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Abstract

Solutions to the stochastic wave equation on the unit sphere are approximated by
spectral methods. Strong, weak, and almost sure convergence rates for the proposed
numerical schemes are provided and shown to depend only on the smoothness of the
driving noise and the initial conditions. Numerical experiments confirm the theoreti-
cal rates. The developed numerical method is extended to stochastic wave equations
on higher-dimensional spheres and to the free stochastic Schrodinger equation on
the unit sphere.
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1 Introduction

The recent years have witnessed a strong interest in the theoretical study of (regu-
larity) properties and the simulation of random fields, especially the ones that are
defined by stochastic partial differential equations (SPDEs) on Euclidean spaces.
This increase in the interest in random fields is due to the huge demand from appli-
cations as diverse as models for the motion of a strand of DNA floating in a fluid
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[13], climate and weather forecast models [19], models for the initiation and prop-
agation of action potentials in neurons [17], random surface grow models [24],
porous media and subsurface flow [7], or modeling of fibrosis in atrial tissue [9], for
instance.

Yet, leaving the (by now well understood) Euclidean setting, theoretical results on
random fields on Riemannian manifolds have just started to pop up in the literature.
So far, this research has mostly focused on random fields on the sphere, e.g., [28-30,
32-34] and references therein. The interest of random fields on spheres is essentially
driven by the fact that our planet Earth is approximately a sphere.

One example of an SPDE on the sphere and the main subject of the numerical
analysis of this work is the stochastic wave equation

0,u(t) — As2u(t) = W(1),

driven by an isotropic Q-Wiener process. For details on the notation, see below.
Besides the intrinsic mathematical interest, one motivation to study this equation
comes from [6]. This work proposes and analyzes stochastic diffusion models for
cosmic microwave background (CMB) radiation studies. Such models are given by
damped wave equations on the sphere with random initial conditions. Since fluctua-
tions in CMB observations may be generated by errors in the CMB map, contami-
nation from the galaxy or distortions in the optics of the telescope [6], one may be
interested in considering a driving noise living on the sphere.

Unfortunately, to this day, available and well-analyzed algorithms for an efficient
simulation of random fields on manifolds do not match the current demand from
applications. To name a few results from the literature on numerics for SPDEs on
manifolds: the paper [32] proves rates of convergence for a spectral discretization
of the heat equation on the sphere driven by an additive isotropic Gaussian noise;
convergence rates of multilevel Monte Carlo finite and spectral element discretiza-
tions of stationary diffusion equations on the unit sphere with isotropic lognormal
diffusion coefficients are considered in [22]; [8] proposes a simulation method for
Gaussian fields defined over spheres cross time; a numerical approximation to solu-
tions to random spherical hyperbolic diffusions is analyzed in [6]; rates of conver-
gence of approximation schemes to solutions to fractional SPDEs on the unit sphere
are shown in [2]; the work [25] studies a numerical scheme for simulating stochastic
heat equations on the unit sphere with multiplicative noise; in [21] multilevel algo-
rithms for the fast simulation of nonstationary Gaussian random fields on compact
manifolds are analyzed. We are not aware of any results on numerical approxima-
tions of stochastic wave and Schrodinger equations on manifolds.

In the present publication, we derive a representation of the infinite-dimensional
analytical solution of the stochastic wave equation on the sphere driven by an iso-
tropic Q-Wiener noise. This needs to be numerically approximated in order to be
able to efficiently generate sample paths. The proposed algorithm is given by the
truncation of a series expansion of the analytical solution, see (6). We prove strong
and almost sure convergence rates of the fully discrete approximation scheme in
Proposition 3. This is then used to show weak convergence results in Propositions 4
and 5. It turns out that these rates depend only on the decay of the angular power
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spectrum of the driving noise and the smoothness of the initial condition while they
are independent of the chosen time grid. We observe that the first convergence result
in Proposition 4 is the convergence of a spectral approximation of the corresponding
deterministic wave equation on the sphere. These convergence rates coincide with
the terms in front of the initial conditions in Proposition 3. They are slower than
the weak rates in the second result of Proposition 4 and in Proposition 5. We show
that depending on the smoothness of test functions, we obtain up to twice the strong
order of convergence. These results are shown for the stochastic wave equation on
the unit sphere S? and then, strong and almost sure convergence results are extended
to higher-dimensional spheres S?~!. Finally we obtain similar results for a related
equation, namely the free stochastic Schrodinger equation on the sphere driven by
an isotropic noise. Observe that the extension of our results to damped and nonlin-
ear problems or equations with multiplicative noise is not straightforward and needs
further analysis. In particular, one would have to deal with additional errors in the
space and time discretization as well as new challenges in the case of multiplicative
noise.

A peculiarity in the present approach is that we are able to obtain two equations
for the position and velocity component of the stochastic wave equation that can be
simulated separately but with respect to two correlated driving noises. Therefore we
put some focus on the properties of these correlated random fields and their simula-
tion, see Proposition 1. With these in place we are able to show convergence of the
position even when the series expansion of the velocity does not converge.

The outline of the paper is as follows: In Sect. 2 we recall definitions of iso-
tropic Gaussian random fields on S?, of the Karhunen—Logve expansion in spherical
harmonic functions of these fields from [32, 34], and of Wiener processes on the
sphere. This then allows us to define the stochastic wave equation on the sphere in
Sect. 3 and analyze its properties based on the semigroup approach. In Sect. 4 we
approximate solutions to the SPDE with spectral methods. In addition, we provide
convergence rates of these approximations in the p-th moment, in the P-almost sure
sense, and in the weak sense. Details on the numerical implementation of the stud-
ied discretizations are also presented in this section. Numerical illustrations of our
theoretical findings are given in Sect. 5. Although the main focus of the paper is
the stochastic wave equation on the unit sphere S?, we include two extensions in the
last section that can be solved with the developed theory. Namely, an extension of
the corresponding results to higher-dimensional spheres S~! ¢ R? and an efficient
algorithm for simulating the free stochastic Schrodinger equation on the sphere with
its convergence properties.

2 Isotropic Gaussian random fields and Wiener processes
on the sphere

We recall some notions and results, mostly from [32], in order to be able to define
SPDEs on the sphere in the next section.

Throughout, we denote by (2, & (.%,),, P) a complete filtered probability space
and write S? for the unit sphere in R3,ie.,
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§* = {x e R, ||xllps = 1},

where || - ||g: denotes the Euclidean norm. Let (S?,d) be the compact metric space
with the geodesic metric given by

d(x,y) = arccos ((x, y)Rz)

for all x,y € S2. We denote by Z(S?) the Borel o-algebra of S2.

To introduce basis expansions often also called Karhunen—Loéve expansions
of a Q-Wiener process on the sphere, we first need to define spherical harmonic
functions on S%. We recall that the Legendre polynomials (P,,¢ € N,) are for
example given by Rodrigues’ formula (see, e.g., [37])

P =271 22y
‘ £ ot
for all # € Ny and u € [—1, 1]. These polynomials define the associated Legendre
Sfunctions (P, ,,,,¢ € Ng,m=0,...,¢) by

Py, () = (=1)"(1 - ;42)*"/2;—mmPf(m
H

for €Ny, m=0,...,¢, and u €[-1,1]. We further introduce the surface
spherical harmonic functions %= (Y ,.¢ € Ng,m=—¢,...,£) as mappings
Yy [0, 7] X [0,27) — C, which are given by

20 +1 (€ —m)!
4z (£ +m)

Y, (8, 0) = P, (cos 9) e™

for e Ny,m=0,...,7,and (3, p) € [0, 7] X [0,27) and by
Yf,m = (_1)me,—m

for/ e Nand m = —¢, ..., —1. It is well-known that the spherical harmonics form
an orthonormal basis of L?(S?), the subspace of real-valued functions in L*(S%;C).
In what follows we set for y € S?

Yf,m(y) = Yf’m(‘lg’ (P),

where y = (sin 8 cos ¢, sinJsin @, cos 9), i.e., we identify (with a slight abuse of
notation) Cartesian and angular coordinates of the point y € S?. Furthermore we
denote by o the Lebesgue measure on the sphere which admits the representation

do(y) = sindd9de

for y = (sin d cos ¢, sin 9 sin @, cos 9) € S2.
The spherical Laplacian, also called Laplace—Beltrami operator, is given in
terms of spherical coordinates similarly to Section 3.4.3 in [34] by
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2
A§2 = (sin 8)_] %(Sln& %) + (sin 19)—266_(’02.

It is well-known (see, e.g., Theorem 2.13 in [35]) that the spherical harmonic func-
tions % are the eigenfunctions of Ag, with eigenvalues (—£(¢ + 1),7 € N), i.e.,

AgY,, = —C(¢ + )Y,

forall e Ng,m=-2,....,7.
To characterize the regularity of solutions to SPDEs in what follows, we intro-
duce the Sobolev space on S? for a smoothness index s € R

HY(S?) = (Id — 4e) ™ L(S?)
together with its norm
”f”H&‘(SZ) = |Idd - AgZ)S/zf”LZ(gZ)

for some f € H*(S?) with H°(S?) = L?(S?). Further definitions and information on
these spaces can be found for instance in [36].
Furthermore, we work on L7(§2;H*(S?)) with norm

» 1/p
”Z”U(.Q;H“'(SZ)) =E [“Z” x(§2):|

for finite p > 1 and are now in place to introduce the following definitions:

A o/ @ Z(S?)-measurable mapping Z : 2 X S? — R is called a real-valued ran-
dom field on the unit sphere. Such a random field is called Gaussian if for all k € N
and x,,...,x, € S?, the multivariate random variable (Z(x,), ..., Z(x,)) is multivari-
ate Gaussian distributed. Finally, such a random field is called isotropic if its covari-
ance function only depends on the distance d(x, y), for x,y € S2.

We recall Theorem 2.3 and Lemma 5.1 in [32] on the series expansions of iso-
tropic Gaussian random fields on the sphere.

Lemma 1 A centered, isotropic Gaussian random field Z has a converging Kar-
hunen-Loeve expansion

) 4
Z=3 3 ar, Yo o))

=0 m=—-¢

with ay,, =(Z,Y; )22 and A, = Elag,a,.,,] for all m=-¢,...,¢, where
Ay, ¢ €Ny is called the angular power spectrum of Z. For £ eN,m=1,...,7,

and 9 € [0, rr] set
20 +1 (€ —m)!
L, (9)= —P 9).
¢£.m(9) V ) .m(COS 9)

The expansion (1) converges in L*(2 X S?) and in L*() for all y € S?.
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Then for y = (sin 9 cos @, sin d sin ¢, cos 9), it holds

Z(y) = Z <\/_ b oLeo®) + V24, Z L, ()X}, cos(me) + X2 sin(mq))))

=0

in law, where (X! b= 1,2, €Ny,m=0,...,7) is a sequence of independ—
ent, real-valued, standard normally dlstnbuted randam variables and X, , = 0 for
¢ €Ny

In order to simulate solutions to the stochastic wave equation on the sphere, we
need to approximate the driving noise which can be generated by a sequence of
Gaussian random fields. We choose to truncate the above series expansion for an
index ¥ € N and set

Z5(y) = Z (\/_ roLeo® + /24, Z L, ()X, o COS(MQ) +X;’m sin(mgo))>,

=0

where we recall y = (sinJ cos ¢, sin 8 sin ¢, cos 9) and (9, @) € [0, ] X [0, 27x).

The above lemma then allows us to present the following results on
LP(2;L*(S?)) convergence and P-almost sure convergence of the truncated series
which are proven in Theorem 5.3 and Corollary 5.4 in [32].

Theorem 1 Let the angular power spectrum (A,,¢ € Ny) of the centered, iso-
tropic Gaussian random field Z decay algebraically with order a > 2, i.e., there
exist constants C > 0 and ¢y € N such that A, < C- ¢~ for all ¢ > ¢,. Then the
series of approximate random fields (Z*,k € N) converges to the random field Z
in LP(2;L*(S?)) for any finite p > 1, and the truncation error is bounded by

—2)2
1Z = Z¥Nl pursry < Cp - 672/

forx > €y, where @p is a constant depending on p, C, and a.
In addition, (Z¥, k € N) converges P-almost surely and for all § < (a — 2)/2, the
truncation error is asymptotically bounded by

”Z—ZK” 2(Q2 S K'_é, P-a.s.
L2(S?)

That is, for almost all w € 82, there exists ky(w) such that for all k > ky(w),
1Z(w) = Z5(@)|l 12(s2) < K70 is satisfied.

We follow [32], where isotropic Gaussian random fields are connected to
O-Wiener processes. There it is shown that an isotropic Q-Wiener process
(W(@),t € T) on some finite time interval T = [0, T] with values in L?>(S?) can be
represented by the expansion
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W(z,y)

-] 4
=) ) d"OY,,,0)

=0 m=—¢

© 4
=y (\/A_fﬂf Y, 00) + V24, Y (B (ORe Y, () + B3 (H)Im Yf,m(y))>
=0

m=1

) 14
=) <\/Afﬁf OL, o9 + V2A,; Y Ly, (9B (1) cos(mp) + B () sin(m(p»), 2
£=0 m=1

where (ﬁf’m,i =12,/ €eNy,m=0,...,7) is a sequence of independent, real-val-
ued Brownian motions with ﬂf 0 =0 for # € N and r € T. The covariance opera-
tor Q is characterized similarly to the introduction in [31] by

QY tm = Ay Yf,m

for/ eNyjand m=-2¢,...,7, i.e., the eigenvalues of Q are given by the angular
power spectrum (A,,7 € N;), and the eigenfunctions are the spherical harmonic
functions.

Due to the properties of Brownian motion, the above Q-Wiener process can be
generated by increments which are isotropic Gaussian random fields with angular
power spectrum (hA,, £ € N,)) for a time step size h.

3 The stochastic wave equation on the sphere

With the preparations from the preceding section at hand, we have all necessary
tools to introduce the main subject of our study.
The stochastic wave equation on the sphere is defined as

0,u(t) — Aqu(t) = W(1) 3)

with initial conditions u(0) = v, € L*(£2;L*(S?)) and 0,u(0) = v, € L*(2;L*(S?)),
wheret € T =[0,T1], T < +o0. For ease of presentation, from now on, we consider
the case of non-random initial conditions. The case of random initial conditions fol-
lows under appropriate integrability assumptions. The notation W stands for the for-
mal derivative of the Q-Wiener process with series expansion (2) as introduced in
Sect. 2.

Denoting the velocity of the solution by u, = d,u; = d,u, one can rewrite (3) as

dX(1) = AX() di + G AW (D)
X(0) = X,. X

where
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32 Page 8 of 32 D. Cohen, A. Lang

_ 0 I _ (0 Nz (v
A=(a0) o= (7) x=(n) %=(2)

Existence of a unique mild solution of the abstract formulation (4) of the stochastic
wave equation on the sphere follows from classical results on linear SPDEs, see for
instance [12], and this mild solution reads

t
X(t) = e X, + / el=AG dW(s).
0

Equivalently, the integral formulation of our problem is given by

{ u,(t) =v +f0t uy(s) ds 5
uy(t) =v, + [ Asuty (s) ds + W(). ©)

Since the spherical harmonic functions %= (Y€ ENg,m=—2¢,...,¢) form an
orthonormal basis of L*(S?) and are eigenfunctions of Ago, we insert the following
ansatz for a series expansion of the exact solution to SPDE (3)

© 7 © 7
w® =) Y w0, and uwn)=Y Y u"OY,, (6)

=0 m=—¢ =0 m=—¢

into equation (5) and compare the coefficients in front of Y, , to obtain the following
system

t
u'f’m(t) = v'f’m +/ ui’m(s) ds
0

t
70 =g = w ) [ asvatn,
0

where vf’m, vi’m, resp. a’”" are the coefficients of the expansions of the initial values
v, and v,, resp. weighted Brownian motions in the expansion of the noise (2). The
coefficients a’” are given by a’"(f) = (W(¢), Y 2 m)12(s?)> Se€ Lemma 1. More precise
relations between the coefficients a” and the angular power spectrum A, can be
derived from the proof of [32, Lemma 5.1].

Writing the evolution of the initial values in the above linear harmonic oscillators
with rotation matrices and using the variation of constants formula, one derives the

following system for the coefficients of the expansions of the solution

W) = cos(UZ( + D)W+ (£ + 1)V sin((Z (¢ + 1) 25"+ W (D)
Uy (6) = —(£(¢ + D)2 sin(t(@(¢ + 1) /2" + cos(( (¢ + )W + W), (T)

where

576.m t
Wom(p) = (&””{2) = /0 RY(t - 5) da”"(s)
2
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with

e — (RO _ (€ + 1) P sinG(f(2 + 1))
O={rw)= cos(H(Z (£ + 1)1/2)

forZ # 0 and
. 1)) [ a®(s) ds
0.0/ _ _
WS () = (Wi)’o(t)> = < 0 %7 >

Coming back to the above mild solution and using the definition of W/, we observe
that, forz > s,

t
X(t) — e(t—s)Ax(S) +/ e(t—r)AG dW(I‘) — e(r—s)AX(s)

+ / T e dW(s +r)
0
_ e(t_s)AX(S) + W(I) _ e(t—s)AW(S),
with the notation
Wit.y) = <V:V1(t,y)> _ i i WY, (v)
’ Wz(ta y) =0 m=—¢ S

With a slight abuse, we call the quantity W(r) — e 94W(s) an increment.
We now characterize the above stochastic convolution W in the following
proposition.

Proposition 1 For all t > 0, the stochastic convolution W(t) is Gaussian with mean
zero and expansion

W, y)

-
M-~

Wom0)Y,,,)

N
Il
(=1
3
1]
|
A

4
VABL DY)+ V24, Y (B (ORe Y, () + 5" (0)Im Yf,m(y»)
m=1

T

Il
M
/N N

4

0 m=1

4
VAB P OL, o9 + V24, Y Ly, (9B (1) cos(me) + By " (1) sin(m(p»),

where equality is in distribution.
The processes (ﬁif’m(t),i =1,2,¢ eNy,m=—¢,...,¢) are given by

AC.m
i2
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32 Page 10 of 32 D. Cohen, A. Lang

for a sequence (X (Xflm,Xfm)T i=1,2,¢ eNy,m=—¢,...,¢) of independ-
ent, identically dzstrlbuted random variables with Xfm ~ MO, 1) The term D,(t)

denotes the Cholesky decomposition of the covariance matrlx C,(t) of WZm(r). More
specifically, D, satisfies

D,(OD, ()" = C,(t)

with
2L +1))" 2 1—sin(2(£(£+1))'/?1) sin((Z(£+1))'/21)?
C,(t) = AL+ 2£(£+1))
o\ = sin((Z(£+1))/21)? 2+ 1)) P t+sin2(2(£+1))/21)
2(2(¢+))) AL +1)1 /2
for¢ # 0 and

32 2
Co() = <;2g ! t/2>

Proof We observe first that W(r) satisfies by (2)

o 4
W@) = Z Z VAVf’m(l)Yf,m
£=0 m=—¢
© 7 t
= WO‘O(Z)Yo,o + Z 2 / RI(t—s) daf'm(s)yf,m
t=1m=—¢70

= WYy, + Z VA, [/ Rt =5) dp()Y
—1 0

+V2 Z < / R'(t—s) dp{"(s)Re ¥, + / R'(t - 5) dp)""(s)Im Yf,,n)]
0

m=1

with Brownian motions (ﬂf”", £ eNy,m=0,...,¢) and (ﬂj’m, reNm=1,...,7)
which are independent. Since all Brownian motions are centered and independent, it
is sufficient to compute the following covariances which are given by

0,0 0,0 0,0
o= (o SO EOR O
O\ E[W oWy’ [E[W" (]

_ 4! E [Sfo a%0(s) ds)?] E [fol a*0(5)a®0(¢) ds] _ /3 12/2
0\ EL/, a®()a®(t) ds] E [(@*°(0))*] #/2 1

for =0andelse fori = 1,2
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_( E[(nt,] E [Int,Int,]
Ced) = < E [Int, Int,] E [(Int,)’] >

_ JRI(t—s)Pds [/ RI(t—9)R(t—s) ds
L RGt—9)RSt—s5)ds [/ RS(t—s)* ds

2(£(L+1)) 2 t—sin2(£(£+1))"/?1) sin((Z(¢+1))'/%1)?
_ AL (C+1))32 2(£(£+1))
- sin((2(£+1)'/20)? 2LE+1) P esinQeC+1) 2 |
2£(¢+1)) AL (E+1))12

where we have set Int; = fot RI(t—s) dﬂf’m(s) and Int, = fot RI(t—s) dﬂf’m(s) and
used It0’s isometry.

Setting D,(t) the Cholesky decomposition of the above covariance matrices
satisfying

D,()'D,(t) = C,(t)

we obtain for £ # 0 and i = 1, 2 that
1
D)X/ = / RY(t—s) dB/"(s)
0

in distribution and similarly for # = 0
D, (X" = W)

with X" = (X", XM i = 1,2,¢ € Ng,m = —£, ..., ¢) independent and identi-
cally distributed standard normally distributed random variables. This concludes the

proof. O

Since we are interested in the simulation of sample paths of solutions to (4),
we need to generate increments of W/, Therefore it is important to observe that

BI 6y = BU(s) = Dyt — )X

in distribution for s < r. In this way we can generate sample paths of W by sums of
independent Gaussian increments, see Algorithm 1. We now characterize the prop-
erties of these increments.

Corollary 1 For0 <s; < t; < s, < t,, the increments satisfy

1. W(t,) —exp((t; — s))A)W(s,) is Gaussian,

2. W(t) —exp((t; — s))A)W(s,) = W(¢t; —s,) in distribution,

3. W(t,) —exp((t; — s1)A)W(s,) and W(t,) — exp((t, — 5,)A)W(s,) are independent.

The proof is a consequence of Proposition 1.
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32 Page 12 of 32 D. Cohen, A. Lang

Remark 1 For completeness we also remark that the Cholesky decomposition D,(t)
can be computed explicitly and is given by

D(1) = <d5‘ o > ®)

Q& + D)2t — sinQ(£ (£ + 1))1/21)1/2
i = 2 + 1)
4 sin((2(Z + 1))1/21)?
L2728 + D)VAQEE + 1))1/2t — sin2(Z(€ + 1))1/21))1/2
AL + D) = sinEE + 1)/22 — dsin((Z(£ + 1) 204\ /2
b2 = A€ + D)I2QEE + 1)1/2t — si 1/2
—sinQ(Z(£ + 1))1/21))

forZ # 0 and

Dy(1) = t1/2< [/\/§ \/5/2 >

0 1/2

We close this section by showing regularity estimates for the solution of (3) that
depend on the regularity of the initial conditions and the driving noise. These prop-
erties allow to obtain optimal weak convergence rates in Sect. 4.

Proposition 2 Denote by X = (uy,u,) the solution to the stochastic wave equa-
tion (4) with initial value (v,,v,). Assume that there exist ¢, € N, a > 2, and a con-
stant C > 0 such that the angular power spectrum of the driving noise (A,,¢ € N)
satisfies A, < C- ¢ for all € > ¢,,. Then, for all t € [0,T], g€ N, and s < a/2
with v, € H(S?) and v, € H*~'(S?), the solution satisfies u,(t) € L*1(2;H*(S?)),
i.e., there exists a constant My such that

||M1(t)||L24(Q;Hx(§2)) S MT(l + “Vl “H"(Sz) + ||V2||Hx—l(§2)) < +00.

And for allt € [0,T],g €N, and s < a/2 — 1 withv, € H*(S?) and v, € H(S?),
uy(t) € L¥(Q;H(S?)), i.e., there exists a constant My such that

”u2(t)||L2’l(.Q;H“(§2)) < MT(l + ”VIHHHI(SZ) + ||V2||H“(§2)) < +00.

Proof Let us first observe that, using the definition of u, (), see Egs. (6) and (7), one
has

ety Ol 20 (2:05(s2y)
oo 4

Y X (R + R @),

=0 m=-¢

< + W@

L24(QH5(S?)

L24(QH(S?)
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Using the definitions of Rf (0, Rg (1), and of the H*-norm, the first term with respect
to the initial conditions satisfies

2
(Rf’ OV + R (:)v?'">yf,m
H¥(S?)

||| M\

© 7
<2 Z Z ((1 + f(f + 1))S|Vf’m|2 + (1 + f(f + 1))é(f(f + 1))_1 |V§’m|2)
=1 m=—¢

2
< C(vyl + v, 112

s(g"‘ Hs-1 (§7 )

Given the angular power spectrum of W(z) in Proposition 1, it follows for the second
moment, i.e. ¢ = 1, that

H 1()

= H(Id A )Wyt )

L2(:H*(S?)) L2(2:L2(S%))

= Z(zf + D)1+ 2 + 1)
=0

2(f(f + 1))1/2t — sinQ2(Z(¢ + 1))1/2t)A
4(2(¢ + 1))3/2 25

which converges for a > 2s since the elements of the sum behave like #%~%!. By
Fernique’s theorem [16], this convergence implies that the norm is finite for all g
and arbitrary moment bounds can for example be obtained by the Burkholder—
Davis—Gundy inequality, see [12, Section 4.6] for instance.

Similar computations for u, conclude the proof. O

4 Convergence analysis

In this section, we numerically solve the wave equation driven by additive Q-Wie-
ner noise with spectral methods. We approximate the solution by truncation of
the derived spectral representation and show convergence rates in p-th moment,
P-almost surely, and in the weak sense.

An efficient simulation of numerical approximations to solutions to the sto-
chastic wave equation on the sphere (3) is then obtained via Algorithm 1. Observe
that the stochastic integrals in the proposed algorithm are not discretized, see the
previous section. Hence, the time integration is done exactly on any uniform grid
on a finite time interval [0, T]. This allows to generate sample paths of numerical
solutions with any chosen time resolution that do not suffer from an additional
error in the time discretization.
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32 Page 14 of 32 D. Cohen, A. Lang

Algorithm 1 Simulations of paths of the solution to (3)
1: Fix a truncation index x € N.
: Compute a discrete time grid 0 =19 <t} < --- <t, =T, n € N, with uniform time step 5.
- Compute the covariance matrix Cy(h) of the stochastic integrals W, ™ (1) and W, (h) in Proposition 1.

: Perform a Cholesky decomposition of C; () = D¢(h)" D;(h) or use the explicit formula (8).
Lm

oA W N

: Use Dy(h), generate independent X; """ ~ .47(0.1), and compute the noise increments using Corollary 1

Wim (lj+1) _Ré‘(h)Wl,m (tj) _ W[.m(h) _ <VE/14.,m (h)) -y (h) (Xfm> \/‘,47[

Wi (k) xim
6: Compute u™ (1 +h) and ub™ (1; + 1) recursively using (7)
v
lmy, . _ R2 (h) Lm R(" Lm L.m
)= (g )70+ RO ) 4 W),
7: Truncate the ansatz (6) at the fixed positive integer k to get the numerical approximations

K {
f/)_z, Z “| "(t)Yem and  uX(t;) = Z Z ém () Yem- )]

=0m=—{

The strong errors of this truncation procedure in Algorithm 1 are given in the
following proposition.

Proposition 3 Let t € T and 0 =1, < --- <'t, =t be a discrete time partition for
n € N, which yields a recursive representation of the solution X = (u,, u,) of the sto-
chastic wave equation on the sphere (4) given by (6). Assume that the initial val-
ues satisfy v, € HP(S?) and vy € H (S?) for some > 0 and y > 1. Furthermore,
assume that there exist £y € N, a > 2, and a constant C > 0 such that the angular
power spectrum of the driving noise (A,,¢ € N,) satisfies A, < C -7 for all
¢ > €. Then, the error of the approximate solution X* = (u},u5), given by (9), is
bounded uniformly by

> —a/2 - —(y+1

llu, ) = WX Ol sy < Cp - (K72 + 71l + 7 P Ivallns))
> —(a/2-1 —(p-1 -

luy () — w5 DOl 1 @u2(s2yy < Cp - (K @27 4 = v, o (s2) + & y”Vz”m(gz))

forall p > land x > ¢, where C‘p is a constant that may depend on p, C, T, and a
but is independent of n, h, t.
On top of that, the error of the approximate solution X* is bounded uniformly and
asymptotically in k by
”l’tl(t) - MT(I)||L2(§2) < K_6, P-a.s.
luy(8) = s Dl 22y < 677D, P-ass.

forall 6 < min(a/2, B,y + 1).
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Remark 2 We remark that it is not necessary that the angular power spectrum
(Ay, ¢ € Np) of the O-Wiener process decays with rate £~ for a > 2 but that it is
sufficient to assume that « > 0 to show convergence in the first component, see the
numerical experiment in Sect. 5. L.e., we do not require that Q is a trace class opera-
tor for convergence in the first component.

Proof of Proposition 3 Let us first consider the convergence in p-th moment of the
first component of the solution for p > 1. By definition of ; and u} in (6) and (9),
one obtains

[l =y Dl s,

0 4
= 2 X v,
C=k+lm==¢ LP(QL2(S?))
o ¢
<Y X (Rg(l)vlf'm+R{(I)V?m)yf,m
C=k+1 m=—¢ L (LX(S?)
+ / R{(t—5) da"" ()Y,
t= K+]m——f LP(2;L2(S?))
o £ 12
< v =Vl + ( Z 2 & + 1) |v§"”|2> +1Z = Z¥ o252y
=k+1 m=-¢

where Z denotes an isotropic Gaussian random field with angular power spectrum

7 A 1))!1/2t — sinR(A(£ + 1))1/%)
£ ML + 1))3/?

and Z¥ its truncation. Similarly, the notation v’f is used for the truncation of the ini-
tial value v;. Observe that

~ t | sin2(Z(Z + 1)/21)]
Ar < C<2f(f D T aee T )

>Af < CT¢7*A, < CTE @

for large enough index £ > ¢, > 0 using the assumption on the angular power spec-
trum of the noise A,. The assumptions on the initial values and the fact that the
spherical harmonic functions are orthonormal provide us with the estimate
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0 3
z,
[[vi = vll(”LZ(SZ) = Z Z Vi" Y
f=k+1 m=-¢ L2(S?)
0 4
= 2 2 VI (1d — A)?(1d - A) Y,
C=k+1 m=—¢ L2(S?)
0 4
=1 Y D A+ + 1) - As) Y,
C=k+1 m=-¢ 12(S?)

< CK_ﬂ”Vl “Hﬁ(§2)

and similarly for the second component of the initial value.
Collecting all the estimates above and using Theorem 1 we obtain the desired
bound

> —af2 | - —(r+1
lu, @) — uf Dl p@2s2y < Cp - (K 2 ti Pllv, o (s2) + & rt )||V2||Hr(§2))-

The corresponding estimate for the second component is done in a similar way and
left to the reader. Observe that the rate of convergence decays by one due to the fac-
tor (Z(Z + 1))1/2 in the first term of (7).

We continue with the rate of the almost sure convergence in the first component
of the solution. Let 6 < min(a/2, B,y + 1). The above strong L error estimate com-
bined with Chebyshev’s inequality provide us with

-6 o)
P (0 = 15Ol = K7°) <K E [0 = 15O
5p & —a/2 _ —(y+1 p
< kPC (7 + kPN gy + TNl sy )

For all p > max((a/2 — 8)"1, (= 6)",(y + 1 — 6)71), the series

(o]
Z K(é—min(a/Z,ﬂ,y+1))P < 400

k=1

converges which implies the claim by the Borel-Cantelli lemma. Almost sure con-
vergence of the second component is shown in a similar way which concludes the
proof. O

Using Proposition 3, we continue with bounding weak errors of the mean and
second moment in a first step. We observe that the weak error for the mean is the
error to the corresponding deterministic wave equation on S? and that the error
for the second moment satisfies the rule of thumb that the weak convergence rate
is twice the strong convergence rate.

@ Springer



Numerical approximation and simulation of the stochastic... Page 170f32 32

Proposition 4 Let t €T and 0 =t, < -+ <t, =t be a discrete time partition for
n € N which yields a recursive representation of the solution X = (u, u,) of the sto-
chastic wave equation on the sphere (4) given by (6). Assume that the initial values
satisfy v, € HP(S?) and v, € H?(S?). Furthermore, assume that there exist £, € N,
a > 2, and a constant C > 0 such that the angular power spectrum of the driving
noise (Ay, ¢ € Ny) satisfies A, < C-C~%forall? > ¢,,.

Then, the errors in mean of the approximate solution X* = (uy, u5), given by (9),
are bounded uniformly by

H E [ul(t) - u’f(t)]
H E [uy(t) — )]

;. -p —(y+1)
L) <C (K ||V1||Hﬂ(§2) +K ||V2||HV(§2))

. (3 —(B-D -7
L) <C (K vy llgos2) + & ||V2||HV(§2))

or all k > £,, where C is a constant that may depend on C, T, and « but is inde-
0 y dep
pendent of n, h, t.
Furthermore, the errors of the second moment are bounded by

2 2 e — -2, -2 1
'[E[||u1(r>||m§z)—||uf(r>||Lz(§z)] SC- (7 + kPNl + 2T Vsl sr))

| (101 s, = 15O

<C- (K’("’z) + K’z(ﬂ’nllvl ”Hﬂ(§2) + K’27||v2||H7(§z))

for all x > ¢, where C is a constant that may depend on C, T, and a but is inde-
pendent of n, h, t.

Proof The definition of X and its approximation X* yield

E [u - wo)] = i i E[u "0,

=0 m=-¢

for j =1,2. Next, using (7) and the properties of Wf () from Proposition 1, one
obtains

E [ (0] = coste (¢ + 1)+ (£ + DY sin(e (@ + 1))

and similarly for the second component. This corresponds to the errors in the initial
values, see the proof of Proposition 3, and we thus obtain the error bound

I E [uy (1) = O]l o2y < C - (71 lgnesey + £~ VN llvsy)

and correspondingly for the second component.
In order to bound the second moments, we observe that

@ Springer



32 Page 18 of 32 D. Cohen, A. Lang

E 101220, = 1 125 2| = E [0 + 170,10 = w022

LZ(S’)]

Cb g g £ g § )
LZ(SZ)

=0 m=—¢ C=k+1 m=—¢ C=k+1 m=—¢

K 4 00 4
=2[Elz DD u;”””(z)uf’-’”'(t)<yﬂm,Yfr,m/m(gz)}+ E [Ilu,-(t) ’“(t)IILz(gz)]

=0 m=—¢ {'=x+1 m'=—¢"

for j = 1, 2. Using the orthogonality of the spherical harmonics % the first term van-
ishes and the second one is bounded by the square of the strong error in Proposi-
tion 3. This yields

K
E [l s, = 1O |
2 - - —2(r+1
<C- (K +K ||V1||Hﬂ(§2) + A0 )||V2||Hy(§2))

and similarly for the second component. O

For a more general class of test functions, we obtain weak error rates that depend
directly on the regularity of the test function and indirectly on the regularity of the solu-
tion. Let us first state the abstract assumption on the test functions that will be required
for the next weak convergence result.

Assumption 1 For the SPDE (3) and some fixed s > 0, consider the class of Fré-
chet differentiable test functions ¢ satisfying

™
A

1
/ @' (puy(1) + (1 = p)uf (1)) dp
o .

LA@:H(SY)

forj=1,2.

This assumption characterizes the class of test functions by properties of the exact
and numerical solutions to our problem. However, as seen next, this class includes
test functions of polynomial growth, which do not explicitly depend on the exact and
numerical solutions itself.

A typical example of a set of test functions satisfying the above assumption
would be polynomial growth of the derivative in H*(S?), i.e., to take ¢ such that for
all x € H¥(S?)

16/ ey < C(1+ 4l ) ). (10)
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Then we observe that

pu(t)+(1—p)u'((t)—2 Z u Y+ p Z Z AO) A

=0 m=— C=k+1 m=—¢

This would imply for p € [0, 1]
”(p (pu (t) + (1 - P)MK(I))”Lz(QH 5(S?))
2
<C’E [(1 + llpu (1) + (1 - p)uf(t)lli,‘@z)) ]

) 14
> D umwy,,

C=k+1 m=—¢

S 3 o,

=0 m=—¢

£2C21+[E[ +p

HY(S?)

2q
H‘(§2)]

Therefore Assumption 1 is satisfied if u;(r) € L?9(Q;H*(S?)) which is specified in
Proposition 2.

Having seen that the class of test functions with derivatives of polynomial
growth satisfies Assumption 1, we are in place to state our general weak conver-
gence result.

< 2C2(1 + [lu; (z)||L2mH(S )))

Proposition 5 Under the setting of Proposition 4 and Assumption 1, there exists a
constant C such that the weak errors are bounded by

| E [0, ) = o @] | < E( 2 47T vy leeey + k70, g )

‘ E [(ﬂ(uz(l)) - <p(u§(t))] ) < C(K_m/zﬂ_” + Py, lo(s2y + ’(_(y+s)||"2||m<§2))
Jorallk > ¢,,.

Proof The proof is inspired by [1]. Consider the Gelfand triple
VCHcCV”

with V = H¥(S?), H = L*(S?) and V* = H™(S?). The mean value theorem for Fré-
chet derivatives followed by the Cauchy—Schwarz inequality yields

‘ E [o(w0) - oG 0)] ‘

1
E [v( / @' (puy(®) + (1 = p)uf (1)) d p,u(t) — uf(t)>w]
0

<

1
| oo+ - dp

liy(6) = Ol 2y
L2(2;V)
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for j = 1,2. The first term is bounded by Assumption 1 so that the convergence rate
will be obtained from the second term. Details are only given for the first compo-
nent, i.e., for j = 1, and are obtained for u, in a similar way.

Following the proof of Proposition 3, we obtain

[l () = ”T(t)||L2(Q;H*~“(§2))

0 14 1/2
< v, —v’;||H_S(§2)+< >3 (1+f(f+l))“v(f(f+1))‘1|v§””|2)

C=xk+1 m=—¢
+ 12 = 28| 2z

with
7 =(d - Ae)™?Z

and Z* its approximation. Therefore the angular power spectrum of the centered
Gaussian random field Z is given by

Af =1+ + 1))_Szf < Cpat2+2s),

Applying Theorem 1 to Z and bounding the initial conditions as in Proposition 3
with the additional weights (1 + Z(Z + 1))™/? yield

[Joer () = “’1(([)||L2(Q;H<r(§2))
< C(’f—(a/ZH) + ’C_(ﬂﬂ)”‘ﬁ ||Hﬁ(§2) + K_(Y+S+1>||V2||Hr(§2)),

which concludes the proof for the weak error in the first component. O

Proposition 4 states that the approximation of the second moment converges with
twice the strong rate of convergence obtained in Proposition 3. Let us now investi-
gate which regularity (for the noise and initial values) is required to achieve twice
the strong rate in Proposition 5. We focus on the convergence of the noise in the
parameter a. Similar considerations hold for the initial conditions.

For having the weak rate in Proposition 5 to be twice the strong rate from Propo-
sition 3, one would need s = a/2 for u; and s = a /2 — 1 for u,.

The regularity result from Proposition 2 reads u,(f) € L*9(2;H*(S?)) for all
s < /2 and u,(t) € L*(Q;H*(S?)) for all s < a/2 — 1. This together with the poly-
nomial growth assumption (10) on the test functions would imply that Assumption 1
is satisfied for all s < /2 for u; and s < a/2 — 1 for u,. Therefore, in the situation
of Proposition 5, the general rule of thumb for the rate of weak convergence is also
valid.

We end this section by observing that several strategies for proving weak rates
of convergence of numerical solutions to SPDEs, also with multiplicative noise, in
the literature could be extended to the present setting or in the case of numerical
discretizations of nonlinear stochastic wave equations on the sphere, see for instance
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[5, 11, 14, 15, 18, 20, 23, 26, 27, 38] and references therein. This could be subject of
future research.

5 Numerical experiments

We present several numerical experiments with the aim of supporting and illustrat-
ing the above theoretical results.

In order to illustrate the rate of convergence of the mean-square error from Propo-
sition 3, we consider a reference solution at time T = 1 with ¥ = 27 (since for larger «
the elements of the angular power spectrum A, and therefore the increments were so
small that MATLAB failed to calculate the series expansion). The initial values are
taken to be v; = v, = 0 in order to observe the convergence rate only with respect
to the regularity of the noise given by the parameter a. Afterwards we will perform
a numerical example illustrating the convergence rate with respect to the regular-
ity of the initial position given by the parameter f. We then compute one time step
of numerical solutions (since we have shown in Proposition 3 that the convergence
rate is independent of the number of calculated time steps) and compute the errors
for the truncation indices x = 2,22, ...,2°. Instead of the L*(S?) error in space, we
used the maximum over all grid points (used for the graphical representation on the
sphere) which is a stronger error. The results and the theoretical convergence rates
are shown for « = 3 and @ = 5 in Fig. 1, resp. Fig. 2. In all numerical experiments,
we checked that the number of samples used was enough for the Monte Carlo error
to be negligible.

In these figures, one observes that the simulation results match the theoretical
results from Proposition 3. In addition, in order to illustrate the structure of the solu-
tion u in dependence of the decay of the angular power spectrum, we include sam-
ples next to the convergence plots.

In order to illustrate Remark 2 on the possibility of taking the parameter
0 < a <2 to show convergence in the first component, we repeat the previous
numerical experiments with « = 1. The results are presented in Fig. 3. There, for
such non-smooth noise, one can observe convergence in the position but not in the

Error

10! 10 10! 10
Number of series elements # Number of series elements x

(a) Sample of solution. (b) Errors in position. (€) Errors in velocity.

Fig. 1 Sample and mean-square errors of the approximation of the stochastic wave equation with angular
power spectrum of the Q-Wiener process with parameter @ = 3 and 100 Monte Carlo samples
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Error

(a) Sample of solution.

10!
Number of series elements x

b) Errors in position.
(b) p

10!
Number of series elements

(C) Errors in velocity.

Fig.2 Sample and mean-square errors of the approximation of the stochastic wave equation with angular
power spectrum of the Q-Wiener process with parameter @ = 5 and 100 Monte Carlo samples

velocity. Similar observations were made for time discretizations of stochastic wave
equations on domains (that are not manifolds) in [3, 10], for instance.

In Fig. 4 we illustrate the convergence rates with respect to the regularity of
the initial position from Proposition 3. To ensure that the regularity of the initial
position dominates the error, we choose a = 10 and randomly an initial position v,
scaled such that it belongs to H?(S?) with # = 2. The expected convergence rates are
indeed observed in this figure.

Errors of one path of the stochastic wave equation to the corresponding error
plots from the previous figures (Figs. 1 and 2) are presented in Fig. 5. The observed
convergence rates coincide with the theoretical results on P-almost sure convergence
in the second part of Proposition 3.

Let us now illustrate the weak rates of convergence from Proposition 4 and
Proposition 5. We consider a “reference” solution at time 7 = 1 with ¥ = 27. The
initial values are taken to be v, =v, =0. The test functions are given by
o(u) = ||u||i2(§2) and @(u) = exp(—||u||i2(§2)). Observe that the second test function
is of class C2, bounded and with bounded derivatives. Propositions 4 and 5 guar-
antee that the weak rates will be essentially twice the strong rates in both cases.
This is confirmed for « = 3 in Fig. 6.

10’
Number of series elements &

10’ 10
Number of series elements

(a) Sample of solution. (b) Errors in position. (€) Errors in velocity.

Fig. 3 Sample and mean-square errors of the approximation of the stochastic wave equation with angular
power spectrum of the Q-Wiener process with parameter « = 1 and 100 Monte Carlo samples
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10°

Error

10’ 10’
Number of series elements x Number of series elements

(a) Errors in position. (b) Errors in velocity.

Fig.4 Mean-square errors of the approximation of the stochastic wave equation with angular power
spectrum of the Q-Wiener process with parameter @ = 10 and v, € H?(S?) for # =2 and 100 Monte
Carlo samples

10°
N
N
N
N
N
N
N
N
N
107
Error
1072
O— Error Position
= < =Slope a/2
10—3 L L
10° 10" 10!

Number of series elements & Number of series elements x
(a) Angular power spectrum with parameter ¢ = 3. (b) Angular power spectrum with parameter o = 5.

Fig.5 Error of the approximation of a path of the stochastic wave equation with different angular power
spectra of the Q-Wiener process

6 Further extensions

In this section, we extend some of the above results first to the case of the
stochastic wave equation on higher-dimensional spheres S?~!, for some inte-
ger d > 3, and second to the case of a free stochastic Schrodinger equation
on the sphere S. We keep this section concise and focus on strong and P-a.s.
convergence.

6.1 The stochastic wave equation on S’

Let us consider the more general situation of the stochastic wave equation on the
unit sphere S9! = {x € RY, ||x||gs = 1} embedded into R?. The angular distance of
two points x and y on S9~! is given in the same way as on S?, see Sect. 2. Let us
denote by (S, € Ng,m = 1,..., k(¢ d)) the spherical harmonics on S*~!, where
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1073 ;
N
S 1073 J
" N ]
10 S
~
s ~
105 J
E"O:O 5 Error
1074 ]
107 E
108 J
O— Error Second Moment Position
B
-9 5
10 10
10° 10' 102 10° 10’ 102
Number of series elements & Number of series elements x
— 2 _ 2
(a) (P(M) - HMHLZ(SZ)' (b) (p(u) - H“HLZ(SZ)'
1072 T 1078 < T
<
Se
~
Se
~. ~
1074 .. k| Seo
S
Tl 1074
108 F Seo
Error s Error
1078 1
10° ¢
10710k 1
O— Error exp Position O— Error exp Velocity
— < _Slope a — Z =Slope a -2
1072 . 106
10° 10' 102 10° 10 102

Number of series elements x

(C) o(u) = exp(_H”HiZ(SZ))-

Number of series elements &

(d) () = exp(—|lul}2cz))-

Fig.6 Weak errors of the approximation of the stochastic wave equation with angular power spectrum of
the O-Wiener process with parameter a = 3 and 1000 Monte Carlo samples. Left column shows position,
right column velocity

(¢ +d-3)

We,d)y=Q2¢+d-2) RO

Using the same setup as in [32] which goes back to [39], a centered isotropic Gauss-
ian random field Z on S?~! admits a Karhunen—Loéve expansion

o h(£.d)

Z0)= Y, Y arpSen.

=0 m=1

where (ay £eNy,m=1,...,h(,d))is a sequence of independent Gaussian ran-
dom variables satisfying

[E [af’m] = 0, [E [af’maf/’m/] = Aféff/&

mm’

forZ,¢' eNgandm =1, ..., (¢, d),m' =1,..., k', d) and

Y A, h(£,d) < +oo.
=0
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The series converges with probability one and in LP(£2;R) as well as in
L*(2;17(S%1)), p > 1. Denoting by (A,, ¢ € N,) the angular power spectrum of Z
for S%~!in analogy to what was done for S?, we can rewrite

o hZ.d) h(# d)
Z= Z Z A wSem = Z\/_ Z X iS¢ mo
=0 m=

where (X, ., € Ng,m =1,...,h(Z,d)) is the sequence of independent standard
normally distributed random Varlables derived by X, , = a,,,/\/A,. We set

n(#.d)

Z VAL X XenSten

for the corresponding sequence of truncated random fields (Z*, k € N). It is shown
in Theorem 5.5 in [32] that these approximations converge to the random field Z in
LP(§2;12(S%1)) and P-almost surely with error bounds

1Z = Z*| pauzsi-1y) £ Cp - x(atl=d/2 (11)
fork > £yand forallé < (a +1—d)/2
”Z - ZK”LZ(Sd—l) S K'_a, Ip‘a.s., (12)

where A, < C -7 for ¢ > ¢,. This generalizes Theorem 1 above and leads to con-
vergence rates that depend also on the dimension of the sphere.

Similarly to (2) in Sect. 2, we introduce a Q-Wiener process (W(t),t € T) on
some finite interval T = [0, T] with values in L2(S%"!) by the expansion

) h(Z.d)
W(t,y) =) 2 " (S () = 2\/ 2 PO, (13)
=0 m=1

where (ﬂf"”, £eNy,m=1,...,h(,d)) is a sequence of independent, real-valued
Brownian motions.

We next recall that the Laplace-Beltrami operator Ag.-i on S¢~! has the spherical
harmonics (S, ,, £ eNy,m=1,...,h(,d)) as eigenbasis with eigenvalues given by

AsiSy,, = —C( +d-2)S,,,

for e Njandm =1, ..., h(,d) (see, e.g., [4, Sec. 3.3]).
We introduce Sobolev spaces on S?!, similarly to S?, which are given for a
smoothness index s € R by

HY (S = (1d - Aga-) LA™
together with the norm

|lf||Hs(§d—l) = ||(Id - Agd—l)s/zf”LZ(gd—l)
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for some f € H*(S*!). We also denote H(S%!) = L2(S4°1).
The stochastic wave equation on S4~!is defined as

0, u(t) — Agau(t) = W), (14)

with initial conditions u(0) = v, € L2(£;L*(SY"")) and 0,u(0) = v, € L2(2:13(S* 1)),
where r € T = [0,T], T < +0. The notation W stands for the formal derivative of
the O-Wiener process.

Denoting as before the velocity of the solution by u, = d,u; = d,u, one can
rewrite (14) as

dX(r) = AX(r) dt + G dW(r)
X(0) = X,

_ 0o I Al o w _ (v
a=(al o) o=(7) x= () %=(2)

Existence of a unique mild solution follows as before.
Using the same ansatz as in Sect. 3 with respect to the spherical harmonics
on S¢-!

(15)

where

oo h(,d) oo h(Z,d)
£, .
u, () = Z Z ul"(0S,,, and uy(r) = Z 2 uy,™ (S (16)
=0 m=1 =0 m=1
we obtain
t
W) = v+ / u"(s) ds
0
t
w6y = V)" = (¢ +d - 2) / Ul (s) ds +a”"(1),
0
where v'f’m, vi’m, resp. a’"™ are the coefficients of the expansions of the initial values

v, and v,, resp. weighted Brownian motion in the expansion of the noise (13).
Similarly to (7), the variation of constants formula yields
{ W) = ROV + ROV + W (1)
W) =~ +d = 2R + REeWS™ + W (o),

where
. Wf,m(t) t
Wom(s) = < L ) = / RY(t — 5) da”"™(s)
W2 (1) 0
with
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R(n) = RI®\ _ (€& +d—2)"?sin(t(Z(¢ +d —2))"/?)
C\RO ) cos(HZ(€ + d — 2))1/?)

for Z # 0 and
. W) Jy a®0(s) ds
W) = :
(0 ( Wbo(t) %7
Note that the only change compared to Sect. 3 is the value of the coefficients given
by the eigenvalues of Ag.1 and the renaming of the spherical harmonics.

As in Sect. 4, we approximate the solution to the stochastic wave equation (15) by
truncation of the series expansion at some finite index x > 0 and obtain

Kk h(.d) Kk h(¢.d)
W)=y, D uy" ()8, and uSt)= Y N us"(()Se,  (17)
=0 m=1 =0 m=1

Then replacing the eigenvalues —£(Z + 1) with —£(Z + d — 2), the multiplicity of
the eigenvalues 22 + 1 with h(¢, d) and applying (11) and (12) instead of Theorem 1
in the proof of Proposition 3 yields directly the following extension of Proposition 3.

Proposition 6 Let t € T and 0 =1, < --- <t, =t be a discrete time partition for
n € N, which yields a recursive representation of the solution X = (u;,u,) of the
stochastic wave equation (15) on S%~! given by (16). Assume that the initial val-
ues satisfy v, € HP (S 1Y and vy € HY(S*Y). Furthermore, assume that there exist
£y €N, a > 2, and a constant C > 0 such that the angular power spectrum of the
driving noise (A,,¢ € N,) satisfies A, < C- 7% for all ¢ > €. Then, the error of
the approximate solution X* = (uy, uy), given by (17), is bounded uniformly on any
finite time interval and independently of the time discretization by

s ) )
lluy () = &y Dl sy < Cp - (K72 4 kvl san + KONl somr))

—f 1-d)/2 —(p-1 —
s (@) = w5 Dl ozt < €, - (72 4D v lp sy + 67 V2 ll sy

forall p > land x > ¢, where C'p is a constant that may depend on p, C, T, and a.
Additionally, the error is bounded uniformly in time, independently of the time
discretization, and asymptotically in k by

lluy (1) = uf Ol 201y < 67°, P-as.
”l/lz(t) Mz(t)”LZ(gd 1) < K (6 1) P—a.S.

forall§ < min((a +3 —d)/2, 8,y + 1).

6.2 The free stochastic Schrodinger equation on S?

We consider efficient simulations of paths of solutions to the free stochastic Schrodinger
equation on the sphere S?
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i0,u(t) = Aqu(t) + W(t), (18)

with initial condition (possibly complex-valued) u(0) € L*(£2;L*(S?)). Here, the
unknown u(t) = ug(t) + iu,(t), with t € [0, T for some T < 400, is a complex valued
stochastic process. Furthermore, the notation W stands for the formal derivative of
the (real-valued) Q-Wiener process with series expansion (2).

Considering the real and imaginary parts of the above SPDE, one can rewrite (18) as

dX(r) = AX(t) dt + G dW(r)
X(0) = X,

_ 0 As e [ ug _ [ ug(0)
A_<_A§2 0>’ G=(0i), X—<u1>, X0—<M1(0) .
The existence of a mild form of the abstract formulation (19) of the stochastic

Schrodinger equation on the sphere follows like for the above stochastic wave equa-
tion. The mild form reads

19)

where

t
X(1) = e Xy + / e"NG dW(s) (20)
0

with the semigroup

o — cos(tds:) sin(tds)
T\ —sin(tdg.) cos(tdg) |/

Finally, one obtains the integral formulation of the above problem as

{uR(t) = ug(0) + [, Agrtty(s) ds
u(t) = u;0) — [ Agoug(s) ds — W().

As it was done for the stochastic wave equation in Sect. 3, one can make the follow-
ing ansatz for the real and imaginary part of solutions to (20)

0 14 o0 4
ug(t) = Z Z u"Y,,, and ur) = Z Z Uy,

=0 m=-¢ =0 m=—¢

and find the following system of equations defining the coefficients of these
expansions:

Wl (1) = cos(t(Z (£ + D)PWE™ + sin(e(£ (¢ + 1) 20 + WE (1)
W (1) = —sin(t(Z(¢ + D)WL + cos( (£ + 1) 20" + W (o),

where
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o = (Wﬁ””(t)) _ < i sin((e = Y + 1)) da?(s) )
Wf’m(t) /Ot cos((t — $)(Z(Z + 1)'/?) da’"(s)
and vl”:’m, resp. vf’m, are the coefficients of the real, resp. imaginary, part of the initial
value u(0).

It is clear that the analysis from Sect. 4 can directly be extend to the case of the
stochastic Schrodinger equation on the sphere (18). The errors in the truncation pro-
cedure, denoted by uy and uj, of the above ansatz are given by the following propo-
sition (presented for zero initial data for simplicity).

Proposition7 Lett € T =[0,T]and 0 =1, < -+ < t, =t be a discrete time parti-
tion for n € N, which yields a recursive representation of the solution X = (ug, u;)
of the stochastic Schrodinger equation on the sphere (19) with initial data u(0) = 0.
Assume that there exist £ € N, a > 2, and a constant C > 0 such that the angular
power spectrum of the driving noise (A;,¢ € N,) decays with A, < C - £~ for all
¢ > ¢,. Then, the error of the approximate solution X* = (uy, uy) is bounded uni-
formly in time and independently of the time discretization by

AN —(af2-1
llug(®) — gDl o2y < C, - k7D

ll(0) = uf Dllppzasey < €, - @Y
forall p > land k > ¢, where Cp is a constant that may depend on p, C, T, and a.

On top of that, the error is bounded uniformly in time, independently of the time
discretization, and asymptotically in k by

—(6-1
lug(®) = uf@Oll oy < 6770, P-as.

—(6-1
;) — uf Dl o2y < €770, Peas.

forall 6 < af2.

Observe that the above rates of convergence differ from the ones in Proposition 3
for the stochastic wave equation, since the Schrodinger semigroup is unitary. The

10° 10!
Number of series elements Number of series elements x

(a) Sample of the real part of the (b) Strong errors (real part). (c) Error in approximation of one
solution. path (imaginary part).

Fig.7 Sample, mean-square errors, and error of one path of the approximation of the stochastic

Schrédinger equation with angular power spectrum of the Q-Wiener process with parameter @ = 4 and
100 Monte Carlo samples (for the mean-square errors)
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proof of this proposition follows the lines of the proof of Proposition 3. We omit it
and instead present some numerical experiments illustrating these theoretical results.
We compute the errors when approximating solutions to (18) for various trunca-
tion indices « for a Q-Wiener process with parameter « = 4. All other parameters are
the same as in Sect. 5. In Fig. 7, we display a sample at time 7 = 1 and a strong con-
vergence plot of the real part of the numerical approximation, as well as errors in the
approximation of a path (imaginary part) to the stochastic Schrodinger equation on
the sphere. These illustrations are in agreement with the results from Proposition 7.

Acknowledgements We thank the anonymous referee for the useful comments that helped to improve the
paper. We thank A. Debussche and C.-E. Bréhier for interesting discussion. The work of DC was partially
supported by the Swedish Research Council (VR) (project nr. 2018-04443). The work of AL was par-
tially supported by the Swedish Research Council (VR) (project nr. 2020-04170), by the Wallenberg Al,
Autonomous Systems and Software Program (WASP) funded by the Knut and Alice Wallenberg Founda-
tion, and by the Chalmers Al Research Centre (CHAIR).

Funding Open access funding provided by Chalmers University of Technology.
Declarations
Conflict of interest The authors declare that they have no conflict of interest.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License,
which permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as
you give appropriate credit to the original author(s) and the source, provide a link to the Creative Com-
mons licence, and indicate if changes were made. The images or other third party material in this article
are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the
material. If material is not included in the article’s Creative Commons licence and your intended use is
not permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission
directly from the copyright holder. To view a copy of this licence, visit http://creativecommons.org/licen
ses/by/4.0/.

References

1. Andersson, A., Kruse, R., Larsson, S.: Duality in refined Sobolev—Malliavin spaces and weak
approximations of SPDE. Stoch. PDE Anal. Comput. 4(1), 113-149 (2016)

2. Anh, V.V, Broadbridge, P., Olenko, A., Wang, Y.G.: On approximation for fractional stochastic par-
tial differential equations on the sphere. Stoch. Environ. Res. Risk Assess 32(9), 2585-2603 (2018)

3. Anton, R., Cohen, D., Larsson, S., Wang, X.: Full discretization of semilinear stochastic wave equa-
tions driven by multiplicative noise. SIAM J. Numer. Anal. 54(2), 1093-1119 (2016)

4. Atkinson, K., Han, W.: Spherical Harmonics and Approximations on the Unit Sphere: An Introduc-
tion. Lecture Notes in Mathematics, vol. 2044. Springer, Berlin (2012)

5. Bréhier, C.-E., Hairer, M., Stuart, A.M.: Weak error estimates for trajectories of SPDEs under spec-
tral Galerkin discretization. J. Comput. Math. 36(2), 159-182 (2018)

6. Broadbridge, P., Kolesnik, A.D., Leonenko, N., Olenko, A.: Random spherical hyperbolic diffusion.
J. Stat. Phys. 177(5), 889-916 (2019)

7. Charrier, J.: Strong and weak error estimates for elliptic partial differential equations with random
coefficients. SIAM J. Numer. Anal. 50(1), 216-246 (2012)

8. Clarke De la Cerda, J., Alegria, A., Porcu, E.: Regularity properties and simulations of Gaussian
random fields on the sphere cross time. Electron. J. Stat. 12(1), 399-426 (2018)

@ Springer


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

Numerical approximation and simulation of the stochastic... Page310f32 32

14.

15.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

Clayton, R.H.: Dispersion of recovery and vulnerability to re-entry in a model of human atrial tissue
with simulated diffuse and focal patterns of fibrosis. Front. Physiol. 9, 1052 (2018)

Cohen, D., Larsson, S., Sigg, M.: A trigonometric method for the linear stochastic wave equation.
SIAM J. Numer. Anal. 51(1), 204-222 (2013)

Cox, S., Jentzen, A., Lindner, F.: Weak convergence rates for temporal numerical approximations of
stochastic wave equations with multiplicative noise (2019). https://doi.org/10.48550/ARXIV.1901.
05535

Da Prato, G., Zabczyk, J.: Stochastic Equations in Infinite Dimensions. Encyclopedia of Mathemat-
ics and Its Applications, vol. 152, 2nd edn. Cambridge University Press, Cambridge (2014)

Dalang, R., Khoshnevisan, D., Mueller, C., Nualart, D., Xiao, Y.: A Minicourse on Stochastic Par-
tial Differential Equations. Lecture Notes in Mathematics, vol. 1962. Springer, Berlin (2009). Held
at the University of Utah, Salt Lake City, UT, May 8-19, 2006, Edited by Khoshnevisan and Firas
Rassoul-Agha

Debussche, A., Printems, J.: Weak order for the discretization of the stochastic heat equation. Math.
Comput. 78(266), 845-863 (2009)

de Naurois, L.J., Jentzen, A., Welti, T.: Weak convergence rates for spatial spectral Galerkin approx-
imations of semilinear stochastic wave equations with multiplicative noise. Appl. Math. Optim. 84,
1187-1217 (2021). https://doi.org/10.1007/s00245-020-09744-6

Fernique, X.: Intégrabilité des vecteurs gaussiens. C. R. Acad. Sci. Paris Sér. A 270, 1698-1699
(1970)

Goldwyn, J.H., Shea-Brown, E.: The what and where of adding channel noise to the Hodgkin—Hux-
ley equations. PLOS Comput. Biol. 7(11), 1-9 (2011). https://doi.org/10.1371/journal.pcbi.1002247
Harms, P., Miiller, M.S.: Weak convergence rates for stochastic evolution equations and applications
to nonlinear stochastic wave, HIMM, stochastic Schrodinger and linearized stochastic Korteweg—de
Vries equations. Z. Angew. Math. Phys. 70(1), Paper No. 16, 28 (2019)

Hasselmann, K.: Stochastic climate models part I. Theory. Tellus 28(6), 473-485 (1976)
Hausenblas, E.: Weak approximation of the stochastic wave equation. J. Comput. Appl. Math.
235(1), 33-58 (2010)

Herrmann, L., Kirchner, K., Schwab, C.: Multilevel approximation of Gaussian random fields: fast
simulation. Math. Models Methods Appl. Sci. 30(1), 181-223 (2020)

Herrmann, L., Lang, A., Schwab, C.: Numerical analysis of lognormal diffusions on the sphere.
Stoch. PDE Anal. Comput. 6(1), 1-44 (2018)

Jacobe de Naurois, L., Jentzen, A., Welti, T.: Lower bounds for weak approximation errors for spa-
tial spectral Galerkin approximations of stochastic wave equations. In: Eberle, A., Grothaus, M.,
Hoh, W., Kassmann, M., Stannat, W., Trutnau, G. (eds.) Stochastic Partial Differential Equations
and Related Fields, pp. 237-248. Springer International Publishing, Cham (2018)

Kardar, M., Parisi, G., Zhang, Y.-C.: Dynamic scaling of growing interfaces. Phys. Rev. Lett. 56,
889-892 (1986)

Kazashi, Y., Le Gia, Q.T.: A non-uniform discretization of stochastic heat equations with multipli-
cative noise on the unit sphere. J. Complex. 50, 43—-65 (2019)

Kovacs, M., Lang, A., Petersson, A.: Weak convergence of fully discrete finite element approxima-
tions of semilinear hyperbolic SPDEs with additive noise. ESAIM:M2AN 54(6), 2199-2227 (2020)
Kovacs, M., Larsson, S., Lindgren, F.: Weak convergence of finite element approximations of linear
stochastic evolution equations with additive noise. BIT Numer. Math. 52(1), 85-108 (2012)
Kozachenko, Y.V., Kozachenko, L.F.: Modeling Gaussian isotropic random fields on a sphere. J.
Math. Sci. 107(2), 3751-3757 (2001)

Lan, X., Marinucci, D.: On the dependence structure of wavelet coefficients for spherical random
fields. Stoch. Process. Appl. 119(10), 3749-3766 (2009)

Lan, X., Marinucci, D., Xiao, Y.: Strong local nondeterminism and exact modulus of continuity for
spherical Gaussian fields. Stoch. Process. Appl. 128(4), 1294-1315 (2018)

Lang, A., Larsson, S., Schwab, C.: Covariance structure of parabolic stochastic partial differential
equations. Stoch. PDE Anal. Comput. 1(2), 351-364 (2013)

Lang, A., Schwab, C.: Isotropic Gaussian random fields on the sphere: regularity, fast simulation
and stochastic partial differential equations. Ann. Appl. Probab. 25(6), 3047-3094 (2015)

Le Gia, Q.T., Sloan, I.H., Womersley, R.S., Wang, Y.G.: Isotropic sparse regularization for spheri-
cal harmonic representations of random fields on the sphere. Appl. Comput. Harmon. Anal. 49(1),
257-278 (2020)

@ Springer


https://doi.org/10.48550/ARXIV.1901.05535
https://doi.org/10.48550/ARXIV.1901.05535
https://doi.org/10.1007/s00245-020-09744-6
https://doi.org/10.1371/journal.pcbi.1002247

32

Page 32 of 32 D. Cohen, A. Lang

34.

35.

36.

37.

38.

39.

Marinucci, D., Peccati, G.: Random Fields on the Sphere. Representation, Limit Theorems and Cos-
mological Applications. Cambridge University Press, Cambridge (2011)

Morimoto, M.: Analytic Functionals on the Sphere. Translations of Mathematical Monographs, vol.
178. American Mathematical Society, Providence (1998)

Strichartz, R.S.: Analysis of the Laplacian on the complete Riemannian manifold. J. Funct. Anal.
52(1), 48-79 (1983)

Szegd, G.: Orthogonal Polynomials. Colloquium Publications, vol. XXIII, 4th edn. American Math-
ematical Society, Providence (1975)

Wang, X.: An exponential integrator scheme for time discretization of nonlinear stochastic wave
equation. J. Sci. Comput. 64(1), 234-263 (2015)

Yadrenko, M.L.: Spectral Theory of Random Fields. Translation Series in Mathematics and Engi-
neering. Optimization Software, Inc., Publications Division, Springer, Berlin (1983). Transl. from
the Russian

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer



	Numerical approximation and simulation of the stochastic wave equation on the sphere
	Abstract
	1 Introduction
	2 Isotropic Gaussian random fields and Wiener processes on the sphere
	3 The stochastic wave equation on the sphere
	4 Convergence analysis
	5 Numerical experiments
	6 Further extensions
	6.1 The stochastic wave equation on 
	6.2 The free stochastic Schrödinger equation on 

	Acknowledgements 
	References




