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Priors leading to well-behaved Coulomb and Riesz
gases versus zeroth-order phase transitions - a
potential-theoretic characterization

Robert J. Berman*

Abstract

We give a potential-theoretic characterization of measures po which have the property
that the Coulomb gas, defined with respect to the prior uo, is “well-behaved” and
similarly for more general Riesz gases. This means that the laws of the empirical mea-
sures of the corresponding random point process satisfy a Large Deviation Principle
with a rate functional which depends continuously on the temperature, in the sense of
Gamma-convergence. Equivalently, there is no zeroth-order phase transition at zero
temperature, in the mean field regime. This is shown to be the case for the Hausdorff
measure on a compact Lipschitz hypersurface, as well as Lesbesgue measure on a
bounded Lipschitz domain. We also provide constructions of priors po, absolutely
continuous with respect to Lebesgue measure on a smoothly bounded domain, such
that the corresponding 2d Coulomb exhibits a zeroth-order phase transition. This is
based on relations to Ullman’s criterion in the theory of orthogonal polynomials and
Bernstein-Markov inequalities.
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theory.
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1 Introduction

In broad terms, the main aim of the present work is to study the interplay between
fine potential-theoretic properties of a measure 1 in R? (the “prior”) and properties of
the corresponding Coulomb gas in R?, in the mean-field regime. The pair-interaction
potential of this gas (also known as the one-component plasma in the physics literature)
is the fundemental solution of the Laplacian A in R? and yields a family of random point
processes on the support of jio in R, parametrized by temperatures T €]0, co]. We will,
in particular, give a potential-theoretic characterization of measures iy for which the
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corresponding Coulomb gas is “well-behaved at zero-temperature”, which is equivalent
to the absence of a zeroth-order phase transition. In fact, the main results will be
shown to hold in a more general setting involving a Riesz gas in R?, where the role of
the Laplacian is played by the fractional Laplacian —(—A)®/2, assuming that a €]0,2].
Complex-geometric analogs of the results, where the role of the Laplacian is played
by the complex Monge-Ampere operator, are described in [9]. Our results yield new
probabilistic constructions of capacities, equilibrium measures etc, using random point
processes, in contrast to the usual probabilistic approach based on Markov processes
(and their hitting probabilities [33, 22]). More precisely, the setting of a Riesz gas with
a €]0,2] corresponds precisely to the class of symmetric stable Levy processes in R?
[20] (i.e. Brownian motion in the “Coulomb case” a = 2).

For concreteness we will introduce the main results in the Coulomb case (o = 2),
where the energy E(u) of a compactly supported measure p in R?, with d > 2, is defined
by

E(u) = % Wu® p,
R4
where W(z,y) denotes the standard Green function of the Laplacian A, i.e. W(z,y) is
proportional to |z — y|>~¢ when d > 3 and to — log |z — y| when d = 2. The potential 9, of
u is the subharmonic function on R¢ defined by

(@) == | Wiz, y)u(y)
]Rd
(using the opposite sign convention compared to the standard convention in physics).
A bounded subset S of is said to be polar if there exists a potential ), such that
S € {¢, = —oo}. We will be particularly interested in measures f not charging
polar subsets (for example, this is the case if i has finite energy or if p is absolutely
continuous wrt Lebesgue measure). We will denote by P(S) the space of all probability
measures on a closed subset S C R?, endowed with the weak topology.

1.1 Energy approximation and determining measures

The main analytical result may be formulated in terms of potential theory and ap-
proximation theory as follows. Assume given a measure ;o on R? and denote by Sj its
support. We will say that uo has the Energy Approximation Property if for any measure
w supported on Sy there exists a sequence p; converging weakly towards y such that

* u; is absolutely continuous with respect to pq
+ Tim; o Bpj) = E(1)

Note that, by the lower semi-continuity of W, the second point is equivalent to

limsup E(u;) < E(p) (1.1)

j—o0
Theorem 1.1 below relates the Energy Approximation Property to the potential-theoretic
notion of determining measures. Given a weighted set (S, ¢) consisting of a subset S of

R? and a continuous function ¢ on S, a measure v on R is said to be determining for
(S, ¢) if for all potentials 1) on R?

1 < ¢ almost everywhere wrt v =— ¢ < ¢ on S (1.2)

We will say that v is determining for S if v is determining for (5, 0) and strongly deter-
mining for S if v is determining for (S, ¢) for all ¢ € C(S). Similarly we will say that
v is (strongly) determining if it is (strongly) determining for its support. For example,
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Lebesgue measure 1odz on a bounded domain 2 in R? is strongly determining if €2 is non-
thin at all boundary points, in the classical sense (Prop 2.21). In general, if v is strongly
determining and does not charge polar subsets then the support of v is automatically
locally regular (see Section 2.7 for the potential-theoretic notions of regularity).

Theorem 1.1. Let ;1o be a measure on R? which does not charge polar subsets and
assume that the support Sy of ug is compact and locally regular. Then o has the Energy
Approximation Property iff g is strongly determining.

The main virtue of the property of beeing strongly determining is that it can often be
verified using maximum (/domination) principle type arguments. For example, using [27],
we will show that the (d — 1)-dimensional Hausdorff measure on a Lipschitz hypersurface
is strongly determining (Theorem 2.22).

Theorem 1.1 appears to be new even in the simplest case when S is an interval in
R C R?, which is the classical setting where the notion of determining measures was
first introduced by Ullman (as discussed in Section 1.3 below). In this special case a
measure i is determining iff it is strongly determining.

1.2 The zero-temperature limit of the Coulomb gas in the mean-field regime

The main motivation for Theorem 1.1 above comes from the study of the large
deviations of the Coulomb gas on a measure /i in R?, where the Energy Approximation
Property has previously appeared as a technical hypothesis [26, 29, 7, 32]. To give some
background, assume given a continuous function ¢ on R¢ and consider the corresponding
mean field N-particle Hamiltonian

N

HM (@1, an) = ﬁ% S Wi,z + > dla)

i#j i=1

describing the Coulomb energy of N-particles in the exterior potential ¢ (with the
divergent self-energies removed) with a mean field scaling. In physical terms this means
that each particle is subject to the average of the Coulomb potentials created by the
other particles, plus the exterior potential ¢. We recall that the mean-field scaling is
often used for systems with long-range interactions, i.e. such that W (z,y) < C1/|x — y|?
(which includes general Riesz gases) [3, 23, 40]. Given a measure iy on RY (the “prior”)
with compact support Sy and a sequence of numbers T €]0, oo the corresponding
(mean field) Coulomb gas at temperature Ty on p is defined as the probability space

(canonical ensemble) ((Rd)N , M(TIJVV)), where
1 —TtHM _p=1 ()
“;J,\’T)N =7 eI )§N ) Iy ;:/ e~ v Mo SN (1.3)
N,¢, TN (RN

The normalizing constant Zy 4 7, is called the partition function and

T
Fn gy = —WN log Zn .. 1x
is called the N-particle free energy at temperature Ty . It extends continuously to Ty = 0
by setting
_ L e
FN7¢70 = N gn0]§H¢ 5

()
where S is the support of y (using that e "¢  is continuous; see the beginning of

the proof of Lemma 5.3). In the case when ¢ = 0 we will simply drop the subscripts
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¢. The mean field scaling 1/(N — 1) appearing in the definition of H(E)N)(xl, ...z ) could
alternatively have been absorbed by the temperature Tn. Anyhow, throughout the
paper we will employ the mean field scaling above and assume that the corresponding
temperatures Ty have a limit T'as N — oo :

T:= lim Ty € [0, 0].
N—o0

For example, if, with the present mean field scaling, Ty is taken to be proportional to
1/(N —1), so that M(TJJVV) is the Gibbs measure for a Coulomb gas without a mean field
scaling at a fixed positive temperature [52], then the corresponding limiting temperature
T above vanishes (compare Section 1.3). But here it will be important to allow non-
vanishing limiting temperatures 7', where entropy enters the picture.

As first shown in [23, 41], in the case when T > 0 and pg is equal to Lebesgue
measure on a compact domain Sy, the empirical measure

1 N
NZ i (1.4)

viewed as a random measure on ((Rd) s My ) converges in probability, as N — oo,
towards a deterministic measure ug g

lim iy =
Ngnoo N Mo, T,
where 14 7 is the unique minimizer of the following free energy functional Fy r on the
space P(Sy) :

Fyr (1) = Eoglt) + T Dy (1), Es(p) / du

where D,,, denotes the entropy of p relative to 1, using the sign convention making D,,
non-negative (see formula (3.2)). In particular,

Fd)’() = E¢

and we denote by 1 (s 4) the equilibrium measure of a non-polar compact weighted set
(S, ¢), i.e. the unique minimizer of E, on P(S). It should be stressed that the presence
of the entropy term in the free energy Fy r (1) entails that the minimizer p7 is absolutely
continuous wrt pg for any 7' > 0, while this is often not the case for the equilibrium
measure fi(s,, ¢)- For example, if 1 is Lesbesgue measure on a compact domain Sy with
smooth boundary and ¢ = 0, then pg, 4) is supported in the boundary of Sy (in the
Coulomb case).

Under appropriate regularity assumptions on gy it is shown in [26, 29, 7, 32] that the
convergence of dy towards p4 7 is, in fact, exponential in the sense of large deviation
theory. More precisely, the laws of the empirical measures ¢ satisfy a Large Deviation
Principle (LDP) at speed Ty’ N, whose rate functional I, 1 coincides with F} 7, up to an
additive constant. In symbolic notation this may be expressed as

_ =1 pp(N) 1
) (T ) TN

as measures on P(S;). We recall that, in general, the rate functional I for an LDP is a
proper lower-semicontinuous function (the precise meaning of the LDP is recalled in
Section 4).
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1.2.1 The LDP in the zero-temperature limit

When T > 0 the LDP for the Coulomb gas holds for any measure j not charging polar
subsets (Theorem 4.2). A natural question is thus what further conditions on o need
to be imposed in order to ensure that the LDP also holds for 7" = 0? As shown in
[26, 29, 7, 32], the Energy Approximation Property is a sufficient condition. However,
as will be shown below, this condition is not necessary, but rather equivalent to a “well-
behaved” LDP. The starting point is the basic observation that the Energy Approximation
Property is equivalent to a certain continuity property of the free energy functional
Fr, namely that F be continuous with respect to Gamma-convergence of functionals,
as T' — 0. Recall that the notion of Gamma-convergence plays a prominent role in
variational calculus (see definition 3.1) and corresponds to the Fell topology on the space
of lower-semicontinuous functions [24]. It implies, in particular, that the minimizer
ur of Fpr converges towards the minimizer of Fj. In the present setting the Gamma-
convergence of the functional Fr is, by a duality argument, equivalent to the continuity
of

T):= inf F,
f(T) et o.7(1)
as T' — 0 for all exterior potentials ¢. The number f,(T') is usually called the free energy
at temperature T (wrt the exterior potential ¢). The main result may now be formulated
as the following

Theorem 1.2. Let i be a measure on R? which does not charge polar subsets and
assume that the support Sy of ng is compact and locally regular. Then the following is
equivalent:

e Lo is strongly determining

 For any given continuous function ¢, the corresponding free energy f,;(T) at
temperature T,

fo(T) = inf  For(p) (1.5)

is continuous wrt T € [0, o]

e For any given potential ¢ the minimizer n4 v of the functional Fr 4 on P(Sy) con-
verges, as T — 0, towards the equilibrium measure of (Sy, ¢), i.e. towards the
minimizer s, ¢) 0f Fy 0 :

L g, = 1so,0) (1.6)

in the weak topology on P(Sp).

e The LDP for the Coulomb gas on g holds for all exterior potentials ¢ and all
T € [0, co[ with a rate functional which is continuous wrt T € [0, oo[ in the sense of
Gamma-convergence

In fact, in the present setting the LDP in the previous theorem is equivalent to the
free energy asymptotics

lim FN,qb,TN = f¢(T), Ty — T, (1.7)
N—oc0

for any potential ¢ and sequence Ty € [0, 00[ such that T — T € [0, oo[ for a function
f¢(T) which is continuous on [0, oo[ (and a posteriori of the form (1.5)). The continuity of
f¢(T) when T > 0 is automatic and, as discussed in Section 5, a discontinuity at 7' =0
can be interpreted as a zeroth-order phase transition. Another equivalent formulation is
obtained by taking T = T €]0, oo[ and demanding that the limits 7' — 0 and N — oo of
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Fyn.¢,7 commute (see Lemma 5.3). The existence of discontinuities at 7' = 0 should be
contrasted with the fact that

A pe. 1 = flo
always holds (see Section 3.4). This means that if y is strongly determining, then the
curve ur g € P(Sp) interpolates between p at T = co and the weighted equilibrium
measure [i(s,,q4,) at T' = 0.

The previous theorem will be deduced from the following result concerning the case
when the potential ¢ is fixed:

Theorem 1.3. Let ;o be a measure on R? which does not charge polar subsets and
assume that the support Sy of ug is compact and locally regular. For a given continuous
function ¢ on Sy the following is equivalent

* g is determining for (Sy, ¢)
» The following convergence of free energies holds:

lim lim F = inf E 1.
T30 Noyso - TN 7;(1390) ¢ (1.8)

 The following weak convergence of the expectations Er 4(dn) of the empirical
measure §y holds:
lim lim E = 1.
T30 N 3o 7.6(0N) = 1(sio.0) (1.9)
We recall that the inverse of the infimum of the functional E on P(K), for a given
compact set K in R4, is usually called the (Wiener) capacity of K (see Section 6.1 for
the general weighted setting).
Coming back to the energy approximation property in Section 1.1 we will also show,
in Section 3.3, that the approximating sequence in question can be constructed quasi-
explicitly.

1.3 Relations to Bernstein-Markov measures, orthogonal polynomials and Ull-
man’s criterion

Now specialize to the two-dimensional case and identify R? with C. Then the Gibbs
measure (1.3) may, for ¢ = 0, be expressed as

= D™ g™, = oL 1.10
:U/[gN : ZN,[gN Ho 5 PN : TN(N—I) ( : )

where DY) (21,..., zv) denotes the Vandermonde determinant, i.e. the polynomial on CV
defined by .
D(N)(zl, v ZN) = H (2i — 25) = 1§%§%N(Zg_l)
1<i<j<N

Accordingly, the corresponding partition function Zy 7, is equal to the LPN-norm of
D). More generally, introducing an exterior potential ¢ corresponds to replacing the
LP~ — norms with weighted norms, i.e replacing o with e=Z~ ®p,. Note that for a fixed
p, the corresponding Ty, tend to zero as N — oo, i.e. a fixed p induces a vanishing
limiting temperature T (in terms of the mean field setup in the previous section). A
notion of a phase transition for the Coulomb gas with respect to the parameter p — from
a liquid to a crystalline phase, as p is increased towards a critical value - has been
discussed extensively in the physics literature, supported by numerical studies [54] (and
related to microscopic large deviation principles in [52, Section 4.6]). But this notion is
different than the zeroth-order phase transitions discussed here, where the parameter 7'
is decreased towards zero.
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The Coulomb gas has been studied extensively in connection to Random Matrix
Theory, in particular in the case when pg is Lesbegue measure on R C R? with ¢ of
sufficent growth at infinity and p = 2. The corresponding Gibbs measure M%) then arises
as the eigenvalue distribution of a Hermitian matrix [46, 41, 31] (see also [28, 1] for the
case of general p). The asymptotics of the corresponding free energies, as Ty — 0 was
established in [38, Thm 2.1] and the LDP in [4].

We recall that a measure i in C is said to satisfy a Bernstein-Markov inequality with
weight ¢ if, for any given € > 0 there exists a constant C' such that

sup lpr|Pe ¢ < Cef’“/ Ipk)?e ™% uo (1.11)
0 C

for all polynomials p; on C, where k denotes the degree of p; (see the survey [17]). For
such a measure the existence of the limit f,(0) of the corresponding N-particle free
energies at T' = 0 was established in [15]. In fact, if the Bernstein-Markov inequality
holds for all weights then the LDP holds at zero temperature, by the results in [5] (see
also [16] for a different approach and [57] for relations to random polynomials). In
view of Theorem 1.3 this means that the Coulomb gas on a measure py with compact
support Sy, which satisfies the weighted Bernstein-Markov inequality for (Sy, ¢) - but
which is not determining for (S, ¢) — exhibits a zeroth-order phase transition at 7= 0. A
general procedure for constructing such measures is explained in [17], where a concrete
example of Totik on the interval is reported (see the appendix). We thus arrive at the
following corollary, exhibiting a zeroth-order phase transition:

Corollary 1.4. Let K be a compact domain in C with smooth boundary or equal to a
disjoint finite union of intervals in R. For any given continuous function ¢ on K there
exists a measure po with support K such that ug is absolutely continuous wrt dx and
such that the corresponding 2d Coulomb gas satisfies a LDP for any T € [0, co[ with a
rate functional which is discontinuous at T = 0 in the sense of Gamma-convergence.
More precisely, in the case ¢ = 0, the function

TN

w®Y T = lim Ty
N—oo

T
F(T) == — lim —Nlog/ ’D(N)
N RN

N—oc0

is well-defined on [0, oo[, continuous on )0, co[, but discontinuous at T = 0 (and similarly
for a general ¢).

The property of being determining can, for a non-polar measure i, be viewed as a
potential-theoretic refinement of the Bernstein-Markov inequality, where a polynomial
pi of degree k is replaced by eI "u for a general measure . and positive number 771,
playing the role of k. This was first shown in [12] in a general complex geometric setting.
In Section 4 we will extend these notions to the case of general pair interaction potentials
(the notion of Bernstein-Markov measures for Riesz interaction was introduced in [18]).

1.3.1 Orthogonal polynomials and Ullman’s criterion

We recall that the Bernstein-Markov-inequality has it roots in the theory of orthogonal
polynomials on R. In fact, for a measure pg on R with compact and regular support
the Bernstein-Markov inequality is equivalent to the notion of regular measures on R
introduced in [55], whose definition involves the asymptotics of the degree N orthogonal
polynomials py associated to po (see the proof of Prop 4.13). In the case when the
support of ug is [—1, 1] this notion goes back to Ullman. He also introduced the notion
of determining measures on [—1, 1] to get a sufficient condition for regularity, known as
Ullman’s criterion in the general setting of measures on R [55]. In view of Theorem 1.2
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Ullman's criterion naturally fits into the probabilistic setting of the Coulomb gas, since it
is equivalent to the continuity properties discussed above. It should be pointed out that
Ullman originally used a different, but equivalent, capacity formulation of determining
measures on [—1, 1] (see Prop 6.2 for the relation to the present setting). The definition
of determining measures in the present general potential-theoretic setting on R¢ mimics
the definition used in the complex-geometric setting of [12], which goes back to [43].

1.4 Towards the case of general pair interactions

Finally, let us make some remarks about the case when the Gibbs measure (1.3) is
defined by a general proper Isc function W. Then it essentially follows from [29, 7, 32]
that the corresponding LDP holds for 7' > 0 if and only if the corresponding free
energy functional Fr is a proper lsc functional (see Theorem 4.2). However, it seems
challenging to find a general potential-theoretic characterization of measures pg such
that the corresponding LDP also holds at 7' = 0. In view of Theorem 1.2 (and its
generalization to Riesz gases 4.8) the problem of characterizing measures g such that
the LDP is “well-behaved at T' = 0” should be more accessible also in the general case.
It seems likely that the answer should be given by determining measures for rather
general interactions W, but we shall not pursue this here and only point out that in
the case when W(z,y) = Wy(x,y) + K(z,y), where W, denote the Riesz kernel and
the perturbation K (z,y) is continuous on Sy the present results (concerning the case
K = 0) directly generalize. Indeed, since K (z,y) is continuous it influences neither the
energy approximation property, nor the determining property appearing in Theorem 1.1.
For example, this situation naturally appears in electrostatics in R? with the screened
Coulomb interaction (Yukawa potential) W (z,y) = e~™*~¥l /|2 — y| for a given positive
number m.

1.5 Further relations to previous results

The idea of studying the Gibbs measures corresponding to a general Isc pair inter-
action potential W, in the case T' = 0, by letting 7' — 0 goes back to [41], which builds
on the variational approach introduced in [47] (where the case of a continuous W was
considered). In the main result of [41] it is claimed that, in general, any limit point
in P(R?) of the empirical measure §y minimizes the corresponding energy functional
E. However, in the case of the Coulomb gas this is contradicted by the example in
Theorem 4.12, where p has support [—1, 1] and is absolutely continuous wrt dz (see also
Example 4.4 for a simple counter-example in the weighted setting). The mistake in [41]
appears to be the claimed inequality [41, 3.12], which, in general, requires assumptions
on fuo.

The “only if” direction in Theorem 1.3 was first shown in the complex-geometric
setting of compact Kahler manifolds X in [9] and generalized to the non-compact setting
pluripotential setting of C" in [9], using a compactification argument. See also [35]
for a far-reaching generalization of [8, Theorem 2.1] to general measures not charging
pluripolar subsets and bounded weights.

It should also be pointed out that there are particular situations where the rate of the
convergence of ur 4 towards the equilibrium measure s, 4) can be quantified. In the
setting of a compact Kahler manifold X, studied in [8], the rate of convergence of the L>°-
norms of the corresponding potentials v, , was shown to be of the order O(T) log T
In particular, the case when X is the Riemann sphere implies (by a compactification
argument, as in [9]) that such a rate holds for the Coulomb gas in R2 with o = dz if ¢ has
strictly super logarithmic growth. More general and precise quantitative convergence
results for Coulomb gases in any dimension have very recently been established in
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[2] (see also [1, formula 18] for an explicit integral formula for ;7 4 in the case of the
Coulomb gas on R with ¢(z) = z? and y, the Gaussian measure, so that ur s converges,
as T — 0, to Wigner’s semi-circle law). However, it should be stressed that in the general
setting of determining measures p, studied in the present paper, one can not hope for
quantitative rates, unless regularity assumptions on py are imposed.

1.6 On the proofs

The core analytic result is Theorem 1.3 and its general form 3.10 (which applies to any
Riesz interaction with « < 2), saying, in particular, that the measure p is determining
iff the corresponding free energy f(T') is continuous as T — 0. The proof of the “if”
direction” mimics the variational proof of a similar result in the complex geometric
setting on a compact Kahler manifold X [8, Theorem 2.1] (which applies, in particular, to
the case d = a = 2 by taking X to be the Riemann sphere). An important ingredient is the
potential-theoretic analog of the Bernstein-Markov property for determining measures
in Prop 3.6 (proved in [12] in the complex geometric setting). In the present setting
we also have to deal with the non-compactness of R? and the non-local properties of
the fractional Laplacian —(—A)®/2 (for a < 2). In the case when d = a = 2 the “only if”
direction could alternatively be deduced from the generalization in [35] of [8, Theorem
2.1] to arbitrary measures g, not charging pluripolar subsets. However, the proof
in [35] (which is not variational) appears to exploit some special local features of the
complex geometric setting, which do not seem to apply when a # 2. Here we instead
use a variational approach, which has the virtue of only demanding some rather general
axioms of potential theory (compare Remark 2.1).
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1.8 Organization

In Section 2 we introduce the weighted potential theory needed for the proofs of
the main analytic results. In particular, a dual representation of the energy E(u) as a
Legendre transform is given. In Section 1.1 we reformulate the Energy-Approximation
Property in terms of Gamma-convergence of the free energy functional Fr, which in
turn is a given a dual formulation using Legendre transforms. Then in Section 3.2
the proofs of the main analytic results for Riesz interactions are given, by relating
Gamma-convergence of Fr to determining measures. The connections to large deviation
principles is studied in Section 4 and connections to Bernstein-Markov inequalities are
explored. The results are then reformulated in terms of phase transitions in Section 5.
In the appendix some construction of measures ug are provided, which illustrate the
sharpness of the main results.

1.9 General notation

We will denote by PC(]Rd) the space of all compactly supported probability measures
on R¢ and by P(K) the subset consisting of measures supported on a compact subset K
of R?. We endow the space P(K) with the weak topology. Throughout the paper we fix a
probability measure o with compact support, denoted by Sy. Given a compact subset K
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of R we will denote by C(K) the space of all continuous functions on K.

We recall that a function f on a topological space X, taking values in |oo, oo] is lower
semi-continuous (Isc) if {f < a} is closed for any o« €]oco, o0]. We will say that f is proper
lower-semicontinuous under the further assumption that f is not identically equal to
oo (following standard terminology in convex analysis). If X is compact and f is Isc
the latter condition equivalently means that infx f is finite. Hence, under the map
f— f—infx f the space of proper Isc functions on X corresponds to the space of rate
functionals, in the sense of large deviation theory. Finally, it will be convenient to work
with inverse temperatures By := Tjgl and 8 := T~! rather than temperatures.

2 Weighted potential theory and Legendre transforms

In this section we develop the weighted potential theory needed for the proofs of the
main results. The key result is the Legendre transform representation of the energy
in Theorem 2.12. The presentation is inspired by the complex-geometric framework in
[11, 12, 13], which covers in particular the Coulomb case in R? (see also [51, 26] for
different points of view).

2.1 Potential-theoretic preliminaries

We start by recalling some basic potential-theoretic results. We follow the classical
reference [42], but with a different sign convention for the kernels and the potentials
(ensuring that the potentials are subharmonic in the Coulomb case).

We will denote by W, (z,y) the Riesz kernel with parameter a €]0,d|, i.e. the Isc
function on R? x R? defined by

1
Wa(z,y) = [ —gla

When d = 2 we will allow the case a = d = 2, by setting
Wy (z,y) = —2log |z — g,

The definition ensures that when d > 2 the function Ws(z,y) is a (up to multiplication
by a negative constant) a Green’s kernel for the Laplacian A on R?. Accordingly, we
will refer to the case o = 2 as the “Coulomb case” and the special case o = 2 = d the
“logarithmic case”.

The energy E(u) of a measure p € P.(R?) is defined by

1
E(M):i/IRd Wop ® pu €] — 00, 0] (2.1)

Given a measure 1 on R? we will denote by 1, its potential:

Yu(@) == | Walz,y)u(y),
Rd

Since W, is symmetric the following symmetry property holds:

[ = [ve, 2.2)

if 1 and v are in P.(R%) and of finite energy. Moreover, W,, defines a strictly positive
definite bilinear form in the following sense:

- /(% — ) (p—v) >0 (2.3)
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with equality iff v = p. This implies that the map p — v, is injective and we will denote
the inverse operator by A,, which coincides with the ordinary Laplacian when o = 2. !
A bounded set S is said to be polar if S C {¢,, = —oo} for some measure  (equivalently,
S has vanishing outer capacity) 2. If S is compact then S is polar iff E(u) = co for any
measure p € P(S). A property is said to hold quasi-everywhere (q.e) if it holds on the
complement of a polar set.

If 4; € P(K) for a compact subset K and p; — p weakly, then, for any given z € R?

limsup ¢, (z) < ¥, (x),

Jj—o0
as follows directly from the lower semi-continuity of 1. Moreover, for q.e. x in R¢,

limsup ¢, () = ¢u(z) (2.4)

J]—0

(see [42, Therem 3.8, page 190]). As a consequence [42, page 191, Remark 2],

<limsup 1#“].) =, (2.5)

Jj—o0o

on all of R%, where the limsup is defined point-wise and f* denotes the upper semi-
continuous regularization of a function f on R¢ :

fr(@) = sup{f(z;): @; =},

where the sup runs over all sequences x; converging to x. We will be mainly interested
in the case when a < 2, since the following domination principle then applies [42, Thm
1.29]: for a given constant C

"/}uﬁwy‘FClﬁ—a-e :>¢V§¢p,+ca (26)

assuming that i has finite energy.

Remark 2.1. When o < 2 it is also known that the space of potentials is preserved under
the max operation [42, Thm 1.31] (the case a = 2 follows directly from subharmonicity).
But for our purposes it will be enough to use the domination principle. This should be
useful in order to extend Theorem 3.11 to more general kernels W (z,y) appearing in
axiomatic potential theory, where the domination principle (aka the second maximum
principle) is often is taken as an axiom [42, Page 364]. For example, the domination
principle holds when W (z,y) is the potential kernel of a Markov process satisfying
Hunt’s hypothesis (H) [30] (then —1),, is called the excessive function associated to ).
But we shall not go further into this here.

In order to simplify the notation we we will omit the dependence on « of the potential-
theoretic objects associated to the Riesz kernel W, (z,y), such as the energy E(u),
potentials ), and the corresponding inverse operator A (which coincides with the
Laplacian when a = 2). As « will be fixed this should not cause any confusion.

1In general, A, is a fractional Laplacian A, := —(—A) % in the sense of functional calculus, which in the
case « €]0, 2] corresponds precisely to the generator of a symmetric stable Levy process [19, 20].
2This terminology is standard, but different from the one in [42], where the terminology polar is used for

the sets which are precisely equal to some {1, = —oo} (such sets are called completely polar in modern
terminology).
EJP 26 (2021), paper 145. https://www.imstat.org/ejp
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2.2 Function spaces

We will use the notation
LoRY = {¢: p=1,+C, peP(RY), CeR}.

We endow the space £.(R¢) with the L}, -topology induced from the inclusion £.(R?) €
L} .(R%). Denote by £.(R?) the subspace of £.(R?) satisfying E(Ay) < co. Given a
compact subset K of R? we will write £Lx (R?) and £x (R?) for the subspaces of £.(R%)
and &.(R%), respectively, obtained by demanding that Ay be a probability measure
supported in K. The definitions are made so that, for any compact S, we have a bijection
(whose inverse is A) :

p= b, P(S) +— Ls(RY)/R (2.7)

Proposition 2.2. (Compactness) Let S be a compact subset of R¢ and fix a closed
ball B containing S. Then the subspace of Ls(R?) consisting of all ) which are “mean

normalized”, i.e.
/ pdx =0,
B

I _topology. Moreover, given a compact subset K there exists a

loc

is compact wrt the L
constant C' such that

sup ¢ < Jp v

C 2.8
wp < S+ (2.8)

on Ls(R%).

Proof. Step 1: Compactness for “mean-normalized functions”

The compactness is a consequence of the following general properties of the kernel
—W, : it is symmetric, usc, continuous on the complement of the diagonal, in L}, and
the corresponding integral operator yields a bijection, as in formula (2.7). To see this

take any p € P(S) and first observe that

/Bwudl:/fu

for the continuous function f := ¢, with v := 1gdxz/ f p dr (using the symmetry prop-
erty (2.2)). Now decompose any mean-normalized i as

v= (v [u) - [ 1

Since v is normalized the bijection (2.7) shows that the first term equals v, where
1 := Ay Let now ¢; be a sequence in L5(R?) and set y; :== Av;. Since S is compact the
space P(S) is also compact and hence there exists p € P(S) such that p; — p in P(S5),
after perhaps passing to a subsequence. All that remains is thus to verify that ¢, — ¢,
in L! . To this end first note that, since —W,, is usc, we have

loc*

limsup ¢, <

j—o0

/B%jdiﬂ:/fuj%/fu::/dex

since f is continuous. But then it follows from general integration theory that ¢, — ¢
in L!(B, dz). Finally, the L} . convergence on the complement of S follows directly from

loc
the fact that W, is continuous on the complement of the diagonal.

Moreover, by symmetry,
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Step 2: the upper bound on supy ¥
By the previous step it will be enough to prove that the functional ) — sup, v is usc
on Lg(R?). To this end first observe that, if y; — p in P(S) and z; — z then

lim sup 1, (xj) < Yu(x),

using that the kernel —W,, is usc (see [42, Thm 1.3]). As consequence, if 1); — ¢ In
Ls(R9) then the previous inequality still holds if %y, and v, are replaced by v; and ¢,
respectively (using the decomposition argument in the previous step). Now, taking z; so
that ¢;(z;) = supg ¥; concludes the proof of Step 2. O

2.3 Energy functionals on P(S) and the equilibrium measure of a weighted set
(S,9)

If 1 has compact support and ¢ is a continuous function on R? we set

Bol) =~ [ dun+ [ onel - oc,o0) 2.9)

The definition is made so that Fy(u) := E(u) is the classical energy of p (formula (2.1)).

Proposition 2.3. Let S be a non-polar subset. Then the restriction of E to P(S) is Isc
and strictly convex. Hence, so is Ey for any given continuous function ¢.

Proof. This follows from (and is equivalent to) the positivity (2.3). O

Thus, if S is a non-polar compact subset, then F; admits a unique minimizer y g 4)
on P(S), which is called the equilibrium measure of the weighted set (S, ¢).

Given a non-polar compact weighted set (5, ¢) it will also be convenient to consider a
normalized version of the functional E4 on P(S) defined by

E,, = Ey — inf By, 2.10
o= Fo = b Ey (2.10)

which is invariant under ¢ — ¢ + C for any constant C.

Remark 2.4. The notation is inspired by the corresponding complex-geometric setup,
using the notation in [5, 9], applied to the special case when d = a = 2. In this case,
when ¢ is expressed as the restriction to S of a function with logarithmic growth in
C, the symbol w4 denotes the signed measure wy := A¢ (extended by zero from C to
the Riemann sphere) and E,, is the corresponding pluricomplex energy. Since the
normalized energy, defined by formula (2.10), is invariant under ¢ — ¢ + C' it depends,
indeed, only on A¢.

Lemma 2.5. Given a weighted non-polar compact subset (S, ¢) the potential ¢, € L.(R%)
of the equilibrium measure (i := pi(s,4) has the following property: there exists a constant
C such that

()Y, <op+C qe.onS
(“) % > ¢ +C OHSW

where S,, denotes the support of u.

Proof. This goes back to Frostman and is proved in [26, Theorem 1.2] when S = R" and
in [51] in the logarithmic case. The proof in the general case is essentially the same and
follows from rather general variational considerations. Indeed, one first observes that
uy, := —(1, — ¢) is a sub-gradient for the functional Fy (). Hence, if 4 minimizes F; on
P(S), then (u,,v — p) > 0 for any v € P(S) of finite energy. Applying this inequality to
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v =p(l+ f) for any f € L>(un) such that [ fu = 0 and [l oo () < 1 gives (uy, fru) = 0.
Replacing f with — f yields the reversed inequality, showing that (u,, fu) = 0 for any f
such that | fu = 0. But this implies that u, = —C p-a.e. for some constant C'. Since, u is
Isc it follows that u, < —C on S,,. As a consequence, (u,,v) > —C for any v € P(S) of
finite energy, which implies u, > —C q.e. on S (using that u, is Isc and that any subset
of positive capacity has a compact subset of positive capacity). O

To a compact weighted set (S, ¢) we now attach the following function in £g(R?) :

w(S»(f)) = wl»l«(s7¢) -C (211)

where C'is the constant appearing in the previous lemma.

2.4 The projection operator Pg

In this section we assume that oo < 2 (so that the domination principle (2.6) applies).
Now assume given a weighted set (S,¢), i.e. a subset S of R? and a continuous
function ¢ € C(S). Consider the function

([s6)(w) i= sup {9(a): v <6 onS)

L.(R4

Its upper semi-continuous regularization will be denoted by
Ps¢ .= (Ilgg)* (2.12)

Proposition 2.6. Let (S, ¢) be a weighted subset and assume that S is compact and
non-polar. Then

Ps,¢) = Ps® (2.13)

In particular, A(Ps¢) is the unique minimizer of the functional E4 on P(S). Moreover, as
a consequence of (2.13),
Ps¢ € Es(RY)

and the operator Ps satisfies the following “orthogonality relation”

/ (¢ — Ps¢) A(Ps¢) = 0. (2.14)

More generally, if S is bounded and equal to the union of increasing compact subsets,
then Ps¢ € E5(RY) for any given continuous function ¢ on R®.

Proof. Combining Lemma 2.5 with the domination principle (2.6) gives IIs¢ < (g 4
and hence Ps¢ < v(g,4). Indeed, let ¢ be a candidate for the sup defining Ilg¢. By
Lemma (2.19) ¥ < ¢ < (g, on the support of A(¢s ). Hence, the domination
principle implies that ¢ < v(g 4) everywhere. Moreover, since, by Lemma 2.5, ¥(g,4) < ¢
on S — N where N is polar we also have (5 4) < Ps_n¢. The proof is thus concluded
by invoking the fact that Pryny¢ = Pr¢ for any bounded Borel set T and polar subset [V
(applied to T':= S — N). To see this first note that, trivially, Pryny < Pr. To prove the
converse fix ¥y € L.(R?) such that )y = —oo on N and ¥y < ¢ on T. The existence
of ¢ follows form the fact that, by definition, any polar subset NV is contained in the
—oo-locus of some potential . Using the compactness of S we can then arrange that
Yy € L(R?) and 15 < ¢ on S and hence also ¢y < ¢ on T. Thus, for any ¢ € L.(R%)
such that ¢ < 0 on T we get ¢ := (1 — €)1 + ey < ¢ on T U N. Hence, ¢ < Illryno.
Letting € — 0 gives II7¢ < IIryn¢ on the complement of the polar subset {¢)y = —o0}
and hence Pr¢ < Pryn¢ everywhere, as desired (using that if ¢, <, + C q.e. for a
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measure v of finite energy and a constant C, then ¢, < 1, + C everywhere, as a special
case of the domination principle, since v does not charge polar subsets).

Finally, if S it the union of increasing compact subsets K; then Ps¢ < v, := Pk, ¢ for
any ¢. By the previous step ¢; is a decreasing sequence in gg(]Rd) and ¢¥; < ¢ on K; — N,
where N; is polar. Hence, by Prop 2.2, v; converges in L} . to 1o, € Eg(R?), where
Yoo < ¢ on S — N, where N is the union of the polar sets /V; and hence polar (since the
outer capacity is sub-additive). This means that Ps¢ < 9, and ¥, < Ps_n¢. Since, as

explained in the proof of the previous step, Ps_y¢ = Pg¢ this concludes the proof. O

Lemma 2.7. Let S be a compact subset. The operator Ps defines a (non-linear) increas-
ing concave operator from C(S) onto Ls(R?). Moreover, for any ¢ € L.(R%)

Psip >4
with equality if 1 € Ls(R?). Hence, Ps is a projection operator, i.e. P§ = Pg.

Proof. It follows directly from the definitions that ¢g < ¢; implies that I[Ig¢¢ < IIg¢; and
hence also Ps¢g < Ps¢q, i.e. Pg is increasing. Concavity of IIg follows directly from
the definition as a sup of linear functionals (defined by evaluation) and this implies the
concavity of Ps, as well. Next, if ¢ € £.(R?) then IIg1) > 1 (since ¢ is a candidate for the
sup defining I157). Since 1* = 4 it follows that Psy > v. The fact that Psy € Lg(R9)
was proved in the previous proposition. Conversely, if 1) € L£5(R%) then it follows, directly
from the domination principle, that IIg1) < ¢ and hence also Psy < ¢ < Pgv, which
proves the projection property in question. O

2.5 The primitive functional £ on £.( RY) and its projection F to C(S5).

The operator A can be naturally identified with a one-form on the convex space
L(RYHNC(RY) :

(A, v) = /Am.

According to the next proposition this one-form admits a primitive that we shall denote
by &, i.e. a functional on £.(R?) N C(R?) whose differential is the operator A :

(dE) () = Ay

Since L.(R%) N C(RY) is convex the primitive £ is uniquely determined up to an overall
constant, which may be fixed by imposing the normalization condition

E(o) =0

for a fixed reference element ¢ € £.(R%) N C(RY). We will sometimes use a subscript
&y, to indicate the dependence on the choice of iy. Integrating along an affine line
in £.(R%) N C(RY) suggests the following explicit formula, that we shall take as the
definition of £, on the whole space L.(R?) :

1
Ean0)i= 5 [ (0= t0) (B0 + A € [-o0,x]
Moreover, it will be convenient to allow the reference v to be in &£,(R%).
Proposition 2.8. The functional £, on L.(R%) has the following properties

(1) Eyy () > —oc0 iffYp € E.(R?). Moreover, Av; — Ay in P(S) and E(Av;) — E(Av;)
for S compact iff 1; — 1 in L}, and Ey, (1) — Eypy (V)
(2) &y, is usc on L.(R?)
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(3) Given 91,1, € E.(R?) we have

dg’/’o ("/}1 + t('l/)Z — 1
dt

) B
o —/Aﬂfl(?/)z Y1) (2.15)

(4) &y, is concave on L.(R%)

(5) Ey, is strictly increasing on E.(R?) : if ¢ <, then &y, (Y) < Ey, (V) with equality
iffip = 0.

(6) The following cocycle property holds: for any triple 1; € £.(R?) the difference

gﬂ’o (1/12) - gﬂio (%)

is independent of V.
(7) For any c € R we have Ey, (¥ + ¢) = Ey, (V) + ¢

Proof. To prove item 1 we may, by the cocycle property 6 proved below, assume that
Aty = pdx for a continuous function p with compact support. Now decompose

Eu)— 5 [vav =3 [vodv+3 [vav+c

Since 1)y is bounded on the support of At the first term in the rhs above is finite and so
is the second one since ¢ € L;, . The same argument proves the convergence statement.
Item 2 also follows from the previous decomposition, using that W is usc, just as in the
proof of Prop 2.2. As for the formula in item 3 it follows directly from the symmetry (2.2).
Similarly, the concavity of &, follows from the fact that (Au,u) > 0 if u = ¢ — ¢4 for
P € Ec(]Rd) (by the positivity (2.3)). That &, is increasing follows directly from item 3,
since Ay > 0 for any ¢ € £.(R?%) and strictly increasing follows from the domination
principle when o < 2. In the general case it follows from the strict concavity of &y,
which in turn follows from the strict positivity in (2.3)). The cocycle property in item 6
follows directly from expressing &y, (12) — €y, (1) as an integral on [0, 1] of the derivative
d€y, (Y1 + t(2 — 1)) /dt and noting that, by item 3, the derivative is independent of .
Finally, item 7 also follows directly from item 3. O

Remark 2.9. If 1y is normalized so that ¥y = 1ay,, then it follows directly from the
symmetry (2.2) that —&y, (¢,) = E(u) + Co. However, it will be important to consider
the functional € defined on all of £.(R%).

Next, assume that a < 2 (so that the domination principle (2.6) applies). Given a
weighted compact and non-polar set (S, ¢), consider the following functional defined on
c(9):

—F(s5,0) (1) 1= Epy 0 Ps(dp — u) — Epy (Ps(9))

Equivalently, this means, by the cocycle property in Prop 2.8, that, if choose the particular
canonical reference weight

Yo := Ps(9), (2.16)
(canonically attached to the weighted set (5, ¢)), then

Fis,)(w) = =&y, 0 Ps(d — u). (2.17)

This choice of reference 1)y ensures the normalization Fg,4)(0) = 0.
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Proposition 2.10. The functional F s 4) is convex and Gateaux differentiable on C(S)
and its differential at v is represented by the measure A (Pg(¢ — u)), i.e.

df'.(g,(p)(u + tv) B
S = [earse-w)
for any v € C(95).

Proof. This can be shown directly using the orthogonality relation (2.14) (as in the
complex geometric setting in [11], which covers the logarithmic case d = a = 2).
Alternatively, by Theorem 2.12 below F s 4) is the Legendre-Fenchel transform of the
strictly convex functional E,,,. Hence, by basic convex duality theory F s 4) is Gateaux
differentiable and the differential at v is the minimizer of E,,,_,, i.e. 4., which is equal
to APs(¢ — u), by Prop 2.6. O

2.6 Energy and Legendre transforms

In this section we assume that o < 2 or (so that the domination principle (2.6) applies)
and show that the functional F(s 4y can be viewed as a Legendre-Fenchel transform of
E,,.

We

Lemma 2.11. Assume that, on S, ¢ = 1, for a probability measure v on S (which
implies that the canonical reference weight vy := Ps¢ coincides with v,). Then, for
any pu € Ps(R?) such that E(u) < oo, the corresponding normalized energy functional is
given by

By, (1) = Epy(y) — /(% — tho) - (2.18)

Proof. First rewrite
1
Eyo (V) = 3 /(1/) —10) A(Y — o) + /(w —10) Ao

Next, note that, in general, if 1 and v have finite energy, then there exists a constant (1,
depending on v, such that

1

1
5 /(% - ¢V)A('l/)u - 'l/)u) = 5 /%A% - /"/}quV + Cl = _Eqﬁ(:u) + C'1

using the symmetry (2.2) in the first equality. This shows that formula (2.18) holds up
to an over all constant C5. But the rhs in the formula vanishes for ¢y = ¢, and so does
E,,(v), i.e. the minimum of £, (1) is realized for y = v, as follows from “completing
the square”. Hence, Cs; = 0, as desired. O

Before stating the next theorem we recall the general definition of the Legendre-
Fenchel transform. Let f be a function on a topological vector space V. The Legendre-
Fenchel transform ]?of f is defined as following convex lower semi-continuous function
fon the topological dual V*

f(w) := sup (v,w) — f(v) (2.19)

veV

in terms of the canonical pairing between V and V*. In the present setting we will
take V = C(S) and V* = M(S), the space of all continuous functions and the space of
all signed Borel measures, respectively, on a compact topological space S. Then the
Legendre-Fenchel transform is involutive [25]. Given a compact subset S of R¢ we will
denote by xp(s) the Isc functional on the space of all signed measures M(S) on S & R
which is equal to 0 on P(S) and equal to co on the complement of P(S) in M(S). The
definition is made so that the functional xp(s) + E(s,.,) on M(S) is equal to E(g,,,) if
w € P(S) and otherwise equal to co.
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Theorem 2.12. Let S be a compact subset of R* and ¢ a continuous function on S.
Consider the functional xp(s) + E.,, on the space M(S) of all signed measures on S. Its
Legendre-Fenchel transform is given by

—

xp(s) + Ew, = F(s,4); (2.20)

where f(S,¢) is the functional defined in formula (2.17). Conversely,

XP(s) + Buw, = F(s,¢) (2.21)

Moreover, for any ;i € P(S) such that E(p) < oo

Eoy (1) = Epso () — /(% — o) (2.22)

Proof. In order to prove (2.20) and (2.21) it is, since the Legendre-Fenchel transform is
involutive on M(S), enough to prove (2.20), or equivalently that, for any given u € C(.5),

inf (B, () + (. 1)) = Ersg(P5(6+ ). (2.23)

Setting ® = ¢ + v and using that the inf above is attained at y = A(Ps®) (by Prop 2.6)
gives

7;{13) (Eo() + (u, 1)) = Eg(A(Ps®)) + (P — ¢, A(Ps®)) .

Rewriting the first term in the rhs as
Ey(A(Ps®)) = Epy(A(Ps®)) + ((¢ — Ps¢), A(Ps®)),
yields

7;1?;) (B (1) + (u, 1)) = (Epss(A(Ps®)) = Ey((A(Ps))) + (@ — Psd, A(Ps®)) .

Using the orthogonality relation in Prop 2.6 reveals that Ey((A(Ps¢)) = Epys((A(Ps¢)).
Hence, by the previous lemma the first term in the rhs of the previous equation may be
expressed as

Epsg(A(Ps®)) = Epgy(P) — (2 — Psg), A(Ps®))
Since the second term in the latter equation cancels the second term in former equation
we thus get

7;1(15) (Ew¢ (N) + <ua :u'>) = 5P5¢(¢'),

which coincides the right hand side in formula (2.23).
To prove the final statement we proceed essentially as above. First observe that, by
definition,

Ey(1) = Eps(p) + (& = Pso, ) -

Hence, applying the previous lemma to the weight Ps¢, shows that there exists a
constant C' (only depending on ¢) such that

By, (1) = Epsg (V) — (Yp — Psg, ) + (¢ — Psp, ) + C =
= Epsp(Vp) — (Wu — 6, ) + C.

Now, evaluating the previous equality for u = A(Ps¢) and using that ¢, — Ps¢ is constant,
by Prop 2.6 (so that we can replace 1, with Ps¢ in the rhs of the previous equation,
using item 7 in Prop 2.8) gives

0=0—(Ps¢—¢,A(Ps9¢)) + C.

Finally, by the orthogonality relation in Prop 2.6, it follows that C' = 0, which concludes
the proof of the theorem. O
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2.7 Regularity

In this section we assume that o < 2. A weighted set (S, ¢) will be said to be regular
if Ps¢p < ¢ and a set S is said to be regular if (S, 0) is regular. A compact set K is said
to be locally regular if it is regular at any point z € K, i.e. if (Pxny0)(z) < 0 for any
open ball U centered at . In general, Ps¢ < ¢ always holds in the interior of S (see the
beginning of the proof of Lemma 2.15).

Lemma 2.13. A non-polar weighted compact set (S, ¢) is regular iff supg(Ps¢ — ¢p) =0
iff Ps¢ = llg¢ iff Ps¢ is continuous.

Proof. The first equivalence follows from the extremal definition of Ps¢, combined with
Lemma 2.5 and Prop 2.6. To prove the second equivalence we note that if (S, ¢) is
regular, then Ps¢ is a candidate for the sup defining IIg¢ and hence Ps¢ < IIg¢. Since
the reverse inequality always holds we conclude that Ps¢ = [I1g¢. Finally, let us show
(S, ¢) is regular iff Pg¢ is continuous. First assume that (.9, ¢) is regular. By the previous
step Ps¢p = IIg¢p. Now, Ps¢ is, by construction, usc. Hence, IIg¢ is continuous iff it is Isc.
Accordingly, to prove that IIg¢ is continuous it is enough to show the following claim:
the sup defining I15¢ can be taken over all continuous ¢ € L.(R%) satisfying ¢ < ¢. To
this end first note that there exists a sequence ¢; € L.(R?) N C(R?) such that ¢; — Ps¢
in L, and such that ¢;(z) — Psé(z) for any z (as follows from [42, Thm 1.11 or Thm
3.7]). Moreover, 1; may be taken to in £ & (R?) for some compact set K containing
S. Now, since (5, ¢) is regular Prop 3.6 gives that the functional ¢ — supg(¢) — @) is
continuous on Lk (RY). Hence, replacing v; with 1[)]- = 1; —supg(v; — ¢) and using
that supg(Ps¢ — ¢) = 0 we may as well assume that ¢); < ¢. But then the point-wise
convergence of 1; towards Ps¢ proves the claim. Hence, Ps¢ is continuous. Conversely,
if Ps¢ is continuous, then Ps¢ < ¢ g.e on S implies that Ps¢ < ¢ everywhere on S, which
means that (5, ¢) is regular. O

Lemma 2.14. Let K be a non-polar compact set K. Then (K, ¢) is regular for any
¢ € C(K) iff K is locally regular.

Proof. This is shown as in the complex setting [48, Prop 6.1]. First assume that K is
locally regular. Since ¢ is continuous we have that ¢ < ¢(x) + d(e) on an open ball B (z)
of radius e centered at x, where §(¢) — 0 as ¢ — 0. Hence,

Pr¢ < PgB.(2)® < Prrp.(2)(#(z) +6(€)) < Prnp, (2)0 + ¢(z) + (e).

Letting € — 0 thus gives (Px¢)(z) < ¢(x), showing that (K, ¢) is regular. Conversely,
assume that (K, ¢) is regular for all ¢ € C(K). Take a point z € X and an open ball
B centered at x. Define a function ¢ on K by setting ¢ = 0 on K N B and ¢ = Pxnp0
on K — B. The function ¢ is clearly usc and hence there exists a sequence ¢; € C(K)
decreasing to ¢. Now, if ¢ is candidate for the sup defining [Ix~50, then v» < 0 on
K N B and hence ¢ < IIgx~p0 everywhere. As a consequence, ¥ < ¢ on K, which, in
turn, implies ¢ < Px¢; < ¢; for any j, using in the last equality that (K, ¢;) is assumed
regular. Hence, taking the sup over all such ¢ and using that ¢; is continuous on K
gives Prgnp0 < ¢;. Finally, letting j — oo we conclude that Pxnp0 < 0 on K N B, as
desired. O

2.7.1 Compact domains

Now consider the case when K is a compact domain, i.e. K is the closure of an
open bounded set ). Following standard classical terminology {2 is said to be thin at
ro € OK := K —( if there exists some potential ¢, such that limsup, ., ¥, () < ¥, (x0),
assuming x € 2 (see the definition and discussion in [42, page 307]).
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Lemma 2.15. Let K be a compact domain, i.e. K is the closure of an open bounded set
Q. IfQ) is non-thin at all boundary points, then (K, ¢) is regular for any continuous ¢.

Proof. Set v := Pg¢. Then it follows from the continuity of ¢ that ¢ < ¢ in 2. Indeed,
by definition v is the upper semi-continuous regularization (Il ¢)* of the function IIx ¢,
which satisfies Ix¢ < ¢ on K. Thus, given z € {2 and using that any ball B.(z) centered
at x of sufficiently small radius ¢ is contained on {2, we deduce that

Y(x) = lim sup (IIx¢) < lim sup ¢ = ¢(x),
e—0 Be(w) e—0 Bg(ai)

since ¢ is continuous. Finally, given zy € K — 2, the assumption of non-thinness implies
that ¢(zo) < limsup,_,, ¥ (z) < ¢(z0) since z € Q and ¢ is continuous. O

The notion of thinness of a set F at a point zy can equivalently be formulated in terms
of Wiener’s capacity criterion (see [42, Thm 5.2] and [42, Thm 5.10]), which, in turn, is
equivalent to the following capacity criterion ([42, formula 5.1.7]): for a given number
q €]0,1],

0 C,, E(m)
Z¥<oo, Em) ::Eﬁ{xERd:|x—mo\<qm}, (2.24)
' qm( —a)
where C, denotes the capacity corresponding to « (recalled in Section 6.1 in the ap-
pendix). Here we have assumed that we are not in the logarithmic case d = o = 2, where
a similar capicity criterion applies (see [42, Thm 5.6]).

Example 2.16. In the three-dimensional Coulomb case, d = 3 and a = 2, algebraic
cusps are non-thin at the vertex, while Lebesgue cusps are thin at the vertex [42, page
287]. These cusp as defined for a given m > 0, by the surfaces of revolution in R? where
f<rm™andf < e M/ respectively (using planar polar coordinates). See also [37] for
more general results in the Coulomb case.

For general « €]0, 2] the capacity criterion above yields the following

Proposition 2.17. Let K be a compact domain in R? satisfying the interior cone
condition, i.e. for any point o € 0K there exists a cone contained in K with a vertex at
xo. Then K is locally regular.

Proof. By the previous lemma it is equivalent to show that (Px¢)(z) < ¢(x) for any
¢ € C(K)and z € K. Given zg € 0K denote by C,, a cone in K with vertex at xyo. Note
that it is enough to verify that interior of a cone C,, is non-thin at the vertex. Indeed,
since ¢ is continuous Pk ¢ < 0 in the interior of K and hence in the interior of C;,,. Taking
a sequence of points z; in the interior of C,, converging towards z( and exploiting that
Cy, is non-thin at xg it thus follows that Ps¢(zo) < limsup, ., Ps¢(x) < ¢(x0), using in
the last inequality that ¢ is continuous. Finally, to verify that the interior of a compact
cone C,, is non-thin at z( first observe that, since W, is translationally invariant, we
may as well assume that x( is the origin. But then E := C,, has the scaling property
that E(™ = ¢™ . EW_ It thus follows from the scaling properties of the kernel W,
that C,(E(™) = ¢™d=)C,(EM) and hence the capacity criterion (2.24) is trivially
satisfied (for notational simplicity we have assued that we are not in the logarithmic
case d = 2 = a, where essentially the same argument applies). O

2.8 Determining measures

The definition of (strongly) determining measures was given in Section 1.1. It may be
equivalently formulated as follows. A measure v on R? is said to be determining for a
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weighted set (S, ¢) if for all ¢ € £.(R?)

b—¢ _ ||o¥—¢
sup € = e ||L°C(S,1/)
s
A measure v is said to be determining for S if v is determining for (S,0) and strongly
determining if v is determining for (S, ¢) for all ¢ € C(S). Similarly we will say that v is
(strongly) determining if it is (strongly determining) for its support.

Proposition 2.18. If 1y does not charge polar subsets, has compact support Sy and is
(strongly) determining, then Sy is (locally) regular.

Proof. Since ¢4 := Ps ¢ < ¢ g.e. and py does not charge polar subsets it follows that
g < ¢ a.e. wrt uo. By assumption this means that ¢y < ¢ on Sy, i.e. (Sp, ¢) is regular,
as desired. O

Any compact weighted regular compact subset carries determining measures:

Proposition 2.19. Let (K, ¢) be a regular weighted compact set. Then the correspond-
ing equilibrium measure k) is determining for (K, ¢). As a consequence, if iy has
the property that ik 4) is absolutely continuous with respect to jg, then pg is also
determining for (K, ¢).

Proof. Assume that ¢ < ¢ a.e. Wrt (). Recall that, by Prop 2.6, ux ¢ = A(Pk¢)
and ¢ = Pg¢ a.e. wrt to A(Px¢). Hence, by the domination principle (2.6), ¢ <
Pk ¢ everywhere. Finally, since (K, ¢) is assumed regular it thus follows that v < ¢
everywhere, as desired.

This follows directly from the domination principle (2.6). O

2.8.1 Compact domains

We will next consider the special case when S; is a compact domain (i.e. Sy is the closure
of an open bounded set), using the following lemma:

Lemma 2.20. Lebesgue measure dx is strongly determining for any open subset U C R<.
In other words, the measure 1ydz is strongly determining.

Proof. Fix a smooth compactly supported function p such that pdz € P(R"™) and set
ps = 0"p(x/d). Now, if ¢, < ¢ a.e. on U, then, for any given compact subset K of U,
there exists a sequence ¢; — 0 such that ¢; := ¢, * pj-1 < ¢ +¢; on K. But 9 = Ppap _,
and hence, by (2.5),

$(x) < limsup(é(a) + ¢;) = 9(x)

j—o0

for any « € K and hence for any z € U. O

Note that in the Coulomb case, o = 2, the previous lemma follows directly from the
submean property of subharmonic functions.

Proposition 2.21. Let Sy be a compact domain, i.e. S, = ), where Q) is an open
bounded set. If 2 is non-thin at all boundary points, i.e. at all points in X — 2, then
Lo := lodx is strongly determining for Sy. In particular, if Sy satisfies the interior cone
condition (appearing in Prop 2.17), then 1qdx is strongly determining.

Proof. Assume that ¢, < ¢ a.e. wrt 1lodz. Then, by the previous lemma, v, < ¢ on Q.
Now take zg € Sy — §2. By the non-thinness assumption v, (zo) < limsup, _,, ¥, (z) for
any sequence of points z € ) converging towards . Since ¢ is continuous we deduce
that ¢, (zo) < ¢(x0), showing that pg := lodx is strongly determining. O
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In particular, 1gdz is strongly determining if {2 is a bounded Lipschitz domain. More-
over, as shown next, the Hausdorff measure on the boundary 0f2 of a bounded Lipschitz
domain is strongly determining for 9¢2, in the Coulomb case.

2.8.2 Lipschitz hypersurfaces

Theorem 2.22. Consider the Coulomb case a = 2. The (d — 1)-dimensional Haus-
dorff measure iy on a Lipschitz hypersurface K in R® without boundary is strongly
determining.

Proof. Denote by T be the closure of a bounded tubular neighborhood of K and decom-
pose it into two closed domains 7Ty intersecting along K :

r=1_|JT).

By assumption, the domains 7+ may be taken to be compact Lipschitz domains. Given a
potential ¥ in R¢ we fix a constant C such that ¢» < C on 7. Denote by f. the continuous
function on 97y which is equal to a given continuous function ¢ on K and equal to C on
OT. We denote by hi the harmonic extension of fi to Ty. The function hy is in C(Ty%),
as follows from the fact that 7% satisfies the interior cone condition (see 2.17). Now, by
assumption, ¢ < fy almost everywhere with respect to the Hausdorff measure o+ on
0T+ . But then it follows from [27] that

¥ < hy, in the interior of 7. (2.25)

Accepting, this for the moment and denoting by h the continuous function on 7" which is
equal to hye on Ty we get ¢ < hon 7. Hence, since 1 is subharmonic, for any x € K we
have )

YO S @ Sy
Letting § — 0 and using that 4 is continuous and equal to ¢(z) at = we conclude that
Y(x) < ¢(x), as desired.

Finally, we note that the inequality (2.25) is a standard consequence of the result in
[27], saying, in particular, that for a Lipschitz domain D the harmonic measure v, on 9D
is absolutely continuous wrt the (d — 1)-dimensional Hausdorff measure ¢ on 9D, for any
x € 0D. Indeed, by the standard maximum principle for subharmonic functions

YP(z) < /Vw (2.26)

if x is in the interior of D (this is immediate in the case when ¢ is continuous in a
neighborhood of D and then general case then follows writing ¢ as a decreasing limit
of such functions). Hence, applying (2.26) to D = T4 and using that ¢ < fi almost
everywhere with respect o4 gives

vla) < [vafe =he,
proving (2.25). O

Remark 2.23. The method of proof can be adapted to many other situations. Indeed, it
only requires the existence of a neighborhood 7" of K such that the harmonic measures
on the corresponding boundaries of 7%, are absolutely continuous wrt the corresponding
Hausdorff measures.
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3 Determining measures, Energy approximation and Gamma-
convergence

Given a probability measure py with compact support Sy and a continuous function ¢
on R¢ the corresponding free energy functional F, 3 at inverse temperature f3 €]0, o] is
defined by the following functional on P.(R9) :

Fosli) = Es(i) + 5Du00. Eolu)i= E) + [ o @3.1)

where D, denotes the entropy of y relative to p (also known as the Kullback-Leibler
Divergence), i.e.

Dy (1) ::/ log -y, (3.2)
R4 Ho
when p is absolutely continuous wrt to ;o and otherwise D, (1) := co. We define
Fy o := Ey. Note that
Fop > Eg,

since D,,, > 0. We also recall that the functional D,,, is lower semi-continuous (Isc) on
P(K), for any given compact subset K [25].

Similarly, when replacing the energy Ey; with its normalized version F,,, (2.10) we
will write

1
F, =F, -D =F,53— inf FEy,
#:8 ¢>(/’L) + 3 1o (N) .6 ’PI(I}S'O) ]

where Sy denotes the support of uyg. When ¢ = 0 we will simply use the notation
Fpg:=Fy 3 = Fop.

3.1 The Energy Approximation property vs Gamma-convergence of free ener-
gies
We recall the definition of Gamma-convergence, introduced by De Georgi (see the
book [21] for background on Gamma-convergence):

Definition 3.1. A family of functions Fs on a topological space M is said to Gamma-
converge to a function F on M, as f — oo, if

pg — pin M = liminfg_,oo Fa(pg) > F(1) 3.3)
V/J H/L,@ — uin/\/l : lin’llgﬁoo Fg(ﬂﬁ) = F(M)

A sequence (family) ps as in the last point above is called a recovery sequence (family)
for p. The limiting functional F, is automatically lower semi-continuous on M.

We first make the following simple observation:

Lemma 3.2. A measure yu satisfies the Energy Approximation Property (section 1.1) iff
the free energy Fg Gamma-converges towards the energy E on P(K).

Proof. First suppose that the Gamma-convergence holds. Given p € E(u) such that
E(p) < oo we take a recovery family pg, i.e.

E(p) > limsup Fg(ug).
B—o00
Since Fg > E this directly implies the inequality (1.1) and hence the Energy Approxima-
tion Property. To prove the converse first observe that, since E and D,,, are Isc on P(K)
it is enough to show that for any F(u) < oo there exists a recovery family, which, in
turn, is equivalent to finding a family ug such that (i) ug — pin P(K), (ii) E(ug) = E(u),
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and 37'D,,, (ug) — 0. Moreover, the latter condition may be replaced by the condition
that (i7i) D,,(pg) < co. Indeed, by relabeling the family ;13 we can then arrange that
D, (1s) < (1/2, say. Now, assuming that the energy approximation property holds, there
exists a family pg satisfying the conditions (¢) and (i¢) and such that ug = pgpo for some
ps € L' (o). For any positive integer j we set

HB.5 = max(p57j>MO//maX(pB7j)ﬂO € P(K)u

which satisfies D, (us,;) < co. Moreover, by the monotone convergence theorem,
E(pp,;) = E(pg) and pg; — pg, as j — oo. Hence, we can conclude using a standard
diagonal argument. O

Gamma-convergence is stable under addition by continuous functionals, as follows
directly from the definition. We will make use of the following criterion for Gamma-
convergence on P(K), formulated in terms of the Legendre-Fenchel transform (Defini-
tion (2.19)):

Proposition 3.3. Let F3 be a family of functions on the space P(K) of all probability
measures on a compact space K and extend F by infinity to all of M(K). Assume that

lim Fj(¢) =

Jim Fp(¢) = f(¢)
for any ¢ € C(X) and that f defines a Gateaux differentiable function on C(K). Then
Fs Gamma-converges to f on M(K) (the converse holds without any differentiability
assumption).

See [6] for the proof of the previous proposition. Unraveling definitions reveals that,
in the present setting, where Fj is the free energy functional we have

lim Fy(¢) = E(¢)

B—o0
iff

lim inf Fy3= inf E,

B—00 P(So) .8 P(So) ¢
Thus in order to establish the Energy Approximation property, or equivalently, the
Gamma-convergence of Fj towards E, it is equivalent to establish the asymptotics above
for the infima of Fy . for all continuous weights ¢.

Remark 3.4. Lemma 3.2 still holds if the entropy D,,, () is replaced by any lsc functional
D on P(K) with the property that D(x) < oo implies that x is absolutely continuous
with respect to s and such that D is finite on L (K)o (using the same proof). But
in the proof of Theorem 3.10 we will (implicitly) exploit that the Legendre-Fenchel
transform of 5*1DH0 has good monotonicity and convergence properties with respect to
3. Indeed, as is well-known, the Legendre-Fenchel transform of 5~'D,,, (extended by
oo to the space M(Sy) of all signed measures on Sy) is the functional on C(Sy) defined
by u +— B 11og [ e#" 119, which increases to supy u as 3 — oco. But the actual proof of
Theorem 3.10 does not explicitly invoke the Legendre-Fenchel transform, since we will
need to allow u to be non-continuous, namely of the form v — ¢, where ¢ is a potential.

3.2 Determining measures vs Gamma-convergence of the free energies

In this section we will assume that a < 2 (so that the domination principle (2.6)
applies).
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Lemma 3.5. Assume given o in P(R?%) not charging polar subsets and of compact
support Sy. Then, for any ¢ € C(R?) and B €]0, <[, the corresponding free energy
functional Fy, 3 on P(Sp) admits a unique minimizer 14 g. Moreover, j14 g = Aty g, where
Y¢.5 Is the unique solution in Eg, (RY) of the following equation:

Agp = P9 (3.4)
and we have
inf F,, 3= sup Gop= sup Gop=Gos(ss) (3.5)
iy Faep = Sup Gop = SUp Gop=Gasllop

where G, 5 is the following functional on Lg(R?), taking values in [—oc, ool:

Go,6(1) := Eyo (V) = L), Yo := Ps,(9) (3.6)

where
Ts(h) = 5’110g/eﬁ<“’*¢>uo (3.7)

(where we have suppressed the dependence on ¢ in the notation Zg).

Proof. Step 1: supg, (ra) Gp,5 = SUPgy (re) 99,8 = Gp,8(10s,5)

To simplify the notation we will write £,, = £. First observe that Zg(¢) > —oo
on L.(R%). Indeed, if Z5(1)) = —oc then po charges the polar set {1y = —oo}, which
contradicts the assumption on py. Now fix any compact set S containing Sy and consider
the functional G, 5 on Ls(R?). We note that Gs is usc. Indeed, by Prop 2.8 £ is usc
and so is —Zg, by Fatou’s lemma. Moreover, G, (¢ + ¢) = G, () and hence it follows
from the compactness in Prop 2.2 that Gz admits a maximizer 3. Since Zg(y)) > —oo
we have 95 € £5(R%). All that remains is to verify that 1 satisfies the equation (3.4)
(after perhaps shifting 13 by a constant). To this end fix a continuous bounded function
u, u € Cp(RY), and set

g(t) == E(Ps(vp + tu)) — Lp(Yp + tu).

The maximum of the function g is attained at ¢t = 0. Indeed, for any 1 € £5(R%) + C(Sp)
we have that Zg(Pst) < Zg(1)), using that Psy < ¢ gq.e. on S and hence a.e. with respect
to uo (since po does not charge polar subsets). As a consequence,

E(Ps(v)) —Is(¢) < E(Ps(¥)) — Ip (Ps(¥)) := Ga(Pst)

In particular, since Psy € £5(R%),

sup (E(Ps(¥)) —Zp(¥)) < sup Gy =Gy 5(¢s5)-
PeEEs(RE)+C(Sp) PeEs(RY)

Thus, restricting ¢ in the lhs above to be in 93 + Ru shows that the maximum of the
function g is, indeed, attained at ¢ = 0. Moreover, by Prop 2.10 ¢(t) is differentiable
and hence ¢'(0) = 0 shows, using that Pgy = ¢, that the equation (3.4) holds when
integrated against any u € C,(R?). Since a probability measure is uniquely determined
by its action on C,(R?) this conclude the proof of Step 1.

Step 2: inf rq(sy) Fuy,p = SUPgg (R9) Gs.5, where the infimum is realized precisely at
Aty

Since E,,, is convex and D, is strictly convex on the subset {D,, < oo} C P(Sp) (by
Jensen’s inequality) the functional F,, s has at most one minimizer. By the previous
step it will thus be enough to show that p4 5 := Aty s minimizes F,,, 5. But this follows
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directly from the fact that — (¢, —¢) is a subgradient for E4 and log(x/10) is a subgradient
for D, (by convexity). Finally, evaluating F,, s at 114 s and using formula (2.22) gives

Foy(te.8) = Epse(Ve,) — /(%ﬁ — Q)+ %/log ePWos=?) = Ep_y(1hs ).

Finally, since ¢#(¥4.6—¢) (= Aty g) is a probability measure we have that Zg(13,4) = 0 and
hence Epgy(¥e,3) = Go,5(14 ), which concludes the proof of Step 2.

Step 3: The solution 14 3 of equation (3.4) is uniquely determined.

By the previous step A(¢y ) is the unique minimizer of F,, 3 on P(S;). Hence,
14,4 is uniquely determined up to an additive constant. But, since, as explained in the
previous step, Zg(¢g,4) = 0 the constant in question vanishes. O

We next establish an approximate reversed Holder type inequality for measures g
not charging polar subsets. The result mimics the logarithmic case, which is covered by
the complex-geometric setting in [12, Thm 1.14] and shows that pg is determining iff ug
satisfies a potential-theoretic analog of the Bernstein-Markov inequality for polynomials:

Proposition 3.6. Assume that 1y has compact support Sy and does not charge polar
subsets. Then the following is equivalent for a given continuous function ¢ :

* o is determining for (Sy, ¢)

e For all ¢ > 0 there exist a constant C such that

sup eV < C/pee ||ew*¢HLp (3.8)
So

(So,k0)

for any ¢ € L (R?) and p > 0.

As a consequence, if K is compact and (K, ¢) is regular then the functional
L) = S;p(t/f —9)

is continuous on Ls(R?) for any given compact set S.

Proof. Given the general properties recalled in Section 2.1 and the compactness result
in Prop 2.2 the proof follows, more or less verbatim, from the proof of the corresponding
result in [12, Thm 1.14]. For completeness we provide the argument here.

Step 1: The functional L is usc on L (R™) for any compact set K.

This is shown exactly as in the case ¢ = 0 appearing in the proof of Step 2 in Prop 2.2.

Step 2: If ug does not charge polar sets, then the functional 7, (formula (3.7)) is
continuous on Lk (R™) for any p > 0.

If ¢; is a sequence of functions in £ (R™) converging in L} . towards ¢, then, by (2.8)
and (2.4)

(7) SLll(pwj < C, limsupy; =9 po —a.e

since jp does not charge polar sets. The continuity of the functional 7, now follows from
a Hilbert space argument using convex combinations of f; := e¥i~?, by repeating the
argument in the proof of [12, Thm 1.14] word by word.

Step 3:In general, 7, is increasing in p and

Jim Z,(4) = Loo(¥) = log|e* ™| i)

Indeed, this follows from Holder’s inequality and standard integration theory.
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Now, if pg does not charge polar sets, then, combining Step 2 and Step 3, reveals
that the functional £ is Isc. If o is moreover determining then £, = Lgs, and hence
L is also usc continuous by Step 1 and hence continuous. To conclude the proof of the
inequality (3.8) it will be enough to show that f,, := 7, — £, converges uniformly to 0 on
Ls,(RY). Since f,(1) + ¢) = f,(1) it is enough to prove this on the subspace of all mean-
normalized 1. But since the latter space if compact (Prop 2.2) the uniform convergence
in question follows from Step 3, using Dini’s lemma. Conversely, if the inequality (3.8)
holds, then letting p — oo gives L5, < L on Lg,(RY), i.e. pg is determining (since
trivially Lo < Lg,)-

Finally, the last statement in the proposition is obtained by taking pg to be the
equilibrium measure of (K, ¢) and using Prop 2.19. O

We note that for any measurable function v on a measure space (.5, po)

sup u = log [|e"|| oc (5,0 »

Mo
is called the essential sup of u on (5, up). Given a measure jo we now define the following
function on RY, taking values in ]0, oo] :

(e @)(2) := sup )W(I) : s:}p(w —¢) <0}, (3.9)

Ly (R

where Sy denotes the support of 1. Its upper semi-continuous regularization is denoted
by
Puo¢ = (M, 0)°

This definition should be compared with definition of Pg¢, in formula (2.12). However,
in general, P,,¢ can be different from Pg,¢, for the support Sy of py (unless g is
determining).

Remark 3.7. In the logarithmic case d = o = 2 the function P, ¢ coincides with the
minimal carrier Green function [55] when ¢ = 0. For a general ¢ it coincides with the
quasi-plurisubharmonic envelope on Kahler manifolds X introduced in [35] (specialized
to the case when X is the Riemann sphere).

Lemma 3.8. Let ;o be a measure on R which does not charge polar subsets and with
compact support Sy and ¢ a continuous function on R?. Then

Rto¢ € ESU (Rd)

and
sup(Pyu ¢ — ¢) =0
Ho
Proof. Stepl: 11,9 is locally bounded from above
Given a large ball B it is enough to show the existence of a constant C' such that

o(¢) = sgp(w —¢) — Sgp(zb —¢)<C.

By Step 1 in the proof of Prop 3.6 the first functional in the lhs above is usc on CSO(]Rd)
for any compact set B. Moreover, as explained in the proof of Prop 3.6 the second
functional is 1sc for any measure po not charging polar subsets. This means that the
functional 6(z) is usc on Lg,(R?) and satisfies §(¢) + ¢) = §(¢)) for any ¢ € R. By the
compactness of the subspace of Lg,(R¢) consisting of mean-normalized functions this
yields the existence of a constant C' as above.

Step 2: P,¢ € Es,(R?) and sup,, (Py,¢ — ¢) =0
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First we recall “Choquet’s lemma”: let {u, }oca be a family of real valued functions
on a metric separable space X (that we shall take to be R?). Suppose furthermore that
this family is locally bounded from above. Then there exists a countable subset B of A
such that

(Sup{uﬂ}BGB)* = (Sup{ua}QGA)*v

where sup{ug} denotes the function on R? defined as the point-wise sup. Thus, by
Choquet’s lemma, there exists a countable family of functions v;, which are candidates
for the sup defining P, ¢, satisfying

(sup{ei})" = (Pu¢)-

Recall that, in general, a Borel subset S C R¢ is called a po-carrier of a measure g
on R if u(S) = p(R?), i.e. if po(R* — S) = 0. Since sup,, (P, — 1) = 0 we have
that ¢; < ¢ on a pg-carrier S;. Denote by S the intersection of all S;. Then S is also a
to-carrier. Take a subset K, € S which is a union of increasing compact subsets of S
such that po(K,) = uo(S) (the existence of K, follows from the fact that a Borel measure
o is, in particular, interior regular). Since v; < ¢ on K, we have ¢; < Pk_¢. Moreover,
by Prop 2.6, Pk, ¢ € Ls,(R?) and Px,¢ < ¢ q.e. on the yuy-carrier K,. Hence, P,¢ <
Pr_¢ < P,¢, using in the last inequality that Pk ¢ < ¢ pp-almost everywhere, since p
does not charge polar sets. This shows that P,¢ € £s,(R%) and sup,,, (Puy® — ¢) < 0. But
then the extremal definition of 11, forces sup,,, (Py,¢ — ¢) = 0. O

We shall also need the following

Lemma 3.9. Suppose that K is compact and (K, ¢) is regular. Then

inf F,,= sup Gxg= sup Gk, (3.10)
P(K) YEL(RT) YEL K (RY)
where
Gr() :=E(W) — Sl}l(P(%b — ). (3.11)

Moreover, Pk ¢ is the unique maximizer of the functional G subject to the normalization
supy (¥ — ¢) = 0. Similarly, if uo has compact support and does not charge polar subsets,
then P, ¢ is the unique maximizer of the functional

Ko

subject to the normalization sup,, (¢ — ¢) = 0.

Proof. By Theorem 2.12 the lhs in formula (3.10) is given by £(Pk¢) which in turn
is given by Gx(Px¢), by the regularity assumption. Moreover, if ¥y € L.(R?) and
supg (¥ — @) = 0, then ¢ < Pk¢ (by the very definition of Px¢) and hence G (¢) <
Gx (Pk ), since & is increasing (Prop 2.8). Moreover, the uniqueness in question follows
from the fact that £ is strictly increasing. The corresponding results for G, (¢) are shown
in a similar way, now using that sup,,, (P, ¢ — ¢) = 0, by the previous lemma. O

We are now ready for the proof of the core analytic result of the present paper:

Theorem 3.10. Let ;o be a measure on R? which does not charge polar subsets and
assume that o has compact support Sy. Given a continuous function ¢ on R¢ the
following is equivalent:

(1) po is determining for (Sy, ¢)
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(2) (So, ¢) is regular and
lim inf F4g= inf E4 (3.13)
B—00 P(So) P(So)

(3) (So,¢) is regular and the minimizers py g of Fy g3 converge weakly towards the

minimizer y s, ) of E4 as 8 — oo (and then convergence in energy automatically
holds)

(4) (So,¢) is regular and the solution 3 , of the equation (3.4) converges towards
Ps,¢ in energy, as § — oo.

Proof. First note that since Fj; g coincides with F,, s up to an additive constant, which
is independent of §, it is equivalent to prove the theorem with Fj, g3 and Ey4 replaced by
F,, 5 and E,,, respectively.

Step 1: 1 implies 2 and 3 and 4.

By Lemma 3.5

inf F,,g= sup G
M(S0) »:8 Ea(RY) @8

and hence, by the previous lemma, the convergence (3.13) may be reformulated as

lim sup Gg= sup  Gg, (3.14)
B=00 Lg, (RY) PYELs, (RY)

Now, if uo is determining for (S, ¢p), then, by Prop 3.6, for any ¢ > 0 there exists a
constant C such that

S;lp(i/ﬁ—é)—c/ﬂ—eélﬁ(w) Ssgp(¢—¢)+0/ﬂ (3.15)

Since the functional £ is usc this immediately implies the convergence in item 2. More-
over, by compactness (Prop 2.2) we may, after perhaps passing to a subsequence,
assume that the maximizer vz o of G4 g converges towards a maximizer of Gg,. Hence,
by the previous lemma, 13 4 converges towards Ps,¢, which combined with (3.15) gives
E(1p,¢) — E(Ps,¢). This implies (Prop 2.8) that E,, (1s,6) = Eu,(APs,¢) = Eu(ii(sy,06)
and hence 2, 3 and 4 follow.

Step 2: 2 implies 1

First note that, since trivially, Zg < L, < Lg, we have that

liminf sup Gg> sup G > sup Gs, (3.16)
P00 L5, (RY) PYELs,y (RY) YELSs, (RT)

Combined with (3.14) this means that if item 2 holds, then the inequalities above must
be equalities and hence

sup Goo = sup Gg, (3.17)
Ls, (R) YELsy (RY)
But this implies that P, ¢ = Ps,¢. Indeed, by definition, we have P, ¢ > Ps,¢ and since
Ls,(Psy¢) = 0 = Lo (P,,¢) the equality (3.17) forces £(P,,¢) > E(Ps,¢). By the strict
monotonicity of £ this means that P, ¢ = Ps,¢. Since, by definition, P, ¢ and Ps,¢ are
defined as the upper semi-continuous regularizations of II,,, ¢ and Ils, ¢, respectively, it
thus follows that

HMOQI) S (HHU¢)* = (HSO¢)* S (b

using that (Sp, ¢) is assumed regular in the last equality. Hence, o is determining for

(S0, 0).

Step 3: The weak convergence in item 3 implies convergence in energy and items 4
and 2
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Assume that p 5 converges towards s, 4)- By compactness (Prop 2.2) this means
that there exist constants Cz such that

vg,6 +Cg — Ps,¢

in .1
inLj,.

Since L3 4(13,4) = 0 it follows that
lim Cp = lim L 4(Ps,¢) = Loo,s(Pso¢) = Lsg,6(Ps,0) =0
B—00 B—00

using in the next to last equality that Pg,¢ is continuous (by Lemma 2.13), since (Sp, ¢) is
assumed regular. Hence, 3, converges towards Ps,¢ in L}, . and the lower bound (3.16)
gives

liminf £(¢p,¢) = E(Ps, ).
B—o0
Since £ is usc this shows that, in fact,

E(Wp.p) = E(Psy). (3.18)

Hence, item 4 holds. Now, by Lemma 3.5,

B Dy (115.9) = / (.0 — Bus.o — / (Psyd— §)A(Psyd) = 0

using (3.18) in the convergence step and the orthogonality relation (2.14) in the last
equality. All in all this means the weak convergence in 3 implies the convergence in
energy of ug ¢, as well as the convergence of free energies in item 2. O

Finally, combining the previous theorem with Prop 3.3 (and the subsequent discus-
sion) and Lemma 3.2 we arrive at the following result, which contains, in particular,
Theorem 1.1 and Theorem 1.2 stated in the introduction, except the LDP statement
proved in Section 4.1.

Theorem 3.11. Let ;o be a measure on R¢ which does not charge polar subsets and
assume that the support Sy of ug is compact. Then the following is equivalent:

(1) The measure g is strongly determining

(2) So is locally regular and infps,) Fg s — infps,) Eg, as § — oo, for any given
¢ € C(So).

(3) Sy is locally regular and the functional Fjzg converges towards E, as  — oo, in the
sense of Gamma-convergence.

(4) Sy is locally regular and the measure p has the Energy Approximation Property.

(5) So is locally regular and for any given ¢ € C(Sy) the measures p, 3 converge weakly
towards fi(s,,¢), @s 8 — oo (and then convergence in energy automatically holds)

3.3 AQuasi-explicit approximations using finite energy weights ¢

In this section we provide a constructive procedure for obtaining the approximation
in Theorem 1.1. To this end we assume, as before, that o < 2 and consider generalized
weights

¢ € C(S) + Es(RY) — Es(R).

(for the construction in question it is enough to work with C(S) + £s(R%), but since it
requires not extra effort we will consider the more general setting). First recall that by
basic Hilbert space duality theory we have the following
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Lemma 3.12. Let S be a compact subspace of R?. Then a function ¢ is in £¢(R?) iff
| (¢, 1) | < oo for all measures u € P(S) satisfying E(u) < oo. Moreover, if ¢ € Es(RY),
then the functional (¢, -) is continuous wrt the weak topology on any sublevel set {E < C}
inP(S).

Now, given a generalized weight ¢ € C(5) + Es(R?) — Es(RY) we define the corre-
sponding weighted energy by

Eg(n) = E(p) + (¢, 1)

if E(u) < oo and otherwise Ey(u) := oo.

Lemma 3.13. Let S be a non-polar subset. Then the restriction of Ey to P(S) is Isc and
strictly convex.

Proof. This is shown using Hilbert space theory exactly as in the proof of [10, Thm 3.21]
(which concerns the case when d = o = 2). O

In particular, if S is a non-polar compact set, then £y admits a unique minimizer on
P(X) that we shall call denote, as before, by H(s,4)- Combining the previous two lemmas
yields the following generalization of the convergence in item 5 of Theorem 3.11 to
generalized weights ¢ :

Proposition 3.14. Let 1y be a measure in RY with compact support S, such that i
does not charge polar sets and i is determining and assume that

¢ S C(SO) + gSo (]Rd) - 550 (Rd)

Then the corresponding free energies Fj 4 converge, as 3 — oo, to I, in the sense of
Gamma-convergence. As a consequence, the minimizer ug ¢ of Fg 4 converges in energy
towards the weighted equilibrium measure (s, 4) 0f So.

Proof. Since D,, > 0 the lower bound in the Gamma-convergence follows directly from
the lower semi-continuity of Iy in the previous lemma. The reconstruction property then
follows from the reconstruction property in the case when ¢ = 0 using the continuity
statement in Lemma 3.12. That is to say that any reconstruction sequence for E(u) is
also a reconstruction sequence for E4 ().

We thus arrive at the following constructive version of the approximation in Theo-
rem 1.1: O

Theorem 3.15. Let ;o be a measure in R? with compact support Sy such that i, does
not charge polar sets and 11 is determining. Given p € P(Sy) such that E(u) < oo, let ug
be the minimizer of the free energy functional Fg ;, on P(Sy), i.e. Fg y, := Ey+37'D,,.
Then pp converges in energy towards p, as 3 — oo.

Proof. By definition p = A, and p minimizes E,, on P(Sy). Hence, the convergence
follows directly from the convergence in the previous proposition. O

This is a constructive approximation in the sense that there are quasi-explicit ways
of approximating the minimizer pg . of Fg ., for a given 9 € SSO(Rd). For example,
when ¢ € s, (R?) is assumed bounded on Sy it follows from Cor 4.9 below that the
measure uy g defined as the expectations E(dy) of the empirical measure of the Riesz
gas associated to the finite measure e %%y, converges in energy towards e

f(]Rd)N—l efﬂH(m,xg,...rN) (efﬁwluo)@Nfl

=By ()
&
gy €~ PH G (e 100) O

HN,,B = E((SN) =
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where H denotes the Hamiltonian of the Riesz gas. In the general case we can simply
replace 9 with max{y, —R} for a given parameter R > 0 and obtain E(ug) from the
double limit where first N — oo and then R — co. By a diagonal argument this yields a
sequence of measures uy g, , absolutely continuous with respect to p and converging
in energy towards a given measure u € P(Sy) of finite energy. This is a quasi-explicit
approximation in the sense that py g is given by a quotient of two integrals, whose
integrands are explicitly given.

3.4 The limit 3 — 0

Before turning to large deviations we note that in the opposite (infinite temperature)
limit 8 — 0 the minimizers ;g always converge towards the reference measure p.

Proposition 3.16. Let 1y be a measure on R? which does not charge polar subsets and
of compact support Sy and assume that ¢ € C(Sy). Then fFs 4 — D,, as 8 — 0 in the
sense of Gamma-convergence on P(Sy). In particular, the minimizer ug of Fz converges
weakly towards (.

Proof. First observe that, since D,,, < 8Fg := D, + 3E4 and D, is Isc, the lower bound
in the definition of Gamma-convergence is satisfied. All that remains is thus to show that
for any i € P(Sp) such that D, (1) < oo there exists a recovery family ;5. In the case
when F(u) < oo we can trivially take pug = p. Next, note that there exists a sequence
vj € P(Sp) such that E(v;) < oo and D, (v;) = D, (1) in P(Sp), as j — oo. Indeed
applying Lemma 3.5 to ¢ = 0 and a fixed 3, say S = 1, shows that there exists a measure
v of finite energy which is absolutely continuous wrt py :

v =ppo, p€ L' (no)

Hence, the truncated sequence v; := max(p,j)/ f v; has the required properties. Using
a truncation argument again and the monotone convergence theorem then shows that
any p such that D, (1) < oo has the property that there exists a sequence p; € P(So)
such that E(u;) < co and D, (p;) — Dy, (r). But then the recovery property for any u
follows by a simple diagonal argument. O

4 Large deviations

We start with the following general setup. Let X be a compact topological space and
W a symmetric proper lsc function on X x X called the pair interaction potential. Given
a probability measure pg with support X the corresponding Gibbs measures at inverse
temperature Sy €]0, 00| are defined as the following sequence of symmetric probability
measures on X :

1 —BNHM) QN
Hon = ZN,ﬁNe ke
where
(V) 1 1
HY) (2q,..xy) = N-12 E W (s, ;) 4.1)

i#]
and the normalization constant Zy g, is assumed to be non-zero (it is automatically
finite, since W is Isc and X is compact). We also assume that the following limit exists:

8= J\;gnoo BN E]O, OO]

Setting
E(M) = 5 2 WIU/®25
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the corresponding free energy functional Fjz on P(X) is defined as in formula (3.1) (with
¢ = 0). The empirical measure Jy (formula (1.4)) defines a P(X)-valued random variable
on (XN, u(ﬁN)) By definition, its law is the probability measure

T = (On)epy) (4.2)

on P(X).

We recall the general definition of a Large Deviation Principle (LDP) for a sequence
of measures [25], which is modeled on the classical Laplace steepest descent principle
for integrals:

Definition 4.1. Let Y be a compact Polish space, i.e. a compact complete separable
metric space.

(i) A function I : Y —] — 00, 00| is a rate function if it is lower semi-continuous and
infy I=0

(#i) A sequence I'y of measures on Y satisfies a large deviation principle with speed
ry and rate function I if

1
limsup — log'n(F) < — inf T
msup ——log N(F) Jnf, (1)

for any closed subset F of Y and

1
li f —logT > —inf I
iminf -~ log 'y (G) = — inf I(n)

for any open subset G of Y.

Fixing a metric on Y The LDP may also be equivalently expressed in terms of
I'n(B.()), where B.(u) denotes the closed ball of radius ¢ centered at u € Y. For
example, if 'y is the law of the empirical measure Jy of a random point process, then
the LDP is equivalent [25, Theorems 4.1.11, 4.1.18 ] to

e~V N—oo
=—1(n)

for some functional (1) (which, as a consequence, thus has to be lower semi-continuous).

Given W and po and a sequence [y as above we will say that the corresponding LDP
holds at inverse temperature £ if the Gibbs measures ug) are well-defined and the laws
I'x of the corresponding empirical measures on X satisfy a LDP.

lgr(l)l}\gglofalogIP ( 25“ € B( ) = hrr(l)hmsup—logIP ( Z(M € B( >

Theorem 4.2. Assume given a proper Isc pair interaction potential W and a measure
o with compact support X.

e When 3 €]0, oo| the corresponding LDP holds with speed SN iff the functional Fy is
proper Isc on P(Sy) iff there exists a measure of finite energy, which is absolutely
continuous wrt ug. Then the rate functional is given by Fg — infpx) Fjp.

e When 8 = oo the corresponding LDP holds with speed N3y if Fg is proper Isc for
all § €]0, o] and Gamma-continuous as § — co. The rate functional is then given
byE - infp(X) E.

Proof. This result is essentially contained in [29, 7, 32]. But for completeness we provide
some details. First observe that since X is compact Fj is proper Isc iff infp(g,) Fjg < oo.
Since E is bounded from below on P(S;), the latter condition immediately implies
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the existence of a measure p of finite energy and which is absolutely continuous wrt
to- Conversely, if such a measure p exists then writing © = ppo and setting v :=
max{1, p}uo/C, where C ensures that v € P(K) gives Fs(v) < co. Indeed, D, (v) < oo
and F(v) < oo, using that W is bounded from below on Sy x Sy.

Next, if infp(g,) Fj3 < oo then the LDP for 3 < oo essentially follows from the results
in [29, 7, 32] (the converse is trivial since the rate functional of an LDP is proper lsc).
For completeness let us recall the argument given in [7], which builds on the variational
approach introduced in [47] (see also [40, 23] for similar results). Fix a continuous
functional ® on P(Sy) and set HC(I)N) = HWN) + N64,®, Fs¢ := Fs + ® and

(N) 1] .— 1 —BnHY  @N
Fon @] '77N6N10g/€ NFe s

Using Bryc’s criterion for a LDP it is, as explained in [7], enough to prove that

lim FNV[@] = inf F 4.3
Ngnoo B [ ] Pl(lilgo) b ( )
Note if F is proper Isc, then so is Fg 3. The starting point of the proof of the asymp-
totics (4.3) is Gibbs variational principle (which follows from Jensen’s inequality):

N 1. N
FV@] = N inf < " HN uy + DM?N(MN)> (4.4)
It implies, using that W is Isc (to handle the energy term) and the sub-additivity of the
entropy (see [7]), the lower bound

limsup FXV[@] < inf F (4.6)
N—>oop P | ]7'P(5’0) P

it is shown by taking un = x®% in the rhs of formula (4.4), where 1 realizes the infimum

of the proper Isc functional F;3 ¢ using that

N[ HMEEN £ gTINTID an (W) = E(u) + 87 Dy(p),
XN
if E(u) < oo (by the Fubini-Tonelli theorem) together with the basic fact (5y)(u®Y) — 6,
weakly on P(X) to handle the term depending on ®.

Next consider the case when 5 = co. As pointed out above, in order to establish the
LDP in question, it is enough to show that the limit (4.3) also holds for § = co. To this
end first observe that the corresponding lower bound is easier since the entropy term
can be dropped. Moreover, to prove the corresponding upper bound fix 5 > 0 and note
that, by Holder’s inequality,

F@] < V(@)

for N sufficiently large. Hence, the upper bound (4.6) for 8 = oo is obtained by first
letting N — oo, then using the corresponding upper bound for § < oo and finally letting
B8 — oo and using the assumed Gamma-convergence of Fj towards F. O

Example 4.3. Even if W is assumed bounded, the LDP may hold at 8 = oo with a
rate functional which is different than £ — inf E. A simple such example is obtained by
taking X = [0, 1], uo = dx and W(z,y) := V(z) + V(y) where V is the proper Isc function
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defined by V(z) = 0 for « # 0 and V(0) = —1, say. Since V = 0 a.e. wrt dz we have that
HE;N) = dz®N . But if the LDP would hold with a rate functional E — inf E, then

1
lim ————logZy = inf E = inf Vu=inf V=-1,
NBy BN T eloay T T ploanJpy M 00

which contradicts Zy = f[m] dx = 1. This example also illustrates that the expectations
of the empirical measure éy (which here equals dz) may, in general, not converge to a
minimizer of F (which here equals dp). Also note that in this example, the measure d
does not have the Energy Approximation property (since E(dy) = —1, while E(u) = 0 if
w = pdzx). Similarly, F3 Gamma-converges to the constant functional 0. Moreover, in this
setting the measure dx is not determining, since setting % := 15, — 1 gives ¢y = —V and
hence ¢ = 0 a.e. dx, while ¢(0) > 0. Moreover, the Bernstein-Markov inequality fails in
this example (with ¢ = 0), as is seen by taking p = d.

Modifying the previous example we also have the following example involving the
Coulomb gas in the plane C subject to an exterior potential ¢, showing that the corre-
sponding LDP does not always hold at § = oo if ¢ is Isc, but not continuous.

Example 4.4. Set W(z,w) := —log |z — w|* 4+ ¢(z) + ¢(w) for a given function ¢ in C and
denote by H{;N) and I, the corresponding N-particle Hamiltonian and energy functional,
respectively. Consider the corresponding Gibbs measure at Sy = N, say, with pg given
by Lebesgue measure on a given compact subset X in C. Fix a continuous function ¢q
on X and ¢t > 0 and set ¢ := ¢(z) — txs:(2) in C, where y = 1 on the unit-circle S! and
x = 0 on the complement of S'. Assume to get a contradiction that

A —2 > — —BNH QN )
liminf N™*log Zn[¢] > pl?)lg)Eqs, Zn (¢ 2 / e 1o 4.7)

Now, since the measure v defined by the uniform measure on S' is a candidate for the
inf of Ey, the rhs in formula (4.7) is bounded from below by —Ey(v) — ¢o(r) + t and Ey(v)
is finite. But ¢ = ¢¢ a.e. wrt ug and hence Zy[¢p] = Zn[¢o], which implies that the
lhs in formula (4.7) is uniformly bounded from above by a finite constant Cy. Taking
t sufficiently large thus gives the desired contradiction. Finally, note that the same
example applies in the non-compact case where X = C if ¢o(2) > (1 +¢€)log(|1+ |2|?) - C
for some € > 0 and C > 0.

As we will show in Section 4.2 the Gamma-continuity assumption on Fj3 is not
necessary for the existence of a LDP at 3 = oo with rate functional Fj — inf Fg. On the
other hand, by the previous example it it is not enough to assume that F', is proper lsc.
In the case of the 2d Coulomb gas, this will be illustrated using the well-known notion of
Bernstein-Markov inequalities. This notion can be extended to a general pair interaction
potential W as follows (the case of the Riesz gas was introduced in [18]).

Definition 4.5. Given ¢ € C(X) we will say that a measure y satisfies the weighted
Bernstein-Markov inequality (wrt the pair interaction W) if for any € > 0 there exists a
constant C' > 0 such that for any p > 0

sup e?n? < C/pee ||ew“7¢||m( (4.8)
X

Sos10)

for all discrete measures y of the form y = N~} Zf\;l 0,, for some z; € X. We say that
1o satisfies the strong Bernstein-Markov property if it satisfies the weighted Bernstein-
Markov inequality for all ¢ € C(X).
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The following result shows, in particular, that the Bernstein-Markov inequality is a
sufficient condition for the LDP to hold at zero-temperature if F is proper Isc and strictly
convex (see [5, 16] for the logarithmic case and complex case and [18] for the case of
the Riesz gas).

Theorem 4.6. Assume that E is proper Isc on P(X).

e If ug has support X and satisfies the Bernstein-Markov inequality, then

— A}gnoo BN log Zn = 1nf) E 4.9)

and the following concentration property holds: any limit point T in P(P(X)) of the
law I'y of the empirical measure dy is supported in arginfpx) E. In particular, if
FE admits a unique minimizer u, then é 5 converges in law towards p.

e If up has the strong Bernstein-Markov property and F is strictly convex on P(X),
then the LDP holds at a speed Sy N and with rate functional E — infp(x) E.

Proof. Set ®(u) = (u, ¢) for a given ¢ € C(X) and assume that g satisfies the weighted
Bernstein-Markov-inequality for the weight ¢. Then,

limsup F5\ [®] < inf (E + @) (4.10)
N—oc0 P(X)

To see this, first observe that the function 1 on X obtained by freezing all but one
of arguments in H™)(zy, 29, ...,2x) is of the form ¢, for y a discrete measure of the
form appearing in the definition of the Bernstein-Markov-inequality. Hence, using the
weighted Bernstein-Markov-inequality NV times gives

hmsup}'( )[ ®] < limsup N~ 11an( )

N—oc0 N—oc0

The bound (4.10) now follows from the following fact, which holds for any ® € C(P(X)) :

lim N~ !inf H( ) — inf (E+9) (4.11)
N300 XN P(X)

This is essentially well-known and classical (a proof is provided below). Now, combining
the upper bound (4.10) with the corresponding lower bound (4.5) (which always holds)
gives

lim F$NV[@] = inf (E + @) (4.12)

N—oco PN P(X)

for all linear and continuous ®. In particular, specializing to ® = 0 proves (4.9). To prove
the concentration property in the first point we note that the lower bound (4.5) can be
refined to give

N—o0

/ ET < hmlnff [ ]
(X)

Combining this inequality with (4.12) (for ® = 0) and using that E is Isc gives the
concentration property in question.

Finally, if the Bernstein-Markov-property holds for all ¢, then the asymptotics (4.12)
hold for all linear bounded functionals ®. Hence, if E is strictly convex the LDP in
question follows from the Gartner-Ellis theorem (see [6, Lemma 4.7] for a convenient
reformulation of the Gartner-Ellis theorem).

Proof of the asymptotics (4.11):
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We follow the argument in the proof of Theorem 4.2. By (4.5) it is enough to prove
the corresponding upper bound. To this end fix 5 > 0 and note that, since, inf y~ HéN) is
trivially bounded from above by F éN) [®] the upper bound (4.6) gives, for a fixed 1 on X,

limsup N~ inf HYY) < inf (Ee +87'D

tmsup N7 inf Ao < Jnf) (Ba 457 D)
Thus, the upper bound in question is obtained by taking u( as the minimizer of Fg (using
that D, (o) = 0). We note that this proof of (4.11) is closely related to the proof of
the result in [7, Cor 1.6], saying that N-1HW) identified with a functional on P(X),
Gamma-converges towards F (which implies (4.11) and is, in fact, equivalent to (4.11)
for all ®). O

Remark 4.7. The proof of the first point is similar to the proof of the corresponding
result in [41], which is claimed without any assumptions on p (see the discussion in
Section 1.4). The main difference is that the Bernstein-Markov-property of p is used
here to justify the upper bound in [41, Lemma 4], which does not hold for a general
o (by Example 4.3) and which corresponds to (4.10) here. See also [18, Section 4] for
another approach based on the Bernstein-Markov-property.

4.1 The case of the Riesz gas

Let us now specialize to the case of the Riesz gas, i.e. the case when the pair interac-
tion potential W (z,y) is taken as the Riesz kernel W,, (section 2). The following result
contains, in particular, the LDP for the Coulomb gas (« = 2) appearing in Theorem 1.2
in the introduction.

Theorem 4.8. Assume that « €]0,d|. Given a measure o with compact support Sy, not
charging polar subsets, the following holds for the corresponding Riesz gas:

e For any 3 €]0, 00|, the LDP holds with speed N and rate functional F's —infp(x Fp.
e If @ < 2, then the LDP holds for  €]0, ] at a speed Sy N with a rate functional
which is continuous wrt Gamma-convergence iff g is strongly determining.

Proof. Combining Theorems 3.11, 4.2 we just have to verify that if ;i does not charge
polar subsets, then the assumption in the first point of Theorem 4.2 is satisfied. But this
follows from Lemma 3.5, by taking p = ug. O

Corollary 4.9. Assume that o €]0, d[ and let p be as in the previous theorem and denote
by nun,p the expectation of the empirical measure of the corresponding Riesz gas. In
other words, iy s is the push-forward to R¢ of the Gibbs measure defining the Riesz gas.
Then pn g converges in energy towards the minimizer 15 of the free energy functional
Fg.

Proof. The weak convergence of ;1 g towards g follows directly form the LDP in the
previous theorem. To prove that E(ung) — E(ug) it is, by basic integration theory,
enough to show that there exists a constant Cz such that

png < Caro (4.13)

To prove this inequality first observe that

HNG o {supeﬁw € Lg,(R): /eﬁw,uo = 1}

Ho So

using that H(z, z2, ...zn) is in Lg, (R) for any fixed (z2, ...,y ) and integrating over Sév_l.
By Prop 3.6 thus shows that, for any given ¢ > 0 there exists a constant C, such that
un,g < C.e“? iy which, in particular, implies the inequality (4.13). O
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Remark 4.10. It follows from the LDP above, when a < 2 (and its proof), that the
functional ]-"( 5,6) defined by formula (2.17) can be expressed in terms of the moment
generating function of the corresponding empirical measure:

. 1 N N o u(z;
F(So,0)(w) = 1\}51100 oy logE (e B iz ul ’)) (4.14)
In the complex-geometric setting in [5] (which covers in particular the case when
d = a = 2) the proof of the corresponding LDP goes the other way around: first the
analog of (4.14) is established and then the LDP is deduced from the Gartner-Ellis
theorem.

According to Theorem 4.6 the Bernstein-Markov-property of a measure pug is a
sufficient criterion for the LDP to hold at 5 = co. However, in general, the corresponding
rate functional is not Gamma-continuous up to § = oo, even if pug is assumed to be
absolutely continuous wrt dx. This will be exemplified in the following section.

4.2 The 2d Coulomb gas and orthogonal polynomials on the real line

Now consider the “logarithmic case” a = 2 = d, i.e. the Coulomb gas on a measure
Lo in R? that we shall identify with C. In this section we assume that the support Sy of
o is contained in R C C.

Lemma 4.11. Assume that uy has compact support Sy contained in R. Then it has the
Bernstein-Markov inequality iff it satisfies the weighted Bernstein-Markov inequality
for all weights ¢ (i.e. iff it has the strong Bernstein-Markov property). Similarly, ug is
determining iff it is strongly determining.

Proof. This is well-known, but for completeness we recall the argument. First assume
that the Bernstein-Markov inequality holds in the non-weighted case, ¢ = 0. Now take
a general continuous function ¢ on R. In a neighborhood of S; we can express —¢
as the uniform limit of log(|qx|?) for some polynomials g, on C of degree k (using the
Stone-Weierstrass theorem). The Bernstein-Markov inequality wrt ¢ then follows from
the non-weighted one by replacing p; in formula (1.11) with prqi. Similarly, if ug is
determining for (Sp, 0), then it is also determining for (S, ¢), as shown by replacing ¢ in
formula (1.2) with v + k=1 log(|qx|?). O

Combining Theorem 4.6 with Proposition 4.13 below now gives the following charac-
terization of measures pp on R such that the corresponding LDP holds at 7' =0:

Theorem 4.12. Let uy be a measure whose support is a compact regular subset Sy of
R and such that g does not charge polar subsets. Then the LDP for the corresponding
Coulomb gas at T' = 0 holds with rate functional E — inf E iff ;1 satisfies the Bernstein-
Markov-inequality. As a consequence, it is not enough to assume that F is proper Isc
(i.e. that Sy is non-polar) for the LDP to hold at T' = 0. More precisely, there exists a
measure o with support [—1, 1], which is absolutely continuous wrt dx and such that the
corresponding expectations IE(dy, ) do not converge towards the equilibrium measure of
[-1,1] when Sy = N —1 and N — oc.

Proof. To prove the “only if” direction we set 8y = N — 1 (and hence 8 = co) and note
that py = 2 in formula (1.10). This means that the corresponding Coulomb gas in C
defines a determinantal point process with correlation kernel Ky (z, w), where K}, is the
integral kernel of the orthogonal projection from L?(C, 1) onto the space Py (C) of all
polynomials py(z) on C of degree at most k := N —1:

Ky(z,w) =Y pj(2)p; (w), (4.15)
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for an orthonormal base p; in P;(C) (known as the Christoffel-Darboux kernel in the
literature on orthogonal polynomials and the Bergman kernel in the complex analysis
literature). In fact, this is the case for any measure o on C not charging polar subsets
(see, for example, [9]). Accordingly, it follows from general properties of determinantal
point processes that

B(on,) = g Kelo o) (4.16)
Now, if the LDP holds at 7' = 0 with rate functional F, then it follows, in particular, that
E(dy,) converges towards the equilibrium measure pg,. But combining formula (4.16)
with Prop 4.13 below then implies that p satisfies the Bernstein-Markov-inequality. For
the last statement it is enough to construct a measure o on R not charging polar subsets
and not satisfying the BM-inequality. The existence of such a measure is without doubt
well-known to experts, but for completeness a concrete such measure is constructed in
the appendix. O

The following proposition, used in the proof of the previous theorem, is an unpublished
result of Totik (thanks to Norman Levenberg for pointing this out).

Proposition 4.13. Let iy be a measure whose support is a compact regular subset Sy of
R and such that uo does not charge polar subsets. Denote by K}, the corresponding kernel
defined by formula (4.15). If %HKk(x, x) o converges weakly towards the equilibrium
measure ug,, then g satisfies the Bernstein-Markov inequality.

Proof. Let us explain how to deduce this from the results in [17] concerning measures j
with compact support Sy C R. We denote by p; the sequence of orthonormal polynomials
in L2 (o) associated to yg of degree k, by ~;, the positive non-vanishing leading coefficient
of py, i.e. pr. = vra® + O(2¥~1) and by v}, the empirical measure on the zeroes of p. The
proposition then follows directly from combining the following three results proved in
[55, Thm 3.2.3], [53, Thm 13.1] and [55, Cor 2.2.3], respectively:

(1) If Sy is regular, then p( satisfies the BM-inequality iff y is regular in the sense of
Saff-Totik i.e.

lim m~'log~y, = inf E
m— o0 So

(the lower bound holds for any 1)

(2) %HKk(z, x) o converges weakly towards p € P(S) iff v, converges weakly towards
1€ P(S)

(3) If Sp has non-zero capacity (i.e infg, F is finite) and v, converges weakly towards
the equilibrium measure pug,, then either pg is regular or there exists a polar Borel
subset C' C Sy such that u(C) = uo(So). O

The proof of the previous proposition relies on special properties of orthonormal
polynomials on subsets of real line, not shared by general orthonormal polynomials on
subsets of C. Accordingly, the equivalence in Theorem 4.12 is widely open in the general
logarithmic setting in C (as well as in higher dimensions). This being said, Theorem 1.2
can be viewed as a general variant of Theorem 4.12 where the property of being
Bernstein-Markov property is replaced by the stronger property of being determining
(and then the conclusion is also stronger). By Prop 3.6 this amounts to demanding that
the Bernstein-Markov inequality (4.8) holds for all potentials v,,.
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4.3 Proof of Cor 1.4

By Theorem 1.2 we just have to provide a measure o with support K C C, which is
absolutely continuous wrt Lebesgue measure (and, hence does not charge polar subsets)
with the BM-property, but which is not determining. When K = [—1, 1] such an example
has been constructed by Totik (reported in [17]) and as indicated in [17], the general
case is similar (for completeness a proof is provided in the appendix).

5 Relations to the Ehrenfest classification of phase transitions

5.1 The general setting

Let us start by recalling the classical Ehrenfest classification of phase transitions in a
general statistical mechanical setting, where the Hamiltonian H ™) in formula (4.1) is
replaced by a general measurable (not necessarily symmetric) function on (X7, H?N ).
The corresponding free energy at temperature Ty is defined by

T 1y

Fnoy = ——Nlog/ TN H W8,
N Xy

assuming that it is finite. By definition, there is a phase transition of order m at

temperature T €]0, oo] if, for any sequence Ty — T the limit

F(T):= lim Fyry, (5.1)
N—o00

exists and the derivatives of order j = 1, ..., m exist at T, but not the derivative of order
m + 1. It should be stressed that the notion of a phase transitions is often used in a
broader sense (as discussed in the case of the Coulomb case in [54]), but here we shall
be concerned only with the Ehrenfest classification.

We recall that phase transitions have been studied extensively in the setting of spin
models, such as the Ising and Potts models on graphs, where the space X is finite. For
example, on the complete graph with N nodes the (ferromagnetic) Potts model is defined
by the Hamiltonian H) of the form (4.1) with pair-interaction W (z,y) = —z - y and
space X = {1,2,..q} for a given integer ¢ > 2, endowed with the counting measure .
The case g = 2 is the Ising model on the complete graph (known as the Curie-Weiss model
for magnetism). As is well-known, there is a critical critical temperature T, €]0, oo such
that f(7) is smooth for T' > T, and a phase transition occurs at 7' = T, which is of order
two when ¢ = 2 and order one when ¢ > 3 [58]. Moreover, according to the “mean-field
philosophy” this implies phase transitions for the Ising and Potts model on Z?, when d is
sufficiently large [14].

However, by the following basic lemma, there are no zeroth-order phase transitions
when T > 0, i.e. no points where f is discontinuous:

Lemma 5.1. If the limit (5.1) exists for any T €]0, o[, then f is concave and increasing
on |0, oo[ and, in particular, continuous.

Proof. If the limits exists then we can take T = T for all T and observe that T' — Fy r
is concave and increasing (as follows, for example, from Gibbs variational principle (4.4)).
Since these properties are preserved by point-wise convergence the lemma follows. O

Moreover, the following lemma explains why zeroth-order phase transitions do not
appear, even at 7' = 0, in the spin models discussed above.

Lemma 5.2. For a Hamiltonian of the form (4.1), with lower semi-continuous pair
interaction potential W, there is no zeroth-order phase transition under the following
condition:

lim inf (E+TD,,) = inf E
T—0P(X) P(X)
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In particular, this is the case if the pair interaction potential W is continuous.

Proof. By (4.5) (for ® = 0)
inf E < f(0).
A E< f(0)
Since f(0) < f(T) letting T' — 0 it follows from the assumption that f is continuous
at T = 0, as desired. To prove the last statement note that, since D is Isc we have, in
general, that

lim inf (E+TD,,)= lim
T—0P(X) T—0

(E(ur) + TDuq () < liminf E(jiz)
T—0

But if F' is continuous, then it follows from the compactness of P(X) that the rhs above

is equal to the infimum of F. O

Finally, we make the following observation (which applies in particular to Riesz
interactions when p satisfies a Bernstein-Markov inequality):

Lemma 5.3. Assume that e 7" is continuous on XV and that there exists a sequence
en in R, tending to zero, such that

o1
Fnry < }?z\f; NH(N) +en
Then there is a zeroth-order phase transition at T = 0 iff

Jim, Jim i # i, fim P ©2)

Proof. By the continuity assumption limy_,g Fy 7 = inf x~ %H (M), Indeed, in general,
the LP(ug)-norms of a bounded function f on a compact set K converge, as p — oo,

to the essential sup ”fHLOC(K,uo) (compare Step 3 in the proof of Prop 3.6). In the

N . . o .
present case f = e H ' is continuous and hence the essential sup coincides with

the ordinary sup. Moreover, if the inequality in the lemma holds then necessarily
f(0) = limy_ oo infxn %H(N). Hence, the rhs in (5.2) is equal to f(0), while the lhs is
equal to limp_,o f(T). O

While there is an abundance of first and second order phase transitions in the
physics and mathematics literature, zeroth-order phase transition appear to be of a
rather pathological nature. Still, there has been some speculations on zeroth-order
phase transitions in the physics literature in the context of superfluidity (see [45]) and
black holes [36]. To the best of the authors knowledge there are, however, no previous
examples of zeroth-order phase transitions in the rigorous sense described above.

5.2 Phase transitions for the 2d Coulomb gas

Now consider the setting of the Coulomb gas in R? with a given exterior continuous
potential ¢ and fix a measure o on R? which has the Bernstein-Markov property. Then
the corresponding free energy f,(71') exists for all 7' € [0, c0[ (by Theorem 4.6). Any
measure [ as in Corollary 1.4 provides an example of such a measure, for which the
corresponding Coulomb gas has a zeroth-order phase transition.

We recall that phase transitions are also frequently studied as the strength of ¢ is

varied (in the standard case of spin systems ¢(z) := —x). This means that ¢ is replaced
by

én = ¢o + ho
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for a given parameter h € R and continuous functions ¢, and ¢. We then set

f(T,h) = f4,(T)

for (T, h) € [0,00[xR. Set T' = 0 and consider the function h — f(7,h). By Prop 2.10
there is no zeroth or first order phase transitions. A third order phase transition was
discovered by Gross-Witten in the context of lattice gauge theories and unitary random
matrices [34] (and used in [39] to study the expected length of the longest increasing
subsequence in a random permutation). This phase transition concerns the case when
po is the invariant measure on the unit-circle S' in C, ¢p = 0 and ¢(z) is half the real
part of 2, i.e. equal to cosf on S (the phase transition appears at h = 2). See [44] or a
general discussion about third-order phase transitions for 2d Coulomb gases. Here we
give simple examples of second order phase transitions on the unit-disc.

Proposition 5.4. Consider the Coulomb gas in R? and let uy be normalized Lebesgue
measure on the closed unit-disc K and ¢ a non-constant radial subharmonic function ¢
on a neighborhood of K. Set ¢, = h¢. Then the corresponding function h — f(0,h) is
differentiable at h = 0, but not two times differentiable.

Proof. In order to use standard complex analytic normalizations it will be convenient to
use a normalization where A := ;- (92 4 02). These normalizations ensure that A log |z|?
is the uniform probability measure on S'. First observe that without loss of generality
we may, by replacing ¢ by A¢ + B assume that [ A¢ < 1on K and ¢ =0 on K. By the
maximum principle it then follows that ¢ < 0 in K. Set v, := log |2|?> when |z| > 1. For
|z| <1 we set i, = h¢ when h > 0 and ¢, = 0 if h < 0 and make the following

Claim: ¢y, = Pk (h).

First observe that 1y, () is subharmonic. Indeed, writing 1y, (2) = ®(x) for z := log |2|?
the subharmonicity of v, is equivalent to the convexity of ®, which in turn follows from
noting that ®(z) = » when x > 0 and when z < 0 we have 92® > 0 and

0
0,®(0) = 020 :/ Ap <1
00 K

Moreover, this implies that, when h > 0,

Am:wer%K+mw,ui/Aazl—@®®>
K

where 55 denotes the uniform measure on the unit-circle 0 K. Moreover, when h < 0,

Ay, = 0ok

Hence, ¢, < h¢ on K and 1, = h¢ almost everywhere with respect to Ayy,. The claim
above thus follows from the domination principle. Now, by Prop 2.10 we have that

1) _
G = [oav= [ onu

using that ¢ = 0 on the boundary of the unit-disc K. By the previous discussion this
means that W vanishes identically when h < 0 and is equal to h times the non-

zero number lel <1 ¢A¢ when h > 0. Hence, W is not differentiable at h = 0, as
desired. O
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Remark 5.5. The second order phase transition above can be contributed to the fact
that the support of the weighted equilibrium measure pu; changes drastically at h =0 :
for h > 0 it contains a disc inside K, which disappears when h < 0.

In particular, if ¢ = |z|?, say, and if y is taken as the measure whose support is
the unit-disc, provided by Corollary 1.4, then the corresponding Coulomb gas exhibits
a rather peculiar phase diagram in the (T, h)-plane. Indeed, for any fixed h there is a
zeroth-order phase transition as T'— 07 and moreover, when 7' = 0 there is a second
order phase transition as h — 0. Let us also remark that, comparing with standard
physics terminology, the measure

i = Jim (6

(which minimizes the corresponding free energy functional) plays the role of an order
parameter for the phase transitions (which usually appears as a physical observable). By
Theorem 3.10, a zeroth-order phase transition at 7' = 0 is equivalent to the discontinuity
of T — pr,0, viewed as a curve in P(Sy). Equivalently, this means that there exists some
(smooth) exterior potential ¢ such that the corresponding free energy f(T, h) satisfies

. Of(T,0) , 9f(0,0)
T oh

+

6 Appendix

6.1 Capacities and determining measures

We start by recalling the notion of (non-weighted) capacity, mainly following [42].
Given a parameter a €]0,d] the corresponding capacity of a compact set K C R? is
defined by

Co(K):=1/ inf FE(u),

(K) /MGI;;(K) (1)

where F is the energy of n. The inner capacity of a general bounded set S C R? is
defined by

Ca(S)s = ;%%CQ(K)

where the sup ranges over all compact subsets K of S. Similarly, the outer capacity is
defined by
ey *:= inf @ 3
Cu(S) SHCIUC (U)

where the sup ranges over all bounded open sets U containing S. A bounded subset S is
said to be polar if C,(S)* = 0. This equivalently means that there exists a potential ¢
such that S € {¢p = —oo}. A subset S is said to be capacitable if C,(S5). = C,(S)*. Any
bounded Borel set S is capacitable. The set functional C, is invariant under translations
and satisfies Choquet’s capacity axioms on Borel sets:

* (monotonicity) If E C F' then C,(E) < Co(F).

e (inner continuity) If S; is a sequence of sets increasing to S and S = Ui S;, then
Coz(Si) - Ca(s>

e (outer continuity). If K; is a sequence of compact sets decreasing to the compact
set K, then C,(K;) — Co(K)

Moreover, C, is sub-additive: given a sequence of compact subset K

Call JK)) <D CalK)), (6.1)
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assuming in the case d = a = 2 that the diameter of K is at most one [49, Thm 5.1.4 a]
(then C,, is usually called the Wiener capacity).

Example 6.1. The capacity of a ball B, of radius r centered at z € R¢ is given by
Co(B,(z)) = A(d, a)ri=2 for an explicit constant A(d, ) [42], unless a = d = 2, in which
case C,(By(z)) = —1/logr. In particular, C,(B,(x)) decreases to 0(= Co({z}) asr — 0
(which is consistent, as it must with outer continuity).

Similarly, we define the weighted capacity C, (K, ¢) of a compact weighted set (K, ¢)
by replacing the energy E(u) with its weighted analog E4(u). Inner and outer weighted
capacities are then defined just as before. It follows from the previous case ¢ = 0 that
S+ Cu (S, ¢) satisfies Choquet’s axioms on bounded Borel sets, for any given continuous
function ¢ on R%.

Next recall that if u is supported on a compact set K, then a Borel subset C of K is
said to be a p-carrier if ;(C) = p(K).

Proposition 6.2. Assume that a < 2. Then p is determining for a regular compact
weighted set (K, ¢) iff for any u-carrier C of K which is the union of increasing compact
subsets of K,

Ca(C,0) = Ca(K, 9) (6.2)

Proof. Assume first that ;4 is determining and let C' be a p-carrier C, which is the
union of increasing compact subsets of K; of K. Since u is assumed determining we
have Po¢ = Pk ¢ and by the outer continuity of C we have C.(Kj, ¢) — Co(C, ¢). But,
by Prop 2.6 and its proof) Pk, ¢ decreases to Pc¢. As a consequence, Co(Kj,¢)7! =
E(A(Pk,9)) = E(A(Pc¢)) = E(A(Pk¢)) =: Co(K, ¢) L. Hence, (6.2) holds. Conversely,
assume that (6.2) holds for any carrier C as above. By Lemma 3.8 (and its proof) there
exists such a carrier C' with the property that Pc¢ = P,¢. Hence, by the previous
argument E(A(P,¢)) is equal to the infimum of E; on P(K). This means, by uniqueness
of minimizers, that A(P,¢) = A(Px¢) and hence there exists a constant ¢ such that
Pcé + ¢ = Pr¢. But, then it follows from Lemma 3.8 that ¢ = sup,(Px¢ — ¢) and
since Pk¢ is continuous (by Lemma 2.13) this means that ¢ = supx (Px¢ — ¢) = 0.
Hence, P,¢ = Pk ¢, which implies that x is determining for (K, ¢) (just as in the proof of
Theorem 3.10). O

Remark 6.3. The capacity criterion above goes back to Ullman in the case whend = o = 2
and ¢ = 0 (see [56, Thm 2]) and is usually called Ullman’s criterion in the theory of
orthogonal polynomials on the real line [55].

6.2 Explicit construction of the measures in Corollary 1.4 and Theorem 4.12

Following Totik’s example for K = [—1, 1] (reported in [17]) and the general discussion
in [17], the idea of the construction is to start with a sufficiently dense set of points
on K and then replacing them by balls of sufficiently small radius, ensuring that the
corresponding measure i is carried by a measure which has small capacity. Since it
requires no more effort we will consider the general setting in R¢ and the Riesz gas with
a < 2, using the general notion of Bernstein-Markov inequalities (definition 4.5).

Lemma 6.4. Let K be a compact domain in R? and fix o < 2. For any ¢ € C(K), there
exists a measure o with support K such that pg is absolutely continuous wrt dx and
satisfies the strong Bernstein-Markov property, but g is not determining for (K, ¢).

Proof. We will use the following sufficient criterion for a measure p whose support K

is assumed locally regular to have the strong Bernstein-Markov-property: there exists

EJP 26 (2021), paper 145. https://www.imstat.org/ejp
Page 44/49


https://doi.org/10.1214/21-EJP700
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Priors leading to well-behaved Coulomb, Riesz gases vs zeroth-order phase transitions

r0,a,C > 0 such that for any z € K and r € [0, r]
w(Bgr(2)) > Cr® (6.3)

(see [17] for the case d = o = 2 and [18] for the case of a general «). This will be
contrasted with the capacity criterion in Prop 6.2. Fix a positive integer k and consider
the “grid” K N (Zk~1)?. We let A}, be the finite set contained in the interior of K obtained
by removing from K N (Zk~')? all points with distance less than k! to K and denote
by v, the empirical measure on A;. Next take a sequence A\, with polynomial decay such
that 377 | A\, < oo, say A\, = k2, and set

V= Z )\ka (64)
k=1

Then, for k sufficiently large the mass criterion (6.3) is satisfied. Indeed, if k=1 < 10r
say, then (6.3) holds for p; with with a = d and a constant C' independent of k. Hence,

v(Br(2)) > > M =Crt Y ne = Ot (6.5)

k—1<10r k—1<10r

showing that v satisfies the mass criterion (6.3). Next, we will modify the construction
to get a measure i not charging polar subsets. To this end fix a sequence ¢; of positive
numbers such that ¢, < k~! and define y; as the measure obtained by replacing each
Dirac mass at a point x in the definition of v, by the normalized Lebesgue measure on a
ball or radius ¢, centered at x. Equivalently, this means that

Wy 1= / (Ts) v ds,
[s|<er

where T, denote the translation map z + z + s for a given s € RY. We then define y as in
the decomposition in (6.4). By translation invariance the same estimate (6.5) holds for
1 and hence p satisfies the strong Bernstein-Markov-inequality, according to the mass
criterion (6.3). Moreover, since puy is absolutely continuous wrt Lebesgue measure so is
u. Hence, p does not charge polar subsets and clearly has support K. Finally, we note
that if ¢;; is sufficiently small, then the capacity criterion (6.2) is not satisfied and hence
w is not determining for (K, ¢). Indeed, by construction, the set

C = Be (Ar)
k

is a carrier for u, where B, (A;) denotes an e;-neighborhood of Ag, i.e a disjoint union
of M;, balls in K of radius €, where M, ~ k?. After a harmless scaling we may as well
assume that the diameter of K is equal to one. Then, as recalled in the previous section,
C, is sub-additive and invariant under translations. Hence,

Ca(C) <> MyCa(Be,) <Y CkCa(Be,)
k k

where B,, the closed ball of radius ¢ centered at 0. Since € — C,(B.) strictly decreases
to 0 as € — 0 (see Example 6.1) this means that, given a continuous function ¢ on R4 and
a positive number § > 0 we can take ¢, sufficiently small to ensure that C,(C, ¢) < 6. In
particular, taking 6 = C, (K, ¢) the capacity criterion (6.2) is violated and hence v is not
determining for (K, ¢). O

A similar construction yields the following
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Lemma 6.5. There exists a measure g with support [0, 1] such that uo is absolutely
continuous wrt dx, but which does not satisfy the Bernstein-Markov-inequality.

Proof. We recall the following necessary condition for a measure pg on [0, 1] to satisfy
the Bernstein-Markov-inequality [55, Thm 4.2.8]: for any n > 0

lim C, ({z €[0,1] : u(B,(z)) > e*ﬂr“}) — . ([0,1)) (6.6)

r—00

Denote by £ an integer of the form k = 2™ for some positive integer m. We will show
that the necessary condition above is not satisfied for a measure of the form

W= Z)\kuk
k

as defined in the previous construction, if ¢, and )\, are both taken sufficiently small.
—2
More precisely, we will show that this happens if \; = e~ and ¢ satisfies

kCo(Bae,) < Ca([0,1])/2,

say. To see this fix > 0 and first note that for any = € [0, 1]

7 N | (Bo(a) < Cemm (6.7)

k:ep<r

Next, consider the set Ay defined as an ¢,-neighborhood of the support B, (Ax) of ug
(which contains the support of p; for j < k), i.e. Ay = Ba, (Ay). The definition is made so
that, if r < €, then the r-neighborhood of ([0, 1] — Ax) does not intersect B, (Aj). Hence,

z € ([0,1] - Ay) = ( > /\k-uk) (Br(z)) =0,

k:ep>r

which, combined with (6.7), means that the inequality in condition (6.6) fails when
€ [0,1] — Ag. But if ¢ is sufficiently small, then we get, by the sub-additive of the
capacity (just as in the previous construction) that

Ca (Ak) < Ca([ov 1])/2

say, for all k. Hence the capacity condition (6.2) is violated, showing that x does not
satisfy the Bernstein-Markov-inequality. O
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