xy = xo. For a [P-Markov process starting at xp € S and generated by a family of
operators £ = {L;};c[o,1] defined on the same domain D(L), it holds that

t
M{ = f(Xt) _f(-xO) - ./(; Esf(XS) dS, te (0> T)>

is alocal martingale for any function f € D(L). We denote the space-time generator of the
space-time process {(t, Xt)}teo,1] by Af (£, x) = gl;(t, x) + Lf (t,x) and we extend D (L)
to the domain D(.A) of A. For simplicity, we omit the subscript and write Lf for f € D(L).
Observe that for g € D(A), the process

t
M = g(t,Xt)—g(O,XO)—/ Ag(s, X5)ds, te(0,T), (1)
0

defines a local martingale as well.
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Definition 2.1 (S-good function): Let S < T. We call h € D(A) an S-good function if h

is positive and
h(t, Xy) /tAh
D} = — | “=(X)ds), 0<t<S, 2
f h(o,xo)eXp( o B SXIE) 0=t ()

is a martingale adapted to the filtration {F;}c[o,s)-

The following proposition is an adaptation of Proposition 3.2 of [12] and provides
conditions for verifying that 4 is an S-good function

Proposition 2.2 (Adaptation of Proposition 3.2 of [12]): Suppose that h € D(A) is such
that h and % are bounded and measurable on [0,S] x S. Then h is an S-good function.

Definition 2.3 (Conditioned process): Let S < T and h be an S-good function. Define
the change of measure

dP* = Dl'dP,, te0,8]. (3)

We refer to the new measure P} as the conditioned measure induced by h and the process
X under P* is referred to as the conditioned process induced by 4. We denote expectations
with respect to P} by E7.

The transformation of measures is known as Doob’s h-transform. The function h is
typically chosen such that the process X has particular properties under Py, which it does
not possess under ;. The following example is a key example to illustrate this.

Example 2.4: Suppose the transition kernel of X admits a transition density with respect
to a measure v on S, i.e. P(X; € A | X; =x) = [, p(s,x;t,y)dv(y) fors < tand A € B.
For T >0, let the measure P* be the measure induced by A(t,x) = f p(t,x T,y) du(y)
for a probability measure p under which p is also measurable. Since Ah = 0, we have for
measurable f

h(t, X
E*f(Xa:E(f(Xt) ¢ t))

]’l(O, x())

Jp(txT,y) du(y)
= Oa ;t) d
/f(x)P( X0 x)fp(O,X(); T,y) du(y) v(x)
(0, %03, 0)p(t, %3 T, y) > p(0,x0; T, y) dua(y)
_ d
/(/f(X) P(0,x05 T, ) Ve J P, x03 T, ) dpn(y)
= /IE (fX0) | Xr =y) d&@),
where
P(0,x05 T, y) dpu(y)

d = .
s [ p(0,x05 T, ") du(y)

In particular, for x7 € S, the measure & = 8y, induces the process X* = (X | X1 = x7).
Measurement error on the value at the endpoint can be incorporated using du(y) =
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qxr () dii(y), for a a probability density function g, and dominating measure fi. Lastly,
this approach can also be used when forcing diffusions to have a certain distribution at
time T, such as seen in [4]. Here one can choose du(y) = (0 xo T ) dv(y)

Unfortunately, many interesting choices of h require the transition density p of the
Markov process to be tractable, which is usually not the case. Instead, one can try to use a
tractable approximation A to h. This leads to the following definition.

Definition 2.5 (Guided process): Suppose he D(A) is an S-good function for § < T and
define the change of measure

dP = Dl dP,, te[0,9].

The process X under the law P° is denoted by X and is referred to as the guided process
induced by h. We denote expectations with respect to [P} by [£7.

By formula (1.2) in [12] the extended generators of X* and X° are given by

1 ~ -
=~ [A(M) ~fAR] and Af = [A (1) - rAR], (4)
which characterizes the dynamics of X* and X°, respectively.

Proposition 2.6: Suppose h and h are S-good functions for some S < T and that h is space-
time harmonic for A, i.e. Ah = 0. Assume D} > 0 on [0,S]. Then, for all t < S, P* ~ P?
and

4P ) _ hX) (0, x0)
dP; 7 it Xy) h(0, o)

. Az
W (X) = exp (/0 %(S,Xs) ds) . (6)

Proof: Note that, since & and Df’ are positive, both [P} and P} are equivalent to P.
Moreover, dP; = (Dh) 1dIPx’ and thus

\Ijt(X)’ te [Or S]s (5)

where

dpP;  dP; dP; D!
dr; ~ dP, APy pi’

The proof now follows from substituting (2) and using .4h = 0. |
In applications, we typically obtain a candidate for h via an auxiliary process.

Definition 2.7 (Auxiliary process): Let X be a Markov process with generator L and
space-time generator A. When we consider a guided process induced by a tractable & that
satisfies Al = 0, we refer to X as the auxiliary process. Conditions for absolute continuity
can then be stated as properties of X.
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If h is obtained from an auxiliary process then W takes the form
t (£ — E) h
W (X) = exp / T(S,XS) ds|. (7)
0

In the setting of Example 2.4 it is often not too hard to find S-good functions / and i where
S < T. We would like to strengthen this to S < T, i.e. to take the limit ¢ 4 T in (5). Sufficient
conditions are given in Theorem 3.3, the main result of this paper.

If we assume du(y) = qx; (¥) dft(y) in Example 2.4, with gy, strictly positive, then it
is natural to take fz(t, x) = f qxr VP(t, x5 T, y) djn(y). This simplifies showing that hisa
T-good function, as under mild conditions Proposition 2.2 can be applied.

For ease of reference, we summarize some of the introduced notation. In the table below,
the third column gives the measure on the path space, the fourth column gives the corre-
sponding expectation with respect to the measure, while the rightmost column gives the
infinitesimal space-time generator of the process.

X original, unconditioned Markov process Py E; A
X* corresponding conditioned processes induced by h Py Ef A*
X° guided process induced by h Py E? A°

3. Conditions and proof of absolute continuity of X* and X° on [0, T]

Assume h and h are S-good functions for all § < T. By Proposition 2.6, the processes X*
and X° are absolutely continuous on F; for t < T. In this section, we provide conditions to
ensure that absolute continuity also holds in the limit ¢ 1 T.

To prove this, we fix a constant f € [0, T) and impose the following assumptions.

Assumption 3.1: There exists a positive continuous scaling function « : ¢y, T) — (0, 00)
and a family of F;-measurable events {Ax(t)}x for each t € [t, T) so that the following
assumptions hold

(3.1a) Forallkandfty <s <t <T,Ax(t) C Ags1(t) and Ax(t) € Ax(s).

(3.1b) The transition kernel of X admits a transition density p under [P with respect to
a dominating measure v, thatisP(X; € A | X; = x) = pr(s, x;t,y) dv(y) for 0 <
s<t<T,A e B andx € S. Moreover, foralls<Tandy € S,

lim K (t;s,x) = h(s, x),
1T

where
W (t;s,x) = / Kk (DAL, y)p(s, 31, y) dv(y). (8)

(3.1c) Forallty <s <t < T, the random variable h*(¢; 5, X;) is P-almost surely bounded.
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(3.1d) « is such that

o h(t, X) o
klgiloltlTn%E <h( Xt)K(t)lAk(t)> = PT(A(T)),

where Ax(T) = N;1Ak(), A(H) = |, Ac(t) and A(T) = Ny A(D).
(3.1e) For all fixed k, Wy (X)k (t)14,(¢) is P°-almost surely uniformly bounded in ¢.

Lemma 3.2: Under Assumption 3.1, there exists a random variable W.(X) so that for all k,
V(X)) 1a, ) = limpypr W (XK () 14y

Proof: Note that log W is an integral and « is continuous, and thus, as Ax(T) € Ax(¢) for
all t and by (3.1e), the map t > W;(X)x () is continuous and bounded on Ax(T) under
IP°. Hence limsy 1 W (X)k ()14, (1) exists in the P°-almost sure sense. Clearly, a random
variable W.(X) also exists so that limyy 7 Wy (X)« (t)14,(1) = W5(X)14,(1). Moreover,
|W (XK (D) 1a, ) — YECOLay (| < | WXk () — WECO| Lag(n)
+ [V Ok (D] 1a,0\ar(D)

It follows from the preceding that the first term tends to 0 while the second term is bounded
by (3.1e) and the indicator tends to 0. |

Theorem 3.3: Suppose Assumption 3.1 is satisfied. Then for any measurable function f,

(0,x0)
h(0, xo)

E} (fX)1acr)) = E (f( ) W (X) A(T)) )

In particular, if P7.(A(T)) = 1, the measures are equivalent with

dP*, h(0, x0)

" X) = hO0 WE(X).

Proof of Theorem 3.3: For simplicity, we denote h= fz(O, x0)/h(0,x0). The proof is struc-
tured as follows. First we show that E‘%(f_z‘lJ%(X) 14(1)) = P3(A(T)), then we show that
Ef (h¥(X)x ()1a@¢) — PH(A(T)) as t 4 T. Finally, we finish the proof via Schefté’s
lemma.

First note that for any fixed k, it follows from dominated convergence, combined with
(3.1e), Lemma 3.2 and Proposition 2.6 that

O [TIsK . * h(t X)
ET (h“IJT(X)lAk(T)) = ltlTnTlE (h\IJt(X)K(t)lAk(t)) = hmE (h( Xt)K(t)lAk(t)>

We now send k — 00 on both sides and find that, by (3.1a) combined with monotone
convergence, the left hand side tends to [E7.(hW1.(X)14(1)) while the right hand side tends
to P7.(A(T)) by (3.1d). Hence 7 (h\IJ (X)IA(T)) = PL.(A(T))
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Now note that for any fixed m, it follows from Proposition 2.6 that

h(t, X
11mE° (hW(X)k (D)) >hmE° (WY XDk (D14, @) = 1'mE < hEt Xt;K(t)lAm(t))
t

Upon sending m — o0, we have, by (3.1d), limy 7 E7 (hW,(X)k () 1) = PL(A(T)). For
the other inequality, we note that for any s < T, by Proposition 2.6,

lt%“% E; (h¥e(X)r(H)1agp) < IEFT‘ E; (AW Xk (H)1as)) (10)

T h(t, X¢) o
— 1t1¢nT1Et (IA(S)h( X)K(t)) = P{(A(s) (11)

where the last equality follows upon taking gs = 14(s) in Lemma A.1. Upon sending s 1 T,
we find by monotonicity of measures, lim/ 7 Eo(h\IJt(X)/c M 1aw)) < PLHAT)).

We thus conclude that E? (hW, (XK (H)1 Awy) — ES (h\IJ X)1a(T))- Now note that upon
taking limj_, o as well in Lemma 3.2 and 1nterchang1ng limj_, o and lim4 7, we have that
Vi (X)k (D 1a@) — W(X)14(T) in the P°-almost sure sense. Here the interchange of limits
is allowed as the sequence is monotone in k. Hence, by Scheffé’s lemma, W;(X)« ()14 —
WE(X)1acry in L1 (P).

Now let s < T and let f; be any bounded positive Fs-measurable function such that
the support of f;(X) is contained in A(T). Then it follows from L! convergence and
Proposition 2.6 that

ES (fOhVEX)1a(r)) = lti¢n; E; (fiCOhW, (XK (t)La)

- h(t, Xy)
= 1t1¢nTl E; (fS(X)h(t, Xt)K(f)lA(t)> .

Since f;(X) has support only on A(T) and for t € [s, T), A(T) € A(t) < A(s), we have that
f:XD1a) = £ @) = fs(X)1a(T). Hence, upon applying Lemma A.1 to fil4(s),

R h(t, Xy) . h(t, X;)
lt{]*rli"lEt (fs( )h( Xt)[((t)lA(t)) _hmE (fs( )h( Xt)/((t)lA(S)>

= E (£001a) = E7 (O 1am) -

For the equivalence, it suffices to show that P7.(A(T)) = 1 = P%.(A(T)) = 1. Note that
by monotonicity P*(A(T)) = limy 1 P*(A(t)). Now for all t<T, ]P’O (A1) > P°(A(T))
and thus the result follows from Proposition 2.6. |

3.1. Discussion of Assumption 3.1

The order of verifying the assumptions in Assumption 3.1 is often as follows. We first
choose the function « so that (3.1d) holds, then we compute W;(X)« (t) and find V so
that W;(X)« (t) is bounded whenever V is bounded to ensure (3.1e) holds. We then have
(3.1a) via Lemma. 3.4 and, if possible, eliminate the indicator in the expression for the
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Radon-Nikodym derivative and thereby proof equivalence by showing that V is almost
surely bounded.

The function « is incorporated to enable compensating for a possible difference of
smoothness in X and X. In Section 4.2, we consider an example where X is a process in
a discrete state space, while X is a continuous process. In such a setting, incorporating a
nonconstant « is essential. If for example both X and X are solutions to SDEs, we can always
take k = 1.

Proposition 3.4: If the events Ay (t) are defined by

th<s<t

Ar(t) = { sup V(x,X;) < k} (12)

for a nonnegative function V: [ty,T) x S — [0,00), then (3.1a) is satisfied. If also
sup, V(t,X;) is P°-almost surely bounded, then the Radon-Nikodym derivative in
Theorem 3.3 can be simplified since P7.(A(T)) = 1 and thus the measures are equivalent.

The following proposition gives a condition for verifying P°-almost sure boundedness
of V and thus showing P7.(A(T)) = 1.

Proposition 3.5: Suppose A°V <0, then there exists a random variable C such that
supy <7 V(5X:) < C and P°(C > 1) < A7 'EpeV(ty, Xy,) for any A > 0.

Proof: We first show that {V (¢, X;) }s,<¢<T is a supermartingale. Note that by (1), a P°-local
martingale M" exists so that under *°

t
V(X)) =V (t. X)) + MY + | A°V(s, X) ds.
fo

Since V is nonnegative and .A°V < 0, it follows that M" is bounded from below by
—V(ty, X1,). Hence, by Lemma. A.4, M" is a supermartingale. Moreover, it follows that
V (¢, X;) is integrable for all ¢ since

E; [V(t, X0)| = E;V(t,Xp) < B V(to, Xyy) + EfM)

The supermartingale property follows as for tp <s <t < T,
t
ES (V(6X0) | Fo) — Vis X = B (MY | ) — MY +ES f AV (1 X,) dut < 0
N

Doob’s supermartingale inequality, see e.g. Theorem 1.3.6 of [11], now states that for all
A >0,

AP sup V(X)) = A ) < EpV (to,Xy) -
to<t<T

Hence, a random variable C exists so that P°-almost surely sup; <1 V(£X)) < C where
P°(C > 1) < A Ep- V(to, Xy,)- [
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4. Application 1: discrete state-space processes

Here we discuss two Markov processes that take values in a discrete state space.

4.1. Inhomogeneous poisson process

Let X be an inhomogeneous Poisson process with state-dependent rate A, that is
P(Xpon =x+ 1] X, = x) = L) A + 0o(A). (13)
The infinitesimal generator of X is given by

Lf(x) =Ax) (fx+ 1) — f(x)). (14)

We assume Xy = xo, fix x7 > x9 and we consider the process X* = (X | X1 = x7). More-
over, we assume that A takes finite values on the set {xg,x9 + 1,...,x7}. X* is obtained
from Doob’s h-transform with h(t, x) = P(Xt = x7 | X; = x). It follows from (4) that X*
is an inhomogeneous Poisson process with rate A*(t, x) = A(x) h %J;)l) on {xg,...,xT — 1}
and 0 atx = xr. Since A is state-dependent, the transition probabili"[ies for X are intractable
and thus the exact form of the process X* cannot be determined. We thus simulate a guided

process with a homogeneous Poisson process with rate X as auxiliary process, i.e.

- XT—x
MT—1) >
f‘[(t, x) = ( (XT—))C)! e_}\(T_t): (t) X) € [0) T) X {XO, cee ,XT} . (15)

0 elsewhere

Proposition 4.1: Both h and h are S-good functions for all S < T.

Proof: Let S<T. Since h is a non-zero probability and Ah = 0, it immediately follows
from Proposition 2.2 that & is a good function. It follows from a direct computation that

Ah - —
= (A(x) —k) (% _ 1), (t,%) € [0,S] X {x0,. .., %7}

Hence, since S < T, both /and ATB are bounded measurable on [0, S] x S and hisan S-good
function by Proposition 2.2. |

Theorem 4.2: Let X° be the guided process induced by (15) and suppose that A <

min{A(x): x € {xo,...,xr}}. Then the laws of X* and X° are equivalent on [0, T]. Moreovet,
P, h(0, x0) (/T - |:xT_Xs } )
X) = ex AX) —A| | =—————1]|ds]). 16
O = hoa @ Uy P07 5575 (1o
Proof: Set k(t) = 1, ty = 0 and define {Ax(#)}x; as in (12) with
XT — X
Vit,x) = ——, t,x) € [0, T) x {x0,...,xT}, 17
(t,x) iT_1 (t,x) € [0,T) x {x0 T} (17)

so that (3.1a) is satisfied. The result follows follows from an application of Theorem 3.3,
where the assumptions from Assumption 3.1 are satisfied via Lemmas 4.3- 4.5. The form
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of the Radon-Nikodym derivative is obtained via (7) and upon noting that ’;.(A(T)) = 1
by Proposition 3.5 and Lemma 4.6. The latter also implies equivalence. |

In the remainder of this section, we prove the results used in the proof of Theorem 4.2
and we thus assume the conditions stated in this theorem are satisfied and take «, ty, V and
{Ak(®)}x as stated in the proof.

Lemma 4.3: Assumptions (3.1b) and (3.1c) are satisfied.

Proof: First note that X admits a transition density p with respect to the counting measure.
Lets € [0,T) and y € {xp,...,x7}. Then

W (t;s, x) = / Kk (DAt y)p(s, x31,y) dv ()

XT—Y

v (X(T—t))
_ e M= 505 ot
= Gr=p)! pext7)

—A(T t)

- xr—y
) xr-1 (,\(T - t))
e_)‘(T_t)p(s,x; t,x7) + Z -~ 7

Y=X0

(xr = )! Pt

As t 1 T, the first term on the right hand side tends to p(s,x; T, x1) = h(s, x), while the
second term vanishes as p is bounded by 1. It can also be observed that A” is uniformly

bounded by 1 and thus h*(; s, X;) is clearly bounded. |
Lemma 4.4:
h(t, X¢)
lim limE} 1 = PL.(A(T)).
RS (m X 10 | ZFHAD)

Proof: We first show that for all k, 7z t)}?; 14,y = lagy(r) in the P*-almost sure sense as
t 4 T.By (12) and (17),

—X
Ar(t) = { sup = <k
0<s<t )\.(T —5)

Hence, for all trajectories @ € Ax(T), we must have an &(w) > 0 such that X} (w) = xr for
te (T —e(w), T).
By (13) for ¢ sufficiently close to T,

{A(x)(T—t)-l—o(T—t), x < X7
h(t,x) = .
1—A)(T—t)+0o(T—1t), x=xr

It thus follows that limy7 h(t, X[ (w)) =1 for all w € Ag(T). Similarly, we deduce
from (15) that also limyy7 h(t, X (w)) = 1 for all w € Ax(T). Now

h(t, X) 1 _ h(t, X;) , h(t X )
ht, X 07 ninxy M T e x) Lagenag(n
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We proceed to show that Zg))g; is bounded on Ax(t) \ Ax(T). Note

Ap(H) \ Ag(T) = { sup X k} (18)

t<s<T )»(T — 5)

Hence, on Ai(t) \ Ax(T), we must have X; < x7. Now

];(t, Xt) _ XxT_Xt(T - t)xT_Xt_l e_X(T_t)

h(t,X) (A(Xt) ¥ %) (xr — Xp)!

Since, x7 — X; > 1, this term is clearly bounded in t. By the preceding, under P, the first
term tends to 14, (1) ast 1 T, while the second term in (18) tends to 0. The preceding also

implies that % 14,(+) is bounded in t, and thus by dominated convergence,

ht, X1)
lim limE} { ———1 = lim E}1 = P}(A(T)),
koo 1T t(h(t,Xt) avo | = i Brlawn =FrAdm)
where the last equality follows from monotone convergence |

Lemma 4.5: For all k, W(X)14, (s is P°-almost surely uniformly bounded in t.

Proof: Observe that for x € {xg,...,xr — 1},

h(t,x+ 1)

vi6m) = I~1(t X)

Now note that, by (7),
t (£ — £~> h
IOg \Ijt(X) = / T(S,XS) ds
0

t J— by ~ ~
=f M) =2 (h(s,Xs F1)— h(s,XS)> ds
0 h(s,Xs)

— /t (,\(XS) - X) (V(s,X.) — 1) ds.
0

Now since X is nonnegative and X< A(x) for all x € {xp,...,x7}, we have that for all t €
[0, T),
t _ T ~
Wy (X)1a, ) < exp ((k _ 1)/ (A(Xs) - x) ds) < exp <(k — 1)/ (k(Xs) — )\) ds) ,
0 0
where the last term is P°-almost surely integrable. |

Lemma 4.6: A°V(t,x) <0 forallt € [0,T] and x € {xo,...,xT}.
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Figure 1. The blue points indicate a realization of a unit rate planar Poisson process with (left) the
Delaunay triangulation and (right) the Voronoi diagram of the set.

Proof: The result follows from a direct computation. A°(t,xr) =0 and for x €
{x0,...,x7 — 1},

A
A°V(t,x) = E(t, X))+ A°(tx) [V(e,x+ 1) — V(t,x)]

Y ™D e - Vi)
ot h(t, x)

:~xT—x P XT—xX X7 —X <1_)»(~x))§0. -
AMT — t)2 A

Pq—ﬂr_i”—”

4.2. Jump process on a delaunay triangulation

Here, we consider a toy example to model electric flow through a city. In [9], electricity
is modelled as a random walk on a discrete grid and here we slightly alter this model by
considering jump processes on a triangulation of a random set of points in the plane R?.
The network is constructed by first sampling points in the plane according to a planar
Poisson process, followed by adding connections according to a Delaunay triangulation
(we recap its definition below). We assume that at a given location electricity moves to a
randomly chosen neighbour. We condition the model by a starting point and a final point
on the grid and model the flow of electricity between the two points.

Definition 4.7 (Voronoi diagram and Delaunay triangulation): Let P be a set of points
in RY. The Voronoi diagram associated with P is the collection of Voronoi cells

Vp(x) = {yeRd: ly—x|<|y—z

R forallzeP}, x € P.

The Delaunay triangulation D(P) of P is the dual graph of the Voronoi diagram. It has P as
vertex set and there is an edge between x and y in D(P) if Vp(x) and Vp(y) sharea (d — 1)-
dimensional face. An example of a Delaunay traingulation and a Voronoi diagram can be
found in Figure 1.
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In this section, we consider a realization £ of a unit rate planar Poisson process that
satisfies the following properties:

e forall compact A C R?, the set A N & is finite.
e There is a constant K such that for any pair x, y of vertices in D(§) satisfies | y— x| <K.

Note that properties are events of probability 1.
Denote the Delaunay triangulation of £ by D(£). Consider a unit rate jump process
X = {Xi}1>0 on D(§) defined through the generator

LI = Y (o) —fx), xe€&, (19)

YENg (%)

where N (x) denotes the set of neighbours to x € & in D(§). For fixed x7 € £ and T >0,
we consider the process conditioned X* = (X | Xt = x7) induced by h(t,x) = P(XT =
x7 | Xt = x). By Theorem 1 of [15], the time-changed scaled process X* = {eXy/e2}=0
converges in law to a scaled Brownian motion as & | 0. Moreover, the scale parameter
0 > 0 of the Brownian motion does not depend on the realization of £, but it does depend
on the rate of £. We thus have an immediate candidate for hin

h(t,x) = n(t) exp (—H(t,x)), with

= — 4 Hiwn = 2=
= srar—p X = AT =1

(20)
with & = 2. By (4), the guided process X° induced by / is generated by

h(t,y)
h(t, x)

Lof() = — [L (Ef) (tx) — f(x)ﬁl%(t,x)] -y

h(t, x) JeN: ()

FOo) —fx). (21

Hence the guided process is a jump process on D(&) with state-dependent jump rates. The
rate of jumping from x to y € N¢ (x) is given by

fz(t,y) —exo [ — |xT —y|2 — |xr — x|?
h(t, x) 2a(T —t)

(22)

Proposition 4.8: Both h and h are S-good functions for all S < T.

Proof: Let S< T. h is defined as a non-zero probability and Ah = 0 and thus A is S-good
by Proposition 2.2. Since A solves the martingale problem for the process X under P, it

follows from Lemma 3.1 of [12] that Df’ is a P-local martingale. We proceed to show that
Di’ is P-almost surely bounded on [0, S], so that the result follows from Theorem 47 of [14].
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direct computation yields

Ah Lh dlogn  9H h(t,y) dlogn 8H
o (tx) = = (t,x) + -—= - —1]+ -— (3
= (60 = = (60 + =37 — > (h(t)x) (23)

dt ot
YENg (x)

Using (23), we obtain

i LoH h(s, y)
D' = exp / —(5,Xs) ds — H(t, X;) + H(0,x0) — / ( — 1) ds
t 0 yeN%(:X) (s, X,)

Notice that

t oH t —-X 2 - X 2
/ 2 (5, X)) ds — H(t, X;) =/ lxr Slzds— ber = Xl
o 0s o 2a(T —s) 2a(T — t)

is P-almost surely bounded on [0, S]. It remains to be shown that

fl(t,)’)_ 1 e o
)3 fl(t,x)_eXp( 2a(T — 1) [|xT y|” = lxr — x| D

yENE (x)

y|2 — |xr —x]? = (2xT,x —y) +
|y|2 — |x|?. Since, y € Ng (x), if follows from Cauchy-Schwartz that (2xT,x — y) <2|xr| K.
Moreover, since the function (a, b) — b*> — a® is bounded on any compact disc and
Hy‘ — x| < ’y — x‘ < — |x|? is bounded as well. |

Theorem 4.9: The guided process induced by (20) is equivalent to X* = (X | X7 = xT) on
[0, T]. Moreover,

(HP* 7 , T A : _X52
o T = ~T:(o ) o / 5 <~h(s ») _1>_ Q{TT i
(0, x0) 0 | eNecr) h(s, Xs) a(T —s)

Example 4.10: Figure 2 demonstrates an application of Theorem 4.9. We simulated a
Poisson-Delaunay grid with intensity 5000 and chose as starting point the vertex closest
to coordinates (1.25,1.25). We considered the problem of conditioning on ending in the
vertex with coordinates approximately equal to (1.75,1.75) at time T = 30. Although the
scale a is not affecting the validity of Theorem 4.9, a good choice can help to improve the
quality of the samples. That is, a wrong choice can lead to samples arriving at the endpoint
too early or too late and, if a Metropolis-Hastings sampling algorithm is used to sample
from the Radon-Nikodym derivative in Theorem 4.9, the acceptance rate suffers. Here, we
estimated a &~ 0.13 by generating a long trajectory of the jump process and computing its
quadratic variation.

For the proof of Theorem 4.9, we need the following property of D(£)

Proposition 4.11: Let x,v € & with x # x7. Then there exists an y € Ng¢(x) so that
|xT —y| < |xt — x|
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Figure 2. lllustration for Example 4.10. Left: jump process bridge between two vertices in a random
Poisson-Delaunay graph — simulated using a guided process derived from the Brownian motion scaling
limit of the random walk. Right: coordinate processes versus time corresponding to the same bridge
realization.

Proof: If x7 € Ng(x), set y = x7. If x7 ¢ N¢(x) we denote the Voronoi cell of x by V (x).
Since x is not on the boundary of Vg (x), there is an edge in the boundary of V¢ (x) that
intersects the line segment between x7 and x. If two edges in Vg (x) meet on this line seg-
ment, we may choose either one of them. We choose y as the point in the Voronoi cell
adjecent to this boundary edge of V¢ (x). By construction, y € Ng¢(x) and by the triangle
inequality |xT - y| < |xr — x|.

Note that the inequality is strict, as two points x, y with |[xr — x| = |xT — y| cannot have
the Voronoi edge in between them also intersecting the prescribed line segment between
x and x as the triangle with vertices x, y, x7 is an isosceles triangle. |

Proof of Theorem 4.9: We prove Theorem 4.9 via Theorem 3.3. Set ty = 0, k (t) = 1/n(¢)
and let

h(t,y)
Vit = Y = (24)
}’ENg (x) h(t’ -x)

As in Lemma 3.4, define the events

Ar(t) = { sup V(s,X;) < k}, (25)

0<s<t

We first note that (3.1a) is satisfied by construction. The remaining assumptions of
Assumption 3.1 are satisfied by Lemmas 4.12, 4.4 and 4.5. Finally, the equivalence and
the form of the Radon-Nikodym derivative follows from a direct computation and upon
noting that ’7.(A(T)) = 1 by Corollary 4.16. |

In the remainder of this section, we prove the lemmas needed for Theorem 4.9. We thus
assume that the conditions are satisfied and set ty = 0 and « (t) = 1/7n(t) and choose the
events {Ax(f)}k+ as in (25) with V as in (24).
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Lemma 4.12: Assumptions (3.1b) and (3.1c) are satisfied.
Proof: The proof is similar to the proof of Theorem 4.3. First note that K(t)fz(t, x) =

exp(—H(t,x)). Now X admits a transition density p with respect to the counting measure
and thus fors € [0, T) and y € &,

W (5, %) = / Kk (OA(t,y)p(s, 31, y) dv ()

= Z exp (—H(t,y))p(s, x3t,9)

yek
per —»f*
=p(s,xt,xT) + Z exp| ——=—— | p(s:xtp).
2a(T —t)
ye&\{xr}

Clearly all terms are uniformly bounded in s, t and x and, as ¢ 1 T, the first term tends to
h(s, x), while the second term tends to 0 as p stays between 0 and 1. |
Lemma 4.13:

h(t, X;) .
kl;rgolt%n%E </<(t) X)) Ak(t)) 7(A(T)).

Proof: Through the same reasoning as in the proof of Lemma 4.4, it can be deduced that

. h(t, Xo) R «
ot (<0 ) = i Bt =

Lemma 4.14: For all k, W(X)« ()14, ) is uniformly bounded in t with IP°-probability 1.

Proof: A direct computation yields

WXk (1)

-
= exp (log/c(t) —i—/o %(S,XS) ds)

td t9H t Lh
= exp —logn(t)—f—/0 alogn(s)ds—/0 E(S,Xs)ds—i-/o 7(S,Xs)ds

<exp | —logn(0) +/ Z (;((SS})(’)) _ 1) ds

yeNg (X)

Here the final inequality is obtained as %(s, x) > 0 for any pair (s, x). Note that under
Ak (), the final term is bounded by exp{kt —logn(0)} and thus sup, W;(X)x ()14, is
uniformly bounded by exp{kT — logn(0)}. |

Finally, we show that P°(A(T)) = 1. Proposition 4.11 demonstrates that if X; # xr
XT — y| < |xT — Xﬂ, i.e. there is always an y € Ng(X7) that

for t < T, then min,¢ Ne (X9)
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takes X7 closer to xr. Since X° is piecewise constant, it follows from the preceding
and (24) that sup, V (¢, X7) is bounded on the event {X7. = x7} and infinite otherwise since
xr —y| — |xr — X7| > 0if and only if X; = x7. This leads to the following

minye Ne (X9)
theorem.

Theorem 4.15: P°(X1 = x7) = 1.

h(t,y)

Proof: Given X; = x, X° jumps to y € Ng(x) with rate D Hence,as ¢ | 0,
. ht,y)
P (XH—S =) | Xt = x) = N—yE + 0(8). (26)
h(t, x)

Define the first time the process is closer to x7 as 7. That is,
ty =inf{s > t: |x7 — X,| < |x7 — X}

It can be quickly derived that the distribution of 7 satisfies

S
P°(ty > s | Xy =x) < exp <—/ Vi(u,x) du) , X FXT, (27)
t
where
Ve (%) Z l;(u,y) Z ( |xT—y|2_|xT_x|2)
+(u,x) = — = exp | — —
YENg (x) h(u’ x) YENE (x) Za(T - u)
|xr—y| <|xr—x| |xr—y|<|xr—x]

Upon plugging in s = T in (27), we deduce that for any t < T and x # x7, the probability,
conditional on X; = x, of reaching a point closer to x7 before time T equals 1. That is, for
allt<Tandx € &\ {x7},

P° (3s € [t, T) such that |x7 — X| < |x7 — x| | Xf =x) = 1. (28)

Since (28) holds for any t < T, X° keeps reaching points close to x7 with probability 1. Since
there are only finitely many points in all compact sets around around x,

PEse [t,T)suchthat X, =x7 | X; =x) =1
for all x € £. Hence, by the law of total probability, for all ¢t < T,
P°(3s € [t, T) such that Xy = x7) = 1 (29)

Define the collection of events B; = Ut§s<T{X5 = xr1}. By (29), P°(By) = 1 forall t < T.
By monotonicity of probability measures

P°Xr = xr) =P° (ﬂ Bt) = ltlTn]’} P°(B;) = 1 n
t<T
Corollary 4.16: Po(sup0§t<T V(t, X)) <o00) =1.

Proof: Clearly, for each w € {X7} = x7}, we have that supg<,1 V(£ X¢(w)) < 0o, which
finishes the proof as {X7. = x} is an event with probability 1 by Theorem 4.15. |
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5. Application 2: conditional stochastic differential equations

In this section, we focus on Markov processes that arise as the solution to Euclidean SDEs
and verify Assumption 3.1 under certain conditions on the coeflicients.

5.1. Setting, assumptions and main result

We assume that b: [0, T] x R? - R? and o: [0, T] x R? — R%d" are such that X,
solving the SDE

dXt = b(t> Xt) dt + J(t> Xt) de XO = X0, (30)

uniquely exists (in the strong sense). Here, W is a d’-dimensional Wiener process with all
components independent. A Doob h-transform then yields a process X* that solves

dX; = b*(t, X)) dt + o (t, X]) AWy, XG = xo, (31)
where, with a = o0/,
b*(t,x) = b(t,x) + a(t,x)Vylog h(t, x).
The guided process induced by a function h is found as the solution to
dXP = b°(6,XD) dt + o (£, X0) AW, X§ = xo, (32)

where
b°(t,x) = b(t,x) + a(t, x)Vy log h(t, x).

This can be derived using (4). This setting has initially been considered in [16], fol-
lowed by generalization in [5]. However, especially when the diffusion is hypo-elliptic with
state-dependent diffusivity, the results in these papers are insufficient to obtain absolute
continuity of P* with respect to IP°. The following example exemplifies the setting that we
wish to study that is not covered by theoretical results in [5].

Example 5.1 (Integrated diffusion): Suppose we study the movement of a particle and
X1 denotes its position and X, its velocity at time . Assume the velocity is driven by a
Wiener process, so that we have the system of SDEs given by

dXt,l = X2 dt
X,z = B(LX) At +y (6, X01) AW,
This example was studied in [5] in the special case where y is a constant. Computational

results in there suggest that absolute continuity may also hold if y is state-dependent, but
the assumptions imposed in the main result are too strong to be verified for this example.

As in [5], we will consider the process X, conditioned on LX7 = v, where Lisan m x d
matrix with m < d and v € R". Without loss of generality, we assume rank (L) = m. The
conditional process X* = (X | LXT = v) arises from a Doob h-transform. In Section 1.3.2
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of [5], it is shown that it suffices to choose h(t, x) as the density of the measure P(LXT €
| X¢ = x), 1.e.

pt,xT,v) itm=d

h(t,x) - : . .
_/Rd_mp £, %x; T’Zgifi dépg1---dég iftm<d
i=1

(33)

Here, p denotes the transition density of X and we assume without loss of generality that
L =1 in the case where rank (L) = d. Moreover, fi,...,f;, form an orthonormal basis
of Col(L’) and fy+1,...,fs form an orthonormal basis of ker L. &;,...,&; are so that
L Z?:l &ifi = v, for which &, . . ., &, are uniquely determined.

5.1.1. Choice of appropriate Doob’s h-transform h

Since h, as defined in (33) is generally intractable, we define a guided process induced by
h, which is derived similarly to (33), but with the transition density p from an auxiliary
process X that satisfies the SDE

dX; = b (1, X;) dt + 5 (t) AW,
where

b(t,x) = B(H)x + B(b).

Here B: [0, T] — R%4 8:[0,T] — R%andé : [0, T] — R4%4’ should be so that X exists
uniquely and possesses smooth transition densities. We introduce the following notation,

assuming t < T
T ~
L(t) = Lexp {/ B(s) ds}
t

T
w(t) = f L(s)B(s) ds
¢ (34)
-1

T
M(t) = (/ L(s)&(s)L(s)/ds>
t

g(tx) =v—pu() — L)x

Here, we implicitly assume the inverse appearing in the definition of M(¢) exists and set
a = 066". By Lemma 2.5 of [5],

h(t,x) = n(t) exp{—H(t, %)}, (35)
where

n(t) = )™ IM@®)|V*  and H(t,x>=éq(t,x)/M(t)w,x). (36)
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5.1.2. Main result
Let A(t) be an invertible m x m diagonal matrix valued measurable function on [0, T)
with t = A;i(t) nondecreasing for i € {1,. .., m}. Define

La(t) = A(t)L(t)
Ma(t) = A 'M@B AR ™! (37)
Calt,x) = AL (t, %)

Note that for t &~ T, we have L(t) ~ L and p(¢) & 0 and thus ¢a (1, X7) ~ A()(v — LX7).
For a uniformly elliptic diffusion we will always take A(t) = I. In the hypo-elliptic set-
ting, the matrix A(#) is included to account for potential differences in smoothness of
components X .

Assumption 5.2: Let tg € [0, T). The scaling matrix A(t) and the coefficients of the
process X and X are such that

(5.2a) There exist positive constants ¢, ¢ so that for all ¢ € [ty, T)
oT =07 < Amin(Ma(®) < Amax(Ma(®) <&T =170
(5.2b) There exists a positive constant ¢; so that for all t € [ty, T),
[La (b x7) = b, X)) | = @1
(5.2c) There exists a positive constant c; so that for all t € [ty, T),
tr (La(Hat, X))La®)') < ca.

(5.2d) There exists a positive constant ¢3 and a function 8: [#y, T) x R4 — [0, 00) so that
forallt € [ty, T),

ILa@®) (a(t) — a(t, XD)) La ()| < c3|¢ca(6XD)| +0(1 X)),
where there exist positive c4, o so that for all x,
0(t,x) < cy(T — )%,

Assumption 5.2 is similar to Assumption 2.7 of [5]. However, instead of (5.2d) a stronger
assumption is formulated in there, which excludes diffusions with state-dependent diffu-
sivity apart from a few exceptional cases. The present assumption is less restrictive and
therefore provides a solution to a conjecture posed in section 7.2 of [5].

We require one final assumption on the transition density of the process under P’ for the
proof of Theorem 5.6.

Assumption 5.3: For K>1 and u > 0, define gx(#) = max(1/K,1 — Ku). There exist
constants A, C > 0, K > 1 and a function (s, x): {s,t: 0 <s <t < T} X R4 — R4 with
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lie(s, x) — x| < K(t — s) |x| and |pe(s, x)|? > gkt —s) |x|, so that for all s < t < T and
x,y € RY,

t—s

|x — ut(s,y)|2)

pGs,yst,x) < C(t — s) "2 exp (—A

Remark 5.4 (On Assumption 5.3): This assumption is the same as Assumption 2 in
[16] and is implied by the stronger Aronson inequality. However, Assumption 5.3 is also
satisfied for example for linear diffusion processes that have unbounded drift.

Proposition 5.5: Let S < T. Then h and h, defined in (33) and (35), respectively, are S-good
functions.

Proof: Note that by Itd’s formula,
dh(t,X;) = o (t, X)) Vih(t, X;) AW, + Ah(t, X;) dt.

Hence, since Ah = 0, Dh = ZES{S‘; is a P-local martingale. Since also [E sup,, h(s, X;) <
ooforallt e [0 S], his an S-good function by Theorem 47 of [14].
To see that & is an S- good function, denote y (t,x) = o (t,x)'Vylog h(t x). Following

the reasoning in the proof of Theorem 3.3 in [17], we deduce that

- t 1 t
D? = exp (./0 v (s, Xs) dW, — 5/0 ly (s, Xs)|? ds) [ |

In the proof of Theorem 1 of [8], it is shown that the right hand side is a positive PP-
martingale and thus  is an S-good function.

Our main result of this section is that Assumptions 5.2 and 5.3 suffice to justify the
limiting operation t 1 T and hence absolute continuity of P* with respect to [P°.

Theorem 5.6: Let X, X* and X° be defined through (30)-(32), respectively. Here X* and X°
are induced by (33) and (35). Suppose Assumptions 5.2 and 5.3 are satisfied and there exists
a positive A such that |A(t)| S (T — )79, Then IP%. and P}, are equivalent and

dPy - h(0,x)
dP;, X) = h(O,xo)\yT(X)'

Moreover, using (7), it can be deduced that V,(X) = exp(fot G (s, X,) ds), where G denotes
the tractable quantity

G(s,x) = (b(s, x) — b(s, x))l 7(s, x)
1 N , o,
— ztr ([a(s, x) —a(s)] [L(s) M(S)L(s) — (s, x)7(s, %) ])
with 7(s, x) = Vy logfz(s, x).

The proof is deferred to the next subsection. The following result can simplify verify-
ing (5.2d).
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Lemma 5.7: Suppose

e there exists a map a: [ty, T] x R" — R4*4 sych that a(t, Lx) = a(t, x) for all (t,x) €
[to, T] x R4

o themapt > La(t)a(t)La(t) is Lipschitz and the map (t,y) — La(t)a(t,y)La(t)’ is Lip-
schitz in y, uniformly in t. Moreover, at = limy 1 La(H)a(t)La(t)" = limyr La(Da(t, v)
LaA(t) exists.

Then Assumption (5.2d) is satisfied.

Proof: By the Lipschitz-assumptions, there exist constants k; and k; such that

|La®) (a(t) — a(t, Lx)) La@®)'|| = |La(®@a®)La(®) — ar + ar — La(t)a(t, Lx)La(2)' |
< ki|lv—Lx| + k(T — 1).

Now note that

v—Lx=v—pu(t) — L(t)x + u(t) + L(t)x — Lx
= A®) ' ¢alt, %) + p(t) + (L) — D)x.
Hence
lv—Lx| < |[A@® 7| [ga(t,%)| + () 4+ (L) — L)x|.
Recall that A has nondecreasing entries and therefore || A()™!| < [ A(to)~!||. We can

thus choose ¢3 = k; HA(to)_1 || and 0(t,x) = k(T — t) + k1 | (t) + (L(t) — L)x|. |

Example 5.8 (Example 5.1 continued): Following up on Example 5.1, note that if we mea-
sure a location v at time T, we impose the condition LX7 = vwhere L = (I 0).Now o is
constant on {x: Lx = v} and thus we may choose x” € {x: Lx = v} arbitrarily and define
the coefficients of the auxiliary process via

B(t):(ﬁ é) B(tH) =0 and &=<y(19xv)>.

Now observe that L(t) = (I (T — t)I) and M(t) = ﬁ(yy/)_l(T, x"). Direct com-
putations now show that Assumptions (5.2a), (5.2b) and (5.2¢) are satisfied with A(f) =
(T — t)~'I. Another direct computation now shows that

La() (a(t) — a(t,x)) La(®)' = (yyW(T,x") — (yy")(t,%).

Hence, under smoothness conditions on yy’, Assumption (5.2d) is also satisfied.

5.2. Proof of theorem 5.6

We show that Assumptions 5.2 and 5.3 imply that Assumption 3.1 holds and then the result
follows by an application of Theorem 3.3 and proving P° (|, Ax(T)) = L.
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Choose « (t) = 1. Suppose fy is so that log( ;) > O forall t > ¢y and define

V(t,x) = log_1 (T;—t> H(t,x), (t,x) € [ty,T) x RY, (38)

with H as defined in (36). We choose the events A (t) cf. Lemma 3.4 so that (3.1a) is satis-
fied. Note that it is an immediate consequence of Lemma 6.3 of [5] that (3.1b) is satisfied as
well. Moreover, (3.1c) is a direct consequence of Assumption 5.3 as the proof of Lemma 2
of [16] can be repeated with / also denoting a normal density.

Theorem 5.9: Suppose Assumption 5.3 holds and § > 0 exists so that |A(t)| < (T — H~A,
Then (3.1d) is satisfied.

Proof: Note that

h(t, X h(t, X h(t, X,
B (<0010 ) =B (022 (w0 )
It follows from Lemma A.l and Lemma 6.5 in [5] upon noticing that the stopping
time used there coincides with T Ainfy<;<7{V(t,X;) > k} that the right hand side
tends to 1. By monotonicity, P*(A(T)) = lims 1 P*(A(#)). Now note that for any t < T,
P°(A(t)) = P°(A(T)) = 1, by Theorem 5.11 and thus by Proposition 2.6, P*(A(T)) =
limy 7 P*(A(1) = 1. |

Theorem 5.10: For fixed k and W, defined through (6), sup; <1 We(X) a0 is bounded.
Proof: This proof is located in Appendix A.2. |

Theorem 5.11: Under Assumption 5.2 limsup,,p V (£, X;) is P°-almost surely bounded by
a finite random variable with V as in (38).

Proof: The proof is located in Appendix A.1. |

We conclude that, as stated in the first part of this section, (3.1a), (3.1b) and (3.1¢)
are satisfied. (3.1d) is satisfied by Theorem 5.9 and (3.1e) by Theorem 5.10. Lastly, by
Theorem 5.11, P7.(A(T)) = P‘%(suptoiKT V(t,X;) < o0) =1 and thus Theorem 5.6 is
proven via Theorem 3.3.

5.3. Application: stochastic landmarks registration

In this section we apply our results to a class of models that has recently appeared in
shape analysis. Suppose a shape is characterized by a finite set of points, referred to as
landmarks. One problem in landmarks registration consists of finding a flow of diffeo-
morphisms mapping an ordered set of landmarks of one shape to that of another shape,
assuming both shapes are summarized by an equal number of landmarks (see for instance
[18]). Whereas traditional models assume the flow to be generated by an ordinary difter-
ential equation, stochastic differential equations have been proposed more recently. Here,
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we consider specifically the model proposed in [2]. Suppose g = (41, . .., qn) denotes a
configuration of » distinct landmarks g; € € in a domain € R¥. Suppose that to each
position ¢; a momentum vector p; is attached. Define the Hamiltonian

1 n
H@.p) =5 ) pi K@i )Py
ij=1

the kernel K typically being chosen as Gaussian. The Eulerian model proposed by [2]
specifies a flow on landmark positions induced by the system of stochastic differential
equations

J
dgi = @p,H) (g p) dt + Y oy(qp) o AW,

I=1

J
dpi = —(05,H) (g p) dt = ) (85, (pi-01(40))) (9i-pi) © AW, (39)
I=1
where we have surpressed dependence of g; and p; on ¢, for readability. Here, 01, . . ., o7 are

noise fields centred at prespecified locations Ay, ..., A; € Q defined by

Ug(q:’) = VaAr(q:' —38p), a=1,... ,d (40)

for noise-amplitudes y € R? and kernel A, with length-scale 7. For more explanation and
details on the derivation of this model, we refer the reader to [2].

We illustrate the stochastic landmarks registration problem using Figure 3, where the
number of landmarks equals n = 75. Here, the black and orange points correspond to
q(0) := (q1(0),...,g,(0)) and q(1) := (q1(1), . .., gn(1)), respectively. If initial momenta
p(0) := (p1(0),...,pu(0)) are specified, then the system (39) defines a flow that takes
x(0) := (q(0), p(0)) to x(1) at time 1. The landmarks registration problem corresponds
to conditioning the process such that the vector of positions at time 1, “the g-part of x(1)”,
equals q(1). The left-hand panel of the figure shows an unconditional forward simulation
of the process; the right-hand panel shows a sample of the guided process defined below.

Conditioning the system (39) on g(1) is challenging as the diffusivity coefficient in the
system (39) is state-dependent with the dynamics of each g; and p; driven by all Wiener
processes W/. As in [3] we define a guided process based on the auxiliary process

J
dgi = (9, H)(q(1),p) dt + Y o1(qi(1)) o AW}
I=1

; (41)

dpi = — Y (3g,{pi>01(0))) (qi(1), pi(1)) o WY,

I=1

where g;(1) are the landmarks of the shape that we condition on and p;(1) can be freely
chosen.

Then it follows from an It6-Stratonovich conversion, see Proposition 1 of [3], that X =
(7 D) satisfies the linear stochastic differential equation dX, = (BX; + p)dt + & dw,
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Arnaudon-Holm-Sommer model, 75 landmarks

forward guided

1 1 time

[ =1

o

? 075

o

T O 0 0.50

S

=

5 0.25
0.00

-2 -1 0 1 2 -2 -1 0 1 2
horizontal position

Figure 3. lllustration of the landmarks registration problem. In both figures, the black and orange points

are landmarks that represent the shape at time 0 and time 1, respectively. Left: a sample path of the
unconditioned process. Right: a sample path of the guided process.

-9

and where G and C are known, constant matrices.

where B is of the form

Theorem 5.12: Let 6 = (gq) If
P

e G40, is strictly positive definite;
o K, A; and VA are continuous on 2;
/4 ’ ’ . s s
o the maps 640y, 0p0, and oy0,, are Lipschitz in space.,

then Assumption 5.2 is satisfied.

Proof of Theorem 5.12: Clearly, we have L = (I 0) and since all elements of X have the
same Holder-regularity as Brownian motion, we choose A(t) = I. A direct computation

yields L(t) = (I Q(t)) where Q(t) = Y22, GC"14=D" ‘We have
1 1 1
/t L(s)aL(s) ds = (1 — t)(}q&‘; + /t Q(s) dsc}p&é + 6q512/t Q(s) ds

1
+ [ ewagae s
t

= (10545, + O (1 -1)?).
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Now observe that Amax(M(£)) = Amin(M(®)™D ™! and Amin (M (1)) = Amax(M ()1 !
and thus (5.2a) is satisfied when 5,164 is positive definite. We now note that (5.2b) is satisfied
by continuity assumptions on K, A, and VA. We also note that

L(Ha(t,x)L(t) = oqaé + Q(t)apol; + 040,Q() + Q(t)apo;Q(t)/.

Since Q(t) is of order 1—t, we see that tr (L(t)a(t, x)L(t)’) behaves as tr (o’,pé) ast 11

and thus (5.2¢) is satisfied as well. Lastly, we note that the map (t,x) > L(t)a(t, x)L(t)" is
Lipschitz in space since aqaq’, opa{; and O’pGI; are. Since &q&é, &péq’ and &pé’ are constant,
t > L(t)aL(t)’ is Lipschitz. By choice of the auxiliary process, La(t, x)L and LaL’ are equal
on the set {x: Lx = {q;(1)}__,} and thus (5.2d) is satisfied through Lemma 5.7. |

Remark 5.13: Note that the requirement of 6q6*{; being positive definite implies that the
number of noise fields J should satisfy J] > nd. Numerical simulations have confirmed that
if this assumption is not satisfied, the guided processes used in [2] behave erratically.
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Appendices

Appendix 1: Proof of Theorems 5.10 and 5.11

Notation: For convenience, we denote a subscript ¢ for evaluation of a space-time function in (¢, X7)
throughout this section.

A.1

Proof of Theorem 5.11

We start by studying A°V and assume that #; is so that log(ﬁ) > 0 for all t € [y, T). It follows

that

A°V(t,x) = E;—‘: + L°V(t, %)

H(t, x) . ( 1 ) .
— + log — ) A°H(t,x)
(T — t)log? (ﬁ) T—t (A1)

()35

Here, the second equality follows form the product rule and the fact that £° only acts on the space-
variable x. To compute .4°H, we note that by It’s formula,

dHt = AOHt dt + Ut/VXHt dX?
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Hence, it follows from (32) and Lemma 5.3 of [5] that
~ ’ ’
A°H; = (bt - bt) LA®®) MA(®) A

1 -
+ 2EAMaMOLa®) (a() = ar) La()'Ma(t)gas

] (A2)
+ ot (a:La(®)'MA(HLA (D))

1
- EC/A,tMA(t)LA(t)ﬂtLA(t)/MA(l‘)CA,t-

Now in order to upper bound lim sup,, - V (£, X;), we start by upper bounding A°H by applying the
assumptions stated in Assumption 5.2 to each of the terms of (A2). First, we note that it is trivial
to verify that H(t,x) = %; A (5, %) Ma ()¢ (8, x) and therefore, it follows from a standard quadratic
forms inequality that

1 1 1
Ekmin(MA(f)) Za(t, %)) < ECA(t’x)/MA(t)fA(t»x) = E)Lmax(MA(t)) Za(t, 01,

and thus, by Assumption (5.2a), we have the relation

2(T — t}H(t,x) < 2H(t, x) < leab0)| < 2H(t, x) < 2(T — t)H(t, x) . (A3)
c Amax(Ma (1)) Amin(Ma (1)) c

For the first term of (A2), it follows from the Cauchy-Schwarz inequality, Assumption (5.2b)
and (A3) that

< dmax(Ma (0) [La (0 (B = br)

‘(l;t - bt)/LA(t)/MA(t)fA,t |§A,t|

2T — HH, (A4)

[

<uT-1"1g
= (T -~ 2H,?,

where y; = cc14/2/c.

For the second term, we first note that

1
EC/AJMA (OLa () (a(t) — ar) La() Ma(D)Eay

1 / 2 ~ /
< ECA,tMA(t) ta |La@® (@) — a)) La(®)'| -
Since M (#) is symmetric and strictly positive definite, its matrix square root exists and thus

%;‘A (t, ) MA(D)22A(£,%) < Amax(Ma (D)H(2, x). We now apply Assumption (5.2d) to upper bound
the absolute value of the second term of (A2) by

2(T — t)H,
Amax(Ma (0)H [c3 [¢ae] + 6] <€(T— 7 'H, [q, | 20— DA et}
c (A5)

<y (T — 1) V2H? 4+ 95(T — )" H,,

where y, = ¢c3,/2/cand y3 = ccy.
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For the third term of (A2), we note that, for positive definite m x m matrices A and C, there is a
relation [tr (AC)| < tr (A) tr (C) < mAmax(A)tr (C). It thus follows from Assumption (5.2¢) that

1 1
S (a:rLa(®)'MA(HLA(D)| < Emlmax(MA(t))tr (La®aLa(®))

(A6)
= V4(T - t)71>
where y4 = mcc3 /2.
Now by combining (A2) with (A4) -(A6), we deduce that
|A°H,| < (T — 0 V2H,}"?
+ (T = 7 V2H)? 4 ys(T — 7 '6,H,
(A7)

+ya(T -7

1
3 EaMa LA )aLa (D) MA (DA

For t > tp we can go back to Equation (A1) substitute V; = logf1 (ﬁ)Ht in these equations to find
that

A°Vy < bo(t) + 1OV + 60 Ve + 30V

1
—3 CAMADLADaLa() MA®EA L

where
lo(t) = +
(T — 1) log (ﬁ)
6 = L
(T —1t)log (ﬁ)
A8
o= 2 1 o
=
Now recall that a martingale M" exists so that
t
V=V, +MtV+/ A°Vids
fo
It is a consequence of Itd’s formula that
MYy = ¢p Ma(OLa®aLa(®) Ma®)EA .
Hence,
v_1low ' t 1/2
Vi< Vi + M —S[IM7]; +f o(s) d5+f (Vs ds
? 0 0 (A9)

t t
+/ Zz(s)Vsds—{—/ t3(s) V2 ds

to to
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Now by Lemma A.2, we have an almost surely finite random variable C so that M — %[M V], <
Clog( ﬁ). Moreover, by Lemma A.3, we now have

-2
4exp —lft £5(s) ds t
V, <4 { 20 } —/ 05(s) ds
2\/V (to,Xp)) + Clog (ﬁ) +ft; Lo(s)ds + ftf) Ci(s)ds 7"

Direct computations show that

t
Kko(t) := / Lo(s)ds = yalog

to log ( Ti % )

t log( 7
K1() :=/ El(s)ds=y1/ (? )u—l/ze—u/zdu

to 10g< T—to 10
' (T —t))* — (T — * log (ﬁ)
KZ(t) = / 52(5) ds = V3 . _ 10g 1
to log (T—to)
t log( 7
k3(t) == / £3(s)ds = y2/ (T ) W2e=u2 4
to log ﬁ

Now note that x; and k3 are bounded in the limit ¢ 4 T. A substitution of the results in (A10) and
some direct computations now yields

- -2

og 2 (11 ) xp | Ly ottt |

1
V(to,Xf())JrClog(ﬁ)er log 1Og(Tft)
1Og(T*f0> R S10))

log<%) \/10g(%f)

—k3() ,

which is almost surely bounded in the limit ¢  T.

A.2 ProofofTheorem 5.10

To determine the form of W, we note that direct computations show that

9H - 1
E(t’ x) = b(t,x)' La(t) MA()a (1, %) + EEA(L %) MA (LA (Da(t)La(H) Ma(H)Ea(t,x). (A11)
Moreover,

ViH(t,x) = —LA(t) MA(H)¢a(t,x) and  Hessy(t,x) = La(t) Ma(£)La(t). (A12)
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Using the formulas derived in (A11) and (A12) for %, V,H and Hessy and the relation Vxl;(t, x) =
—i:l(l', x)VH(t, x), it can be derived that

Ah - /
7(5,96) = (b(s, x) — b(s,x)) LA(8)'MA(S)CA (s, %)

1 ) 3 ) (A13)
+ ifA(S:x) MAa($)La(s) (a(s, x) — a(s)) La(s) Ma(s)Ca (s, %)

— tr ((a(s,x) — a(s)) La(s) Ma(S)LA(S)) .
We now apply the upper bounds derived in Appendix A.1 for each of the terms. First note that under

{sup;,<s-¢ V(t, X7) < k}, we have that H(s, X7) < klog(ﬁ) < klog(ﬁ) for all s € [ty, ). It now
follows from Equation (A4) that the absolute value of first term of (A13) can be upper bounded by

which is integrable over [ty, T] (see the last line of (A10)). Using a similar approach, we can also
combine (A5) and (A10) to see that the absolute value of the second term of (A13) is integrable.
Similarly, the relation |tr (AC)| < tr (A) tr (C) < mAmax(A)tr (C) for m x m matrices A and C, in
combination with Assumption (5.2d) and the known integrals in (A10) yields that the final term is
integrable.

Appendix 2: Additional lemmas

In this section,we discuss some lemmas that were used in various proofs throughout the paper.

Lemma A.1: Suppose (3.1b) and (3.1c) hold, let s < T and let g; be a bounded F-measurable function.

- htX)\ .
1tlTrrT1Et (gS(X)K(t)h(t,Xt)> = E{g(X).
Proof: By (3), upon noting Ah = 0,
h(t, X;) h(t, X;)
E} Xk (¢ =E Xk (¢
¢ (gs( )i ( )h(t,Xt)> t(gs( )i ( )h(O,xo)>
gs(X) ~ gs(X) #
=E E Hh(t, X, s) ) =E h* (s, X
s(h(o’xo) ¢ (kX0 | f)) s(h(o,xo) (t5.X)
We now take lim;4 7. Note that it follows from (3.1c), dominated convergence and (3.1b) that
. &X) h(s, X;)
lim[E h*(t;s, X =K X
ar o <h(o,xo) R e TS
The result now follows upon changing measures using (3) again with Ah = 0. [ |

Lemma A.2 (Exponential martingale bound): Suppose {N;};>1, is a martingale. Then an almost
surely finite random variable C exists so that Ny — %[N]t < Clog(ﬁ).
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Proof: First note that, for any fixed t < T and positive A, Doob’s maximal inequality yields

1 1
]P’( sup exp {Ns - E[N]S} > e)‘> <eE (exp {Nt - 5[N],}> = koe ™,
to<s=<t

where kg = exp{Ny, — %[N lt,} is a bounded random variable. It follows that

1
P sup {NS - f[N]S} > A ) < koe .
0<s<t 2

Now sett, = T — % and assume # is sufficiently large so that t, > 0. It follows from the preceding
that we can choose an arbitrary positive sequence {1,}, and have that

1
IP’( sup {Ns - 7[N]3} > x,,) < koe ™.
0=<s=<tp+1 2

Upon choosing A, = 2logn, one has ), e™" < 0o and thus, by the Borel-Cantelli lemma

1
P(limsup{ sup {Ns—f[N]s} >An}> =0.
n—00 | 0<s<tp+1 2

We can thus almost surely find a random variable ny(w) so that for all n > ng(w)

1
sup {Ns - E[N]S} < An

0<s<tp+1

Now notice that for any t € [t,, t,+1], onehas 1, <2 log(ﬁ) and therefore

N; — [N N; — [N

sup ——=—— =sup sup —————

0=t<T log (ﬁ) n th=t=twr1 log (ﬁ)
N; — 5[N] hon

t
< Vsup sup ————
0<t=<ts, log (ﬁ) n=no ta<t<tni1 log (ﬁ)
2 n

<CvVv2,
where C is a random variable depending on ny, which is finite since t,, is almost surely bounded
away from T. ]
Lemma A.3 (Application of Theorem 2.1 of [1]): Suppose V satisfies (A9) with £y, €1, ¢> and £3 as
in (A8). Then

-2

4exp [—%ft; £2(s) ds] t
V(t, X)) <4 —/ £3(s) ds
2V (t0,X5) + Clog (75 ) + fi o) ds + [y 61 ds "

Proof: By Lemma A.2, we have an almost surely finite random variable C so that M}” — %[M V], <
C log(ﬁ). The lemma is an application of Theorem 2.1 of [1] with, in their notation, a(t) =
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V(to, Xp) + Clog(ﬁ) + ft; £o(s) ds, fi(t,s) = £;(s) and b;i(t) =t for i = 1, 2, 3, wi(u) = Vi,
wa(u) = u, w3 (u) = u/u. To achieve the result, we choose u; = 0, u, = 1 and u3 = 4. [ |

Lemma A.4: Suppose M is a local martingale bounded from below with EMy < oo, then M is a
supermartingale.

Proof: Without loss of generality, we assume M is bounded from below by 0. Now let {7,}, be a
sequence of stopping times such that 7, 1 co and {Mir, }¢ is a martingale for all ». It follows from
Fatou’s lemma that
E|M,| = EM, = E (lim infMtMn> < liminf EM; ., = EMj < oo.
n—0oo n—oo

Hence, M is integrable. Moreover, for s < ¢, if also follows from Fatou’s lemma that

EM; | F) = E (Iminf Ming, | 7) < liminfE (Ming, | 7) = liminf Mo, = M, B
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