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Abstract

The trigonometric six-vertex model with domain wall boundary conditions and one
partially reflecting end on a lattice of size 2n x m, m < n, is considered. The partition
function is computed using the Izergin—Korepin method, generalizing the result of
Foda and Zarembo from the rational to the trigonometric case. Thereafter, we specify
the parameters in Kuperberg’s way to get a formula for the number of states as a
determinant of Wilson polynomials. We relate this to a new type of alternating sign
matrices, similar to how the six-vertex model with domain wall boundary conditions
is related to normal alternating sign matrices. In an appendix, we compute the partition
function again, showing that it is also possible to find it with the method of Foda and
Wheeler.

Keywords Six-vertex model - Domain wall boundary conditions - Reflecting end -
Partition function - Triangular K-matrix

Mathematics Subject Classification 82B23 - 05A15 - 33C45

1 Introduction

The first example of a six-vertex (6V) model was the ice-model, where all states have
the same weight. This and some other special cases of the 6V model with periodic
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boundary conditions were solved in 1967 by Lieb [1]. The same year, Sutherland [2]
solved the general case.

One of the first nontrivial examples of fixed boundaries were the domain wall
boundary conditions (DWBC) [3]. In 1996, Zeilberger [4] proved the alternating sign
matrix conjecture of Mills, Robbins and Rumsey [5], which gives a formula for the
number of alternating sign matrices (ASMs). There is a bijection between the ASMs
and the states of the 6V model with DWBC. Izergin [6, 7] showed that the partition
function of the 6V model with DWBC can be expressed as a determinant, which
Kuperberg [8] used to give another proof of the alternating sign matrix conjecture.

Tsuchiya [9] used the Izergin—Korepin method to obtain a determinant formula for
the partition function of the 6V model with one diagonal reflecting end and DWBC
on the three other sides on a lattice of size 2n x n. Kuperberg [10] used this to give a
formula for the number of the corresponding UASMs. The UASMs are alternating sign
matrices with U-turns on one side and generalize the vertically symmetric alternating
sign matrices (VSASMs).

Foda and Wheeler [11] found a determinant formula for the partition function
of the 6V model with partial DWBC on a lattice of size m x n, which generalizes
the determinant formula of Korepin and Izergin. Foda and Zarembo [12] found the
corresponding generalization of Tsuchiya’s determinant formula in the rational case.
They obtained a determinant formula for the rational 6V model on a lattice with
2n x m sites, m < n, with DWBC and where the reflecting end has a triangular
K-matrix. These boundary conditions are called DWBC with a partially reflecting
end. Pozsgay [13] used the homogeneous limit of Tsuchiya’s 2n x n determinant to
compute overlaps (i.e. inner products) between (off-shell) Bethe states and certain
simple product states, such as the Néel states. In a similar way, Foda and Zarembo
used their rational 2n x m determinant formula to compute overlaps between Bethe
states and more general objects which they call partial Néel states.

Foda and Wheeler commented that in the case of partial DWBC on a lattice of
size n X m, it is not obvious if and how one could count ASM-like objects with
Kuperberg’s specialization, due to phases that vary between different states, coming
from the trigonometric weights. However, in the present paper, we find that in the case
of DWBC and partial reflection, it is possible to count the states, since similar phases
do not appear in this case. The reason for this is the alternating orientations of the
lines.

Counting ASMs can be generalized to x-enumerations. In an x-enumeration of
ASMs, each state is counted with a weight x*, where k is the number of —1’s in the
ASM. A formula in the general case is not known, but in some special cases, x = 1,2
and 3, there are closed expressions [4, 5, 8]. Colomo and Pronko [14] obtained a simpli-
fied treatment of x-enumerations by rewriting the Hankel determinant representation
of the partition function of the 6V model with DWBC in terms of orthogonal polyno-
mials. The method can be used to find a formula for the x-enumerations for those x
where the underlying orthogonal polynomials belong to the Askey scheme of hyper-
geometric orthogonal polynomials. This works for the 1-, 2- and 3-enumerations. In
the original case of 1-enumerations, the orthogonal polynomials are continuous Hahn
polynomials.

@ Springer



Exact results for the six-vertex model with domain wall... Page3of36 41

In this paper, we study the trigonometric 6V model with DWBC on three sides and
one partially reflecting end, on a lattice with 2n x m sites, m < n. We first find a
determinant formula for the partition function. Then we specialize the parameters in
Kuperberg’s manner to finally find a formula that counts the number of states of the
model.

Atfirst, in Sect. 2, we introduce the model. In Sect. 3 we follow the Izergin—Korepin
method to obtain a determinant formula for the partition function in Theorem 3.5, i.e.
the trigonometric generalization of what Foda and Zarembo did in the rational case. The
alternative method of Foda and Wheeler to find the determinant formula is presented
in “Appendix A”.

In Sect. 4, we find a formula for the number of states in terms of the partition
function. We connect this to the enumeration of a type of generalized UASMs. The
objective of Sect. 5 is to specialize the parameters in the determinant formula in
Kuperberg’s way. We rewrite the partition function following the ideas of Colomo
and Pronko [14]. The determinant can be represented by a matrix consisting of a
Hankel matrix part and a Vandermonde matrix part, and the underlying orthogonal
polynomials are Wilson polynomials. Then in Theorem 5.1, we finally write down a
determinant formula counting the number of states of the 6V model with DWBC and
one partially reflecting end.

2 Preliminaries

Consider a square lattice with 2n x m lines, where the horizontal lines are connected
pairwise at the left side, as in Fig. 1. Each such pair of horizontal lines can be thought
of as one single line turning at a wall on the left side. We assign a spin %1 to each
edge. A lattice with a spin assigned to each edge is called a state.

In order to assign weights to the states, we give each line an orientation. We choose a
positive direction, which goes upwards for the vertical lines, to the left for the lower part

Fig. 1 The 6V model with
DWBC and one partially

reflecting end. The parameters L~ An

Aj and p ; are the spectral N

parameters e _>\n
- A2
N —As
- A
N —\

Hm K2 K1

@ Springer



41  Page4of36 L. Hietala
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a—(A—p) b—(A—n) c—(A—p)

Fig.2 The possible vertices and their vertex weights for the 6V model. The orientation of the lines through
a vertex is indicated with an arrow in the end of each line. Given the orientation up and to the right, the
spins are indicated by an arrow halfway the edge, where right and up are positive spins, and left and down
are negative spins. The vertex weights also depend on the spectral parameters A and . In a state of the 6V
model with reflecting end, the oriented vertices are tilted 90 degrees counterclockwise on every second row

of the horizontal double line, and to the right for the upper part. The positive direction
is indicated by an arrow at the end of a line. Graphically, spin +1 corresponds to an
arrow pointing in the positive direction of the line, and spin —1 corresponds to an
arrow pointing in the opposite direction. At each vertex, the so-called ice rule must
hold, which demands that two arrows must be pointing inwards to the vertex and two
arrows must be pointing outwards. Because of the ice rule, there are only six types of
possible vertices, see Fig. 2.

To each vertical line, we assign a spectral parameter w;, and to each horizontal
double line, we assign a spectral parameter which is —X; on the lower part of the
double line and shifts to A; on the upper part. In Fig. 1, we write these parameters at
the lines. Also define a fixed boundary parameter ¢ € C, associated with the reflecting
wall at the turns.

Define f(x) = 2sinh(x) and let y ¢ 2miZ be a fixed parameter. Then define local
weights

f) ey f)

— _Fv_JWN _+a_JW

ar(M) =1, bL(A) =e 0+ ct(A) =e ot (D
ke(h, 0) = EFF(E £R), ke, 0) = @ f2N), (2)
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Fig. 3 The possible boundary configurations and boundary weights for the triangular reflecting end. The
weights depend on the spectral parameter A as well as on a boundary parameter ¢

to each vertex and each turn as in Figs. 2 and 3. Here ¢ is a fixed number. We call the
turns k4 a ‘positive’ and ‘negative’ turn, respectively, and k. can be seen as a turn with
creation of arrows. These choices of weights satisfy the Yang—Baxter equation and
the reflection equation with a triangular K-matrix where k. (A, ¢) is an off-diagonal
element (see Sect. 2.1). Observe that k. does not depend on ¢, and for ¢ = 0, we have
diagonal reflection. Sometimes, we will refer to a ‘w vertex’, where w is one of a, b+
or c+, meaning a vertex with spin configurations corresponding to weight w(A), for
some A. Similarly, a ‘k+ turn’ or ‘k. turn’ will refer to a turn with weight k1. (A, ) or
ke (X, ¢), respectively. The terms ‘positive’ or ‘negative turn’ will sometimes also be
used to refer to a k+ turn, respectively.

The local weight at a vertex with the positive directions up and to the right depends
on the spins of the surrounding edges, as well as on the difference between the spectral
parameters on the incoming lines from the left and the bottom. Because of the reflect-
ing ends, we need to differentiate between the vertices on the left-oriented and the
right-oriented horizontal lines. The vertices in the right-oriented rows are depicted in
Fig. 2, and the vertices in the left-oriented rows are the same, tilted 90 degrees coun-
terclockwise, as in Fig. 4b. The (local) weight of the vertex in Fig. 4a is w(A; — ),
and for the vertex in Fig. 4b, the weightis w(u; — (—=A;)) = w(A; + u;), where w is
one of a4, b4 or c+. The (local) boundary weight at each turn depends on the spin on
the turning edge, but also on the spectral parameter X; of the line going through the
turn, and on the fixed boundary parameter ¢, as in Fig. 3. The weight of a state is the
product of all local weights of the vertices and the turns.

On the three sides without reflecting end, we impose the domain wall boundary
conditions, with outgoing spin arrows to the right and ingoing arrows on the upper
and lower boundaries. The ice rule implies that n > m and that there are n — m turns
of type k..

The model described above is the six-vertex (6V) model of size 2n x m with DWBC
and one partially reflecting end. We want to find a determinant formula for the partition
function

Znm(. p) =) weight(state) (3)

state

of this model, generalizing Tsuchiya’s [9] partition function for m = n. This also
generalizes the results of Foda and Zarembo [12] from the rational to the trigonometric
case.

@ Springer



41 Page60f36 L. Hietala

Fig.4 The different vertex

weights depending on the

direction of the row in the 6V A -\
model with reflecting end, with

spectral parameters A; and i ;
B 1 1

@ whi— pj) (b)) whi + py)

2.1 The Yang-Baxter equation and the reflection equation

Define V as a two-dimensional complex vector space. To each line of the lattice, we
associate a copy of V. Given a parameter A € C, define operators R(A) € End(V® V)
by
ay(A) 0 0 0
0 byr(A) c—(A) 0
RM=1 "0 o) by 0
0 0 0 a—(

with the weights parametrized as in (1). The operator is called the R-matrix and
satisfies the Yang—Baxter equation (YBE) on V| ® V2 ® V3 (where V; are copies of
V), i.e.

1)

Rio(A1 —22)Ri3(A1 — A3) Rp3 (A2 — A3) = Ro3(A2 — A3)Ri3(A1 — A3) Ria(A1 — A2),
where the indices indicate on which spaces the R-matrix acts, e.g.
Ri2(A1 —22) = RO — A2) ® 1d,

and similarly for R>3 and Rj3. The YBE is depicted in Fig. 5.
To describe the reflecting boundary, define a triangular operator K (A, ¢) € End(V),
by

— k+()"7 g) kC()"s é‘)
K(}\,, ;) - ( 0 kf()\., {)) )

with entries parametrized as in (2). The operator is called the K-matrix and satisfies
the reflection equation for the above R-matrix on Vo ® Vi [15], i.e.

Roo (A — A )Ko(x, $) Ry + AV Ko (M, ©)
= Ko\, $)Roor (A + AV Ko(h, L) Ryo(A — 1),

where Ko(A, ¢) = KA, ¢) ® Idand Ky (A, ¢) =1d ® K (A, ¢), see Fig. 6.

3 Izergin-Korepin method

Foda and Zarembo [12] used the Izergin—Korepin method [3, 6] to find the partition
function (3) in the rational case, i.e. where f(x) = x, which in turn means that all
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Fig.5 The Yang—Baxter
equation

A1 A2 A3 A1 Ao A3

Fig.6 The reflection equation /

—A
_)\/ —A/

weights are rational. We follow the Izergin—Korepin procedure to find the determinant
formula for the partition function in the trigonometric case.

Lemma3.1 Z, ,, (A, p) is symmetric in A; and i separately.
To prove this, we will use the so-called train argument.

Proof Consider two adjacent vertical lines with spectral parameters w and 1. Insert
an extra vertex below the lattice, as in Fig. 7. Since we have DWBC, this will be a

Fig.7 The partition function is
symmetric in the 4 ;’s. Because
of the DWBC, an extra vertex
can be moved through the lattice
by using the YBE

ay(p' = p) x P =

- = 1 X a_(p' — p)
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<::’::j \
X -N)
L
Y \_)\,
A A
> >
. . X b+()\ + )\/)
= <::§\ - N Y X a_(A—XN)
-2 >
)\ = —A
A A

Fig. 8 The partition function is symmetric in the %;’s. Two adjacent double rows can switch places by
adding extra vertices that can be moved through the lattice by using the YBE and the reflection equation.
The triple arrows should be understood as n vertical arrows

vertex with weight as (u — p’). By the YBE, the extra vertex can be moved through
the whole lattice to end up on the top, where it can be removed. On the top, the extra
vertex has the weight a_ (i — /). Since a4 () = a—(u) # 0 for all u, these factors
cancel. Hence, this procedure switches p and u'.

To prove the symmetry in the A;’s, we add two extra vertices on the right, as in
Fig. 8. The vertices can then be pulled through each other in a similar way as before,
using the YBE and the reflection equation. Because of the boundary conditions and the
ice rule, the extra vertices give rise to two extra factors on each side of the equation, see
Fig. 8. Again since a4 (1) = a_(X) # 0, the extra factors cancel. In this manner, we
can pairwise switch spectral parameters on adjacent lines, which proves the lemma. O

Lemma3.2 Forany 1 < j < m, the function
n m
PR TTTTLF i 4 s+ f i = 1+ )] Zum O, )
i=1j=1

is a polynomial of degree 2n — 1 in i .

Proof Multiply each vertex weight (1) by f(A + y). This is the same as to multiply
the partition function by

n m
TTTT0f G+ i+ mfGi = s+ )]
i=1j=1

Then, the new weights are

ar() = fO+y), be() =T F), L) = e f(y).

@ Springer
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For a given j, all vertices involving w; lie along the same vertical line. Along a
vertical line, the spin must be changed at least once from up spin on the bottom
of the lattice to down spin on the top. Each vertical line thus contains at least
one ¢+ (A + ) or one ¢_(A — ) vertex, since these are the only combinations
changmg the spin in this way, see Fig. 2. These Welghts each contain a factor

. Each additional ¢4 vertex yields a factor et Bach a4 and bi vertex gives
rise to a factor e T — ¢7#i™ where x possibly contains A; and y. There can
be a maximum of 2n — 1 vertices of type d+ and b involving ;. We multiply
[Ty Ty [f i+ + ) f Oi = 1) + 1)) Znm A, ) by e~ to geta poly-
nomial of degree 2n — 1 in €. O

Lemma3.3 Z, (A, p) satisfies recurrence relations when setting pux = £, namely,

f i +Ap)

—Z— — X’A )
ot it Lm—1 (A1, k)

Znm s W) yy=airy = €7 giklf(é“?)»z)l_[

where
A= A Ay e = (e s s ),

and ):1 indicates that the variable ) is omitted, and similarly [ij indicates that the
variable iy is omitted.

Proof The vertices marked with a dot in Fig. 9 can only be b or ¢ vertices, because
of the ice rule and the DWBC. Specialize ;11 = —A1 as in the left lattice. Now if the
vertex at the bottom right is of type b, it has zero weight and does not contribute
to the partition function. Hence, the vertex must be a ¢4 vertex. Then, the ice rule
determines the spins on the two horizontal bottom lines and the rightmost vertical
line, i.e. the vertices within the frozen region (the area marked with a dotted line)
are determined uniquely. The part of the lattice outside the frozen region is then a
lattice of size 2(n — 1) x (m — 1) with DWBC. This yields a recursion relation for the
partition function. Likewise, specializing 1 = A, as in the right lattice, forces the
vertex marked with a dot to be a c_ vertex, and the ice rule determines the rest of the
vertex weights within the frozen region. Lemma 3.1 yields that the recursion relations
hold for uy = £A; forany 1 <1 <n,1 <k <m. O

Lemma 3.4 For m = 0, the partition function is
n
Zuo) =" [ [ r@r.
i=1

Proof For m = 0, there are no vertical lines. In this case, the partition function is just
a product of n turns of type k. O

Because of the ice rule, n > m, so n = 0 is only possible if the system has no lines
at all. It makes little sense to think of a system with no lines, but for the sake of the
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Fig. 9 Specializing u; = £A; determines the vertices inside the frozen region (the area marked with a
dotted line). The part of the lattice outside the frozen region is then a lattice of size 2(n — 1) x (m — 1) with
DWBC. This yields a recursion relation for the partition function

following induction argument, we define Zp,o = 1 as the empty product, which is in
line with the above lemma.

Lemmas 3.2, 3.3 and 3.4 together determine Z, (A, ). A polynomial of degree
2n — 1 is uniquely determined by its values in 2n distinct points. Starting from the case
m = 0, we can hence establish Z, ,, (X, w) as a function of u; by induction, using
Lemma 3.3.

Theorem 3.5 For the 6V model with DWBC and a partially reflecting end on a lattice
of size 2n x m, m < n, the partition function is

Znm ) = " " D7y oy T [+ f (i — O] [ ] £ @4

i=1 i=1
o [T [T/ [f(uj+xi) f Qe — )]
Hl§i<j§m [f(/"“] + /’Lt)f(:uj - /'Lt)] Hl§i<j§n [f()\l — )\,])f()\,l + )“J + y)]
x det M, )

I<i,j<n

where M is an n X n matrix with

F(hi, 1j), ifi <m,
Mij = {h((n —DQ2A; +vy)), ifm<i<n,
1, ifi =nandm # n,
where
1
F(Ai, pj) =

T A f =) f g+ i ) Fr— i+ )
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f(x) = 2sinh(x) and h(x) = 2 cosh(x).

To prove this, it is enough to check that the right-hand side of (4) satisfies the
properties stated in Lemmas 3.1 through 3.4.

Proof Let Z,,,m (A, p) be the right-hand side of (4). The symmetry in the A;’s and 1 ;’s
is obvious, so the condition in Lemma 3.1 holds for (4). Proving that the statements
in Lemmas 3.3 and 3.4 hold for (4) is straightforward: put A; = p into (4). Then all
terms with f(ugx — A7) = 0 vanish. The only terms left are the terms coming from the
part of the determinant containing f(ux — A7), since the corresponding factor from
the numerator cancels. The terms left are

Znn s )|y,
_ DM et f e — O f 20)
S+ Ga +y) f (e — (ki +v))
< [T U+ =21 TT [F)+r0f G =]

1<i<n 1<j<m
i#l j#k
y 1
[izic [ Qi =) F i+ 20+ W Tlicien [fF 0 = 2 f Qa4+ 2 4+ )]
1

X
[Ti<ict UF Qe+ p) f G = )] T T i [ (i + 000 f (i — i)
X Zn—l,m—l(ils lzk)

Simplifying this, we can conclude that the recurrence relation in Lemma 3.3 holds.
The proof is similar for Z,, ,, (A, )|, =—3,-
For m = 0, the right-hand side of (4) is

"TTE 2
% Hz:] f( 1) det M.

Zno(h) =
o) [icicjen [FOi =2 i +2j 4+ )] 1=id=n

where M is an n X n matrix with

v = = D@h+y)), forl<i<n—1,
AN ¥ fori =n.

Now let
D= [] [fi—=2a)fGi+r+9)]
I<i<j<n
and put y; = h(2X; + y). Then, we can write D = Hl§i<j§n(yi — yj). By row
operations, we can rewrite det M as a determinant of a Vandermonde matrix M; ;=

y;'*i. The determinant of a Vandermonde matrix is exactly D. Hence, the condition
in Lemma 3.4 holds.

@ Springer
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The only thing left is to prove the condition of Lemma 3.2. Observe that both the
determinant and the denominator of (4) are 0 when p; = £u ;. Itis easy to see that
e?m=DIi times the denominator is a polynomial of order 2(m — 1) in e** and is
hence determined by its value in 2(m — 1) points (except for a constant factor). Since
the determinant and the denominator share zeroes, the denominator is a factor in the
determinant. This proves that Z,,,m (A, p) is a Laurent polynomial in e”!. To determine
the order, we check what happens with the determinant when p; — oo. For this part
of the proof, let x; = e~ " and yi =hQ2A; +y). Let

F(xi,y)) = :
DI G f G — ) f G+ O+ ) i — O + )

Then, each entry of the determinant involving w; is

x2

Fxi,y)) = ) :
B (I —eVxiyj + e 2x2) (1 — eV x;y; + €2 x?)

We can see that y; always stands together with x;, so in the Taylor series expansion,
the power of x; is always bigger than the power of y;. The Taylor series expansion
around x; = 0 is

[ 2 k1 k.1
F(x;, Yj) =X; E Ak,lxl' Y + E Ak,lx,' yj s
I<n—m—1 n—m<I|
1<k 1<k

for some constants Ay ;. The sum on the left can be written in terms of the lastn —m
rows of the matrix. Hence in the determinant, the left sum can be removed by row
operations, and we can change the entries F'(x;, y;) in the determinant to

k
2 k1
X; E Apix; Y-

l=n—m

Letting x; — 0 (i.e. letting u; — 00), A,,_m,,,_mxl.”_mﬂy?_m is the leading term of

the determinant, so the degree of the determinant in the variable oM is~ m—n—2.
The degree of e =21 [1_, [T/ [fi+wj+y)fOi—mj+)]ZpmA, p)in
e2Mi ig

3n—m+1+deg,ou, (det M) =2n—1

which proves the condition in Lemma 3.2. O
For m = n, the determinant formula in Theorem 3.5 coincides with Tsuchiya’s
determinant formula.

In [12], another way to find the partition function is suggested, by starting from
Tsuchiya’s determinant for 2n x n lattices and step by step removing the extra vertical
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lines by letting the corresponding variables 1 ; — oo, following Foda and Wheeler
[11]. We prove Theorem 3.5 with this method in “Appendix A”.

4 Kuperberg's specialization of the parameters

In this section, we specialize the parameters in the definition of the partition function
(3). By doing this, we find a way to count the total number of states of the model in
terms of the partition function.

First, we will state and prove the 2n x m generalization of Lemma 3.1 in [16]. For
any given state, let v(w) denote the number of vertices of type w.

Lemma 4.1 Forany given state of the 6V model with DWBC and one partially reflecting
end on a 2n x m lattice, we have

v(by) —v(b-) = <n ;— 1) — (n B 'Z + 1) and v(cy) —v(c=) =m —2v(k-).

Proof We follow the same reasoning as in [ 16]. For the first result, we count the number
of different spin arrows. To be able to keep track of the arrow flow through the system,
in particular where the arrows go up and down, we think of a k. turn as one left, one
up and one right arrow, and likewise we think of a k_ turn as one right, one down and
one left arrow. To get the number of up arrows, we count the number of the different
vertices and turns with up arrows, and similarly for the down arrows. To not count
the edges twice, we count the vertices on every second row and add the edges from
the boundaries. Hence, we get two different equations, depending on which rows we
choose to count. Denote by w' a vertex of type w on the upper part of a double line
and similarly w for a vertex of type w on the lower part (N for north, S for south).
We get the equations

v(1) = 2v(@l) +2v(b5) + v(cd) + v(ed) + v(ky), 5)
(1) =2v(@)) + 200Y) + v(el) +v(e) + viky) +m, (6)
V(1) = 2v(@) +20(b%) + v(c}) +v(e) + vk-) +m, @)
and
v(}) =2v(@) +20BY) + v(el) +v(eY) + vko). (8)

To get the number of left arrows, we count the number of the different vertices with
left arrows, plus the number of all k4 and k_ turns, then divide everything by two.
The number of left arrows is

v(cy) +v(c-) + v(kq) + v(k-)

V(<) = @) +vdY) +v@d) +vdS) + .

C))
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Similary, the number of right arrows is

v(cy) +v(c-) +vkq) + v(k-)
2
+ v(ke) + 1. (10)

v(—) = v(af) + v(bj\_/) +v(@@d) + v(bf_) +

Adding Egs. (5), (8) and two times (10), and subtracting (7), (6) and two times (9)
yields
4v(by) —v(b-)] =2v(—) — 2v(<) — 2n + 2m — 2v(k,). an

With the given boundary conditions, we have v(k.) = n — m, and furthermore, we
must have v(—) =2n(m + 1) — w and V(<) = w to satisfy the ice rule.
Insert this into (11). The first part of the lemma follows.

For the second part of the lemma, we observe that at a k- double row, the upper
part of the double line starts and ends with a right arrow, and the lower part of the line
starts with a left arrow and ends with a right arrow. The only vertex types that can
change the arrows are the c4 vertices. Hence at each k double row,

veD) =v(e®)+1 and v(c)) =),
and similarly at each k_ double row,
() =v(c¥) and v(ch) =v(c) - 1.
At a k. double row, each row starts and ends with right arrows, so
v(cf_) = v(cf) and v(ci\_/) = ().

Since v(ct) = v(c—) on the k. rows, we only need to consider the k4 and k_ rows.
There are m rows of this type. Hence, we get the sum v(cy) = v(c_) +m — 2v(k_),
which is the second result of the lemma. O

Furthermore, we can count the number of a4 vertices.

Corollary 4.2 For any given state of the 6V model with DWBC and one partially reflect-
ing end on a 2n x m lattice, the number of vertices of type a (i.e. ay and a_ together)
is

(@) = mn + (';) —m 42 k) — v(b_) — v(e)].

Proof We have that v(a) = 2mn — v(b) — v(c). Use Lemma 4.1 to compute v(b) in
terms of v(b_), and v(c) in terms of v(c_). O

Now let y = 4mi/3 so that ¢ becomes a third root of 1. Then, let A; — y and
wj — 0in the partition function Z, ,, (A, p). In this limit, the weights (1) and (2) are

a+(y) =1, bi(y)=c_(y)=—e7, b_(y)=ciy)=—€"f(y).
ki(y)=e* —e ™, k_(y) =e* —e%, ke(y) = o f2y),
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and the partition function becomes

Zym(y,....,v,0,...,0) = Z Cl+()/)U(a+)a_(]/)v(a‘)b+(y)v(b+)b_(y)”(b—)

states

X e ()" Do) Dk () ko ()" ke ().
Here we have used that for y = 4si/3, it holds that f(2y) = — f(y). Inserting

the expressions for the weights and using Lemma 4.1 and Corollary 4.2, the partition
function can be computed to be:

m m+1y _
Zn,m(yy Y O, o 0) — (_1)(2)—nm+n(pn—me(( 2 ) nm))/f(y)n—m
m 20 2y m—k
2k (T

where Ny is the number of states with v(k;) = k, i.e. where k is the number of k.
turns. Let Z,, ,, x (A, p) be the partition function for the same model where the number
of k4 turns is fixed to v(k;) = k. Then,

Ny = (_1)('S)fnm+n(pm7ne(”m_(m;1)>7f(y)mfn

1 k ey mk
X <€2§ _e_zy) (62;- —€2y> Zn,m,k(%'~-,V70,'~-,0)~ (12)

Finally,
m
A(m, n) = ZNk (13)

k=0
counts the total number of states of the model.

4.1 Connection to alternating sign matrices

By specializing the parameters in the partition function for the 6V model with DWBC
(without reflecting end), Kuperberg [8] was able to count the number of alternating
sign matrices (ASMs). ASMs are matrices where the entries consist of 1, —1 and 0,
such that the nonzero elements in each row and each column alternate in sign and such
that the sum of the elements of any row or any column is 1. Hence, the first and last
nonzero element of each row and each column is always 1.

In the case of DWBC and partially reflecting end, we also get a bijection to a type
of ASM-like objects. Consider matrices of size 2n x m, m < n, consisting of elements
0, —1 and 1. Vertically and horizontally the nonzero elements alternate in sign. The
sum of the elements of each column is 1, as for ASMs. Horizontally connect the rows
pairwise on the left edge to form a double row as in Fig. 10. A double row may consist
of only zeroes. If a row has any nonzero elements, the rightmost of these must be
1. Furthermore, the sum of the entries in a double row must be 0 or 1. Equivalently,

@ Springer



41 Page 16 0f 36 L. Hietala

Co 0o
Co o Co o Co 00 Coo
Co o ¢l 1o C1o
Co o Coo) Coooo Coo

Fig. 10 The three matrices on the left are counted by A(m, n), whereas the rightmost matrix does not
correspond to a state in the model considered in this paper

Fig. 11 The bijection between a
UASM and a state of the 6V
model with DWBC and a C 100 C
reflecting end -110
0 —-11
—
C 1 00 C
C 0 10
0 00 C

a double row can not consist of two rows both having 1 as their leftmost nonzero
element.

Proposition 4.3 The expression A(m, n) yields the number of matrices of size 2n x m,
m < n, described above.

Proof There is a bijection between the states of the 6V model and matrices consisting
of 0, 1 and —1 [8] (see Fig. 11), where a+ and b+ correspond to 0 in the matrix, and
in the case of reflecting end, a c_ vertex in the upper part of a double row corresponds
to 1, and ¢4 corresponds to —1. On the lower part of a double row, ¢ corresponds to
1, and c_ corresponds to —1. Due to the ice rule and the boundary conditions, the rest
of the vertices are determined uniquely.

The fact that there are more rows than columns allows for rows without c4 vertices,
corresponding to rows with only zeroes in the matrix. If there are any c4 vertices on
the lower part of a double row, k_ and k. turns on that double row force the leftmost
c+ vertex to be c_, corresponding to —1 in the matrix, whereas a k4 turn forces it
to be ¢4, corresponding to 1 in the matrix. Similarly, if there are any c vertices on
the upper part of the double row, k4 and k. force the leftmost nonzero element in
the matrix to be —1, and k_ yields that the leftmost nonzero matrix element is 1. In
this way, we can see that both rows cannot have 1 as their leftmost nonzero element.
In a similar way, the DWBC impose that if a row has any nonzero element, then the
rightmost of them must be 1.

O
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From the discussion above, it follows that Ny (12) counts the number of matrices
equivalent to states of the 6V model with exactly k positive turns. In the case m = n,
the sum of the elements in each double row must be 1, and A(m, n) counts the number
of UASMs [10]. The case where m = n and k = O corresponds to VSASMs.

5 Specialization in the determinant

In this section, we specialize the parameters in the determinant formula in the same
way as in the previous section. We show that with this specialization of the variables,
the partition function can be written as a determinant of Wilson polynomials, and
finally we use this together with the results from the previous section to give a formula
for the number of states of the model.

5.1 Moments and orthogonal polynomials

We start by rewriting the determinant formula of the partition function (4). Let x; =
Ai —y and y; = ;. In the previous section, we let A; — y and u; — 0, which
corresponds to letting x; — 0 and y; — 0. For 1 < i < n, multiply column i of
the determinant by f(2x;) and for 1 < j < m, multiply row j of the determinant
by f(2y;). Then specify y = 4mi/3. By row operations on the lower part of the
determinant, we can then rewrite the partition function as

Zn,m(xl +y9"'7xn+y7ylv"'7ym)
m m_ yite i — n_ ZX' +2 )
_ n—m((5)—nm)y ml_[l—l [E N f i é‘)] Hl_l S (2x; 14
e 1o T f @ [T £ )
T T [f G+ i+ ) f (o = (i + )]
I—[]<l<]<m [f(y] +)’z)f()’j - yl ]H]<l<]<n [f(-xi +xj)f(xi _xj)]

x det M, (14)

1<i,j<n

where
- e(xj, yi), forl <i <m,
Yol rem =i+ Dxp,  form4+1<i<n,

with

_ S(2x) f(2y)

g(xv y) -

FO+@+NfO =@+ +E+20))f(y— (x+2y)
It is apparent that f(x) = sinh x and g(x, y) are odd functions. Furthermore, x = 0
isazero of f(x),and x = 0and y = 0 are zeroes of g(x, y). Hence, we can write the

functions as f(x) = xf(xz) and g(x, y) = xyg(x2, y?), where f and ¢ are analytic
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at x = y = 0. The partition function (14) can thus be written:

ZnmX1+ Voo Xn TV Voo e s Ym)
= 2"y — ) (pnfme((';)fnm)yf(y)m

[T [ f i = O Tz f(2xi +2y)
X n m
[Tz f@x) =) fQ2yp)

S [f )+ @i + v f (= @i+ )] T 6 TTe vk
Micicjom [F G+ 0 F G = YD) Thcicjen [f (i + ) f (i = x))]

A

x det M,

1<i,j<n

where
803 D), for1 <i <m,

f(@m—i+Dxp?, form+1<i<n.

Now regard xi2 and yjz as our variables. Then in the limit where all x;, y; — 0, the
determinant can be written in terms of partial derivatives. Subtract the first column
from the second and divide by x% — xlz; then in the limit x; — 0, this equals the first
partial derivative. Similarly for the kth column, subtract the (k — 1)th-order Taylor
series expansion of each entry around x,f = 0, which in the limit is a sum of the first
k — 1 columns. Then divide by [T/=| (x? —x?)/k!. By I'Hopital’s rule, this limit equals
the (k — 1)th partial derivative. A similar argument for the first m rows lets us write
the entries as partial derivatives in yi2 as well. The method is described in detail in [7].
Hence in the limit, the partition function equals

Zom(,..-,v.0,...,0)

= lim 2" "(n —m)! (pn—me((g')—nm)yf(y)m

xi,yj—>0

[T [ f o = O T f2xi +2y)
X n m
[T f@2xd) Hj:l f@2yj)

B N [fj+ @i +yNfoj— @+ y )] 1o > Tl vi
[Ti<icjzm [f )+ ) fQyj— )] [Ti<icjzn [f G+ ) f (i = xp)]

2 2 2 2
n1§i<_/5n(xj —x7) nl§i<_/§m(yj - )

TG — DT, G — D!
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36 4

e 77803 3D

FIYR N 22
ayzzg(xl’yz) ax%},zzg(xzy)/z)

m—1

5 gm "2 2
x det Z0n= l)g(xl ym) 52 8(X5 s V)
X5 Y

A a

F(@x)? sz f (@)%

f@@m—mxp? %f((z(n —mx)?) e 32’2,,'1)

2(n 1)8()‘ AT

"
—, 58X
Bxg(n—l)yzzg( n yZ)

an+m 2
Wg(xn ym)

F(@m = m)x)?)

2(n D f((2x,,)

)

)

To cancel the zeroes in the denominators, the prefactors can be simplified by

lim [T- 1xtl_[j 1Y
xi,yj—>0 1_[1 1f(2xl)1_[j ]f(zyj)

)

s,

Hl<’<1<"(x xi2)1_[l§i<j§m(y]2
1—11<l<]<n [f i +xp) f i = x) ] Tlicicjam [F O+ 9D F O — 3]
(—1)(2)
= SPrniniem
Moreover, 2 4
f(21x)=4lx(1+(213_x!)+(215_x!)
SO
~ X xz
f(x)=2<l 3'+§+ )
and
o 2 2 22D k!
mf((zlx) )|x=0 = m

For y = 4mi/3,
fx—y) fx+y)

glx,y) = -

fGx=3y)  fGx+3y)

Following [14], we use Fourier transforms to see that

f(3x) sinh(wt/2)

From this, it follows that

-y  fG+y)

fBx=3y) ﬂﬁﬁw_ffsmmmﬁ)

fx) /‘ it sinh(rrt/6) sinh(wt/6) .
T 2/3

sinh(rrt/6) sinh(wt/6) .

nh(rt/2)
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By Taylor expansion and Lebesgue’s dominated convergence theorem, we get

(=D 2 o oo sinh(ar/6)
glx,y) = xyf Z ((2k+ DRI+ 1)!/ ! sinh(r[t/Z)dt>7

for |x|, |y| < /3, so

00 .
g(xz’ yZ) _ i Z < (_1)k+lx2ky21 /00 t2k+21+2 s?nh(r[t/6) dt) .
V3 k,1=0 B

2k + DI+ 1)! sinh(r/2)

Hence,

Pl _—
sz—kyyg(x Y9

x=y=0

_ 2(= 1)k i /00 2k+ar42 SInD(T1/6)
32k + DI+ 1)! sinh(71/2)

Let ¢ denote the moment

= [t"du(t),

2 2s1nh(7n‘/6)
/f(t)du(t)—/ fant sinh(71/2) @

where

The corresponding inner product is

5 sinh(rrt/6)
sinh(rt/2)

’

o
(p(1). q() = /O paHq
for polynomials p and g.

In the limit x;, y; — 0, the partition function thus equals

n m

n 1 1
ZomWy.ooyv,0,...,0) = _1()+mn
m (Y Y ) = (=D E(Zi—l)!r[l(Zj—l)!

2n72m7m27n2

X — 3m/2 (n _ m)' (pn—me((';)—mn)y f()/)m+2mnf(2]/)"(l o 62;');71
[es) —C1 e (_1)n+lcn_l
—C1 2 - (_l)n+2cn
x det (_1)m+lcm—l (_1)m+2Cm T (_1)n+m6n+m—2
1 Qo —m)* - Q2 —m))>D
1 2 . 22(1-1)
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We can write the entries ¢ in terms of inner products. Since

(_1)i"("z_”+L%J -1

for all n, the partition function above becomes

m
Znm (V.- 7.0, 0) = (=)= l)/21_[(21—1) l_[(21—1)'

J=1
2n—2m—m2—n2

X S (=)l " (D7 ()2 £ 2y (1 )"
(1, 1) (t, 1) (tn—l’ 1)
(1,1) (t, 1) )
x det | (1, t;”_l) (t. tr:n—1> (tn—ljtm—l)
1 —Qn—m)? - (=D Q2 —m))>r=D
1 _:22 (_1)n—:122<n—1)

Similar determinants show up, for example, in [14]. By row and column operations
the determinant can be rewritten, and the partition function is

n
1
Zym(¥. o y.0.... 0) = (=1ym DT

;@i = D! E 2j—=D!

n—2m—m?*—n?
2

X Sy (= m)l " Q)Y 2 (1 — 2
(po(1), qo(1)) (p1(2), qo(1)) (Pn—1(1), qo(1))
(Po(®). q1()) (P1(D). q1(D) (Pa=1(D), 1(0))
(PO gn-1(D)  (P1(1). g1 (D)) (=1 (D), Gu—1(0))
x det

Po(—=Q2(n —m))?)

po(—42)

po(=2%)

P1(=Q(n —m))?)

pi(—42)

p1(=2%)

- Pa-1(=Q2(n —m))?)

Pt (—42)

Pn—1 (_22)
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where py(¢) and g () are arbitrary monic polynomials of degree k. We can choose
{pi = q}}_, orthogonal, i.e.

{pi(0), pi(1)) = /pk(t)pz(t)du(t) = hidp, 15)

for some h;. Then, most entries in the upper part of the matrix become 0, and we
can simplify the expression further. We also rearrange the rows. Then, the partition
function is

(n = m)! "=l =mm)Y p )2 f 211 — @2y

3m/2
( ) n 1 m 1 m—1
_ +m . .
x (=& ] =T I1 =T [T tri. pi0)
j=1 j=1 i=0
pm(=2%) Pm+1(—2%) _ Pn—1(=22%)
% det pm(—4%) Pm+1(—4%) Pn—1(—4%)
(=R —m)?)  pup1(=Q—m)?) - pu_1(—=Q2n —m))?)

(16)

5.2 Wilson polynomials

Colomo and Pronko [14] found a way to write the determinant formula of the partition
function of the 6V model with DWBC in terms of orthogonal polynomials. In this
section, we show that we can rewrite the determinant formula (4) in terms of orthogonal
polynomials as well.

We can rewrite the weight p(¢) in terms of the gamma function, defined as the
analytic continuation of the integral

o0
F(z):/ x¥ e dx,
0

which is defined only for Re(z) > 0. It can be shown that the gamma function satisfies
the following identities:

N +inP = ——
"~ sinh(mx)
and
= k -1 1
[]r (x + 7) = Q7)) 7 1277 (Ix). (17)
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Hence, we have

__ »sinh(xt/6)

WO = hGrr/2)
32 |TGr/6 + 1/3)0(it/6 + 1/2)1(it /6 +2/3)T (it /6 + 1) | 8
T 223 I'(ir/3) (18)

This is the orthogonality weight for a known family of polynomials, namely the Wilson
polynomials. These are defined in terms of generalized hypergeometric series as (see,

e.g. [17])
1) ,

Wi(x*;a,b, ¢, d) _F —k,k+a+b+c+d—-1,a+ix,a—ix
@+bpatoratd; *° at+batcatd

where the orthogonality condition reads

1 o0
—/ Wi (x%:a, b, c, d)W;(x%; a, b, ¢, d)
27 Jo

(ix + )T (ix 4+ b)) (ix + o) (ix + d) de
I'(2ix)
Tk+a+b)Tk+a+c)Tk+a+dTk+b+c)L(k+b+dT(k+c+d)
- TQk+a+b+c+d)
x(k+a+b+c+d— 1)k, 19)

X ‘

and where (a)y = a(a+1)---(a+k — 1), fork > 1, and (a)p = 1 is the rising
factorial. Comparing this to (15) and (18), we choose the parametersa = 1/3,b = 1/2,
¢ =2/3,d =1and x = /6. Then, the Wilson polynomials are:

w AWEIEIN
\e) 37273

k . .
(=k);j(3/2+k);(1/3+1it/6);(1/3 —it/6);
= (5/6)k(4/3)k! . 20
(5/6)i(4/3) ;0 5/6, 473,12 (20)
These are polynomials in > of degree k, with leading coefficient
_ 1k
i = D G2+ Bk @

62k

The polynomials can hence be written

wo((EY .12 ) >
k 6 ?372733 _Kkpk )
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where py () is a monic polynomial of degree k in ¢. The right-hand side of (19) with
the above choices of parameters is

Tk +5/6)T'(k + DI (k +4/3)T(k +7/6)T(k + 3/2)T'(k + 5/3)
T2k +5/2)
72 (k 4+ 3/2)ik!(6k + 4)!(2k + 1)!
22k—136k+9/2(4k +3)! ki»

X (k+3/2) k! =

(22)

where we have used (17) and the fact that I'(j + 1) = j!if j is a nonnegative integer.
We insert (19)—(22) into (15) and get

22k H1p1(6k + 4)!1(2k + 1)!
3%+372(3/2 1 k)p(dk +3)1°F

(pr(t), p1(1)) =

Hence,

m—1 22m2—m m 6j —2DN((Q2) — 1)!)2(2j -2)!
g(m(f)’ pj() = 3mtm )2 I1 (4j —3)@j —1)! ’

where we used that Flx 40
X
=, 23
(X)k TS (23)

Insert py %) = Wy, ((%)2 ; %, %, %, 1) /K into the partition function (16), which then
reads

Zl’l,m(yv--"J/aO’"‘70)

2n—n2 —3m+m?

= —3m2+m (n —m)! <p"_me(('§')—"'")7/f(y)2mn+rnf(2y)n(l _ e2§)m

(3)+m (65 = 2)12) = 2)!
x (=Dt l_[ (21—1)'1_[(4j—3)!(4j—1)!

det W o 112 | .
x lfl,jgl’l—m m+j—1 6’ 5’ E’ 57 Km+j—1 ] -
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We factor out k1 j—1 from each column of the determinant and use (23) and get

Zom(¥,...,y,0,...,0)

2}12 7n7m27m

(n = m)lg" el )2 2y (1 — )"

- 32m2—n?+n
n . m . n
m 2j —2)! -2)! 1

x (~1) 35]‘[;’._5,]‘[2’._3, M =5

j=1 J L j=1 J L j=m—+1 J ’
st (w 7112 | o4
X i1 |—=iz. 3,3 .
lfl,jgn—m m+j 1 9 ) 3’ 29 3’

5.3 A formula for the number of states

Next, we rewrite the partition function as a sum over the number of positive turns, k,
to be able to identify the terms with the terms in the formulas from Sect. 4. We write

e I (e €
s ey @ e e )

and by using the binomial theorem we get

sem [ SO\ <[ (m), » Loy (€5 — e "
(1= _<_f(2y)> Z((k)(eg_e y)< = > |

k=0

For y = 4mi/3, we have f(2y) = —f(y) and f(y)* = —3. The partition function
(24) thus becomes

m m ) ok €2§—62y m—k
Zom¥. ooy, 0. 00 = (k)(ef—e ) (T)

k=0

m+ 2"27}17”’!27"’1‘ m+1 —nm
X ! gl (T e
LR =D (6 =) 1
XH(4j—3)!H(4j—1)!l,l_[ (= D!

j=1 j=1 j=m+1
2112
d t W j— — T, T _71 .
X1<z,je<n_m< mt] 1( 9°32'3 ))

_ 2;7 2 m—k
The terms (e2 — e=27)k (eez—fy

as functions of ¢, since the kth term has a zero of degree m — k in ¢ = y. Therefore,

are linearly independent for different k’s
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we can fix a k as in the previous section, and we get

m _ e — o2 m=k
zn,m,k<y,...,y,o,...,0>=( )(ezf — ek (—)

k ey
2"2 —n—mz —m

« (_1)(mz+1)+m”+” (n —m)! w”_me((mgrl)_nm)yf()/)mﬂ

32m2—n2+n —mn

Q-2 (6 —2)! [~ 1
) H 4j—3)! H 4j—=D! jzl;lﬂ (j—D!

j=1 j=1
det  (w B112, (25)
X i-1l—-—=:=, =, .
1< 5SS  \mti-t\ Ty 3 0 3

Now we can go back to Ny (12), the number of states where k is the number of k4
turns. We insert (25) and get the following theorem.

Theorem 5.1 For the 6V model with DWBC and a partially reflecting end, the number
of states with exactly k turns of type k4 is

Ne = (m>2”2_"_m2_m(n—m)! li[ @2j —2)! ﬁ 6j —2)! ﬁ 1
k)3 L L @i =3l L@ -t 1L G-
det (W, Fo1le 1 (26)
X i1|l—=;=z, 2,2 .
1§l,jg}z—m m+j 1 9 ) 3’ 27 31

As a corollary, we get that the total number of states (13) of the model is

2 2 n m n
20T (n— m)! 2j—=2)! 6j —2)! 1
A(m,n) = 32m —m—n®tn—mn l_[ @j—3) l_[ @ -1 l_[ G-
j=1 J Cj=1 J L j=m+1 J ’
det W 112 |
X i l—— =, =, = .
lSl,jgn—m m+j 1 9 ) 39 27 33

From Proposition 4.3, it thus follows that the number of matrices described in Sect. 4.1
is also given by this expression.

5.4 An alternative expression for the number of states

In this section, we derive another way to present the expression (26). We can insert
the formula (20) for W, 41 (—%; % %, % 1) into the determinant
1 2
) s A~ 1 .
3 3

N =

1<k,j<n—m

k2
D= det <Wm+j_1 (—6;
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Factor out (5/6) 4 j—1(4/3)m+j—1(m + j — 1)! from each column j. We can rewrite

the sum in each determinant entry

mi—l (L—m— ju(/2+m+ ju(1/3 —k/3)(1/3 +k/3)
(5/6)1(4/3)(1)?

=0

of row k and column j to go from O to n — 1, since the terms disappear when [ >

m + j — 1. We then get

n—1
D=1](5/6),4/3),j!
j=m
x  det i (L=m— /2 4+m+ ju(/3+k/3(1/3 = k/3)
Ik, j=n=—m \ 1= (5/6)1(4/3),(1!)? :

We use linearity of the rows and write the determinant as a sum of determinants. The

above becomes

n—1 n—1 n—m
B o (1= D)/3) (A +D)/3),
D =]](5/6);(4/3);i! 11,12,.%:,":0 (1] TERTERE

Jj=m

X det ((1—m—j>zk<1/2+m+j>zk)>-

1<k,j<n—m
Since (x);/(x); = (x +i)j—;, for j > i, we can write

(A —=m— ) (A/24+m+ j),
_ (I —=n),(m+3/2), B - -
S T o ym 372, W O 32

and we can factor out all factors that depend either only on row k or only on column ;.
The determinant D now becomes

n—1

D=1]6/6);@/3),!

Jj=m

p> [1 (5/6)1,(4/3);, 1iH*(1 — n)i—1(m + 3/2)i—1

I, ly—y=0 \i=1

X det (A —=n+l)p—m—jm+3/2+ lk)jl)) .

1<k,j,<n—m

5 (n_m (1= i)/3), (1 +)/3), (L= m)y, (m +3/2),

Each element of the alternant matrix

D= det ((1—n+lnmjm+3/2+1)-1)

1<k,j,<n—m
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is a polynomial in /; of degree n — m — 1. This is a special case of a bigger family of
determinants, see further [18, Lemma 3]. The determinant is

b=c J] &-1p

1<i<j<n—m

for some C not depending on the ;’s. To find C, we put [y = —k — m — 1/2 which
makes the matrix triangular. Then,

n—m—1

[T vi12=n—m—jupma-j=Cc [] G-0,

j=0 I<i<j<n—m

SO
n—m

c=]]6Gr2+2n—-2));-1
j=1

Hence, the determinant D becomes

ﬁ’ (5/2+2n—2j)j_1
(1

n—1
D=1]6/6;@/3),j! —n)j_1(m +3/2)

Jj=m j=l1

= (=) /3);, (1 +0)/3),(1 — n), (m + 3/2);,
x Z H 2
(5/6);, (4/3);, (i)

I,y by - =0 i=1

X 1_[ (i = 1)

1<i<j<n—m

Series of similar type appear, for example, in [19, 20].
Inserting the above into (26) of the last section, we get an expression for the number
of states with exactly k turns of type k1 as an (n — m)-fold hypergeometric sum,

N (™ pri=n=mi=m gy ) l_[ 2j —2)! l_[ 6j —2)!
k= k 32m2_m—n2+n—mn ‘1 (4] — 3)! - (4] — 1)1
Jj= Jj=

. " (5/242n—2))j1
5/6):_1(4/3)
X jzl;[—H( /6)j-1(4/3); 1(11:[1 a —n)jfl(m +3/2)j71

= (=) /3);, (14 )/3), (1 — n), (m + 3/2);,
X Z 1_[ 2
(5/6);, (4/3);, (i)

I, ly—m=0 \i=1

X H (i = 1)

I<i<j<n—m
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Appendix A: Foda-Wheeler method

Another way to find the partition function is suggested in [12], by starting from
Tsuchiya’s determinant for the partition function on a 2n x n lattice and step by
step removing the extra vertical lines by letting the corresponding variables p; — 00,
following Foda and Wheeler [11].

To do this, we need to choose weights that behave well in the limit. The weights
that we have chosen in Sect. 2 will do the job. In the lattice, the local weights are either
w(A — p) for vertices on the upper part of a double line, or w(u + A) for vertices on
the lower part, where w is one of a4, b+ and c+. When letting ©; — oo, the local
weights become

lim ar(A — ) = lim ar(h+p) =1,
=00 H—>00

lim b_(A — p) = €7,

H—> 00

lim by (h—p) =1,

H—> 00

lim b_(A 4+ u) =1,

H—> 00

lim by(h+p) =e 27,

H—> 00

lim c_ (A —p) = —e’(eV —e™7),

JL—>00
Iim cx(A—p) =— lim e’ (e’ —e V)——
om +(A =) am ( )eZM—ZA’
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GRS O MO G

I I

Fig. 12 A k. turn comes from the sum of a k4 and k— turn, when removing the vertical line from the one
size bigger lattice

ey — e_y

lim cp(h+p) = ———r,
H—>00 eV

. N i eV —e7V 1
MLmoo -t = MLmoo eV e2n+21 "

We start from Tsuchiya’s determinant for 2n x n lattices,

ZuOow) = e p o T [ f (i — £)F @0)]
i=1
T Ty [y + 200 f (i — 2]

det M,
1_[1<1<J<n [f(/“l/] +/"Ll)f(:u’] /J/l)f()" —Aj )f()\' +)" + J/)] I<i,j=n

(AD)

where M is an n X n matrix with

1
FQui+ 1) fui —2) (i + O+ ) flui —j+v)

Mij =

Tsuchiya considered a diagonal K-matrix, but we have a triangular K-matrix. This
does not affect the determinant formula in the 2n x n case, since the ice rule implies
that there cannot be any k. turns, coming from the off-diagonal entry in the K -matrix.

We first consider the 2 x 1 lattice with reflecting end, since the observations that
can be made for this case are important in the general case. This partition function
consists of two terms (see Fig. 12),

cr A+ ke Wby (d — @) + by (A + wWk—(Ae— (2 — ),

which in the limit is < _ew (k+(A) —k_())). Itis easy to check that k+ (1) —k_ (1) =
k™) Hence, letting &« — oo yields that the partition function becomes £ (p_e ke()).

This makes sense in the picture as well, where removing the vertical line means that
both the k. and the k_ turn in the 2 x 1 lattice become a k. turn in the 2 x 0 lattice.
Conversely, the k. turn in the smaller lattice can come from removing the vertical line
from a state with a k4 turn, as well as from a state with a k_ turn.
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O Y G S O DUV O Y

Hm+1 Hm+1 Hm—+1 Hm+1

(a) (b) (0 (d)

Fig. 13 The k. turns in a lattice of size 2n x m come from either one of these configurations in the lattice
of size 2n x (m + 1), when letting 1,41 — 00

Lemma A.1 Taking the limits j1j — oo, form+1 < j < n, in Tsuchiya’s determinant
formula Z, (A, 1), one after each other, starting with u,, — 00, we obtain

Zl’l,m(xs /-’Lls L) Hm)
n—m

¢ .
= lim Zy(h, ).
(1 —e2=myy ... (1 —e=4)(1 —e~27) ,Mn,Mn—lwle«m-H‘)OO n(d, #)
(A2)

Proof Consider a lattice of general size. In each state, the leftmost vertical line has an
odd number of ¢4 vertices, because of the DWBC and the ice rule. The ¢4 vertices
appear as products ¢4 (A; + )+ (Aj — fm) of c—(Aj + pm)c—(Aj — W), where
bothi = j ori # j are possible, except for one single c+ (Ar + ) or c—(Ax — Um)
vertex which is not paired up. In the limit u©,, — oo, the nonzero contribution to
Zym(A, 1, ..., Wm) comes from the states with exactly one c4 vertex in the mth
column, so we only need to consider these states. In this case, each state contains
exactly one of the configurations in Fig. 13a or 13b.

Each state has n — m turns of type k.. For m < n, each state of size 2n x m comes
from letting w,,+1 — o0 in states of size 2n x (m + 1). In the smaller lattice, all
turns are the same as in the bigger lattice, except for at one double row k, where the
k¢ turn corresponds to either a k4 turn or a k_ turn in a bigger lattice configuration,
just as in the case n = 1. Each k. or k_ turn in the smaller lattice comes from one of
the configurations in Fig. 14 in the bigger lattice. In the limit, each state in Fig. 14,
although consisting of two vertices and one turn, also has total weights k4 (A;) or
k_(A;), respectively. We are interested in how the partition function for the smaller
lattice differs from the bigger lattice, and therefore, we only need to consider the k.
turns in the 2n x m lattice, see Fig. 15. All turns of type k. below row k come from
turns of the type in Fig. 13c. All turns of type k. above row k come from turns of the
type in Fig. 13d. Each turn of type Fig. 13c has weight e %" k.(;), and each turn of
type Fig. 13d has weight k. (A;) in the limit.

The row k can be chosen in n — m different ways, so we need to sum over all these
possibilities. Putting all of the above together, we conclude that

eV —e7V 1 1
Znmr1 My 15+ ooy 1) = Toer 1+e2—y+"'+m

X Zn,m()\-’ I“L]’~--’/~’Lm)’ (A3)
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oL, oL, oL, .,

Hm+1 Hm—+1 Hm+1 Hm+1

Fig. 14 The turns that are not k. turns in a lattice of size 2n x m come from either one of these configurations
in the lattice of size 2n x (m + 1), when letting 1,41 — 00

Fig. 15 The k. turns of a state of
size 2n x m come from letting
Hm+1 — 09, i.e. removing the
leftmost vertical line, in all > >

states of size 2n x (m + 1) C:+ ,)\j C:+ 7)\]4
where all turns are the same as
in the smaller lattice, except at
some row k, where the k. turn in
the smaller lattice corresponds to
a ky orak_ turn at row k in the C + C

bigger lattice. In the bigger > =g > =g
lattice, all k. double rows below

row k are forced to be of the type
in Fig. 13c and all k. double

rows above are of the type in [ > ... — ..
Fig. 13d
& C:+ -\ C:+ -\
P41 K41
as Um+1 — 00. By iteration, the lemma follows. O

We now prove the determinant formula by induction.

Proposition A.2 For the 6V model with DWBC and a partially reflecting end on a
lattice of size 2n x m, m < n, the partition function is

e (D fiyyr
(1 — e 20=my) .. (1 — e=47)(1 — e~ 27)
X T e f Gui = O] Ty £ @A) Tz Tl [f (g + 2 f Gy = 2]
Micicjom LFj + 1) f (g = mD] Tli<icjon LF Qi =2 f Qi + 25 + 7]

Zn,m()\a Ky ooy ) =

Fua, ) - FQhp, pur)
F(q, wm) F(An, m)
x det Cnfmfl()tl) Cnfmfl()\n) ’ (A4)
Co(r1) Co(An)
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where

Fhipj) = !
PR W U — A f UL+ G+ )G — Ga + 1))

and

Ck ()"l) — Z e(k1+k2—k3—k4)vi+(k1—k2+k3—k4)y

ki,k2.k3,ka>0
k1+ko+k3+ka=k

(AS5)

forv; =21 +y.

Proof We start from Tsuchiya’s determinant formula (A1). Let P,_,, be the claim that
(A4) holds. We know that Py is true, since this is Tsuchiya’s determinant. Assume
P,_,,. We will prove that P,_,,+1 also holds. From (A3), we have

@ .
Zym—1(A, 1y ooy p—1) = T o 2amiDy uy}llinoo Zum (A, (1, .oy m)

Insert (A4). Absorb factors that have to do with i, into the mth row of the matrix,

n+1
L ety
Zn,m—l()‘s /,Ll, M Nm—l) - (1 _ e_z(n_m+1)y) . (l _ 6_4)/)(1 _ e_zy)
TS [ £ = O Ty £ Tz TS (£ + 20 f Gty = 3]
[Ti<icj<m— [fj+ i) fej— )] [Ti<icj<n [fOi =ApDf i +4j+p)]

Fa, ) -+ FQau, 1)
Fuq, km—1) - FQan, m—1)
< modetl amen o diem) |
Chom—11) -+ Cpopm—1(An)
Co(r1) Co(An)

where

+¢ — n ) .
dj? _ ol f(mi_l O Ty f ek + 2) f (e — Ai)] Fujs 1),
[T:2 Uf (e + i) f (i — i)l

Write v; = 24; 4+ y. Then

—47
e
F(hi, Mj):(l _ e—2Mj+vi+)/)(l _ e—2ﬂj+vi—)/)(1_e—ZMj—vi+)/)(1 _ e—ZMj—vi—V) ’
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By Taylor expansion,

oo
FQu, 1)) =) Cr(hpe 260,
k=0

with C(X;) as defined in (AS5).
Consider

m+¢ _ n . . o
d;n — el f(luz_l {) Hz:l [f(l/‘m + )\z)f(,um )\z)] Z Cl(kj)e—2(1+2)um.
1_[,'=1 Lf G + i) f (om — )] =0

By row reduction in the determinant, all terms with C;(A;), for0 </ <n —m — 1,
can be removed from the sum. The elements of row m become

m+¢ _ n . o s
C?;n _ et f(MZ:_l 9] Hz:] Lf (m + Ai) f (e — 2] Z Cl(/\j)e‘z(l“)”’".
Hi:l [f G + i) fQm — i)l I=n—m

Now we take the limit,

(1— 62{*2um) H?:l [(1 _ ef2um*2)»i)(1 _ 672/@#2)@)]

lim dA;” = lim —
M —> 00 M —> 00 l_[;nzl [(] — g*zﬂmfzﬂi)(] — e*zﬂm‘i’zlli)]
00
% eZ(n—m—i—Z)um Z Cl(kj)e—2(1+2)um
l=n—m
=Cp-m ()Lj),
SO P41 i true. O

The last thing left to do is to simplify the last n — m rows of the determinant.

Theorem A.3 (Theorem 3.5) For the 6V model with DWBC and a partially reflecting
end on a lattice of size 2n x m, m < n, the partition function is

Znmo it ) = @" (D)7 g ym
[T e f Gue = O] Ty £ @) TTimy Tl [f (g + 2 f Gy = 20)]
[icicjom [F i + 0 f (= 1)) Tlh<izjen [ Gi = 2 F i +2j + )]

F(A1, pr) F(Xn, 11)
FOu. pm) . F Qs i)
XU 0 —m— DOy +7/2) - hQu—m — D +y/2) |
hQ0u + 7/2) Q0w+ 7/2)
1 1
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where

1
A F = A fF(rj A i ) g — i+ )

F(xi, ij)

and where f(x) = 2sinhx and h(x) = 2 cosh x.
Remark A.1 In Theorem 3.5, the determinant is expressed in a more compact form.

Proof We start from the determinant (A4) from the last proposition. Focus on the
entries of the lower part of the determinant, defined in (AS) as

Ce(hj) = Z ethithka—ks—ka)vj+(ki —ka+ks—ka)y

ki,k2.k3,ka>0
k1+ko+k3+ka=k

These are clearly Laurent polynomials of degree & in ¢/, and they are even in v;. We
have already seen that Co(A ;) = 1. For k > 0, the leading coefficient is

Z e(k1+k2)v_,-+(k1fk2)y _ fk+1y) '
ki, k2>0 f)
ki-Hop—k

Thus by row reduction in the determinant, we can replace Cy (A ;) by

f((k + Dy) (ekvj + e*kvj)
f)
for k > 0. Switching back to the variables A ; and factoring out % from each
row of the lower part of the determinant yields the desired result. O
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