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SYNCHRONICITY FOR QUANTUM NON-LOCAL GAMES

1.

MICHAEL BRANNAN, SAMUEL J. HARRIS, IVAN G. TODOROV,
AND LYUDMILA TUROWSKA

ABSTRACT. We introduce concurrent quantum non-local games, quan-
tum output mirror games and concurrent classical-to-quantum non-local
games, as quantum versions of synchronous non-local games, and pro-
vide tracial characterisations of their perfect strategies belonging to var-
ious correlation classes. We define *-algebras and C*-algebras of con-
current classical-to-quantum and concurrent quantum non-local games,
and algebraic versions of the orthogonal rank of a graph. We show that
quantum homomorphisms of quantum graphs can be viewed as entangle-
ment assisted classical homomorphisms of the graphs, and give descrip-
tions of the perfect quantum commuting and the perfect approximately
quantum strategies for the quantum graph homomorphism game. We
specialise the latter results to the case where the inputs of the game are
based on a classical graph.
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1. INTRODUCTION

Over the past decade, the theory of non-local games has undergone a
flurry of development and is now a fundamental branch of modern quan-
tum information theory, with deep applications to many areas of mathe-
matics, physics, and computer science, including operator algebras, non-
commutative geometry, quantum non-locality, entanglement, and quantum
complexity theory. Mathematically, a (two-player) non-local game con-
sists of a tuple G = (X,Y, A, B,\), where X,Y, A, B are finite sets, and
A: X XY xAx B — {0,1} is a function. The game is played coop-
eratively by two spatially separated non-communicating players, Alice and
Bob, against a referee. During each round of the game, the referee samples
a pair of “questions” (z,y) € X x Y, and sends question x to Alice, and
quesiton y to Bob. Alice is then required to supply an “answer” a € A, and
Bob — an answer b € B, to the referee. Alice and Bob win the round of the
game if and only if the rule function A\ evaluates to 1 on this question-answer
combination, that is, if the condition A(z,y,a,b) = 1 is satisfied.

The fact that the players Alice and Bob are not allowed to communicate
during play makes it difficult to win each round of a non-local game with
high probability. On the other hand, it is precisely this nature of non-local
games that makes them interesting as both theoretical and practical tools in
quantum information. The idea here is that, in certain scenarios, Alice and
Bob can utilise the phenomenon of quantum entanglement to help correlate
their answers in a much stronger way than what the resources of classical
physics allow.

A prototypical example of a non-local game is the graph homomorphism
game: Given a pair of finite simple graphs G and H with vertex sets V(G),
V(H) and edge sets F(G), E(H), respectively, the (G, H)-homomorphism
game is the non-local game G with X =Y = V(G), A = B = V(H) and
Mz, y,a,b) = 0 if either (i) x =y and a # bor (ii) (x,y) € E(G) and (a,b) ¢
E(H). Clearly the graph homomorphism game captures, in the operational
language of non-local games, the notion of a graph homomorphism G — H:
Any winning strategy for this game would serve to convince an observer that
there exists such a graph homomorphism G — H.

Graph homomorphism games form an interesting class of non-local games
for several reasons. First, they give rise to quantum analogues of graph
parameters, including quantum chromatic numbers and quantum indepen-
dence numbers [I8] 24]. These parameters can be genuinely different than
the corresponding classical versions, thus providing new manifestations of
the fundamental Bell Theorem. Second, they provide some of the simplest
examples of pseudo-telepathy games — ones which can be perfectly won only
with the help of quantum entanglement as a resource [I8, 11, 24]. Third,
and perhaps most importantly, graph homomorphism games belong to the

particularly important class of synchronous non-local games introduced in
[24] (see also [12]). Recall that a non-local game G = (X,Y, A, B,\) is
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called sychronous if X =Y, A = B, and A(x,z,a,b) =0 for all z € X and
a # b € A. This means that in order for Alice and Bob to win a round of G,
they must “sychronise” their answers whenever they both receive the same
question from the referee. This seemingly innocuous constraint on a game
G turns out to have very interesting quantum information theoretic and op-
erator algebraic consequences. For example, the problem of finding perfect
quantum strategies for a synchronous game G amounts to finding tracial
states on a certain game x-algebra A(G) associated to G [12]. The algebras
A(G) play the role of a non-commutative analogue of the algebras of coor-
dinate functions on spaces of perfect deterministic (classical) strategies for
G, and are therefore of significant interest from several perspectives in non-
commutative geometry, quantum groups [28] 4], and von Neumann algebra
theory [I3]. It follows from the breakthrough work [I3] that there exists a
synchronous non-local game G whose game *-algebra 4(G) admits a tracial
state 7 for which the generated von Neumann algebra M = 7. (A(G))” fails
to embed into an ultraproduct of the hyperfinite II;-factor — yielding a(n al-
beit non-constructive) counter-example to the Connes Embedding Problem
in operator algebras and to the equivalent [14] strong Tsirelson Problem in
quantum physics.

The purpose of the present paper is to introduce and study generali-
sations of synchronous non-local games within the framework of quantum
non-local games — non-local games where the questions and answers are al-
lowed to be quantum states, or possibly mixtures of classical and quantum
states. In this paper, we use the language of quantum no-signalling (QNS)
correlations and quantum non-local games recently introduced by two of
the present authors [30]. Classically, in the course of a non-local game
G = (X,Y, A B,)\), Alice and Bob’s behaviour is described by a family
p = (p(a,b0|z,Y))(ape,y)caxBx xxy ©Of conditional probability distributions,
which can, in a canonical way, be viewed as a noisy information channel
N : X xY — A x B with well-defined marginal channels. In the quantum
setting, one replaces the classical state spaces X,Y, A, B by their quantum
analogues (i.e. the Hilbert spaces cxl vl etc.), and the classical channel
N : X xY — Ax B by a quantum channel T : Mx @ My — Mj ® Mg,
where, for any finite set Z, we have let Mz = B(Cl?l) be the matrix al-
gebra of linear maps on C/4l. In this framework, the rule function A\ can
be generalized by replacing it with a zero-preserving, join-preserving map-
ping ¢ from the projection lattice on Pxy in Mx ® My to the projection
lattice Pap in M4 ® Mp. A winning strategy for a quantum non-local
game ¢ : Pxy — Pap is then given by a QNS correlation I' satisfying the
trace-orthogonality relation

(L(P),¢(P)1) =0,  PePxy;

the latter condition constrains the supports of the output states of I accord-
ing to the supports of its input states (see Section B1] for further motivation
and details).
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We note that non-local games with quantum inputs and/or outputs have
been previously studied in [7] and [27]. The strategies used in the latter
papers are the elements from the quantum QNS correlation class. Since
our main interest lies in the characterisation of the perfect strategies of a
game and their applications, we have adopted the present approach, where
we only specify the rules of the non-local game, without fixing a probability
distribution on the questions (or a quantum version thereof).

One of our main achievements in the present work is the introduction of
quantum analogues of synchronous non-local games (called herein concur-
rent quantum games), as well as classical input-quantum output versions of
the mirror games introduced in [I7]. Classically, synchronous games form
a special class of mirror games, and both of these classes of games have
the remarkable property that “Alice’s quantum behaviour completely de-
termine Bob’s quantum behaviour” when considering perfect strategies for
the games; moreover, such perfect strategies can always be described in
terms of correlations coming from tracial states on a particular game al-
gebra. We show that such a paradigm persists in the quantum case by
associating *-algebras and C*-algebras to concurrent quantum and to con-
current classical-to-quantum games. Our main results in this direction (cf.
Theorem [B.2] Corollary B.7, Theorem [4.1], Corollary [4.4]) provide an oper-
ational interpretation of the tracial QNS correlations introduced in [30] in
terms of perfect strategies of concurrent and quantum mirror games, and
their associated game algebras.

One of our long-term motivations for the present work is to develop
tools that may eventually be useful for gaining a better understanding of
the work [13], which, as mentioned above, implicitly constructs a game G,
whose game algebra is a witness to the failure of the Connes Embedding
Problem. At present, the game constructed in [I3] is not well understood,
and involves very large input/output sets. There is some hope that quan-
tum non-local games may provide additional flexibility in the construction
of game algebras with pathological operator algebraic properties. A par-
ticularly interesting and tractable source of examples in this more general
framework are the quantum graph homomorphism games. Quantum graphs
have achieved a lot of attention in recent years, as objects that arise in a
variety of areas (e.g. zero-error quantum information theory, quantum error
correction, quantum groups, quantum teleportation schemes, and subfactor
theory) [3 4 21}, 29, 33]. In Section Bl we study the quantum graph homo-
morphism game in detail, extending previous work of the authors [l [30] in
the classical-quantum hybrid setting, and also making connections with the
work of Stahlke [29] and the algebraic work of Musto-Reutter-Verdon [21]
on quantum graph homomorphisms.

The paper is organised as follows. Section [2] introduces some necessary
notation and background that will be used throughout the paper. Section
recalls the notions related to QNS correlations and their various subclasses
(quantum commuting, approximately quantum, quantum, local), examines
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in detail the case of classical to quantum non-local games, introducing the
aforementioned semi-quantised mirror games and concurrent games, and
studies them as operational realisations of tracial QNS correlations. In Sec-
tion @ we consider the fully quantum concurrent games, proving tracial
characterisations of perfect strategies of these games. Finally, in Section [,
we focus on the quantum graph homomorphism game, and describe connec-
tions with the prior work of Stahlke [29] on entanglement assisted quantum
graph homomorphisms, as well as with our prior works [5, [30]. We show
that the perfect quantum strategies of the quantum graph homomorphism
game can, in a rigorous sense, be thought of as entanglement assisted per-
fect classical strategies for this game, and extract characterisations of the
corresponding quantum commuting and approximately quantum strategies
in terms of natural inclusion relations relating the two quantum graphs.
Our results are further specialised in the case where the inputs are based
on a classical graph, leading to separation results on the algebraic and C*-
algebraic versions of the orthogonal rank of a graph (cf. Propositions

and B.I7)).

Acknowledgements. It is our pleasure to thank Marius Junge, Carlos
Palazuelos and David Pérez-Garcia for fruitful discussions on the topic of
this paper. M.B. was partially supported by NSF grant DMS-2000331. S.H.
was partially supported by an NSERC Postdoctoral Fellowship. I.T. was
partially supported by the Simons Foundation (grant number 708084).

Note on related work. After the first draft of this paper was completed,
we learnt from Piotr Soltan that characterisations of concurrent correlations
from the quantum commuting class, closely related to the ones described in
Subsection 1], were independently obtained by Bochniak-Kasprzak-Soltan
in the recently posted preprint [2]; more specifically, [2, Theorem 6.6] gen-
eralises the first statement within Theorem F.] in the present paper.

2. PRELIMINARY NOTIONS AND RESULTS

For a finite set X, let Mx be the algebra of all complex matrices indexed
by X x X; we identify Mx with the algebra of all linear transformations on
the Hilbert space CX := @,exC. If T € My, we write T* for the transpose
matrix, and set T = (T*)'. We let Dy be the subalgebra of My of all
diagonal matrices, and Ax : Mx — Dx be the conditional expectation. We
write Mxy = Mx ® My, Pxy for the projection lattice of Mxy, and PS%Y
for the projection lattice of Dxy. We let £n* be the rank one operator given
by &n*(¢) = (¢, n)€, and (e;)zex be the canonical orthonormal basis of CX.

For a Hilbert space H and vectors ,n € H, we write £ L n if ({,n) = 0.
Let HY be the dual (Banach) space of H and d : H — H% be the map, given
by d(&)(n) = (n,€); we write €4 = d(£). Note that (\)d = A¢d, X € C,
and that, if 7' € £(H), then the dual operator T4 : HY — HY satisfies the
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relation
(1) T = (T*¢)Y, T e L(H).

Let w € Mx. Writing f, for the functional on My given by f,(p) =
Tr(pw'), we have that the map w — f,, is a complete order isomorphism
from My onto the dual operator system M¢ (see e.g. [26, Theorem 6.2]).
On the other hand, the map wd — w' is a *-isomorphism from £ ((C*)9)
onto Mx. The composition of these maps, wd +— f,, is thus a complete
order isomorphism from £ (((CX )d) onto MS}. In the sequel, we identify

these two spaces; note that, via this identification,
(2) <p’wd> = <p7 wt> = Tr(pw), p,w € Mx.

If P € Mx is a projection, we write P, for the projection in M)d< on the

annihilator in ((CX )d of the range of P.
Write €, .+ = ege}, for the matrix unit in My, corresponding to the pair
(x,2) of indices. Set

1
Jx = ’X‘ E €z, & €273
z,x'e€X

itmy = ﬁ >y €z ® ey is the mazimally entangled unit vector in CX @

CX, then Jx =m xm% is its corresponding rank one projection. Set also

JCI = § €x.a D €,
reX

and note that Axx(Jx) = Wl‘Jgg Heuristically, J§ is the (normalised) part
of Jx that can be seen by a classical observer.

Recall [30] that a quantum non-local game is a join-preserving map ¢ :
Pxy — Pap with ¢(0) = 0, while a classical-to-quantum (cq) non-local
game is a join-preserving map ¢ : PS}Y — Pap with ¢(0) = 0. Similarly,
a classical non-local game is a join-preserving and zero-preserving map ¢ :
Py — PYp.

Recall also that a non-local game on the quadruple (X,Y, A, B) is a func-
tion A : X xY x A x B — {0,1}. In [30], we associated to such A the
classical non-local game @) : P%Y — 731‘2113 given by

2\ < Z €x.x & 6y,y) = Z {ea,a ® €bb - = (.Z',y) € K s.t. )\(x,y,a, b) = 1}7

T,YER

after recalling that projections in PS%Y correspond to subsets kK C X x Y.
A non-local game (X,Y, A, B, \) is called

e a mirror game [17] if there exist functions f : X - Y andg:Y — X
such that for every z € X (resp. y € Y) the set

{(a,b) € Ax B: Az, f(z),a,b) =1}
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(resp.
{(av b) €EAXB: )‘(g(y)yyya7 b) = 1})
is the graph of a bijection, and
e a synchronous game [24] (see also [12]) if X =Y, A= B and

a,be Aja#b = Nx,z,a,b) =0.
Mirror games include the subclass of unique games (that is, games for which
the set {(a,b) € Ax B : A(z,y,a,b) = 1} is the graph of a bijection for every
(r,y) € X x Y [31]); in particular, they form a class, strictly larger than
that of synchronous games.

Set B = A and recall the standard (linear) identification of matrices in
M 4 with vectors in C4 @ CB , which associates to the matrix unit €, the
vector e, ® ¢ (see e.g. [32, Section 1.1.2]). Write (7 € CA @ CP for the
vector corresponding to T' € M 4 and set (7 = HE—T”; we have that (7, = m4.

T

We note the relations [32, Section 1.1.1]
(3) (R®S)C~T = gRTS% R, S7T € My.

If  : A — B is a bijection, let Py = > c4¢€ua @ €a(a),a(a); clearly,
P, € PYp.
Remark 2.1. A non-local game X\ is
(i) synchronous if and only if ox(J$) < JS;
(i1) mirror if and only if there exist functions f: X —Y,g:Y - X
and bijections o, By : A — B, x € X, y €Y, such that

Px (€r.0 ® €4(a).f(a)) = Paw and 91 (€(y).900) @ €y) = g1, 2 € X,y €Y.
Proof. (i) If A is synchronous then, clearly,
o (€x0 @ €zz) < Jg for all x € X;

taking the span over all z, we get gp,\(JS}) < Jg. Conversely, the condition
oA (J¢) < J¢ implies in particular ¢y (e, ® €;.4) < J¢, which is equivalent
to A(z, z,a,b) = 0 whenever a # b. Claim (ii) is equally straightforward. O

Remark 2] motivates the following versions of mirror and synchronous
games, where the inputs are still classical, while the outputs are allowed to be
quantum. We assume that |A| = |B| but continue to use different symbols to
denote the sets A and B for clarity. If w € My, let L, : Mag — Mp be the
slice map, given by L, (S®T) = (S,w)T and write Try = L, for the partial
trace; the slice map L, : Map — My, for p € Mp, and the partial trace
Trp, are defined similarly. Call a rank one projection P € Map bijective if

(4) e,f €CAe L f = Leer(P) L Ls(P)

(note that the orthogonality is understood in terms of the trace in Mp).
Bijective projections can be thought of as quantum versions of bijections; in
fact, if & : A — B is a bijection then P = P, satisfies ({]) when e and f are
taken to be elements of the standard basis.
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Lemma 2.2. A rank one projection P € Map is bijective if and only if
P = (uy(;; for some unitary operator U € M.

Proof. Let P = (¢* for some ¢ € CA, and U € My be an operator with
¢(="(u. Let e =3 c4 Aata € C* and write @ = >, 4 Aaea. Set 7= [|Cu.
We have

(Lees(CCT) eath) = (CC €™ @ eqeyy) = Tr ((CC7)(ee” @ eqey)")
= Tr((¢C")(ee)" @ (eaey)') = Tr((CC)(Ee") © (evey))
= Tr((¢(¢")(e@ep)(E®@eq)") = (€@ ep, ()(C, 8@ ea)
= 772 A(Ueqrec) > Aa(Uey, eq)

cEA deA

= 17X Ue,, ) (Uey,€) = 1 (eq, U')(U*E, ep)
= r2((U*e)(U*e) eq, &) = r 2 ((U*e)(U*e)*, epe’)
= 2 <(W)(U—*E)*, eae§> =2 <(Ute)(Ute)*, eaez> :

thus, Lees (CC*) = r~2(Ute)(Ute)*. It follows that P is bijective if and only
if U' is a multiple of a unitary operator, that is, if and only if U is unitary
for some p € C. Clearly, P = CMUCZU' O

A projection P € My of rank r will be called bijective if there exist
partial isometries U;, @ = 1,...,r, such that >, U;Uf = >/ UU; =1
and P =) | Cu;Cpy,- Note that, if o : A — B is a bijection and P = Py,
then P is bijective of rank |A| with corresponding partial isometries €, (q),q,
a € A.

Definition 2.3. Let ¢ : Pg}y — Pap be a classical-to-quantum non-local
game and Y : Pxy — Pap be a quantum non-local game.

(i) ¢ is called a quantum output mirror game if there exists functions
f:X =Y, g:Y — X such that the projections p(€z @ ef(m),f(x))
and (€g(y).g(y) @ €y,y) are bijective, v € X, y €Y

(ii) ¢ ds called concurrent if ¢(J) = Ja;

(iii) v is called concurrent if P (Jx) = Ja.

In view of Remark 21l we consider quantum output mirror games as
a quantum version of mirror games, and concurrent games — as quantum
versions of synchronous games.

3. CLASSICAL-TO-QUANTUM GAMES

This section contains characterisations of the prefect strategies of quan-
tum output mirror games and classical-to-quantum concurrent games, and
their applications to quantum orthogonal ranks of graphs. We start with
recalling the main classes of quantum no-signalling correlations introduced
in [30] that will be used subsequently.
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3.1. Quantum no-signalling correlations. If A is a C*-algebra, we de-
note by A°P its opposite C*-algebra. As a set, A°P can be identified with
A and we write AP = {z°P : z € A}; the C*-algebra A° has the same
norm, additive and involutive structure as A, and its multiplication is given
by letting 277257 = (2221)°P, 21,22 € A.

Let Ux 4 be the ternary ring, generated by elements v, ., * € X, a € A,
such that the matrix V' = (vg 4)aca,zex satisfies the condition of an isometry,
that is,

* 1o "
E Vg /' Vg g Va,a! = (550750/1)@//@//, r,x 2" € X,a € A.
acA

Let €x 4 be the unital *-algebra, generated by the set {v; v o @ 2,2" €
X,a,a" € A}, and set eg 1/ g0 = Vg 2Va’ o fOr brevity. Further, let Vx 4 be
the universal ternary ring of operators (TRO) of the isometry V, and let
Cx,a be its right C*-algebra; thus, Cx 4 is generated, as a C*-algebra, by
€xa'aa> T2 € X, a,a’ € A (see [30]). We write

E — l, op __ ( op ) .
pr— ! / ! / p— / /
(em,m ,a,a )m,m ,a,a and ex’,x,a’,a z,x’ a,a’;

thus, F € Mxa ® €x 4 and EP € Mx s ® Q:%)A.

A stochastic operator matriz acting on a Hilbert space H is a positive
block operator matrix E = (Erv' a0 oz aa € Mxa(B(H)) such that
Try E = I. Stochastic operator matrices E acting on H correspond to uni-
tal *-representations 7 : Cx 4 — B(H) by via the assignment 7(ey 4/ q.0/) =
Ey o aa, ¢ € X, a,d € A[30].

Let X, Y, A and B be finite sets. A quantum no-signalling (QNS) correla-
tion [10] is a quantum channel (that is, a completely positive trace preserving
map) I' : Myxy — Myp such that

(5) Tr AT (px ® py) =0 whenever pxy € Mx and Tr(px) =0,
and
(6) Tr gT'(px ® py) =0 whenever py € My and Tr(py) = 0.

A QNS correlation I' : Mxy — Map is quantum commuting if there exist
a Hilbert space H, a unit vector { € H and stochastic operator matrices
E = (Egc,gc’,a,a’)gc,x’,a,a’ and F = (Fy,y’,b,b’)y,y’,b,b’ on H such that

Ex7x/7a7a/ Fy?y/ 7b7bl - Fy7yl7b7b/ Ex7xl7a7a/

for all z,2’ € X, y,v/ €Y, a,a’ € A, b,/ € B, and the Choi matrix of T'
coincides with

(7) (B asa Py 50) 20700, € Mxy ap(B(H)).

!
z,x’a,a

Quantum QNS correlations are defined as in (), but using tensor products
of stochastic operator matrices acting on finite dimensional Hilbert spaces
(that is, ones having the form E ;s 4 ot @ Fy . p1r). Approzimately quantum
QNS correlations are limits of quantum QNS correlations, while local QNS
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correlations are defined as in () by requiring that the entries of E (resp.
F) pairwise commute.

We write Qg (resp. Qqa, Qq, Qioc) for the (convex) set of all quantum
commuting (resp. approximately quantum, quantum, local) QNS correla-
tions. It was shown in [30] that T € Qe precisely when there exists a state

5:Cx, A ®max Cy,B — C such that I' = I';, where I'; is given by

Fs(ex,x’ X 6y7y/) = Z Z S(ex’x/’aﬂ/ [ ey,y’,b,b’)ea,a’ X €l
a,a’€Abb EB

where z,2" € X, y,y/ € Y. Similarly, I' € Qg, precisely when I' = T'; for
some state s of Cx 4 ®min Cy,B, and I' € Qq (resp. I' € Qjo) if and only
if I' = I'y for some state s of Cx 4 ®min Cy,p that factors through a finite
dimensional (resp. abelian) representation of the latter C*-algebra. We
point out that the elements of Q). are precisely the quantum channels of
the form I" = Zle Ai®; @V, as a convex combination (where ®; : Mx — My
and ¥; : My — Mp are quantum channels, i = 1,..., k).

Let Bx a (resp. Bx,a) be the algebraic (resp. the C*-algebraic) free
product My *; --- %1 My, and Ax 4 (resp. Ax, 4) be the algebraic (resp.
the C*-algebraic) free product Dy #; - - - x; D4, both having |X| terms and
amalgamated over the units. We denote by e, 4 o/, a,a’ € A, the matrix units
of the x-th copy of M4 in Bx 4, and by e, q, a € A, the canonical basis of
the a-th copy of D4 in Ax 4. Set Eeq = (€3.0,0')z,00 € Px ® Ma ® Bx a
and Ecf = (egf)a,ﬂ)x,aﬂ/ EDx @My ® SB(;?,A? similarly, let Eq = (ez,4)z.a €
Dxa ®Ax,4 and By = (ez0a)ra € Dxa @AY 4.

A classical-to-quantum no-signalling (CQNS) correlation is a channel & :
Dxy — Myp such that (@) and (6) hold true for (traceless) elements
px € Dx and py € Dy. A semi-classical stochastic operator matrix acting
on a Hilbert space H is a positive block operator matrix E = (Ey.a,0 3,000 €
Dx ® Ma(B(H)) with Try E = I. A CQNS correlation & is quantum com-
muting if its Choi matrix is given as in (@) but employing semi-classical
stochastic operator matrices; this is equivalent to the requirement that its
canonical extension to a QNS correlation Myy — Myp is quantum com-
muting, as well as to the existence of a state s of Bx 4 ®max Bx,4 such that
& =T, where & is the CQNS correlation given by

Fs(em,m & €y7y) = Z Z s(ex,,w/ & €y7b7b/)€a7a/ @ €p -
a,a’ €Abb eB

Similarly, approzimately quantum (resp. quantum, local) CQNS correlations
have the form &, where s is a state of Bx,4 ®min Bx,a (which in addition
gives rise to a finite dimensional and abelain GNS representation, respec-
tively). We denote by CQqc (resp. CQqa, CQq, CQloc) the (convex) set of all
quantum commuting (resp. approximately quantum, quantum, local) QNS
correlations.
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Let ¢ : Pxy — Pap be a quantum non-local game. A QNS correlation
I': Mxy — Map is called a perfect strategy for ¢ if

(L(P),p(P)L) =0, P €Pxy.

Perfect strategies for classical-to-quantum non-local games are defined anal-
ogously [30].

3.2. Quantum output mirror games. We first describe the perfect strate-
gies of quantum output mirror games that lie in the various correlation
classes. In the sequel, we fix finite sets X, Y, A and B, and for clarity
denote the canonical generators of By,g by fypp, y € Y, b0 € B. We fix
a quantum output mirror game ¢ : PS}Y — Pap and let f: X — Y and
g:Y — X be as in Definition 23] We write
r(z)
i=1
where U¥, i = 1,...,r(z), + € X, are partial isometries satisfying the
relations
r(x) r(x)
(8) D UIUE =) UFU) =1
i=1 i=1
Let D, = Z:fl) U?; the relations (8) imply that D, is unitary.

Lemma 3.1. Let s be a state of Bx A ®@maxBy,B such that I's : Dxy — Map
is a perfect quantum commuting CQNS strategy for ¢. Let m : Bxa —
B(H) and w5 : By,g — B(H) be *-representations with commuting ranges
and £ € H be a unit vector such that

s(ur @ ug) = (mi(ur)m2(u2)é, &), w1 € Bx,a,u2 € By,
Ey = (m1(esa0))aaea and Fy = (mo(fypp)bpen. Then
(UF @ 1) Br(eq ®€) = Fpy(UF @ 1)*(ea ®€), i=1,...,7(z), a € A.
Proof. Set P; , = UF(UF)* and Q; , = (UF)*UF; thus,

T

—~

xT

N
<3

—~
8

N

-
Il
—
.
Il
—

that is, (Pm)r(w and (Qm) 1 are PVM’s (in My) for every z € X. We
have that, if I := 'y then

r(z)

(9)  T(ere ® €y, f(a) ZCWCW L€z, ® €42, £(x) ZCU’”CU””
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Taking traces in (@), we obtain

1 = Tr(T(ere ® €f(a),s(x)))
r(x)

= Z Z s(ez,aa @ fr)py) T ((CUJ.z C?J;)(Ga,a' ® Gb,b’)(CUfG}f))

=1la,b,a’ b

r(z)
= Z Z S(€z,aa @ f(w) b )(CUT, €ar @ €yr)(ea @ v, Cus){Cuz, Cuz)

i,j=1a,b,a’ b/
r(x)

= Y > s(eaaa @ Fr)pp)Cus, e @ ew){ea ® en, (),

i=1 a,b,a’ b’

where we have used the fact that <CU;.”, CU;c> = 0 whenever i # j. Recall that
s(epaa @ €yppy) = <Ex,a7a/ y,b,b/§,§> forall z € X,y € Y,a,d’ € A,b,0 €
B. In the sequel, we denote by T, the (a,b)-entry of a (possibly block
operator) matrix 7. Noting that (yz = (Z&b(U-x)a,bea ® eb) /IUZ|l2 and

)

|U13 = Tr(U#(U#)*) is the rank r;(z) of the projection P; ., we obtain

— (U,
(r'(lsc))l}l; and  (eq ® ep, Cuz) = g

(Cuzrea ®ey) =

Setting Uf =Ur®I,i=1,...,r(x), x € X, we therefore have

r(z)
1 = Z Z xaa’Ff bb’g £> <CUfyea’®eb’><ea®eb7<Uf>

i=1 a,b,a’,b/
r(z)

= ZT < za.0 (Ui ’b’Ff()b,b’W)a,b€7§>
i=1 Z aba b
r(z) 1

= 2 Z<(E UF Fioy (0F)") ,a§’§>
=1 acA
r(x)

= Y S (RO 07 0 5 .0 )
=1 " acA

3 .

I
1

—~
8
~

> <F}<x><ﬁf>*<ea ® ), (UF) Exlea ® §)> .

acA

7 7i()

1=
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By the Cauchy-Schwartz inequality,

r(z)
(10) 17— 57 [{Fl (07 (ca .6, (07 Ealea 0 6))
€A

1=1 T‘Z(l‘) a

IN

r(x)
> Y Bl 07 (0 O Ealea 2 )

i=1 acA

> IO Bt 2 O

IN

XS I ) a2 )12

ri(z)

r(x)
1 ~ ~
— Z< : E;Uf(U{”)*Ew(ea®£),€a®§>
acA \i

r(@)
1 -
aps <Z 0 ) Fiio) O (ca®9),a® £>

acA \i=1

Since (Pm):fl) is a PVM, there exist a partition (SZ):fl) of A with |S;| =
ri(z) and a unitary V, in M4 such that VP .V, coincides with the pro-
jection Pg, onto span{e, :a € S;}, i =1,...,r(z). Let E, = VIE,V,, and
write Em = Z&b 6a,b®Ex,a,b- As V, is unitary and EyopEyay = 56,(1’ =,a,b )
we also have Ex,a,bEm,a’,b’ = Op,a/ Nmﬂ,b/. Thus, we have

E;PSZ E, = Z €a,b & E:c,a,b Z €c,c ®1 Z €a’ b & E:c,a’,b’
a,b ceS; a’ b
= ri(x)E,.

Let, similarly, (R,):g) be a partition of B with |R;| = r;(z) and W, be
a unitary such that W;Q. W, = Pg,, i = 1,...,7(z). Setting Fy,) =
W Ff(z)We, we have that (F]E(x))*PRiﬁ;(x) = n(x)FJE(x). This implies that

the last product in ([I0) is equal to

(Z(Ex(eaebé),ea@@) (Z(Fﬁ(m)(emi),ea@@)

acA acA

— <Z Ex,a,a§7§> <Z Ff(l‘)7a,a§,§> — 1

acA acA
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Hence we have equalities in all chains of inequalities which implies that there
exist scalars A\, such that

Fb o (U8)*(ea ® €) = M (UF) Byeq ®€), i =1,....1(x), a € A.

Summing up over i, we obtain that (Dm®I)FJ§(x) (Di@1)(ea®E) = A\pEy(eq®
€) for all a € A. After applying Tr4, we conclude that A\, = 1, which yields
the desired result. (]

Theorem 3.2. Let ¢ : PS%Y — Pap be a quantum output mirror game
and I' : Dxy — Map be a perfect quantum commuting CQNS strateqy for
@. Then there exists a tracial state 7 : Bx 4 — C and a *homomorphism
p: By,p — Bx,a such that

(11) F(Em,m ® Ey,y) = (T(ex,a,a’p(fy,b’,b)))a’a/’b’b/ , X,y € X.
Proof. We choose f: X - Y and g: Y — X as in Definition 2.3] and write

r(z)

€z @ €f(z),f(z) = ZCU;CE;C, r e X,
i=1

for partial isometries U, i = 1,...,7(z), x € X, such that
r(x) r(z)
D WUHUF =) UFU) =1
i=1

i=1
Keeping the notation from the proof of LemmaB.1], we write I'(e; , ® €, ,) =
Za’a,eA Zb,b/eB<Em,a,a’ ybv&,€), where the assignments ey o o — Ep o0 €
B(H) and fypy — Fypy € B(H) define *-representations of Bx 4 and
By B, respectively, with commuting ranges. Set E; = (Ey 44 )aaca and
Fy = (Fypp)open. By Lemma3]

Fi (U5 (ea @8) = (UF) Exleq @), i =1,...,7(x), a € A.
Let Q = (D, ® I)(ff(x)ﬂ,b)‘(:a’b))(D; ®1))ap and write Q = (¢z,a,p)b,a- Set
hoap = €rap®1—1Rqupa, € X,a,be A
We have
by apheap = (C2pa®1—1®@¢pap) (€rap®@1—1® qrpa)
= erpp®1l—€rpa®@Grba— €rab®Grap+1®Graa-

Let s € Bx,4 ®max By, be such that I' = I'y. As

s(€zba @ e ba) = (Erpa((De @ I)Fipy (D @ 1))ap, €)

= ((Dx @ D)F}) (D3 @ 1))aps Eryap€) = (B b€, B a ) = (Erp b€, €),

we get

(12) s(hy.apheap) =0, x€ X,a,be A
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For u,v € Bx,A ®max By,B, write u ~ v if s(u — v) = 0. Equations (I2I),
combined with the Cauchy-Schwarz inequality, imply
uhg qp ~ 0 and h;a,bu ~0, z€X,a,b€ A, u€ Bx A Omax By,B-
Since h’
(13) whgqp~0and hyapu~0, z€ X,a,be A, u€ Bx a4 @max By,B-

rab = = hg pq, We have

In particular,

(14)  ze3ap @1~ 2@ Gupa~€rapz®@1, € X,a,b€ A, z€ Bx,a.
Similarly, let V.Y, i = 1,...d(y), be partial isometries such that

d(y) d(y)
Z VIV =Y ViV =1
i=1

and
P(€g().9(y) @ €yy) Z Gy CVy

Similarly to the proof of Lemma [B.1] letting G, = Ziil) VY, we obtain that
Fy7a7b£ = ((Gy ® I)(Eg(y),a,b);b(GZ & I))a,bg-

Set (Py,ab)b,a = ((Gy®I)(eg(y)ﬂ,b);b(GZ@I))a’b and note that {p, . : a,b}
is a matrix unit system, y € Y. Letting gy = Dyppy @1 —1® fy b1y, where
y €Y and b,b' € B, we obtain, similarly,

(15) Zpybb/®1wz®fybb/ ~ Dy Z 1, yeY,bb € B, z € Bx,a.

Let z and w be (finite) words on the set £ := {e; 4 : € X,a,b € A}.
We show by induction on the length |w| of w that
(16) 2w ®1~wz® 1.

In the case |w| = 1, the claim reduces to (I4]). Suppose (I6]) holds if |w| <
n — 1. Let |w| = n and write w = w’e, where e € £. Using (I4]), we have

@l =ze@l~vez @1 ~wez®1 =wz® 1.

Let 7 : Bx,4 — C be given by 7(2) = s(z ® 1); it is clear that 7 is a state
on Bx, 4. From (I6) and the fact that the set of all linear combinations of
words on & is dense in 4, we conclude that 7 is a trace on Bx 4. Identity
(@) implies that

S (ex,a,a’ & fy,b,b’) =T (e:c,a,a’py,b,b’) , TE Xa Y€ K a, ala b7 b/ €A

Equality (II) is now immediate if we let p : Byp — Bx.a be the *-
homomorphism defined by letting p(fypp) = Py ¥y €Y, b0’ € B. O

We will write I' = T', - if the CQNS correlation I' : Dxy — Map is
given as in ([I]). Keeping the notation from the proof of Theorem 3.2 let
7 : Bx,a4 — By, be the *-homomorphism given by 7(€z qa/) = ¢z,a,a- We
will need the following lemma, which can be thought of as a dilation result
for semi-classical stochastic operator matrices.
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Lemma 3.3. Let X and A be finite sets and (Ey 4.4 )z,0,a0, Where x € X
and a,a’ € A, be a semi-classical stochastic operator matriz acting on a
finite dzmenszonal Hilbert space H. Then there exist matriz unit systems
(Ex aa)a,a o TE X, on aﬁmte dimensional Hilbert space H, and an zsometry
V. H—>H such that V¥Ey o ooV = Ey g for allz € X and all a,a’ € A.

Proof. Write X = [k] and use induction on k. If k = 1, the result is a
direct consequence of the Stinespring Theorem. Resorting to the inductive
assumption, suppose that Hy_; is a finite dimensional Hilbert space, Vj_1 :
H — Hj,_; is an isometry, and (Fj g 4/)a,q 1S @ matrix unit system on Hj,_,
such that

V]:_lFx,a,a’ V-1 = Em,a,a’a T e [k - 1]7 a, a €A

Let FAWI, = Vic1Erao Vi, a,a’ € A. Note that (Flé7a,a/)a,a’ € (Ma®
B(Hi-1))" and >, .4 F,;a’a = Py = V1V, Fix qp € A and define

ifa—a/—a
Y o, + Py 0
F‘ka:’__{ /[l()[l()

koa.al otherwise.

Note that (F q,4')a,qe is @ stochastic operator matrix acting on Hj_;. In
addition,
Vi1 Fragao Vi1 = Vit (Fragao + Pie1)Vi-1 = Bk agaos
and hence
Vk*_le,a,a’Vk—l = Ekﬂ’ar, a, a € A.

By [30, Theorem 3.1], there exists a Hilbert space K and operators V :
Hjy_1 — K such that the column operator Vi := (V,)aea : Hk 1> K® (CA
is an isometry, and (Fj 4.4/ )aa = Vo Ve, a,a’ € A. Let H=K®C" and
Ek,a,a’ =Ig® €a,a’y Oy a € A. Then Vk Ek,a,a’Vk = Va Vo = Fk,a,a’ and
hence, letting V = V,Vi_1, we have that V : H — H is an isometry such
that V*EN‘k@ﬂ/V = Ek,a,a’a a, a € A.

Let P, = ViV and Fy o0 = ViFpaw Vi, © € [k — 1], a,a’ € A. Then

(17) Fx,a,a’ z,b,b) — Vka,a,a’ Vk*VkFx,b,b’ Vk* = 5a’,be,a,b’7 a, ala b7 b/ € A7

and

Z Fx,a,a = Pk

acA
Note that, if zg € [k — 1], ap € A and | = rank(Fy 49,40), then rank(Py) =
l]A\ It follows that [ = rank(Fy qq) for all € [k — 1] and all a € A. Thus,
PH(K ® C4) = Ky ® C# for some Hilbert space with dim Ky = dim K — 1.

Let
F' w =1k, Q€aw, z€[k—1],a,d €A,

z,a,

considered as an operator on P(K ® C4), and

r€lk—1],a,d € A.

Ex,a,a’ = Fm,a o F

(ECL[I’
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For a,a’,b,b € A and x € [k — 1], using (7)) we have

EpawFepy = (Fpaw+ F:::7a,a’)(ﬁ1x,b,b’ + F;,b,b/)
= Fw,a,a’ ~gs,b,b’ + Fg/c,ma/ N;,by
= S pFuay +6upFhay = 0w pEuap-
In addition, for z € [k — 1] and a,a’ € A we have
VEpouV. = VBV AV EL V =V*E,yuV
= ViaVE(ViFp a0 Vi)WViVie1 = By g
U

Remark. In the notation of Lemma B3] if F, . = 044 Fzaq for all
x,a,a’, the statement reduces to the simultaneous Naimark dilation of a
finite family of POVM’s exhibited in [23, Theorem 9.8]. We include the
following consequence, which will be used later.

Corollary 3.4. Let X, Y, A and B be finite sets. A CQNS correlation
I' : Dxy — Map is quantum if and only if there exist finite dimensional
Hilbert space Hx and Hy, *-representations wx : Bx a4 — B(Hx) and 7y :
By.p — B(Hy), and a unit vector £ € Hy ® Hp, such that

P(Ex,x & 6y,y) = (<(7TX(ew,a,a’) @ 7"'Y(fy,b,b’))ga §>)a,a’,b,b’ , reX,yey.

Proof. Let (Eg 4 )e,aa (resp. (Fypp)ypp) be a semi-classical stochastic
operator matrix acting on finite dimensional Hilbert space Hy (resp. Hp)
and n € Hqa ® Hp be a unit vector such that

P(Ex,x ® 6y,y) = (<(Em,a,a’ & Fy,b,b’)ny n>)a,a’,b,b’ , T E X7 RS Y.

Let (Eya,a/)aa and V (resp. (Fy q.q')a,e and W) be the matrix unit systems
acting on a finite dimensional Hilbert space Hx (resp. Hy) and the corre-
sponding isometry, obtained via Lemma By the universal property of
the C*-algebraic free product, there exists a *-representation 7mx : Bx a4 —
B(Hx) (resp. my : By,g — B(Hy)) such that nx(ezqq0) = Ew,[w/ (resp.
my (fypp) = Ny,b,b’)a x € X, a,a € A(resp. y €Y, bt € B). Letting
&= (V@ W)n, we obtain the required representation of I'. O

Theorem 3.5. Let ¢ : PS}Y — Pap be a quantum output mirror game, T
be a tracial state on Bx 4 and p : By, — Bx, 4 be a unital *-homomorphism
such that I' = ', ; is a perfect quantum commuting CQNS strategy for .
The following hold:

(i) I' € CQqa if and only if T can be chosen to be amenable;
(ii) ' € CQq if and only if T can be chosen to factor through a finite-
dimensional *-representation of Bx 4.

Proof. (i) Assume that I' € CQg,. By the Remark after [30, Theorem 7.7], s
can be chosen to be a state of Bx 4 ®min By,p. Let 0 : Bx 4 — BSF,A be the
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*-isomorphism given by 0(eg qq) = egf)a,’ .+ Whose existence is guaranteed
by [0, Lemma 9.2]. Let ¢ : Bx 4 ®min ngA — C be the state defined by
letting

p=so0(id®m)o(id o).
Let z € Bx,a and w = e e

w101, " for some x; € X, a;,a, € A,

s - . 9—1 op) :
i=1,...,k. Set w:= 0™ H(w?P) = €rpalap " oy ar- USING ([13]), we have

BOuP) = s(zO7(D) = 5(2 O doyapuay Gordpn)
= T(2€),01.0; " Caxpapay) = T(2W).
By linearity and continuity,
(18) Oz @wP) =7(2w), z,w € Bx a.

By [0, Theorem 6.2.7], 7 is amenable.

Conversely, if 7 is an amenable trace that implements I' then the func-
tional ¢ : Bx A4 ®max Bx,4 — C defined via the identity ([I8)) factors through
Bx, A ®min Bx,a; by the Remark after [30, Theorem 7.7], T € CQqa.

(ii) Let I' : Dxy — Map be a perfect strategy in CQq. By Corollary [3.4]
there exist finite dimensional spaces H and K, representations 7’ : Bx 4 —
B(H) and p' : By, — B(K), and a unit vector £ € H® K such that I' = T,
where s : Bx 4 ®min By,p is a state such that

(19) S (ex,a,a’ ® fy,b,b’) = <(7r/(ex,a7a’) ® p/(fy,b,b’))£7 £> 5

forall x € X,y € Y,a,a’ € A,b,b/ € B. The proof of Theorem shows
that the left marginal of s is a trace on Bx a that factors through the finite
dimensional space H ® K and satisfies ([1I]). The converse direction follows
from [30, Proposition 9.15]. O

!
T,Qf,ap

Remark. In case the bijective projections ¢(€; + @€ (1), () and @(€4(y) g() @
€yy) from Definition 23] have full rank, the corresponding quantum output
mirror games reduces to a classical one and has possesses non-trivial local
perfect strategies. However, if |A| > 1 and at least one of those projections
has rank smaller than |A|, a local perfect strategy does not exist, since local
CQNS correlations preserve separability of states.

The following is a partial converse of Theorem

Proposition 3.6. Let 7 : Bx 4 — C be a tracial state and let p : By,p —
Bx.a be a *-homomorphism for which there exist bijections f : X — Y,
g:Y — X and unitary operators U, V,, : CB 5 CA zeX,yeY, such
that (p(fy,bb’))bb’ = (Vy* ® I)(eg(y),a,a’)a,a’(vy ® I) and (p(ff(x),b,b’))b,b’ =
Uz @ I)(egaa )aa Uz @1I). Then T+ is a perfect strategy for the game ¢
given by

oG ify = (@),

pleza ®@eyy) = { Sy, Fr=29(0),
Tqn otherwise.
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Proof. We have that
T (ex,a,a’p(ff(x),b’,b))a7a/7b7b/ = (I ® U;gk) (T(em,a,a’ew,b’,b))a’a/7b7b/ ([ & U:c)

As 7is a trace and {eg 4,0’ }a,0’c 4 is a family of matrix units, 7(€z g a/€2.1/.5) =
Oa’ v 0a,p Az, Where Ay = T(€g.0.0) = T(egpp) for all a,a’,b,0' € A and z € X.
Hence

(C(€z,e @ €f(a), () (€ar @ €y), €0 @ €p)

= ((T(ez.aa€x i/ p))aa b (L Q@ Uyz)(ew @ey), (I @ Uy)(eq @ ep))

— 2, T x
f— ua,’b/u&b)\m,

where U, = (uz,b)mb' On the other hand,

(Ca, C;szear ® ey, eq @ ey) = (Cg,, €0 @ ep){ea @ ey, (g,) = uﬁl,b,ug’b

showing that I'(e;, ® ef(x),f(x)) = )‘rCUICFJx and hence for P = ¢;, ®
€f(z),f(z)> We obtain

(20) (L(P), p(P)1) = 0.
Similar arguments give 20) for P = €4(y) o) @ €y.y- O

The classical-to-quantum concurrency game is the game ¢ : Pg} x — Paa
defined as follows:

Jag ifx=y

z,x & -
wlea, ) {IAA if x # y.

A CQNS correlation I'' will be called concurrent if I' is a perfect strategy for
the concurrency game.

Corollary 3.7. Let I' : Dxx — Muaa be a quantum commuting CQNS
correlation. The following are equivalent:

(i) T is concurrent;
(ii) there ezists a tracial state T : Bx a4 — C such that

(21) F(E{E7{E (9 €y7y) = (T(ex7a7a/ey7b/7b))a,a’,b,b’ s €T,y c X.

Moreover,

(i) ' € CQqa if and only if the trace T can be chosen to be amenable;
(i) I' € CQq if and only if T can be chosen to factor through a finite
dimensional *-representation of Bx .

Proof. (i)=-(ii) The concurrency game is a quantum output mirror game
with B = A, f and ¢ the identity maps, and p(e;, ® €34) = Ja = CIAGA
for every x € X. In this case the *-homomorphism p : Bx 4 — Bx a from
the proof of Theorem is given by p(fypp) = €ypp. The statement now
follows from Theorem
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(il)=(i) Fix # € X and note that, by the uniqueness of the trace on M4,
the restriction of 7 to any of the free product terms in the definition of Bx 4
coincides with the normalised trace tr; thus,

1
(22) T(ex,a,a’) = W(Sa’a/7 a, a e A.
It follows that
F(ex,x & 61‘71‘) - Z T(ex,a,a’em,b’,b)ea,a’ X €pp
a,a’ bb’eA
= Z T(ex,mb’ex,b’,b)emb’ X €pb
a,bb/eA
1
= Z T(ex,mb)ea,b’ X €pp = W Z €ab & €qp = J4.
a,bb/cA a,be A

Statements (i’) and (ii’) are immediate from statements (i) and (ii) in
Theorem [3.5] O

Remark 3.8. Factorisable quantum channels were introduced in [I] and
have been subsequently studied by a number of authors (see [19] and the
references therein). It was shown in [I9, Proposition 3.1] that a quantum
channel ® : M4 — My is factorisable if and only if its Choi matrix has
the form (T(paﬂ,qb,vb))a,a’,b,b” for some matrix unit systems (pgq/)q, and
(Gb,by )by in Ma %1 Ma. It follows that the factorisable quantum channels on
M 4 can be identified with the perfect quantum commuting CQNS strategies
for concurrent games with two inputs. Note, in addition, that the perfect
quantum commuting strategies of quantum output mirror games with a
single input form a subclass of the factorisable quantum channels.

Remark 3.9. Let A be a unital C*-algebra, equipped with a tracial state 7.
Recall [30] that a semi-stochastic A-matrix over (X, A) is a positive matrix
(4e,a,0 ) w000 € Dx @ My ® A such that 3 .4 0rae = 1forallz e X. A
CQNS correlation ' : Dxx — Maga is called tracial [30] if there exists a
semi-stochastic A-matrix (gs,4,a/)z,a,a’ Such that

F(ex,x ® 6y,y) = Z T(gx,a,a’gy,b’,b)ea,a’ ® €y, T,Y € X.
a,a’ ,b,b’

It follows from Corollary B that every concurrent quantum commuting
CQNS correlation is tracial.

3.3. Algebras of classical-to-quantum games. Let P € PS} v and @ €
Paa. We define a linear map

Brq:Dxx ® Maa ® Bxa@BY 4 — Bxa
by letting
Brq (w@u®v®) =Tr(w(P®Q))uv, we€ Dxx @ Maa,u,v € Bx a.
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When, in addition, @) € 731211 4» define a corresponding map
apg :Dxx @Daa @Ax 4 X nggA — Ax 4.
Both Bpg and apg will be considered as maps on the ampliations of the
algebraic tensor products Bx a4 ® ng 4 and Ay 4 ® Agg 4, With values in
Bx, 4 and Ax 4, respectively.
We use the notation (S) to refer to the *-ideal generated by a subset S
of a *-algebra. If ¢ : 773% y — Paa is a classical-to-quantum game, set

I(p) = <{BP,<p(P)l(Ecq ® Eey): P e PS}X}> C Bx,a,

and let Z(¢p) be the closure of J(¢) in Bx a. Set B(p) = Bx a/I(p) and
B(¢) = Bx,a/Z(p). Define A(p) and A(p) similarly, using the ideal

({apgp (Ba@ ED): P e Pix})

of A X,A-
Given a synchronous non-local game A : X x X x A x A — {0,1}, its
*-algebra A()) was defined in [I2] as the unital *-algebra with generators

selfadjoint idempotents egm, where x € X, a € A, subject to the relations

Z €po=1forall z € X, and ¢ ¢} . = 0if A(y,2,b,¢) = 0.
acA

Proposition 3.10. Let A : X x X x Ax A — {0,1} be a synchronous non-
local game. Then A(py) (resp. A(py)) coincides with the *-algebra (resp.
C*-algebra) of the game A.

Proof. Let 2A(\) be the *-algebra of the game A as defined in [I2], and note
that A(N\) = Ax a/I(N), where

J(A) = (ex,aeyp : Mz, y,a,b) = 0).
We show that

(23) I(A) =T(er)-
1 _ .
Note that ()0)\(696790 ® eyvy) - Z(a,b):A(w,y,a,b):O €a,a & €b,b3 thus,
Qe 2 Qey o (€x,0@ey )+ (Ecl ® E,(;lp) = Z €x,aCyb-

(a.6):\(@9,a,6)=0

Multipying from the left by e, , and by e, ; from the right, we conclude that
ex,alyp € I(@x) whenever \(z,y,a,b) = 0; thus, J(A) C T(py).
Let P =), €2, 2, ® €y, @ a finite sum. Then

pA(P)" = Z €a,a @ €bb
(avb):)‘(xkvykvavb):07Vk
and hence

opy __
APy (P)- (Ea ® Eq ) = Z Z Cap,aCyp,b-
(avb):)‘(xkvykvavb):07Vk k
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This shows that J(¢y) C J()), establishing (23)). O
Remark 3.11. We have /BJB:(l’Jj(ECq ® Ec) = 0.

Proof. The claim follows from the fact that

’BJS(IJA (Ecq ® Egg) = @ Z Z €x,a,bCx,b,a = Z Z €x.a,a

zeX a,be A rzeX acA
§ : § : o)
= exvavaemvbvb = BJS(I7IAA (ECOI ® EC(E)) *
z€X a,be A

O

Corollary 3.12. Let ¢ : P%X — Paa be a classical-to-quantum concurrent
game. The following are equivalent for a CQNS correlation I' : Dxx —
Man:
(i) T is a perfect quantum commuting (resp. quantum) strategy for ¢;
(ii) there exists trace T (resp. a trace T that factors through a finite
dimensional *-representation) on Bx a such that (21) holds and

T <5P,¢(P)J— (Ecq ® Egéf)) =0,
for all P € P%X.

Proof. We only prove the statement in the case of quantum commuting
strategies. Let 7 be the trace of Bx 4 that implements I', arising from
Theorem For any P € 73_% y» taking into account the duality relations
@), we have

0 = (I(P),p(P)L) = Z Tr((ex,x ®€y,y)P) (r (ex,x ®6y,y)790(P)J_>

z,yeX
= Z Tr ((Em,m & Ey,y)P) Z T (ex,a,a’ey,b’,b) <€a,a’ & €ppys SD(P)J_>
z,yeX a,a’,b,b’
— 1
= Z Tr ((€2,0 ® €y,y) P) Z T (ew,a,a’ey,bﬁb) Tr((€a,ar @ €y )p(P)™)
z,yeX a,a’,b,b’

= 7 (Brory (B @ E)).
0

Remark 3.13. Clearly, any trace 7 on B(y) gives rise to a perfect quantum
commuting strategy for . If, in particular, 7 is amenable on B(y), by
[6, Proposition 6.3.5], the induced trace 7 on Bx 4 is amenable, and hence
the CQNS correlation defined via (2]]) is approximately quantum. We do
not know if any perfect quantum commuting strategy for a non-local game
¢ arises from a trace of B(y) in general. Similarly we are not aware if
any the approximately quantum perfect strategies of a classical-to-quantum
non-local game ¢ all arise from amenable traces of B(y).
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4. CONCURRENT QUANTUM GAMES

In this section, we define the *-algebra and the C*-algebra of a quantum
concurrent game and provide a characterisation of the prefect strategies for
this type of games.

4.1. Tracial descriptions. Let 7 : Cx 4 — C be a tracial state; then the
linear map I'; : Mxx — Maa, given by

FT(Ex,x’ X 6y,y’) = E T(ex,x’a,a’ ey’,y,b’,b)ea,a’ & b

/ /
a,a’ ,b,b

is a QNS correlations; the QNS correlations arising in this way were called
tracial in [30]. The classes of quantum tracial (rvesp. locally tracial) QNS
correlations are defined by requiring that 7 factors through a finite dimen-
sional (resp. abelian) *-representation.

Theorem 4.1. Let X and A be finite sets, ¢ : Pxx — Paa be a concurrent
game and I' : Mxx — Maa be a perfect quantum commuting QNS strategy
for ¢. Then there exists a tracial state 7 : Cx a4 — C such that I' = T';z.
Moreover,

(i) if T € Qqa then T can be chosen to be amenable;
(ii) if T € Qq then T can be chosen to factor through a finite dimensional
*representation of Cx a;
(iii) if T' € Qjoc then T can be chosen to factor through an abelian *-
representation of Cx A.

Proof. Let I € Qqc be a perfect strategy for ¢. By [30, Theorem 6.3], there
exists a state s : Cx 4 ®max Cx,4 — C such that

(24) F(ew,x’ ® 6y,y’) = Z S(em,m’,a,a’ ® fy,y’,b,b’)ea,a’ & €,y

! /
a,a’ ,b,b

for all z,2",y,y’ € X and all a,d’,b,b' € A (for clarity, we use fy v pp to
denote the canonical generators of the second copy of Cx 4). It follows that

1
W Z Z S(Qx,y,a,a’ & fm,y,b,b’)ea,a’ X €py = Ja,

T,y a,a’,bb
and hence
X
(25) Z S(Qx,y,a,b ® fx,yﬂ,b) = %, a, be A
"E7y

Let V' = (Va4 )a,x be the isometry such that e;  q.0r = v} Var 2. Then

VV* = (Z va@v{f@)
a,b

zeX
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is a projection, and hence

Z VaaUspr <1, a€A.

reX
It follows that
(26) Z €y,z,b,aCx,y,a,b = Z Up,yVa,aVa,zVby

zeX zeX
S U;yvb7y = ey7y7b7b

for all y € X and all a,b € A. Thus,

Z Z CyabaCeyab = Z Z Cy,y,b,b

z,yeX a,be A yeX a,beA
(27) = |4 Z Zey,yvbvb = [ X]A[1.
yeX beA
Similarly,
(28) Z fxvyvavbfyvvava é ffE,fE,CL,[l
yeX
and
(29) Y fevasfuena < [X|IAL
z,yeX a,be A
Let

hx,y,a,b = €z.y,a,b ®1-1® fy,x,b,aa T,y € X7 a, be A
Equation (28] and inequalities ([27]) and (29]) imply
Z S(h;,y,a,bhx,yvayb)

x?y7a7b

= Z s ((eyvvava ® 1 - 1 ® fx,y,a,b) (exvyvavb ® 1 - 1 ® fyvvava))

x?y7a7b

= Z S (ey,x,b,ae:my,a,b ®1+1® fx,y,a,bfy,x,b,a)
x?y7a7b

- Z s (eyvvava ® fyvvava + ex,y,a,b ® fx,y,a,b)
x,y,a,b

< 2|X||A|1 - 2|X]||A|]1 = 0.
It follows that
(30) s(hayyapheyap) =0, x,y € X,a,b€ A
As in the proof of Theorem B:2] write u ~ v if s(u — v) = 0 and note that,

by (30),

Uhy yap ~0and hyyapu~0, z,y€ X,a,b€ A, u€CxAQmaxCx,A.
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In particular,

(31) zegyap @1~ 2@ fyrba~ Cryapz®l, z,y€ X,a,b€ A, z€Cx.a.

Using (3I)) and induction, as in the proof of Theorem B2, we conclude that

the map 7 : Cx a4 — C, given by 7(2) = s(#®1), is a trace on Cx 4. Identity

BT) implies

S (e:c,:c’,a,a’ & fy,y’,b,b’) =T (ex,x’,a,a’ey’,y,b’,b) y Ly 33,7 Y, y, € Xa a, a/7 ba b, € A
Statements (i)-(ii) are proved similarly to Corollary B7l To see (iii), let T’

be a perfect strategy of class Qioc. We have I' = 3" | X;®; ® U; as a convex
linear combination of quantum channels ®;,V; : Mx — M4, i = 1,...,n.

() _ () _
Let <Ax,x',a7a'>a,a, = & (epu), 1,2 € X, <'uy’y/7b7b/>b,b’ = U (). v €
X, mj,pj : Cx,a — C be the *-representations given by mj(e; , qq0) =
A;Jy;/ﬂl,a, and pj(fyvylvbvbl) = /’Ll(/jvzll,b,b” and ﬂ-/’ p/ : CXvA - B((Cn) be the *_
representations given by

) => mi(wey, W)= piv)e;
P =1

The images of 7’ and p’ are abelian. Set & = Y7 | VAie; ® ¢; € C" ® C™;
then

r (Ex,x’ ® Ey,y’) = (<(7r/(ex,x’,a,a’) ® p,(fy,y’,b,b’))gy £>)a,a’,b,b’

and the corresponding state s is given by

s(eraraw @ fyay ) = (7' (€xaraa) @ 0 (Fyar v )6, €) -

It follows that the left marginal of s is a trace on Cx, 4 that factors through
the abelian representation 7’ of Cx 4. O

We now assume that X = A; we will see that in this case, we can obtain
more precise conditions than the ones in Theorem [4.1] that are also suffi-
cient. Let Bx be the universal C*-algebra (usually referred to as the Brown
algebra), generated by the elements u,z, z,a € X such that the matrix
(Ug,z)a,zca is unitary. Consider the C*-subalgebra Cx of Bx generated by
Pealaa = Uy ol o'y T, &'y a, ' € X. Write J for the closed ideal of Cx 4,
generated by the elements

Z Cy,zbaCayab ~ Cyybb Y00 E X

zeX
Let Vx a be the universal TRO of an isometry (vg z)a,q, as defined in [30),
Section 5]. In the sequel, we will consider products vgl , vg2 . ---vgk .,

where ¢; is either the empty symbol or *, and ¢; # g;41 for all 4, as elements
of either Vx 4, V;C, 4> Cx, 4 or the left C*-algebra corresponding to the TRO
Vx A

Lemma 4.2. The map 7 : €33/ a0/ > Paa a0 T, T, a,a € X extends to a
surjective *-homomorphism m:Cx o — Cx with kerm = J.
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Proof. Since U = (uq) is unitary and hence an isometry, we have that
E = (pza' .00’ )z.a 0,00 15 @ stochastic operator matrix; thus, there exists a
*-homomorphism 7 : Cx a4 — Cx such that 7(eg s/ a.a/) = Pa,a’ a,a’- We have

m (Z €y,,b,aC,y,0.b 6y,y,b,b> = D Uy taptiy Uy — Upyuby =0,
rzeX rzeX
showing that J C ker .
For the reverse inclusion, let 6 : Cx 4 — B(K) be a unital *-representation.
By [30, Lemma 5.1], there exists a block operator matrix V = (V)4 that

is an isometry, such that 0(e; 2 q0') = Vo'pVar o, 7' a,a" € X; we write
0 = 0y . Note that 6 annihilates J if and only if

ViVoy = > Vi VaaViVoy =0, aby e X.
zeX

Letting Dy =1 =3 x Vao V', we have that D, is positive, D;/2V},,y =0
and hence

(32) DoViy = <1 -> meVafx) Viy = 0.

zeX

Since (Vi @ I)*(I = VV*)(Vpy ® I) € Mx(0(Cx,4))" and has zeros on its
main diagonal, it is the zero operator. In particular,

(I=VV)' Py @) = (I =VV*)(Voy ® 1) =0, y,be€ A4,
implying that

(33) Z VaaVar 2Voy =0 whenever a # a'.
rzeX

The block operator matrix

vV I-VVv*
(4150

is unitary; let

)

U o Va,:c 5(1,:0[ - ZbEX Vava::,b
a,xr — 0 V:E*,a :
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Since (Ugq)a,e 1S unitary, it gives rise to a *-representation pyy of By on the
Hilbert space K1 @ Ks, where K1 = Ky = K. Using ([82) and (33]), we have

_ * _ Va*:c 0
pU(px,x’,a,a’) N anUal’m/ B < 5a7:cI - ZbeX Vm,bva*,b V:Lna )

X Var o 5a’,x’[ - ZbeX Va’vbv;',b
0 Vx*’,a’

_ VauVa *
N (50,,32[ - ZbeX Vx,bV;b)Va’,x’ *

o VaﬁxVaﬂx’ ES
- 0 x |7

It follows that K is an invariant subspace for pyley, and v (ey o a0r) =
pU (P’ aar)| iy for all z, 2’ a,a’ € X. This yields 0y(T) = py(n(T))|k,
T € Cx, 4. Thus, for a fixed T' € Cx 4, we have

\T+T|| = sup{||6v(T)] :V = (Vo) isometry with 6y (J) = {0}}
< sup{[lpu(7(T))| : U = (Uy,z) unitary} = ||7(T)||.
Therefore T € ker w implies T € 7. O

Note that, according to Lemma 2] we have Cx 4/J = Cx.

Theorem 4.3. Let X be a finite set and ¢ : Pxx — Pxx be a concurrent
game. A quantum commuting QNS correlation I' ©: Mxx — Mxx is a
perfect strategy for o if and only if there exists a tracial state 7 : Cx — C
such that

F(GI,IE’ & Ey,y’) = (T(pm,m’a,a’py’,y,b’,b))a’a/’b’b/ 3 €, $l7 Y, y, € X.
Moreover,

(i) I' € Qq if and only if T can be chosen to factor through a finite
dimensional *-representation of Cx;

(ii)) T € Quoc if and only if T can be chosen to factor through an abelian
*_representation of Cx.

Proof. For clarity, we set A = X. Let I' € Q. be a perfect strategy for .
Keeping the notation from the proofs of Theorem 1] and Lemma H:2], we

see that
o <Z €y,x,b,aCz,y,a,b @ 1) = s (eyypp ®1)
reX

(for otherwise we would have >_, ., s(h}  , yhayap) < 0). It follows that
the trace 7 on Cx 4 annihilates the elements

dyya7b = ey7y7b7b - : : ey7m7b7aex7y7a7b7 y S X7 a, b S A'
zeX
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As dyqp > 0, we have that %(d;{37bu) =0 for every u € Cx 4 and so 7(J) =

{0}. By Lemma[L2 7(w(u)) := 7(u) is a well-defined trace on Cx. Identity
BI) implies that
S (e:c,:c’,a,a’ b2y fy,y’,b,b’) =T (px,x’,a,a’py’,y,b’,b) y Ly :Ela Y, y/ S Xa a, ala b7 b/ € A

Conversely, let 7 be a trace on Cx and I' : Mxx — Maa be the QNS
correlation, given by

F(Em,m’ ® 6y,y’) = E T(pm,m’,a,a’py’,y,b’,b)ea,a’ & €pp-
a,a’ bb’'eX
Write

W = Z Uy U, b€ X.
reX
We have that

1
P(JX) = x| Z Z T(pm,y,a,a’py,m,b’,b)Ea,a’®€b,b’
’ ‘x,yEXa,a’,b,b’GX

_ 1 * *
= —|X| T(ua’wua/,yub/7yub7x)ea,a/ & €pp
z,yeX a,a’ b/ eX

1
N W Z Z 5‘7«'7b’7—(u2,xub,x)€a,a’ ® €, b/
z€X a,a’ bt/ eX

1 *
SED WD SRR

zeX a,b,ceX

g 2 e

= — T(W, € €
’X‘ ot a,b)€a,c b,c
*

1

= X Z T(Wap)ea @ € Z e @ ec
a,beX ceX

Since I' is a quantum channel, I'(Jx) is a positive operator and hence

Z T(Wap)ea ® ey = Z ec® ec,

a,beX ceX
implying
T(w&b) = 5a,b, a, be X,
and I'(Jx) = Ja.

(i)-(ii) If A is a unital C*-algebra, equipped with a trace 74, and p :
Cx,.a — Ais a *homomorphism such that 7 = 7.4 0 p, then 74(p(J)) = 0.
Let p : Cx,a/T — A/p(J) be given by p(u+ J) = p(u) + p(J). Then
p is a *-homomorphism and the map 74/,.) : A/p(J) — C, given by
Ta/p)(@ + p(T)) = Tala), is a well-defined trace on A/p(J). We have
TA/p(7)(P(T(w))) = Ta(p(u)), u € Cx a. Clearly, if A is finite-dimensional
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(resp. abelian), sois A/p(J). The statements now follow after an inspection
of the proof of Theorem .11 O

We do not know if the approximately quantum perfect strategies for con-
current games admit a characterisation via amenable traces of Cx under the
conditions of Theorem 4.3l

4.2. Algebras of quantum games. Similarly to concurrent classical-to-
quantum games, concurrent quantum games give rise to *- and C*-algebras
which we now describe. For P € Pxx and Q € P44, define a linear map

TPQ - Mx x ®MAA®Q:X,A®Q:§§A — Q:X,A
by letting
P (W@ u®vP) =Tr(w(P ®Q))uw, we Mxx @ Maa,u,v € €x 4.

For a quantum game ¢ : Pxx — Paa, let
39) = (pypy. (B® EP): P € Pxx)

be the *-ideal in €x 4 generated by vp ) (E @ EP), P € Pxx, and
Z(¢) be the closed ideal in Cx o generated by the same set. Write €(¢) =
Cx,4/3(p) (resp. C(p) = Cx,4/Z(p)) for the quotient *-algebra (resp. quo-
tient C*-algebra). Similarly, we define an ideal I(¢) in Cx and its quotient,
where we write E for (pg 2/ 0.0/ )22/ 0,00 € Mxx(Cx).

Similarly to Corollary B.I12], we obtain the following:

Corollary 4.4. Let X be a finite set and ¢ : Pxx — Pxx be a concurrent
quantum game. The following are equivalent for a QNS correlation T' :
Mxx — Mxx:
(i) T is a perfect quantum commuting (resp. quantum/local) strategy for
(ii) (tF;Lere exists a trace T (resp. a trace T that factors through a finite
dimensional/abelian *-representation) of Cx such that

F(Ex,x’ & 6y,y’) = (T(ex,x’,a,a’ey,y’,b’,b))a’a/’b’b/ y X 517/7 Y, y/ € X,

and
(o) (B @ E)) = 0.

5. THE QUANTUM GRAPH HOMOMORPHISM GAME

In this section, we revisit the quantum graph homomorphism game as
introduced in [30], and provide characterisations of its perfect QNS strategies
of various classes.
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5.1. Characterisations of the existence of perfect strategies. Let Z
be a finite set, H = C#, and recall that HY stands for the dual (Banach)
space of H. Let 0 : H® H — L(H9, H) be the linear map given by

0(¢@n)(¢Y) = (& C)n, ¢ € H.
We have

(34) ((S®T))=T0(C)SY, ¢ecH®H, S,T e L(H).
We denote by m : H ® H — C the map, given by

m(() = <C,Zez®ez>, (cH®H.

z2€Z
Let also f: H® H — H ® H be the flip operator, given by f(§®@n) =n® .

Definition 5.1. A linear subspace U C H ® H is called skew if m(U) = {0}
and symmetric if f({U) =U.

If U is a symmetric skew subspace of H ® H and Sy = 6(U) then the
subspace Sy of L(HY, H) has the following properties:

e TcSy= d 'oT"oq ! €8y, and
e I'cSy= 3 ,((Tod)(e:)e.) =0.

We call a subspace of L(H4, H) satisfying these properties a twisted operator
anti-system, because of its resemblance to operator anti-systems (that is,
selfadjoint subspaces of Mx each of whose elements has trace zero [3]). Given
a twisted operator anti-system S C L(HY, H), one has that the subspace
Us = 071(S) of H® H is symmetric and skew.

Given a graph G, let

Ug = spanfe; @ ey 1z ~ y};

then Ug is a symmetric skew subspace of CX ® CX. We thus consider
symmetric skew subspaces of CX ® C¥ as a non-commutative version of
graphs. We note that a couple of other non-commutative incarnations of
graphs were considered in the literature, namely, operator subsystems in
Mx in [9] — after noting that the subspace

S¢ = span{e, , v ~ 2’}
of Mx is an operator system, and operator anti-systems in [29] — after noting
that the subspace

S& = span{e, . : @ ~ 2’}
of Mx is an operator anti-system. Our use of symmetric skew subspaces,
instead of some of these concepts, is dictated by the nature of the definition
of QNS correlations, adopted in [10].

We write Py for the orthogonal projection from CX @ CX onto . Let

U C(C*¥w (CX)d be the annihilator of i/ and write P, € £ ((C* @ CX)d)
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for the orthogonal projection onto U/ . Observe that ¢4 € ¢/, if and only if
¢ belongs to the orthogonal complement U+ of I in CX ® CX. In addition,

PML :(PZ/J{_)d-

Let 4 € CX and V C CA be symmetric skew spaces. The quantum
graph homomorphism game U — V) is the quantum non-local game @y, :
Pxx — Paa determined by

0 if P=20
(,Du_n;(P) = Py if P § Pz,{
I44 otherwise

Definition 5.2. Let X and A be finite sets andUd C CX @ CX, vV C CA®
CA be symmetric skew subspaces. We say that U is quantum commuting
homomorphic (resp. quantum homomorphic, locally homomorphic) to V,

and write U 5V (resp. U >V, U Log V), if wu—y has a perfect quantum
commuting (resp. quantum, local) tracial strategy.

Given operator anti-systems S C Mx and T C My, Stahlke [29] defines
a non-commutative graph homomorphism from S to T to be a quantum
channel ® : My — My whose family {M;}, of Kraus operators satisfies
the conditions

M;SM; CT, d,j=1,...,m;
if such ® exists, one writes S — 7. We recall the suitable version of this
notion for twisted operator anti-systems, described in [30].

Definition 5.3. Let X and A be finite sets, and S C L ((C*)d,CY) and
TCL (((CA)d, (CA) be twisted operator anti-systems. A homomorphism from
S into T is a quantum channel

m
®: My — Ma, ®(T) =Y MTM;,
i=1

such that
M;SM}CT, i,j=1,...,m.
If S and T are twisted operator anti-systems, we write S — 7T as in [29]
to denote the existence of a homomorphism from S to 7. Further, if G and

H are graphs, we write G — H if there exists a homomorphism from G to
H. The following was shown in [30].

Proposition 5.4. Let X and A be finite sets, U C CX@CX,VC CAoCA
be symmetric skew spaces, and G, H be graphs. The following hold:

(1) USSV if and only if Sy — Sy;

(i) G — H if and only if Ug log Ug.
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Let Ux : (C*)d — CX be the unitary operator given on the standard
basis by Uxed = e,, z € X, and define Uy : (C*)d — C# similarly. Then
SCL (((CX )4, CX ) is a twisted operator anti-system if and only if the space
SU )}1 of Mx has the following properties:

e T€SUY = Tt e SULY
o T €SUL = Tr(T) = 0.
Indeed, the first property is a direct consequence of the fact that
A7l o (TUx) 0d ™ WUxles = d7'oUk(T ) =Y (T eq,eyhey
yeX
= Z tey€y = Ttex,
yeX

while the second one follows directly from the definition of a twisted operator
anti-system.

Recall from Section 2] that mz denotes the (normalised) maximally en-
tangled vector in CZ @ C?. For a symmetric skew space U C C¥, set

Udmy={{@my:{EU};
after applying the shuffle map, we view U @my as a symmetric skew subspace
of (C* ® C%) ® (C* @ C?).

Theorem 5.5. Let X and A be finite sets andUd C CX@CX, Y C CAgCA
be symmetric skew spaces. The following are equivalent:

() U S v;

(il) U @ my gy for some finite set Z.
Proof. (1)=(ii) Let I" : Mxx — Maa be a tracial quantum QNS correlation
such that

<F(PU)7PVL> =0,
that is, such that
(T(&€ ) n,m) = (D(EET), (m*)Y) =0, EeU,meVr.
By definition of tracial quantum QNS correlation, there exists a finite di-
mensional C*-algebra A, a tracial state 74 on A and a *-homomorphism
m:Cx,a — A such that
P(6m7m, ® 6y7y,) - (TA(F(em7m,7a7a/ey,7y7b,7b)))a7a/7b7b/'

Writing £ = Zm,yEX Qg ez ® ey and n = Za,beA Na,b€a @ €y, we have

NI Z Z TA(W(eﬂc,x’,a,a’ey’,y,b’,b))ax,yax’,y’Ea,a’ X €p,pr-

a7a/ 7b7b, :B7:Bl 7y7y/
Let

}/g = E O(xl’yrew/’y/7 Yn = E T]a/7b/6a/’b/
z’'y'eX a’b'eA
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and F = (1(ez.4/ a,a/))z,2",0,0; then E is a stochastic A-matrix. Observe that

(35)  OOUK = D anyble, @e)Ux" = Y agye,. =Y.

z,yeX z,yeX

We have

0 = (& )n,m)
- Z Z T‘A(ﬂ-(exvxlvava)ﬂ-(ey/7yvbvb))axvyax/7y/na/7blnT,b

/ / / !
a,a 7b7b z,T°,Y,Y

= (TI‘ ®TA) Z 7"'(em,m’,a,a’)am’,y’Tla’,b’ﬂ'(ey’,y,b’,b)

I o ol B
:(:7y7a,b "Ey[lb
sH
*

X 5 Oz yNa,b€zy @ €qp & 1a
x’y7a7b

— (Tr®74) (E(Yg ®Y, @ L)EY; 9 Y, ® 1A)> .

After passing to a quotient, we may assume that A is faithfully represented
on a Hilbert space H and 74 is faithful. As F is positive, we have

E'?(Y; 0 Y, @ 1LA)E(Y; @Yy @ 14)EY? = 0.

It follows that E1/2(Y5®Yn®1A)E1/2 = 0 and hence E(Yg—* QY ®14)E =0.
Define a linear map ¢ : M4 — Mx ® A by letting

Y (€ap) = Eap = (7(€xar ab))a,a’;

by Choi’s Theorem, 1 is a unital completely positive map. Let (w) =
S MiwM; be a Kraus representation (here M; : CA — CX @ H, i =
1,...,m), and set

Xa,b,i,j = Z nb’,a’ea,a’M;(Yg & 1A)Mi6b’,b7 a, be A,i,j € [m]
a'b'eA

Let 02 : CA®CY¥®@ H - CX ® C* ® H be the flip operator defined
on the elementary tensors by oh?(§ ® & ® &3) = & ® & ® &, and write
Mil’?’ :CA®C4 - CX ®CA® H for the operator o-2(1 ® M;).

We have

Tr(Xab,i,iXap,i5)
ZZ MM a Tr(€a,0r My (Y @ La) Mi€w pevyy M (Ye © 1a)Mj€qr a)-

a/ ’bl7a// 7bll
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Letting €, = (€q,a’)a’e A, considered as a row operator over M4, we have

§ Tr(X a,b,i,j ab,i,j)

t,j=1
= Z ’I’]b/ﬂ/’l’]b//ﬂ// TI' <6a7a1M;(Y§k ® 1A)Eb/7b//(yrg ® 1A)Mj€a”,a)
j CLI b/ " b//
Z Tr <ea V(Y @Y @ 1) E(Y; @ Y, @ 14)M) 3e*> .

Write R,; = EY2(Y; ® Y,y ® 14)M, “c}. Then

NER

(Tr®74)(Raj Ry ;)
1

NgE .

Tr <E1/2(Y5 ® Y, @ LM erea(M]P) (Y7 @ Yy @ 1A)E1/2)
1

J
= (Tr®74) <E1/2(Yg Y, @1 B 0, ® 1A)E1/2> —0,

giving R,; = 0, as we assume that the trace is faithful and therefore
Zzljzl Tr(meJJX;,b,i,j) = 0 implying
(36) Xapij=0, abeAij=1,...,m

We may assume that A is faithfully represented on C?Z and so that M; is an
operator from C4 into C¥ @ CZ. Let Rj=M:, j=1,...,m. Fora e Awe
have
(Ux @ Uz)R{U, (ea) = (Ux @ Uz)R{(e]) = (Ux ® Uz)(Rfeq)
= (Ux ®@Uy)(M;ey)? = Mie,.
Taking into account (3H), we obtain
R om )R = F0OU ©0m)U;") (Ux @ U)RIU; U
= M;(Y; @ 1)(Ux @ Uz)RIUL'Ua

(37) = M]*(Yg ® 1)M;Ug,.

Since 9 is unital,
> RiR; =) MM =1
j=1 J=1

and hence the map w — Z;n:l ijR; from Mxy into M4 is a quantum
channel. We claim that

(38) Rj0(¢ ®mz)RI C Sy,
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Indeed, fix n € V*. Since 6(n)U,* = Y, taking (B€) and (B7) into account,

we have
(R @ma)RL0m) = Tr (M;(¥z ©1)) MiUab(n)")
- Tr (M;(Yg ® 1)MZ-Y,7)

= Y W (MO @ 1)Miey,ea )
o/ WEA
= (Xopijep €a) =0;
([B8)) now follows.
(ii)=(i) By Proposition [5.4]

(39) Sugmz — Sy-

Let (R;)™, C L(CX ® C%,CA) be a family of Kraus operators of the quan-
tum channel implementing ([B9). Keeping the notation from the previous
paragraphs and reversing the arguments therein, we see that, if M; = R_;-*,
£ €U and n € V*, then

(40) N e <M;(Yg ®17)Miey, ea/> = 0.
o/ BEA
Thus, X4p;,; =0for all a,b € Aand all 4,5 =1,...,m.

Letting v : Ma — Mx ® My be the unital completely positive map given
by w — >, MiwM;* and setting Eq, = 1 (€4), we see that E = (Eyp)qp is a
stochastic operator matrix acting on C#. By [30, Theorem 5.2], there exists
a *-representation m : Cx 4 — B(C?%) such that (m(exa’ a0 ))zataa = E.
Let I' : Mxx — Maa be the linear map given by

I (6-'57-'5, X €y7y/) = (Tr(ﬂ(ew’x/ﬂ,a/ey/7y’b/’b)))a’a,7b7b, )

thus, ' is a tracial quantum QNS correlation and, by ([40) and the previous
paragraphs,

(L&), (™)) = Te(E(Ye @ Yy ® L) E(YZ @ Y ® 12)) = 0.
It follows that (I'(£€*), Py, ) = 0 for every & € U, giving (I'(Py), Py, ) =
0. (]

Remark 5.6. It was shown as part of the proof of Theorem that, for
symmetric skew spaces Y C CX @ CX and V C CA ® C4, we have that
U 3V if and only if there exist a finite-dimensional algebra A, a unital

completely positive map ¢ : My — My ® A with Kraus representation
P(T) = > MyTM;, such that

(41) MAOUUL @ 10)M; COWVUL, ij=1,...,m.

The same arguments allow us to conclude the equivalence (i)<(ii) in the
following statement.
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Theorem 5.7. Let X and A be finite sets andUd C CX@CX, Y C CAgCA
be symmetric skew spaces. The following are equivalent:

OR7E=3%

(ii) there exists a unital completely positive map ¢ : Mg — Mx ® Cx a
with Kraus representation (T) = Yy M;TM}, for which inclu-
sions (1) hold;

(iii) there exists a von Neumann algebra N with a faithful normal tracial
state T and a unital completely positive map 1 : My — Mx QN with
Kraus representation (T) = Y.0" | M;TM}, for which inclusions

{£1)) hold.

Proof. The equivalence (i)<(ii) was pointed out in Remark The impli-
cation (iii)=-(i) is similar to that of (ii)=(i) of Theorem For (ii)=-(iii),
we take N' = m:(Cx 4)"”, where 7 is the GNS representation of 7; if £ is the
cyclic vector of m, then {((-)£, &) is a faithful normal trace on N. O

Let S € Mx and T C M4 be operator anti-systems. Stalhke writes
[29] S = T if there exists a finite set B and a state A € M such that
S ® A — T in this case he says that there exists an entanglement assisted
homomorphism from S to T.

Corollary 5.8. Let G, H be graphs. Then
Us > Uy — S5 SY.

Proof. First observe that S& = 0(Ug)U )}1. The statement now follows from
Remark O

In the next corollary, we partially improve [30, Proposition 10.5] by pro-
viding a lower bound on the relaxed orthogonal rank &,(G).

Corollary 5.9. If G is a graph then &,(G) > 1/0(G).
Proof. We observe first that

£4(G) = min{|A| : Ug > (ma)t}).
Moreover, O((m4)1)U;t = (CI4)*, and hence Ug > (ma)t implies S& =
(CIa)*. Tt follows from [29, Corollary 20] that &,(G) > 1/0(G). O
5.2. Quantum colourings of graphs. Let G be a (finite) simple graph
with vertex set X. For z,y € X, we write x ~ y when {x,y} is an edge

of G, and x ~ y when x ~ y or x = y. The classical-to-quantum colouring
game gpé : 73_% x — Paa is determined by the requirements

Ja ifx=y
‘Pé‘(ex,x ® €yy) = Jj ifz~y,
Iqn otherwise.
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In this subsection, we apply the previous results to give a description of per-
fect quantum commuting and perfect quantum strategies for the classical-
to-quantum colouring game in terms of quantum channels whose Kraus
operators respect certain containment relations. These relations define a
“pushforward” of the graph G into M4 or, in the terminology of Weaver
[33], into the quantum graph (S, M) with S = M = My. Namely, for a
von Neumann algebra N, equipped with faithful tracial state 7, and a uni-
tal completely positive map ¥ : M4 — Dx ® N with Kraus representation
U(T) =>" M;TM;, we consider the inclusion relations

and
(43) MF(Sg @ 1n)M; L Cla, i,j € [m].

Definition 5.10. Let X and A be finite sets and G be graph with vertex set
X. A pair (N, V), where N is a von Neumann algebra and ¥ : My — Dx ®
N is a unital completely positive map with Kraus representation W(T) =
Sy M TM?, is called a quantum colouring of G if conditions [{2) and
#3) are satisfied.

Let R" denote an ultrapower of the hyperfinite II;-factor R by a free
ultrafilter u on N and trru be its trace.

Theorem 5.11. Let G be a graph with vertex set X.

(1) The following are equivalent:
(i) the classical-to-quantum colouring game goé has a perfect quan-
tum commuting strateqy;
(i) there exists a quantum colouring (N, V) of G, with N possessing
a faithful tracial state.
(2) The following are equivalent:
(i) cpé has a perfect approximately quantum strateqy;
(ii) there exist a quantum colouring of the form (R",¥).
(3) The following are equivalent:
(i) goé has a perfect quantum strateqgy;
(i) there exists a quantum colouring (N, W) of G, where N is finite
dimensional.

Proof. (1) (1)=(ii) Let £ : Dxx — My be a CQNS correlation, which is
a perfect quantum commuting strategy for cpé. Let 7 be a trace on Bx 4
associated with &£ via Corollary BI2] and N := 7z(Bx 4)”, where 7z is the
GNS representation corresponding to 7. If £ is the cyclic vector of 7z, then
7(T) := (T&,€) is a faithful trace on N. Let I' : Mxx — My be the
canonical lift of £ to a QNS correlation:

F(ex,x’ & 6y,y’) = (6m,m’5y,y’%(em,a,bey,b’,a’))a,a’,b,b’

= (02,270, T(77(€x,0,b€y,0/ 0" ) asa’ b,b -
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As (6,277(€x,a,0’)e2’ a,ar) 15 @ stochastic operator matrix, there exists a
*-representation m : Cx,a — N such that 7(ey o/ 00) = 0z7T7(€xa.a’)s
z,7' € X, a,a’ € A. Therefore I is a tracial QNS correlation with

(T(Pyg)): Pv, ) =0, where V = (ma)t.

As 0VHULT = CI4 and 0U)Ux' = S2, Theorem B shows that the
unital completely positive map ¥ : My — Dx ® N, given by U(e, o) =
(m(€s.27 a,a’))a,a» has a Kraus representation W(T') = >, M;TM; satisfy-
ing @3). As (['(ezx @ €x.2), (Mm*)?) = 0 whenever n € V, similar arguments
show that ([@2)) is satisfied.

(i)=(1) Let E,p = W(eap), a,b € A. Then E := (Eyp)ap is a semi-
classical stochastic operator matrix; thus, there exists a *-representation
m:Cx 4 — N such that (7(ey o a0))za’ a0 = E- Let T': Mxx — Maa be
the QNS correlation given by

P(Em,m’ & 6y,y’) = (T(ﬂ'(ex,x’,a,a’ ey’,y,b’,b)))a,a’,b,b’y X, xly Y, y, € X.

As m(ey s aa) = 0 whenever  # 2/, we have that I' = I' o Axx. By
Theorem 5.7, (I'( Py, ), Py, ) = 0. It hence suffices to show that the CQNS
correlation I'|p,  is concurrent.

Let n = Za,beA Na,pa @ €p be orthogonal to m4; thus, EaEA Na,a = 0. Let
Yy = wyeala yea - We have to show that (I'(ezz @ €x,2), (n*)4) = 0.
As M]*(ewx ® 1pn)M; € CI, there exists A\, € C such that

(44) Ea,a’M;(EJ/‘,x & 1/\/)Mi€b’,b = 6a’,b’)\:c€a,ba

for all a,a’,b,b' € A. As in the proof of Theorem E5l let ¢, = (€g.0/)a’,
considered as a row operator over M 4, and Mil’3 : CA®CA - CX®RCAQH be
the operator o12(1®M;), where 012 : CA®CX®H — CX®@CA®H is the flip
operator defined on the elementary tensors by o12(£; @& ®&3) = L @& R Es.
Fix a,b € A. We have

m
E E nb’,a’nb”,a”ea,a’M;(ex,x®1/\f)Mieb’,beb,b”Mi*(6x7x®1N)Mj6a”,a
=1 a/b.a" b EA

m
= Z Z My 0/ M 0’ €a,a’ M]T(Ex,x(glN)Eb’,b”(6x7x®1N)Mj€a”,a
‘]:1 a/,b/7a//7b//€A

=D calM} ) (€ @Y, @A) Eer®Y,@1n) M e

J=1
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On the other hand, by (@),

_ * *
E nb’,a’nb”,a”ea,a’Mj (ex,x b2y 1N)Mi€b’,b€b,b”Mi (ex,x & 1N)Mj6a”,a
o V0 bEA

= Z na’,a’na”,a”ea,a’M;(6:(:,:(: & 1N)Mi€a’,a”Mi*(6x,x & 1N)Mj6a”,a

a' @' €A
= (Z na’,a’ea,a’M;(ex,gc & 1N)Mi€a’,a>
a’'€A
*
X (Z na’,a’ea,a’M;(Em,m & 1N)Mi€a’,a>
a’'€eA
*
= (Z 77(1’7(1’)\186070«) <Z na’,a’)‘well,a) = 0.
a’€A a’'€A

m
Z €a <Mj173) (Emvm ® Yn* ® 1_/\/) E (Em,m & Y77 & 1_/\[) Mjl,3€: = 0’

1,3 «

€ = 0 and therefore

a —

this implies F'/2(e,, ® Y, ® 1yv)M;
0=

m
(Trar) [ > EY? (e ® Yy ® In) M ehea( M) (6.0 @ Yy @ 1) B2

j=1
= (Tr®7) <E1/2 (€ra @Yy @ 1n) E (€20 @Y, @ 1y) E1/2)
= <F (Efv,fv @ Em,m) 7, 77>

showing that I' is concurrent.

(2) (ii)=-(i) The arguments are similar to those in part (1): we first obtain
a *-representation 7 : Cx 4 — R" by letting (7(€s 2 a.0))z.2’ = V(€qa), and
define

F(ex,gc’ ® ey,y’) = (trR“ (W(ex,x’,a,a’ey’,y,b’,b)))a,a’,b,b"

We have that 7 := trgsorm is an amenable trace on Cx 4 ([0, Proposition
6.3.5 (1),(2)]). Hence the assignment s,(x ® y°P) := 7(xy) determines a
state on Cx, A @min ng qandif 0:Cx A — Cg(p’ 4 is the *_isomorphism given
by 9(€z4'.a,0') = €x' zaa ([30, Theorem 7.7]) then s := s, o (id®0J) is a
state on Cx, 4 @min Cx, 4 such that s(eg 2/ a0 @€y ) = T(€x 2/ a0’ €y y b/ b)-
Applying [30, Theorem 6.5], we obtain that I" is an approximately quantum
QNS correlation. As I' = I' o Axx, by [30, Theorem 7.3], I'|p,, is an
approximately quantum CQNS correlation. The above arguments also give
that I" is concurrent and satisfies (I'(Py,, ), Py, ) = 0.

(i)=(ii) By Corollary B7|i’), a perfect approximately quantum CQNS
strategy I' is determined by an amenable trace 7 on Bx 4. Hence there
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exists a *-homomorphism p : Bx 4 — R" such that 7 = trruop (see [15]
Proposition 3.2]). The proof is completed similarly to (1)(i)=(1)(ii).

(3) This part of the statement is similar to (1) and (2), and uses the
representation of quantum strategies established in Theorem [3.5 O

In the next two propositions, we clarify some useful properties of quantum
colourings. The first one is an automatic homomorphism result.

Proposition 5.12. Let X and A be finite sets, N be a von Neumann algebra
and U : My — Dx @ N be a unital completely positive map with Kraus
representation W(T) =Y " | M;TM}. The following are equivalent:

(i) ¥ is a *-homomorphism;

(i) condition [{f3) holds.
Proof. (i)=-(ii) For each a,b € A, we write W(e,p) = > cx €xx @ Tza,- For
a#bin Aand 1<1i,j <m, set
(45) Xabij = €a,aM (€x0 @ In)Mjepp € Ma.
We have

ZXabz ab,i] Zeaa Exx & 1N)M €b, bM (Ew,w ® 1N)Mi€a,a

= Ea,aMz'*(Em ® 1y) Z €y,y O Ty,bb (Escv:c ® 1N)Mi5a,a
yeX

= 6aa]w' (6:(::(: ®Tmbb)M€aa
(46)

= (EaaM (exx@)r /fb)> (EaaM (ex:(;@ri/;b))*,

where we have used the fact that e, is positive. Let
(47) Ya,bz EaaM <€xx®r:c/b2,b>’ reXabeAi=1,...,m.
By @), 327" Xab,ijXopi; = YabiYap; Furthermore,

m
Z a,b,i abz:Z<€mm®Tx/bb>M€aaM <€mm®rx/;b>

i=1
1/2 1/2
= (e @) | 2w @ryaa | (e @ril)
yeX
_ /2 1/2 1/2 172 \*
(48) =€z & ( T bbrx/aﬂ) (Tm,b,brx{a,a> :

Since V¥ is a homomorphism, Ti/fbrglc,/a%a =Tz b 20,0 = 01if a # b. By @8), it
follows that Yg 4 ; = 0 for all ¢ and all @ # b. Using (@8]), we have X,4;; =0
for all 4,7 and a # b. By (43]), this forces M (ez.. @ In)M; € Da.
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Next, we show that M (e, @ 1n)M; lies in CI4. We set
Xazij = Tr(€qalM (€50 @ In)Mj€qq);

then M (€z2 ® In)Mj = > c 4 Aa,ziij€aa- T establish (iii), it suffices to
show that A\g . = Ap.z,i; for all a,b € A.

Set
(49)  Capaij = €aaMi(€xe @ IN)Mj€aq — €ap M (€22 @ In)Mjepq
and observe that

Capaij = Nazij — Noaij)€asa-
We note that €, oM, (€x0 @ 1) Mj€p o = €M (€22 @ In)Mj€qq = 0, since
M} (€r2 ® 1n)M; € Da. Therefore,
(50) Capaij = (€aa — €ap) M (€r.0 @ In)Mjj(€q,a + €ba)-
Since
(€a,a + €b,a)(€a,a + €ap) = €a,a + €ap + €va + €bp,

by summing over j and setting dy o p = rz.0,a + Tz,ab + Tz b0 + Tz pp > 0, We
obtain

m
(51) > CapwijCipij = (€an — €ap) M; (€x2 ® a0 b)) Mi(€an — €ba)-
j=1

Let grap € N satisty gzab9; op = di.ap and define
(52) Dapri = (€a.a = €ap) M (€z,e ® gu.ap)-
By (1),

m

* _ CT*
Z Ca,b,l‘,i,jc’a7b7x7j7j - Davbvxsza,b,Z',i'
Jj=1

Set fr.ab = Teaa — Twab — Teba T Tzpp and note that f, ., > 0 and

m
(53) > DipeiDapai
i=1

= (Em,m ® g;,&b)Mi(Ea,a - Eb,a)(ea,a - Ea,b)Mi*(E:B,:B ® gx,a,b)

= €20 @ 9pap(Te,aa — Tzab ~ Teba T T2bb)97.ab

= €rz & (g;,a,bfx,a,ng,a,b)-
Since V is a *-homomorphism, the element g, 4 = 74,0,a + 72,0,6 Satisfies the
relation g;&ng,mb = dy qp- A calculation then shows that g;7a7bfx7a,ng,a7b =
0. By @3), Dapei = 0, and by (BI), Copeij = 0. This forces Ay o =
Azbij for all a # b. Hence, M/ (€, @ 1nr)M; € Cly.

(ii)=(i) The assumption implies that M;*(e; ,®@1x7)M; € D4, so equations
[#5)—E]) show that rglc,/a%ari/;b = 0, and hence 744725, = 0, whenever
a # b. Since each e, 4, > 0 and EaeA Tzaa = 1, we have that 7‘%7%& = Tr.aa
for each x € X and a € A. As V(ena) = D cx €oa @ Tz, the diagonal
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matrix unit €, , belongs to the multiplicative domain of ¥ for each a. In
particular,

\Ij(ea,a)\ll(eb,c) = 5a,b\I’(€a,c) = 5a,b Z €x.x @ Trac
zeX

for all b,c € A.

Now, choose g; 5 With g;a’bga,x,b = dy,qp, and hy 4 with h;mbh%mb =
fz,ap- Our assumption on implies that Cpp .55 = 0 for all a # b, x € X
and all 7 and j. By @X)-E3), g; , 5 z,0,692,00 = 0, yielding gz o phy ., = 0.
Multiplying on the left by ¢> . and on the right by h, 45, we get d; o b fr,a00 =
0. Using the fact that €, 4 and €pp are in the multiplicative domain of ¥, a
calculation shows that

(54) 0= d:c,a,bfx,a,b = Tz,a,a + Tebb — Tz,a,bTz,b,a — Tx,b,az,b,a-

Multiplying equation (B4) on both sides by 7444, We get 0 = 7544 —
Tzablzba- Lherefore, vy, prepa = Teaa. Similarly, 74p072ap = T2bbs
so that €, belongs to the multiplicative domain of W. Since a,b € A were
arbitrary with a # b, ¥ must be a homomorphism, completing the proof. [

Remark. We note that an alternative proof of the implications (iii)=>(ii)
in Theorem [E.17] can be given, using Proposition 5121 We have decided to
present the given argument instead as it shows that, it order to conclude that
the game gpé has a perfect strategy (of the corresponding class) one does
not need to necessarily resort to the fact that ¥ has to be a homomorphism.

The next proposition shows the combinatorial meaning of (43]).

Proposition 5.13. Let X and A be finite sets, G be a graph with vertex
set X, and N be a von Neumann algebra. Let m : My — Dx @ N be a
unital *-homomorphism with Kraus representation m(T) = Y ;" M;TM}
and write T(€qp) = Y cx €xar @ Twap, Where v, € N, v € X, a,b € A.
The following are equivalent:

(i) condition ([£3) holds;

(i) if v ~w in G, then Za,beA Tv,a,bTw,ba = 0.

Proof. Let v ~w in G, and define
Reij =Y €cpM;(€omw @ In)Mjere, ¢ € Ai,j € [ml].
beA

Set

Tc,z' = E 6c,a—Fi(ev,v & ew,a,c)-
acA
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We have

E : E :RC,ZJ c,1,]

ceAi,j=1

Z Z 6ca Ev w & 1N)M €a,c€e, bM (ew,v ® 1N)Mi€b,c
achAz,j 1

Z Z 6ca va & 1N)M €a, bM (ew,v & 1N)Mi6b,c
ab,ceAd,j=1

m
Z Z 6c,a]\47;k(€v,w & 1N)7T(€a,b)(€w,v & 1N)Mi6b,c
a,b,ceA i=1

Z Zeca Evv®rwab)M€bc

a,b,ceA i=1

Z Zeca Evv®rwac)(€vv®rwcb)M€bc

a,b,ceA i=1
(55) =ZZT T,
ceA 1=1

On the other hand,

m m
Z Z Tc*,z‘Tc,i = Z Z(Ev,v ® Tw,c,a)MiEa,cec,bMi*(Ev,v ® rw,b,c)

ceA i=1 a,b,ceA i=1
m

= E E (ev,v & Tw,c,a)Miea,bMi*(ev,v & Tw,b,c)
a,b,ceA i=1

= Z (ev,v & Tw,c,a)(ev,v & Tv,a,b)(ev,v & Tw,b,c)
a,b,ce A

(56) =€y @ § Tw,c,a”v,a,bTw,b,c-
a,b,ce A

Since 7 is a *-homomorphism,

(57) E Tw,c,aTv,a,bTw,b,c = 5 Tw,c,aTv,a,c E Tw,c,aTv,a,c

a,b,ceA a,c€EA a,ceEA

*

Considering equations (B5)-(B1), it follows that condition (i) is equivalent to
having R.;; = 0 for all c € A and all i,j € [m]. The latter condition is in
turn equivalent to the condition Tr(M; (€, ® 1n7)M;) = 0 for all 7, j € [m].
The proof is complete. U
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5.3. Algebraic versions of the orthogonal rank. Recall that the or-
thogonal rank £(G) of G is the smallest & € N for which there exists an
orthogonal representation of G in CF, that is, a collection (£,)zcx of unit
vectors in C* such that

In this subsection, we discuss algebraic and C*-algebraic versions of the
parameter £(G). To place this into context, we define the relazed classical-

to-quantum colouring game as the game ¢é : PS} x — Paa determined by

the requirements
J j if x ~ vy,
Iqn otherwise.

T/Jé(ﬁx,x ® €yy) = {

Let x € {loc, q,qa, qc}. We consider the following two parameters:
£.(G) = min{|A| : there exists a perfect tracial x-strategy for ¥4},
which we call the relazed orthogonal x-rank of G, and

£/ (G) = min{|A| : there exists a perfect x-strategy for ¢},

which we call the orthogonal x-rank of G (we set &(G) = oo if there is no
perfect strategy for 4,0‘(4; for any A). These parameters were introduced in
[30, Subsection 10.1] as quantum versions of the orthogonal rank. We note
the following:
(i) Since ¢g is more restrictive than ¥2, we have that &(G) < &(G);
(ii) By [30, Proposition 10.3], we have &o.(G) = &(G). On the other
hand, if |A| > 1 then ¢ .(G) = oo;
(iii) By [30, Proposition 10.5], & (Kzp) = &,.(K4) = d, and hence
¢(G) < [V/|X]] + 1. By Corollary 53, &(Ky2) = d.
Taking into account Remark B.IT] we see that the ideal J(¢2) of By 4 is
given by

I(pd) = < Y Crablyba T~y >

a,beA

that is, ’B(gpé) is the universal *-algebra generated by matrix unit systems
(€z.a,0')a,a’ca, © € X, subject to the relations Z&beA €z.a,b€y.ba = 0 when-
ever x ~ y. Similarly, B(¢g) is the universal C*-algebra generated by such
matrix unit systems, subject to these relations.

Corollary implies the following characterisations:

Corollary 5.14. Let G be a graph with vertex set X. Then

(i) The quantum commuting colourings of G correspond to traces of
B(p2). In particular,

£4c(G) = min{|A] : B(pd) possesses a tracial state},

and
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(ii) The quantum colourings of G correspond to finite dimensional traces
of B(¢4). In particular,

£(G) = min{|A] : B(p4) possesses a finite dim. *-representation}.

Proof. Suppose that 7 is a tracial state on Cx, 4 that annihilates the gener-
ators Ay = Za,beA €x.a,b€yba, T ~ Y, of j((pé). Note that

A:E,yAx,y - ey7a7bem7b7a6x7c7dey7dvc = ey7c7bex7b7dey7d7c’
a,b,c,de A b,c,de A

it follows that

T(A;yAx7y) = ’A‘T Z €x,b,d€y,d,b = 0.
b,deA

Combining this with the Cauchy-Schwartz inequality we obtain the state-
ments. (]

Definition 5.15. (i) The algebraic orthogonal rank &1, (G) is the small-
est cardinality of a set A for which B(p5) # {0}; if such A does not
exist, set Eug(G) = 00;
(ii) The C*-algebraic orthogonal rank £c«(G) is the smallest cardinality
of a set A for which B(goé) # {0}; if such A does not exist, set
c+(G) = oo.

Proposition 5.16. Let G be a graph with vertex set X. Then {o«(G) >

%. Moreover, £+ (Kg2) = d.

Proof. If £c+(G) = oo then the inequality is trivial; assume hence that
B(pd) # {0}. Since B(pg) is separable, it possesses a faithful state s. Let
m be the corresponding GNS representation and ¢ the corresponding cyclic
vector. Set Eyqp = T(€pqp) and &y ap = Epapé, © € X, a,b € A. The
proof of the inequality is now concluded in the same way as the proof of [30),
Proposition 10.5].

For the equality, realise A =Z; = {0,1,...,d—1} and let X = Ax A. Let
¢ be a primitive |A|-th root of unity and, for z = (a/,V’) and y = (a”,b") € X,
set

Ey .. = C(Z/_Z)blez_a/ez_a, €My, z=(d,b)e X, 27 €A
For z = (a/,V) and y = (a”, V") with x # y, we have
N\ N\
Z EZE,ZVZIEyVZ,VZ = Z C(z Z)b C(z ? )b (ez—a’ez’—a’)(ez’—a”e:—a”)
z,2'€A z,2/€A

’_ N
= Z (52/_(1/72/_&//62_&/’2_&// (Z Z)(b b )_[ == O
z,2'€A
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In addition,

EI,Z,Z’ESL‘,Z’,Z” — C(Z/_Z)b,C(Z“_Z,)bI(ez_ale* )(ez’—a’e;/_a/)

o —al
"_N\p!
= C(z 2)b ez_a/ez//_a/;

thus, B(gpf}(ﬂ) is non-trivial. O

As the next proposition shows, the algebraic orthogonal rank can be
strictly smaller than the C*-algebraic one.

Proposition 5.17. &,(K2) =2 for all d > 2.

Proof. We first show that &,5(/42) < 2. The case of d = 2 follows from
Proposition [5.16] so we assume that d > 3. By Proposition [5.16], the algebra
of the (classical) 4-colouring game for K2 is non-zero. Hence, there are self-
adjoint idempotents p, ,, in a non-zero, unital *-algebra A, for 1 < v < d?
and 1 < w < 4, such that ny:ﬂ?v,w =1 for all v, pywpv,. = 0 if w # 2,
and

(58) Pu,wPow = 0, wu 7£ v.

By Proposition (16|, the algebra B (90‘[‘}4) is non-zero when |A| = 2. Hence,
there are elements e, , 5 in a unital x-algebra B, for 1 <z <4and 1 <a,b <

2
27 such that €x,a,b€x,c,d = 5b,cem,a,d7 e;&b = €x.b,a, Za:l €x.a,0a = 1 and

2
(59) Z €x,a,bCy,b,a = 0, =z 7& Y.

a,b=1

For 1 <v<d?and 1<a,b<2, define

4
f’U,CL,b - Z pv,u} ® ew’a7b S A ® B

w=1

We will show that the elements f, . satisfy the requirements of the gen-
erators for the classical-to-quantum colouring game for Kz with |A| = 2.
Observe that

4 4
fv,a,bfv,c,d = § PvwPo,z ® €w,a,b€z,c,d = E Po,w & €w,a,blw,c,d

w,z=1 w=1

4
= 5b,c Z Pv,w & Cw,a,d = 5b,cfv,a,d-

w=1

) . . . .
Since py, ,, = pyw and €rpab = Cwbar We have fma’b = fupa- In addition,

2 2 4 4
va,a,a = Z va,w ® Cw,a,a = va,w ®1l=1®1.
a=1

a=1 w=1 w=1
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Lastly, using (58]) and (59]), assuming that u # v, we have

2 2 4
Z fu,a,bfv,b,a = Z Z Pu,wPu,z & €w,a,b€z,b,a
a,b=1 a,b=1w,z=1
4
= Z DPuwPo,w & 1=0.
w=1

Thus, there is a unital *-homomorphism from B(¢% ) to A®B with |A| = 2,
50 alg(Kg2) < 2.

It remains to show that &ue(Kz2) > 2. To this end, we show that
’B((pf{(ﬁ) = {0} if |[A| = 1. When |A| = 1, the relations defining %(gof}lﬂ) re-
duce to having generators ¢y 4,0, a € A, 1 <v < d?, such that ZaeA Qv,a,a =
L G aa = Qaa ad GuaaQuaa = 0 for v # w. Since [A] = 1, the first
relation implies that g, 4, = 1 for all v, a. Then since n > 2, we may choose
1 <wv,w < d? with v # w. Since we must have Qv,a,aqw,a,c = 0, it follows
that 1 =12 =0 in %((p?}d?). Hence, &aig(Kg2) > 2. O

(1]

(10]

(11]

(12]
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