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A B S T R A C T

A new micro-mechanical model for predicting the non-linear elasto-plastic behavior of short fiber reinforced
composites is presented. The model is developed based on a two-step Orientation Averaging method, and is
capable of accommodating a wide variety of micro-structural parameters. In the first step, Finite Element
Analyses are performed on a unit cell (single fiber surrounded by matrix). Then, the unit cell response
is up-scaled by calibrating its response to an elasto-plastic surrogate constitutive model. In a subsequent
second homogenization step, a self-consistent interaction scheme is proposed. The predictive capability of
the resulting two-step homogenization scheme is then evaluated, next to versions that adopt more traditional
averaging schemes (Voigt and Reuss, providing upper and lower bounds, respectively), through comparisons
to experiments and direct numerical simulations of realistic Representative Volume Elements. Results show
that the model gives fairly good predictions. It is emphasized that the model is capable of accommodating any
desired fiber orientation distribution, very large ranges of fiber aspect ratios and fiber volume fractions. Also,
the model is computationally very efficient compared to the RVE computational homogenization approach, and
thus, it could be conveniently used in applications possessing different fiber orientations at different points of
a component.
1. Introduction

Short Fiber Reinforced Composites (SFRCs) possess interesting me-
chanical properties compared to neat matrix materials. Also, SFRC
parts with complicated geometries can be produced via injection mold-
ing [1]. Thus, SFRCs are obtaining rising popularity by different indus-
trial sectors such as car industry. In order to predict the performance
of SFRC parts in extreme cases (such as crash) it is required to know
not only the elastic behavior, but also the plastic response. To do so
accurately and based on actual micro-structural characteristics, using
micro-mechanical models is inevitable [2]. As a result, a large number
of studies have been conducted on this topic, see e.g. [2–6].

Micromechanical modeling approaches of different materials could
be traditionally categorized to two main classes of models: mean-field
and full-field models. Mean-field models assume average strain and
stress in each of the individual phases of a micro-structure. Typically,
explicit analytical relations are obtained for the average response of
the micro-structure. A large number of mean-field models are devel-
oped for different classes of materials, see e.g. [3,7] for SFRCs, [8]
for semi-crystalline polymers, and [9] for an overview of different

∗ Corresponding author at: Department of Physics, University of Gothenburg, Gothenburg, Sweden.
E-mail address: mohsen.mirkhalaf@physics.gu.se (S.M. Mirkhalaf).

methods for unidirectional composites. Mean-field models are typically
developed based on classical mean-field theories such as those by
Eshelby [10], Hashin and Shtrikman [11,12], Hill [13], Budiansky [14],
and Mori–Tanaka [15], among others. An interested reader in mean-
field modeling of SFRCs, is referred to a recent work by Hessman
et al. [16].

Full-field models, contrary to the mean-field models, account for mi-
croscopic fields at different microscopic points. Equilibrium equations
are solved using different numerical techniques such as Finite Element
Method [17–20] or Fast Fourier Transform [21,22]. For full-field anal-
ysis, it is required to generate realistic Representative Volume Elements
(RVEs) which are representative for the material micro-structure. If the
constituents are modeled accurately, this method is very accurate. But
it is not always applicable. First of all, generating realistic numerical
RVEs (which mimic the actual material micro-structure) is in some
cases (e.g. high aspect ratio of fibers and high fiber volume fractions)
very challenging [23–25]. Different authors have developed methods
for generating microstructural samples for SFRCs, see e.g. [23,26–29].
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However, it is still challenging to generate RVEs with variety of arbi-
trary microstructural features. Another challenge of full-field analysis
is the computational cost of this approach, in particular, when coupled
multi-scale FE2 simulations are needed. Hence, it is needed to develop
ther micro-mechanical models to overcome the limitations of this
pproach. For comparisons of different micro-mechanical approaches
nd applications to SFRCs, an interested reader is referred to [30–33].
ore recently, data-driven approaches are also employed for modeling

he mechanical behavior of SFRCs [34,35].
Through the last decades, different studies have been devoted to

eveloping micro-mechanical models to predict inelastic behavior of
FRCs, see e.g. [1,36,37]. Doghri and Tinel [36] developed a mean-field
icro-mechanical model for elasto-plastic behavior of non-uniformly
istributed fiber reinforced materials. Two homogenization steps were
efined in the mean-field approach [36]. First, a Representative Volume
lement is decomposed to so-called pseudo-grains (containing identical
nd aligned inclusions), and each pseudo-grain is homogenized based
n Mori–Tanaka method [15]. In the second step, homogenization is
erformed over all pseudo-grains using a Voigt assumption. The model
as further extended by Kammoun et al. [37] and Kammoun et al. [1]

o incorporate failure and damage.
In this study, a two-step micro-mechanical model based on nu-

erical and analytical homogenization is presented for describing the
lasto-plastic behavior of SFRCs. The model is developed on an Orienta-
ion Averaging platform following the study by Advani and Tucker [38].
he model is an extension of the previous study on the elastic properties
f SFRCs [39] to non-linear elasto-plastic deformation regime. Two
onfigurations, namely global (at the composite level) and local (at
he fibers level) are distinguished. At the local configuration, Unit Cells
UCs) are defined as single fibers surrounded by matrix material. Elasto-
lastic FE calculations are performed on a UC and then the unit cell
esponse is up-scaled by calibrating a surrogate constitutive model against

the FE results. The calibrated surrogate model (representing the UC
behavior) is then, in a second homogenization step, used within the
averaging framework to predict composite behavior. As a complement
to interaction schemes traditionally used in the literature, i.e. Voigt
and Reuss that provide upper and lower bounds, also a self-consistent
assumption is proposed and evaluated in this paper. Obtained numer-
ical results show that the proposed two-step homogenization model
gives fairly good predictions, often in favor of the self-consistent in-
teraction scheme. This implies that using this approach, SFRCs with a
broad range of micro-structural parameters such as high fiber aspect
ratios, high fiber volume fractions, and any desired fiber orientation
distributions can be modeled in an efficient way with an acceptable
accuracy.

The remaining of this paper is structured as follows. Section 2
describes the Orientation Averaging framework which is in fact the
platform of the proposed model. Section 3 explains how strain state
of each UC is obtained as a function of macroscopic strain state, and
considering different global–local interactions, namely Voigt, Reuss and
self-consistent assumptions. Section 4 details the surrogate constitutive
model which will be calibrated based on the FE calculations of a UC,
and will be used to calculate each UC stress in each load increment.
Then, the implementation of the model, in an incremental scheme,
is described in Section 5. In Section 6, first, the suitability of the
proposed UC structure is confirmed through comparisons to unidirec-
tional RVEs. Then, numerical examples are presented, and comparisons
are conducted to experimental results (taken from literature), as well
as direct numerical simulations of realistic RVEs. Finally, Section 7
summarizes the conclusions of this study, and discusses the advantages
of the presented model.

2. Orientation Averaging framework

In this section, the Orientation Averaging framework, which is the
basis of the presented model, is described. First, an RVE is divided
2

(

to UCs (each UC composed of a single fiber surrounded by matrix
material). In this study, and RVE is an aggregate of UCs. A global
configuration with a global coordinate system (at the composite level),
and a local configuration with a local coordinate system (at the UC
level) are considered. A schematic representation of a Unit Cell, and
the two aforementioned configurations are depicted in Fig. 1.

The transformation (rotation) from the global (composite) con-
figuration system to the local (UC) configuration is defined by 𝐑:

𝐞𝐿𝑖 = 𝐑 ⋅ 𝐞𝑖, (1)

where, 𝐞𝑖 and 𝐞𝐿𝑖 indicate the global and local orthonormal base vectors,
espectively. The orientation of a fiber (𝐩) is defined by two angles

(spherical coordinates) [38], as it is shown in Fig. 2. The matrix
representation of the rotation tensor, using 𝜙 and 𝜃, is given by

𝐑 (𝐩) = 𝐑 (𝐩(𝜙, 𝜃)) =
⎡

⎢

⎢

⎣

cos(𝜙) sin(𝜃) − sin(𝜙) − cos(𝜙) cos(𝜃)
sin(𝜙) sin(𝜃) cos(𝜙) − sin(𝜙) cos(𝜃)

cos(𝜃) 0 sin(𝜃)

⎤

⎥

⎥

⎦

. (2)

This rotation tensor is obtained by considering the local direction 1 as
he fiber direction. In other words, 𝐞𝐿1 is a unit vector representing the
iber orientation (𝐞𝐿1 = 𝐩). To obtain the rotation tensor, initially, the
lobal configuration is rotated by an angle of −( 𝜋2 − 𝜃) around axis-2.

Secondly, it is rotated by an angle of 𝜙 around axis-3.
In this method, it is needed to first obtain each UC mechanical

response. Different approaches could be used for that purpose (see [9]
for an overview of stiffness and strength predictions). In this study, FE
simulations are conducted to calculate the UC response, and then a sur-
rogate constitutive model is developed and calibrated to replace the FE
calculations. Once the UC stress components at the local configuration
(𝝈𝐿𝑈 ) are known, the UC stress components at the global configuration
(𝝈𝑈 ) are obtained (simply by a coordinate transformation) by

𝝈𝑈 = 𝐑𝑇 (𝐩) ⋅ 𝝈𝐿𝑈 ⋅ 𝐑(𝐩) =
[

𝐑𝑇 (𝐩) ⊗ 𝐑𝑇 (𝐩)
]

∶ 𝝈𝐿𝑈 . (3)

Note that 𝝈𝑈 and 𝝈𝐿𝑈 are both representing the same stress tensor,
only with components at different coordinate systems. The operator ⊗
represents a non-standard open product.1 By weighted integration over
the unit sphere, the volume averaged composite stress becomes:

𝝈𝐶 = ∮

[

𝐑𝑇 (𝐩) ⊗ 𝐑𝑇 (𝐩)
]

∶ 𝝈𝐿𝑈 𝜓(𝐩)d𝐩, (4)

where 𝝈𝐶 are the components of the composite stress in the global
oordinate system, and 𝜓 (𝐩) is the probability distribution function
f orientation [38]. By assuming no rotation of the fibers during
eformation, the rate form of Eq. (4) reads:

̇ 𝐶 = ∮

[

𝐑𝑇 (𝐩) ⊗ 𝐑𝑇 (𝐩)
]

∶ 𝝈̇𝐿𝑈 𝜓(𝐩)d𝐩. (5)

As a result, the incremental stress is obtained as

𝛥𝝈𝐶 = ∮

[

𝐑𝑇 (𝐩) ⊗ 𝐑𝑇 (𝐩)
]

∶ 𝛥𝝈𝐿𝑈 𝜓(𝐩)d𝐩, (6)

where 𝛥𝝈𝐿𝑈 is the incremental UC stress at the local configuration. It
should be emphasized that we are assuming small strains and thus, the
fiber orientations are considered unchanged during the deformation.

3. Strain state of each Unit Cell

To determine the incremental update of the UC stress (𝛥𝝈𝐿𝑈 ), it is
required to obtain strain state of each UC (𝜺𝐿𝑈 ) considering its own
orientation and also the interaction assumption. In this study, three dif-
ferent global–local interactions, namely Voigt, Reuss and self-consistent
assumptions are used. These interactions determine microscopic strain
state (for UCs) considering the macroscopic (composite) strain state.

1 The index notation for the non-standard open product (⊗) is given by
𝐀⊗𝐁) = 𝐴 𝐵 .
𝑖𝑗𝑘𝑙 𝑖𝑘 𝑗𝑙
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Fig. 1. (a): A schematic representation of a Unit Cell and its corresponding local coordinate system, (b): A schematic representation of the global and local coordinate systems at
the composite and UC levels. These coordinate systems are defined for the orientation averaging framework in order to perform the required rotations between the two coordinate
systems.
Fig. 2. Orientation of a fiber can be described using two angles considering spherical
coordinates, as shown by 𝜙 and 𝜃. The fiber orientation distribution function in a
material point is defined using the two angles. The second order rotation tensor (for
each fiber orientation) is then obtained as a function of these two angles.

3.1. Voigt interaction

The Voigt assumption implies that interacting components experi-
ence the same strain at the global configuration:

𝛥𝜺U = 𝛥𝜺C, (7)

where 𝛥𝜺C and 𝛥𝜺U are the incremental composite strain and incre-
ental UC strain at the global configuration, respectively. In order to

btain the local stress of each UC, the local components of the strain
ncrement of each UC are computed as

𝜺𝐿𝑈 = 𝐑(𝐩) ⋅ 𝛥𝜺𝐶 ⋅ 𝐑𝑇 (𝐩) =
[

𝐑(𝐩) ⊗ 𝐑(𝐩)
]

∶ 𝛥𝜺𝐶 . (8)

Note that, 𝜺𝑈 and 𝜺𝐿𝑈 are representing the same tensor, with components
at different configurations (similarly to stress components). The Voigt
assumption gives the upper bound of stiffness predictions.

3.2. Reuss interaction

The Reuss assumption means that all UCs experience the same
stress:

𝝈𝑈 = 𝝈𝐶 . (9)

Thus, the local components of the UC stress are given by

𝛥𝝈𝐿𝑈 = 𝐑(𝐩) ⋅ 𝛥𝝈𝑈 ⋅ 𝐑𝑇 (𝐩) =
[

𝐑(𝐩) ⊗ 𝐑(𝐩)
]

∶ 𝛥𝝈𝑈 . (10)

Once the incremental UC stress components at the local coordinate
𝐿

3

system (𝛥𝝈𝑈 ) is known, it is possible to obtain the incremental local p
components of the UC strain as

𝛥𝜺𝐿𝑈 = (C𝐿𝑈 )
−1 ∶ 𝛥𝝈𝐿𝑈 , (11)

where C𝐿𝑈 is the UC stiffness tensor at the local coordinate system. The
Reuss assumption gives the lower bound of stiffness predictions.

3.3. Self-consistent interaction

With the Voigt and Reuss interactions, the upper and lower bounds
of stiffness are obtained, respectively. Uniform strain (Voigt) and uni-
form stress (Reuss) assumptions are typically strong assumptions which,
in some cases, may lead to unrealistic results. This is partly explained
by the fact that both these interaction schemes neglect to account
for interaction between neighboring fibers. Therefore, a self-consistent
assumption is used to develop an additional interaction rule in which
fiber interaction is implicitly accounted for. Thereby, it will also result
in an intermediate approach between the Voigt and Reuss assumptions.
Using the self-consistent assumption means that each of the unit cells
are embedded in an equivalent homogeneous medium. In other words,
the state of each UC in the aggregate2 is equivalent to the state of
the UC embedded in a matrix with properties equivalent to the whole
aggregate. Using this interaction, the UC incremental strain is obtained
by (see [39] for details):

𝛥𝜺𝑈 =
[

I + E ∶
(

[

C𝑆𝐶𝐶
]−1 ∶ C𝑈 − I

)]−1
∶ 𝛥𝜺𝐶 , (12)

where I is the fourth order identity tensor, E is the fourth order Eshelby
tensor which is a function of stiffness tensor, C𝑆𝐶𝐶 is the composite
stiffness tensor using the self-consistent assumption, and C𝑈 is the UC
stiffness tensor at the global coordinate system. In Eq. (12), it is needed
to have the composite stiffness, which is given by (see [39] for details):

C𝑆𝐶𝐶 = ∮ C𝑈 ∶
[

I + E ∶
(

[

C𝑆𝐶𝐶
]−1 ∶ C𝑈 − I

)]−1
𝜓(𝐩)d𝐩. (13)

One should note that Eq. (13) does not have an explicit solution, and it
has to be solved through an iterative procedure. Mirkhalaf et al. [39]
has chosen a fixed point iterative procedure to calculate the composite
stiffness. The same procedure is followed here. After the composite
stiffness has been obtained, the UC incremental strain is obtained via
Eq. (12), whereafter the local incremental UC strain is obtained as

𝛥𝜺𝐿𝑈 = 𝐑(𝐩) ⋅ 𝛥𝜺𝑈 ⋅ 𝐑𝑇 (𝐩) =
[

𝐑(𝐩) ⊗ 𝐑(𝐩)
]

∶ 𝛥𝜺𝑈 . (14)

2 Aggregate refers to a collection of UCs which constitute a macroscopic
oint.
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4. Surrogate constitutive model

To increase the efficiency of the model, we propose to use a sur-
rogate model as a representative of the UC response. The proposed
approach is to calibrate a surrogate elasto-plastic model against the unit
cell simulation results, and then to use this surrogate model in the ori-
entation averaging procedure. Following this methodology, we will also
have an efficient way of obtaining the material tangent behavior at any
strain state, without a need for large number of UC simulations. In this
study, an elasto-plastic model with a simplified version of transverse
isotropic elastic behavior and a simplified transverse isotropic version
of the Hill yield criterion is used.

4.1. Elastic behavior

The linear elastic stiffness tensor of the material model is given by

Ce
𝑈 = Ce,iso

𝑈 + (𝐶 − 1) (2𝐺 + 𝐿) 𝐀 with Ce,iso
𝑈

= 2𝐺I + 𝐿 (𝐈⊗ 𝐈) and 𝐀 = 𝐩⊗ 𝐩 (15)

where the tensor Ce,iso
𝑈 is the isotropic linear elasticity stiffness tensor,

𝐈 is the second order identity tensor, and the scalars 𝐺 and 𝐿 are
the Lamé parameters. The parameter 𝐶 is an additional scalar which
characterizes the transverse isotropic elasticity (in case of 𝐶 = 1, the
standard isotropic case is recovered). The elastic stiffness tensor in
matrix format, where the Voigt notation is employed, is (when 𝐩 = 𝐞𝐿1 )
given by

Ce
𝑈 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝐶(2𝐺 + 𝐿) 𝐿 𝐿 0 0 0
𝐿 2𝐺 + 𝐿 𝐿 0 0 0
𝐿 𝐿 2𝐺 + 𝐿 0 0 0
0 0 0 𝐺 0 0
0 0 0 0 𝐺 0
0 0 0 0 0 𝐺

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

. (16)

hus, there are 3 parameters to describe the elasticity of the model: 𝐿,
and 𝐶.

.2. Plastic behavior

By following [40] and [41], a mean-stress independent transversely
sotropic formulation of Hill’s yield function can be formulated as

𝑈 (𝐬𝑈 , 𝜀
𝑝
𝑈 ) = (𝐴 + 2𝐵) 𝐈 ∶ 𝐬𝑈 + (5𝐴 + 𝐵 − 2𝐹 )

(

𝐀 ∶ 𝐬𝑈
)2

+ 2 (𝐹 − 𝐴 − 2𝐵)𝐀 ∶ 𝐬2𝑈 − 𝛼
(

𝜀𝑝𝑈
)

, (17)

where 𝐬𝑈 is the UC deviatoric stress. This expression can after some
algebraic manipulations also be expressed as

𝛷𝑈 (𝐬𝑈 , 𝜀
𝑝
𝑈 ) = 𝐬𝑈 ∶ G𝑈 ∶ 𝐬𝑈 − 𝛼

(

𝜀𝑝𝑈
)

(18)

ith the fourth order tensor G𝑈 defined as

𝑈 = (𝐴+2𝐵) I+(5𝐴+𝐵−2𝐹 )𝐀⊗𝐀+(𝐹 −𝐴−2𝐵)
[

𝐈 ⊗ 𝐀 + 𝐀 ⊗ 𝐈
]

,

(19)

where I is the fourth order identity tensor. For the special case that
𝐩 = 𝐞𝐿1 the yield function reads

𝛷𝑈 = 𝐴
[

(

𝜎𝐿𝑈,11 − 𝜎
𝐿
𝑈,22

)2
+
(

𝜎𝐿𝑈,11 − 𝜎
𝐿
𝑈,33

)2
]

+ 𝐵
(

𝜎𝐿𝑈,22 − 𝜎
𝐿
𝑈,33

)2
+(20)

+ 2 (𝐴 + 2𝐵)
(

𝜎𝐿𝑈,23
)2

+ 2𝐹
(

(

𝜎𝐿𝑈,12
)2

+
(

𝜎𝐿𝑈,13
)2

)

− 𝛼
(

𝜀𝑝𝑈
)

rom this we can conclude that 2𝐴 = 1∕(𝜎anisoy )2 where 𝜎anisoy is the
ormal yield stress along the fiber direction. Correspondingly, we can
dentify that 𝐴 + 𝐵 = 1∕(𝜎isoy )2 where 𝜎isoy is the normal yield stress
n the isotropic plane. The parameter 𝐹 can be obtained from a shear
ield stress out of the isotropic plane 2𝐹 = 1∕(𝜏aniso)2. However, it can
4

y

e noted that the shear yield stress in the isotropic plane is determined
rom the relation 2(𝐴 + 2𝐵) = 1∕(𝜏 isoy )2 which shows that 𝜏 isoy is not

an independent parameter. The reason for this is the assumption of
mean-stress independence together with the formulation of Hill’s yield
surface. In this study we will adopt a simplified version for the shear
contributions in (20) by assuming that 𝐹 = 𝐴 + 2𝐵, i.e.

aniso
y = 𝜏 isoy = 1

√

2 (𝐴 + 2𝐵)
=

𝜎anisoy 𝜎isoy
√

4
(

𝜎anisoy

)2
−
(

𝜎isoy
)2

(21)

y this simplification the choice 𝜎anisoy = 𝜎isoy would result in a von Mises
yield function.

The function 𝛼(𝜀𝑝) is the isotropic hardening function, dependent
n the accumulated effective plastic strain. In this study, the isotropic
ardening function is assumed to be given by

(𝜀𝑝𝑈 ) = 1 +𝐻1𝜀
𝑝
𝑈 +𝐻2(𝜀

𝑝
𝑈 )

2 +𝐻3(𝜀
𝑝
𝑈 )

3. (22)

The parameters 𝐻1, 𝐻2 and 𝐻3 are the hardening parameters. As a
result, there are in total 5 material parameters describing the yield and
isotropic hardening of the model: 2 parameters for plasticity: (𝜎isoy and
𝜎anisoy ) and 3 parameters for isotropic hardening: (𝐻1, 𝐻2 and 𝐻3). We
adopt the standard decomposition of the strain into an elastic 𝜺𝑒𝑈 and
a plastic strain 𝜺𝑝𝑈 such that the elasticity relation becomes:

𝝈𝑈 = Ce
𝑈 ∶ 𝜺𝑒𝑈 = 𝝈𝑈 = Ce

𝑈 ∶
(

𝜺𝑈 − 𝜺𝑝𝑈
)

. (23)

Assuming an associative plasticity model, the rate of plastic strain
becomes:

𝜺̇𝑝𝑈 = 𝜆̇𝑈
𝜕𝛷𝑈
𝜕𝝈𝑈

= 2 𝜆̇𝑈G𝜎
𝑈 ∶ 𝝈𝑈 , (24)

where 𝜆̇𝑈 is the plastic multiplier which is obtained from complimen-
tary conditions:

𝜆̇𝑈 ≥ 0, 𝛷𝑈 (𝝈𝑈 ) ≤ 0, 𝜆̇𝑈 𝛷𝑈 (𝝈𝑈 ) = 0. (25)

In Eq. (24), G𝜎
𝑈 was introduced which is defined as

G𝜎
𝑈 = Idev ∶ G𝑈 ∶ Idev with Idev = I − 1

3
𝐈⊗ 𝐈, (26)

such that we can formulate the yield function in the total stress 𝝈𝑈 as
follows:

𝛷𝑈 (𝝈𝑈 , 𝜀
𝑝
𝑈 ) = 𝝈𝑈 ∶ G𝜎

𝑈 ∶ 𝝈𝑈 − 𝛼
(

𝜀𝑝𝑈
)

. (27)

.3. Calculating effective plastic strain

Using Eq. (24), the plastic work, defined by 𝝈 ∶ 𝜺̇𝑝, can be re-written
s

𝑈 ∶ 𝜺̇𝑝𝑈 = 𝝈𝑈 ∶ 𝜆̇𝑈
𝜕𝛷𝑈
𝜕𝝈𝑈

= 2 𝜆̇𝑈 𝝈𝑈 ∶ G𝜎
𝑈 ∶ 𝝈𝑈 . (28)

If we introduce the equivalent stress 𝜎𝑈 and plastic strain 𝜀𝑝𝑈 with the
ollowing identity

𝑈 ∶ 𝜺̇𝑝𝑈 = 𝜎𝑈 𝜀̇
𝑝
𝑈 , (29)

here 𝜎𝑈 is the effective stress that we have chosen to be defined by

𝜎𝑈 = 𝜎isoy 𝝈𝑈 ∶ G𝜎
𝑈 ∶ 𝝈𝑈 , (30)

by using Eqs. (28), (29) and (30), we can obtain the rate of accumulated
equivalent plastic strain as

𝜀̇
𝑝
𝑈 =

2 𝜆̇𝑈
iso
. (31)
𝜎y
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Fig. 3. FE mesh of the UC generated for the polyamide/glass SFRC with 10% of
fiber volume fraction and fiber aspect ratio of 24. This UC is generated to obtain
the unidirectional non-linear behavior of the composite.

5. Implementation

In this section, the implementation of the model, described in
Sections 2–4, is explained in an incremental framework. The algo-
rithmic steps include a first optional step of imposing uniaxial stress
at the global configuration. In the second step, the strain state of
each UC is obtained. Finally, the homogenized composite stress is
calculated through orientation averaging of the individual UC stresses.
In this section, we also provide some details on the surrogate model
implementation.

5.1. Imposing uniaxial stress at the global configuration

In this study, a uniaxial stress framework is developed to predict the
deformation behavior of SFRCs. The composite stress and strain tensors,
using the Voigt notation, are given by

𝝈𝐶 = [𝜎C,11 𝜎C,22 𝜎C,33 𝜎C,12 𝜎C,13 𝜎C,23]T, (32)

𝜺𝐶 = [𝜀C,11 𝜀C,22 𝜀C,33 2𝜀C,12 2𝜀C,13 2𝜀C,23]T. (33)

In this study, direction 11 is chosen to be the uniaxial stress direction.
The composite stress and strain are represented by

𝝈𝐶 =
[

𝜎C,I
𝝈C,II

]

, 𝜺𝐶 =
[

𝜀C,I
𝜺C,II

]

, (34)

where 𝜀C,I = 𝜀C,11 (imposed strain component); 𝜺C,II = [𝜀C,22
𝜀C,33 2𝜀C,12 2𝜀C,13 2𝜀C,23]T (unconstrained strain components); 𝜎C,I =
𝜎C,11 (uniaxial stress component); and 𝝈C,II = [𝜎C,22 𝜎C,33 𝜎C,12 𝜎C,13
𝜎C,23]T (null stress components). The relation between stress rate and
strain rate is given by

𝝈̇𝐶 = 𝐂𝐶 𝜺̇𝐶 (35)

where, 𝐂𝐶 is the matrix representation of the elasto-plastic tangent
stiffness of the composite. Then, in an incremental form, we have

𝛥𝝈𝐶 = 𝐂𝐶 𝛥𝜺𝐶 , (36)

with 𝛥𝝈𝐶 = 𝝈𝑛+1𝐶 −𝝈𝑛𝐶 and 𝛥𝜺𝐶 = 𝜺𝑛+1𝐶 −𝜺𝑛𝐶 for a time increment [𝑡𝑛, 𝑡𝑛+1].
In an incremental framework, using Forward-Euler approximation, we
have:

𝝈𝑛+1𝐶 ≈ 𝝈𝑛𝐶 + 𝐂𝑛𝐶
[

𝜺𝑛+1𝐶 − 𝜺𝑛𝐶
]

. (37)

Eq. (37) can be re-written in matrix format as
[

𝛥𝜎C,I
𝛥𝝈C,II

]

≈
[

𝐂C,(I,I) 𝐂C,(I,II)
𝐂C,(II,I) 𝐂C,(II,II)

]𝑛

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝐂𝐶

[

𝛥𝜀C,I
𝛥𝜺C,II

]

. (38)

where,

𝛥𝝈C = 𝝈𝑛+1C − 𝝈𝑛C , 𝛥𝜺C = 𝜺𝑛+1C − 𝜺𝑛C. (39)

Using Eq. (38), the ‘‘II’’ component of the incremental stress is obtained
as

𝛥𝝈C,II ≈ 𝐂𝑛C,(II,I) 𝛥𝜀C,I + 𝐂𝑛C,(II,II) 𝛥𝜀C,II. (40)

Obviously, to obtain an accurate approximation, it is required to have
small load increments. The ‘‘II’’ component of the stress tensor at time
step 𝑡 (𝝈𝑛+1) has to be zero (to fulfill the uniaxial stress condition).
5

𝑛+1 C,II
Thus, using relations (39) and (40) and straightforward algebraic ma-
nipulations, the ‘‘II’’ component of the incremental strain is obtained as

𝛥𝜀C,II ≈
[

𝐂𝑛C,(II,II)
]−1 [

−𝝈𝑛𝐶,𝐼𝐼 − 𝐂𝑛C,(II,I) 𝛥𝜀C,I
]

. (41)

Thus, the whole macroscopic (composite) strain is known (𝛥𝜀C,I im-
posed, and 𝛥𝜺C,II calculated). So far, the macroscopic (composite) strain
state is obtained in an approximate approach for a uniaxial stress state.

5.2. Obtaining the strain state of each UC

Once the macroscopic incremental strain is known, the incremental
strain of each UC is computed considering its orientation, and based on
the interaction assumption.

5.2.1. Voigt assumption
For the Voigt assumption, the incremental UC strain is equal to

the composite incremental strain (𝛥𝜺𝑈 = 𝛥𝜺𝐶 ). Thus, local incremental
strain components of each UC are obtained by

𝛥𝜺𝐿𝑈,𝑖 =
[

𝐐(𝐩𝑖)
]

𝛥𝜺𝐶 , (42)

where
[

𝐐(𝐩𝑖)
]

represents the matrix format of the fourth order tensor
[

𝐑(𝐩𝑖) ⊗ 𝐑(𝐩𝑖)
]

. The subscript 𝑖 represents the index of UCs which
varies from 1 to the number of UCs in an aggregate.

5.2.2. Reuss assumption
With the Reuss assumption, it is assumed that the stress of each

UC at the global configuration is equivalent to the composite stress
(𝛥𝝈𝑈 = 𝛥𝝈𝐶 ). Thus, to have the incremental stress for each UC, we
need to have the incremental stress for the composite which, using
Forward-Euler approximation, is given by

𝛥𝝈𝐶 ≈ 𝐂𝑛𝐶 ∶ 𝛥𝜺𝐶 . (43)

Where the composite tangent stiffness from the previous time step (𝐂𝑛𝐶 )
is used. Now, we have an approximation of the incremental stress for
each UC:

𝛥𝝈𝑈,𝑖 = 𝛥𝝈𝐶 . (44)

This should be rotated to the local configuration to obtain the local
stress state of each UC:

𝛥𝝈𝐿𝑈,𝑖 =
[

𝐐(𝐩𝑖)
]

𝛥𝝈𝑈,𝑖. (45)

Using this approximated local incremental stress together with the tan-
gent stiffness of each UC𝑖 from the previous increment, the incremental
strain (approximated) of each UC is obtained:

𝛥𝜺𝐿𝑈,𝑖 ≈ (𝐂𝐿,𝑛𝑈,𝑖 )
−1 𝛥𝝈𝐿𝑈,𝑖. (46)

5.2.3. Self-consistent assumption
The incremental UC strain, considering the self consistent assump-

tion, is given by

𝛥𝜺𝑈,𝑖 =
[

𝐈 + 𝐄𝑛+1𝑖

(

[

𝐂𝑛+1𝐶
]−1 𝐂𝑛+1𝑈,𝑖 − 𝐈

)]−1
𝛥𝜺𝐶 . (47)

Since the tangent stiffness of the UCs for time step 𝑡𝑛+1 are not yet
known, the corresponding stiffness at time step 𝑡𝑛 (C𝑛𝑈,𝑖) is used instead.

𝛥𝜺𝑈,𝑖 ≈
[

𝐈 + 𝐄𝑛+1𝑖

(

[

𝐂𝑛+1𝐶
]−1 𝐂𝑛𝑈,𝑖 − 𝐈

)]−1
𝛥𝜺𝐶 . (48)

As explained before, the composite stiffness is obtained through a fixed
point iterative procedure (using Eq. (48)). For the first iteration, the
composite stiffness from the previous increment is considered. Now,
the UC incremental strain should be rotated to the local configuration:

𝐿 [ ]
𝛥𝜺𝑈,𝑖 = 𝐐(𝐩𝑖) 𝛥𝜺𝑈,𝑖. (49)
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Fig. 4. FE mesh of the first series of unidirectional samples for the polyamide/glass SFRC: RVE length equal to 2 times fiber length, RVE width and thickness equal to 4 times
fiber diameter, and fiber volume fraction of 10% and fiber aspect ratio of 24. These unidirectional samples are generated to evaluate the validity of the UC non-linear response.
Fig. 5. FE mesh of the second series of unidirectional samples for the polyamide/glass SFRC: RVE length equal to 3 times fiber length, RVE width and thickness equal to 6 times
fiber diameter, and fiber volume fraction of 10% and fiber aspect ratio of 24. These unidirectional composite samples are generated and analyzed for comparison purposes to
confirm the validity of the proposed UC structure.
Fig. 6. Non-linear elasto-plastic stress–strain curves of UD RVEs of the polyamide/glass SFRC with fiber volume fraction of 10% and fiber aspect ratio of 24, subjected to uniaxial
stress loading condition, (a): first series of samples shown in Fig. 4, (b): second series of samples shown in Fig. 5.
Fig. 7. Comparison of the average non-linear elasto-plastic stress–strain curves of UD
RVEs and the UC of the polyamide/glass SFRC with fiber volume fraction of 10% and
fiber aspect ratio of 24, subjected to uniaxial stress loading condition. Dashed line with
triangle symbols: average response of series 1 of RVEs shown in Fig. 4; Dotted line
with circle symbols: average response of series 2 of RVEs shown in Fig. 5.
6

5.3. Computing the homogenized (composite) stress

An incremental strain (𝛥𝜺𝐿𝑈,𝑖) is given for each of the UCs. The elastic
trial stress at time 𝑡𝑛+1 is obtained by

𝝈𝐿,𝑛+1𝑈,𝑖 = 𝝈𝐿,𝑛𝑈,𝑖 + 𝐂𝑒𝑈𝛥𝜺
𝐿
𝑈,𝑖. (50)

Then, the yield function (Eq. (20)) is evaluated. If 𝛷𝑈 < 0 then, stress
at 𝑡𝑛+1 is the calculated trial stress (Eq. (50)) and 𝜀𝑝,𝑛+1𝑈 = 𝜀𝑝,𝑛𝑈 . On the
other hand, if 𝛷𝑈 ≥ 0, then we solve Eqs. (23) and (24) together with
𝛷𝑈 = 0 as

𝐑 =
[

𝐑𝜎
𝛷𝑈

]

=

[

𝝈𝑈 − 𝝈𝑛𝑈 − 𝐂e
𝑈

(

𝛥𝜺𝐿𝑈,𝑖 − 2𝛥𝜆𝑈𝐆𝜎
𝑈 𝝈𝑈

)

𝝈𝑈 𝐆𝜎
𝑈 𝝈𝑈 − 𝛼

(

𝜀𝑝𝑈
)

]

, 𝐗 =
[

𝝈𝑈
𝛥𝜆𝑈

]

,

(51)

where 𝛥𝜆𝑈 = 𝜆𝑛+1𝑈 −𝜆𝑛𝑈 and 𝜀𝑝𝑈 = 𝜀𝑝,𝑛𝑈 +2𝛥𝜆𝑈∕𝜎isoy . This equation system
is solved using the Newton–Raphson procedure in standard fashion.
Once the stresses of all the UCs are calculated, they are rotated back to
the global configuration:

𝝈𝑛+1𝑈,𝑖 =
[

𝐐𝑇 (𝐩𝑖)
]

𝝈𝐿,𝑛+1𝑈,𝑖 , (52)

where
[

𝐐𝑇 (𝐩𝑖)
]

is the matrix representation of fourth order tensor
[

𝐑𝑇 (𝐩 ) ⊗ 𝐑𝑇 (𝐩 )
]

. The composite homogenized stress is obtained by
𝑖 𝑖
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Fig. 8. (a): Planar and preferentially oriented distribution of fibers of the polyamide/glass SFRC reproduced after [37]. The preferential planar orientation gives rise to an
anisotropic response, (b): Schematic representation of samples cut form an injection molded plate with different angles with respect to the Injection Flow Direction (IFD) in order
to observe the anisotropic behavior resulted from the preferential fiber orientation distribution.
Fig. 9. Unit Cell finite element results (symbols) and predictions of the surrogate model (solid line) using the calibrated material properties for the polyamide/glass composite
with fiber volume fraction of 10%, under different loading conditions: (a),(b): uniaxial strain in the longitudinal direction; (c),(d),(e): uniaxial strain in the transverse direction;
(f),(g): shear loads.
𝝈𝑛+1𝐶 = 1
𝑁𝑓

𝑁𝑓
∑

𝑖=1
𝝈𝑛+1𝑈,𝑖 . (53)

6. Results and discussion

In this paper, non-linear elasto-plastic stress–strain curves are ob-
tained for two different SFRCs using the proposed model. Micro-
structural characteristics of these composites are given in Table 1. For
each of the SFRCs, initially, FE simulations are conducted on UCs, and
then the surrogate model is calibrated using the UC Finite Element
results.
7

Table 1
Micro-structural characteristics of SFRCs analyzed in this study.

Matrix Polyamide Polypropylene

Fibers Glass Flax
Fiber volume fraction 10% 13%
Fiber aspect ratio 24 75
Fiber length 240 μm 1200 μm
Fiber diameter 10 μm 16 μm
Orientation distribution Preferential planar/3D random 3D random
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Fig. 10. Comparison of the non-linear elasto-plastic stress–strain curves obtained using the orientation averaging method and considering different number of UCs for the
polyamide/glass SFRC at 𝜃 = 0◦ and using the Voigt interaction. It is obviously seen that the predictions of the orientation averaging method have no considerable dependency on
the number of UCs for this SFRC.
Fig. 11. The geometry of the analyzed micro-structural sample (for the polyamide/glass SFRC) and its spatial discretization. The length and width of the sample is equal to
720 μm which is three times the fiber length. The thickness of the sample is 20 μm which is two times the fiber diameter. The mesh includes 627,904 finite elements.
For calibrating the material properties of the surrogate model, an
optimization algorithm is developed using Matlab optimization tool-
box. The calibration process is performed in two steps: first, using
the initial parts of FE stress–strain curves, the elastic properties are
calibrated, and then, using the rest of the stress–strain curves, the yield
and hardening parameters are optimized (while keeping the elastic
properties unchanged).

Once the material properties are obtained, the proposed model is
used to obtain the composite stress–strain curves. Before modeling of
the SFRCs, an evaluation of the UC structure and its validity for the
proposed model is performed.

6.1. Investigating the UC validity

Regarding the geometrical aspects of the UC, the same distance is
considered from the fiber to all sides of the UC. Then, considering
the fiber dimensions and with respect to fiber volume fraction, the
UC dimensions are obtained. To check the validity of the proposed
UC structure, analyses are performed on unidirectional samples and
the results are compared to the UC response. Two different set of UD
RVEs are generated and analyzed for a polyamide/glass SFRC studied
by Kammoun et al. [37]. In the first set, the RVE length was set 2
times the fiber length, and the RVE width and thickness to 4 times
fiber diameter. In the second set, the RVE length was chosen as 3 times
the fiber length, and the RVE width and thickness as 6 times the fiber
diameter. Fiber Volume fraction of 10% is considered. The FE mesh of
the analyzed UC and two RVE sets are shown in Figs. 3–5.
8

The RVE generations and analyses are performed using Digimat-
FE [42], and under periodic boundary conditions. Uniaxial stress load-
ing in the fiber directions is imposed. The obtained stress–strain curves
are shown in Fig. 6. A comparison between the UC response and the av-
erage response of the unidirectional samples is shown in Fig. 7. A good
correlation is seen between the response of the UC and unidirectional
samples, and thus, it is reasonable to use the UC response within the
OA modeling approach for the studied SFRC.

Remark 1. For the analyzed case, the proposed UC structure has
shown to be a good representative for the unidirectional behavior (see
Fig. 7). Nevertheless, it is advisable to analyze a UD RVE for a generic
SFRC with arbitrary matrix and fiber constitutive properties and fiber
geometries, to make sure about the representativeness of the obtained
results

6.2. A polyamide/glass SFRC

Elasto-plastic response of an SFRC made from Polyamide 6.6 (PA
6.6) matrix reinforced with 𝑉𝑓 = 10% of short glass fibers is obtained.
The fiber length and diameter are 𝑙𝑓 = 240 μm and 𝑑𝑓 = 10 μm which
result in an aspect ratio of 𝜆 = 24. Fibers have a planar distribution
with a preferred direction which is caused by the injection molding
fabrication process. Fig. 8(a) shows the preferentially planar orientation
distribution of fibers in the composite. Kammoun et al. [37] cut samples
from the injection molded plate with different angles with respect to the
Injection Flow Direction (IFD). This is schematically shown in Fig. 8(b).
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Fig. 12. Comparison of the non-linear elasto-plastic stress–strain curves of the polyamide/glass SFRC, with fiber volume fraction of 10%, obtained using the orientation averaging
ethod, RVE finite element simulations, and mean-field homogenization. Different cutting angles (𝜃 = 0◦ , 30◦ , 60◦ , 90◦) with respect to the injection flow direction is considered.

This means that for each angle (other than 𝜃 = 0◦) the orientation distribution has been rotated by the corresponding angle. The anisotropic behavior due to the preferential
orientation distribution is observed in the stress–strain curves at different angles.
Table 2
Constitutive properties of the matrix and reinforcements of the polypropylene/flax SFRC.
Parameter Fibers Matrix

𝐸𝑓 (GPa) 𝜈𝑓 (-) 𝐸𝑚 (GPa) 𝜈𝑚 (-) 𝜎𝑦 (MPa) k (MPa) 𝑅∞ (MPa) m (-)

Value 76 0.22 3.1 0.35 25 150 20 325
t
t
t
p
t

U
t
2
r
o

Glass fibers are elastic, and the matrix material obeys J2 plasticity,
with isotropic linear–exponential hardening:

𝑅(𝜀𝑝) = 𝑘𝜀𝑝 + 𝑅∞
[

1 − exp(−𝑚𝜀𝑝)
]

, (54)

where 𝜀𝑝 is accumulated plastic strain, 𝐾, 𝑅∞ and 𝑚 are material pa-
ameters. The yield stress if the matrix is not provided (as confidential
ata) by the reference authors [37]. Also, the hardening parameters are
iven as functions of the yield stress value: 𝑘 = 6𝜎𝑦 and 𝑅∞ = 0.8𝜎𝑦. We
ssumed a yield stress of 𝜎𝑦 = 25 MPa for the matrix, and obtained the
ardening parameters accordingly. The constitutive properties for both
onstituents are summarized in Table 2. To obtain the UC behavior,
our loading cases are applied: unaxial strain in the fiber direction,
niaxial strain in the transverse direction, and two shear cases. Then,
9

0

he optimization algorithm is used, together with the surrogate model,
o obtain the UC constitutive properties. The UC Finite Element results
ogether with the predictions of the surrogate model (with calibrated
roperties) are shown in Fig. 9. The UC fitted material properties (for
he surrogate model) are given in Table 3.

To conduct the OA simulations, it is required to know how many
Cs are needed to have a representative aggregate. To do so, simula-

ions are conducted with different number of UCs, namely 508, 1010,
010 and 4032 (for 𝜃 = 0◦, and with Voigt assumption). The obtained
esults are shown in Fig. 10. No noticeable dependency on the number
f UCs is observed for this composite.

Simulations are conducted for four different angles, namely 𝜃 =
◦ ◦ ◦ ◦
, 30 , 60 and 90 (specimen cut angles with respect to the injection
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Table 3
Quantified material properties for the polyamide/glass composite.
Parameter 𝐸 (GPa) 𝜈 (−) 𝐶 (−) 𝜎𝑦0 (MPa) 𝑅𝜎 (−) 𝐻1 (−) 𝐻2 (−) 𝐻3 (−)

Value 3.856 0.335 1.937 33.032 6.525 493.521 14.996 10.067
Table 4
Constitutive properties of the matrix and reinforcements of the polypropylene/flax SFRC
[44].

Parameter Fibers Matrix

𝐸𝑓 (GPa) 𝜈𝑓 (-) 𝐸𝑚 (GPa) 𝜈𝑚 (-) 𝜎0 (MPa) a (-) n (-)

Value 69 0.15 1.6 0.4 16 0.235 5.44

flow direction). Also, Finite Element simulations were conducted on a
micro-structural sample using Digimat-FE. The geometry of the sample
and its spatial discretization are shown in Fig. 11. To generate the
micro-structural sample, first, the fiber orientation tensor was calcu-
lated from the orientation distribution function. The obtained second
order orientation tensor was then used for creating a sample. The
length and width of the micro-structural sample was set to 3 times
the fiber length (720 μm), and the thickness to 2 times the fiber
iameter (20 μm). A number of samples were generated to obtain one

which had an acceptable fiber orientation distribution. The sample
was spatially discretized with 627904 finite elements, and periodic
boundary conditions were imposed on the boundaries. Also, mean-
field Mori–Tanaka simulations were conducted using Digimat-MF for
comparison purposes. The obtained stress–strain curves using the OA
method (all interactions), RVE computational homogenization, and
mean-field homogenization are shown in Fig. 12. It is seen that the
effect of orientation distribution and interaction assumption is captured
in the OA simulations. Also, similar trends as in the RVE results are
observed in the OA simulations. In comparison to mean-field results,
the predictions of the OA method have a better agreement with the RVE
simulations. However, using these results, drawing solid conclusions
regarding the interactions and their suitability is not possible, due to
the followings:
(I) The orientation distribution tensor from the micro-structural sample
was not exactly the input (desired) orientation tensor (obtained from
orientation distribution function), but still the best achieved by the
authors;
(II) No statistical analyses were performed to obtain the RVE size (see
e.g. [43]). This was not only because reaching desired orientation
distribution was found to be very difficult, but also because simu-
lating bigger samples (than the analyzed one) was found to be very
challenging (with the used package).

6.3. A Polypropylene/flax SFRC

In this section, an SFRC, made from a polypropylene reinforced with
13% (volume fraction) of short flax fibers, is modeled. Fibers have a
length of 𝑙𝑓 = 1200 μm, and a diameter of 𝑑𝑓 = 16 μm which lead
to an aspect ratio of 𝜆 = 75, and they are randomly distributed. The

atrix is modeled as an elasto-plastic material using the Ramberg–
sgood model, and the fibers are considered elastic. In a uniaxial

oading condition, stress and strain are related by [44]:

= 𝜎
𝐸

(

1 + 𝑎
(

𝜎
𝜎0

)𝑛−1
)

, (55)

where, 𝐸 is the Young’s modulus and 𝑎, 𝜎0 and 𝑛 are the model
parameters.Table 4 gives the material properties for the matrix and
reinforcements [44].

Similarly to the SFRC in the previous section, the UC was subjected
to four loading cases, and FE results were obtained under periodic
boundary conditions. The FE results were used to calibrate the material
parameters for the surrogate model, given in Table 5.
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Fig. 13. Comparison of the non-linear elasto-plastic stress–strain curves obtained using
the orientation averaging method and considering different number of UCs for the
Polypropylene/flax SFRC with 13% of fiber volume fraction, and using the Voigt
interaction. Based on this comparison, 5000 UCs is considered as a representative
number for the OA simulations of this bio-composite.

Fig. 14. Non-linear elasto–plastic stress–strain curves obtained for the polypropy-
lene/flax bio-composite with 13% of fiber volume fraction using the orientation
averaging method and different interactions, namely Voigt, Reuss and self-consistent
assumptions, together with experimental results taken from [44].

In order to find out the number of required UCs for the analysis of
this SFRC, a sensitivity analysis is performed. The stress–strain curves
obtained using the Voigt interaction is shown in Fig. 13. It is found
out that 5000 UCs is a representative number for simulations of this
composite.

The obtained results using the developed model are compared to ex-
perimental results, taken from [44]. The experimental results are shown
by the average of the stress–strain curves with error bars representing
the bounds of standard deviation. It is seen in Fig. 14 that the model
provides a reasonable prediction of the stress–strain curve, particularly
with the self-consistent interaction.
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Fig. 15. The geometry of the analyzed micro-structural sample (for the virtual random 3D polyamide/glass SFRC) and its spatial discretization. The dimensions of the microstructural
sample are considered equivalent to the fiber length (240 μm × 240 μm × 240 μm). The mesh includes 664,816 finite elements.
Table 5
Quantified material properties for the polypropylene/flax composite.
Parameter 𝐸 (GPa) 𝜈 (−) 𝐶 (−) 𝜎𝑦0 (MPa) 𝑅𝜎 (−) 𝐻1 (−) 𝐻2 (−) 𝐻3 (−)

Value 1.989 0.389 2.769 19.984 47.739 131.161 11.965 10.036
Remark 2. It is well-understood that the properties of a compos-
ite material is affected by the matrix–fiber interfacial properties (see
e.g. [45,46]). Different approaches are used for modeling the interface
properties. For a review of different analytical models to study fiber
pull-out behavior to characterize matrix–fiber adhesion, an interested
reader is referred to [47]. The classical shear lag theory, proposed by
Cox [48], has been widely used for modeling interface debonding in
composite materials (see e.g. [49–51]). In this study, we considered
a perfect bonding between the matrix and fibers. In principal, it is
possible to consider matrix–fiber debonding using a cohesive zone
interface in the FE simulations. However, it is then most probably
required to extend the surrogate model (described in Section 4) so
that this damage mechanism is properly captured by the model. Thus,
for SFRCs with rather weak interface properties, such as natural fiber
composites (see e.g. [52,53]), the current model should be used with
care.

From Fig. 14, it is seen that in the non-linear regime, even the self-
consistent interaction slightly overestimates the experimental results.
This suggests that the assumption of matrix–fiber perfect bonding is
probably not completely realistic.

A few efforts were also given to perform computational homoge-
nization on realistic RVEs, and compare the results to the OA model
predictions. The authors did not manage to generate RVEs, due to high
aspect ratio of fibers and their random 3D distribution.

6.4. A virtual Polyamide/glass SFRC

To make a direct comparison of the computational efficiency of the
model with computational homogenization, a virtual material is gener-
ated using the constituents and their mechanical properties (polyamide
and glass) of the SFRC described in Section 6.2. A random 3D fiber
orientation distribution is considered.

The geometry of the analyzed microstructural sample (in the case
of computational homogenization) and its spatial discretization are
shown in Fig. 15. The dimensions of the microstructural sample are
240 μm × 240 μm × 240 μm which is equivalent to the fiber length.
The sample is spatially discretized with 664,816 finite elements, and
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Fig. 16. Contour plot of the equivalent von Mises stress in the fibers of the virtual
random 3D polyamide/glass SFRC subjected to uniaxial stress loading condition. Only
fibers are shown in the contour plot since the load in mainly carried by the fibers.

periodic boundary conditions are considered.3 A uniaxial stress state
is imposed with a macroscopic strain of 3%, and the simulation took
17,684 s.

The contour plot of equivalent von Mises stress in the fibers is shown
in Fig. 16.

For the orientation averaging simulations, first, a sensitivity anal-
ysis is conducted to make sure about the required number of UCs.
Simulations are performed using 500, 1000, 2000, and 4000 UCs and
using the self-consistent interaction. Fig. 17 shows the obtained stress–
strain curves where no considerable dependency on the number of UCs

3 The authors tried to analyze bigger samples as well, but no successful
execution of the problem is achieved with the used package and a personal
computer.
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Fig. 17. Comparison of the non-linear elasto-plastic stress–strain curves obtained for
he virtual polyamide/glass SFRC using the orientation averaging method with the
elf-consistent interaction, and considering different number of UCs. It is seen that the
A method has no considerable dependency on the number of UCs for this SFRC.

Fig. 18. Non-linear elasto-plastic stress–strain curves obtained for the virtual
olyamide/glass SFRC using the orientation averaging method and different interac-
ions, namely Voigt, Reuss and self-consistent assumptions, together with the results
btained from RVE computational homogenization simulations.

an be observed for this material. Thus, 500 UCs is considered as a
epresentative number for the OA simulations of this material.

The predictions from the orientation averaging based homogeniza-
ion, for all three interactions, together with RVE computational ho-
ogenization results, are shown in Fig. 18. As mentioned before,

nalysis of bigger RVEs (in computational homogenization) proved to
e challenging, and thus, the analyzed microstructural sample may not
e fully representative for the material (see [54–56]). Hence, it is dif-
icult to draw an absolute conclusion from the comparison (orientation
veraging vs RVE computational homogenization) in Fig. 18. Never-
heless, it can be observed that a reasonable agreement is obtained
etween the two approaches.

Furthermore, a very important aspect of the developed model is its
omputational efficiency. Fig. 19 shows a comparison of the calculation
ime using the two different methods. It is seen that the OA method
s much faster than the computational homogenization method, even
ith the self-consistent interaction which is the most computationally
xpensive interaction (among the three interactions).
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Fig. 19. Comparison of the calculation time of the analysis of the 3D random
polyamide/glass SFRC using RVE computational homogenization and the orientation
averaging method with self-consistent, Voigt and Reuss interactions. Remarkably faster
simulations are achieved using the OA method in comparison with the RVE finite
element simulations.

7. Conclusions

In this paper, a micro-mechanical model based on Orientation Av-
eraging was developed to predict non-linear elasto-plastic behavior of
Short Fiber Reinforced Composites. As a micromechanical basis for
the model, the nonlinear mechanical response of a single elastic fiber
surrounded by an elasto-plastic matrix was estimated through Finite
Element Analyses performed on an idealized Unit Cell. To promote
computational speed and flexibility of the model, the unit cell FEA
results were then used to calibrate an elasto-plastic surrogate model to
represent the single fiber–matrix behavior in the subsequent homoge-
nization to macroscale behavior. For the homogenization to macroscale
behavior, a novel incremental orientation averaging procedure, utiliz-
ing the tangent stiffness of the surrogate model, was proposed for which
three alternative interactions were considered, namely Voigt, Reuss and
self-consistent interactions.

A current limitation of the model is the assumption of perfect
bonding between the matrix and the fibers. It is acknowledged that
this restricts the application of the current version of the model to
e.g., natural fiber composites undergoing large deformations, as these
composites suffer from a rather weak fiber–matrix interface. Still, the
authors believe that the modeling approach presented in this study
has several advantages compared to other methods available in the
literature.

First of all, the model is very relevant for computationally efficient
modeling of short fiber reinforced composites produced via e.g., in-
jection molding which possess a varying fiber orientation distribution
in different sections of the final part. Compared to e.g., models based
on computational homogenization, the proposed model has almost no
limitation with respect to fiber aspect ratio, fiber volume fraction and
fiber orientation distribution, among other properties. Thus, it does not
suffer from the challenge of generating realistic RVEs based on actual
material microstructures, as necessary for computational homogeniza-
tion approach, which is not always straightforward. Neither does it
require the same extent of heavy calculations of individual RVEs at
different points.

Furthermore, using FEA at the UC level not only gives accurate
predictions, but also provides the possibility to extend the model in
order to include other micro-structural phenomena such as a varying
fiber length distribution, and the occurrence of matrix–fiber debonding.

In terms of prediction capability, the effects of oriented fiber dis-
tributions (leading to an anisotropic behavior) were captured by the
model, and adequate agreements were obtained when comparing the

model predictions to both RVE analyses and experimental results.
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