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Abstract

In this paper we deal with construction and analysis of a multiwavelet spectral ele-
ment scheme for a generalized Cauchy type problem with Caputo fractional derivative.
Numerical schemes for this type of problems, often suffer from the draw-back of spu-
rious oscillations. A common remedy is to render the problem to an equivalent integral
equation. For the generalized Cauchy type problem, a corresponding integral equation
is of nonlinear Volterra type. In this paper we investigate wellposedness and conver-
gence of a stabilizing multiwavelet scheme for a, one-dimensional case (in [a, b] or
[0, 1]), of this problem. Based on multiwavelets, we construct an approximation pro-
cedure for the fractional integral operator that yields a linear system of equations with
sparse coefficient matrix. In this setting, choosing an appropriate threshold, the num-
ber of non-zero coefficients in the system is substantially reduced. A severe obstacle
in the convergence analysis is the lack of continuous derivatives in the vicinity of the
inflow/ starting boundary point. We overcome this issue through separating a J (mesh)-
dependent, small, neighborhood of a (or origin) from the interval, where we only take
Ly-norm. The estimate in this part relies on Chebyshev polynomials, viz. As reported
by Richardson( Chebyshev interpolation for functions with endpoint singularities via
exponential and double-exponential transforms, Oxford University, UK, 2012) and
decreases, almost, exponentially by raising J. At the remaining part of the domain the
solution is sufficiently regular to derive the desired optimal error bound. We construct
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such a modified scheme and analyze its wellposedness, efficiency and accuracy. The
robustness of the proposed scheme is confirmed implementing numerical examples.

Keywords Cauchy problem - Caputo fractional integral - Multiwavelet - Spectral
element method

Mathematics Subject Classification 42C40 - 34A08 - 74S25 - 65N15

1 Introduction
We study a Cauchy type problem with Caputo fractional differentiation. To this

approach, let« € R, N > n := [a¢] + 1, fora ¢ N, and n = « for « € N. Fur-
ther,letaj € R (j =1,---,0 € N) be such that

O=op<a; < - <oy <.

Our objective is to study the spectral element method for the nonlinear differential
equation

‘DY () (x) = f [x,u(x), ‘D)), ..., DLw)(x)]. x € [a,b],
u @) =be, beeR, k=0,1,....,n—1, (1.1

where D7, denotes the Caputo fractional differential operator defined via Riemann-
Liouville fractional derivatives and the integral representation:

n=1 ()
“DY, (u)(x) : = DY, <u<t> Sy a)K) x)
= K!
1 * uM(@)de

_ D w ), D Y
a F(}'l —Ol) a ()C —t)a_’1+l T at (Lt X)s = E

(1.2)

In this paper we consider the study of the one-dimensional case where, for simplicity,
we shall let [a, b] := [0, 1] = £2, and denote f on the right hand side of (1.1) by

Fago o [, u] i= f [, u(x), “DIL () (x), ..., DI (u)(x)] . (1.3)

For u € AC"(82) ( space of absolutely continuous complex-valued functions with
continuous derivatives up to order n — 1 in £2) the Caputo fractional derivative exists
almost everywhere in £2, see, e.g. [22].

Below are some related, previous, studies of the problem (1.1). Kilbas et al. [21]
derived existence of unique L solution for Cauchy type problem with the Riemann-
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Liouville fractional derivative:

(Dg+u) (x) = flx,u(x)], « € C,R() >0, x > a,
(Dg;ku) (@) =bi. by eC, k=1,...,—[al, (1.4)
under the assumption that f(x,y) € Li[a, b] satisfies a Lipschitz condition in y.

Their investigation is based on rendering (1.4) into the equivalent Volterra integral
equation:

—[—«a]
_ bj ey LY I u@®)dt
u(x) = ; CESER x—a)* 7 + @), Goni (1.5)

and Banach fixed point theorem. This problem was first considered by Picher and
Swell [32], for @ € (0, 1) and a bounded, Lipschitz, function f(x, y). System of such
problems is studied by Bonilla et al. [6]. Existence of a unique solution for (1.4),
with Caputo fractional derivative, is given in [11, 13, 14]. In [14] a “shadowing-like”
approach reduces, both in linear and nonlinear cases, the non-rational fractional orders
to rational ones and then follow Gronwall type argument. Kilbas and Marzan [21]
studied (1.4), in a similar integral equation as (1.5), with Caputo fractional derivative:

~[—a]-1

_ _be LY I u()]dt
"= ; T R Y N e L
u®0)=be, k=0,1,...,—[—a]— 1.

Some other approaches are Laplace transform [17], Adomian decomposition method
[9]. System of Caputo fractional differential equations:

‘D Y(x)=AY(x), Y(0) =Yy, «el01],
investigated in [8] and [14], contain full wellposedness proofs. This approach was

generalized to nonlinear Cauchy type problem with the Riemann-Liouville fractional
derivative of order « € C (R(«) > 0) in [22]:

o)) = f [x,u(x), DL (x), -+, D w)(x)],  (x €la,b]), (1.7)
where 0 < N(ay) < -+ < R(ay) < RN(a), o > 2, giving conditions for a unique
L1 (a, b) solution of (1.6) with & € C. An explicit approach, via multivariate Mittag-
Leffler functions, for the linear version is given in [26]. In [25] an operational method
is introduced, where using B-spline functions the multi-order fractional differential
equation:

F(u(x),“DP', ... ,°DPm) = g(x), B; €R,
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is solved combining the operational matrix of the Caputo fractional derivatives with
the collocation method, and without using the equivalent Volterra integral equation
form.

Other related studies are considering initial boundary value problems of sub-
diffusion type and combine the spectral Galerkin in time with finite element [18]
or finite difference schemes [42] in space. They construct efficient schemes tackling
singularities that substantially raise the convergence rate.

A main strength of wavelets lies on the property of removing/reducing the singulari-
ties, see, e.g. [27]. Wavelet bases have been widely used for alternative representations
of integral and differential operators [3, 28], leading to more thorough study of the
underlying equations. As for the numerical studies, wavelet bases have significant
advantage, e.g., in the study of adaptivity of discontinuous Galerkin schemes [10, 19,
38-41], collocation method [29], etc. In this setting, Rehman et al. [34], approach (1.4)
with the Caputo fractional derivative, using Legendre wavelet method and convert the
problem to a system of algebraic equations, hence reducing it to finding unknown coef-
ficients of the system. In an other study, Patera [31], introduced the spectral method
into the finite element schemes that uses higher degree piecewise polynomial bases.
This procedure may lead to higher order of accuracy, where convergence is achieved
either by rasing the spectral order or making mesh refinements (as sp approach).
Compared to the standard finite elements, using 2p-mesh, faster convergence can be
achieved with fewer degrees of freedom. The disadvantage of 4p approach is that it is
not easily applicable in complex geometries.

Fractional calculus and fractional differential equations have applications in numer-
ous fields of science and engineering, such as material science in mechanical
engineering, anomalous diffusion, control and robotics, signal processing and system
identifications, friction modeling, wave propagation, turbulence, seepage in fractal
media, etc. [4, 7, 20, 23, 30, 45]. There are several equivalent definitions given for
the fractional derivatives, e.g., Griiwald-Letnikov, Riemann-Liouville, and the Caputo
fractional derivative [33].

In this paper we consider a multiwavelet approach rather than scalar wavelets.
This would allow higher vanishing moments without extending the supports of the
involved functions. Thus a smooth function gets negligible projections on most of the
bases and, hence, can be locally approximated by lower-order polynomials [1]. The
advantageous interpolating property of the scaling functions makes multiwavelet more
suitable in solving differential equations: a property that helps to find the coefficients of
expansions of a solution. Our objective is to solve the generalized Cauchy type problem
(1.1) with Caputo fractional derivative. We represent the fractional integral operator
in multiwavelet bases that leads to a sparse representation of the solution operator on
a finite interval. Doing so we reduce the problem to the equivalent Volterra integral
equation and then apply the multiwavelet spectral element method to reach faster
discretization scheme. We investigate existence, uniqueness and derive convergence
for the proposed scheme.

An outline of the remaining part of the paper is as follows. In Sect. 2 we prove
the existence of a unique solution to our model problem. Section 3 is devoted to the
properties of multiwavelets and related projections. In Sect. 4 we introduce multiscale
transformation and give a representation of fractional integrals in multiwavelet bases in
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a sparse matrix form. In Sect. 5 we define the multiwavelets spectral element method
and prove error estimates, via a splitting technique, where we employ Chebyshev
polynomials, cf Richardson [35], to tackle the lack of continuous derivatives in the
vicinity of the origin. Finally, in our concluding Sect. 6, we present numerical results
justifying the robustness of our constructed scheme.

2 Wellposedness

We show the wellposedness for the solution of the differential Eq. (1.1) by verifying the
existence of a unique solution for the, equivalent, nonlinear Volterra integral equation:

n—1

= b_] _ J 1 x Fao ..... (xa[t, l/l]dt
u(x)—Zj!(x a) +F(a)/a i 2.1

j=0

For ordinary differential equations, equivalence of Cauchy type problem, of Riemann-
Liouville fractional order, and its corresponding nonlinear Volterra integral equation
is proved in Kilbas et al. [22], where also the existence of a unique solution for this
problem is proved. In this study, however, we consider the Caputo fractional order
rather than the Riemann-Liouville. Since, then verifying the equivalence between
(1.1) and (2.1), though similar to the proof of Theorem 3.24 in [22], is much easier.
Hence, we establish existence of a unique solution for the Cauchy problem (1.1) in

C)‘f’”(.Q) = {u(x) € CV(2) : CDZ‘Jru € Cy(£2)},
veN a>0,0<y<l, 2.2)

where C,, (£2) is the space of functions f with (x —a)” f(x) € C(£2).

To proceed, for a locally integrable function f € C§_, (§2), we define the fractional
integrals of order o € R:

1 X
TH)(x) = m/o (x =0 L f@ydr, x>0, (2.3)

where

Ch_o(2)
= {u(x) € Ch—a(2) : (D%u) (x) € Cho()}, n—1<a<n, (neN).

We shall use the following result by [22].
Lemma2.1 For0 <y <1, a >y, the operator 5% in (2.3) is bounded in C, (£2),

(1l -
17 flle, < d(@)* 0=V -1l (2.4)

'l4+oa-—y

where d(§2) := |§2| is the size of 2.
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Theorem 2.1 Assume that 0 < y < 1, ¥y < «, G C C is an open set, and f :
Q2 x Gt = C, with flx,u,u1, - ,us] € Cy(82), uir, - ,uqs € G, satisfies the
Lipschitz condition

FLx s ur, g 1) = fLx, v, 01, (0] < Ag Y Juj — v,

j=0

Uj, vj € G, 2.5)
where Ay > 0 is independent of x. Let u)(a) = baj ,withkj =0,...,n; —1, and
Jj=1,---,0, be fixed numbers and setn; = [a;j] + 1. Ifn — 1 <a <n = [a] + 1,

then (1.1) has a unique solution u € C)‘}’"_l.

Proof To show existence of aunique solution u(x) € C"~!(£2) for the Cauchy problem
(1.1), it suffices to prove the existence of a unique solution u(x) € C =1(82), cf (2.2),
for the equivalent nonlinear Volterra integral Eq. (2.1). To this approach, we pick up
a point x; € £2 ([a,x1] C [a, b], such x; always exists) for which the following
inequality holds true

=AY Y (o -y (2.6)

We rewrite the Eq. (2.1), introducing Volterra integral operator .2, in the form

_ 1 . FOI() ,,,,, Uy [t, M]df
(Fu)(x) = uolx) + I'(x) /a. (x —p)l-e 2.7
where
=y .
uo(x) 1= Z Tj'(x —a)’.
j=0""

To apply Banach fixed point theorem (see Theorem 1.9 [22]), we need to show that

1. if u(x) € C" a, x1], then (F u)(x) € C" [a, x1]
2. forany uj,up; € C ~la, x1], (satisfying same initial data),

”%M] - <hf/“z”c"_l[a‘xl] = '7”14] - “2||cn—l[a,x]]' (28)

Here, the distance in the complex metric space C"~!(£2) is given by

uik) _ ug()

n—1
d(ur, ug) = lluy — uzllcn-r(@y =y

c)
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Differentiating (#'u)(x), k times, « = 1,---,n — 1, and using (D* 7% )(u)(x) =
(F57) () (x), which holds for @ > « and any sufﬁ01ently regular u(x) € C(£2), we
have, using (2.7),

(k) W) g, ..., aa[t uldt
H W) = u @) + 5 _K) / mE
The first term on the right hand side:ug()(x) = Z”_}( = K),(x —a)V =) is continuous

on [a, x1]. To show continuity for the second term, we use Lemma 2.1 for y = 0, and
a new «, by relabeling: « — o — k — 1. Then we can prove that the second term is
also continuous on [a, x1] and forany x =0, 1,--- ,n — 1, and

H / ,,,,, o, L1, uldt
' —«) ()c—t)1 at

(x1 —a) @™
“T@—«x+1)

Cla,x1]
”Fol(),...,otg [x, u] ”C[a,xl]- (2.9)
Therefore, (2 u)(x) € C" '[a, x1].

To prove (2.8), by Lipschitz condition (2.5), inequality (2.9), and successive esti-
mates,

n—1

11 = H sl gy = 2 |Fu)® = (Fun)®
k=0

Cla,x1]
_ZHI“ “(Fy..... a(,[x,ul])—lffx (Fao ~~~~~ PHES MZ])HC[axll
—an“  (Fagroato 6, 101 = Fag, s 16, 021) | o

n—1 o
_ —7
< Ag E I;X+K E LDai(ul_MZ)
k=0 =0

Cla,x;]

T (1D — )|

< A, Zi‘

=0 =0 Cla,x1]
n—1 o
a—K—aj
1a+ T ((uy —uz)—
k=0 j=0
nj—1 )
— (1 —u2)*(a) i
Z—(K')' (x —a)*
K j=0 I

Cla,x1]
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Hence, the assumption (u] — u2)®)(a) =0 yields

o
1A Uuy — Husllen-ipax) < Ao ZZ‘

Ol K—o
’(Ml—uz)H
a.x
k=0 j=0 1l

n-1 o (x1 _a)(l)l—K—Cl/')

< A ’ B
= UZZ F(O‘_K—Olj—{—l)nul u2“C[u,x1]

k=0 j=0

< nllur — w2l en-1pg.x,1-

By (2.6),0 < n < 1, hence using Banach fixed point theorem, there exists a unique
solution # € C" '[a, x;] for (1.1) in £21 := [a, x1]. Following theorem 1.19 [22],
this solution is the limit of a convergence sequence ¢ (i) (I — oo) where il is any
function in C"~1(£21). We can take @iy = uy, if at least one b, # 0, put u; = # i1
and use (2.7), to get the recursion

1 . Fozo a L1, uj—1]dt
uy(x) =uglx) + —— | —= - . 2.10
1(x) = up(x) F(a)/; & i@ (2.10)
Finally, since lim;_, oo || fig — Ul cn-114.5,1 = 0, we have
lim ||M[ - ﬁ”cn—l[a’xl] =0. (21])
[—o00

Note that here the method of successive approximation is used to obtain a unique
solution to the nonlinear Volterra integral Eq. (2.1): first for x € (a, x1) and then, in
order to establish uniqueness on §2, we choose x = x1 + h1, (x2 € [x1, b]) at the
next step and set

_ Loy, .00 T, AT a1, uldt
u(x) = MO(X)+—F()(/ /) o —nima (2.12)

Due to the previous step, the first integral at the right hand side of (2.12) is a known
function. Hence, by the same argument as above, there exists a unique solution #Z(x) €
C" xy, xa]to (2.1) on [x1, x2]. Iterating this procedure, there exists a unique solution
u(x) = i(x) e c"1 (£2) to the nonlinear Volterra integral equation and hence to the
Cauchy problem (1.1).

It remains to show that this solution belongs to C}O,"”_l (£2). By (1.1) and (2.5),

||CDZ+(MI)(-X)_CDZ+(M)(-X)||Cy(_Q) = ” FD(() ..... Olg[x M[(X)] 0(() ..... Olg[x u(x)]”c (£2)

(e
<A, Z lur —ullc, 2)-
j=1
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Using (2.11), we get

Jim [°Dg () = DY @) ¢, ) = 0. (2.13)
Thus CDZ‘+ (u)(x) € Cy(£2), and the proof is complete. O

3 Multiwavelets and projections
3.1 Alpert’s multiwavelets

To prepare for approximation procedure we recall Alpert’s multiwavelets, cf. [1-3],
that can be readily revised to bases for L,[0, 1] using Lagrange interpolation polyno-
mials Ly (x), through the roots {tx, k =0, 1, ..., r — 1} of the Legendre polynomial
P,. Then, the Interpolating Scaling Functions (ISFs) are defined by

¢(x)—{\/7Lk(2x_1) I U O O P R D)

otherwise,

where wy := 2/(r P’ (tx) Pr—1 (%)), k = 0, 1,---,r — 1 are the Gauss-Legendre
quadrature weights and ¢X:s are a family of orthonormal bases for the subspace

Vorz_span{¢>k:k=0,1,~~ ,r—1} C L0, 1],

of piecewise polynomials of degree less than r on [0, 1], and with L>-inner product.
Let now £2 := [0, 1] = Ubeﬁj Ijp, where I = [xjp, Xjpr1], Xjp :=277b

and #; = {0,1,--- 2 — 1} for j € ZT U {0}. Further, define the dilation and
translation operators:

Duf(x) =a f(ax), and J,f(x) = f(x —b), respectively.

As a property of the Multi-Resolution Analysis (M RA), we can introduce the nested
subspaces:

erzspan{qﬁf-’b :=92j%¢k, be %, k=0,1,-~,r—1],

with V’ C V! . Thus there exist complementary orthogonal subspaces W’ such that

Iy
fa=View;, jeztu{o}, (3.2)
where @ denotes orthogonal sum, and a family of bases functions Wf , that generates
Wi ’
J
W = span {wfﬁb = Dy Tk, be Bj. k=01, r— 1} .
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The functions % = w{)‘ o are called multiwavelets. Alpert’s multiwavelets are con-

structed using dual basis w w1th the bi-orthogonality condition:

k k _ I S
<1/fj,b’ 1/”;’,;>L2(9) - ‘Sj,j‘sb,b‘sk,k' (3.3)

A corresponding duality for the scaling functions is defined replacing ¥ by ¢ in (3.3).
Due to the fact that V’ c v 141 and W’ C VI, ,, the vector functions @ :=

J+
[¢0,0, - ,¢6‘01]T and lI/(; 0= [1//0)0, - w hr satisfy matrix refinement equa-
tions:
o)=Y H' D Zo[ (x)= Y. Hbo" 3.4
0 = 2<% x) = Z 1 (x), 3.4
beﬂl be%.
w00 = Y GCPngop) = Y GPolt, (3.5)
be % be A
wheredb _92]% o0 [¢>1b,--- qb 17, and H?, beorbe%7 are (r xr)

matrices’ Wlth elements obtalned from the 1nner products using the orthonormahty
property of wavelets and scaling functions. To identify the closed form for multi-
wavelets, from (3.5), there are 2r2 unknown coefficients to be found. This is achieved
using

(1) The orthonormality that yields 2r of the unknown coefficients of (3.5) using:

<1ﬂ00(x) 1Poo( )> Sik, ,k=0,1,...,r—1.

2(9)

(ii) The number of, N* = k + r — 1, vanishing moments defined by

00 0, 0< Nk
JVki=/ xpl/fg,o(x)dx={ =P = v,

k
P —00 7509p:N1//

k=0,1,---,r—1, (3.6)

equivalent to 1%"0(0) =0, 0 < p < Nk, that gives the remaining 2r(r — 1)
coefficients.

3.2 Projection onto V]
For a fixed integer / > 0, we define an orthonormal projection operator &’ (f) :
Ly(2) — Vit
~ r
frPN=3 Z(f B50) gy O F € L2(). 3.7
beAy k=0
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; koo k
The coefficients fip = <f, ¢J’b>L2(.Q)
using the Gauss-Legendre quadrature rule:

= flj_b f(x)q);‘b(x)dx are approximated

a) A
fry=2 S (27 G+b), beds k=0,.r-

and 7 = (tx + 1)/2, (3.8)
T T
where 7 are the roots of P,. Let now @, := [®" 055’1 S, @;’bm“" 17 where
bmax := max b € AB;. Then, for fixed r and J, d)r is a vector function with elements
consisting of the multiscaling functions (same as ISFs) #*. Hence,

r.oT

[P =F"f, (3.9)

where F; € RY is a N = r2”/-dimensional vector with entries [Filprvkr1 = f}‘ b

Lemma 3.1 (cf Lemma 1.1, [1]) Let f : [0, 1] — R be r times continuously differ-
entiable function. Then, &, ( f) approximates f with the Ly-error bound

2
125 = Fl =27 s [FO)].

- x€[0,1]
4 Multiscale transformation
Using (3.2), we write the multiscale decomposition as V; = Vj & (@J_é W’ ). Thus,
one can approximate any function f € Ly(2) by ISFS of the space V’ and multi-
wavelets of the spaces W', j =0, 1,---, J — 1. To proceed, we introduce multiscale
operator .#; : L2(§2) — Vj as
J-1
[N =Z5+Y 2|, 4.1)
j=0
where Zj(f) € Vj and 32;, j = 0,...,J — 1 are the orthonormal projection

operators that map L»(£2) onto W; . Hence, .#/; can be represented by

[ = Zfo 0¢00+Z > Zf,bw,,,, (4.2)

J=0beAB; k=0

i.e., by a multiscale transformation, with

and  f¥, = < £ Wf,b> . (4.3)

L2(£2)

f({io = <f’ ¢](§,o>

L2’
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T T T
Let now ¥} := [® ,lI/()r’O ,J/]r‘l e, lI/Jrfi“‘“ 17, where lI/jr’b = _@2,~%d/0r’0.

Note that here b := maxb € Hy_1. Thus, using notations preceding (3.4)—(3.5),
we may write

roT

M) =Flw), (4.4)

where F is a r27-dimensional vector with entries fé"o and f]].‘. pr for b € By,
j=0,---,J—landk =0, --- ,r — 1.

The single-scale coefficients fé‘o, k=0,1,---,r — 1 are computed using (3.8)
and the interpolation property of interpolating scahng functions. But, to evaluate the
multiwavelets coefficients f Fk > Wedonothave this property available. Therefore, these
integrals are computed numencally, by introducing the N x N wavelet transform matrix
Ty, obtained using matrix refinement Egs. (3.4) and (3.5). Then, the multiwavelets are
obtained as the result of 7; acting on the multiscaling functions:

W= T,d). (4.5)

Below is a brief way to construct 77 . In general for ISFs, the refinement equation
between neighboring scales is given by ¢>’ = H;®", |, where H; = 1,; ® H,

j+
=[H® H'] and I,; is the identity matrix of order 2/. Let now the vector function
T i T
=l ,-1/;’2’ U7 satisfy 17 = G @), j=0,1,--,J—1, where

G ji=hLi®Gand G = [G?, , G!]. Then, we readily identify the wavelet transform
matrix T as

%(Hole X ...x Hj_1) ]
211 (Gox H x...x Hj_1)

211(G1XH2X .X Hj_q)
) . 4.6)

3
[

5 (Gy2 x Hy_1)
3Gy

The elements of the matrices G°, G!, H% and H!, are, implicitely, determined using
(3.4) and (3.5). Further, one can find the reconstruction formula (see also [3]):

oY = Gh§ + HY®), h=0,1. (4.7)
Relations (3.4), (3.5) and (4.7) yield algorithms for transition between different scales.

4.1 Thresholding

By (3.6), each multiwavelet provides vanishing moments of order N{Z =k+r—1,
k=0,1,---,r — 1. The Alpert’s multiwavelets are uniformly bounded both in L
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and L1, up to a constant:

<1, H k H <1. 48
Loo(2) ™~ Visl @~ (48)

3]
The vanishing moments and normalizations (4.8), imply that the detail coefficients

f 7., become smaller when the underlying function is locally smooth, and we have, cf
[19],

o= vhs) = inf
< ) PEHN@

(F=Pbs)|S2™Ir0 o @9)

V()

k
where [ | N is the space of polynomial functions of degree less than N 1][‘[ and WMo (£2)
is the Sobolev space of real valued functions. Thus the detail coefficients decay at the

k
rate 277V | N{/‘f = k + r — 1. Using higher vanishing moments, and increasing the
refinement level J, more detail coefficients may be discarded in smooth regions. This
yields thresholding with operator 7p, :

I, (Fy) = Fy, (4.10)

where D, .= {(J, b, k) : |f~}‘ » > €}, and the elements of Fy are given by

_ £k
ke {fzb’(f b, k) € De. be#Bj, j=0,...,0-1,k=0,....,r—1.

f’b 1o, else,
4.11)

The thresholding operator Zp,, acts on the detail coefficients leaving the coarse scale
coefficients unaffected. The approximation error due to the thresholding can be esti-
mated similar to that of the classical wavelets, e.g., for the approximation operator
p, = My Tp, M.

Proposition 4.1 (Approximation error, cf [19]). Let 22 be bounded and ¢; = a’~7 ¢
with a > 1. Then, the approximation error with respect to the set of significant details
D, is uniformly bounded with respect to L1(S2), q € [1, o], i.e.,

|25 f = 25 b, < Cure, (4.12)

f ” Li(R) —

for some constant Cy > 0 independent of J c~md &. Here :@;f and ,@;’Dgf are the
projections corresponding to the coefficients Fj and o/p, Fj, respectively.
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4.2 Representation of fractional integral in multiwavelet bases

Recall the fractional integrals of order & € R defined in (2.3):

1 X
TP = s /0 -0 fnydr, f et (2).  (@13)

Although the Alpert’s multiwavelet bases are discontinuous, by construction, they are
locally integrable. Hence, the fractional integral operator .#% acting on the vector
function @’ can be expressed by the projection operator &, as,

P (@) () = 1§ P (x), (4.14)

To find the entries of the matrix Ig, we use the following auxiliary result:

Lemma 4.1 (cf [37]) Lagrange polynomials Ly, on the set of nodes ti € [0, 1], are
given by

r—1
Li(x) = Zﬂk,lx’—l—’, k=0,...,r—1, (4.15)
=0

where By 0 = 1/(1_[;’_:5,1’;%(7‘7‘ — 1) and

r—1 r—I1-2 1

(=1)! I=1,....r—1,
Bri = —— 0 [ k#ki # - #k.

1
r=00k (T =T i 41 =0 =1

Letnowi =br+k+1,j=br+k' +1fork,k’ =0,---,r —1,and b, b’ € %y,
then the coefficients [Ig],-’ j are given by

Ughy =27 500 (90.0) (277 (e +)

2;/ - 2=/ (TA/+b’) A -
N F(;)V wTk/O k (TJ (fe +0") —t) ¢ (1)1 (4.16)

To compute the integral in (4.16), correlating the integration interval and the support
of ¢’} . we get the following three cases:

Case (1): b’ < b.Giventhatthe supportof ¢, ,is I p, T < 1yields 27T (T +b) <
2=/, then

[Ig],-,,:o, i,j=1---,N. (4.17)
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Case (2): b’ = b. Here, by the change of variable x = 27t — b and with A =
T + b — b, (4.16) can be rewritten as

2= Jo ,
glij = F(a),/wk / (n — x)* 1 pF (x)dx. (4.18)

Using definition of the multi-scaling function ¢* in (3.1) and Lemma 4.1,
we have

r—1
THINE F(a),/wk/gﬂkl/ (=0 @x = ) ax. 419)

By a further change of variable: x = At, we can rewrite (4.19) as

r—1

o (7J ) r—1— l

I3 B 1, 1 F

Uglij = T Vo ( a)IEOIBkl( ) F1
A+1—r La+1;20), (4.20)

where B is the B function and ».%#] is the hypergeometric function defined
by the power series representation below (see [5]),

i (@ (D) 2"

2%1(a, b;c;z) = ,
©m m!

lz| < 1.
m=0

Here (-),, is the Pochhammer symbol. Since / + 1 — r is a non-positive
integer, this series terminates at a finite sum and the function ,.# reduces
to the polynomial

2F1l+1—r, L+ 1;2))
r—I—1

r—1-—1 (1)
- (—1)™ ( ) _mopm, 4.21)
,g) m (@+ D
Case (3): b’ > b. Then, 7y + b’ > b + 1, and the integral in (4.16) can be rewritten
as
(0} J(b+1) J , a—1
a ~ r
Ugli,j = F(a)‘/ /2 2 (te + ) — t) @7, ()dt.

(4.22)

Using the same argument as in Case (2), we represent (4.22) in form of
(4.18). Now, once again, using the definition of scaling function (3.1),
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Lemma 4.1 and the change of variable x = Ly we end up with

o (2 )” wk’ I/A a—1 r—1-1
i), = F(a) o Zﬂkl | a=eteay =y,

(4.23)
Finally, applying the binomial expansion of (21y — 1)’ ~1=/:

r—1-1

@iy =1 =y (’_ni_l>(y)’—l—’—m(—1)m,

m=0

and further simplification, we get

> r—1 r— 1 1 11—
k' - —1-l-m m
1150, = 1/ Z,Bkl ( ) @5 G))
F(Ot) =0 m=0 "
1/2
<[y or oy, (424)
0
Here the last integral is the incomplete 8 function which is defined as
X xd
B(x;a,b) = / N1 =nPTlde = . F(a, 1 = bya + 1 x).
0 a

Hence, letting o :=r — [ — m, we can write

1/x 1 o
/ (1 =y )7y = ¢ Q) V10,1 — a0+ 1: 1/3).
0

In this way, the elements of the block upper triangular matrix Iq‘f are specified in
all possible cases.

5 Multiwavelets spectral element method

Using construction of the Alpert’s multiwavelets, it is easy to verify that ¢’/‘. b Wf » €

C”’I(Ij,;,) for j e No,b € & andk =0,1,...,r — 1, due to the fact that these
bases functions are polynomials on each subinterval /; ;. To discretize the nonlinear
Volterra integral Eq. (2.7), the approximate solution is represented by the multiscale
operator .4 7 Lz(.Q) — Vj,cf. (4.1)~(4.4); where, for notational reason, we replace
f, f , and F by u, u, and U , respectively and get, in compact form

ur M) (x) =0Twh(x), (5.1
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where U isa N = r2”-dimensional vector with entries ”0 pandi u/ ,0=j=<J=-1,
b € %’1, and 0 < k < r — 1. Similar expansions are also valid for up(x), as well as

o [X, Ay () (x)] € Cy(£2):

M5 (o) (x) = Ug ¥j (x), (5.2)
M5 (Fay.....an 1%, A5 ) OD (x) = FI W) (x), (5.3)

where Uo and F 7 are N-dimensional vectors. The elements of Uo and F J,are computed
using (3.8) and the wavelet transform matrix 7. Let now u’, := . (u), using (1.3),

My (F...a X, w5 OD ) = flx, uy (x), ‘DI () (x), ..., D5 (') (x)]
= f[-xv MJ(.X), janJrl aanl(uj)(-x)v ) j‘:{f_aaDnd(uj)(x)]v

and
T D W) = UT I D W ) = UT T DY () ()
=UTD$1(/§-"“"t1/;(x), ji=1,....0
where Dy, := Ty Dy TJT (herein, Dy is the matrix representation of differential operator
for scaling functions @) is the matrix representing the differential operator D for
Alpert’s multiwavelets and 1§ := Ty Ig TJT (see [3]). Approximating (2.1), using

(5.2)—(5.3), (4.14) and the wavelet transform matrix 7, the residual in approximating
(2.1) is written as

roo = (07 = 0f = FJ 15) wi o). (5.4)
Minimizing (5.4) yields the unknown coefficients. The spectral method is implemented
either by the Galerkin- or the collocation-method. In the wavelet Galerkin method we

use the orthogonality relation (r;, ¥}) = 0 to find the Fourier coefficients for r;
associated with ¥7. This yields the nonlinear system

07 -0 - FT18 = 0, (5.5)

where the orthonormality property of the Alpert’s multiwavelets has been used. Then,
the Newton’s method is used to solve this nonlinear system.

5.1 Error estimate
There are some concerns about the approximation Lemma 3.1. The common wisdom
knows that one cannot expect the exact solution to have continuous derivatives in the

vicinity of the origin. A remedy cf [35] reads: let f(x) satisfy the condition

| f(x)— f(0)] < Alx|”, @ >0, forsomereal A > 0, (5.6)
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and set L = In2’. Then one can show that there exists A; > 0, such that for a
sufficiently small x;, € (0, 1),

|f(x) = fO)]xefo.x,) < Are™F. (5.7)

Suppose that the Chebyshev interpolant C,(y) provides an approximation for the
function

FLy = f (e Lo =1/2), ye (=001l

where o := Inx, x € [0, 1], and x; depends on o and decreases, exponentially, to
zero, as L — oo.
Now we consider Cl’f, interpolating f(x) on [0, 1], as

n __ f(0)7 X € [O,XL],
CL= {cn(zgoc)/L +1), xelx . >8)

Under these assumptions, the approximation error is given by
| f = Ci|| = max {IIFL = Cullyer—1.11+ 1S = follxero.n.1} - (5.9)

Then, similar to the Theorem 3.2 in [35], we can derive the following estimates:

Theorem 5.1 Let f be a sufficiently regular function defined on any subinterval of
[0, 1] not containing the origin that satisfies (5.6). Then there exists a § > 0 such that
for L =In2’,
If —Ccill <c27”, (5.10)
and
127 (f) = fll < c277%. (5.11)
Proof Using (5.9), (5.7), and proof of lemma 3.1 (see [1]), we have

21-rIpp ST =27 B _wL}
9 le b

4rr!

If—Cill < maX{

where M, = sup ., 171/ (x)|. Evidently, the choice x, = 27/ (L = In277)
yields

21y 1 =27
— C7|| < max 4 ,Ale_‘”l“zj
L 4r '
r.

{ZM,«/I —2-7
= max, ——

T ,A1}2—13,3=min{r,w},w>o,15reN.
r
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Then (5.10) follows with the constant C = max {ZM'— '1_24, Ay }

477!
To estimate || £ f — f||, we use the error estimate for the polynomial based on
Chebyshev nodes for interpolation, and (5.10), to get (5.11), viz.

EAES D> /1 (Cheo — f(0) dx
b

beﬂj J
2
< Z/ (cz*”) dx = (C277%)2.
be Ay 11b

m}

Lemma 5.1 (cfCorollary2.3(a), [22]). Givena € RT, letn = —[—a]. Ifa ¢ Ny, then
the Caputo fractional derivative operator “ D%, is bounded from the space C"[0, 1]
into C[0, 1] as follows

1Dy llullcn- (5.12)

ulle = I'n—a)n—a+1)

Theorem 5.2 Under the assumptions of Theorem 2.1, and for u(x) and uj(x) the
exact and multiwavelets Galerkin solutions of Eq. (2.1), respectively, we have that: If
n—1<aoa<n=[u]+1and

(e
1
=AY —
7 ”;r(a—a.,'+1)<

then, for any u(x) € C(S2), the following estimate holds true

it — e < | €277 IF Fan.aplx,ul € CT(2), 1 >0,
HNEED = 112778 if Fyyoo gy X u] € CT(2\{0}), r > 0,8=min{r, w}.

here

Co= (-7

;CQ ”F [x uJ]H + Hu(r)
rd+a—r) oot B em () 0

C(.Q)) ’

4rr!
Ci=-i(ct -2 u®
PR arpr [0

Co=1/min{I’'M+a—r), T (m—r+a)m—r+ao+ 1)},

>, for someC > 0, and

withm =[r —a]+ 1.
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Proof Letr > 0.1If Fy, ... o, [x, u] € C"(£2), then by Lemma 3.1, with (y = 0), we
have

|27 (I (Fay g [, u]) = I oy g [, 0| )
zlflr

) I};neaé }DrjaoﬂrFa],...,a(, [x, u]| .

There are two possible cases here:

1. If r < n, then we have
D" aot+ — janr—r ,
and it follows from (2.4) of Lemma 2.1, that

|25 (T (Far.o g [, ul)) = I Py [, M]HC(.Q)
21—]r

47!
21—]r 1

<
4r! I'l+a—r)

|70 Fay o 2 1|

I oy, ep X5 ulllc(2)- (5.13)

2. If r > n. Combining Lemma 2.21 of [22] and Theorem 3.14 in [15], it is easy to
write

D'JY =D/ DY, I =D (5.14)

Thus using Lemma 5.1, we have

21—Jr
2 1P P 1, 1) )
21—Jr 1
< ||Fa1,..4,%[x,u]||cm(m,

4rl Tm—r4+a)m—r+oa+1)

where m = [r — o] + 1.

In general, these two cases can be summarized in one, as
H'//.; (ﬂ;ﬂr (Fa1,~-~ o [x, u])) - a01+ Fal»"' Qo [x, u] ||C(.Q)

21—Jr
<
- 4rr!

C2 ” FD(],,..‘OZG [xa M] Hcm(g) ) (515)
where Cr :=1/min{I"(l1+o —r),T'(m—r+a)(m—r+ao+ 1)}
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Using (1.3), the hypothesis and proof of the Theorem 2.1 (Lipschitz condition 2.5),
and (2.9), we also have the following estimate,

|| [x,u]l — I3 (Fay,..an [x, us]) ”c(g)

,,,,,

J= C(2)

S o L
j=0

c()

Ay (= uy) €D (0)
= Ay I w—uy) — E —_— X"
Kil
j=0 ;=0 J @)

o
1
A —|lu — . 5.16
< U'E: F(oz—otj—l—l)”u uille) (3.16)

Now, we can write

u—uy —”0_///](u0)+ Fal ,,,,, ag[xa ”]_«//;( aa+ (Fal,...,aa[xa MJ]))
+ I Fay...ap [ X, uf] — I Fay,.ap X, Uyl (5.17)

Taking C(§2)-norm of (5.17) and using (5.13)— (5.16) and triangle inequality, we get

lu—usllcwe) < |uo — A7 (uo) ”cm)

+ [T P [ g1 = ] (I (Fon o 12, 100)) |
+|| Foy, oo X ] = TG By ooy [, g ||C(S2)
21*Jr .
S 4rr‘ C2 “ Foll,n-,o[g [X, MJ]”Cm(Q) + ”MO @
Ao Z «T(@—o;+1) lu —uslicc) (5.18)

and hence, since n = A, Z?:o F(a+a+l) < 1, we end up with
J

lu —uysllce) < Co27', (5.19)
where
CO:(I_ﬁ)_l ; 2||Fa ., [x u]]” m +H ) .
4rrl\I'l+a—r) fofo ™) Cc(2)
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Similarly, if Fy, ... o, [x,u] is analytic away from the origin, (in the sense that
Fo . a,[x,u] € C"(£2\ {0}), then

.....

2MyA/1-277

where C = max { T Al} with M, = maxye(x, 1] D" I Foy oo 0, [X, ull.
Finally, by (5.16), (5.17) and (5.20), and using the triangle inequality, one can easily
derive the following C (£2)-norm estimate of (5.17),

2o (r) 8J
1—-7 — < H H o 21
(I=mllu—uslc) < el L P + Ce (5.21)
Hence, we can conclude that
lu —uslicee) < C1277%, (5.22)

")
g

with C; = ((1 — ! (C + &

) o

6 Numerical examples

Here we present some canonical examples to illustrate the validity of the proposed
scheme through numerical implementations for the following two configurations:

E. Three linear Cauchy type initial value problems

Ei(a): Dgu(x)+u(x)=0, 0<a<2, xef,
w@©) =1, u'(0)=0.

E\(b): u"(x)+ D) u(x) +u(x) = fox), x € £,
u(©) =0, ' (0)=0.

Ei(c): Défrzu(x) +/mu(x) =7, xe,
u) =1.
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E>. Three nonlinear Cauchy type initial value problems

Ex(a):  Dgiu(x) = 2Dglu()(Dgiu))® = Ditu(x) = fi(x), x €2,
u(0 =0, u'©)=0,...,u""D©0) =0.

Ex(b) 1 D{iu(x)+ ai(x) sin(Dg‘iu(x)) — DS‘iu(x) = f(x), xeR,
u(©0) =0, u'0)=0,...,u"0)=0.

Ex(c): Dylux) +ax(x)y Dylux) +ux) = f1(x), x e,
u0) =0, ' ©0)=0, u”(0)=0.

Here if @ < 1, then we suppress the data u’(0) = 0, and recall the exact solution given
in [25]:
00 .
(=x%)’
=D Fai

i=0
Equation E1 (b) is the Bagley-Torvik equation [13] with exact solution x”/3 and

1127+/3 56T
135I°(2/3)I"(5/6)

28
fow) = x4

The equation E(c) demonstrate ability of the proposed method in solving problems
whose solutions do not have continuous derivatives near the origin. The exact solution
of this problem is given by u(x) = 1 — e™erfc(/mx).

The exact solutions for the configuration E, (Ez(a), E2(b), and E(c)) all are of
the form u(x) = x#, and the source functions fi(x) and f>(x) are obtained via

P (4P
"TTEFI—w
LB+ Do ( r+1) >2 LB+ DxPes
rg+1—ay) rg+1—az) r+1—az)’
B+ HxP— , (F(,B + DxP- ) B+ HxP~x
fr i =——— —aj(x)sin — .
rg+1—-a rg+1—oa) r+1-—-a)

The coefficient aj (x) is a given smooth function.

As for the equation E>(c), the exact solution is u(x) = x3, for which one can
observe that the corresponding function Fy, ... o, [X, #] in (1.3) has not a continuous
derivative at zero. In this problem a;(x) := x% and

\ﬁ@%=§3§(4%hyﬁ¢ﬁﬂ+5ﬁ¢?+4o¢a.

Using the multiwavelet spectral element method of Sect. 5, the equivalent Volterra
integral equation for the configuration E; is reduced to a system of linear algebraic
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equations in matrix formas AU = Uy. According to (4.9), the entries of the coefficient
matrix A decay at the rate of 27/Nv . Thus we expect that by increasing the refinement
level J and the vanishing moment of multiwavelets (equivalently r), the coefficients
tend to zero for the sufficiently smooth underlying functions. Using a proper threshold,
one may set most coefficients to zero and thus obtain a sparse coefficient matrix A.
Obviously this process increases the computational speed but it may also increase the
error when choosing a larger threshold. The error is controlled by a given tolerance

&:
27| Puly = & (6.1)

To preserve the desired accuracy, the optimal threshold value (6.1) must be used. Let
N; be the number of nonzero elements of the coefficient matrix after thresholding.
Then, the compression percentage (percentage of matrix sparsity) P is defined by

N% — N,

P, = v

To check efficiency and accuracy of the proposed method for the configuration Ej,
we illustrate the effects of the refinement level J and the multiplicity parameter r
in Figs. 1, 5 and 6. We observe that by increasing these parameters the L, errors
decrease and thus resulting in higher CPU times. Since our goal is to decrease the
computational cost for linear Cauchy type problem by thresholding, we plot the effect
of varying threshold values on the coefficient matrix A and the CPU time (see Figs. 2
and 3). In Fig. 3, the percentage of compression is also presented. One can see that
with increasing threshold value, the number of elements of the coefficients matrix
decreases which results in lower CPU time and a higher percentage of compression.
Figure 4 shows the effect of the thresholding on L, error with different values of r, J
and ¢. Note that with increasing threshold value the error increases.

Table 1 shows the effect of thresholding on L;-error , for the configuration Ej(a)
and with « = 0.85, r = 5 and J = 4. Table 2 shows the effect of thresholding, for
the refinement parameter J(= 2, 3) and the multiplicity r(= 3, 2), on Lj-error for
the configuration E(b) and with different e-values.

Table 5 gives the L, error for the configuration E;(a), for different «, 8, and for
J =23, andr = 2,3,4,5, 6. We observe that, by increasing the refinement level
J and the multiplicity parameter r, the L, error decreases. As for the configuration
E>(b): choosing ¢ = 2.5, @1 = 1.5 ap = 0.5, different values for 8, and various
functions for aj (x), we can see the effect of parameters J and r in Fig. 7.

We return to the critical case of non-differentiability in the vicinity of the origin, i.e.
the problems whose corresponding " F'"-functions do not have a continuous derivative
near the origin.

In the linear case, Tables 3—4 demonstrate the effect of thresholding on the L, error
and the percentage of matrix sparsity for E1(c). As for the nonlinear Example E;(c):
Fig. 8 is a further justification for robustness of the error analysis, where it can be seen
that, by increasing J, the error decreases exponentially, and the harm near x = 0 is
indeed removable.
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log, (L,()

Fig. 1 Effects of the refinement level J (left) and the multiplicity parameter r (right) on L, error when
o = 0.85 for configuration E1(a)

1.2 1.2
1 1
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2
0 0
0 . 50 100 150 200 250 0 50 100 150 200 250

Fig. 2 Effects of the thresholding with thresholds ¢ = 1073 (lefty and & = 103 (right) on the coefficient
matrix A when o = 0.85, taking r = 2 and J = 7 for configuration E (a)

18 T T T T T 100 T T T T T T T T T
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12 q O
& o
[OR[ . 4 94 1
c —CPU time ‘qEJ
= sr g 92 — Percentage of compression
61 o
%0 g
s
88 g
oL
o . . . . . % . . . . . . . . .
0 1 2 3 4 5 6 115 2 25 3 35 4 45 5 55 6
N -l
log, () 0g,,(€)

Fig. 3 Effect of thresholding on CPU time (left) and percentage of compression (right) when o = 0.85,
taking r = 2 and J = 7 for configuration Eq(a)
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log, (L, (€))

-log (€ -log ()

Fig. 4 Effect of thresholding on Ly error when o = 0.85, taking r =5, J =2 (left)yand r =2, J =7
(right) for configuration Eq (a)

log, (L, (€))
log, (L, (€))

-20

Fig. 5 Effects of the refinement level J (left) and the multiplicity parameter r (right) on Ly error for
configuration Eq(b)

To verify the accuracy of our approach we compare Implementing E;(a), with the
existing results in the literature, e.g. in [12, 24, 36]: In Table 6, the absolute error for
the proposed method at x = 1 is compared with those of the methods presented in
[12, 24]. As seen, we get a substantially better convergence with, relatively, larger
mesh size & (lines 5 and 6 of the table compared with the lines 1 and 2 in [12], and
lines 3 and 4 in [24]). In Table 7 a comparison is made with the results of the method
in [36], for different values of both « and x. Once again, the results confirm that our
method with lower spectral order (degree of approximating polynomilal) gives better
accuracy than in [36]. For « = 1 and o = 2, the exact solutions for £ (a) is reported
in [36] as u(x) = ¢~ * and u(x) = cos(x), respectively. Our approximate solutions
for different values of «, and with » = 3 and J = 3, plotted in Fig. 9, shows that the
numerical solutions converge to the analytical ones as « approaches an integer order.
This comfirms that the solution of the fractional differential equation approaches to
that of the integer-order differential equation. This is yet a further test to justisy the
merit of our approach.

All examples are carried out with the combined use of Maple and Matlab softwares.
Altogether confirms the advantageous effects of thresholding discussed in the paper.
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Table 2 Effects of thresholding, the refinement level J and the multiplicity » on L, error for configuration
Ei(b)

r J € 0 1073 1073 107!
3 2 L error 8.1112e — 4 8.1112¢—4 8.2167¢—4 1.0784e—1
Pe 0 0 9.72 66.67
3 L, error 1.5691e — 4 1.5692¢—4 1.5654e—4 1.8424¢—1
Pe 0 18.58 30.73 86.98
2 2 Ly error 6.2493e — 3 6.2496¢—3 6.2445¢—-3 1.6763¢—2
Pe 0 3.12 6.25 53.12
3 L error 1.6737e — 3 1.6744e—-3 1.6743e—3 1.7668e—2
Pe 0 14.06 23.82 79.29

log, (L,(€)

Fig. 6 Effects of the refinement level J (left) and the multiplicity parameter r (right) on L, error for
configuration Eq(c)

6
-8
10
g 2
Y o
2 S}
O -6 —a‘(x)=x, 3=3.5 o —a‘(x)=x, 3=3.5
. —e-a,(x)=x, /=3 gL —e—a,(x)=x, #=3 1
1 4
a, (x)=exp(x), #=3.5 a,(x)=exp(x), #=3.5
20 ——a,(x)=exp(x), 3=3 20 —+—a, (x)=exp(x), =3 ‘
22 . . . . . 22 . . . . .
2 25 3 35 4 45 5 2 25 3 35 4 45 5
r J

Fig. 7 Effects of the refinement level r (left) and the multiplicity parameter J (right) on L, error for
configuration E;(b)
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Table5 L, error when @ = 2.5, @1 = 1.5 and ap = 0.5 for configuration E» (a)

r 2 3 4 5 6
B =35 J=2 4.09¢ — 1 1.29¢ -3 2.38e -5 9.93e -7 1.52e -7
J=3 1.66e — 1 1.84e — 4 12le -6 7.58¢e — 8 8.59¢ — 9
p=3 J=2 1.58e — 2 3.85¢ -3 2.8% — 3 1.36e — 3 8.38¢ — 4
J=3 3.59 —2 1.78e — 3 9.10e — 4 4.84e — 4 29le —4

log, (L, ()
log,,(L, (&)

—*—r=5

2 22 24 26 28 3 3.2 34 36 38 4 i 2 25 3 3.5 4 45 5

Fig. 8 Effects of the refinement level J (left) and the multiplicity parameter r (right) on Ly error for
configuration E;(c)

Table 6 Comparison of absolute value error reported in [12, 24] and proposed method at x = 1 for E(a)

Method h a=0.5 a=15
Predictor-Corrector approach [12] 0.1 1.30e — 3 4.56e — 4
0.05 393e —4 1.28e — 4
Method of [24] 0.1 3.98e — 4 245¢ — 5
0.05 143e — 4 4.22e — 6
Our method 0.125 2.15¢ — 5 1.25¢ — 5
0.0625 6.33e — 6 1.53e — 6

Table 7 Comparison of absolute value error reported in [36] and proposed method for E (a)

method o x =0.1 x=0.3 x =0.7 x =09
Method of [36] 0.8 1.1le — 3 2.1e — 4 8.7e — 4 5.8¢ — 4
1.8 6.le — 5 l4e -5 53e—5 8.8e — 6
Our method 0.8 59¢ — 4 2.9e — 5 9.4e — 7 72¢e — 6
1.8 2.7e -5 57e—6 4.6e — 6 59¢ — 6
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X X

Fig. 9 Approximate solution for different values of « taking r = 3 and J = 3 for E(a)

7 Conclusion

We propose a reliable and efficient scheme based on multiwavelet spectral element
method for numerical solution of a generalized Cauchy type problem with Caputo
fractional derivative. Under certain assumptions, including Lipschitz continuity of
the right hand side, we prove existence of a unique solution for the problem. To this
approach, we start transforming the equation into a Volterra integral equation and then
reduce it to an algebraic system. Our proposed scheme is based on representing the
fractional integral operator in the multiwavelet bases as a sparse coefficient matrix.
For the resulting equation, in nonlinear form, the numerical computations are more
challenging. We propose an adequate numerical scheme to deal with this problem. In
the linear case, selecting an appropriate threshold, the number of non-zero coefficients
in the system is substantially reduced, thus obtaining a fast convergence with lower
cost. More specifically, selecting the high values of the refinement level J and multi-
plicity parameter r, the error will decrease correspondingly. Furthermore, due to this
observation, it is obvious that, by increasing the threshold the CPU time decreases and
the error increases. A main obstacle in error estimates is the lack of continuous deriva-
tives of the solution near the origin. This, however, is tackled by a splitting technique,
separating a local neighborhood of the origin, where L,-estimate based on Cheby-
shev polynomials is employed. This approach can be extended to two-dimensional
domains, with no reentrants, using 2D integral equation representation, and is the
subject of a forthcoming study (see also [10]). This, however, requires excessive CPU
time to implement. Implementing, goal oriented, numerical examples show the robust-
ness of this approach. The scheme yields a desired converges for an appropriate choice
of threshold and is cost-effective where we may, substantially, reduce the number of
non-zero coefficients of the system.

Here we mention that the constructed wavelet transform matrix 7; has an epical role
in decreasing the number of nonzero coefficients, hence, reducing the computational
load. More specifically, 7; converts the coefficients in the expasions based on scal-
ing functions to those in multiwavelets. Here, the coefficients of the expansion with
respceet to the scaling functions are detemined using interpolation, and no integration
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is performed. The matrix 7§, which defines the fractional integral operator, and as a
spars matrix, reduces the computational load, is not considered elsewhere.
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