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Abstract

The successful isolation and characterization of the technologically promising
material graphene in 2004 has spurred huge interest in other two-dimensional
materials. Transition-metal dichalcogenides (TMDs), being one such class of
materials, display intriguing properties from both a fundamental and techno-
logical point of view. In particular, they constitute a platform for studying
novel physical phenomena such as many-body correlations and exotic states
of matter. The exceptionally strong Coulomb interaction in these materials
gives rise to tightly bound excitons, i.e., electron-hole pairs, which are nei-
ther of purely fermionic nor purely bosonic character. In the weak excitation
regime, it is sufficient to treat excitons as pure bosons, but as the density of
excitons increases their fermionic substructure becomes important, resulting
in highly non-trivial scattering characteristics between excitons.

In this work we have developed a microscopic theory of exciton-exciton in-
teractions in TMD monolayers and van der Waals heterostructures. The
latter are formed when stacking two monolayers on top of each other and
this extends the rich exciton landscape to include also spatially separated in-
terlayer excitons, consisting of electrons and holes located in different layers.
We find that intralayer and interlayer excitons interact in fundamentally dif-
ferent ways — while intralayer excitons interact primarily through quantum-
mechanical exchange interactions, interlayer excitons can be viewed as re-
pelling dipoles. We demonstrate the crucial role of these strong repulsive
dipole-dipole interactions for exciton transport and diffusion. Moreover, we
shed light on the particular importance of dark excitons in the context of
exciton-exciton annihilation, which crucially governs the efficiency of TMD-
based optoelectronic applications. The microscopic insights gained in this
work can be used to study more exotic quantum phenomena such as strong
correlations or exciton-exciton interactions between hybridised exciton states
in moiré materials.

Keywords: transition-metal dichalcogenides, density matrix formalism, dark ex-
citons, exciton-exciton interactions
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CHAPTER 1

INTRODUCTION

The isolation and characterization of the two-dimensional and purely carbon-
based material graphene by Andre Geim and Konstantin Novoselov in 2004,
paved the way for investigating other exotic and technologically relevant 2D
materials [I]. In particular, transition-metal dichalcogenides (TMDs) has
proven to be a promising class of such materials, and offer since 201(13] a
platform for studying intriguing many-body correlations and quantum phe-
nomena at the nanoscale [3H6]. In contrast to graphene, the crystal lattice
of TMDs consists of two different types of atoms and has the material com-
position MXs,, where the transition-metal (M=Mo, W, etc.) is sandwiched
between two layers of chalcogenides (Xo=Ses, So, Tey) as shown in Fig. .

The reduced dimensionality of these materials allows for a remarkably strong
Coulomb interaction between carriers leading to the formation of excitons,
strongly bound electron-hole pairs. Excitons are dominating the optical re-
sponse of TMDs and govern the efficiency of optoelectronic applications such
as photodetectors or solar cells [§], and therefore a microscopic understanding

I This year, for the first time in history, Tony Heinz and his collaborators successfully
managed to exfoliate the TMD monolayer, MoSs, a direct-gap semiconductor [2]. The very
same year, Geim and Novoselov were awarded the Nobel Prize for their groundbreaking
experiments on graphene.



CHAPTER 1. INTRODUCTION

of these quasiparticles and their interaction mechanisms is highly desirable.
In recent years, a lot of effort has been put into investigating how exci-
ton relaxation dynamics, transport and optics is influenced by interactions
between excitons and phonons [9-12], free or microcavity photons [I3-I5].
Here, we will instead consider interactions between excitons themselves which
are commonly seen to be highly important at elevated densities of electrons
and holes and results in a number of intriguing purely quantum phenomena
such as excitation-induced dephasing [16] [17], exciton-exciton annihilation
[18, [19], density-dependent energy renormalizations [20-22] and non-linear

exciton transport [23-25].

Treating exciton-exciton interactions on a microscopic footing poses a chal-
lenging problem as, although excitons can be treated as non-interacting neu-
tral bosons in the low excitation regime, their fermionic substructure has
to be incorporated in the scattering characteristics at higher densities [26].

A Layered structure

B Honeycomb lattice

Figure 1.1: TMD monolayers from the side (A) and from the top (B), revealing
its honeycomb crystal structure. Figure adapted from [7].
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Moreover, the rich exciton landscape of TMDs consisting of brightﬂ (intraval-
ley) and darkf| (intervalley) exciton states [31, 32] (cf. Fig. [1.2|(a)) enables a
large number of available interaction mechanisms. By stacking two (or more)
TMD layers on top of each other, resulting in a van der Waals heterostruc-
ture or heterobilayer [33], the exciton landscape becomes even richer, now
including also interlayer excitons, consisting of electrons and holes in different
layers as shown in Fig. [1.2(b). Due to the spatial separation of electrons and
holes, interlayer excitons are long-lived and exhibit permanent out-of-plane
dipole moments, which potentially makes them useful in the realization of
electrically controlled devices [34-36]. Moreover, the dipolar and repulsive
nature of these excitons prevents the formation of exciton complexes such as

biexcitons, facilitating exciton condensation [3, [4].

) K A (b)
interlayer

\ ) / \\Q/ exciton

momentum-forbidden
dark exciton

Layer 1

/N

Figure 1.2: Different types of exciton species in TMD monolayers and van der
Waals heterostructures. (a) Bright KK excitons (yellow) and dark KA excitons
(purple) in an exemplary TMD monolayer. (b) Intra- (red) and interlayer (green)
excitons in an exemplary TMD bilayer.

2The wording ”bright” refers to the fact that intravalley excitons can be accessed via
light and optical excitation. In contrast, dark excitons have finite center-of-mass momenta
[27], which can not be accessed by light but have to be provided via e.g. scattering with
phonons [12 28] 29].

3In this thesis, the terminology “dark excitons” and ”intervalley excitons” is used
interchangeably. However, note that the former may also refer to so-called spin-dark
excitons, where the electrons and holes forming the excitons have opposite spins [30].
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In this thesis, we investigate exciton-exciton interactions in monolayer transition-
metal dichalcogenides and heterobilayers on a microscopic footing and unveil
the mechanisms behind exciton-exciton scattering, exciton-exciton annihi-
lation and non-linear exciton propagation. In particular, we find that dif-
ferent types of excitons interact in fundamentally different ways: intralayer
excitons display strong quantum-mechanical exchange interactions due to
their fermionic substructure, and interlayer excitons interact mainly through
strong repulsive dipole-dipole interactions. The obtained microscopic insights
can potentially be used to optimize the efficiency of future TMD-based de-
vices and the established theoretical framework could be extended also to
more exotic systems such as moiré materialg]

1.1 Outline

We start out this thesis by providing an introduction to the theoretical frame-
work used to model two-dimensional semiconductors, i.e the second quanti-
zation formalism and the Heisenberg picture. In particular, we show how
the relevant interaction mechanisms between charge carriers can be reformu-
lated in terms of excitonic quantities and interactions. In Chapter 3, which
is based on Papers I and III, we present the general theory of exciton-exciton
interactions and reveal the leading interaction mechanisms in TMD mono-
layers and heterostructures. The general framework laid out in Chapter 3,
sets the stage for investigating the impact of exciton-exciton interactions on
non-linear exciton propagation in Chapter 4. In Chapter 5, we discuss a
completely different type of exciton-exciton interaction process than the one
considered in Chapters 3 and 4, referred to as exciton-exciton annihilation,
summarizing Paper II. Finally, we provide some concluding remarks and a
future outlook in Chapter 6.

4A boom in moiré physics research, i.e. the study of materials which exhibit a moiré
pattern such as twisted heterostructures or multilayers [37], followed after the discovery of
the superconducting properties in twisted bilayer graphene by Herrero and collaborators
in 2018 [38].



CHAPTER 2

THEORETICAL FRAMEWORK

In this chapter we will give a brief introduction to the theoretical framework
used to model many-body phenomena in two-dimensional semiconductors.
The theoretical approach relies heavily on the concept of second quantization,
also known as canonical quantization, a formalism commonly used to describe
many-body quantum systems. Here, we will not give any derivation of the
formalism (as this can be found in various text books on quantum field theory,
see e.g. [39, [40]) but only provide the necessary interaction mechanisms of
relevance to this work and the appended papers.

In quantum mechanics, we usually distinguish between two different types of
particles: bosons and fermionsE] The former can in second quantization for-

malism be represented by commuting creation operators b;r (or annihilation
()

7

operators b;) and the latter are represented by anti-commuting operators a
such that

{a;, a}} =0;; (fermions)

[bhb” =0;; (bosons) (2.1)

!There are exceptions to this rule which are referred to as anyons. These exotic quasi-
particles only appear in two-dimensional quantum systems and do not just pick up a
plus-sign or a minus-sign when exchanged but an imaginary phase-factor ¢, 6 € [0,7]
[41].
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Note that the operators are decorated with the compound indices ¢, j. These
indices provide information about the state of the particles, such as their
momentum, spin, and in which band and valleyP| they reside in. Typical
examples of bosons are phonons or photons and common fermions are elec-
trons or holes (signifying a vacancy in the valence band, i.e. the absence of
an electron). Depending on the density, also excitons although formally be-
ing a combination of electrons and holes, can be described as non-interacting
bosons [42H44]. This will be further discussed in the following chapters. For
now, we will only be considering interactions between purely fermionic parti-
cles. The interactions are summarized in a single many-particle Hamiltonian,
H, whose individual contributions will be discussed in detail below.

2.1 Many-particle Hamilton operator

The many-particle Hamilton operator H of relevance in this work can be writ-
ten as H = Hy + H._., where Hj is the non-interacting kinetic contribution
and H._. is the carrier-carrier interaction.lﬂ The former reads

Hy = ZEIGICH , (2.2)

1

with the electronic band structure ¢;. Here, the compound index 1 includes
momentum k;, band \; and spin o E] In the case of materials which exhibit a
parabolic band structure around the high-symmetry points in the Brillouin
zone such as transition-metal dichalcogenides [45], we can make use of the
effective mass approzimation [46] to write

h’k?

2mA

A A

(2.3)

2We will make use of the word valley in the context of intra- and intervalley excitons
extensively in this thesis. The electronic band structure of transition-metal dichalcogenides
exhibits multiple valleys in the first Brillouin zone, that is, local extrema, in which it is
energetically favorable for a particle to reside in.

3As we are exclusively interested in exciton-exciton interactions in this work we do not
include contributions from phonons or photons and their interactions with electrons here.

4The spin index ¢ will not be of relevance in this work and is only included for com-
pleteness here.
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where, oy = +1 (—1) for A = ¢ (A = v), ¢ being a conduction band and v
being a valence band. The momentum k is expressed relative to the consid-
ered high-symmetry point in the Brillouin zone and m” is the effective mass
in band A. The effective mass is directly related to the (inverse) curvature of

2 A
the band such that 1/m* = %;,: /h?, and is commonly directly extracted from
the single-particle band structure, which in turn is obtained from ab-initio
calculations. Here, we define both electron and hole masses positive such

that m, = m; > 0.

The interaction between charge carriers is of fundamental importance in this
work. It can be represented by the following general two-particle interaction:

== Z ikl T Ta ka1 (2.4)

,Jkl

where VUKl is the Coulomb matriz element defined by

VKL= VINNNE (q) Fi(—q) L Fril) = (fl697]i) . (2.5)

q

where the form-factor F;(q) describes the probability of scattering from
an initial state ¢ to a ﬁnal state f with the momentum transfer q. The
Coulomb interaction V;**** includes intraband (\; = \;, Aj = A\g) as well
as interband (\; # A, A; # Ai) transitions. To develop a material-specific
model we also include a Keldysh-like dielectric screening function [47H50] to
take finite thickness effects as well as screening from surrounding substrates
into account when evaluating the Coulomb interaction potential VA i Ak/\l,
discussed in detail below. For scattering processes with small momentum
transfer q (compared to the Brillouin zone) we may approximate the form-

factors as follows:
Fri(q) = (kg Aple' " [ki, Ni) & 63,0, 0qhe,—ks +1q - (K, Ap|r|ki, Ai) . (2.6)

where we have approximated the initial and final states as Bloch states, i.e.
(r|i) = e®Tuyx, (r). Hence, we deduce, to leading order, that the intra-
band Coulomb matrix element scales with the Coulomb potential V; and
the interband element scales as Vy|q - M|?, |M|* = [(ks, A\¢|Vi|ki, Ai)|* ~
[(kg, Af|r|k;, \i)|> being the (squared) optical matrix element?] A similar

®Note that the quantity (ks, Af|r|k;, \;) refers to the dipole matrix element, but by
taking the expectation value in momentum space instead of real space and considering
i(kf, \f|Vi|ks, Ai) we retrieve the optical matrix element.

7
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estimate of the form-factors as the one above can be made within a tight-
binding framework [51, 52]. For scattering processes involving a large mo-
mentum transfer, the form-factors have to be extracted from ab-initio cal-
culations. Such processes are referred to as intervalley processes, in which
electrons and holes scatter from one high-symmetry point in the Brillouin
zone to another, and are discussed in the context of Auger recombination
processes in Chapter 5 based on Paper II.

A two-band model including one conduction band ¢ and one valence band v
(A = ¢,v) constitutes an important example. In this specific case we may ex-
press the Coulomb interaction in the following fashion, separating intraband
and interband contributiond’:

1 MG 3Ty 1 MOAy T 3 X
Hee =5 D Ve Mg Mg +5 D VM N g Mo _ghwde - (27)
k.k'.q k.k'.q
A A#£X
Here, we have excluded terms with an odd number of conduction band or
valence band electrons, i.e. processes associated with Auger recombination
or impact excitation [53] [54]. This type of processes is discussed in detail in
Chapter 5. Furthermore, note that we focus on the long-range part of the
interaction and thereby set the Coulomb matrix elements to

Vq”\;\)‘ ~ V, (intraband) , (2.8)

and % A
Vq)\AAA ~ V,|lq- M™|? (interband) , (2.9)

following our approximations above. In this work, we consider the screened
two-dimensional Coulomb potential

2
o ‘/bare,q o €
- ’ vbare,q —

Ve TR
1 €q 2€0A|q|

(2.10)

where A is the crystal area, e is the electric charge, € is the vacuum permit-
tivity and g4 is the dielectric screening. For TMD monolayersﬂ the screening

6Note, in particular, the ordering of indices in the Coulomb matrix element and the
simplified notation of the fermionic operators compared to , taking ag,g — )\S).

"In Papers I and III we also considered TMD monolayers stacked on top of each other
forming van der Waals heterostructures. In this case the Keldysh screening has to be

generalized, which can be done by solving the Poisson equation for a multilayer system
[35L [B5].
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is described within a Rytova-Keldysh framework [47, 48] given by the dielec-
tric function [12]:

(/‘iTMD — Rsub ]

1
€q = I{TMDtanh[ﬁ(OzTMqu —In ) R (211)

KTMD + Ksub

where d is the layer thickness of the TMD, xkpyp = Vellet, arvp = j—'l,

ell and et being the in-plane and out-of-plane components of the dielectric
tensor of the TMD respectively and kg, is the effective dielectric constant
of the surrounding substrate, here assumed to be given by the average of
the dielectric constants above and below the TMD. The material-specific
dielectric constants are extracted from ab-initio calculations [56, 57]. A lin-
earized version of is commonly used which holds assuming dg << 1
and Kgup << KTMD:
dell q

€q = b + 5 - (2.12)

When describing scattering processes involving a large momentum transfer
one has to extract the screening from ab-initio calculations or consider a
more refined screening model than the one provided by (2.11)

2.2 Heisenberg’s equation of motion

Having microscopic access to all relevant interaction mechanisms through the
Hamiltonian, H, we can now use H to investigate how certain observables
evolve in time by exploiting a Heisenberg’s equation of motion approach.
In the Heisenberg picture, observables are described as expectation values
of time-dependent operators and their time evolution is governed by the
following equation of motion:

d
ih—(4) = ([A, H]) . (2.13)

8In Paper II, we considered exciton scattering processes which involves a large mo-
mentum transfer on the order of the reciprocal lattice vector, and therefore we adapted
an analytic screening model [50] which is in good agreement with ab-initio calculations
[68, B9] also in the short wave-length limit.
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where A is the operator of interest, here assumed to be explicitly time-
independent. Note that the operator A in principle can consist of any combi-
nation of bosonic and fermionic creation and annihilation operators. Here, we
shall be concerned with the dynamics of primarily two types of quantitiesﬂ
microscopic polarisations pg g = ((:ka/>, describing a single electronic tran-
sition from a valence band to a conduction band (pz’k, results in the opposite

process) and the electron (hole) occupations f¢ = (chex) (ff = (vgv))). The
hole occupation describes the occupation in the valence band after an optical
excitation. More generally, the microscopic polarisation and the occupations
are off-diagonal and diagonal elements of a density matrix respectively, and
the common framework in which these quantities are dealt with is referred
to as the density matriz formalism [60]. For now, we will only consider the
equation of motion for the polarisation:

ihprrr = (€ — €5) Dk i (2.14)

+ (V;)‘Av<c;rc>\;rcl_q>\kl Uk’—q> + VqACC)\<)\Ll+qCL_q/\k1 Uk’>) )
A

k17q7
where we neglected the interband contributions. Now, we have encountered
a typical problem when dealing with equations of motion and many-particle

interactions: the single-particle quantity (o< (ala;)) in the left-hand side of

the equation couples to a two-particle quantity (ox (aia}akaﬂ), which in turn
needs to be evaluated, leading to a system of differential equations which is
not closed. This is referred to as the hierarchy problem and is commonly
solved by applying a correlation expansion and systematic truncation. In
general, any N-operator quantity can be factorized into correlations denoted
by (...)¢ of lower order [60]. Here, we will just provide the important clus-
ter expansion for a fermionic two-particle expectation value, the so-called
Hartree-Fock factorization{™|

(aja}akaﬁ = (a}akﬂajal} - (a}aﬁ(a}a@ + <aTa;akal>c . (2.15)

7

Now, one may treat the theory on a Hartree-Fock level or a mean-field level,
which simplifies the system to a single-particle problem in which the many-

9In the following chapters we will also be concerned with occupations of excitons,
described by the expectation value <c,tvk/v};,ck>. However, we will express this quantity
in terms of excitonic operators for simplicity, see Section 2.3.

10A similar expansion can be made for bosonic operators, blm, but then the intermediate
minus sign becomes a plus sign, reflecting their commuting nature.

10
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body correlations ({...)¢) are dropped. However, in order to describe scatter-
ing processes such as carrier-carrier scattering or exciton-exciton scattering
(briefly discussed in the following chapter and in detail in Paper I) or the
formation of bound particles, the correlations have to be kept. Here, we

apply the Hartree-Fock approximation ([2.15)) to Eq. (2.14) and deduce

ihpr g = (6 — € )Pk — (1 — fro — f3) Z Vi Prtq kit s (2.16)
q

with the renormalized band energies
A== 2 Ve kg (2.17)
q

In the low and intermediate excitation regime we may neglect the phase-space
filling factor and set 1— fg — fz ~ 1, which simplifies the equations drastically.
However, when treating exciton-exciton interactions which become important
at high electron-hole densities, the phase-space filling factors have to be kept,
as discussed in detail in Section 3.3. Let us now consider in detail, in
this chapter assuming the low excitation regime. The presence of the second
term, which is due to the electron-hole interactions gives, as we shall see, rise
to excitons.

2.3 The emergence of excitons

We shall now show that the electron-hole interaction results in bound exci-
tons, quasiparticles which are Coulomb-bound electron-hole pairs and fulfill
a Schrodinger-like eigenvalue problem. Assuming small densities of electrons
and holes, the eigenfrequency of the polarisation is given by precisely the
transition energy ef, — €}, (up to a factor h), but the presence of the electron-
hole Coulomb interaction leads to a mixing of different electronic states,
which makes the electron momenta k, k’ bad quantum numbers. Instead, we
seek a new basis which is diagonal in its quantum numbers. This can be eas-
ily achieved by transforming the electronic momenta k, k’ to center-of-mass
momentum @ and relative momentum q defined according to

Q=k—k ,q=pBk+ak’, (2.18)

11
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introducing the mass ratios § = #mh and o = A - Secondly, note
that, in the vicinity of band extrema, the electronic dispersion can be well

approximated by a parabolic dispersion (Eq. (2.3])) such that:

h2k§2 h2 k‘,/2 h2 QQ hQ q2
L — € = F,=——+—+F 2.19
b = S T T T o Ty T (2.19)
where M = m, + mj, and pu = ﬁT% is the total and reduced mass of an

electron-hole pair respectively and E, = € — € is the quasiparticle band
gap. Importantly, the center-of-mass and relative motion has been decou-
pled through the effective mass approximation. Hence, we may project our
microscopic polarisation pg s to an excitonic basis such that

Pk k! — Pq.Q = Z @;’quQ ) (220)

defining the orthonorma]ﬂ excitonic wave functions ¢, 4, n numbering the
excitonic state, and P, g being the excitonic polarisation. With the intro-
duced definitions above and assuming the low density limit transforms
into 120!
ﬂg:%zM

where the eigenenergies F,, and associated eigenfunctions are obtained from
the Wannier equation:ﬁ

+E,+E,)P.q, (2.21)

h2q2
2,u Pn,qg — Z chm}cgﬁn,k—}—q - En@n,q . (222)
k

Now, let us admire the simplicity of the equation above. We have just ob-
tained an equation describing WannieIE excitons which is in perfect analogy

"The excitonic wave functions fulfill both the orthogonality relation, >, O Pk =
dn.m and the completeness relation Y ¢¥ p¢n ks = Ok k/

12 At elevated densities of electrons and holes, the Wannier equation has to be modified to
also include phase-space filling factors. Here, and in Papers I-11, we stay in an intermediate
excitation regime in which we can stick to this simpler equation. In Paper III, we include
the phase-space filling in the corresponding mean-field exciton-exciton interaction matrix
elements, cf. Section 3.4.

13Formally, one distinguishes between Wannier excitons [61] which are excitons with a
Bohr radius (spatial extension) larger than the lattice spacing as is typically the case in
semiconductors and Frenkel excitons [62] which extend over a unit cell, typically found in
molecular crystals [63]. In fact, Edward Frenkel himself was first to propose the concept
of excitons in 1931.

12
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to the corresponding time-independent Schrodinger equation for a hydrogen
atom. Similarly, as the hydrogen atom, the energy levels of excitons follow a
Rydberg-like series, n = 1s,2p,2s..., up to the continuum, as is shown in Fig.
(b). However, importantly, in contrast to free hydrogen atoms, excitons
in two-dimensional semiconductors are screened by its environment, that is
by the TMD itself and its surrounding substrate which crucially impacts the
strength of the Coulomb interaction, through the dielectric screening ¢4, cf.
. Moreover, as already hinted about in the previous chapter, the elec-

(a) Electron-hole picture (b) Exciton picture
K A KK KA
o Py ns
=1 N |
2 n % 1s
= e @
= 8
=]
= £
Momentum k Momentum @

Figure 2.1: Exemplary excitons in the electron-hole picture and the excitonic
picture for a W-based TMD monolayer. (a) Electrons and holes residing around the
same high-symmetry point (K) form intravalley KK excitons (yellow). Electrons
and holes may also form e.g. KA (or KK’) intervalley excitons (pink). The spin
polarisations of the bands are indicated by solid and dashed lines respectively,
and here we only consider spin-allowed, so-called A excitons. (b) In the excitonic
picture, excitons exhibit a parabolic dispersion and form a Rydberg-like series of
exciton states.

trons and holes do not have to reside at the same high-symmetry point in the
Brillouin zone, but can form so-called (momentum)-dark or intervalley exci-
tons through the scattering with phonons [64] 65]. Remarkably, even though
the A-point lies above the K-point in the electron-hole picture in tungsten-
based TMDs (Fig. [2.1fa)), the excitonic dark KA state lies energetically
below the bright state in the exciton picture (Fig. [2.1{(a)), due to the large
electron mass at the A-point.
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Figure 2.2: Wave functions and binding energies of KK excitons. (a): Excitonic
wave functions for KK 1s and 2p excitons in hBN-encapsulated monolayer WSe,.
(b): Excitonic binding energies as a function of the dielectric constant.

By numerically solving the eigenvalue problem in employing the screening-
dependent electron-hole interaction with material-specific parameters
taken from DFT calculations, we get access to the full energy spectrum of
excitons. In Fig. [2.2(a), we illustrate the 1s and 2p KK excitonic wave
functions in monolayer WSe, encapsulated in the commonly used substrate
hexagonal boron nitride (hBN), revealing the common (radial) shape of s
and p-states. As shown in Fig. (b), the excitonic binding energies in
TMDs are of several hundreds of meV, and are significantly reduced when
increasing the dielectric constant of the surrounding substrate. The huge
binding energies found in TMDs enable excitons to be stable even at room
temperature.
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CHAPTER 2. THEORETICAL FRAMEWORK

2.4 Developing the excitonic Hamiltonian

In the previous section we outlined a general recipe for how excitonic effects
can be accounted for in a microscopic theory. Firstly, we provided the in-
teractions of interest in the electron-hole picture and secondly, we found the
equation of motion for an observable of our interest (e.g. the microscopic
polarisation or electron/hole occupation) by means of Heisenberg’s equa-
tion of motion and finally, we transformed the resulting equations of motion
into an excitonic basis. An alternative approach relies on starting from a
Hamiltonian which contains the excitonic effects from the beginning, i.e. is
expressed through excitonic operators. This approach is highly convenient
when it comes to treating interactions and scattering between excitons as it
drastically reduces the number of operators needed to describe the dynamics.
We will only sketch the derivation of the excitonic Hamiltonian[?] here and
refer the interested reader to the works by Katsch et al. [42] (in the specific
context of excitons) and Ivanov and Haug [43] for a more general treatment.

Note that we may represent the creation and annihilation of an exciton with
the pair operators

P’il,kg = CJlt:lka 7Pk1,k52 = ’Ui:gckl ) (2'23)

respectively. Here, we choose to only assign the operators different momenta
k1, ko for simplicity and omit their dependence on other degrees of freedom,
such as valley and spin. From the construction in (2.23), it is a simple matter
to derive commutator relations for the pair operators:

[Pkil,kzv Pks,km] = [PkTtha P]:r;g,k4] =0, (2'24)

and

T _ skik i T
[Pk1:k27 Pk3,k4] - 5k;,ki - 5k2,k4ck36k1 - 6k1,ksvkzvk4 : (2'25)

Historically, the excitonic Hamiltonian was first introduced through the boson formal-
ism by Usui in 1960 [44] shortly followed by works from Marumori [66] and Hanamura [67].
However, here we employ the unit operator technique introduced by Ivanov and Haug in
1993 [43] and outlined in detail in [42]. A generalization of the exciton Hamiltonian to
twisted heterostructures, including so-called hybrid excitons [68] where the excitons are
combinations of intra- and interlayer excitons, was recently made [69] [70].
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where we made use of . Just from these two equations we can realize
two fundamental insights about excitons. First, note that states that
two electron-hole pair annihilation or creation operators are symmetric under
exchange. Secondly, illustrates that excitons, in general, are neither
bosons or fermions. In the weak excitation regime, in which the two-operator
quantities ch ck, and kaUL4 can be neglected, excitons can be approximated
as pure bosons. However, the basic constituents of excitons are fermions and
at elevated densities of electrons and holes, the commutator acquires correc-
tion terms of the order O(n,a%) and higher, n, being the exciton density
and ap being the excitonic Bohr radius (ap ~ 1 nm, in the case of monolayer
TMDs).

Now, by employing the identity operator method originally introduced by
Ivanov and Haug [43] we may transfer purely electronic quantities to the
pair-operator picture as follows [42]

1
T ~ E T E T T
Chy Clea =~ Pkl,k:gpkmk:a - 5 Pkl,k;;Pk4,k5Pk4,k75pk2,k3 ) (226)
k3 k3,ka,ks
and
1
T~ i T T
Ve Uk, & > P Py — 3 > " Pl Pl Praies P s (2.27)
k3 k3.ka,ks

Formally, one has to include an infinite number of pair operator terms in
the expansions above, but depending on the excitation regime it is often
sufficient to just consider terms up to first order in the excitation density,
which amounts to assuming c¢fc ~ PTP. Additionally, we may, by analogy
with , define new excitonic operators X according to

P’Il,k2 = Z X:L,kl—kg (p;kl,ﬁkl—‘rogkz 9 (2-28)

n being a sum taken over all possible exciton states, n = 1s,2p,2s....
Now, taking the two-band Hamiltonian, H = Hy + H._j, as an example we
may transform it to an excitonic Hamiltonian using the pair operators and
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basis transformation above:

2k Q>
HO e Z(EZCLC](: — EzUk/UL) ~ Z WX ,QmeQQOn k(pm k + Z X?E,QX"MQ s
k n,m,k,Q n,Q

E cvve T ~ E : cove v T *
He_h — Vq Ck+q1}k, k/Ck ~ Vq Xn,QXm,QSOn,k-i-qgomﬁ .
k.k'.q Q.q.kn

By forming the sum H = Hy+ H._; and making use of the Wannier equation,
(2.22), we deduce that

h2k? 2Q2
Ho+Henm Y (2—¢2,k =Y Ve k+q) PmwX) @ Xmaq + Z Xnaq -
n,m,Q.k p q
:E:;:Lk

simplifying to
Heo =) EgX]qXna (2.29)

where we define the excitonic center-of-mass dispersion

2Q2

Ey=E,+ —+ T (2.30)
Now, by commuting our new Hamilton operator @D with the excitonic
polarisation P, g = (X;Q> we directly obtain @ (upon setting the band
gap £, = 0). Similarly, as outlined in detail in [42], the carrier-carrier
contributions can be transformed accordingly and included in the excitonic
Hamiltonian, which can be used as basis for treating exciton-exciton interac-
tions. This gives the starting-point of the theoretical framework introduced
in Paper I and is discussed further in the following chapter. Having micro-
scopic access to the excitonic Hamiltonian now enables us to find equations
of motion for excitonic observables in a straight-forward manner.
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CHAPTER 3

EXCITON-EXCITON INTERACTIONS

Although a plethora of non-linear quantum phenomena in two-dimensional
semiconductors, ranging from anomalous diffusion and non-conventional ex-
citon transport [25] [36] [71] to optical non-linearities [72], [73], are attributed to
exciton-exciton interactions, finding a microscopic theory of these many-body
interactions has remained challenging [26], [74] [75]. In this chapter, we out-
line two different ways of treating exciton-exciton interactions in transition-
metal dichalcogenide monolayers and heterobilayers. The first way relies on
expressing the electron-electron Hamiltonian directly in terms of excitonic
operators resulting in a bosonic four-operator Hamiltonian which we use in
Paper I to study intra- and intervalley exciton-exciton scattering. In the
second way, discussed in Paper III, we derive a mean-field exciton-exciton
Hamiltonian to study density-dependent energy renormalizations and exci-
ton line-shifts. Importantly and regardless of approach, we shall see that
different types of excitons interact in fundamentally different ways as shown
in Fig. 3.1[(a): intralayer excitons in a monolayer interact through quantum-
mechanical exchange interactions due to their fermionic substructure and
interlayer excitons in a bilayer can be viewed as repelling dipoles.
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Figure 3.1: Schematic illustration of exciton-exciton interactions in a TMD mono-
layer and van der Waals heterostructure. (a) Intralayer excitons mainly interact
through quantum-mechanical exchange interactions, with the interaction strength
being crucially dependent on the excitonic wave function overlaps. In contrast,
interlayer excitons exhibit a permanent out-of-plane dipole moment. (b) Domi-
nating exciton-exciton scattering channels in an exemplary monolayer WSe;. We
distinguish between intravalley (I, purple) and intervalley (II, yellow) scattering
processes. Figure taken from Ref. [76] (Paper I).

3.1 Exciton-exciton Hamiltonian

In order to describe exciton-exciton interactions on a microscopic and material-
specific footing, we start out from the two-band electron-electron Hamilto-
nian, Eq. . In fact, we can use this Hamiltonian to study both intraval-
ley and a specific type of intervalley exciton-exciton scattering which only
allows for small momentum transfer g, illustrated in Fig. [3.1(b). Then, by

employing the pair operator expansions in (2.26|) and (2.27)) directly to the
carrier-carrier Hamiltonian (only keeping terms which scales quadratically
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with the exciton density) and transforming to the exciton basis according to
(2.20) we find an approximate exciton-exciton Hamiltonian reading

1
Hy .= 2 Z G " X QraXvq-aXr@ Xuq (3.1)
v
Q.Q'q

where X1 are bosoni creation and annihilation operators and g and v
are compound indices which hold the exciton state n = 1s,2s... and valley
¢ = KK, KK’, KA... (by convention, the first letter denotes the hole valley and
the second letter denotes the electron valley). In Paper I, we only considered
excitons in the ground state n = 1s, as these states are the most occupied,
so for simplicity we may think of p as a valley index, such that the excitonic
Coulomb matrix element G describes an intravalley (intervalley) scattering
process for = v (u # v) corresponding to the process I (II) in Fig. [3.1)(b).
The excitonic Coulomb matrix element reads

GUrv = pin g gy (3.2)

where Vi""# is referred to as the direct exciton-exciton interaction and U;"""
is the ezchange exciton-exciton interaction. As these interactions depend cru-
cially on the screened Coulomb interaction matrix elements V/¢cc¢ |/vvvv j/evve
(intraband elements) and V< (interband element), their explicit form differ
depending on whether interactions between intralayer excitons in a monolayer
or interlayer excitons in a bilayer are considered. Both cases are therefore
discussed separately below.

IThis might sound surprising as the fermionic substructure has to be taken into account
for excitonic operators at elevated densities, as is reflected by the cobosonic commutator
relation in . However, by commuting the exciton-exciton interaction with the exci-
tonic polarisation in a cobosonic and a bosonic way, and including the cobosonic correction
terms in the interaction matrix elements so that the two approaches coincide, we consis-
tently capture the fermionic nature of excitons and can use bosonic commutator relations
when evaluating equations of motion using [42).
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3.2 Exciton-exciton interactions in TMD mono-
layers

In the case of TMD monolayers, we may approximate Vq)"\’\’\ ~ V, (Eq.
(2.10)) dependent on the dielectric function g, taking into account screen-
ing from the surrounding substrate and TMD layer itself, ¢f. Eq. (2.11).
Within these approximations we find the direct part of the exciton-exciton
interaction as

Vo=V (Fuu(ﬁ”q) - Fw(—a”q)> (FW(B”q) —~ Fuy(—a”q))* . (3.3)

where we defined the form-factors F,.(zq) = > ¢} xPuk+eq, dependent
on the excitonic wave functions as obtained from the Wannier equation (Eq.
(2.22])) and the electron and hole masses through § = e - and o = -
Intriguingly, we note that this part of the interaction gets boosted by increas-
ing the mass asymmetry of the electronic constituents forming the scattering
excitons, as shown in Fig. [3.2(a). In particular, considering scattering be-
tween KK and KA excitons (process II in Fig. [3.1(b)), we obtain a more
efficient scattering due to the large mass asymmetry between holes at the
K-point and electrons at the A-point. By expanding Eq. for small mo-
mentum and expressing the form-factors in real space via a Fourier transform

we can get more insights in the direct matrix element:

Vit & VqriBrZ’Bq‘lQ#Qy (for small q) . (3.4)
Here, we introduced the effective exciton charge

m,u‘e — m/"h

Qu = peyr—— (3.5)
and the exciton Bohr radius 72 5 = (u|r?|p). From Eq. we note that
the direct interaction for monolayers is vanishing for ¢ = 0 and that the
nature of the interaction is either repulsive or attractive depending on the
excitonic charge. Note that @, should not be thought of as a charge in
the electromagnetic sense, but a large imbalance in electron and hole masses
polarizes the excitons to effectively become less neutral, making them interact
stronger.
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Figure 3.2: Intravalley (KK, blue) and intervalley (KK’, red, KA, yellow) exciton-
exciton interactions in an exemplary WSey monolayer. Figure adapted from Ref.
[76] (Paper I).

Continuing to the exchange part of the interaction we find that it, in contrast
to the direct interaction, is always repulsive and non-vanishing for ¢ = 0 as
is typical for an exchange interaction [26]:

U = SO+ 00, 212%) (3.
with U = 32, 0 Ve o Ru(@r, o"@) Ry (qz, 87q) introducing Ry(q1,zq) =
O .qr Prar+zq and the interband Coulomb interaction V' = Vy(q - M, )(q -
M, )* with M being the optical matrix element (cf. Section 2.1). As shown
in Fig. [3.2(b), the exchange interaction strength dominates over the direct
interaction strength in TMD monolayers by almost an order of magnitude.
Moreover, it is not as sensitive in changes in electron and hole masses as the
direct interaction.

3.3 Exciton-exciton interactions in van der
Waals heterostructures

When stacking two or more transition-metal dichalcogenide monolayers to-
gether we obtain a van der Waals heterostructure, which enables the for-
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mation of long-lived interlayer excitons, i.e. excitons composed of electrons
and holes in different layers [77] . Due to the increased dielectric screening
from the other layer, interlayer exciton binding energies are smaller than
the exciton binding energies in a monolayer. In particular, considering KK
interlayer excitons in hBN-encapsulated MoSey-WSes; we deduce a binding
energy of around 90 meV [70], differing a factor two from the intralayer bind-
ing energies in monolayer WSes, cf. Fig. 2.2] Still, due to the type-II band
alignment in MoSeo-WSe, [7§], the KK interlayer exciton state is rendered
by far the energetically lowest state and hence it is expected that interlayer
exciton-exciton interactions play a vital role in this particular heterostruc-

. . . . 7 %
ture. By introducing layer indices [ and [ such that Vecc — Vacaaa = —xpd,
q
VIUTUTUT Vie cupvie W i .
Vuvvy — Vo U = Zhaed gnd Vo' T = 22ed with layer-dependent dielec-
q € el

tric functions [35][79], the direct exciton-exciton interaction, which previously
just included interactions between intralayer excitons (abbreviated X-X), is
generalized to interlayer exciton-exciton interactions (IX-IX) and intralayer-
interlayer interactions (IX-X) . Here, we will not provide the full lengthy
expressions for the corresponding X-X, IX-X or IX-IX interactions, but in
analogy to consider the small ¢ limit. In this case, we find

- et d d
V}Ix X _ _((_i) + 72)) + O(q) (for small q) , (3.7)
2¢0 ¢\ £

where d; are the TMD layer thicknesses and 5@ are perpendicular compo-
nents of the dielectric tensor of the TMDs i = 1,2, the latter being extracted
from DFT calculations [80]. By inspection, the direct interlayer exciton-
exciton interaction is a dipole-dipole interaction, where the layer thicknesses
d; determine the separation between electrons and holes and thereby the out-
of-plane dipole moment of the interlayer excitons. Similarly, one finds that
the interaction between intralayer excitons in a heterostructure, V;(*X, scales
with ¢ as in the monolayer case, and that the mixed interaction between
intra- and interlayer excitons, VX~ attains a constant value in the limit
q — 0, reflecting the permanent out-of-plane dipole moment of the IX. The
full momentum-dependent matrix elements are shown in Fig. [3.3] revealing
a strong repulsive interaction for all ¢ for the IX-IX and IX-X interactions,
reflecting the dipolar nature of interlayer excitons. Moreover, due to the
spatial separation of electrons and holes forming the interlayer exciton in a
heterostructure, their optical matrix element is suppressed, and consequently
the corresponding exchange contribution I/ is negligible. The exciton-exciton
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Hamiltonian in enables us to study scattering processes between differ-
ent species of excitons. However special care has to be taken when deriving
equations of motion using In particular, considering the equation of
motion for the exciton polarlsatlon (X, f o) we deduce that

d vy T
%<XMQ MNeto o = Z Gy * MQ+¢1 VQ’quVaQ'> : (3.8)
VQ q

The polarisation couples back to a three-operator quantity which needs to be
factorized into the corresponding Hartree and Fock terms (cf. Section 2.2)
and correlations, with the correlations giving rise to Boltzmann-like exciton-
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Figure 3.3: Interlayer (IX) and intralayer (X) exciton-exciton interactions in
MoSes-WSes heterostructures. Momentum space representation of the direct
dipole-dipole interaction. Interlayer excitons exhibit a permanent out-of-plane
dipole moment and hence interact much stronger than intralayer excitons. Figure
adapted from Ref. [76] (Paper I).
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exciton scattering equationsE]. In Paper I, a completely bosonic treatment
of the scattering is made, but formally the cluster expansion for the multi-
operator excitonic quantity (XTXT....) has to respect individual exchanges of
electrons and holes, which is not captured by a purely bosonic factorization
scheme. As it is cumbersome to include these exchange terms properly in the
factorization scheme, we in the following introduce and derive a simplified
mean-field exciton-exciton Hamiltonian that explicitly includes these effects.

3.4 Mean-field exciton-exciton Hamiltonian

Here we derive a Hamiltonian which can be used to study exciton-exciton
interactions on a mean-field level as done in Paper III. Instead of directly
transforming the carrier-carrier Hamiltonian (Eq. (2.7))) to the exciton basis
and arrive at a four-operator exciton-exciton Hamiltonian expressed in terms
of excitonic operators X, we here construct a two-operator Hamiltonian
starting from the equation of motion for the microscopic polarisation, pg k-,
in electron-hole picture (Eq. (2.16)). For simplicity, we assume a system
which is dominated by excitons with one specific valley-configuration, which
is typically the case at low temperatures. The equation of motion for the
polarisation can be transformed to the excitonic basis, so that pgr — P,.q,

and making use of the pair operator expansions (2.26]) and (2.27)), yielding
the following equationf]

l

PmQ =z ((EZ? + Z quv)Pn,Q
q

g S (3.9)
+ Y Pug-aNgrgqVim + 517%7,27},]Q,Q',q))=
k”?qu7Ql
27]7m

2In Paper I, we make use of the resulting scattering equations to study ezcitation-
induced dephasing, an experimentally accessible phenomenon which becomes manifest as
density-dependent broadenings in excitonic transitions [72]. See details in Ref. [70].

3Here, we decided to include also the contributions stemming from interband Coulomb
interaction which are proportional to Ngsq,@/. The interband Coulomb interaction also
gives rise to a linear term in P, g which scales as VQC” >k ket PP ks and modifies the
free exciton dispersion Egy. This term is not of our interest here, but is discussed in other
works [30, [81], [82].
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where i,7,m,n = 1s,2p,2s... is the excitonic state and where we introduced
Noor = (XZT 0Xjq) and were able to identify the direct exciton-exciton
interaction, V™7, Eq. (3.3). We also adapted the shorthand notation
yeeee = yee yreer = YUoand Ve = V< for the screened intraband
Coulomb interactions here and V< = V< for the interband Coulomb in-
teraction. The remaining terms can be summarized in a single exchange
term
gliir’?,jQ,Qﬂq = Vil ongr — Vilirne) X
Pikt +5(Q+a-Q) Pik +8(Q+a-Q)+0aPm ktaq
+ (Vilkrner — Vil i Pnge) X

« . (3.10)
Pi k' —a(Q'+q—Q)Pi k' —(Q'+9—Q)—BqPm, k—Bq

+ chﬁk’90;1@’—BQ—aQ'-i-Bq(pj:k’*ﬁQ*aQ’Soin,k-&-aqwn:k

+ chfk"Pf,k'wQ'JraQ—aqSﬁj,k'+BQ'+aQ‘P:n,k_gqsﬁn,k .
Here, the first two terms corresponds to electron-electron exchange, the third
and fourth terms takes into account hole-hole exchange respectively [26, [83].
The final terms are due to interband electron-hole interactions [84]. Note
that the contributions from electron-electron/hole-hole and electron-hole in-
teractions to the exchange interaction come with opposite signs. This reflects
the attractive (repulsive) nature of the electron-hole (electron-electron/hole-
hole) interactions.

Due to the dependence on many momenta, the exchange interaction is gen-
erally not easily evaluated. However, as the center-of-mass momenta QU

2MkpT
B2

T being temperature and M being the total exciton mass and the exciton
relative momenta k() ~ az' with the inverse exciton Bohr radius aj' it
follows that Q,Q’ << k(), the center-of-mass momentum dependence is
usually neglected in the matrix elements. In particular, it then holds that
Y S,T,Z,”Q, Jinterb. &= UL ie. we have recovered the exchange con-
tribution in . However, in contrast to in the previous section, we now
also have contributions to the exchange interaction stemming from the in-
traband Coulomb interaction including exchange of individual electrons or
holes. Now, we define the mean-field exciton-exciton interaction

Bim Y Vo (W Eaed) . G

k’kl7i7j7Q/

are typically of the order of the thermal wave vector, i.e. Q) ~
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enabling us to construct the two-operator exciton-exciton Hamiltonian

Hy o= Y. GghX! o oXng . (3.12)

Q,q,,n,m

which together with the free Hamiltoniar] (2.29) and commutation with the
excitonic polarisation P, g = <Xi7Q> gives rise to the equation of motion

B9).

3.5 Density-dependent line shifts

Having access to the mean-field exciton-exciton Hamiltonian simplifies the
calculation of density-dependent exciton line shifts drastically and enables us
to disentangle the different interaction mechanisms contributing to experi-
mentally measured intralayer redshifts and interlayer blueshifts with pump
power in TMD monolayers and TMD heterobilayers, respectively. The ex-
perimentally observed blue-shift with pump power for the interlayer exciton
peak, is commonly attributed to strong repulsive dipole-dipole interactions
[36, 73], but here we also display the importance of exchange interactions.
Moreover, at elevated electron-hole densities, excitons screen each othelﬂ 18],
in analogy to how electrons or holes screen each other in a semiconductor
[87], which induces a density-dependence in the interaction matrix elements
as well as in the electronic band gap. Taking this fact into account and con-
sidering the equation of motion for bright (Q = 0) n = 1s excitons within a
rotating wave approximation, Eq. is simplified to

P = %(El + AE(nx)) | (3.13)

where Fy; is the KK 1s exciton binding energy, n, = ZQ Ng is the exciton
density and, importantly, AF/(n,) is the density-dependent energy renormal-
ization:

AE(ng) = (9d—d + Go—z)Ne — XcH - (3.14)

4Here we absorbed the term qVq" in the center-of-mass dispersion, as it just renor-
malizes the electronic band gap.

5At densities below the Mott transition at which excitons are dissociated into a liquid
or plasma of electrons and holes [85], it is expected that most electrons and holes are
bound as excitons.
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Here, gq4—q = 5q,0V;S_15 is the dipole-dipole interaction evaluated at g = 0
which is vanishing for intralayer excitons in a TMD monolayer (Cf. Eq.
and Fig. and non-zero when considering interactions between interlayer
excitons in a van der Waals heterostructure (Cf. Eq. and Fig. . The

exchange interaction g, is obtained as g,_, =~ > 1 Exmr 600 and reads

Goa = Y Prripr (Vi Ohwronr — Vilow > — Vi lowrsul?)
k,k’
+2) Ve lenllew|”
ko, k!

(3.15)

By inspection of the expression above, it is not clear whether the interaction
is repulsive or attractive. However, in a TMD monolayer we may approxi-
mate V¥ =~ V x~ V" = V where V is the screened Keldysh-like Coulomb
potentialﬁ In contrast, considering interactions between electrons and holes
in different TMD layers, we note that V< << V¢ V" (due to increased
screening between layers) and the electron-hole interaction is highly sensitive
with respect to the layer separation. Moreover, the interband contribution
to the interlayer exchange interaction (oc V) is negligible, due to the sup-
pressed optical matrix element of spatially separated charges [90]. As such,
we find that g, , is in general attractive for interlayer excitons and repul-
sive for intralayer excitons. Finally, we introduced the Coulomb-hole term
in (3.14) which includes density-dependent effects of the electronic band gap
[91]. This term reads Yom = >, (Vy" — L)) , Where €exc q(ns) is the

€exc,q (nz

excitonic screening obtained via a static excitonic Lindhard model (details
in Paper III).

In Fig. [3.4] we show the density dependence of the energy renormalization,
AE, (3.14) for intralayer excitons (X) in a WSe, monolayer and interlayer

61n fact, the intralayer exchange interaction can be analytically evaluated assuming an
unscreened Coulomb potential (Eq. (2.10)) and hydrogen-like wave functions, as gy—, o
Eisa%, ap being the exciton Bohr radius [83, 88]. A generalization of the exchange
interaction to higher-lying exciton states is found in [89].
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Figure 3.4: Density-dependent exciton line shifts in hBN-encapsulated MoSes-
WSes heterobilayers and WSes monolayers respectively. Individual contributions
are added up consequtively. (a) Interlayer exciton line shifts as a function of
exciton density, n, including dipole-dipole, exchange interactions and Coulomb-
hole contributions. We obtain a net blue-shift of the exciton line for interlayer
excitons (IX). (b) Intralayer exciton line shifts. Here we obtain a net weak red-
shift of the exciton line, due to the absence of strong dipole-dipole interactions
and efficient exciton screening (reflected by the Coulomb-hole term).

excitons (IX) in a MoSey-WSey heterobilayelﬂ. Importantly, we obtain a
net blue-shift of 15 meV for interlayer excitons as a result of strong dipole-
dipole interactions- in good agreement with experimental studies [73] and a
similar red-shift for intralayer excitons when increasing pump power, which

"The heterobilayer MoSes-WSe; is not chosen by coincidence. Due to the large type-II
band alignment between Mo- and W-layers of the order of 300 meVs depending on stacking
[35], it follows that the energetically lowest state by far in this particular structure is an
interlayer exciton state. As a consequence, the interlayer exciton occupation is dominant
in this structure and strong dipolar exciton-exciton interactions are expected even at room
temperature. In contrast, in many other structures such as homobilayers, the energetically
lowest state is generally hybridised and contains contributions stemming from both intra-
and interlayer excitons [92].
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we explain through the interplay of Coulomb-induced repulsive and attractive
interactions as discussed in detail above. Importantly, the Coulomb-hole
term, which includes the mutual Coulomb repulsion between holes in the
valence band, results in a significant reduction of the line shifts in both
cases, and a blueshift-redshift crossover in the intralayer case. This has been
verified by previous microscopic calculations for TMD monolayers [93].

In the following chapter we will investigate the role of repulsive interactions
between interlayer excitons further. In particular, we find that the density-
dependent energy renormalizations discussed here are of vital importance
when considering the transport of excitons in real space, where AFE(n,) is
promoted to a spatially dependent interaction potential, AE(n(x,y)).
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CHAPTER 4

ANOMALOUS INTERLAYER EXCITON
TRANSPORT

Understanding and being able to control exciton transport is crucial for the
efficiency of exciton-based devices [94H96]. Here, we will be concerned with
the transport of interlayer excitons, i.e. excitons composed from electrons
and holes in different layers in a van der Waals heterostructure. As dis-
cussed in the previous chapter, these excitons exhibit a permanent out-of-
plane dipole moment and as such they display strong repulsive interactions.
Recent experimental studies on heterobilayers [25, B6] report on non-linear
exciton propagation and anomalous diffusion at elevated electron-hole den-
sities and attribute this to repulsive exciton-exciton interactions, motivat-
ing us to investigate the role of these interactions on a microscopic footing.
By having access to a material-specific and microscopic theory of interlayer
exciton-exciton interactions we are able to provide insights on additional ex-
perimentally accessible tuning knobs when it comes to exciton transport.
Our findings on this topic are found in Paper I1I, and are summarized briefly
in this chapter.
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4.1 Drift-diffusion equation for interlayer ex-
citons

In order to be able to model exciton transport in two-dimensional semi-
conductors we need access to the spatiotemporal dynamics of excitons, i.e.
resolve the distribution of excitons in space and time. This information is
encoded in the Wigner function Nq(r) = »_, eiq'r<X(57q/2XQ+q/2) , which
describes the quasiprobability distribution of excitons with center-of-mass
momentum Q at position r. Here, X (") are excitonic operators, as introduced
in Section 2.4. Now, as outlined in detail by Hess and Kuhn [97], the spa-
tiotemporal dynamics of excitons can be accessed by evaluating the Heisen-
berg equation of motion for the off-diagonal quantity Nq q = (X(SXQ/> and
Fourier-transform the result to get an equation of motion for the Wigner
function [95], O8]. To take exciton-exciton interactions into account we em-
ploy the mean-field Hamiltonian introduced in Eq. (3.12)), which together
with the free exciton Hamiltonian gives us the equation of motion for
Nq,q'- By Fourier transforming and performing a Taylor expansion with re-
spect to momentum and space coordinates we deduce the following to lowest
order

Nq(r) = —vqV,Nq(r) — ,f;)}va - V,n(r)Ng(r) . (4.1)

Here, the first term describes free propagation of excitons with velocity vq =
%, M being the total exciton mass, and the second term results in a drift
of interlayer excitons caused by exciton-exciton interaction grx = ¢y_» +
Jda—q, with the dipole-dipole and exchange contributions being defined in
Eq. and Eq. respectively. It was here moreover assumed that
Nq(r) = NqQeqn(r), where Nqq is an equilibrium Boltzmann distribution
with temperature 7" and n(r) is a spatially dependent exciton density. Next,
we recognize the equation above as a Boltzmann transport equation. This
enables us to invoke the relaxation time approximation, sum out the Q-
dependence and make use of the continuity equation (details spelled out in
[97] ) and find an equation of motion for the interlayer exciton density reading

on(r,t) = DV?n(r,t) + umV - (AE(n(rt))Vn(r,t)) — n(r.t) . (4.2)

T

34



CHAPTER 4. ANOMALOUS INTERLAYER EXCITON TRANSPORT

where we introduced the diffusion coefficient D = ﬁ ZQ(UQ)QTQNQQCI,

dependent on the scattering tim 7q, and the exciton mobility p,, = kBLT
following the Einstein relation. We also phenomenologically took into ac-
count the decay of interlayer excitons by including a term proportional to
1/7, T being the exciton life time. Finally, a now spatially dependent AFE (Eq.

(3.14) with n, — n(r,t)) due to exciton-exciton interactions and screening

appears in Eq. (4.2).

Eq. is commonly referred to as a drift-diffusion equation [99], with
the first term describing the free propagation of excitons and the second
term denoting the Coulomb-induced drift term. In particular, we note that
exciton-exciton interactions contribute to a drift force at elevated densities
of electrons and holes. A numerical evaluation of gives us access to
the space- and time-dependent exciton density and allows us to investigate
the impact of exciton-exciton interactions on non-linear exciton transport
further.

In Fig. we present the spatiotemporal dynamics of interlayer excitons in
an exemplary hBN-encapsulated MoSey,-hBN-WSe, heterotrilayer. We ini-
tialize the exciton density as a Gaussian distribution, such that n(z,y) =
nzexp(—(z? + y?)/o2) with the initial peak density n, = 5-10'? cm™2 and
variance (laser spot size) o2 = 1 um?. As time progresses the initial distribu-
tion develops into a super-Gaussian as shown in Fig. {4.1j(a)-(b). Including
only diffusion, i.e. the first term in , we note that the Gaussian shape is
retained and the variance of the distribution varies linearly with time (Fig.
(c)), as is expected from Fick’s second law [98]. However, including
also exciton-exciton interactions, we deduce that the exciton transport be-
comes highly non-linear - a hallmark of anomalous diffusion. As the repulsive
exciton-exciton interactions is reduced by exchange interactions (as a con-
sequence of its net attractive nature for interlayer excitons, cf. Eq. )
and exciton screening, the anomalous diffusion becomes less enhanced when
including all Coulomb-induced contributions to the drift term. Finally, we
note that the non-linear character of the interlayer exciton transport can be
crucially tuned by changing the (initial) electron-hole density n,. As shown

!The scattering time can be microscopically calculated using an interlayer analogue
for the exciton-phonon scattering rates for transition-metal dichalcogenides monolayers.
However, in this study we take the interlayer diffusion coefficient from experimental mea-
surements recently performed by Kis et al. [36]
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in Paper 111, electron-hole densities n, > 10'2 cm~2 are needed in order for
Coulomb-induced drift to dominate over purely diffusive propagation.

(b)

[ === Conventional diffusion

NE 4 e +Dipole-dipole
+Exchange

[ m— {-screening

0 1 2 3 4 5
Time (ns)

Figure 4.1: Exciton transport in MoSea-hBN-WSes heterotrilayers. (a) Time evo-
lution of exciton density n(x,y,t), assuming a Gaussian distribution at ¢ = 0.
(b) Time-dependent variances (width of exciton density distribution), separating
contributions from diffusion (blue) and different drift terms. Note that the contri-
butions are consequtively added up. Figure adapted from Paper III.
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4.2 Experimental control of interlayer exci-
ton transport

As noted already in the previous chapter, the dominating dipole repulsion
between interlayer excitons is directly proportional to the spatial separation
between the electron and hole forming the interlayer exciton. This implies
that the exciton-exciton interaction is highly tunable with layer separation
and the interaction strength in van der Waals heterostructures can be ex-
perimentally controlled simply by including dielectric spacers between the
stacked TMD monolayers. Note that we already have been considering a
heterotrilayer in the transport study above, with a hBN spacer acting as
a dielectrid?] between molybdenum- and tungsten-layers. In Fig. [4.2] we
show the time-dependent effective diffusion coefficient given by the slopd|
of the variance, i.e. Deg(t) = i%af for different number of hBN spacers
between the TMD layers. For small times ¢ we note that the obtained effec-
tive diffusion coefficient can differ more than an order of magnitude from the
low density diffusion coefficient D (indicated with an orange dashed line).
This reflects the overall faster propagation of interlayer excitons at elevated
electron-hole densities and the importance of the interlayer exciton drift (cf.
Eq. (£.2)). In particular, by increasing the number of hBN spacers between
the layers, anomalous diffusion is enhanced as a consequence of increased
dipole moments of interlayer excitons with layer separation (cf. the inset in
Fig. . Intriguingly, we also find that the exchange interactions become
more attractive as the number of hBN spacers increases, counteracting the
repulsive dipole-dipole interaction. This can be explained by the interplay
of electron-hole and electron-electron/hole-hole Coulomb interaction enter-
ing the exchange interaction (Eq. (3.15)), with the former being strongly
suppressed when separating the charge constituents of the interlayer exciton
further. As time progresses, excitons drift away from the initial laser spot
and exciton density drops, and eventually conventional diffusion starts to
dominate over Coulomb-induced drift, causing the effective diffusion coeffi-

2The inclusion of a hBN spacer between the TMD layers does not only enhance the
dipole moment of interlayer excitons, but also suppresses the impact of moiré potentials
which may trap excitons and affect their transport properties [71], [100].

3In the low density regime, where diffusion dominates over repulsive exciton-exciton
interactions, Eq. can be solved analytically and the time-dependent two-dimensional
variance is given by o7 = 4Dt + 03.
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cient to coincide with the low density diffusion coefficient D = 0.15 cm?/s at
t — oo. By tuning the layer separation between TMD layers we have hence
shown how the non-linear character of the interlayer exciton transport can
be experimentally controlled. In Paper III, we also display the importance
of dielectric environment, i.e. the surrounding substrate of heterostructure,
as well as the size of laser spot size when it comes to exciton diffusion. Al-
together, the obtained insights are highly relevant for the development of
exciton-based devices. This study paves the way for investigating exciton
transport in more exotic systems such as twisted moiré materials, in which
exciton states are known to be strongly hybridised and as such can be viewed
as a combination of intra- and interlayer exciton states [I01]. This is particu-
larly interesting in the context of repulsive dipole-dipole interactions, as the
size of hybrid out-of-plane dipole moments is expected to be highly dependent
on the degree of hybridisation [102]. Moreover, the strong moiré potentials in
twisted heterostructures enables trapping of excitons, which crucially could
affect their transport properties [71].

6 —Exchange ' ' 11
——Dipole-dipole
Total

~

[NV}

Figure 4.2: Time-dependent effective diffusion coefficient for different number of
hBN spacers. The inset illustrates the dependence of the interlayer separation,
R = ndpypn on the exciton-exciton interaction, revealing a net increase of the
interaction with layer separation. Figure taken from Paper III.
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CHAPTER b

AUGER RECOMBINATION AND
EXCITON-EXCITON ANNIHILATION

In this chapter, based on Paper II, we will be concerned with a particularly
important process when it comes to the efficiency of optoelectronic applica-
tions, referred to as exciton-exciton annihilation. Exciton-exciton annihila-
tion (EEA) is a non-radiative scattering process in which two excitons anni-
hilate each other and form a higher-energetic exciton (HX) as schematically
illustrated in Fig. (a). As the name suggests, this process constitutes
a particular type of exciton-exciton scattering. However, in contrast to the
scattering processes considered in Chapter 3 and in Paper I, we here consider
so-called Auger scattering processes involving three carriers.

Traditionally, Auger scattering or Auger recombination has known to be ex-
tremely efficient in e.g. graphene [103], through which an electron in the
conduction band recombines with a hole in the valence band and another
electron is excited further up in the conduction band. However, in the case
of transition-metal dichalcogenides there are additional scattering channels
available. In particular, considering tungsten-based monolayers which have a
dark excitonic ground state (cf. Fig. [104], we may distinguish between
intravalley Auger recombination processes (I) and intervalley processes (II
and III), cf. Fig. 5.1j(b). Furthermore, due to the energetic separation of
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CHAPTER 5. AUGER RECOMBINATION AND EXCITON-EXCITON ANNIHILATION

conduction bands and the fact that the conduction and valence bands exhibit
a parabolic dispersion around the high-symmetry points in these particular
materials it turns out that Auger recombination processes involving two dif-
ferent conduction bandsﬂ [107], as shown in Fig. , are possible and, as we
show in Paper II, highly efficient.

In the following, we will briefly summarize the findings in Paper II by intro-
ducing the theoretical framework for exciton-exciton annihilation and use it
to evaluate the exciton-exciton annihilation rate or Auger coefficient, which is
an experimentally accessible quantity. The microscopic and material-specific
theory we present in this chapter has been supported and successfully con-
firmed by time-resolved photoluminescence measurements carried out by the
group of Alexey Chernikov (TU Dresden/University of Regensburg).

() r A K K’ r

)
O
)
)

K
I11

K’

Figure 5.1: Schematic illustration of exciton-exciton annihilation processes in
monolayer WSez. (a) The annihilation of two A excitons (purple) gives rise to
a higher-lying HX exciton (green). (b) We distinguish between three different
Auger scattering processes: intravalley processes (I, blue) between KK excitons
resulting in a final higher-lying KK exciton state, intervalley processes involving
scattering between KA (II, yellow) or KK’ (III, orange) excitons where the final
state is a KI' exciton. Figure is taken from Ref. [I08] (Paper II).

ntriguingly, the higher-lying conduction bands which make the scattering processes
most resonant are negatively curved. This puts a constraint on the reduced exciton mass
to be positive and for the final exciton state to be bound such that |m.| > |ms|. Luckily,
this condition holds for our final states, and the existence of higher-lying exciton states
has recently been established in monolayer and bilayer WSey experimentally through up-
converted photoluminescence measurements [105, [106].
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5.1 Excitonic Auger Hamiltonian

Quantitatively, we address exciton-exciton annihilation in TMD monolayers
by starting off from a purely electronic Hamiltonian:

_ €1628384 1T T
HAug = Z Well,qZ 3 4C€1 k1+q/U§2»k2 qC§37kQC§47kl + h.c. (51)
ki,k2,9,61,£2,€3,84

Here, Wflqu“ is the electronic Auger matrix element determining the proba-
bility of scattering between different conduction bands ¢!) and valence bands
v in valleys &;...&4 with a momentum transfer q. In this matrix element, the
screened interband Coulomb interaction crucially enters, which in par-
ticular depends on the optical matrix element, M, determining the transition
probability of scattering between conduction and valence bands. As the opti-
cal matrix element depends strongly on electronic wave function overlaps, it
has been extracted from ab-initio calculations, performed by Roland Gillen,

Friedrich-Alexander Universitat, Erlangen-Nuremberg.

We will now proceed to find the excitonic analogue of . In this work,
this is done by performing the three following steps (by perfect analogy
with the procedure of finding the mean-field exciton-exciton Hamiltonian
in Section 3.4): i) compute the equation of motion for the microscopic
polarisation using (5.1)), ii) transform the resulting equation to the exci-
ton basis and iii) assume an excitonic Hamiltonian of the form H, ane =
Y rp Q! WQV(S’YN a+q Xr.qX,q, where YT creates a higher-lying exciton
composed by an electron from the higher-lying conduction band ¢ and va-
lence band v and X annihilates two conventional A excitons, cf. Fig. -

The ezcitonic Auger matrix element W§ V(S, is then obtained by demandmg
bosonic commutator relations for the exciton operators, deriving the corre-
sponding equation of motion directly in the exciton picture and comparing
the result with the equation from step ii). Having laid out the procedure in
great detail in the Supplementary Material of Paper II, we will here just note
that the resulting excitonic Auger matrix element, besides being directly de-
pendent on the electronic Auger interaction, also depends on the excitonic
wave function overlaps between HX and A excitons. In summary, we find
the following excitonic Hamiltonian describing exciton-exciton annihilation

1 14
Hx,Aug = 5 Z Wg (3,Y,U» Q+Q'XV7QX97QI + h.C. . (52)
w0, Q,Q’
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Here, we fix the initial exciton states to be v = p = 1s as these states will
be mostly occupied, but allow the final exciton state to be y = 1s,2s,3s. As
shown in Paper II, the excitonic Auger matrix element decays rapidly with
final exciton state due to the shrinking overlap with the initial 1s states, so
it suffices to take into account p < 3s in our calculations.

5.2 Temperature-dependent Auger recombi-
nation rates

Exciton-exciton annihilation can be experimentally addressed by means of
time-resolved photoluminescence measurements and through the exciton-
exciton annihilation rate or Auger coefficient, in the following denoted R4.
In particular, EEA is seen to lead to an effective saturation of exciton den-
sities at high pump powers, and is limiting the efficiency of technologically
relevant devices such as lasers or LEDs [109]. Here, we get microscopic access
to the Auger coefficient by considering the Heisenberg equation of motion for
the initial A exciton density n, = ZVQ N§ reading n, = —R an? which upon
applying the second order Born-Markov approximationﬂ reads

> WEEIPNE QNS o6(Ae) (5.3)
wp,Q,Q’
where Ae expresses energy conservation between initial (A) and final (HX)
exciton states in the scattering process and includes differences in HX and
A exciton center-of-mass dispersions (cf. Eq. ) and single particle
energy separations. As we estimate the appearing A exciton occupations
N} q with Boltzmann distributions, the Auger coefficient becomes explicitly
temperature-dependent.

_27T

Ra=7

We have numerically evaluated the Auger coefficient for the exemplary hBN-
encapsulated WSe, monolayer, revealing a highly non-monotonous depen-
dence with respect to temperature as shown in Fig. [p.2)(a). This temperature

2This approximation is commonly used when treating scattering processes. By applying
the second order Born approximation we keep only terms which are quadratic in the exciton
occupation (and neglect higher-order correlations) and within the Markov approximation
non-linearities caused by quantum memory effects are neglected so that adiabatic solutions
which express energy-conserving scattering processes can be obtained [85].
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Figure 5.2: Temperature-dependent Auger coefficients in hBN-encapsulated mono-
layer WSes. (a) Calculated Auger coefficient separating contributions from intra-
and intervalley processes, revealing the crucial importance of intervalley KA-KA
scattering channels at room temperature. (b) Temperature-dependent Auger coef-
ficients as extracted from time-resolved photoluminescence measurements. Figure
adapted from Ref. [108] (Paper II).

dependence is explained through the interplay of KK’, KA and KK A exci-
ton occupations at different temperatures and reflects well the temperature
dependence of valley-specific densities, ny(T') = > o N4 o(T'), as obtained
by the Boltzmann distribution. In Fig. M(a) we have separated contribu-
tions stemming from intravalley Auger processes (process I in Fig. [5.1] (b))
and intervalley Auger recombination (processes II and III in Fig. |5.1] (b)).
Crucially, we find that the impact of intravalley processes on the EEA is
negligible, reflecting the low occupation of KK excitons at all temperatures.
In contrast, the dark intervalley KA scattering channel is highly efficient.
This is due to two reasons: i) a predominant occupation of KA excitons at
room temperature, being a consequence of the three-fold degeneracy of the
A valley and energetic ordering of bright and dark exciton states in WSes
(Fig. [2.1|(b)) [31], ii) optimal energy separations and resonance conditions
for the scattering to occur (given by Ae in (5.3])). Note that the size of the
excitonic Auger matrix element of the KA channel relative to the KK channel
intriguingly plays a minor role for the scattering efficiency, despite the large
momentum transfer entering and suppressing the KA matrix element.

In Fig. (b) we present the Auger coefficients as extracted from time-
and temperature-resolved photoluminescence measurements conducted by
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the group of Alexey Chernikov (TU Dresden/University of Regensburg). We
find an excellent agreement between theory and experiment - clearly reveal-
ing the impact of dark Auger recombination processes in the exciton-exciton
annihilation in WSey. Hence, intriguingly, this study shows that dark exci-
tons, although not being directly accessible by light, can contribute to the
efficiency of exciton-based devices as efficient Auger recombination rates are
seen to fundamentally lead to a saturation of exciton densities. Overall, our
work provides experimentally and technologically viable pathways to tune
and design inelastic many-body interactions in nanostructured systems.
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CHAPTER 6

CONCLUSION AND OUTLOOK

6.1 Concluding remarks

In this thesis, we have unveiled the fundamental interaction mechanisms be-
tween different types of excitons in transition-metal dichalcogenide monolay-
ers and van der Waals heterostructures. By making use of a fully quantum-
mechanical microscopic approach relying on the exciton density matrix for-
malism we have addressed the importance of exciton-exciton interactions at
elevated electron-hole pair densities in exciton dynamics, optics and trans-
port. Our work is of fundamental as well as technological relevance. We
have developed a microscopic theory for interactions between intra- and in-
terlayer excitons and displayed their completely separate natures: intralayer
excitons exhibit strong exchange interactions stemming from their fermionic
substructure and interlayer excitons can be seen as repelling dipoles due to
the spatial separation of their constituents. Moreover, we have shed light
on the role of exciton-exciton interactions in Auger recombination processes
known to limit the performance of photodetectors and solar cells, and exciton
transport, which is crucial to be able to control when designing exciton-based
transistors or other devices.
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6.2 Outlook

Despite the fact that the first transition-metal dichalcogenide monolayer was
successfully exfoliated only a decade ago, the field of two-dimensional mate-
rials is today dominated by the study of more complex structures including
van der Waals heterostructures or moiré materials. In this thesis, we have
devoted some attention to heterobilayers, but moiré structures are left for
future studies. These novel and exotic structures, which may be formed by
stacking two TMD layers with a relative twist angle with respect to each
other (cf. Fig. , are seen to exhibit extremely intriguing many-body
phenomena such as strongly correlated states and non-trivial topology in-
duced by flat electronic bands. Moreover, as the electronic band structure is
crucially affected by twisting, the excitonic landscape of the heterostructure
changes and intra- and interlayer exciton states become strongly hybridised.
Hybrid excitons, being a combination of intra- and interlayer excitons, also
appear in untwisted structures, and typically in heterostructures with a dark
ground state not covered in thesis. This opens up new horizons for future
studies on exciton-exciton interactions: by tuning the intra- versus interlayer
content of hybrid excitons also the nature of the interexcitonic interactions
could be altered, providing new ways to manipulate optical properties and
exciton transport.

Figure 6.1: Schematic illustration of moiré excitons in the exemplary MoSes-WSes
heterostructure. By twisting the Mo- and W-layers with respect to each other, a
moiré pattern is formed giving rise to a spatially dependent moiré potential, V'(r).
Figure has been adapted from [70].
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