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Abstract

The problem of a wheel under tractive rolling of Carter is revisited here by
assuming a slip-dependent friction force. By assuming a change from static
to dynamic friction coefficient occurs over a small distance, we develop effec-
tively a fracture mechanics solution for the shear tractions, which describes
some aspects of "falling friction” creepage forces which are commonly ob-
served experimentally. Possible agreement with experiments is discussed,
suggesting that friction may include also rate-dependent effects. A simple
strip theory is used to estimate 3D effects, which reduce the strength of the
singularity at the edges being the peak pressure lower there.
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1. Introduction

In nearly 100 years after the celebrated Carter paper of 1926 [1] which
gives the basic solution for an elastic cylinder rolling on an elastic halfspace
in the presence of friction, assuming essentially Coulomb friction, we have
seen a tremendous development of understanding of the importance of con-
tact mechanics in noise, squeal, wear, corrugation, ride quality, derailments,
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etc. Vehicle Dynamic Simulation is today a well established tool for vehicle
designers and track engineers for investigating problems which require as in-
gredient the rapid solution of the frictional rolling contact problem. Kalker
[2] has developed many 3D algorithms to permit fast numerical simulation
of the behavior of rail vehicles including the basic model for the wheel-rail
contact forces. However, while much progress has been obtained not much
attention has been paid to the fact that friction is hardly of the Coulomb
type, despite there is strong evidence that creepage force does not mono-
tonically grow and saturate as expected from Carter’s solution (and indeed
any solution assuming Coulomb law), but sometimes shows a maximum and
then decays [3,4]. Accurate modelling of creepage curves is important to de-
velop control strategies [5], and ”falling friction” is also an important possible
explanation of squeal [6,7].

Rabinowicz [8] showed already in the 1950’s with simple but elegant ex-
periments on metals, that there is a static friction coefficient f,,, which decays
with slip-displacement u to a kinetic value f; — i.e.

fO)=f; and f(u) — fa; u— 0. (1)
We also define the length scale

1 o0

A=t [ () - f . )
which characterizes the slip displacement required to transition from fs to

fa, and which Rabinowicz found to be of the order of microns for metals.
More recent basic experiments on friction by Svetlizky & Fineberg [9]
have confirmed by direct observation that frictional slip travels at relatively
slow fronts leading behind regions of stick where the shear tractions show a
square-root singularity typical of fracture mechanics. The strength of this
singularity (which would be a material toughness in the case of the rupture
of a bulk solid) is approximately constant, although it may depend on the
local pressure. Indeed, motivated by Fineberg’s observation, Ciavarella [10]
extended classical solutions of contact problems where a tangential load is
applied in the transition from static to sliding contact, to the case of a mode
IT stress-intensity factor around the stick-slip boundary. Further, Papangelo
et al. [11] showed that this corresponds to the limit where the transition
to kinetic slip occurs over a sufficiently small part of the contact area, and
is analogous to the ‘JKR’ approximation for normal adhesion problems. In



this limit, a slip-dependent friction coefficient f(u) can be approximated by
a mode II stress-intensity factor

K = \J2B* (f. ~ f)p 3)

where p is the local pressure and F *is the composite elastic modulus defined
by

1 (1—v?) N (1—12)

BB B W
where E;,v;, 1 = 1,2 are respectively Young’s modulus and Poisson’s ratio
for the two materials. Using this approach, the solution of classical frictional
contact problems can be extended to include the effect of slip-dependent fric-
tion. In this paper, we consider the implications for the problem of tractive
rolling of a wheel.

2. The rolling contact problem

We consider the case of a cylindrical wheel of radius R rolling at speed
V over a half plane and seek a solution that is invariant in the moving frame
of reference & = x — Vt. If Dundurs’ bimaterial constant 5 = 0, the solution
depends on the elastic properties only through the composite elastic modulus
of equation (4), so for simplicity, we can assume that the wheel is rigid and
the half-plane is elastic. The contact pressure distribution is then given by

[ ¢ 2P [PR
p(§) = po ~ Wherepo=—; a —F (5)

a is the contact semi-width, and P is the normal contact force per unit
thickness.

The stick [no slip] condition can be expressed as t,(z,t) = U, where U is
a relative rigid-body displacement. Thus, in the moving frame of reference,

du,

-V dé

:U7 (6)

where U is the creep velocity.

Following Carter, we assume a stick zone ¢ < ¢ < a adjacent to the
leading edge, and we write the shear tractions ¢(£) as the superposition of
the full slip solution and a corrective term — i.e.

q(&) = fap(§) +4*(§) , (7)
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where fy is the kinetic friction coefficient and ¢*(§) is non-zero only in ¢ <
¢ < a. The corresponding tangential displacement gradients are then given

b
' 2 ([ e[ 0) N
df 7TE* 5—5 ’

and using (5, 6) we obtain

/ s)ds  TE'U  wfE¢
E—s 2V 2R
which is a Cauchy smgular integral equation for ¢*(&).
We seek a solution that is bounded at the leading edge £ = a, but singular
with stress-intensity factor
K = lim q(&§)v/27(§ =) (10)

E—et

c<é<a, 9)

at the boundary £ = ¢, where stick is transitioning to slip. The appropriate
solution is

r© =t (- (E5) o 5w

for ¢ < £ < a. In the classical Carter solution, the shear traction is assumed
to be less than fyp(&) throughout the stick zone, and this condition is satisfied
only if K = 0, leaving just the first bounded-bounded term in equation (11).
Figure 1 compares the Carter solution [dashed] with a representative Griffith
friction solution (red line), for a given ¢/a = —0.5.
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Fig.1: The shear tractions ¢(€) from Eqs. (7, 11) for ¢/a = —0.5 and Koy =
0 (dashed, original Carter solution), or Knax = 0.3 (red line), where K may is
defined in equation (17).

For given values of ¢ and K, the total tangential load () can be obtained
from (7, 11) as

Q 1—c/a\®> =
—=1- Ky\/1— 12
= ) 4 Ry (12)
where we have defined
~ K./ K
K=Y _ (13)

2V2fiP  fapov/27ma

The creep velocity U and hence the creep ratio ¢ = % can be found by
substituting (11) into (9) and evaluating the integrals, with the result

¢ _|(l+cla K
z ( £ >+ _1_C/a] (14)
where

Go = % (15)

We also record the corresponding expression for the shear tractions (7)
which is

2O = o

where the square roots are to be interpreted as zero in ranges where their
arguments are negative.

2.1. Slip-weakening law

Equation (3) shows that the stress-intensity factor K depends on the local
pressure p at the stick-slip boundary, which is here given by (5) with £ = c.
Using these results in (13), we obtain

1/4 * _
K= I?max (1 — (£)2> where I?max = \/M (17)

a T [2apo
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and hence

Q 1 c\?2 c\3/4 o\ /4
¢ 1 = a+c .
5—5(1+C/G)+Kmax (a—c) ) (19)

from (12, 14).

3. Results

Fig.2 shows the traction ratio @/ f;P as a function of ¢/a from Eq. (18),
where as before, the original Carter solution (I?max = 0) is represented by a
black dashed line, and the red line represents the case IA(maX = 0.3 . Notice
that the singular solution defines two possible states corresponding to the
same traction ratio in the range @Q/fsP > 1. We shall argue below that
the dashed part of this curve, where @/ f;P is a decaying function of ¢/a, is
unstable under load control.

The corresponding creep ratio ¢/(y is shown as a function of ¢/a in Fig.
3. Notice that the creep ratio increases without limit as ¢ — a in contrast
to the original Carter solution which exhibits a transition from microslip to
sliding at a finite creep rate (.

Finally, in Fig. 4, we use ¢/a as a parameter in Egs. (18, 19) to generate a
parametric plot of the traction ratio as a function of creep ratio. If the system
is operating under load control, and if the velocity is given an infinitesimal
perturbation when operating in the dashed [negative slope] region, it is clear
that the resulting change in () will cause the system to accelerate away
from the equilibrium state, indicating instability. Depending on the sign
of the perturbation, the system would either revert to the stable solution
in the rising portion of the curve, or the creep rate would increase without
limit. The dashed portion of the curve is however meaningful if the creep
rate is prescribed — i.e. if the velocities or the two rollers are prescribed
kinematically.
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Fig.2: The traction ratio Q/fsP as a function of the ratio stick area to
contact area (c/a) from Eq. (18). The dashed black line represents Carter’s
original solution (I/(\'max = 0), and the red line represents I?max = 0.3, where
IA(maX is defined in equation (17).
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Fig.3: The creep ratio (/(p as a function of the ratio stick area to contact
area (c/a) from Eq. (19). The dashed black line represents Carter’s original
solution (I?max = 0), and the red line represents [?max = 0.3, where [A(max is
defined in equation (17).
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Fig.4: Parametric plot of the traction ratio @)/ f4P as a function of creep ratio
(/o from Egs. (18,19). The black line represents Carter’s original solution
(I?max = 0), and the red line represents I/(\'max = 0.3, where I/(\'max is defined in
equation (17). Points on the dashed red line are unstable under load control.

4. Extension to 3D rolling with Kalker’s strip theory

Kalker [2] (see also [12], par.18.3.5) used Carter’s solution as the basis
of an approximate solution for the rolling of bodies with quadratic surfaces
for cases where the Hertzian contact ellipse is elongated in the y-direction
perpendicular to the rolling direction, x. Applications include the rolling of
a ball in an almost conforming groove, or the rolling of slightly misaligned
cylinders. Conditions then vary relatively slowly in the y-direction and it is
reasonable to approximate the tractions as locally two-dimensional.

Kalker’s solution is casily extended to the case of Griffith friction using
the results of Section 2. The contact pressure is

€T 3P
p(&,n) =po/1 =& —n? where EZE; nz%;pozm, (20)

a,b are the contact semi-axes with b > a, and P is the normal force.
The half-width of the contact area and the local peak contact pressure at
location 7 are then given by

ar(n) = a/1—=1%; pi(n) =pov/1—n?, (21)



and the local value of the dimensionless stress-intensity factor [A(max is

ooy JE = 1A R
R R R .

where [A(max is defined in Eq. (17).
The local creep rate is then given by Eq. (19) with ay(n), c1(n), KL,.(n), p1(n)
replacing a, ¢, Kpnax, Po. We obtain

where (j is redefined as 2fpo/FE *, with py being defined in (20). Kinematic
considerations show that ( must be independent of 7, so this equation im-
plicitly defines the function ¢ (n) for given (.

Notice that in the original Carter solution IA(maX = 0, so ay +c; is constant
showing that the stick-slip boundary is simply a reflection of part of the lead-
ing edge of the contact. By contrast, when K., > 0, the stick zone extends
throughout the leading edge to y = =+£b, though it may be asymptotically
small near the ends.

Eq. (18) defines the tangential force per unit length in the y-direction

if a, ¢, Kyax are replaced by ai(n),ei(n), KL (n) and P is replaced by the

integral of the pressure across the strip which is wa;p; /2. The total tangential
force can then be obtained by integration. After some algebra, we obtain

Q 3 ! a% a, —C 2 = ay [&] 3/4 ay C1 1/4
fd_P_Z/_l [?‘ (—2a ) R (T -0) (54 7) ]d’"v
(24)
where P is now the total normal force in the 3D problem. Notice that
Eqgs. (23, 24) do not contain b and hence the solution is independent of
the eccentricity of the ellipse, provided this is sufficiently large to justify the
initial approximation.

Figure 5 shows the relationship between the traction ratio @/ fqP and the
creep ratio ¢/Cp. 3D solutions are shown as solid lines and the corresponding
2D solutions as dashed lines. The Carter solutions are shown in black, and
the singular solutions [with K., = 0.3] in blue. The 3D solution is very
close to the 2D solution for the non-singular Carter case in the entire range



of validity, but the corresponding singular solutions are close only for low
creep ratios. The maximum traction ratio achievable is significantly lower
for the 3D solution — a result of the fact that the stress-intensity factor
decreases towards the edges together with the peak pressure.
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Fig.5: Traction ratio @/ fqP as a function of creep ratio (/(y from Eqs. (23,
24). The black line represents Carter’s orlglnal solution (IA(maX =0), and the
blue line represents Kmax = 0.3, where Kmax is defined in equation (17). The
corresponding two-dimensional results from Fig. 4 are shown as dashed lines
for comparison. Notice that () and P represent load per unit thickness in
the 2D solutions.

5. Discussion

In contrast to the original Carter solution, we predict that there is a
creepage-weakening range, which is qualitatively supported by experimental
evidence.

Figure 6 shows a comparison between the proposed model with the Grif-
fith singularity factor described by Eqs. (17)-(19), Carter’s solution, and
measured data in Ref.[13]. The data were collected from a railway wheel
(with typical geometrical parameters R = 500 and a ~ 5 mm) with an axle
load of 22.5 tons subjected to pure longitudinal creepage. The model pa-
rameters for plotting the figure were adjusted to match the initial slope of
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the creepage-force law, assuming secondary effects connected to the presence
of roughness and interfacial layers of contaminants require this modification,
as commonly done also by other authors [3]. One drawback of our solution
is that for different wheel speed V, the curve remains the same, contrary to
experimental evidence.

0.8 |-

0.6

0.4+

0.2+ Measured
Carter
Griffith model

Normalised traction Q,/f.P (-)

0 0.5 1 1.5 2 2.5 3 3.5
Creep ratio (/¢ (-)

Fig.6: Traction ratio QQ/fsP as a function of creep ratio (/(y in Carter’s
original solution, present solution (parameter values: Koax = 0.3, fa=0.21
and ¢y = 0.015), and experimental data [13].

Indeed, Vollebregt [3] in an attempt to fit experimental data for longi-
tudinal creepage for the Siemens locomotive Eurosprinter 127001 for pure
longitudinal creepage, finds two sources of disagreement over the classical
Carter solution. One is the falling friction regime, which continues to occur
also for very large creep ratios, much beyond the expected saturation (full
slip), for which he postulates a slip rate dependent friction law, which then
is implemented numerically not without difficulties associated to some insta-
bilities — and this effect was in the present paper appropriately taken into
account. Secondly, a much reduced slope in the ”elastic” initial traction vs
creepage law is found, which he attributes to layers of third body materials
at the interface between the rail and the wheel (contaminants, debris, or
maybe roughness itself). The slope reduction in practice depends linearly on
the layer flexibility, and geometry, but since the constitutive equations and
thickness of the layers are difficult to estimate, the slope reduction is mostly
a fit to experiments.
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While we cannot rule out that slip-rate friction law terms are also at play,
we have provided an alternative explanation of the falling curve due to elastic
deformation for the low creepage regime. In trying to fit experimental results
reported in [3] for the tractive coefficient @)/ P as a function of longitudinal
creepage for pure longitudinal creepage, our solution gives rise to an even
greater initial slope for the traction ratio vs creepage curve than the original
Carter’s one, and the indication of Ref.[3] of the need to consider an interfacial
layer of contaminants needs a fortiori to be considered.

6. Conclusion

We have given a simple extension of the celebrated Carter solution with
a friction law which passes abruptly from a static to a dynamic friction coef-
ficient. In contrast to the original Carter solution, we predict that there is a
creepage-weakening range, which is qualitatively supported by experimental
evidence. The effect of the change in friction can be significant, as from our
estimates, also on the global level of resulting forces and creepage. We esti-
mate a 3D solution using Kalker’s strip theory, showing that the effect of the
singular shear tractions is reduced due to the edges being at lower pressures.
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