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Nanomechanical cat states generated by a dc voltage-driven

Cooper pair box qubit

Danko Radi¢@®', Sang-Jun Choi@?>3, Hee Chul Park@?%, Junho Suh*, Robert I. Shekhter® and Leonid Y. Gorelik®

We study a nanoelectromechanical system consisting of a Cooper pair box qubit performing nanomechanical vibrations between
two bulk superconductors. We demonstrate that a bias voltage applied to the superconductors may generate states represented by
entanglement between qubit states and quantum ’cat states’, i.e. a superposition of the coherent states of the nanomechanical
oscillator. We characterize the formation and development of such states in terms of the corresponding Wigner function and
entropy of entanglement. Also, we propose an experimentally feasible detection scheme for the effect, in which the average
current that attains the specific features created by the entanglement is measured.
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INTRODUCTION

Electro-mechanical and mechano-electrical transduction phenom-
ena acquire whole new dimensions on the mesoscopic scale. A
number of novel functionalities have resulted from new physics
that gains relevance on nanometer length scales where quantum
mechanics and Coulomb correlations play a crucial role. Phonon-
assisted tunneling'™®, the rectification of ac current’™%, and the
mechanical transportation of single electrons'® are just a few
examples of mechanically assisted electronics. Nanoelectromecha-
nical (NEM) devices further allow for control over the mechanical
subsystem by electron transportation. Ground state cooling'"'?
and shuttle instability*'® present good illustrations of such control.

Superconducting ordering brings new qualitative features to the
functioning of NEM devices. It has been shown that the mechanical
transportation of Cooper pairs can facilitate a superconducting
current and generate Josephson coupling between remote super-
conductors'*'®, A natural question, then, arises: how will the
coherent dynamics of a superconducting circuit affect the
nanomechanical performance of a NEM system? The coherent
interplay between the states of superconducting qubits and
mechanical excitations is a focus of modern frontline research in
quantum communication'’~22, Recently, it was demonstrated that
individual phonons can be controlled and detected by a super-
conductor qubit, enabling the coherent generation and measure-
ment of a non-classical superposition of the zero- and one-phonon
Fock states?'?2, This control allows one to accomplish phonon-
mediated quantum state transfer and establish remote qubit
entanglement. On the other hand, a mechanical resonator
provides the possibility to store quantum information in complex
multi-phonon states, so-called (Schrédinger) ‘cat states’. Such
states, rather resilient to external perturbation, allow quantum
information to be encoded in such a way that mechanical losses
can be detected and corrected, as opposed to single-phonon
states where such losses irreversibly delete the quantum informa-
tion?3. The realization of cat-states is also vastly utilized in optics®*.
In this letter, we consider the possibility to generate quantum
entanglement between a charge qubit and a nanomechanical

resonator, and to encode the qubit states in the nanomechanical
cat states.

RESULTS
Schematic diagram of experimental setup

A schematic of the nanomechanical charge qubit under con-
sideration is presented in Fig. 1. The system consists of a
superconducting island, positioned between two bulk super-
conductors, able to perform mechanical motion between them.
We suppose that the island is attached to, for example, the top of
a cantilever whose mechanical motion is described by a harmonic
oscillator. The gate electrode induces an electrical potential on the
island. In this work, we treat the superconducting island as a
charge qubit, i.e.,, a Cooper pair box (CPB) whose basis states are
charge states, for example, states that represent the presence or
absence of one excess Cooper pair on the island; we refer to these
states as charged and neutral states. Tunnel coupling between the
CPB and the bulk superconducting electrodes induces transitions
between the qubit states, with a transition amplitude that
depends on the distance between the island and electrodes as
well as on the value of the superconducting phase. Bias voltage V,
applied between the bulk superconducting electrodes, generates
a time evolution of the superconducting phase difference ®
according to the Josephson relation ®(t) = 2eV/(t)/h.

Time evolution of entangled ground state

Hamiltonian H, describing the joined dynamics of the charge qubit
and the cantilever (for details see Supplemental material, Section
I), can be presented as H = Hy + H,, where

l":IO :Ej COS((D(t))61 +hw<p7+;;) (1)

Hy = €EXsin(O(t)),.

The first term in Hy describes the position-independent part of
the tunnel coupling between the CPB and bulk superconductors,
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Fig.1 Schematic presentation of the proposed junction. There are
two bulk superconducting contacts with phases+® biased by
voltage V with a superconducting island (Cooper pair box—CPB) in
between. t;(x) are the tunneling amplitudes for the Cooper pairs
between the leads and the CP box, dependent on position x. V is
the gate voltage. Two possible configurations are presented: the
CPB island on the top of the oscillating cantilever (main figure), and
the CPB island attached in the middle of the suspended oscillating
nanowire with V; provided via the substrate (inset). For equivalent
electrical circuit see Supplemental material, Section |, Fig. 1.

where E| is the Josephson energy. Here, G;, i=1, 2,3 are the Pauli
matrices acting in charge qubit Hilbert space, particularly in the
basis where vectors (1,0) and (0, 1) represent charged and neutral
states, respectively. The second term in Hy describes the
mechanical subsystem with momentum p and coordinate X of
the mechanical oscillator normalized to the amplitude of the zero
mode vibrations xq = \/fi/mw, where m is the mass of the
oscillator and w = 2n/T is its frequency. Hamiltonian H; describes
the coupling between the nanomechanical and electronic
subsystems, induced by the position-dependant part of the tunnel
coupling. Here, € = xo/X;yn < 1 is @ small coupling parameter (x,, is
the tunneling length). We consider the regime in which ® =0 for
t <0 and V(t) = VO(t), where O(t) is the Heaviside step function. For
t <0, the interaction between the subsystems is switched off and
the system is in the pure state ej, ® |0). Here, |0) is the ground
state of the mechanical oscillator, and e;, = 3", c¥el. is the initial
state of the CPB where e/, are eigenvectors of Pauli matrices &; with
eigenvalues k== 1. For t >0, a constant bias voltage is switched
on and the Josephson phase linearly increases in time, i.e.,, O(t) =
Qut, where Q= 2n1/T, = 2|eV|/h. To describe the time evolution of
the system at t > 0, one can use the interaction representation for
the time evolution operator in the form

U(e,t) = Uo(6)0n (£, ) UL (1), 2

Here, Uo(t) = exp(—— Olflo(f)df) and U (t,t') is given by the
equation
dUy (t,t)
dt
where X(t) = x(t + T) and 0,(t) = 6,(t + Ty) are operators in the
interaction picture. If the frequencies w and Q, are incommensur-
able, then the product X(t)6,(t) oscillates quasi-periodically in
time, and as a consequence, the mechanical subsystem remains in
the vicinity of the ground state if &f,< Aw. However, in the
‘resonant’ case when w = IQ, and / is positive integer, the number
of phonons increases in time and entanglement arises between
the qubit states and the macroscopically excited states of the
nanomechanical resonator. We perform analysis within the
framework of rotating wave approximation, namely, we change
the periodic functions of time, appearing in Eq. (3), with their

ih = eE,x(t) sin(O(1)) G, (t)Us (t, ), Us (t,1) = 1, 3)
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average values over one period. The evolution operator is
obtained in the form

N enEMOP(t—) | =1 35,
U(tt)=< @)
encbAoX(t=t) | =2 4.6..

where A; = (—1)’sgn(eV) (J/ T (hov) Ji <m )) and J,(x) are the

Bessel functions of the first kind. In this paper, we only consider
the case I=1, i.e. w=Q,.

Nanomechanical cat states

Applying the operators from Egs. (2) and (4) to the initial state, we
obtain the state of the system at time t:

ZC t) ® |ak(t,0)). (5)

In this equation, e2(t) = exp(—i£;sin(wt)6y)e2, and |a(t, €))
denotes the coherent states such as alag(t,§)) = kv(t —
&) exp(iwt)|ax(t,&)) with v=¢eAE/h, where a is the phonon
annihilation operator. We should note that the rotating wave
approximation is valid only if the energy of interaction between

the qubit and the resonator, being of the order of eA,E;\/(X*), is

smaller than hw. This sets a restriction on time t, for which Eq. (5) is
valid, to t < (ev)~". Time t should also be shorter than any
relaxation and dephasing time t,, which is discussed in the last
section. There we give an estimation of the experimental
feasibility of the proposed effect for typical values of parameters.

In the resonant case, numerical computation of the time evolution
of the ground state shows entanglement of the CPB charged states
with the mechanical coherent states whose amplitude linearly
increases in time. On the other hand, the off-resonant case (w = IQ,)
exhibits an evolution of the ground state that does not form
coherent states, providing that the amplitude does not increase
monotonically over time. In numencs we prepare the Hilbert space
in the basis of Fock states e2 ®|n) where a'aln) = n|n). The initial
ground state is taken as e’ ®|O) To analyze the numerical results,
we use the functional form for an arbitrary quantum state as
|W(t)) = > o (Cne?, @Q|n) — Dpe?, ®In)), and we find that D, =
(—1)"C,, due to the symmetry [H,P] = 0, where P = (—1)"6,. To
compare the resonant and off-resonant cases, we plot two
numerical results obtained for w=0Q, and w=1.01Qy in Fig. 2.
Numerical analysis of the distribution of |C,|, using D, =(—1)"C,,
shows that the time-evolved state in the resonant case is an
entangled quantum state between the coherent states of the
mechanical resonator and the states of the CPB qubit.

Since v=0 when V=0, one can control the entanglement
described above by switching the bias voltage on and off. Let
us consider the following time protocol: we switch off the
voltage at time t; = N,T, where N; is integer, and we keep V=0
during one period T, after which we switch on the voltage
again (a general case for the arbitrary switch-on and switch-off
times is presented in Supplemental material, Section Ill). During
that single period, the time evolution is governed by operator
ut) = explf (t — t5)(E,04 + hwa'a)). Using Egs. (2), (4), and (5),
for t > t; + T, we find that the state of the system is given by the
expression

9(0) = S ejel

p=cos(ZE), t=sin(ZL); p? + 12 = 1.

(l’) ® {plak(t -T, 0)) + ir|a,K(t -T, 2(1‘5 - T))>}7 ©)

One can see that for t>t;+ T the state of the system is
represented by the entanglement of the qubit states with two cat
states of the mechanical resonator.
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Fig.2 Time evolution of the ground state. For w = Q, (w = 1.01Q,),
the time evolution is plotted in the top (bottom) panels. The
intensity of |C,| is presented via colormap as a function of t and n in
a, ¢. To exhibit the evolution of the coherent states, |C,| is displayed
at specific moments t = 1007, 2007, 300T in (b) and t = 10T, 50T, 100T
in (d). Insets show that log(v/n!|C,|) is linearly increasing as a
function of n in the resonant case w=Qy, which is equivalently
|Cs| o< |a|"/v/nl. The slope of log(v/n!|C,|) determines a. We use the
following parameters: E,=1, w = 1/1.4, e = 0.01, Npa=120; A= 1.

Entropy of entanglement

To characterize the entanglement between the qubit and the
mechanical subsystem, we use the reduced density matrix
Oq(m) (1) = Trqy0(t), where 9(t) = |¥(1))(¥(t)]- Qq(m) are reduced
density matrices with respect to tracing out mechanical or qubit
degrees of freedom, respectively. In particular, using Eq. (6) we
find that when e;, = e! ,, the reduced density matrix g,(t) takes
the form

0q(t) = 3 — 3A(t, ts)01;
At t) =e 20 o<t <t @)
At ty) = pPe 2 (=T 4 2= 27(-264T) g 4 T,

This expression allows us to calculate the entropy of entangle-
ment, Se,(t) = Trp,(t)logp,(t) = Trp,(t) logp,(t). A plot of
Sen(t) for vt;=0.5 and different values of p is presented in Fig. 3.
One can find that S,,(t) monotonically increases in time before the
bias voltage is switched off at t =t,. For t;<t<t;+ T, S, = const
due to the switched-off interaction between the CPB and
mechanical subsystem. For t>t;+ T, the entanglement entropy
depends on p, as follows: for p>1/v/2, S.(t) continues to grow
monotonically, while for p<1/+/2, S(t) starts to decrease, reaches
some minimal value (which equals zero for p = 0), and then grows
again. However, regardless of the value of p, S.,(t) saturates to a
maximal value of log 2 for t — co.

The Wigner function of cat states
To characterize the state of the mechanical subsystem, it is
convenient to use the Wigner function W(x, p, t) = (hm)~’ Jolx+
y,x —y,t) exp(i2py/h)dy, where o(x;, x5, t) is the density matrix in
x — representation. A plot of W(x,p,t) is presented in Fig. 4 for
p = 1/4/2 at two different times, t =t; in (a) and t = 3t; in (b).
From Fig. 4, one can see that at t =t,, the Wigner function is
positive and has two peaks, demonstrating entanglement
between two-qubit states and two coherent states. This feature

Published in partnership with The University of New South Wales
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Fig. 3 Entropy of entanglement. Entropy S, is plotted dependent
on time t for different values of p with E/Aw =1.4. For t;<t<t,+T,
Sen = const (not shown in the figure).

exists for all times t < t,. After switching off the bias voltage at t =
t; and then switching it back on at t =t, + T, the Wigner function
takes both positive and negative values, demonstrating entangle-
ment between two-qubit states and two cat states of the
mechanical subsystem.

Electric current through the junction

Following the discussion above, the amplitude of the mechanical
vibration increases in time, and the energy stored in the
mechanical subsystem also increases. This energy supply comes
from the electronic subsystem and may give rise to a rectification
of the ac Josephson current induced by the bias voltage. To
investigate this phenomenon, we calculate current /(t), produced
by the bias voltage, and take its average over the period T, i.e.
(N, =T [T (t)dt, N=0,1,2,... The power, P=V-],
absorbed by the system is determined by the change of
mechanical energy AE,, and qubit energy AE, after the (N4 1)-
th period. Using the reduced density matrix for mechanical g,,, and
qubit @, subsystems, we calculate (/(N)); for e, =e', and
different values of p with
ew

()7 = 5

where VafIN) =f(N) — fIN — 1) is the first difference, and the first
and second contributions in Eq. (8) are AE,, and AE,, respectively.
Results for different values of p with vt;=3 and E/Aw =14 are
presented in Fig. 5.

From Eq. (7), one can see that for vt > vt,> 1, the eigenvalue A
decays exponentially, and therefore the main contribution to the
current comes from the mechanical subsystem, and it linearly
increases in time (see Fig. 5). The non-monotonic feature of t of
the order of t; comes from the non-monotonic absorption of
power by the qubit subsystem. It is pronounced around t=0
(before t;) when the evolution of the system from the ground state
begins. During the period with switched-off voltage, the current is
zero, ie, (I(Ng)); =0. At the moment t=t,+ T, the current
exhibits a jump originating from the fact that it changes
depending on amplitudes p and 1. For p = 1, the current continues
to flow in the same direction, while for p =0 it changes direction
completely thus switching its sign. For p=1=1/v2, two
contributions of the current flowing in opposite directions exactly
cancel each other, giving zero current at t=1t,+T.

Vi <(vNT)2 - :—;/\(vNT, ts)) , (8)

Experimental feasibility

To give an estimation of the experimental feasibility of the
proposed effect, we take typical values of the charge CPB qubit:
decoherence time ty=1us (for different possible mechanisms
leading to decoherence see Supplemental material, Section IV: A
—phonon loss of the mechanical oscillator, B—charge flip of the

npj Quantum Information (2022) 74
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Fig. 4 Wigner function of cat states. The Wigner function W(x, p) for p = T = 1/4/2 and E/hw = 1.4 is plotted at time (a) t =t, and (b) t = 3t,,
for vt = 5. Two entangled states of qubit and nanomechanical oscillator develop in time (a) and, after applying the protocol with bias voltage,

two cat states emerge (b).

@)
8,

i)

Fig. 5 Average current (over period T). Average current (I(t)); is
plotted dependent on time t for mechanical frequency of 1GHz,
ratio E)/Aiw=1.4 and different values of p (continuous lines are
interpolated through the (I(N)); points, (I(Ns)); — (I(t5)); = 0).

CPB, C— both mechanisms, as well as refs. 2>26), Josephson
energy E; =~ 0.1 + 1K, tunneling length X, = 1A, and mass of the
oscillator m ~ 10722 = 10-2'kg¥’, providing the coupling strength
€E; ~ 0.01 = 0.1K. Then, using an asymptotic form of the Bessel
function in A, coefficient in Eqg. (4), we estimate a shift of the
mechanical coherent state with respect to the origin for a given

E xo ~ 2 . 3 i _
T to ~ 10° = 10°x¢. Furthermore, using numer:

time to, X =~
ical simulations we show that coherent dynamics is preserved
even above validity interval of the rotating wave approximation
that we used to obtain the analytical results (see Fig. 2 and
Supplemental material, Section IV, Figs. 2-7), ie., during ~103
periods of mechanical vibrations. For mechanical oscillator at
10 GHz (such frequency corresponds e.g. to the 3rd bending mode
of the suspended CNT or some other setup?~3°) and a
corresponding bias voltage of the order of 10 pV, which can be
controlled fairly well to preserve the resonance to accuracy 0.1%
(commercially available voltage sources, e.g., Keysight B2961A
manufactured by Keysight Technologies) we obtain current,
containing the predicted feature, of the order of nanoamp. Our
preliminary analysis has revealed that effects qualitatively similar
to those presented in this letter likewise take place in the
transmon design of charge qubits (when the Josephson energy is
larger than the charging energy) if the mechanical frequency is
much smaller compared to the charging energy, and if the
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degeneracy of the qubit energy level at a certain phase difference
is preserved.

DISCUSSION

We have analyzed the quantum dynamics of a NEM system
comprising a movable CPB qubit that mechanically (harmonically)
oscillates between two bulk superconductors coupled to the CPB
via Cooper pair tunneling controlled by bias voltage. We
demonstrate, analytically and numerically, that when the ac
Josephson frequency of the superconductors is in resonance with
the mechanical frequency of the CPB, the initial pure state (direct
product of the CPB ground state and the oscillator state with zero
phonons) evolves in time as the coherent states of the mechanical
oscillator entangled with the qubit states. Furthermore, we
establish a protocol for bias voltage manipulation that results in
the formation of entangled states incorporating so-called cat
states, i.e., a quantum superposition of the nanomechanical
coherent states. The formation of such states is confirmed by
analysis of the corresponding (negative) Wigner function, while
their specific features provide for the possibility of experimental
detection by measuring the average current. The discussed
phenomena may serve as a foundation for the encoding of
quantum information from charge qubits into (superpositions of)
coherent mechanical states. As such, this work may constitute an
important tool in the field of quantum communications due to the
robustness of the multi-phonon states with respect to external
perturbation, compared to the single-phonon Fock state. Discus-
sion of the specific protocols for such encoding, though, are out of
the scope of this work and will be presented elsewhere. In contrast
to suggestions for mechanical cat states®'~3* generated either
“electrically" (via strong polaronic effect), or “optically” (driving the
mechanics by electromagnetic field), the phenomenon discussed
in this paper allows entangling the NEM cat states with a
superconducting charge qubit, providing the transfer of quantum
information between the superconducting qubit to mechanical
vibrations. Potentially, this may lead to a chance of exploring the
possibility of achieving quantum communication utilizing the
semiclassical mechanical (vibrational) cat states.

DATA AVAILABILITY

The data that support the findings of this study are available from the corresponding
author upon reasonable request.
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