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symmetric domain of G in its Harish-Chandra realization in C? = p*. Any choice of a
Harish-Chandra strongly orthogonal root determines a one-dimensional split subgroup
A =R" of G and a Heisenberg parabolic subgroup P = M AN of G. We study the induced
representation I(v) = Ind%(1®e”®1) of G from P. We shall find its complementary series,
the reduction points, explicit realization of certain finite dimensional representations, and
unitarizable subrepresentations.

The representation I(v) can be realized on the L?-space on a homogeneous space K /L
of K,L=MnK,and G/P=K/L = K-eis an orbit of K in C¢, with the Harish-Chandra
root vector e as a base point. The vector e is also realized as a boundary point of the
domain G/K in p* = C? where G is acting as rational maps, and the G-orbit G -e is a
bundle over K/L = K - e with fiber being a bounded symmetric domain of rank r - 1; see
[19]. The orbit K/L is a circle bundle K /L — K /Ly over its projectivization K /Lg. The
space K [Lg itself is a compact Hermitian symmetric space. We can find the irreducible
decomposition of L?(K /L) by using the Cartan-Helgason theorem for line bundles over
K/Ly. We then study the Lie algebra action of g on L?(K/L).

The induced representations I(v) = Ind%(v) from Heisenberg parabolic subgroup
P can be viewed as the counterpart of the representations [ ndg(u) from the Siegel
parabolic subgroup @, both P and @) being maximal parabolic subgroups. The nilpotent
part in P is a Heisenberg nilpotent and non-abelian group whereas it is abelian in @
for tube domains D. The representations [ ndg(u) and their analogues are well studied
and are of considerable interests as they are closely related to the holomorphic discrete
series [23]. The general case of maximal parabolic subgroups with abelian nilradical can
be put in the setup of Koecher’s construction of Lie algebras and the corresponding
induced representations have also been intensively studied; see e.g. [10,17,25,30]. The
analysis is done in [25] by using eigenvalues of intertwining differential operators and
the tensor product structure of induced representations, and in [10,30] by computing
differentiations and recursions of spherical polynomials along a torus in the symmetric
space K/L; in [17] the results for the multiplicity free Sp(p,p)-case are applied to the
Sp(p, q)-case. In our case the nilpotent group N is non-abelian, K /L is not symmetric
and the decomposition of L?(K /L) under K is not immediate, so the methods in [25,17]
seem not possible, and we shall adapt the method in [30]. Now the manifold K/Lg is a
complex manifold and the differentiation involves vector fields in 79 (K /Lg), we have
to develop further the technique in [30]. We consider the differentiation along products of
copies of the projective sphere SU(2)/U(1) in K/Lg and find the differentiation formulas
by considering classical spherical polynomials of SU(2). By using Weyl group symmetry
of spherical functions we find then the required formulas for the Lie algebra actions. This
then determines the complementary series and the composition series.

The study of induced representations from Heisenberg parabolic subgroups can be
put in a rather general context. We give a very brief account of some background and
related works. It is known that in most semisimple Lie groups G there are Heisenberg
parabolic subgroups P, and these groups have been all classified. Howe [7] studied the
induced representations from P from the point of view of minimal representations and
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his notion of ranks of representations. Recently Frahm [3] has studied the intertwining
differential operators for the induced representations in some non-Hermitian Lie groups.
When G = SU(p,q) the induced representations can be realized on a homogeneous cone
in CP*? and they have been studied by Howe-Tan [8] in greater details. In [2] the authors
developed a different method to study principal series representations and it might be
interesting to adapt that method in our setup. The classification of spherical duals of
classical groups has been studied extensively, and composition series of degenerate princi-
pal series are closely related to theta correspondence; see further [1,13,14,16-18,21]. In a
forthcoming paper [4] we shall give a different proof for the results in this paper by using
the non-compact picture of the induced representations and study related intertwining
differential operators.

We mention also briefly some geometric perspectives of the spaces involved. The
compact space K/Ly has an interesting geometry, it is the variety of minimal ratio-
nal tangents in a fixed tangent space V = TO(LO)(D) of the symmetric space D; more
precisely it is the projectivization P(V') of all tangent vectors v € V' with maximal holo-
morphic sectional curvature. It is also the projectivization of the space K/L of minimal
tripotents and plays important role in complex differential geometry; see [9,20]. The
G-orbit G - e above in the boundary of D = G/K is a bundle

G-e=GJ/LAN - G/P=G/MAN =G (e + M/L) = K/L

with typical fiber M /L being the bounded symmetric space of M of rank r — 1 in V}
realized as a holomorphic bundary component e+ M/Lce+VycV of D=G/K cV,
where V' = V5 + V] + V) is the Peirce decomposition of V. The minimal nilpotent orbit of
G in g is the homogeneous space G/M N so that we have K-equivariant fiberations

G/MN - G/MAN = K|L - K/Lg

with fibers being R* and the circle S! respectively, and it is tempting to put the repre-
sentations studied here into some general context of nilpotent orbits.

The paper is organized as follows. In Section 1 we introduce the parabolic subalgebra
m+a+n = m+RE+n and the principal series (I(v),m,). In Section 2 we find the irreducible
decomposition for I(v)|x = L*(K/L) under K. The action of 7,(¢) on I(v) is done in
Section 3 and it is one of our main results. As consequences we find in Section 4 the
complementary series, certain unitarizable subquotients, and also realization of certain
finite dimensional representations of g€ in the induced representations. In Section 5 we
treat the case when g = su(d, 1),sp(r,R) where K/L is the sphere and K/Lg is the com-
plex projective space. We give a simpler proof of the classical result of Johnson-Wallach
[11]. In Appendix A we compute certain recurrence formulas for spherical polynomials
over the complex projective line P!; we need only the leading coefficients in the formulas
which can be easily proved by other methods, but we present the complete formulas as
they might be of independent interests in special functions. The complete lists of the
spaces G/K and K/Lg are given in Appendix B.
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Notation. Hermitian symmetric spaces have rather rich structure and so is the notation.
For the convenience of the reader we list the main symbols used in our paper.

(1) Real Lie algebras will be denoted by g, b, ..., and their complexifications g©, h<, ...
The adjoint action in g€ will be denoted by ad X (Y) = [X,Y], X,Y € g®, and the
adjoint action in G as well as its induced action on g by Adg(h) = ghg™!, g,h € G,
Adg(X)=(Adg)«.(X),X eg.

(2) D =G/K, bounded symmetric domain of D of rank r realized in the Jordan triple
system V = C¢ with Jordan triple product {z,¥,z} = D(z,y)z and Jordan charac-
teristic (a,b) (or root multiplicities); d = + §r(r — 1) + b, the dimension.

(3) g=+t+p, Cartan decomposition, p = {£, = v+ Q(z)v;v € V} as holomorphic vector
fields on D, 2Q(z)v = D(z,v)z.

(4) g€ = p~+¢C +p*, Harish-Chandra decomposition with respect to the center element
Z of ¢, ad(Z)|ps = +1; p* = V.

(5) e=ej, a fixed minimal tripotent, V = V3 + V1 + Vg = Vi(e) + Vi(e) + Vy(e), the Peirce
decomposition with respect to e, and {e,v1,w,v2} a Jordan quadrangle.

(6) {e,e,D(e,e)}, standard sl(2)-triple; Hy =iD(e,e).

(7) £=&.=e+eep,a=RE g=n_s+n_;+m+a+n; +ng, the root space decomposition
of g with respect to a, n = n; + ny, a Heisenberg Lie algebra; pg = 1+ (r —1)a +b,
half sum of positive roots.

(8) M, A, N, the corresponding subgroups with Lie algebra m, a, n, L=MnK ={k €
K;ke = e} ¢ K with Lie algebra [.

(9) € =[¢,¢], the semisimple part of £, and K; c K the corresponding Lie group.

(10) S = K/L = G/P, the manifold of rank one tripotents.

(11) S; = P(S) = K/Ly = K1/L1, the projective space of S, also called the variety of
minimal rational tangents; Lo = {k € K;ke = x(k)e,x(k) € U(1)} the subgroup
of elements of K fixing the line Ce with Lie algebra [y = {X € ¢; Xe = x(X)e,c €
iR}. S1 = K/Lg = K1/L1, compact Hermitian symmetric space of rank two and of
dimension d; = dim¢ V; = (r —1)ay + by, (a1,b1), the Jordan characteristic of Sy;

(12) xi(k) = x(k)!, character on Lo, [ € Z.

(13) t=q+lp, & = g+ [; Cartan decomposition for the symmetric space S; = K/Lg =
Ki/Li; g={D(v,e) — D(e,v),veVi}; Iy = g nty, the semisimple component of €.

(14) €€ = g~ + 1§ +q*, ¢ = ¢ + 1€ + ¢*, the Harish-Chandra decomposition of €€, ¢
for the Hermitian symmetric space K/Ly = K1/L1; q* = {D(v,e);v € V1}; q° =
{D(e,v);v € V1 }; the Jordan triple product on q* = {D(v,e);v € V;} is via the Lie
bracket,

[[D(v,e), D(e,w)], D(u,e)] = D(D(v,w)u,e),
and is isomorphic to the Jordan triple system V; ¢ V; q* is the holomorphic tangent

space of Sy = K/Lo=K;1/L; at Lo € K/Ly.
(15) € =1 +iq, the non-compact dual of €& = [; + q; h;q € iq, Cartan subspace.



G. Zhang / Journal of Functional Analysis 282 (2022) 109399 5

(16) p:= Pes = proa + paag = (p1,p2), p1=1+aj+b1, pa =1+by, half sum of positive
restricted roots of €] with respect to h;.

(17) ®,,, Harish-Chandra spherical function for the symmetric pair (¢],[;) with one-
dimensional character x;, c¢(A,1) = ¢(A, —1), Harish-Chandra c-function for the
symmetric space S1 = K /Lo = K1/L1 with character x;; ¢, spherical polynomial.

1. Preliminaries
We shall use the Jordan triple description of Hermitian symmetric spaces; see [19,28].
1.1. Hermitian symmetric space D = G/K

Let D be an irreducible bounded symmetric domain of rank r in V = C%. Let G
be the group of bi-holomorphic automorphisms of D, and K = {k € G;k0 = 0} the
maximal compact subgroup of G, so that D = G/K. The space V has the structure
of an irreducible Jordan triple system with triple product {x,7,2} = D(x,y)z with the
corresponding End(V,V)-valued quadratic form Q(z), Q(z)7 = %D(x,y)x, where V is
the space V with the conjugated complex structure. Note that in [19] D(z,y) is written
as D(z,7), and to ease notation we write it just as D(x,y) so it is conjugate linear in
y. Let (a,b) be the Jordan characteristic of V, and b =0 when D is a tube domain. The
dimension d =7 + 5r(r - 1) +rb.

Let g = ¢+ p be the Cartan decomposition of g. Realized as holomorphic vector fields
on D, i.e., as V-valued functions on D, the space p is

p={& =v-Q(2)T;ve V}. (1.1)

The adjoint action v — Ad(k)v of k € K as well as € on p coincides with its defining
action on D and will be written just as kv = Ad(k) v, Xv =ad(X)v, ke K, X €t when
no confusion would arise.

Denote Z € ¢ the central element defining the complex structure of p and g€ = p* +
£C +p~ be the Harish-Chandra decomposition, Z| p+ = +1. The space p* is identified with
V via the identification V 5 v = (&, - i&,) ep* and V = {v;v € V} with {-Q(z)v} =p".
The Lie algebra ¢ = ¢; @ RZ, where €; = [£,£] is the semisimple part of £ with trivial
center. Let K7 c K be the corresponding semisimple subgroup of K with Lie algebra £;.

We fix the Euclidean inner product on V' so that a minimal tripotent has norm 1, and
fix the corresponding normalization of the Killing form on g€. All orthogonality in the
Lie algebra g€ below is with respect to the Killing form unless otherwise specified.

1.2. Mazximal parabolic subgroup P = M AN of G and induced representation Indg(u)

We fix in the rest of the paper a minimal tripotent e = e; and denote

ngev HOZiD(e7e)> GZRECP. (12)
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A Harish-Chandra strongly orthogonal root ; for g€ can be chosen so that its co-root
is D(e,e), 71(D(e,e)) = 2. We shall only need ~y; below.
The Peirce decomposition of V = C¢ with respect to the tripotent e is

V=Va+Vi+Vy, V;=Vj(e)={veV;D(e,e)v=jv}, j=0,1,2. (1.3)
Furthermore V5 = Ce is one-dimensional, V; is of dimension dy = dim¢ V; = (r = 1)a + b,

and Vj is a Jordan triple system of rank r -1 and dimension 1+ 3a(r—1)(r-2)+(r-1)b.
The Jordan rank of V; is

2 d,1 R
rank‘/l _ I giﬁu( ? )75p(r7 ) (1.4)
1, g=su(d,1),sp(r,R).

Certain computations have to be done depending on the different cases.

We shall need the description for the root spaces of g under ad(¢) : X - [, X]. A
linear functional v € (a®)* will be identified as v € C,v = v(€).
Lemma 1.1. The root space decomposition of g under a = RE is

g=n_+(m+a)+n, n=n3+ng, n_=n_1+n_o, (1.5)

where Nyo, Ny, and m+ a are the root spaces of & with roots 2, £1,0, respectively. The
subspaces are given by

m=Io{{;veVp}, l=mnt={Xet Xe=0}, (1.6)
ny ={& + (D(e,v) — D(v,e));v e Vi }, (1.7)

and
ng = R(&e — Hop). (1.8)

The half sum of positive roots is
pgi=pg(§) =1+ (r-1)a+b=1+dimc Vi. (1.9)

Proof. The root spaces are described in [19, Lemma 9.14]. The root space n; has real
dimension 2dimg¢ Vi and thus pg=1+dimc Vi =1+ (r-1)a+b. O

The nilpotent algebra n is a Heisenberg Lie algebra. Their appearance in general
semisimple Lie algebras has been classified; see e.g. [3,7].

Let M,A N, L =MnK ={k e K;ke = e}, be the corresponding Lie subgroups and
P = MAN the parabolic group of G.
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The main object of this paper is the induced representation
I(v) =Ind%(v) = IndS(1®e’ ®1) (1.10)
defined as the space of measurable functions on G such that
f(gme'*n) =e ™ f(g),me M,neN,teR,

and f|x € L2(K). Any f € I(v) as function on K is right L-invariant, and thus f|x €
L?*(K/L). The corresponding (g€, K)-representation will also be denoted by I(v). If
v = pg+iX\ A € RyX # 0, then I(v) is a unitary irreducible representation of G on
L*(K/L); see e.g. [12].

2. Decomposition of (L?(K /L), K) and spherical polynomials

We assume throughout Sections 2, 3 and 4 that the Hermitian symmetric domain
D = G/K is irreducible of rank r > 2 and is not the Siegel domain Sp(r,R)/U(n); this
case and the rank one domain SU(d,1)/U(d) will be treated in Section 5.

2.1. The homogeneous space S = G|P = K/[L as circle bundle over compact Hermitian
symmetric space S1 = K[/Lyg=K;1[Ly

The homogeneous space S := G/P = K/L of K can be realized as the manifold of rank
one tripotents in V', S = Ke c V. We shall fix this realization in the rest of the paper
and use the global coordinates on V for .S when needed.

To find the decomposition of L?(K /L) under K we consider the projectivization

S—>81=P(S)={[v] =CveP(V);veS}, v~ [v]

of S in the projective space P(V') of V. Then Sy = K/Lg, where Lo = {k € K; ke € Ce},
and L c Ly is a normal subgroup with Lo/L being the circle group U(1). The natural
map S =K/L - S; =P(S)=K/Lg defines a fibration

S=K/L—S =K/Lg (2.1)

of P(S) with fiber the circle U(1) = Lo/L.

The space S1 = P(S) is a compact Hermitian symmetric space of (non-simple) K.
The complete list of (G,K,Ly), D = G/K, S =G/P = K|/L - S; = K/Lg is given in
Tables 1-2. The space S = K/ Ly is also the variety of minimal rational tangents (VMRT)
[9] of the symmetric space D.

The action of Ly on e defines a character x of Ly, namely

x(k)=c, if ke Ly, ke=ce. (2.2)
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Let Ly = {k € Ky;ke = x(k)e} c Lo, then S; = K/Ly = K1/L1, S = K1/Ln L;. The
fibration (2.1) above becomes a circle bundle S = K/L - Sy = K/Ly = K1/L; for K;-
homogeneous spaces with the fiber U(1) = L1/Ln Ly.

The element exp(wHy), Hy = iD(e,e) € ly, defines a Cartan involution exp(mad Hy)
on £ with the corresponding Cartan decomposition

t= [0 +q
with
q={D(v,e) - D(e,v);v eV} (2.3)

We fix now a complex structure on q and the corresponding Harish-Chandra decom-
position of £€€. As a convention the complex structure for (¢, 1) or (£1,1;) is defined using
an element in [y respectively [;.

Lemma 2.1. Define the K-invariant complex structure on S; = K/Ly by the element
—%HO = —%iD(e,e) €lp, i.e. by X — —%ad(Ho)(X), X € q =T (S51), at the base point
[e] = Ce € S1. The corresponding complex structure for the pair (€1,11) is defined by

—%H{J,
1 1 y r .p
3 ad(Ho)|q =5 ad(HO)|q, Hy=Hy- ZEZ el; cty. (2.4)

The Harish-Chandra decompositions of € and € are

EC:q_+[g+q+, E(lczq_+[(1c+q+ (2.5)
with
T[(el]’o)(Sl) =q*={D(v,e);veV1}, T[(eo]’l) =q ={-D(e,v);veVq}. (2.6)

Proof. For any ¢ € R, ad(X) = ad(c¢Z + X) on ¢ for any X € ¢, since Z is in the center
of £. The semisimple component of X in ¢; is obtained as X — Tbtr ad(X)|p+, d=dim V.
Thus we have (2.4). The Harish-Chandra decomposition is obtained by the commutator
formula in Jordan triples [19],

[D(ua ’U), D(‘T7y)] = D(D(U,’U)[E, y) - D(Ia D(U,U)y) o
Here the complex structure on q is chosen so that
veVicV=p"— D(v,e)eq®

is complex linear so that the complex structures in p and q match in this sense. The Lie
algebra structure in ¢© defines g* as a Jordan triple system, and it is isomorphic to V;.
To avoid confusion we shall keep the notation q*.
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2.2. Cartan subalgebra b;q c iq and the restricted root system for the non-compact
symmetric pair (€,1y) = (Ip +iq,ly)

We construct now a split Cartan subalgebra in iq for the symmetric pair (¢*,[ly) =
(o +4q,lp) and its semisimple part (¢5,1;) = ([y +4q,l1), and find the corresponding
root system. They will be used in the decomposition of L?(K /L) and computation of
Harish-Chandra c-function. We need the notion of a Jordan quadrangle [22, p. 12, p. 16].

An ordered quadruple (ug, u1,us2,us) of minimal tripotents is called Jordan quadran-
gle if the following three conditions are satisfied, for all + modulo 4,

(1) u; and w41 are in each other’s Peirce Vi-space, w; € Vi (wir1), wir1 € Vi(u;);
(2) wu; and w9 are orthogonal as tripotents;

(3) D(wi, wiv1)Uiv2 = Uiys-

Recall that we have assumed in this section that the domain D # IT1,, = Sp(n,R)/U(n),
D+ 1I,, =SU(n,1)/U(n) (the Type IV domain IVs = IIly is also excluded). Then
starting with the fixed minimal tripotent e there are minimal tripotents vi,w, vy such
that (ug,u1,us,us) = (e,v1,w,ve) is a Jordan quadrangle. This is implicitly in [22] where
orthogonal bases (called grids) are constructed for Jordan triple systems, and we provide
brief arguments. The Jordan triple system V is of rank r > 2 so there exists a Jordan
algebra V'’ as a sub-triple of V of rank two with e; + es as identity element, where
e1 = e, eo are the Harish-Chandra strongly orthogonal root vectors; for

D= Ir,r+b7 IIQT? II2’I"+17 ]Vn(n > 4)7 ‘/vﬂ VI
the corresponding D’ is
D, = I?,Qa II47 II4; IV47 I‘/Sa IVlO'

In all cases the Jordan algebra Mo of square 2 x 2-matrices, D = I 2 = IV}, forms a
Jordan sub-triple system, since

12)2 = I‘/4 C 114 = IVYG C IVg C IVlO
in the sense of Jordan sub-triple systems. The following standard matrices
Eqy, Evg, Eag, Eoy

form a Jordan quadrangle in M3 and in V.
Fix in the rest of the paper the Jordan quadrangle {e, vy, w,vo}. We have

Hov, =iD(e,e)vq = iv1, Hove = iD(e,e)ve = ivy, D(vi,v1)e = D(va,v2)e=¢e,  (2.7)
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and

D(e,w) = D(vy,v2) =0, D(v1,€)vy = D(v2,e)ve =0, D(e,v1)w = va, D(vy,€)ve =w,
(2.8)
which we shall use below. See [22, p. 12, p.16] for further details.
The above construction results in the following two commuting copies of sl(2,C)-
triples in E‘E,

E; = D(vj,e) eq”, Ej = D(e,v;) €q7, Hj = D(vj,v;) = D(e,e) € €, E;=E; -Ej €q,

(2.9)
with the canonical relation
(Hj, Ef]=2E;, [E],E;]=Hj, j=1,2.
Moreover R(iE7) + R(iF>3) c iq is maximal abelian.
Definition 2.2. Let
hg=RE; +REycq, biq=R(iE)+R(iE3) ciq, f)f =CE, +CEs. (2.10)

Extend the abelian subalgebra CE; + CEs of E({: to a Cartan subalgebra
b = (CE + CEy) @b, b, clfctf,
of €€, so that
hC :=(CZ+CE, +CEy) @b,

is a Cartan subalgebra of € and g€. Define {ag,a1,a3} to be the dual basis vectors of
{iZ,iF1,i1E5} that are vanishing on b,.

Now
(CZ+CH, +CHy)@h, cI§ ct€cg® (2.11)

is a Cartan subalgebra of three algebras [g,fc and g©.

We shall need the Cartan-Helgason theorem in [26] for line bundles over K /Ly de-
fined by the characters x; = x!; the character in [26] is defined using Cayley transform
and Cartan subalgebras instead of the geometric definition here. The relevant Cayley
transform in our setup is

c:cE:exp(—%lad(Ef+E§+E1_+E2_)).
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Lemma 2.3.

(1)

The subspace b;q is mazimal abelian in iq. If g # su(r+b,r), r>1 then K[Lq is an
irreducible symmetric space and the restricted root system for the non-compact dual

€ =l +iq with respect to b;q is
R(t",biq) = R(€],0iq) = {£201, £200} U {xaq + ao} U {zaq, +as} (2.12)
with root multiplicities (1,a1,2b1) for the three subsets of roots, a1,b1 being given in

Tables 1-2. The half-sum of the positive roots with respect to the ordering o > ag >0
18

pi=pgr = pra; + paaz = (p1,p2), p1=1+a1+bi, pa=1+b1. (2.13)
The two linear functionals pe: and pg are related by
pg =1+ p1+pa.

If g = su(r +b,r), r > 1 then K[/Ly = K1/Ly is reducible, & = su(r +b) + su(r),
¢ =su(l,r+b-1) +su(l,r - 1), and the restricted root system is

R(¥*,hiq) = R(], biq) = {£201, a1} U {£202, zaz} (2.14)
with root multiplicities (1,7 +b—-1), (1,7 — 1) respectively. The corresponding p is
per = pra1 + paaz = (p1,p2), p1=r+b-1,pp=r-1 (2.15)

The relation pg = 1+ p1 + pa holds also in this case.
The Cayley transform c exchanges two Cartan subalgebras

¢:(CZ+CH, +CH,) @b, - hC,
CIHj—>iEj

and the pullbacks
C*(Qaj)vj = 1a 2a

are the Harish-Chandra orthogonal roots for (¥7,11).

Proof. We have assumed that D is not SU(d,1)/U(d) nor Sp(n,R)/U(n), so that
K|[Lg = K1/L; is of rank two; see the Tables 1-2. The rest is a consequence of general

results on root systems algebra applied to the non-compact Helgason dual ¢* = [y + iq of
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€= [y +iq. It follows also from [19, Lemma 9.14], the Lie algebra g = p + £ there being re-
placed by our £} =iq+[;. The abelian subspace in %q is obtained from the Harish-Chandra
root vectors corresponding to a frame of minimal tripotents in q*, and in the present
case the frame in q* is {D(v1,e), D(va,e)}. Finally the dimension of a general Jordan
triple system of characteristics (r,a,b) is r + 1r(r - 1)a + rb. We have by Lemma 1.1,
pg = 1+dimc Vi and dimc Vi = 2+a1 +2b; = p1 +p2 since Vi is a Jordan triple system with
characteristic (2,a1,b1), and thus pg = 1+ p1 + pa2. The fact about the Cayley transform
is well-known; see e.g. [26], [19, Proposition 10.6(3)]. O

Note that the evaluation of the character x on Hy, Hy, Ho is given by

x(Ho) =2x(Z) = 2i, x(H1) = x(Hz2) = i, (2.16)
since Hpe = 2Ze = 2ie, Hje = i(D(v;,v;) — D(e,e))e = —ie. Observe also that the geo-
metrically natural choice of the complex structure of S; = K /Lo = K1/L; results in some

discrepancy: For Hy = iD(e,e),ad(-iHy) = ad(D(e,e)), has non-negative eigenvalues
2,1,0 on p* =V = V5 + V] + V), whereas it has negative eigenvalue -1 on g7,

[D(e7€)aD(U7€):| :—D(U7€), D(U,@) Eq+' (217)
2.5. Cartan-Helgason theorem for K [Lg

Let L2(K,Lg,x;) be the L2-space of sections of the homogeneous line bundle
K X(p,,x;1) € defined by x; ' of Lo. The space L*(K, Lo, x;) consists of f e L*(K)
such that

flgh)=x"(h)f(g), geK,heLg, he=x(h)e. (2.18)

It follows immediately from the definitions of Ly and x that
Lz(K/L): Z L2(K7L07Xl)7 (219)
l=—co

under the left regular action of K. This is the Fourier series expansion along the fiber of
K/L - K|Ly.

We shall treat extensively functions on K that are transforming under Lg as in (2.18)
and it is convenient to give the following

Definition 2.4. An element f e L2(K) is called (Iy,l3)-spherical if

f(hikhz) = x1, (h1)xi, (h2) f(k), hi,ha € L.
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Lemma 2.5.

(1) Let g # su(r +b,r), r > 1. The space L>(K,Lg,x;) is decomposed as a sum of
irreducible representations of K,

L*(K,Lo,x1) = Y. Wy,
I
where each W, ; has highest weight given by

log + i, po=(p1, p2) = prcey + pigcg,  p 2 pi 2 |ll, g = p2 =1, mod2.  (2.20)

Moreover each space W,,; contains a unique vector (1,1)-spherical element ¢, up
to nonzero scalars.
(2) Let g =su(r+b,r), r>1. The space L*(K, Lo, ;) is decomposed as above with

pas po 2 |l py = pp =1, mod 2.
The highest weight vector in W, ; can be chosen as
f(z) =275l w, x=z2w"e€Sc My, (C),

where we have written a rank one projection © € S ¢ M,4p,.(C) as © = zw*,z €
C™* weC", ||z| = |w| =1, and where (p,q,p’,q") are subject to the condition

p=p+qua=p +q¢ l=p-q=p' -4

The spherical polynomial ¢, in this case is ¢pui(zw*) = dpu, —1(2)Ppu, 1 (w) where
Gm1 is (1,1)-spherical polynomial on P(C™).

Proof. The statement for the decomposition of L?(K, Lo, ;) as representation of the
semi-simple group K; is in [26, Theorem 7.2]; our (¥],[;) corresponds to (g,t) there.
More precisely our character x; is precisely the same as x_; in [26]. The character x_;
on K in [26] for the Hermitian symmetric space D = G/K c C?% = p* is defined by

l
XetCo — — trad X|p;
" trad(D(e ) v

equivalently it is determined [26, (5.1)] by x—; : D(e,e) — [. For our symmetric pair
(€7,11) the corresponding D(e,e) is Hy = D(vy,v1) — D(e,e) described in Lemma 2.3
and Hje = —le and thus x;(H;) = -1 by the definition. (Alternatively we can also prove
this by using the duality relation in Appendix B.) The results in [26] then determine the
highest weights of W, ; on bh;q = R(4E1) + R(iE>) as piaq + paa in our statement.
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Finally it is trivial to find the weight of W, ; on the central element Z. The right
action of exp(sZ) on ¢ € W,,; is, using Ze = ie,

o, (exp(sZ))p(h) = ¢p(exp(-sZ)h) = p(hexp(-sZ)) = exp(-isl)p(h), heK. (2.21)

Thus 7, (Z)¢ = —ilp, and 7, (iZ)¢ = l¢. Thus the highest weight of W), ; as representation
of EC is lOlO + U1 + oQig.
The second part (2) is well-known; see e.g. [8,11]. O

Altogether we have now I(v) is

I(v) = LKD) = S S Wi,

l=—00 12

with p being specified above.

Remark 2.6. The exact formulas for the highest weight vectors above in the case g =
su(r+b,7) are not needed in our paper. However it is possible to prove our Theorem 3.1
below for g = su(r +b,r) by using the weight vectors instead of spherical vectors; see [§].
Note also that the parametrization of the spherical polynomials on P(C™) generated by
the (p,¢)-spherical harmonic polynomial 2z,? as ¢, _i, 1 = p+q,l = p—gq, is due to
our geometric definition of character x. Recall that due to (2.16) ¢,,; satisfies

Sua(ke™™) =g, 0(k), j=1,2 (2.22)
The same parametrization is used in Appendix A.
2.4. Harish-Chandra c-function and expansion of the (I,1)-spherical polynomials

A major technical step in the proof of Theorem 3.1 below is to use the Harish-Chandra
c-function to compute certain expansions and differentiations involving the spherical
polynomials ¢, ;. We recall that the spherical polynomial ¢, ;(h) on K/L = K;/L; is a
special case of the Harish-Chandra spherical function @y ;(h) for the non-compact pair
(€7,11) corresponding to the character x; of Ly c Lo; see [26,27].

The precise relation between ¢,,; and ®,; is

(bu,l(h) = (I)—i(p+p),l(h)7 he Ky, (223)

where p = pgs; see [6,26,27]. The spherical function @) ; is invariant with respect to the
Weyl group W (], b,q) of the root system R(%],h;q) in (2.12), acting on the parameter
A. Eventually we shall replace A by —i(u+ p) and use Weyl group symmetry in p+ p. An
important property is that the leading term of @) ;(h) is given by the limit formula

lim e~ AP, (exp(H)) = ¢(M, 1), (2.24)

H—o0
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for H in the positive Weyl Chamber of the root system (2.12), i.e., for H = 21(4E1) +
x2(1E3) € bhiq,x1 > 2 > 0, and for Re(i\) = y1oq + yacva,y1 > y2 > 0; see [6, Ch. IV,
Theorem 6.14; Ch. V, Section 4], [27, Theorem 3.6]. In particular

Gua(exp(H)) = @5 (exp(H)) = c(A\, e + LOT., H e (2.25)

as an expansion of trigonometric polynomial on the complexification exp(hf)[e] of the
real torus exp(hq)[e] c K/Lo =P(K/L),[e] = Ce, with lower order terms (L.O.T.) being
trigonometric polynomials of lower order in the sense defined by the Weyl Chamber.
Here c¢()\, 1) = ¢(\, —1) is the Harish-Chandra c-function, and in our case it is given by

T(4(A1+€X)) 27T (iA;)

c(\1) =c¢ - - :
D) CAATGar +i(h +eha)) i DX (br + 1+id; + D)D(E(by + 1+iA; - 1))

for A = Maq + Agae, where ¢ is normalized so that ¢(—ip,0) = 1 for the Harish-Chandra
c-function ¢(-ip,0) with trivial line bundle, [ = 0; see [27]. We observe also that the
c-function ¢(\,1) is positive for A = —i(u + p).

We shall need the spherical polynomials ¢(q,1y,.1(k) for = (1,1). The corresponding
representations space of K is p* = V or p~ = V, and the spherical polynomial is the
matrix coefficient

¢(1,1),1(k) = (ke,e), ¢(1,1),—1(k) = (e, ke). (2.26)

Indeed the space p* =V is a representation of E(lc of highest weight a; + a9 and represen-
tation of € of highest weight ag + o1 + a2 since Z acts as i, the corresponding highest
weight vector is

Vg = % ((v1 —ie) + (ve +1w)) . (2.27)

In other words, recalling that e is the root vector of the Harish-Chandra strongly or-
thogonal root 1, we see that a; + as is conjugated to ;.

3. Lie algebra g-action on I(v) = Indg(u)

We compute the Lie algebra action of g€ on I (v). For that purpose we denote the
right differentiation of Lie algebra elements X € g€ on functions f on G by X f,

Xf(g) = 4 F(gexp(sX))]seo (3.1)

Then X commutes with the left regular action

X(f)(hx) = X(f(h)) (@), (3:2)
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and intertwines the right action f(z) - f(zh) = fr(x) as
(XF)n(@) = (XF)(@h) = ((AdA(X)) fi ) (). (33)

First it follows from (1.2) and (2.2) that Hoe = 2ie, x;(exp(tHy)) = €2, x;(Hy) = 2il.
Thus any element f € L?(K, Lo, x;) is an eigenfunction of the differentiation by Hy,

Hof = 2ilf. (3.4)

Theorem 3.1. Let g be a simple Hermitian Lie algebra of rank r > 2 and g # sp(r,R).
The action of m,(§) on ¢, is given by

23 WV(&)QSMJ

= > (V+01(u1 +p1) +oa(p2 + p2) — (p1 +p2))

o=(01,02)=(x1,%1)

X (c;t,l(ﬂ +0, I+ 1)¢,u+cr,l+1 + C,u,l(,u +0, - 1)¢,u+a’,l71)a
where the coefficients ¢, (u+ 0,1 1) are given by

c(=i(a(p+p)).1l)
c(-i(ay+ag+o(p+p)),l+1)’

cui(p+ol+l)= (3.5)

and o = (01,02) is viewed as element in the Weyl group W of the root system (2.12)
such that o(ay + ag) = o101 + oaas. Moreover all the coefficients are positive.

It is understood here that the term ¢,45,121 = @(u1+01,pus+02),121 Will nOt appear in the
RHS if (1 +01)aq + (2 +02)as is not one of the highest weights specified in Lemma 2.5.

Remark 3.2. It is remarkable that all the coeflicients of ¢,+¢ .1 have a rather uniform
formula. Actually it is relatively easy to find the coefficient of the leading term ¢, (1,1) 141
and the other coefficients can be obtained from the Weyl group symmetry and by unitar-
ity of m, for v = pg+iz,x € R. We shall find all the coefficients independent of the unitarity
by proving some recursion and differentiation formulas for spherical polynomials, which
might be of independent interests [31].

Proof. We claim first that for any X € p©,

Trl/(X)W/JJ c Z W;L+O’,l:{:1'

o=(01,02)=(x1,+1)

This follows by considering the tensor product p€ ® W, as representation of K. Indeed
consider the case g # su(r +b,r). The adjoint action of the central element Z € € on p*
is +7, and its right action on W), ; is il. Let X € p*, then m, (X)W, is of weight i(l + 1)
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under Z for any X € p*. It is also a classical fact that the highest weights in the tensor
product decomposition of W, ; ® p* under ¢C are of the form g+ lag + v/ where v/ is
a weight appearing in p*. The space p* is of highest weight (1,1) = o + a under the
Cartan subalgebra (f)iq)c = CE, + CiFE, of h® and the only non-zero weights in p* of
the form ciaq + coan are c1,co =0, +1, namely they are of the form

g101 +02002,01(1, 0209, 01 = :tl,O'g =+1.

However by the Cartan-Helgason theorem, Lemma 2.5, we see that o1y, 0205 are not
eligible since the center Z-action is i({ +1). Thus m, (X)W, ; is of the claimed form.

When g = su(r+b,7) the Weyl group for the root system of (¢*,h;4) is (Z2)? consisting
of only sign changes instead of all signed permutations (Z2)? » Sy, but all the relevant
weights o1a + oaa are still in the orbit of the Weyl group (Z3)? so the arguments are
valid for g = su(r + b,r) as well.

Next, the element § = &, is invariant under L c K, thus m,(£)¢, is a sum of the L-
invariant vectors in ¥, ,,-11 Wyio,121, and is further by Lemma 2.5 a linear combination
of ¢p+0,021- The rest of the proof is to determine the coeflicients. Notice also that each
function in the linear combination is determined by its restriction on the complex torus
exp(h(qc)e c K/L once the line parameter [ is given, so it is enough to find the expansion
restricted on the complex torus (after the differentiations) as the line bundle parameters
of each term in the expansion are already fixed.

We have

7 (©01(K) = 5 01(eD(-5M om0 = 61 (! (-5
(3.6)

= L gy (hexp(-s Ak om0 = ~((Ad(K ™))y (B), k€ K,

where ((Ad(E~1)€)¢,, ;) (k) is right differentiation of the Lie algebra valued wector field
K,

~Ad(k™1)¢ on ¢, evaluated at k € K. The element ¢,,; is in the induced representation,
any differentiation of ¢, ; along the Lie algebra m +n is zero, and we need formulas for

Ad(k™1)€ = Ad(A™V)E, = 41, mod m +n.

Lemma 3.3. Let V =V5+ Vi +Vy = Ce+ Vi +Vj be the Peirce decomposition with respect to
the minimal tripotent e and P, Py, Py the corresponding projections. Any element &, € p
has the following decomposition according to (1.5), modm +n,

& = Re(u, e)¢ + Im(u, e)Hy + D(Pyu,e) - D(e, Piu). (3.7)
Proof. Write u = Pou+ Pyu+ Pyu = (u,e)e+uy +ug = Re{u, e)e+iIm(u, e)e+uy +ug. Then
g(u,e)e = Re(“a e)ge + Im<u7 e)&iﬁ)

with
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ie = (&e— Ho) + Hy = Hp, modn
by (1.8). In view of (1.7) we have
Euy = (ful +D(e,uy) - D(ul,e)) + (D(ul,e) - D(e,ul)) = D(u1,e) — D(e,u1), modn,
and &,, € m. This proves (3.7). D
Using Lemma 3.3 and the formula (2.26) we see that Ad(k™1)¢, mod m +mn, is

Ad(k™1)¢ = Re(k e, e)¢ + Im(k e, e)Hy + D(Py(k™€),e) - D(e, Py(k™'e))

= Re(ke, e)¢ — Im(ke, e)Ho + D(Py(k™"¢),e) - D(e, Py (k~"€)). (38)
Hence
7o (&) i (k) = T+ 11+ 111 (3.9)
with
T=-Re(k™e, ) (€0,1) (k).
11 = Tm(ke, e)( Hody ) (k)
and

II] = ([D(e,Pl(k;‘le)) - D(Pl(k-le),e)]%,l)(k).

Using the definition (1.10) of the induced representation we have that the right differ-
entiation of ¢ on any element f € L?(K/L) = Ind%(v) has eigenvalue —v, £¢,,1 = —vé,.,
and the first term is

I=-Re(k™e,e)(E6,.) (k)
=vRe(k e, e)p. (k)
= S ke, )0y (k) + 3 e he) by (k)
=I"+ I

with
sV v
I = §(keae>¢u,l(k) = §¢(171),1(k)¢u,l(k)

and

I = %¢(1,1),—1(k)¢u,l(k)'
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The second term I7, in view of (3.4), is

IT =Tm(ke, e)(2ild,1) (k)
= Uke, e)pui(k) - Ue, ke)d,i(k)
= 1oy 1(k) o (k) = loa )1 (k) (k) =117 + 11",

We proceed to find recursion formulas for ¢(1,1y,1¢,.,1. For that purpose we find explicit
coordinates for the complex torus exp(bg)e, exp(hq)ec S = K/LcV. We shall treat all
relevant functions as trigonometric functions on the compact homogeneous space K /L
and on the complex torus exp(bf)[e].

Lemma 3.4. Recall the Jordan quadrangle {e,vi,w,vs} and Ei,FEs in (2.9). If k =
exp(x1Eq + xoF3), 21,29 € C, then

k~le = cos X1 €O8 Tae — (Sin X1 o8 Tov1 + Sin Lo cOS L1V ) + sin x1 sin Tow.
Proof. Using (2.8) we find
Eie=(D(v1,e) - D(e,v1))e = vy, E%e = Fyv1 = (D(v1,e) — D(e,v1))vy = —e,
and generally
Eime=(-1)"e, Ef™*e = (-1)"v;.

Therefore

e "1 Bre = coszie —sinzv,
and also e *2F2¢ = cos zae — sin z9v9. We compute further

Eovy = (D (v, e) = D(e,v))v1 = w, E3vy = (D(va,€) — D(e,v2))w = —vy,
and in general
E3My; = (=1)™vy, BE3™ oy = (=1)™w.

This implies that

~z2E2

e U1 = COS LoV — Sin Tow.

We have then
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kle=e mbiwabag _ omw2b2 (coszie —sinzqvy)
= (cosx1(cosxae — sin xov9 ) + sin 1 (cos xov1 — sin Low) (3.10)

= COS X1 COSToe — (sin T1 COS X1 + Sin X9 oS 2171’02) +sinxysinxsw. 0O

Lemma 3.5. The following recursion formulas hold,

1
G(1,1),1Pu,1 = 1 Y cni(p+o,l+1)duioiit, (3.11)
0'170'2::!:1
1
B(1,1),-1Pu,l = n > cui(p+ ol =1)uiei-1, (3.12)
0'1,0'2::!:1

where ¢, (u+ 0,1 £1) are given in Theorem 5.1.

Proof. Observe again that by general tensor product arguments the product ¢(1,1y 110,
is a sum of ¢10141, 0 = (£1,£1). We use the idea in [29] by considering the leading term
of ¢(1,1),1®x,; and the Harish-Chandra limit formula (2.24); see also [30]. We recall (2.23)
and consider the expansion

d1,1)1®Pri = Y. Arcicir1Paio + L.OT. (3.13)

0’1,0’2211

(Presumably L.O.T. will not appear for general A but it will not concern us here.) We
let h=exp(H),H =x1(iE7) + x2(iE>). First it is clear from (2.26) and (3.10) that

1 1
b@1,1),1(h) = (he,e) = coshz; coshzy = Z(e””1 +e ") (e +e ™) = Zez”“ +L.O.T.

(3.14)
The coefficient % can also be obtained using the general formula (2.24); indeed the

evaluation of Harish-Chandra c-function is

1
c((1,1),1) = c(a1 + g, 1) = e
Using the limit formulas (2.24) again we see that the coefficient Ay_;(1 1),4+1 of the leading

term ®y_;(1,1),141 18

1 (A1)
de(N—i(ag +ag),l+1)

Ax_i(1,1),041 =
Next we use Weyl group symmetry to find Ax_;, ;1. With some abuse of notation we
view ¢ = (01,02) =0(1,1) as an element in the Weyl group. The term Ax_is 141 Pr—ic 141

in the above expansion is also

Axzio 141 Pazioi+1 = Axioi+1Porsi(1,1),041,
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since ®, ; is W-invariant in A and o2 = 1. But the coefficients are unique in the above
expansion, thus Ay, 41 is precisely A x_i(1,1),141,

c(o 1)
—i(al +042),l+ 1).

1
Ax_io =A 2 = -
A—io,l+1 A—i(1,1),01+1 1e(on

Specifying the result to the case A = —i(u + p) we prove our claim; (3.12) is proved by
the same method. O

We can now apply the lemma to both terms I and I7,

It = g¢(1,1),1(k)¢u,l(k) = 2—1/3 ) Uzzﬂcu,l(u + 0,1+ 1)Pproiv1(k), (3.15)
= 500000 =55 L culural=Douna®),  (319)
It = Iy (B)pu(k) = % al,a%::il Cui(p+0o,l+1)pioiets (3.17)
117 = 191, 4 (Wi (k) =~ E ol Dopera (319

The third term I11 is
I11 = (D(e, Pr(k™' €)1 ) (k) = (D(PL (k™" €), €)@yt ) (k) =t IIT* + 1T

Lemma 3.6. We have the following recurrence formula for the right differentiations of
the vector fields D(e, P1(k™'e)) and —~D(Pi(k™'e),e) on ¢,

11 = (D(e, Pk )bt )(K) = Y bpsotsr Spsoier (k) (3.19)
o1,02=%1

11 =~(D(Pi(k 7€), )bt )(K) = 2 bpeoi1Bpsoia (k), (3.20)
0'1,0'2::!:1

where the coefficients b, s 121 are given by

1

buto,ir1 = 2—3(01(u1 +p1) +02(p2 +p2) = (p1 + p2) - 21))Cu,l(u+ o,l+1),
1

bu+o-1 = g(Ul(Ml +p1) +o2(p2 +p2) = (p1 + p2) + QZ)CH,I(MJFUJ -1).

Proof. Denote X the vector field
X (k) =D(e, Py(k7te)) (3.21)

acting on functions on K by right differentiation, f — (X (k)f)(k). With some abuse of
notation we abbreviate it sometimes as (X f)(k), IIT* = (X(k)qbw)(k) = (Xou1)(k).
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We prove first that X ¢, ; is (I + 1,1+ 1)-spherical. Some care has to be taken as X is
vector field taking values in the Lie algebra of €C; the transformation rule of X ¢u, under
the center of K in Ly is easily checked but we have to prove it for all Ly. The space V3
is invariant under the subgroup Ly c K, and

Py((hk)te) = Pi(k™'hte) = x(h) ' Pi(kte), hPi((kh)e) = Pi(k™e), h e L.

Also elements h € K act on D(z,y) as Jordan triple automorphisms Ad(h)D(u,v) =
D(hu, hv), D(u,v) is conjugate linear in v, and x(h) = x"'(h),h € Lo; elements k € L
act as Jordan triple isomorphism as Le = e and L as isomorphism up to the character
x. Thus the vector field X (k) = D(e, Py(k7'e)) satisfies

X (hk) = x(h)X (k), Ad(h)(X (kh)) = x(h)X (k), he Lo.

It follows by the chain rules (3.2) and (3.3) that

(X (hk) D1 ) (k) = (X (hk)y,0(-)) (k)
= (W)X (k) xa ()b () (k)
= Xert (W) (X (k). ) (k)

and

(X (k)0 ) (k) = (Ad(R) X (kR) ) (60 () ) ) = x(h)xu(R) (X ()50 ) (k)
= Xt (W) (X (k) ) ().

Thus (X(k)gbw)(k) must be of the form (3.19). To find the coefficients we consider
the subgroup SL(2,C)? = SL(2,C) x SL(2,C) with the Lie algebra si(2,C) & sl(2,C)
generated by (2.9) and the restriction of ¢, ; on SL(2,C) x SL(2,C) and its expansion
in terms of spherical polynomials of SL(2,C), namely we consider the branching of the
representation (K€, W, ;) under SL(2,C) x SL(2,C). (The connected subgroup in G©
with Lie algebra s/(2,C) @ sl(2,C) can be a finite quotient of SL(2,C)? by a finite
normal subgroup. But this would not change the arguments below.) The highest weight
of the representation W), ; restricted to SL(2)x SL(2) is pu = (p1, p2) = p1o1 + pacre, and
thus the representation O"* C? ® ©"2 C2 of SL(2) x SL(2) appears in (K€, ), and all
other representations are of the form (uf, u5) with pf < p1, or ph < po. Let ¢, (g) be the
(1,1)-spherical polynomial for the group SL(2,C) in the Appendix A, (A.3). Comparing
the leading term of ¢, :(g1,92) and ¥, 1(91)%p,,1(g2) we have then

G191, 92) = c(=i(p+ ), DYy 1(91) Vs 1(92) + L.OT.  (g1,g2) € SL(2,C)>.

The vector field X (k) = D(e, Pi(k™te)) restricted to
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k= (ki,k2) = (exp(z1E1),exp(z2E2)) € SU(2) x SU(2)
is, by Lemma 3.3, of the form

X (k) = -sinzy coszaD(e,v1) — sin s cosz1 D(e, vs)

= —sinx; coszo £} —sinxycoszi E .

The vector field X (k) takes values also in the complexification of the Lie algebra si(2, C)+
51(2,C). Thus the restriction

(X¢;L,l)|SU(2)xSU(2) = X (duilsv@xsv))

i.e., the restriction of the differentiation is the same as the differentiation of the restric-
tion. Moreover the Lie algebra differentiations by D(e,v1), D(e,v2) clearly preserve the
degree. Consequently

(X1 ) (v ko) = c(=ip+ p),1)( = sinas (B, 1) (k1) ) cos 2oty 1 () )
+o(=i(u+p), D) - sinmg(ngw,l)(kQ))( cosxmm(kl)) +L.OT.

We use now Lemma A.1, (A.6), and obtain

. - 1 .
—Slnxj(Ej wﬂjJ)(kj) = Z(,uj - l)¢uj+1,l+1(kj) + LOT, J]= 1, 2. (322)

The leading term of cos@at,,,1(k2), k2 = exp(z2E2), is clearly the same as 21,1, (k2).
Thus

( - Sinxl(EI%l,l)(kl))(Cosxzi/fm,l(@)) = %(ul = D101 (Fj)Ypse1,0(k2);

similarly for ( —sin .’EQ(EQY)/J#%Z)(]CQ))( oS mlw#hl(kl)). We have then

(Xﬁbu,l)(kla ky) = %(Ml =L+ pz = De(=i(p+p), DUy +1,001 (k1) Yz 1,141 (k2) + L.O.T.

1

= g(m +p2 =20 c(=i(p+ p), Dhpy 1,041 (1) Wpge1,041 (ko) + L.O.T.

On the other hand the leading term in RHS of (3.19) is
b,u+(1,1),l+1¢;L+(1,1),l+1(kla k2)
= by+(1,1),l+1c(_i(l$ + (1, l) + p)7 [+ 1)wu1+1,l+1(k1)¢u2+1,l+1(k‘2) + L.O.T.

It follows then that
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1
b;4+(1,1),l+1 = g(,ul +H2 — Ql)cu,l(/f“ +(1,1),0+1)

where ¢, (1 + (1,1),1+ 1) is given in (3.5). This proves the formula for the leading
coefficient.
To find the other coefficients we write

pa+p2 =20 = (p1+p1) + (p2 +p2) = (p1+p2) - 21

and use the Weyl group symmetry as in the proof of Lemma above to get

1
buto,iv1 = §(01(u1 +p1) +o2(p2 +p2) = (p1+p2) - 21))Cu,l(M+Ual+ 1),

for 01,092 = +].
To prove (3.20) we consider the vector field Y (k) = —(D(Pl(k’le),e)cbw) and its
restriction to SL(2,C)2. We have

Y =Y (k) = sinz cosxe EY +sinzy cos x1 Fy .

We use then (A.5) to find the leading term of the expansion Y¢,; and obtain all the
coeflicients by Weyl group symmetry. O

Hence
ITT* = (D(e, P (k™ €)1 ) (k)
- UZ:ﬂ 2%(01(”1 +p1) + 02 (o +p2) = (p1 + p2) - 21)%,1(# +0, 0+ D) dpiois1(k),
L1 = =(D(Pi(K ™€), €)1 ) (k)
= . ;::il 2%(01(”1 +p1) +02(p +p2) — (p1+ p2) + QZ)CM,Z(M +0,0=1)¢ur00-1(k).

Altogether we find 7, (§)¢p = (I + 1T+ IITY) + (I"+ 11" +1117),

1
(I"+II"+1IT") = 2 Z (V+01(M1 +p1) +o2(p2 +p2) - (p1 +p2))¢[1.+0’,l+17

017172=:El

_ _ _ 1
(I + 11+ 1) = o 3 (v (00 + p) + 0k + p2) = (01 + p2) )b

o1,02=%x1

This finished the proof. 0O

Remark 3.7. We have used restrictions to subgroups in our expanding the differentia-
tion 7, (&)@, of spherical polynomials. It might be important to note that generally



G. Zhang / Journal of Functional Analysis 282 (2022) 109399 25

differentiations and restrictions are not commuting and restrictions are not injective.
Here we have proved in apriori that there is an expansion of 7, (§)¢,,; in terms of spher-
ical polynomials ¢,+s+1 each of them being uniquely determined by their restriction
on exp(nch), and eventually we used the fact that right differentiations by Lie algebra
elements commute with left multiplications by Lie group elements.

Remark 3.8. It is remarkable that in the formula the line bundle parameter | disappears
due to the cancellation of 2/ in the sum IT + II1I. When g = su(r + b,7), r > 1, ¢ =
s(u(r +b) +u(r)), the action of w on I(v) has been studied in details in [8]. In this case
the parameter [ indeed does not appear in affine term v+o1 (1 +p1) +02 (2 +p2) —p1—p2)
for the action; also the coefficients —A** in [8, Lemma 4.1] can be formulated, writing

pa = (g1 +p1) = p1spiz = (2 + p2) — p2, as

vt (p1+p1) = (p2 +p2) = p1 - pa,

with our v being their —a = —(a+ ), p1 = my +ma, 2 =n1+ng, p1 =p—1, po =q-1, and
our [ their mj; —mg = ny —ny; see further [8, (4.10)-(4.11)]. The Weyl group symmetry is
again manifest here.

4. Reductions points, complementary and composition series
4.1. Reduction points and finite dimensional subrepresentations

We study now the existence of intertwining operators between representations I(v)
and I(v'), and we find certain finite dimensional representations at the reduction point
of I(v).

Theorem 4.1. Let g 2 sp(r,R) be a simple Hermitian Lie algebra of rank r > 2.

(1) There exists an intertwining operator between the induced irreducible representations
I(v) and I(V') if and only if v=0" or v+1' =2py.

(2) I(v) is reducible if and only if v is an even integer, v > 2p1 +2 or v < 2pg — 2.
Moreover at the point v = -2k, k > 1, the irreducible submodule in symmetric tensor

product Sk(gc) generated by ®" Ey is realized as finite-dimensional subrepresentation
of I(v) via

T:5%(g%) = 1(v). X = f(9) = (8" Ad(9)(Eo), X),9 € G, (4.1)

where Ey = &;e —1Hy € ny is the basis vector of the center ny of the nilpotent algebra
n=ny+ny and (-,-) is the Killing form in g€ extended to S*(g®).

Proof. The first part and the second part on reductions points are done similarly as in
[8,25,30]. Now let v = =2k be an negative even integer. We prove that T above is an
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intertwining operator from S*(g®) into I(v),v = —2k. The functions f = fx transform
under P=MAN as

flgm) = (8" Ad(gm)(Eo), X) = (8" Ad(g) Ad(m)(Ey), X)
= (8" Ad(g),X) = f(g), meM,

since M centralizes Ey, f(gn) = f(g), n € N, as Ejy is in the center of N, and

F(ge'®) = (8" Ad(g) Ad(e"*) (E), X) = (8" (e Ad(g)(£0), X)
— e2ktf(g) _ e—utf(g), meN,

since ad(&)Ey = 2Ey, Ad(e'¢)(Ey) = e** Ey.
Thus f € I(v). The intertwining property of T is obvious by its definition. This
completes the proof. O

4.2. Complementary series

We determine the complementary series i.e., that case when v is real and the whole
module (g€, K)-module I(r) is unitary and irreducible.

Theorem 4.2. The complementary series I(v) appears precisely in the range v = pg + 0,
|(5| < (50,

1+b, g=su(r+b,r),

3, g=s50"(2r),
do=9n-3, g=s50(2,n), n>4,

3, 9 = C6(-14)>

5, g =¢€7(-25)-

Proof. The abstract arguments in determining the complementary series here are the
same as in [8,25,30], so we will only present some brief computations. Let v be real.
Suppose the (g€, K)-module I(v) is irreducible with invariant Hermitian inner product
(*,)u- By Schur’s Lemma we have (f, f), = S(u,0)| f|? for all f € W,,,;, where | f|? is the
norm square in L?(K/L) and S(u,l) = S(v,u,1) is the Schur proportionality constant.
Then 7, () is skew symmetric and in particular

<7T1/(£)¢u,l7 ¢u+o,l+1 )y = _<¢,u,l7 Ty (§)¢u+a,l+1 >u~

Write the expansion of m,(§)¢,; in Theorem 3.1 as

WU(§)¢;L,Z = Z A(I/, pwlip+o,l+ 1)¢u+a,l+1 + Z A(Va plip+o,l - 1)¢#+0,l*1-

o1,02=%1 o1,00=%1
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Thus the invariance of the Hermitian form above becomes

Alv,p,lip+o,l+1)S(u+o,l+1)=-A(v,u+ o, L+ 1; 4, 1)S(pu + 0,1),
A(I/,/.L,l;/.t+0’,l—1)5(/.t+0’,l—1):—A(V,M+U,Z—I;M,Z)S(M,l).

That I(v) is unitary and irreducible is equivalent to all Schur proportionality constants
S(u,1) being positive. It implies that A(v, u,l;u+ 0,0+ 1) and A(v, p+ 0,0+ 1;u,1) have
opposite signs, as well as A(v, u,l; u+0,0—1) and A(v, u+ 0,0 —1;u,1). This determines
the range of v, given by the condition

0] < min{p, p~ 2pa,2p1 — p +2}.
By case computations we get the range as claimed. O

Remark 4.3. The complementary series for SU(p, ¢) has been found before in [13, (ii)(b),
p. 49; 5.2, p. 69], [8, 4.4].

4.3. Composition series and unitarizable subrepresentations

The composition series for I(v) at reducible points v is a bit involved. We shall only
determine the unitary subrepresentations at the reduction points v = =2k in Theorem 4.1
(2) for g # su(p, q); the case of g = su(p, q) is studied in [8]. Note that the formulas for the
K-type (1, p2,1) in the composition series for g # su(p,q) are somewhat simpler than
su(p, q). This is because there is a constraint py > uo if g # su(p, ¢) whereas it disappears
for g = su(p, q).

The proof of the following result is done by examining the signs of the coefficients
v+o1(u1 +p1) +o2(pa + p2) — p1 — p2 in Theorem 3.1.

Theorem 4.4. Suppose v = =2k, k > 1, is an even integer. Then there is a composition
series of I(—2k) with K -types,

0c My ={(p1); 1 +pa <2k} € Mo = {(p,1); 1 = pro < 2k +2po} € I(=2F).

The quotient Z(-2k)[My is unitarizable, sub-representation M; and the sub-quotient
Mz /My are not unitarizable.

Remark 4.5. The anonymous referee raised the question of whether some sub-quotients
of I(v) are unitarizable highest weight representations. Indeed for the rank-one group
SU(p, 1) some unitarizable highest weight representations can appear as sub-quotients of
I(v); the same is true for Siegel parabolic @ = M AN with non-trivial representations of
Levi component M [23]. However it seems that for higher rank groups and for Heisenberg
parabolic P = M AN one has to take infinite-dimensional unitary highest weight repre-
sentations of M and study the induced representations from P = M AN to G in order to
realize the unitarizable highest weight representations; indeed M is a Hermitian Lie group
and has unitary highest weight representations. See e.g. [13,14] for the case of SU(2,p).
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5. The cases of g = su(d,1) and g = sp(r,R)

We treat the remaining cases when g = sp(r,R), su(d, 1) where the space K /Ly is the
complex projective space P!, P41 respectively.

5.1. g=su(d,1)

This case is already treated in [11] by using rather explicit differentiation of hyper-
geometric functions. We shall give somewhat easier proof of their results by using our
method above; this avoids explicit computations involving special functions and gives
conceptual expression for the action of 7, (&) in terms of Harish-Chandra c-functions.

The Cartan decomposition is g = € +p = u(d) + C¢, with £€ = gl(d). The Jordan
triple system V = C?% with {z,y,2} = D(z,9)z = (z,y)z + (2,y)z. We fix the tripotent
e = e1, the standard basis vector of C? and ¢ := £.. The half-sum Pg is pg = d. The space
S = K/L is the sphere S in C? with L the isotropic subgroup of e € S, and S; = K/Lq
the projective space P(C?) with S - S; as a circle bundle over P(C%) by the defining
map z ~ [z]. The tangent space of S is realized as T[(el]’O)Sl ={D(v,e);veV; =C1Y,

T[(eo]’l)Sl ={D(e,v);v € V1 }. We fix an sl(2)-subalgebra in ¢ as
E" =D(eg,e), E” =D(e,e2), E=E" - E~ € Tj.1(K/Lo).

Put H =[E*,E"] = D(ea,e2) — D(e,e). The element ¢E generates a Cartan subalgebra
for the non-compact dual (¢7,[;), and positive roots are {2cy,a;} with «p the dual
element of ¢F, and the half-sum is pg: =d - 1.

The decomposition of L*(K /L) is well-known,

L*(K/L) = 3 Wit

m2|l|,m=Il mod 2
Each space Wy, ; is generated by z1P229, with

l -1
:m2+ ,q=—m2 , m2|l],m=1 mod 2.

p

Now the coefficients in the expansion of 7, (§) @y, can be written as (V:I: (m+d-1) +c)
for some constants ¢ as in Theorem 3.1. We write them explicitly.

Theorem 5.1.

(1) The action of m, (&) on ¢um,, is given by

227, () bt = (v 0+ L) (m+ 1,1+ 1) st 1o
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+ (u -m-2d+2+ l)cm,l(m + 1,0+ 1)m-1.111
#(vem=eni(m+1,0-1)dme i
+ (1/ -m-1-2d+ 2)cm7l(m -1,1-1)¢m-1,-1-

(2) The complementary series is in the range v = pg + 6, |§| < d = py.

Proof. We follow the computations of 7, (&)@, in the proof of Theorem 3.1 and indicate
the necessary changes. We find first the coefficient of ¢,,; and the other coefficients will
be found by general arguments. We have 7, ()¢ =TI+ 11+ 111, I =1"+1",

14
I = §¢1,1(k)¢m,l(k)
and the spherical polynomial ¢1 1(k) is

d1,1(k) =d11(2) = (ke,e) =21, z=keeS,

as a function on the sphere S = K/L. For k = exp(tE) we have ¢11(k) = cosz and its
complexification is coshx = %(e’” +e7*). The expansion (3.14) now has coefficient % Thus
the leading term in I* is

1%
Zcm,l(m +1, I+ 1)Qz)m+1,l-¢—1

where ¢, ;(m+1,1+1) is a quotient of two Harish-Chandra c-functions.
The term 1% in (3.17) in the present case becomes I1* = l¢1 1¢,,,; and has the leading
term

l
§Cm,l(m + ]-7 I+ 1)¢m+1,l+1~

The third term IIT* is treated similarly as in Lemma 3.6, and (3.22) gives that the
leading term of I11" is ’”T—lcm’l(m-i— 1,14 1) 1,141 Altogether terms involving ¢p,41,141

in 7,(&)Pm, are

v+2l+m-—-1 v+m+l

4 Cm,l(m +1,1+ 1)(Zsm+1,l+1 = 4 Cm,l(m +1,0+ 1)(z7m+1,l+1

with

v+m+l v+ (m+ per) = pey +1
4 4

in terms of the Weyl group invariant parameter m + pex. Observe again that the highest
weight with respect to E is maj so the Weyl group symmetry is with respect to (m +
pe: ). The coefficient of @y,41,141 involving v is
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vim+l=v+(m+peg) = per L.
Thus ¢p,-1,1+1 has coefficient
v—(m+pg)=pe+tl=v-m=-2pp +l=v-m-2d+2+1

The other two coefficient ¢y,.1,-1 is found by the unitarity of m,(§) at v = pg +iz,z € R
and by the Weyl group symmetry.
The rest on the complementary series is obtained as in [11]. O

Remark 5.2. The statement of [11, Theorem 4.1] for the group SU(n,1) is (their d = 2)

Ty (H)em i = Gmet,i+1(V+ M+ Demit g1 + Q1,01 (V=M + 1 =20+ 2) €1 141

+ame1,i-1(V+m—Demen,i-1 + @m-1,41(V—m =1 =20+ 2)ep_1 11

where a,41,141 are certain positive constants independent of v. The important coefficients
are v+m+1 for ep,41,141 and v+m—1 for e, 41,;-1, which have rather simple form, and the
rest is obtained by Weyl group symmetry. This coincides with our formula. As mentioned
above in Remark 3.2 it is enough to determine the leading coefficient a+1,1+1(v+m+1).

5.2. g=sp(r,R), r>3

The Jordan triple system here is V = M? = {v € M,(C);v = v'} of complex matrices
with the triple product D(u,v)w = uv*w + wv*u. This case is rather special and we
provide all details. The normalization of the Euclidean norm in p* is as before with
minimal tripotents having norm 1. The group K = U(r) actson V by Ae K : Z - AZ A",
To avoid confusion with various realizations we recall that all Lie algebra elements are
realized via Jordan triple products as in Section 1, in particular Lie algebra elements
of €€ = gl(r,C) appear as D(u,v) : w - D(u,v)w; D(u,v) are identified with usual
matrices uv* if we still want matrix realizations.

We fix the minimal tripotent the diagonal matrix e = diag(1,0,---,0) e V and £ =&, € p
n (1.2). The functional pgy is now pg = r. A subtle point here is that the group L =
MnKcKis

L=75xU(r-1)={h=diag(ho,h1);ho=21,heU(r-1)}.
Let
Lo=U(1) x U(r—1) = {h = diag(ho, h1 ); ho € U(1), h € U (r — 1)}.

Thus S = K/L c V is the real projective space P(R?") c V and S; = K/Lg is again the
complex projective space P(C") c P(V).
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The Peirce decomposition V' = V5 + V + Vj with respect to e is the block (1+7—-1) x
(1 x r = 1)-partition of V. We fix

0 1 0 0
v:[l O]evl,w:[o I]EVO,

v is a tripotent of rank two and w of rank one. The Cartan decomposition of ¢ is € =
u(r — 1) + q where elements in q = {D(u,e) — D(e,u);ueVi} = C"! as real spaces.
We fix also the following si(2) elements,

E=D(v,e)-D(e,v)=E*"-E €eq, H=[E",E ]=D(v,v)-2D(e,e) (5.1)

with [H, E*] = 2E*. As matrices D(e,v) = E12 € gl(r,C). (Note the difference between
this case and (2.9), and this has been studied in greater details in [22].) The symmetric
pairs (¢*,lp) =u(r-1,1),u(r - 1) +u(1)), (¢3,0) = (su(r-1,1),s(u(r - 1) +u(1))), and
the roots of (¢],7E) are 2 and 1 with pg,» =71, and pg =1+ pe;.

Lemma 2.5 in the present case is

L*(K[L) =Y Woma.

m2|l|

(m+l)

Here each space W, o1 is generated by z; zQ(m*l) and contains the spherical poly-

nomial ¢oy, 2 it is the space of (p, ¢)-harmonic polynomials of even degree 2m, p = m+1,
qg=m-1.

Theorem 5.3.

(1) The action of m,(&) on pam. a1 s given by

2370, (€) pam 21 = (V + 2m)6m,l(m + 1,1+ 1)dame2,2142
+ (u —-2m - 2r + 2)cm’l(m = 1,1+ 1)dam-2.21+2
+ (u + Qm)cm,l(m + 1,0 = 1)poms2,21-2
+ (1/ —-2m-2r+ 2)cm’l(m - 1,1 - 1)pom-221-2
+ (V - r)ch(ma L+ 1)om 2142 + (V - T)Cm,l(mal —1)am,21-2

(2) There is no complementary series in the family I(v).

Proof. First we find the irreducible components in the action X ® ¢ — m,(X)¢, X € p*,
¢ € Wap 21 as representations of U(r). In the realization above Wa,, o; is the space of
(p,q) = (m+1,m—1)-spherical harmonics on the sphere in C™ of highest weight pe; — e,
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with p* of highest weight 2¢;. The tensor product p* ® Wa,,, o1, written in terms of highest
weights, is generically

21 ® (pe1 — g6y ) = (p+2)er @ ((p +1)er - (q - 1)6,«) ® (pq ~(q- Q)GT) ® REST

with the term REST containing those summands which are not of the form Wa,, o
and irrelevant to us. The linear term in v in m,(X)¢ involves the pointwise product
p* - Wap o1 = Wa o - Way, o1 of polynomials in Wy 2 and in Wa,, o;. It is a general fact [24,
Theorem 12.4.4] that for r > 3,

Wa o Wapm 21 = Wome2 2142 + Wom—2.2112 + Wap, 2142

whenever each term makes sense. Thus 7, (§)dom, 2 is a sum of six terms

a1,102m+2,21+2 + A-1,1P2m-2,2142 + @1, _1P2m+2,21-2 + G_1,-1P2m—2,21-21

+a0,1P2m,21+2 + 00, -1 P2m,21-2-

Next we follow the earlier computations in Section 4 and consider the linear terms I*
in v, with

v
I+ = §<]€6, €>¢)2m721(1€).
The matrix coefficient (ke,e) = ¢ 2(k), and its restriction on the torus exp(RE)e is

cos?x cosxsinx 2 . . 9
2 =cos” ze + cosrsinxv + sin” zw. (5.2)

exp(zE)e = . .
coswsinz  sin’z

Thus ¢a2(k) = (cosz)? and it has an expansion
2 1 2ix —2x
¢2.2(k) = (cosz)” = Z(e +24 727,

The leading term in I* is
v
gcm,l(m + 1,1+ 1) ome2,2142
where ¢y, (m + 1,1 + 1) is the quotient Harish-Chandra c-functions for @gm,+2 242 and

¢2m72l-
In the second term II we have IT* = g 2¢2m 21, which has the leading term

l
Zcm,l(m + 1,1+ 1) ¢ome2,2042-
The vector field X (k) = D(e, Py(k™e)) in (3.21) has restriction

X (exp(zE)) = D(e, Py(exp(-xzE)e)) = —coszsinxD(e,v),



G. Zhang / Journal of Functional Analysis 282 (2022) 109399 33

by (5.2). The leading term of the expansion —coszsinzE~ ¢pap, o is obtained, using the
proof of Lemma A.1 in Appendix A, as

om -2l .
~cosasinz B o (exp(e)) = Ao Lo
Altogether we find
9 + 2m - 21
It + 11"+ IIT* = %cm,l(m +1,0+ 1) pomyaoies + L.OT.
v+2m

=73 cmi(m+ 1,1+ 1)¢amez 2142 + L.O.T.

By the same considerations using Weyl group symmetry we can find the first 4 coefficients
of a’s.

Finally to find the coefficients ag 1 and a1 we use the results in [15]. It is proved there
that (I(v),m,) for v =r = pg (in our parametrization) is reducible with two irreducible
components consisting of Way, 21, m+1 =0 or m+1 =1 (mod 2), respectively. The
coefficient ag,; is affine linear in v, hence ag ; = 0 for v = r since the parity of m+! changes
from Way, o1 t0 Wap, 2112 Consequently ag1 = (v —r)c for some scalar constant c. This
constant c is the coefficient of v in the expansion of the product % (ke, €)pom 2 (k) of two
spherical polynomials on the projective sphere K/L. The polynomial (ke,e) = 2%, with
kL € K/L being represented by z on the sphere. Thus ¥ (ke, e)dom 2 (k) = 527 dam,2(2)
can be found by repeatedly using the elementary expansion of z1¢,, /(2), and we find
the coeflicient ¢ of ¢, 2142 is positive whenever m > |l + 1|. The same argument applies
also to ag 1.

The rest is done as in the proof of Theorem 3.1 above. O

Remark 5.4. Even integers v = —2m are reduction points for I(v) in both cases above,
g = su(d,1),sp(r,R). The map (4.1) realizes the leading component in S™(g®) as a
subrepresentations of I(v). The coeffcient (v + 2m) in the above theorem can also be
obtained using this result.

As mentioned above it might be interesting to study induced representations
I nd%*;[ An(T ® ¥ ® 1) with 7 being a unitary highest weight representation of M =
Zo x Sp(r-1,R).
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Appendix A. Recursion formulas for differentiations of spherical polynomials

Let

su@-{9-[5 o]k k1)

and fix the following Lie algebra sl(2,C) elements,

1 0 0 1 -_[0 0 -
P A S e I e

Then the sl(2)-algebras si(2) = CH;+CE+CEj, j = 1,2, defined in (2.9) are isomorphic
to the present sl(2) via the identification

H; «— H, EJi <~ Ei;
as well as the identification of the compact su(2)-real forms
su(2) = RiH; + RE; + R(i(E] + E})) «— RiH + RE+R(i(E" + E7)).

Let

U(l) = {Ua = I:e(;e egg] = ewH}.

Recall x;(H;) = -1 and the transformation rule (2.22) of ¢, ; under exp(itH;). Accord-
ingly we let x;(H) = —I, and the spherical polynomials ¢,,; in the present case satisfy
1 g) = pm 1 (ge?®) = e ¢, 1 (g). Consider the representation of SL(2,C) on the
symmetric tensor S™ := ®™ C? of the defining representation C2, and write the action
simply as g — gv, v € S™C?2, as well as the Lie algebra action. Let —m <1 <m, m =1
mod 2. The [-spherical polynomial is given by the matrix coefficient

Oma(9) =} Jeaetey),chey™),0 <k <m, 1= m - 21, (A1)

where the tensor e’feé”‘k is as usual viewed as polynomial on the dual space of C2, namely

the polynomial z¥z5"~ on the dual space. This is verified by

Smi(gug) = dmi(9e’”™) = (g™ (efey' ™), efey ™) = CF00,, 1 (g)

A2
e G a(g) = x1(uo)dm.(g), .

also ¢ 1 (ugg) = X1 (ug)Pm.i(g) along with the normalization ¢,y ;(I) = (’;’;)He’fe’; K12 =1.

For our purpose in Section 3 it is more convenient to consider the spherical polynomial
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2m m m— m—
Uma(9) = Gy dmal(9) =2 (g(eves ™), eves'™), I =m - 2k, (A.3)
k
which has the normalization the leading term of 9, ;(exptE) being "™, i.e.

Yma(exptE) =™ + L.O.T.,

where L.O.T. is a trigonometric polynomial of lower order. The following lemma is used in
the proof of Lemma 3.6. Actually we need only to find the leading term of the trigonomet-
ric polynomials (ge1, e2)(E™¢m,1)(g) and (gez, e1)(E* dm,1)(g) for g = exp(tE), which is
elementary.

Lemma A.1. The following recurrence formulas hold,

(ge1, ea)(E"dm,1)(g) = i (m = lzr(:f; [+2) (Pmat,i+1 = Pm-1,141) 5 (A.4)
(ger, ) (B om)(g) = 3 DO LD ). (A)

cosx sinx

When restricted to g = exp(xE) = [—sinx cos T

] and written in terms of Yy, they are
l(m+l+2)(m—l)2
4 m(m+1)
1(m-1+2)(m+1)

s a(E)(0) = 0+ Do 1) - D D ). (A)

—sinz(E " Ym,1)(g) = i(m = D) Ums1,i401 — Yim-1,1+1, (A.6)

Proof. We prove (A.5) and (A.4) is proved by similar computations. First we find
the weight of f(g) = (ge2,e1)(E¥%m,1)(g) under the regular left and right actions of
exp(i0H). We have E* is of weight 2 under ad(H). Also the matrix coeflicient (ges, e1)
transforms as (ge?®" ey, e1) = e7(ges, e1), thus it is of weight —1 under the right regular
action of H. The character x; is defined by x;(H) = -1 thus f(g) = (ge2, e1)(E 1) (g) is
of weight —=[+2-1=-(1-1) = x;-1(H) in the sense f(gexp(i0H)) = x;-1(exp(i6H)) f(g)-
Similarly (exp(i@H)gea,e1) = €?(geq, e1) and the right differentiation by E* commutes
with the left action. Thus f(exp(i0H)g) = e "D f(g), and f(g) is a linear combination
of @m+1,+1 and @py-1,41 as it is the matrix coefficient of C?@8m=.95m"1gsm1C2,

f(9) = Apms11-1 + Bom-11-1, (A.8)

with some unknown constants A, B.
We have ém1(g) = (7 )(g(eies ™), efes™*), and

(B 6m)(@) =} JaB (eheg ). chey™) = (1) m =) aef e ), eheg ™),
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since Etefel ™% = (m — k)el*len k=1, Tts inner product with (ges,e1) is

(gez,e1){g(ef™ es ™), efer ™) = (glea @ e ey ™ 1) er @ efey ™).

Both e;®ele ™ and ex@ek* el "*~1 are of weight i(1+2k—m) under H, the correspond-
ing weight vector in the space S™*! respectively S™! is ef*lel=* resp. efel™*~1 with

Mlem=k) ehtlem=F) (g(eNem=h=1) eken=k~1) In view of (A.1) the

formula (A.8) becomes

matrix coefficient (g(e

()om-Bg(er @ et e e cher )

m+1 m m— m—k—
AL Yoty ety B(™ ) gteber ) e,

(A.9)

Evaluating at ¢ = I we get B = —A. Next we specify the equality to the self adjoint
element

_[chz shz] [ch% shi 2_.h2
9= |shz chax sh ch% -

and look for the coefficients of e(™*1)% We have

(gler ® el el ™), ea @ i el ™ 1) = (h(e; @ eb el ™), h(ea ® el =71))

and its leading term is

(m+l)z (m+1)zx

e m m e

gy (e e2)™ ™ (er + o)) = — e

: elm+e (m+1)z :
and the LHS has leading term ( )(m k)% The term e appears only in the
first summand in the RHS which has leading term A(’;:ll)e;n—ffz Thus

A (D)m=k) (m-k)(k+1) _(m+D)(m-1+2)
(el m+1 4(m+1) '
+1

This proves (A.5). O
Remark A.2. In terms of v,,; they become

1(m+1+2)(m+1)?
4 m(m+1)

L(m+2-1)(m+1)?

(ge2,e1)(E m,)(g) = i(m )P i-1 = 4 m(m+1)

(g1, e2) (B 0m)(9) = 30~ o1 - Umtits (AL10)

Yma1,1-1- (A.11)
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Table 1

Non-compact Hermitian symmetric spaces D = G/K.
D=G/K G K (a,b)
Lsp,r SU(r+b,7)) S(U(r+b) xU(r)) (2,0)
115, SO*(4r) U(2r) (4,0)
II2p41 SO*(4r +2) U(2r+1) (4,2)
II1, Sp(r,R) U(r) (1,0)
IV,,n>4.(r=2) S0(n,2) SO(n) x SO(2) (n-2,0)
V(r=2) Eg(-14) Spin(10) x SO(2) (6,4)
VIi(r=3) E7(_25) Eg x SO(2) (8,0)
Table 2

The compact Hermitian symmetric spaces P(S) = K/Lo = K'/L’. For
type I domain I, 44, 7 > 2, P(S) is a product P xP"**"1 of projective
spaces with the corresponding (ai1,b1) being (0,7 +b-2), (0,7 —2) for
each factor.

D=G/K P(S):K/L():Kl/lzl (al,bl)

Irip,r I:+b—1 XI:—I (0,7 +b-2),(0,7-2)
I, I3 s (2,2r - 4)

IIQT+1 15,27‘—1 (2,27’—3)

111, X (0,r-2)

IV,,n>4 vy, (n-4,0)

1% I (4,2)

VI V¥ (6,4)

The spherical polynomial ¢,,; is a special case of the spherical function ®,; with
A =—i(m+p) = —i(m+1) in our case, and ®,; is invariant with respect to the Weyl
group action A - —\. Namely, the pair of the coefficients

I(m-0))m+1+2)  1((m+1)-(+1))((m+1)+(1+1))
iZ m+1 _iZ m+1

in the lemma is invariant by the change m +1 — —(m + 1) and this symmetry is indeed
obvious here. These formulas are all classical trigonometric identities and can be obtained
by other methods.

Appendix B. Table of Hermitian symmetric spaces G/K and their varieties of
minimal rational tangents K /L. Duality relation for (dim(X),genus(X)) for
X =G|K,K|Lg

B.1. Tables

We give a list of G/K and the corresponding projective space Sy = P(S) = K/Lg =
K1/L; as compact Hermitian symmetric space; see [5,19,9]. The compact dual of a non-
compact Hermitian symmetric space D is denoted by D*.
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B.2. Duality between (d,p) and (d1,p1) for G/K and K|L

Let d = dim¢ D =r+ 2ar(r —1) +rb, p=2+a(r—1) + b, the dimension and the genus
of D. In terms of Lie algebra actions they are

(d,p) = (trad(—iZ)|y+, trad(D(e, €))|p+)
where D(e,e) is the Harish-Chandra co-root of v1, y1(D(e,e)) = 2. Similarly let
(d1,p1) = (dim(K7/L), genus(K7/L))
if D+ SU(r,r+b)/S(U(r)xU(r+b)). Put
@' = dm(B™) =~ 1y = rd” = dim(B ) = e b L = b
when D = SU(r,r +b)/S(U(r) xU(r +b)).
The following duality between the pairs (dim(D),genus(D)) and (dim(K/Lg),

genus(K/Lg)) is mentioned in Lemma 2.5 and might be of independent interest. It can
be proved by trace computations or by case-by-case computations of the tables above.

Lemma B.1.

(1) Let D be of rank r > 2 and is one of the domains II,IV,V,VI. Then

}—7+ﬁ:2.
d

D1

(2) Let D be of Type I with r >2. Then

d/ d//
S + —, + 7 = 2
p p
(3) Let D be the Siegel domain II. Then
d
Pio%oo
d n
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