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ABSTRACT

Artificial Intelligence (Al) is a long-studied and yet very active field of research.
The list of things differentiating humans from Al grows thinner but the dream of
an artificial general intelligence remains elusive. Sequential Decision Making
is a subfield of Al that poses a seemingly benign question “How to act optimally
in an unknown environment?”. This requires the Al agent to learn about its en-
vironment as well as plan an action sequence given its current knowledge about
it. The two common problem settings are partial observability and unknown
environment dynamics. Bayesian planning deals with these issues by simulta-
neously defining a single planning problem which considers the simultaneous
effects of an action on both learning and goal search. The technique involves
dealing with infinite tree data structures which are hard to store but essential for
computing the optimal plan. Finally, we consider the minimax setting where
the Bayesian prior is chosen by an adversary and therefore a worst case policy

needs to be found.

In this thesis, we present novel Bayesian planning algorithms. First, we pro-
pose DSS (Deeper, Sparser Sampling) for the case of unknown environment
dynamics. It is a meta-algorithm derived from a simple insight about the Bayes
rule, which beats the state-of-the-art across the board from discrete to contin-
uous state settings. A theoretical analysis provides a high probability bound
on its performance. Our analysis is different from previous approaches in the
literature in terms of problem formulation and formal guarantees. The result
also contrasts with those of previous comparable BRL algorithms, which typ-
ically provide asymptotic convergence guarantees. Suitable Bayesian models
and their corresponding planners are proposed for implementing the discrete
and continuous versions of DSS. We then address the issue of partial observ-
ability via our second algorithm, FMP (Finite Memory Planner). This uses
depth-dependent partitioning of the infinite planning tree. Experimental results
demonstrate comparable performance to the current state-of-the-art for both dis-
crete and continuous settings. Finally, we propose algorithms for finding the

best policy for the worst case belief in the Minimax Bayesian setting.

Keywords: Planning, Bayesian Reinforcement Learning, Partially Observable MDP
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Part 1

Extended Summary






Introduction

Artificial Intelligence (Al) is an expansive research field aiming at machines
that can replicate any human skill or behaviour. We can categorize Al research
based on the type of tasks an Al agent is expected to perform, namely Learning
& inference and Planning. The act of storing new knowledge is known as learn-
ing while inference refers to the act of extracting conclusions given this limited
knowledge base. These two are tightly knit by the design of the knowledge
base. Finally, the process of deciding on long-term actions or plans given one’s
current knowledge is called Planning. Early successes like the STRIPS [Fikes
and Nilsson, 1971] planner and expert systems like MYCIN [Shortliffe and
Buchanan, 1975] focused on planning while relying on human-encoded domain
knowledge (learning didn’t exist and the inference was trivial). Post 90’s focus
shifted to Learning & Inference tasks like pattern recognition, data compres-
sion, time series prediction etc. In many problems, one aspect is easier than
the other. For example in path planning, knowledge is encoded trivially using
graphs and the hard part is planning, while in face recognition, it is hard to
mathematically define what constitutes a face, but the act of deciding is trivial
given an appropriate learnt representation. The subfield of Al which we study
brings together these two tasks by posing a seemingly benign question “How to

act optimally in an unknown environment?”.

Decision making. This refers to those situations where an algorithm must
interact with a system to achieve some desired objective. A fundamental char-
acteristic of such problems is the feedback effect that these interactions have on

the system. In Al this is analogous to the situation where an autonomous agent

3



acts in an environment. In many cases, one uses a mathematical model that
encapsulates the basics of this interactive system. The process of developing

long-term actions in such a setting is known as Planning.

Decision making problems can be divided into two types, depending on the
amount of information. The first is decision making under no uncertainty, which
refers to the situation where one has full knowledge of the system’s behaviour
(potentially stochastic). Even in this case, it is not a trivial problem to decide
how to act. The second type is decision making under (epistemic) uncertainty,

which is the focus of this thesis.

Decision making under uncertainty In real-world processes, along with in-
herent (aleatoric) uncertainty', there also exists uncertainty because of our lack
of knowledge about how the system behaves, known as epistemic uncertainty.
Reinforcement Learning (RL) is an important problem in this category. Accord-
ing to Duff [2002], “RL attempts to import concepts from classical decision
theory and utility theory to the domain of abstract agents operating in uncertain
environments. It lies at the intersection of control theory, operations research,
artificial intelligence and animal learning.” Its first successful application was
the development of a state-of-the-art Al [Tesauro, 1994] for playing Backgam-
mon. More recent successes include game-playing Al [Mnih et al., 2015, Silver
etal., 2017].

Planning in this general setting requires taking into account future events and
observations that may change our conclusions. Typically, this involves cre-
ating long-term plans covering possible future eventualities, i.e. when plan-
ning under uncertainty, we also need to take into account the possible future
knowledge that could be generated while acting. Executing actions also in-
volves trying out new things, to gather more information, but it is hard to tell
how beneficial this information will be. The choice between acting in a manner
that is known to produce good results, or experimenting with something new, is
known as the exploration-exploitation dilemma. It is a central problem in RL

research.

Exploration-Exploitation

ILike the randomness associated with a game of chance.



Consider the problem of choosing your education stream for your long-term
career. Let’s say you are inclined toward Engineering. However, Project Man-
agement has recently become quite popular and is financially more rewarding.
It is tempting to try it out! But there is a risk involved. It may turn out to be
much worse than Engineering, in which case you will regret switching streams.
On the other hand, it could also be much better. What should you do? It all
depends on how much information you have about either of the career choices
and how many more years are you willing to spend to get a degree. If you
already have a PhD, then it’s probably a better idea to go with Engineering.
However, if you just finished your bachelor’s degree, Project Management may
be a good bet since you may get a much higher salary for the remainder of your
life. Otherwise, you would miss out only by a year making the potential risk

quite small.
Bayesian Reinforcement Learning

One way to approach the exploration-exploitation dilemma is to take decisions
that explicitly take into account the uncertainty, both in the present and the
future. One may use the Bayesian approach for this; essentially any algorithm
is Bayesian in nature if it maintains probabilistic beliefs on quantities of interest
and updates them using evidence collected. Formulating the RL problem in a
Bayesian framework is known as Bayesian RL (BRL). In this framework, the

‘learning’ task can be subsumed into a planning problem as shown later.
Minimax Reinforcement Learning

One can take the Bayesian formulation one step further by assuming that even
the environment that the agent acts in, is selected by a stochastic adversary
using some unknown probability distribution®. In other words, what is the best
policy against an adversary who pits the agent against an environment selected
randomly at the start of each episode and the agent is unaware of the probability

distribution that the adversary uses to sample the environments.

2Qver a set of possible environments.



1.1 Thesis outline

The remainder of this chapter is structured as follows. First, we formally de-
fine the quantities of interest and introduce the necessary background that will
help us understand the remainder of this thesis. Next, we summarize the con-
tributions of this thesis. Thereafter, the relevant literature is reviewed. The
final section includes our concluding remarks and discusses some avenues for

potential future work.

1.2 Background

In this section, we present the technical background necessary to understand the
context of this thesis and its contribution. We study various sequential decision
making problems where the common theme is an agent interacting with an en-
vironment. The interaction involves the agent taking an action a; at time ¢ and
obtaining a numerical reward r;. The agent’s goal is to maximize its total re-
ward over time, i.e. ), ;. The typical model used to represent this interaction
between the agent and the environment is called a Markov Decision Process
(MDP), which we introduce next.

1.2.1 Markov Decision Processes (MDP)

A Markov Decision Process (MDP) is a discrete time stochastic process that

provides a formal framework for reinforcement learning problems.

Definition 1. An MDP (S, A, P, R) is a tuple composed of a state space S, an
action space A, a reward function R and a transition function P. When we refer
to a specific MDP p, we will add a subscript to denote its transition function
P, and reward R,,. The transition function P, = P, (St+1]5¢, ar) dictates the
distribution over the next states s;;1 given the present state-action pair (s¢, az).
The reward function R,, : S x A — [0, 1] dictates the reward ;4 obtained
after each (s¢, ay).

A policy 7 € Il in a policy space II is an algorithm for selecting actions given
previous observations. It is Markov if, at any time ¢, the action a; chosen by the

policy only depends on the current state s,. We denote the action distribution of
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such a policy as 7 (a¢ | s¢). The value function of a policy for a specific MDP
w is the expected sum of discounted rewards obtained from time ¢ to 7" while

selecting actions in the MDP g starting from state s:

T—t
Vi (s) =Ep() v Fren | se = s), (1.1)
k=0

where v € (0, 1] is called the discount factor and 7, denotes the expected
value of any random variable dependent on the stochastic process arising from
the induced Markov chain (by following policy 7 in the MDP p)*. For v < 1,
the following limit exists V,7 £ limy o, V. Define V¥ £ max, VT as
the optimal value function, and 7}, £ argmax_ Vi as the optimal policy.
The optimal policy and value function are computable via Backwards induc-

tion [Puterman, 1994].

Vi (s) = mixg [R5, +7 [Pu(s1s.0) Vi ()] (12)

s €8

That is, starting with V7 = R, (s, a), we compute each of Vr_1,Vr_o...Vp
in order and for each possible transition (s; = s,a; = a) — s;+1 = s’. When
v < 1, the process converges to a fixed point and the algorithm is called value
iteration. Note that in order to compute the optimal value function V;*(s;) and
action a; = W:(St) using equation (1.2), the agent needs the knowledge of P,

and current state s;. This setting is known as the Planning problem.

1.2.2 Types of problem setting

In what follows, if the agent can observe state s; but is unaware of the tran-
sition function P, the setting is called the Reinforcement Learning problem.
On the contrary, if the environment dynamics P, are known but the state s; is
hidden, the setting is called a Partially Observable MDP or the POMDP prob-
lem. Finally, the Minimax setting extends the Bayesian RL problem with an

adversarially chosen prior. We detail each of the settings next.

3In general, Ef denotes expectation operator conditioned on A = a and B = b.
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Figure 1.1: Visualising the BAMDP tree. wf;j denotes the state at time ¢ given
action ¢ and having observed state j.

1.2.3 Bayes-Adaptive MDP (BAMDP)

For the RL setting, we follow the Bayesian formulation [Duff, 2002] and main-
tain a belief distribution 3, over the possible MDP models 1 € M.* Using an
appropriate prior By(u), we obtain a sequence of posterior beliefs G;(u) that
represents our subjective belief over the MDPs at each time ¢, depending on the
latest observation. We obtain the posterior belief at time ¢ 4 1 using the Bayes

rule:

A P (se1]5¢, ar) Be (1)
Brer(w) = S P (81188, a0) Be (1) dp/ -

For each (s¢41, s¢, at) tuple, the next B¢, 1 is uniquely determined by the equa-
tion (1.3). Therefore, we denote the Bayes rule as a mapping (5,41 = Bf’:’at (St41)

to highlight its dependence on the next state.
The Bayes-utility v, can be defined analogously to the MDP value function:

v(s) 2 /M VT ()B(n)du (1.4)

The Bayes-optimal policy has the corresponding Bayes-optimal utility.

well

vj(s) £ max /M Vi (s)B(u)dp (1.5)

“More precisely, one can define a measurable space (M, M), where M is the possible set of
MDPs and 90 is a suitable o-algebra.
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It is well known [Duff, 2002, Guez et al., 2012] that by considering the original
MDP’s state s; and the belief 3; together as a hyper-state w;, one can obtain
another MDP called the Bayes Adaptive MDP (BAMDP), whose optimal policy
is the Bayes-optimal policy.

Definition 2. A Bayes Adaptive Markov Decision Process (BAMDP), denoted
by i £ (Q,A,v,7) is a representation for MDP p = (S, A, P,, R,,) whose
transition function is unknown. Its state space is a set of hyper states {2 = S x*B,
where ‘B is a space of probability distributions (called beliefs) over the set of
possible MDP models M. It has a common action space A while the transition

v(wey1|we, ay) and the reward 7(wy, a;) functions are defined as follows:

v(wip1|we, at) = P(st41, Ber1lse, Bey az)

:?(6t+1|5t+1a5taat,6tl/ ]\P}u(5t+1|5t>at)l Bi(p)dp

Bayes rule MDP kernel

T(wi, ar) 2 /M R (st ar) Be(p)dp

At time ¢, an agent observes the state w; = (s¢, 3¢), takes an action a; € A
and transitions into a new state wy+1 = (S¢41, Bt+1), Where B¢y 1 is computed
using Bftf’at (st41) (eq. 1.3).> The hyper-state of the BAMDP has the Markov
property since each hyper-state w; 11 = (S¢41,B¢41) is uniquely determined
by the previous w;. Because the BAMDP is simply an MDP over the space of
hyperstates, backward induction can be used starting from the set of terminal

hyperstates 27 and proceeding backwards to T-1,T-2, ..., as follows:

Vi (w) = max [T(w, a) + v/l/(w/\w, a)Vt"jrl(w/)} (1.6)
w/ EQt+1

where (2,1 is the set of reachable hyperstates from w. It is important to note

here that the size of the reachable hyperstates [€2;, 1| is at most equal to the size

of state space |S| since the Bayes rule mapping B is one-to-one for all possible

next state s;y.

3In particular, since the next belief is uniquely determined from the current and next state, the
action and the previous belief, P(B¢t+1|st+1, St, at, Bt) is a Dirac distribution.
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1.2.4 Partially Observable MDP (POMDP)

For the POMDP setting, the agent can only indirectly estimate the state s; via
a set of observations o; € O and their (state-dependent) emission probability.

Formally,

Definition 3 (POMDP). A Partially Observable MDP, or POMDP, denoted by
(S, A, P,R,v,0, Z) tuple is an MDP model augmented with observations o; €
O and their corresponding emission probabilities Z 2 P(o;|s;). The state s; €

S is not directly observable by an agent.

In such cases, the best an agent could hope to achieve is to act optimally in an
expected sense (averaging over its estimation of the current state). Let b; de-
notes the current state distribution at time ¢, known as the belief. It is a proba-
bility distribution over the state space whose element b, (s) gives the probability
that the system’s true state is s.° It is a compact representation of the agent’s
complete history of interaction with its environment, i.e, the action-observation
sequence it followed. For an initial belief by, policy 7 and horizon H, the cor-

responding value function V7 (by), is defined as follows

H-1
Vi (bo) = E( D v*riq1lbo, m) (1.7)
k=0
by € A'S‘
A2 1h: 8 5 [0,1] ‘ /b(s) ds =1} (1.8)

Let V7; denote the optimal value function. In the discounted setting, the objec-

tive is to find a policy m maximizing V™ (bg), which is defined as

V7 (bo) = lim Vi(bo) (1.9)

Inference equations

Next, we describe the standard computational equations useful in the context of

POMDP. To compute a new belief bx1, given the current belief by, action a

®For continuous state spaces, b is instead a density.
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Figure 1.2: Visualising the POMDP tree. The posterior belief 05 is inferred
from the prior (parent belief) by observing action a and the i*" observation.

and next observation oy 1, one uses the following set of equations:

bpt1(Sk41) = Z(0k+1|5k+1) P(Sk+1) (1.10)
Oprob
]p(skﬂ):/ Plskials’, a)be(s) ds’ (111
o 2 [ Zovaalsnsn) Blsira) ds (1.12)
Sk41

collectively referred to as the Bayes filter [Thrun, 2002]. Equation (1.10) gives
the Bayesian posterior of the states, also called the next belief by1;. Equa-
tion (1.11) 1s the state marginal distribution after the transition has occurred
under the given action, while equation (1.12) is the marginal probability or like-

lihood of the observation o4 1.

Solving a POMDP involves generating the belief tree and then doing backward
induction [Bellman, 1952] on it to compute the optimal action at the root node.

The corresponding Bellman equation is:

V(br) = maxEe(o, ., jabi) [ Tht1 + 7V (k1) ] (1.13)
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Where

Thtl = /R(s,a)bk(s) ds

P(0k+1]a, br) = Oprop

Note that by is uniquely determined by o1 using the Bayes filter. Note that
in this setting, the likelihood function Z is assumed to be known.

1.2.5 Bayesian Planning

For both the BAMDP and POMDP settings, solving the corresponding Bellman
equations (1.6 and 1.13) requires knowledge of the reachable states wy and
by respectively. To this end, a tree-like structure can be associated with each
problem, called the Belief tree. This tree is rooted at the current belief (or

hyperstate) and is shown in Figure (1.1) and Figure (1.2) respectively.

The EXPAND method (algorithm 1) is used to generate the BAMDP belief tree
shown in Figure (1.1). Algorithm 1 then solves the planning problem via back-
ward induction (Line 17-21). A similar algorithm can be used for the POMDP
setting although it is important to note that such exact tree expansion algorithms
are only valid for the discrete state-action setting. For the continuous setting,
we need certain approximations to the belief tree as the branching factor is infi-
nite’. Controlling the size of the belief tree forms the basis of the contributions
of this thesis.

1.2.6 Minimax Bayesian RL

In the Bayesian setting, the agent has a belief about the MDP, for which it
tries to find the optimal policy. There are two possible ways to interpret the
distribution /3, depending on how it is chosen. If 3 is chosen by the agent itself,
then it corresponds to his subjective belief about the most likely MDP a priori.
In that case, U (7, 3) corresponds to the expected utility of a particular policy
under this belief.

"For continuous-state in BAMDP and continuous-observation in POMDP.
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Algorithm 1 FHTS (Finite Horizon Tree Search)
1: Global: Horizon H

2: Function EXPAND(wy, = (S, Or), h)
3 if h > H then

4 return

5:  end if

6 for all actions a do

7 for all next states s;, 1 do

8 Br1 = Bk ,(sny1) (eq. 1.3)
9: Wht1 = (Sht1s Brt1)

10: EXPAND (wp4+1,h + 1)

11: end for

122 end for

13: end Function

14: Function FHTS(wg)

15: EXPAND(wq)

16: Qwg,a)=0Va€A

17 forallhin H—1,...,0do

18: for all actions a do
19: Q(wn,a) += 7(r|wn,a) + v(Whti|wh, a) X max, Q(wWht1,a)
20: end for

21:  end for
22:  return max, Q(wp,a)
23: end Function

The second view of 3 is to assume that the MDP is actually drawn randomly
from the distribution S. If this is known, then the subjective value of a policy
is equal to its true expected value. However, it is more interesting to consider
the case where nature selects 3 in an arbitrary way from a set of possible priors
B. In this setting, the agent does not have a particular reason to select one prior
over another but merely wants to select a prior that gives robustness guarantees

for its adaptive policy.

We can then model this as a zero-sum game against nature, where the agent’s
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utility is the sum of rewards

T
A
Z/{ZETt7
t

and where the expected utility for any fixed agent policy m and MDP i is
U(r, 1) = E;U)

under some arbitrary starting state distribution. The corresponding utility for the
agent when nature chooses the MDP according to some probability distribution
£ is then:

Ulr, B) 2 /M U, 1)B (1) dp

A natural question is how to select the worst-case prior 3* and the correspond-

ing agent policy 7*

B*, m* £ argmaxarg min U(w, 3)
mell BeB

1.3 Contributions

Our main contributions can be summarized as follows:

e In the 1! paper, we propose a novel Bayesian planning algorithm for the
BAMDP in the discrete setting. We provide concrete finite-sample per-
formance bounds relative to the algorithm parameters. Performance in
experiments beats the state-of-the-art. My contribution is the develop-
ment of the algorithm, part development of the proof strategy, selection
of appropriate prior and policy-optimizer pairs as well as complete im-

plementation and experiments.

+ In the 2"¢ paper, We provide concrete implementations of our meta al-
gorithm for continuous state settings. This involves proposing a suitable
Bayesian dynamics model as well as the policy optimizer. The proofs

are non-trivially generalized to the continuous setting with appropriate
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assumptions and lemmas. A study over important hyperparameters, lack-

ing in the previous version is done. All contributions are my own.

« In the 3"? paper, we propose a novel analysis of the PODMP planning
problem. Insights from this analysis allow us to propose a novel algo-
rithm applicable to both discrete and continuous state settings. We show
its benefits experimentally compared to the current state-of-the-art. All

contributions are my own.

* In the 4*" paper, we answer some of the questions about the existence of a
solution in the Minimax setting and how to compute it. My contribution
constitutes the convergence rate of a Gradient Descent style algorithm

and the conditions under which it holds.

1.4 Related work

In this section, we first discuss the relevant POMDP literature. Section 1.4.2
discusses algorithms that directly attack the BAMDP problem followed by sec-
tion 1.4.3 where methods casting the BAMDP as a POMDP are discussed. Fi-
nally, related work on the Minimax formulation is discussed.

141 POMDP

The current state-of-the-art POMDP solvers are AdaOPS [Wu et al., 2021],
DESPOT [Ye et al., 2017] and POMCP [Silver and Veness, 2010]. They rely on

some mix of three main strategies in the POMDP planning literature:

1. Promising action: Expanding and evaluating only the promising nodes

of the planning tree.

2. Inference: Using a particle filter for inference, combined with intelligent
resampling to take care of the particle degeneracy problem.

3. Covering: Merging nodes with similar beliefs by keeping a finite cover

over the continuous belief space.

Promising action: While building the lookahead tree, all three solvers keep the

tree size in check by only considering ‘promising’ sequences of actions. This
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is done by only expanding the action nodes with the highest difference between

their upper and lower bound values.

Inference: DESPOT uses resampling to overcome the sample degeneracy prob-
lem faced by particle filters, where most particles become highly improbable
and have negligible weights. AdaOPS uses a posterior dependent resampling
scheme, which bounds [Fox, 2001] the error between the approximate and true
distribution. An orthogonal approach for approximate inference in POMDP in-

cludes low dimensional belief representation methods like [Roy et al., 2005].

Covering: One key concept is to pack similar beliefs together, to keep the
exponential growth of the nodes in check. This idea is linked to the concept of
the covering number. Informally, it is the number of smaller spaces }V; C &,
centred at points y;, needed to cover all of X. The placement of points y; as
well as shapes of the sets );, X' are important to get a minimal cover. Only
recently has it been used as a complexity measure for POMDP [Zhang et al.,
2012, Lemma 1] planning. The idea is to choose a representative set of beliefs,
covering as much of the belief space as possible. It was also used in the analysis
of SARSOP [Kurniawati et al., 2008] by Hsu et al. [2007]. Note that PGVI
[Zhang et al., 2014], SARSOP and AdaOPS all derive the planning error in
terms of an unknown covering number (denoted by C and P? . respectively)

associated with their proposed uniform d-cover. They also don’t give an upper

bound on the value of their covering number.

1.4.2 BAMDP

BAMDPs were initially investigated by Silver [1963] and Martin [1967]. The
problem of computational intractability of the Bayes-optimal solution motivated
researchers to design approximate techniques. These are referred to as Bayesian
RL (BRL) algorithms. Ghavamzadeh et al. [2015] compile a survey of BRL al-
gorithms. BRL algorithms discussed here are all model-based. They can be
further classified based on whether they directly approximate the belief tree
structure (lookahead) or not (myopic). Therefore we first discuss BRL algo-

rithms based on their design and then their theoretical motivation.

We classify them into various categories based on their functioning.
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Myopic: Myopic algorithms do not explicitly take into account the information
to be gained by future actions, and yet may still be able to learn efficiently. The
simplest algorithm is the one taking the mean MDP estimate and playing ac-
cording to its optimal policy. However, this is not even the best non-adaptive
policy in many cases. A highly successful myopic algorithm is Thompson sam-
pling [Thompson, 1933], which maintains a posterior distribution over models,
samples one of them and then chooses the optimal policy for the sample. A
reformulation of this for BRL was investigated in [Strens, 2000]. The Best
Of Sampled Set (BOSS) [Asmuth et al., 2009] algorithm generalizes this idea
to a multi sample optimistic approach. BEB [Kolter and Ng, 2009] at the first
look, seems to work directly on the Bayesian value function (eq. 1.6), but it
simply adds an explicit bonus term to the mean MDP estimates of the state-
action value. Similar to BEB, MMBI [Dimitrakakis, 2011] assumes constant
belief and therefore rolls in the hyper-state value into the state-action value, but
unlike BEB, it directly approximates the Bayesian value function. This assump-
tion removes the exponential dependence (due to path dependent belief) on the
planning horizon. Then, backward induction is performed using the value of
the next-step optimal adaptive policy. The final output is the stationary policy
obtained at the root through backward induction®.

Lookahead: Lookahead algorithms take into account the effects of their fu-
ture action on their knowledge about the environment and quantify its benefit
for current decision making. The simplest algorithm is to calculate and solve
the BAMDP up to some horizon H, as outlined in Algorithm 1 and illustrated
in Figure 1.1. Sparse sampling [Kearns et al., 1999] is a simple modification
to it, which instead only iterates over a set of sampled states. Kearns’ algo-
rithm, when applied to the BAMDP belief tree,” would still have to consider all
primitive actions. Wang et al. [2005] improved upon this by using Thompson
sampling to only consider a subset of promising actions. The high branching
factor of the belief tree still makes planning with a deep horizon computation-

ally expensive. Thus more scalable algorithms, such as BFS3 [Asmuth and

8 Although it shouldn’t be hard to store the intermediate optimal constant-belief adaptive policy,
since it is computed (step-8, Algo.1) anyway.

9We freely use the term ‘tree’ or ‘belief tree’ to denote the planning tree generated by the algo-
rithms in the hyper-state space of BAMDP.
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Littman, 2011], BOLT [Araya et al., 2012] and BAMCP [Guez et al., 2012],
were proposed. Similar to [Wang et al., 2005], BFS3 also selects a subset of
actions but with an optimistic action selection strategy, though the backups
are still performed using the Bellman equation. BOLT includes optimism in
the transition function instead. BAMCP takes a Monte-Carlo approach to the
sparse-lookahead idea by using approximate inference via particle filters. It also
uses optimism for action selection. Unlike BFS3, the next set of hyper-states
is sampled from an MDP sampled at the root!?. Since posterior inference is
expensive for any non-trivial belief model, BAMCP applies a technique called
lazy sampling. It involves sampling particles (MDPs) at the root and building
the tree using their transitions instead of the BAMDP transition function. Fi-
nally, leaf values are initialized using rollouts. Both techniques are inspired by

their previous application to the tree search problem [Kocsis and Szepesvari,
2006].

VariBAD: A recent neural network based BRL approach by Zintgraf et al.
[2021], called VariBAD, proposes to do two things simultaneously. Firstly, it
learns the inference mechanism by learning a sufficient statistic, by minimizing
the prediction error over the seen data. In particular, the statistic is computed by
an RNN encoder with (action,next-observation) tuple'! as input, which outputs
a posterior embedding to be fed to the decoder. Secondly, this posterior embed-
ding/sufficient statistic is used as an input to a policy network in hopes of learn-
ing the Bayes-optimal policy using the Temporal Difference (TD) [Sutton and
Barto, 1998] update rule for BAMDP’s Bellman equation (eq. 1.6). Hence, gra-
dients for the policy network are derived from the bootstrapped value function
using a TD variant Schulman et al. [2015]). We use VariBAD as a benchmark

for the continuous setting.

Analytical guarantees: We first discuss BEB and BOLT, which have theoret-
ical results similar to ours. Both are PAC-BAMDP and derive their result by
achieving a certain level of certainty about (s, a) tuples, similar to Kearns and

Singh [1998] who define such tuples as ‘known’. BEB’s authors rely on how

10Note that ideally the next observations should be sampled from the P(s;1|w:) instead of
P(st+1|wt, ), i.e. the next-state marginal at the root belief.

Note that the prior should also be a separate input to the encoder, to properly approximate the
posterior, but it is only implicitly computed within the RNN.
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many (s, a) tuples are already ‘known’ to prove their result. They go on to
prove that both finite horizon Bayesian-optimal policy and BEB’s policy, de-
crease the exploration rate so fast that they are not PAC-MDP'2, providing a
3-state MDP counter-example. BOLT’s authors prove that if the probability of
unknown states is small enough, their value function is close to optimal, if not,
then such events (of seeing ‘unknown’ (s, a) tuples) occur only a limited num-
ber of times (by contradiction). The required amount of exploration is ensured
by BOLT’s optimism. They also extend BEB’s PAC-BAMDP result to the in-
finite horizon case. The main problem with BOLT’s approach of ‘knowing’ all
the (s, a) tuples enough is that the Bayes-optimal policy no longer remains in-
teresting; Martin [1967] has shown that in such a case, the Bayes-optimal policy
approaches the optimal policy of underlying MDP. This leads to an unfaithful
approximation of the true Bayes-optimal policy. A better approach is to prove
approximate optimality without such an assumption. For example, BOP [Fonte-
neau et al., 2013] uses an upper bound on the Bayesian value function for their
branch-and-bound tree search. In practice, the exponential dependence on the
branching factor is still quite strong (proposition 2 of their work). No analytical

results exist for the Neural Network based VariBAD algorithm.

1.4.3 POMDP perspective on BAMDP

A natural idea would be to apply the already existing literature on POMDP to
the BAMDP setting since both are Bayesian planning problems. Significant
effort was made by Duff [2002], where he shows an almost mechanical trans-
lation of the POMDP alpha-vector!? formulation to BAMDP (sec. 5.3). He
notes that due to belief having continuous support in the BAMDP, in contrast
to the discrete support (over states) in the POMDP, fundamental differences'*
arise in the application of Monahan’s algorithm [Monahan, 1982]. He com-
ments (sec. 5.3.3) how the alpha functions due to backward induction are just
a mixture of alpha functions at previous iteration!”, by extension of which any

closed set of functions representing the Bayesian value initially will imply a

12This is the first of any result on the Frequentist nature of Bayes-optimal policy.

3 A vector, o : [0, 1] 151 5 R, compactly represents the Bayesian value over all the belief space.
14 Alpha vectors become alpha functions and their dot product with belief becomes integral.
5More precisely, the reward is added to this mixture by due to the Bellman operator definition.
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function from the same family locally at the root belief. Therefore the “idea of
characterizing the value function in terms of a finite set of elements generalizes
from the POMDP case”. Although he quickly points out how this approach is
computationally infeasible: Exact methods for PODMP [Sondik, 1978, Kael-
bling et al., 1998] crucially depend on eliminating the exponentially growing
alpha vectors with respect to the planning horizon, and for this, they solve a set
of linear equation constraints. These constraints in the BAMDP case turn out
to be integral constraints, which usually don’t have any easy tractable solution.
Hence, the curse of exponentially memory usage with respect to the planning
depth still remains. Poupart et al. [2006] claim to show that alpha functions
in BAMDP are multivariate polynomials in shape, but their main theorem only
relies on backward induction for the proof. Therefore it is unclear how the
initial alpha functions should indeed be multivariate polynomials. Duff [2002]
goes on to argue and develop a general finite-state (memory) controller method
for both POMDP and BAMDP problems. This approach holds much promise
and should be investigated further. One key observation usually missed by the
‘BAMDP as POMDP’ literature is that the convergence property of the belief
doesn’t exist for POMDP!® and hence we miss out by not fully exploiting this
property of BAMDP.

1.4.4 Minimax Bayesian RL

Berger [2013] has extensively discussed Minimax-Bayes decision problems in
his work. The problem is to find a worst-case prior so as to obtain guarantees
in terms of the expected loss in a Bayesian decision making process. Griinwald
and Dawid [2004] have also discussed the problem of Bayesian experiment
design in this context. However, the problem has not been addressed in the

Bayesian reinforcement learning literature.

161n BAMDP, the belief over transition probabilities converge as we plan, while no such analogy
exists for belief simply over the MDP states.
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1.5 Concluding remarks and future directions

In this thesis, we presented Bayesian planning algorithms for two widely stud-
ied settings of BAMDP and POMDP. In both settings, many early algorithms
focused on leaf approximations while later ones on Monte-carlo inference. Our
proposed algorithms use systematic approximation to the belief tree by fully
utilizing the underlying structure of the problems. This is in contrast to both
type of past approaches and directly tackle the fundamental problem of expo-
nentially increasing belief tree. Our analysis in both cases is general and novel
enough to be applicable to both discrete and continuous state settings. Exper-
iments demonstrate the performance of algorithms with better or comparable
results to the current state-of-the-art in their respective domains. Finally, we
answer some of the questions about the existence of a solution in the Minimax

setting and how to compute it.

Future directions

We now discuss potential research directions that can be studied and built upon

our work. The proposed ideas are of both theoretical and practical interest.

Minimax Convergence results for specific cases of prior and policy space
could be established for the proposed algorithms. Analytical properties of the

Bayesian utility/regret could be studied more deeply, especially its gradient.

BAMDP A direct extension would be the use of a more general dynamics
model and policy generator such as neural networks. The analysis could be spe-
cialized by considering specific priors from the exponential family distributions.
A regret bound could also be proposed by studying the rate of convergence of
the posterior under the Bayes-optimal policy, possible in part due to our value
function bound at the root. We conjecture that the Bayes-optimal policy would

inherently explore enough without the need for explicit optimism 7. Studying

17This connection may also be seen in a previous attempt by [Duff and Barto, 1997], where they
try to use the Gittins index for BAMDP.
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the effects of adaptive vs non-adaptive policies by establishing some kind of

submodularity property would also be an interesting avenue.

POMDP In future work, there is a possibility to extend the analysis by more
tightly coupling the POMDP parameters and the belief discretization. A more
interesting direction would be to extend the problem to a likelihood-free POMDP

setting (Z unknown).

Finally, the unknown-dynamics plus unobservable-state setting could be simply
formulated as an RL problem, since the model space (say a neural network)
could be made to learn features representing the state directly, bypassing the

observation to state (fy : 0 — s) modelling.
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