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We consider the C∗-algebra E
q
n,m, which is a q-twist of two Cuntz–Toeplitz algebras. For

the case |q| < 1, we give an explicit formula which untwists the q-deformation showing
that the isomorphism class of Eq

n,m does not depend on q. For the case |q| = 1, we give
an explicit description of all ideals in E

q
n,m. In particular, we show that Eq

n,m contains a
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unique largest ideal Mq . We identify E
q
n,m/Mq with the Rieffel deformation of On ⊗Om

and use a K -theoretical argument to show that the isomorphism class does not depend on

q. The latter result holds true in a more general setting of multiparameter deformations.

Keywords: Cuntz–Toeplitz algebra; Rieffel’s deformation; q-deformation; Fock represen-
tation; K -theory.

Mathematics Subject Classification 2020: 46L05, 46L35, 46L80, 46L65, 47A67, 81R10

1. Introduction

Since the early 1980s, a wide study of non-classical models of mathematical physics,

quantum group theory and noncommutative probability (see e.g. [5, 21, 23, 38, 40,

56]) gave rise to a number of papers on operator algebras generated by various de-

formed commutation relations [6, 34, 39], a prominent example being the irrational

rotation algebra, also called the non-commutative torus [48]. A major question

for such objects is whether deformations exist and how they relate to the original

object.

Other objects of studies, closely related to the ones mentioned above, are

C∗-algebras generated by isometries, such as Cuntz algebras, extensions of non-

commutative tori and their multiparameter generalizations, see, [9, 10, 16, 45, 46].

The problems of classification of representations, existence of faithful (universal)

representation, as well as the study of structure of corresponding C∗-algebra and

dependence of C∗-isomorphism classes on parameter of the deformations are among

the central ones in this area.

In our paper, we work with a certain class of C∗-algebras generated by isome-

tries subject to deformed commutation relations. We study the structure of these

C∗-algebras, present their faithful representations and show that some of the alge-

bras we deal with are independent of the deformation parameter of deformation.

The relation with Rieffel deformation of tensor products, see e.g. [30], has been

significant for our studies.

1.1. Context : Wick algebras

Let us put our work into a broader context. A general approach to the study of such

deformed commutation relations has been provided by the framework of quadratic

∗-algebras allowing Wick ordering (Wick algebras), see [29]. It includes, among

others, deformations of canonical commutation relations of quantum mechanics,

some quantum groups and quantum homogeneous spaces, see e.g. [22, 35, 47, 53].

On the other hand, one can consider Wick algebras as deformations of Cuntz–

Toeplitz algebras, see [10, 17, 29].

For {T klij , i, j, k, l = 1, d} ⊂ C, T klij = T
lk

ji , the Wick algebra W (T ) is the ∗-
algebra generated by elements aj , a

∗
j , j = 1, d subject to the relations

a∗i aj = δij1+

d∑
k,l=1

T klij ala
∗
k.
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It depends [29] on the so-called operator of coefficients T , given as follows. Let

H = Cd and e1, . . . , ed be the standard orthonormal basis, then

T : H⊗ 2 → H⊗ 2, T ek⊗ el =
d∑

i,j=1

T ljikei⊗ ej.

It is a nontrivial and central problem in the theory of Wick algebras to de-

termine whether a Fock representation πF,T of a Wick algebra exists, see [6,

26, 29] for some sufficient conditions: for instance, it exists, if T is braided, i.e.

(1⊗T )(T ⊗1)(1⊗T ) = (T ⊗ 1)(1⊗T )(1⊗T ), and if ‖T ‖ ≤ 1; moreover, if

‖T ‖ < 1 then πF,T is a faithful representation of W (T ).

Another important question concerns the stability of isomorphism classes of the

universal C∗-envelopea W(T ) = C∗(W (T )). It was conjectured in [28]:

Conjecture 1.1. If T is self-adjoint, braided and ||T || < 1, then W(T ) �W(0).

In particular, the authors of [28] have shown that the conjecture holds for the

case ||T || < √2− 1, for more results on the subject see [17, 31].

In the case T = 0 and d = dimH = 1, the Wick algebra W (0) is generated by a

single isometry s, its universal C∗-algebra exists and is isomorphic to the C∗-algebra
generated by the unilateral shift, and the Fock representation is faithful. The ideal

I in E, generated by 1− ss∗ is isomorphic to the algebra of compact operators and

E/I � C(S1), see [9]. When d ≥ 2, the enveloping universal C∗-algebra exists and it

is called the Cuntz–Toeplitz algebra O
(0)
d . It is isomorphic to C∗(πF,d(W (0))), so the

Fock representation of O
(0)
d is faithful, see [10]. Furthermore, the ideal I generated

by 1−∑d
j=1 sjs

∗
j is the unique largest ideal in O

(0)
d . It is isomorphic to the algebra

of compact operators on Fd. The quotient O
(0)
d /I is called the Cuntz algebra Od.

It is nuclear (as well as O
(0)
d ), simple and purely infinite, see [10] for more details.

1.2. Our objects of interest : The C∗-algebras Eq
n,m

In this paper, we study the C∗-algebras Eqn,m generated by Wick algebras WEqn,m
with the operator of coefficients T given by

Tu1⊗u2 = 0, T v1⊗ v2 = 0, u1, u2 ∈ Cn, v1, v2 ∈ Cm,

T u⊗ v = qv⊗u, T v⊗ u = qu⊗ v, u ∈ Cn, v ∈ Cm,

aRecall that given a ∗-algebra A, we denote by A = C∗(A) its universal C∗-algebra, if it exists,
i.e. if the set RepA of bounded ∗-representations of A is non-empty and

sup
π∈RepA

‖π(a)‖ < ∞

for any a ∈ A. The universal C∗-algebra A is determined by the universal property: there exists
a ∗-homomorphism θ : A → A such that for any C∗-algebra B and ∗-homomorphism β : A → B,
there exists a unique ∗-homomorphism β̃ : A → B, such that β = β̃ ◦ θ.
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forH = Cn⊕Cm, |q| ≤ 1. Note, that T satisfies the braid relation and ||T || = |q| ≤ 1

for any n,m ∈ N. In particular, the Fock representation πF,q exists for |q| ≤ 1 and

is faithful onWEqn,m for |q| < 1, see the above discussion on general Wick algebras.

The C∗-algebra Eqn,m is generated by isometries {sj}nj=1, and {tr}mr=1, satisfying

commutation relations of the following form:

s∗i sj = 0, 1 ≤ i 
= j ≤ n,
t∗rts = 0, 0 ≤ r 
= s ≤ m,
s∗j tr = qtrs

∗
j , 0 ≤ j ≤ n, 0 ≤ r ≤ m.

(1.1)

They are related to the C∗-algebras of deformed canonical commutation rela-

tions G{qij}, qij = qji, |qij | ≤ 1, i, j ∈ {1, . . . , d}, −1 < qii < 1, given by

a∗i aj = δij1+ qijaja
∗
i , i, j = 1, d. (1.2)

In one degree of freedom (d = 1), Gq exists for q ∈ [−1, 1) and Gq � E for any

q ∈ (−1, 1), see [28]. See also [2, 38] for more on this algebra. The C∗-algebra Gq,d of
quon commutation relations with d degrees of freedom was introduced and studied

in [5, 21, 23, 56] and one has Gq,d � O0
d, for q <

√
2− 1. The above multiparameter

version of quons was considered in [6, 39, 40]. For |qij | <
√
2−1 we get G{qij} � O0

d.

Further related version have been studied in [4, 37, 46].

1.3. Eq
n,m in the case n = m = 1

In the case n = 1, m = 1, WEq1,1 is generated by isometries s1, s2 subject to the

relations

s∗1s2 = qs2s
∗
1.

It is easy to see that its universal C∗-algebra E
q
1,1 exists for any |q| ≤ 1.

If |q| < 1, the main result of [27] states that Eq1,1 � E
(0)
1,1 = O

(0)
2 for any |q| < 1.

In particular the Fock representation of Eq1,1 is faithful. Notice that the C∗-algebra
E
q
1,1 was the only known family of Wick algebras where Conjecture 1.1 holds (in this

case ‖T ‖ < 1 if and only if |q| < 1). In particular, even the isomorphism between

C∗-algebra generated by three q-commuting isometries and O0
3 for all |q| < 1 is still

not established.

The case |q| = 1 was studied in [32, 46, 54]. Here, the additional relation

s2s1 = qs1s2

holds in E
q
1,1. It was shown that Eq1,1 is nuclear for any |q| = 1. Let Mq be the ideal

generated by the projections 1− s1s∗1 and 1− s2s∗2. Then E
q
1,1/Mq � Aq, where Aq

is the non-commutative torus, see [48],

Aq = C∗(u1, u2 |u∗1u1 = u1u
∗
1 = 1, u∗2u2 = u2u

∗
2 = 1, u∗2u1 = qu1u

∗
2).
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If q is not a root of unity, then the corresponding non-commutative torus Aq is

simple and Mq is the unique largest ideal in E
q
1,1. Let us stress that unlike the case

|q| < 1, the C∗-isomorphism class of Eq1,1 is “unstable” with respect to q. Namely,

E
q1
1,1 � E

q2
1,1 if and only if Aq1 � Aq2 , see [32, 46, 54].

One can consider another higher-dimensional analog of Eq1,1. For a set {qij}di,j=1

of complex numbers such that |qij | ≤ 1, qij = qji, qii = 1, and d > 2, one can

consider a C∗-algebra E{qij}, generated by sj , s
∗
j , j = 1, d subject to the relations

s∗jsj = 1, s∗i sj = qijsjs
∗
i .

The case |qij | < 1 was considered in [36], where it was proved that E{qij} is

nuclear and the Fock representation is faithful. It turned out that the fixed point

C∗-subalgebra of E{qij} with respect to the canonical action of Td is an AF-algebra

and is independent of {qij}. However, the conjecture that E{qij} � E{0} remains

open.

The case |qij | = 1 was studied in [16, 32, 46]. It was shown that E{qij} is nuclear

for any such family {qij} and the Fock representation is faithful.

Let us note, see [46], that the C∗-algebra E{qij} with |qij | = 1 is isomorphic to the

C∗-algebra G{qij} determined by deformed quons. In particular, this isomorphism

implies that the Fock realization of G{qij} is faithful, so the Fock representation can

be considered as the universal representation of G{qij}. We stress also that apart

the case |qij | < 1 the C∗-isomorphism class of E{qij} with |qij | = 1 depends on the

C∗-isomorphism class of the non-commutative torus T{qij},

T{qij} = C∗(ui, u∗i = u−1
i , ujui = qijujui),

and is unstable at any point.

1.4. Eq
n,m in the case n,m ≥ 2

In our paper, we focus on the study of Eqn,m with n,m ≥ 2 (see [43] for the case

n = 1, m ≥ 2) and we also consider a multiparameter case. In the one parameter

case, the analysis is separated into two conceptually different cases, |q| < 1 and

|q| = 1.

If |q| < 1, we show that Eqn,m � E0
n,m = O

(0)
n+m, where the latter is the Cuntz–

Toeplitz algebra with n+m generators.

For the case |q| = 1, we stress out that Eqn,m is isomorphic to the Rief-

fel deformation of O
(0)
n ⊗O

(0)
m implying in particular the nuclearity of Eqn,m. We

show that it contains a unique largest ideal Mq, and we consider the quotient

On⊗ qOm := Eqn,m/Mq, in fact, even for a multiparameter Θ = (qij) with |qij | = 1,

denoting the object On⊗ΘOm. We show that On⊗ qOm and On⊗ΘOm are simple

and purely infinite. We use Kirchberg–Philips’s classification theorem, see [33, 44],

to get one of our main results, namely

On⊗ qOm � On⊗Om and On⊗ΘOm � On⊗Om
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for any q, qij ∈ C, |q| = |qij | = 1. Next, we show that the isomorphism class of Mq

is independent of q and consider Eqn,m as an (essential) extension of On⊗Om by

Mq and study the corresponding Ext group. In particular, if gcd(n− 1,m− 1) = 1,

this group is zero. Thus in this case, Eqn,m and E1
n,m both determine the zero class

in Ext(On⊗ qOm,Mq).

We stress that unlike the case of extensions by compacts, one cannot immedi-

ately deduce that two trivial essential extensions are isomorphic. So, the problem

of an isomorphism Eqn,m � E1
n,m remains open.

1.5. Relation with deformed CCR

Finally, we present the relation of En,m, n,m ≥ 2 with multi-component commuta-

tion relations, see [4, 14, 37].

Take k ∈ (0, 1) and q ∈ C, |q| = 1. Construct H = Cn ⊕ Cm, n, m ≥ 2 and

define T : H⊗ 2 → H⊗ 2 as follows:

Tu1⊗u2 = k u2⊗u1, if either u1, u2 ∈ Cn or u1, u2 ∈ Cm

Tu⊗ v = q v⊗ u, if u ∈ Cn, v ∈ Cm.

Denote the corresponding Wick algebra by WEq,kn,m and its universal C∗-algebra by

Eq,kn,m. This C∗-algebra is generated by sj , tr, j = 1, n, r = 1,m, subject to the

relations

s∗i sj = δij(1+ k sjs
∗
i ),

t∗rtl = δrl(1+ k tlt
∗
r),

s∗j tr = q trs
∗
j .

(1.3)

Notice that in Eq,kn,m with |q| = 1, k ∈ (0, 1), the relations

trsj = q sjtr, j = 1, n, r = 1,m, (1.4)

hold as well. Indeed, for Bjr = trsj − q sjtr we have B∗
jrBjr = k2BjrB

∗
jr and

Bjr = 0.

Relations (1.3), (1.4) can be regarded as an example of system considered in [4,

14] in the case of finite count of degrees of freedom.

One can show, [46], that Eq,kn,m � Eqn,m for k ∈ (0, 1). Hence, in particular, one

of our main results says that the C∗-algebra generated by (1.3) is an extension

of On⊗Om. One more important corollary of the isomorphism is that the Fock

representation of relations (1.3), (1.4) is faithful.

Notice that for k = ±1 we get a discrete analogue of commutation relations for

generalized statistics introduced in [37].

2. The case |q| < 1

We start with some lemmas. Let Λn denote the set of all words in alphabet {1, n}.
For any non-empty μ = (μ1, . . . , μk), and a family of elements b1, . . . , bn, we denote
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by bμ the product bμ1 · · · bμk
; we also put b∅ = 1. In this section, we assume that

any word μ belongs to Λn.

Lemma 2.1. Let Q =
∑n

i=1 sis
∗
i , then∑

|μ|=k
sμQs

∗
μ =

∑
|ν|=k+1

sνs
∗
ν .

Proof. Straightforward.

Lemma 2.2. For any x ∈ Eqn,m one has∥∥∥∥∥∥
∑
|μ|=k

sμxs
∗
μ

∥∥∥∥∥∥ ≤ ‖x‖.
Proof. (1) First prove the claim for positive x. In this case one has 0 ≤ x ≤ ‖x‖1.
Hence 0 ≤ sμxs∗μ ≤ ‖x‖sμs∗μ, and∥∥∥∥∥∥

∑
|μ|=k

sμxs
∗
μ

∥∥∥∥∥∥ ≤ ‖x‖ ·
∥∥∥∥∥∥
∑
|μ|=k

sμs
∗
μ

∥∥∥∥∥∥.
Note that s∗μsλ = δμλ, μ, λ ∈ Λn, |μ| = |λ| = k, implying that {sμs∗μ | |μ| = k}
form a family of pairwise orthogonal projections. Hence ‖∑|μ|=k sμs

∗
μ‖ = 1, and

the statement for positive x is proved.

(2) For any x ∈ Eqn,m. write A =
∑

|μ|=k sμxs
∗
μ, then A

∗ =
∑

|μ|=k sμx
∗s∗μ and

A∗A =
∑
|μ|=k

sμx
∗xs∗μ.

Then by the proved above

‖A‖2 = ‖A∗A‖ ≤ ‖x∗x‖ = ‖x‖2.

Construct t̃l = (1−Q)tl, l = 1,m.

Lemma 2.3. The following commutation relations hold:

s∗i t̃l = 0, i = 1, n, l = 1,m,

t̃∗r t̃l = 0, l 
= r l, r = 1,m,

t̃∗r t̃r = 1− |q|2Q > 0, r = 1,m.

Proof. We have s∗i (1 − Q) = 0, implying that s∗i t̃l = 0 for any i = 1, n, and

l = 1,m.
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Further,

t̃∗r t̃l = t∗r(1−Q)tl = t∗rtl −
n∑
i=1

t∗rsis
∗
i tl = δrl1−

n∑
i=1

|q|2sit∗rtls∗i

= δrl(1− |q|2Q).

Proposition 2.1. For any r = 1,m, one has

tr =

∞∑
k=0

∑
|μ|=k

qksμt̃rs
∗
μ.

In particular, the family {si, t̃r, i = 1, n, r = 1,m} generates Eqn,m.

Proof. Put M r
k =

∑
|μ|=k q

ksμt̃rs
∗
μ, k ∈ Z+. Then

M r
0 = tr −Qtr = tr −

∑
|μ|=1

sμs
∗
μtr,

and

M r
k =

∑
|μ|=k

qksμ(1−Q)trs
∗
μ =

∑
|μ|=k

sμ(1−Q)s∗μtr

=
∑
|μ|=k

sμs
∗
μtr −

∑
|μ|=k+1

sμs
∗
μtr.

Then

SrN =

N∑
k=0

M r
k = tr −

∑
|μ|=N+1

sμs
∗
μtr = tr − qN+1

∑
|μ|=N+1

sμtrs
∗
μ.

Since ‖∑|μ|=N+1 sμtrs
∗
μ‖ ≤ ‖tr‖ = 1 one has that SrN → tr in Eqn,m as N →∞.

Suppose that Eqn,m is realized by Hilbert space operators. Consider the left polar

decomposition t̃r = t̂r · cr, where c2r = t̃∗r t̃r = 1− |q|2Q > 0, implying that t̂r is an

isometry and

t̂r = t̃rc
−1
r ∈ Eqn,m, r = 1,m.

Lemma 2.4. The following commutation relations hold:

s∗i t̂r = 0, i = 1, n, r = 1,m,

t̂∗r t̂l = δrl1, r, l = 1,m.

Proof. Indeed, for any i = 1, n, and r = 1,m. one has

s∗i t̂r = s∗i t̃r c
−1
r = 0,
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and

t̂∗r t̂l = c−1
r t̃∗r t̃lc

−1
r = 0, r 
= l.

Summing up the results stated above, we get the following theorem.

Theorem 2.1. Let t̂r = (1 − Q)tr(1 − |q|2Q)−
1
2 , r = 1,m. Then the family

{si, t̂r}ni=1
m
r=1 generates Eqn,m, and

s∗i sj = δij1, t̂∗r t̂l = δrl1, s∗i t̂r = 0, i, j = 1, n, r, l = 1,m.

Proof. It remains to note that t̃r = t̂r(1 − |q|2Q)
1
2 , so t̃r ∈ C∗(t̂r, Q), so by

Proposition 2.1 the elements si, t̂r, i = 1, n, r = 1,m, generate Eqn,m.

Corollary 2.1. Denote by vi, i = 1, n+m, the isometries generating E0
n,m = O

(0)
n+m.

Then Theorem 2.1 implies that the correspondence

vi �→ si, i = 1, n, vn+r �→ t̂r, r = 1,m,

extends uniquely to a surjective homomorphism ϕ : E0
n,m → Eqn,m.

Our next aim is to construct the inverse homomorphism ψ : Eqn,m → E0
n,m. To

do it, put

Q̃ =

n∑
i=1

viv
∗
i w̃r = vn+r(1− |q|2Q̃)

1
2 , r = 1,m.

Then w̃∗
r w̃r = 1− |q|2Q̃, and w̃∗

r w̃l = 0 if r 
= l, r, l = 1,m. Construct

wr =

∞∑
k=0

∑
|μ|=k

qkvμw̃rv
∗
μ, r = 1,m,

where μ runs over Λn, and set as above vμ = vμ1 · · · vμk
. Note that the series above

converges with respect to norm in E0
n,m.

Lemma 2.5. The following commutation relations hold:

w∗
rwl = δrl1, v∗iwr = qwrv

∗
i , i = 1, n, r, l = 1,m.

Proof. First, we note that v∗i w̃r = 0, and w̃∗
rvi = 0 for any i = 1, n, and j = 1,m,

implying that

v∗δ w̃r = 0, w̃∗
rvδ = 0, for any nonempty δ ∈ Λn, r = 1,m.

Let |λ| 
= |μ|, λ, μ ∈ Λn. If |λ| > |μ|, then λ = λ̂γ with |λ| = |μ| and v∗λvμ = δλ̂μv
∗
γ .

Otherwise μ = μ̂β, |μ̂| = |λ| and v∗λvμ = δλμ̂vβ . So, if |λ| > |μ| one has

vλw̃
∗
rv

∗
λvμw̃rv

∗
μ = δλ̂μvλw̃

∗
rv

∗
γw̃rvμ = 0,
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and if |μ| > |λ|, then

vλw̃
∗
rv

∗
λvμw̃rv

∗
μ = δλμ̂vλw̃

∗
rvβw̃rvμ = 0.

Since v∗μvλ = δμλ1, if |μ| = |λ|, one has

w∗
rwr = lim

N→∞

⎛⎝ N∑
k=0

∑
|λ|=k

|q|kvλw̃∗
rv

∗
λ

⎞⎠ ·
⎛⎝ N∑
l=0

∑
|μ|=l
|q|lvμw̃rv∗μ

⎞⎠
= lim

N→∞

N∑
k,l=0

∑
|λ|=k,|μ|=l

|q|k+lvλw̃∗
rv

∗
λvμw̃rv

∗
μ

= lim
N→∞

N∑
k=0

∑
|λ|,|μ|=k,

|q|2kvλw̃∗
rv

∗
λvμw̃rv

∗
μ

= lim
N→∞

N∑
k=0

∑
|μ|=k

|q|2kvμw̃∗
r w̃rv

∗
μ = lim

N→∞

N∑
k=0

∑
|μ|=k

|q|2kvμ(1− |q|2Q̃2)v∗μ

= lim
N→∞

N∑
k=0

⎛⎝ ∑
|μ|=k

|q|2kvμv∗μ −
∑

|μ|=k+1

|q|2k+2vμv
∗
μ

⎞⎠
= lim

N→∞

⎛⎝1− |q|2N+2
∑

|μ|=N+1

vμv
∗
μ

⎞⎠ = 1.

Since w̃∗
r w̃l = 0, r 
= l, the same arguments as above imply that w∗

rwl = 0, r 
= l.

For any non-empty μ ∈ Λn write σ(μ) = ∅ if |μ| = 1, and σ(μ) = (μ2, . . . , μk) if

|μ| = k > 1. Further, for any i = 1, n, r = 1,m one has

v∗i wr =
∞∑
k=0

∑
|μ|=k

qks∗i vμw̃rv
∗
μ

= v∗i w̃r +
∞∑
k=1

∑
|μ|=k

qkδiμ1vσ(μ)w̃rv
∗
σ(μ)v

∗
i

= q

∞∑
k=0

∑
|μ|=k

qkvμw̃rv
∗
μv

∗
i = qwrv

∗
i .

Lemma 2.6. For any r = 1,m, one has w̃r = (1− Q̃)wr.

Proof. First note that (1− Q̃)vi = 0, i = 1, n, implies that

(1− Q̃)vμ = 0, |μ| ∈ Λn, μ 
= ∅.
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Then

(1− Q̃)wr = (1− Q̃)

⎛⎝∑
k=0

∑
|μ|=k

qkvμw̃rv
∗
μ

⎞⎠
= (1− Q̃)w̃r +

∑
k=1

∑
|μ|=k

qk(1− Q̃)vμw̃rv
∗
μ = (1− Q̃)w̃r.

To complete the proof it remains to note that Q̃vn+r = 0, r = 1,m. So,

Q̃w̃r = Q̃vn+r(1− |q|2Q̃) 1
2 = 0.

Theorem 2.2. Let vi, i = 1, n+m, be the isometries generating E0
n,m, and Q̃ =∑n

i=1 viv
∗
i . Put

w̃r = vn+r(1− |q|2Q̃) 1
2 and wr =

∑
k=0

∑
|μ|=k

qkvμw̃rv
∗
μ.

Then

v∗i vj = δij1, w∗
rwl = δrl1, v∗i wr = qwrv

∗
i , i, j = 1, n, r, l = 1,m.

Moreover, the family {vi, wr}ni=1
m
r=1 generates E0

n,m.

Proof. We need to prove only the last statement of the theorem. We have

vn+r = w̃r(1− |q|2Q̃)−
1
2 = (1− Q̃)wr(1− |q|2Q̃)−

1
2 ∈ C∗(wr, vi, i = 1, n).

Hence vi, wr, i = 1, n, r = 1,m, generate E0
n,m.

Corollary 2.2. The statement of Theorem 2.2 and the universal property of Eqn,m
imply the existence of a surjective homomorphism ψ : Eqn,m → E0

n,m defined by

ψ(si) = vi, ψ(tr) = wr, i = 1, n, r = 1,m.

Now, we are ready to formulate the main result of this section.

Theorem 2.3. For any q ∈ C, |q| < 1, one has an isomorphism Eqn,m � E0
n,m.

Proof. In Theorem 2.1, we constructed the surjective homomorphism ϕ : E0
n,m →

Eqn,m defined by

ϕ(vi) = si, ϕ(vn+r) = t̂r, i = 1, n, r = 1,m.

Show that ψ : Eqn,m → E0
n,m from Corollary 2.2 is the inverse of ϕ. Indeed, the

equalities ψ(si) = vi, i = 1, n, imply that

ψ(1−Q) = 1− Q̃.
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Then, since ψ(tr) = wr, we get

ψ(t̃r) = ψ((1−Q)tr) = (1− Q̃)wr = w̃r , r = 1,m,

and

ψ(t̂r) = ψ(t̃r(1− |q|2Q)−
1
2 ) = w̃r(1− |q|2Q̃)− 1

2 = vn+r, r = 1,m.

So, ψϕ(vi) = ψ(si) = vi, ψϕ(vn+r) = ψ(t̂r) = vn+r, i = 1, n, r = 1,m, and

ψϕ = idE0
n,m

.

Show that ϕψ = idEq
n,m

. Indeed,

ϕ(w̃r) = ϕ(vn+r(1− |q|2Q̃)
1
2 ) = t̂r(1− |q|2Q)

1
2 = t̃r, r = 1, d.

Then for any r = 1,m, one has

ϕ(wr) =
∑
k=0

∑
|μ|=k

qkϕ(vμ)ϕ(w̃r)ϕv
∗
μ =

∑
k=0

∑
|μ|=k

qksμt̃rs
∗
μ = tr.

So, ϕψ(si) = ϕ(vi) = si, ϕψ(tr) = ϕ(wr) = tr, i = 1, n, r = 1,m.

3. The Case |q| = 1

In this section, we discuss the case |q| = 1. Notice that for |q| = 1, formula (1.1)

implies tjsi = qsitj , i = 1, n, j = 1,m. Indeed, one has just put Bij = tjsi − qsitj
and check that B∗

ijBij = 0, i 
= j.

3.1. Auxiliary results

In this subsection, we collect some general facts about C∗-dynamical systems,

crossed products and Rieffel deformations which we will use in our considerations.

3.1.1. Fixed point subalgebras

First, we recall how properties of a fixed point subalgebra of a C∗-algebra with an

action of a compact group are related to properties of the whole algebra.

Definition 3.1. Let A be a C∗-algebra with an action γ of a compact group G.

A fixed point subalgebra Aγ is a subset of all a ∈ A such that γg(a) = a for all

g ∈ G.
Notice that for every action of a compact group G on a C∗-algebra A one

can construct a faithful conditional expectation Eγ :A → Aγ onto the fixed point

subalgebra, given by

Eγ(a) =

∫
G

γg(a)dλ,

where λ is the Haar measure on G.
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A homomorphism ϕ :A → B between C∗-algebras with actions α and β of a

compact group G is called equivariant if

ϕ ◦ αg = βg ◦ ϕ for any g ∈ G.

3.1.2. Crossed products

Given a locally compact groupG and a C∗-algebraA with a G-action α, consider the

full crossed product C∗-algebra A�α G, see [55]. One has two natural embeddings

into the multiplier algebra M(A�α G),

iA :A → M(A�α G), iG :G→M(A�α G),

(iA(a)f)(s) = af(s), (iG(t)f)(s) = αt(f(t
−1s)), t, s ∈ G, a ∈ A,

for f ∈ Cc(G,A).

Remark 3.1. Obviously, iG(s) is a unitary element of M(A�α G) for any s ∈ G.
Recall that iG determines the following homomorphism denoted also by iG

iG : C∗(G)→M(A�α G)

defined by

iG(f) =

∫
G

f(s)iG(s)dλ(s),

where λ is the left Haar measure on G.

Notice that for any g ∈ Cc(G,A) one has

(iG(f)g)(t) = f ·α g,
where ·α denotes the product in A �α G. In particular, when A is unital we can

identify iG(f) with f ·α 1A, and in fact iG maps C∗(G) into A �α G. Also notice

that

iG(t)iA(a)iG(t)
−1 = iA(αt(a)) ∈M(A�α G).

If ϕ is an equivariant homomorphism between C∗-algebras A with a G-action

α and B with a G-action β, then one can define the homomorphism

ϕ�G :A�α G→ B�β G, (ϕ�G)(f)(t) = ϕ(f(t)), f ∈ Cc(G,A).

Let A be a unital C∗-algebra with G-action α. Then ιA : C→ A,

ιA(λ) = λ1A,

is an equivariant homomorphism, where G acts trivially on C. Since C�G = C∗(G),
one has that

ιA �G : C∗(G)→ A�α G.

In fact, in this case we have

ιA �G = iG, (3.1)

2250017-13

In
t. 

J.
 M

at
h.

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 C
H

A
L

M
E

R
S 

U
N

IV
E

R
SI

T
Y

 O
F 

T
E

C
H

N
O

L
O

G
Y

 o
n 

02
/1

7/
22

. R
e-

us
e 

an
d 

di
st

ri
bu

tio
n 

is
 s

tr
ic

tly
 n

ot
 p

er
m

itt
ed

, e
xc

ep
t f

or
 O

pe
n 

A
cc

es
s 

ar
tic

le
s.



2nd Reading

January 18, 2022 17:29 WSPC/S0129-167X 133-IJM 2250017

A. Kuzmin et al.

where iG : C∗(G) → A �α G is described in Remark 3.1. Indeed, for any g ∈
Gc(G,A) one has

(iG(f) ·α g)(s) =
∫
G

f(t)αt(g(t
−1s))dt

=

∫
G

f(t)1Aαt(g(t
−1s))dt

= ((f(·)1A) ·α g)(s) = ((ιA �G)(f) ·α g)(s),
implying iG(f) = (ιA �G)(f) for any f ∈ C∗(G).

3.1.3. Rieffel’s deformation

In what follows, we recall some basic facts on Rieffel’s deformations. Given a C∗-
algebra A equipped with an action α of Rn and a skew symmetric matrix Θ ∈
Mn(R), one can construct the Rieffel deformation of A, denoted by AΘ, see [1, 49].

In particular, the elements a ∈ A such that x �→ αx(a) ∈ C∞(Rn,A) form a dense

subset A∞ in AΘ and for any a, b ∈ A∞ their product in AΘ is given by the

following oscillatory integral (see [49]):

a ·Θ b :=
∫
Rn

∫
Rn

αΘ(x)(a)αy(b)e
2πi〈x,y〉dxdy, (3.2)

where 〈·, ·〉 is a scalar product in Rn. The mapping αΘ
x : a→ αx(a), a ∈ A∞, extends

naturally to an action αΘ of Rn on AΘ.

Given an equivariant ∗-homomorphism φ between C∗-algebras A and B with

actions of Rn, one can define a ∗-homomorphism φΘ :AΘ → BΘ, which is also

equivariant with respect to the induced actions. Moreover, φΘ is injective if and

only if φ is injective, see e.g. [30].

The next result follows directly from [30, Lemma 3.5].

Proposition 3.1. The mapping id :A→ (AΘ)−Θ is an equivariant ∗-isomorphism.

In what follows, we will be interested in periodic actions of Rn, i.e. we assume

that α is an action of Tn. Given a character χ ∈ T̂n � Zn, consider

Aχ = {a ∈ A :αz(a) = χ(z)a for every z ∈ Tn}.
Then

A =
⊕
χ∈Zn

Aχ,

where some terms could be equal to zero, and Aχ1 ·Aχ2 ⊂ Aχ1+χ2 , A
∗
χ = A−χ. So,

Aχ, χ ∈ Zn, can be treated as homogeneous components of Zn-grading on A.

For a periodic action α of Rn on a C∗-algebra A and a skew-symmetric matrix

Θ ∈ Mn(R), construct the Rieffel deformation AΘ. Notice that all homogeneous
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elements belong to A∞. Apply formula (3.2) to a ∈ Ap, b ∈ Aq:

a ·Θ b =
∫
Rn

∫
Rn

e2πi〈Θ(x),p〉ae2πi〈y,q〉be2πi〈x,y〉dx dy

= a · b
∫
Rn

e2πi〈y,q〉
∫
Rn

e2πi〈x,−Θ(p)〉e2πi〈x,y〉dx dy

= a · b
∫
Rn

e2πi〈y,q〉δy−Θ(p) dy

= e2πi〈Θ(p),q〉a · b.
Thus, given a ∈ Ap and b ∈ Aq one has

a ·Θ b = e2πi〈Θ(p),q〉a · b. (3.3)

Remark 3.2. Notice that AΘ also possesses a Zn-grading such that (AΘ)p = Ap
for every p ∈ Zn. Due to (3.3), we have a ·Θ b = a · b for any a, b ∈ A±p, p ∈ Zn.

Indeed, for any skew symmetric Θ ∈ Mn(R
n) and p ∈ Zn, one has 〈Θ p , ±p〉 = 0.

The involution on (AΘ)p coincides with the involution on Ap.

Consider a C∗-dynamical system (A,Tn, α), and its covariant representation

(π, U) on a Hilbert space H. For any p ∈ Zn � T̂n, put

Hp = {h ∈ H | Uth = e2πi〈t,p〉h}.
Then H =

⊕
p∈Zn Hp (see [55]).

Proposition 3.2 ([8, Theorem 2.8]). Let (π, U) be a covariant representation

of (A,Tn, α) on a Hilbert space H. Then one can define a representation πΘ of AΘ

as follows:

πΘ(a)ξ = e2πi〈Θ(p),q〉π(a)ξ,

for every ξ ∈ Hq, a ∈ Ap, p, q ∈ Zn. Moreover, πΘ is faithful if and only if π is

faithful.

It is known that Rieffel’s deformation can be embedded into M(A�α Rn), but

for the periodic actions we have an explicit description of this embedding.

Proposition 3.3 ([52, Lemma 3.1.1]). The following mapping defines an

embedding:

iAΘ :AΘ →M(A�α Rn), iAΘ(ap) = iA(ap)iRn(−Θ(p)),

where p ∈ Zn and ap is homogeneous of degree p.

Proposition 3.4 (30, Proposition 3.2; 52, Sec. 3.1). Let (A,Rn, α) be a C∗-
dynamical system with periodic α and unital A. Put AΘ to be the Rieffel deformation
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of A. There exist a periodic action αΘ of Rn on AΘ and an isomorphism Ψ :AΘ�αΘ

Rn → A�α Rn such that the following diagram is commutative:

C∗(Rn) � C0(R
n)

AΘ �αΘ Rn A�α Rn

iRn iRn

Ψ

Namely, αΘ(a) = α(a) holds for any a ∈ Ap, p ∈ Zn. Then it is easy to verify

that iAΘ : AΘ →M(A�α R
n) with iRn : Rn →M(A�α Rn) determine a covariant

representation of (AΘ,R
n, αΘ) in M(A �α Rn). Hence, by the universal property

of crossed product we get the corresponding homomorphism

Ψ: AΘ �αΘ Rn →M(A�α Rn).

In fact, the range of Ψ coincides with A�α Rn and Ψ defines an isomorphism

Ψ: AΘ �αΘ Rn → A�α Rn, (3.4)

see [30, 52] for more detailed considerations.

The following propositions shows that Rieffel’s deformation inherits properties

of the non-deformed counterpart.

Proposition 3.5 ([30, Theorem 3.10]). A C∗-algebra AΘ is nuclear if and only

if A is nuclear.

Proposition 3.6 ([30, Theorem 3.13]). For a C∗-algebra A one has

K0(AΘ) = K0(A) and K1(AΘ) = K1(A).

3.1.4. Rieffel’s deformation of a tensor product

In this part, we apply Rieffel’s deformation procedure to a tensor product of two

nuclear unital C∗-algebras equipped with an action of T.

Let A, B be C∗-algebras with actions α and β of T. Then there is a natural

action α⊗β of T2 on A⊗B defined as

(α⊗β)ϕ1,ϕ2(a⊗ b) = αϕ1(a)⊗ βϕ2(b).

Consider the induced gradings on A and B:

A =
⊕
p1∈Z

Ap1 , B =
⊕
p2∈Z

Bp2 .

Then the corresponding grading on A⊗B is

A⊗B :=
⊕

(p1,p2)t∈Z2

Ap1 ⊗Bp2 .

In particular, a⊗1 ∈ (A⊗B)(p1,0)t and 1⊗ b ∈ (A⊗B)(0,p2)t , where a ∈ Ap1 and

b ∈ Bp2 .
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Given q = e2πiϕ0 , consider

Θq =

⎛⎜⎝ 0
ϕ0

2

−ϕ0

2
0

⎞⎟⎠. (3.5)

One can see that the Rieffel deformation (A⊗B)Θq is in fact the universal

C∗-algebra A⊗ΘqB, generated by all homogeneous elements

a ∈ Ap1 , b ∈ Bp2 , p1, p2 ∈ Z,

subject to the relations

ba = e2πiϕ0p1p2ab. (3.6)

In what follows, we present more precise formulation and elementary prove of this

result. The discussion on universality properties for much more general deformation

of tensor product can be found in [41].

First, construct ∗-algebra A ⊗̂ΘqB,

A ⊗̂ΘqB = C〈 a ∈ Ap1 , b ∈ Bp2 | ba = e2πiϕ0p1p2ab, p1, p2 ∈ Z 〉
It is easy to see that correspondence η̃, determined by

η̃(a) = a⊗1, η̃(b) = 1⊗ b, a ∈ Ap1 , b ∈ Bp2 , p1, p2 ∈ Z,

extends to a ∗-algebra homomorphism η̃ : A ⊗̂ΘqB → (A⊗B)Θq . Indeed, let e1 =

(1, 0)t, e2 = (0, 1)t. Then for a ∈ Ap1 , b ∈ Bp2 one has

η̃(a) ·Θq η̃(b) = (a⊗1) ·Θq (1⊗ b) = e2πiϕ0〈p1Θq e1 , p2e2〉a⊗ b = e−πiϕ0p1p2a⊗ b
and

η̃(b) ·Θq η̃(a) = (1⊗ b) ·Θq (a⊗ 1) = e2πiϕ0〈p2Θq e2 , p1e1〉a⊗ b = eπiϕ0p1p2a⊗ b.
Hence

η̃(b) ·Θq η̃(a) = e2πiϕop1p2 η̃(a) ·Θq η̃(b).

In particular,

η̃(ab) = e−πϕ0p1p2a⊗ b, a ∈ Ap1 , b ∈ Bp2 , p1, p2 ∈ Z.

Since (A⊗B)Θq is a C∗-algebra, the set RepA ⊗̂ΘqB is non-empty. Further,

take any π ∈ RepA ⊗̂ΘqB. Consider its restriction, π|A to A. Then for any a ∈ Ap1
one has

‖π(a)‖ = ‖π|A(a)‖ ≤ ‖a‖A.
Analogously, ‖π(b)‖ ≤ ‖b‖B, b ∈ Bp2 . Hence for any x ∈ A ⊗̂ΘqB one has

sup
π∈RepA ⊗̂ΘqB

‖π(x)‖ <∞

and the universal C∗-algebra A⊗ΘqB := C∗(A ⊗̂ΘqB) exists.
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Notice that one has the natural T2 action γ on A⊗ΘqB determined by

γϕ1,ϕ2(a · b) = e2πi(p1ϕ1+p2ϕ2)a · b, a ∈ Ap1 , b ∈ Bp2 , p1, p2 ∈ Z.

Proposition 3.1 implies the following result.

Theorem 3.1. One has a T2-equivariant ∗-isomorphism

A⊗ΘqB � (A⊗B)Θq .

Proof. The following argument is due to a private communication by P. Kaszprak.

By the universal property we extend the homomorphism

η̃ : A ⊗̂ΘqB→ (A⊗B)Θq

to surjective homomorphism

η : A⊗ΘqB→ (A⊗B)Θq .

Evidently, η is equivariant with respect to T2 actions on A⊗ΘqB and (A⊗B)Θq

described above.

To show the injectivity of η, we construct homomorphism

ψ : A⊗B→ (A⊗ΘqB)−Θq ,

defined as follows. For homogeneous a ∈ Ap1 , b ∈ Bp2 , put

ψ(a⊗1) = a ∈ (A⊗ΘqB)−Θq , ψ(1⊗ b) = b ∈ (A⊗ΘqB)−Θq .

If a ∈ Ap1 and b ∈ Bp2 , then

ψ(a⊗1) ·−Θq ψ(1⊗ b) = eπiϕ0p1p2ab = e−πiϕ0p1p2ba = ψ(1⊗ b) ·−Θq ψ(a⊗1).

Here, we use the relation ab = e−2πiϕ0p1p2ba which holds in A⊗ΘqB.

Due to the universal property of tensor product, ψ extends to a surjective ho-

momorphism from A⊗B to (A⊗ΘqB)−Θq .

Recall that the equivariant homomorphism

η : A⊗ΘqB→ (A⊗B)Θq

is injective if and only if the induced homomorphism

η−Θq : (A⊗ΘqB)−Θq → ((A⊗B)Θq )−Θq

determined by

η−Θq (a) = a⊗1, η−Θq (b) = 1⊗ b, a ∈ Ap1 , b ∈ Bp2 , p1, p2 ∈ Z+,

is injective. Recall also that, due to functorial properties of Rieffel deformation the

identity mapping

a⊗ b �→ a⊗ b, a ∈ Ap1 , b ∈ Bp2 , p1, p2 ∈ Z,

extends to isomorphism ((A⊗B)Θq )−Θq � A⊗B.
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So, one has the following commutative diagram:

(A⊗ΘqB)−Θq ((A⊗B)Θq )−Θq

A⊗B

η−Θq

ψ

Since ψ is surjective, η−Θq is injective.

3.2. Nuclearity of Eq
n,m

The nuclearity of O
(0)
n ⊗O

(0)
m and Proposition 3.5 immediately imply the following

corollary.

Corollary 3.1. The C∗-algebra Eqn,m is nuclear for any q ∈ C, |q| = 1.

The nuclearity of Eqn,m can also be shown using more explicit arguments. One

can use the standard trick of untwisting the q-deformation in the crossed product,

which clarifies informally the nature of isomorphism (3.4). Namely, for q = e2πiϕ0

consider the action αq of Z on Eqn,m defined on the generators as

αkq (sj) = eπikϕ0sj , αkq (tr) = e−πikϕ0tr, j = 1, . . . , n, r = 1, . . . ,m, k ∈ Z.

Denote by the same symbol the similar action on E1
n,m � O

(0)
n ⊗O

(0)
m . Here, we

denote by s̃j and t̃r the generators of E1
n,m.

Proposition 3.7. For any ϕ0 ∈ [0, 1), one has an isomorphism Eqn,m �αq Z �
E1
n,m �αq Z.

Proof. Recall that E1
n,m�αq Z is generated as a C∗-algebra by elements s̃j , t̃r and

a unitary u, such that the following relations satisfied:

us̃ju
∗ = eiπϕ0 s̃j , ut̃ru

∗ = e−iπϕ0 t̃r, j = 1, n, r = 1,m.

Put ŝj = s̃j u and t̂r = t̃r u. Obviously, ŝj , t̂r and u generate E1
n,m �αq Z. Further,

ŝ∗j ŝk = δjk1, t̂∗r t̂l = δrl1

and

ŝj t̂r = s̃jut̃ru = e−iπϕ0 s̃j t̃ru
2 = e−iπϕ0 t̃r s̃ju

2 = e−2πiϕ0 t̃rus̃ju = q ŝj t̂r.

In a similar way we get ŝ∗j t̂r = qt̂r ŝ
∗
j , j = 1, n, r = 1,m. Finally,

uŝju
∗ = eiπϕ0 ŝj , ut̂ru

∗ = e−iπϕ0 t̂r.

Hence the correspondence

sj �→ ŝj , tj �→ t̂j , u �→ u,
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determines a homomorphism Φq : E
q
n,m �αq Z → E1

n,m �αq Z. The inverse is con-

structed evidently.

Let us show the nuclearity of Eqn,m again. Indeed, E1
n,m = O

(0)
n ⊗O

(0)
m is nuclear.

Then so is the crossed product E1
n,m �αq Z. Then due to the isomorphism above,

Eqn,m �αq Z is nuclear, implying the nuclearity of Eqn,m, see [3].

3.3. Fock representation of Eq
n,m

In this part, we study the Fock representation of Eqn,m.

First of all let us stress out that according to Theorem 3.1 we can identify Eqn,m

with (O
(0)
n ⊗O

(0)
m )Θq . In particular, we use this isomorphism below to show that

Fock representation of Eqn,m is faithful.

Definition 3.2. The Fock representation of Eqn,m is the unique up to unitary equiv-

alence irreducible ∗-representation πqF determined by the action on vacuum vector

Ω, ||Ω|| = 1,

πqF (s
∗
j )Ω = 0, πqF (t

∗
r)Ω = 0, j = 1, n, r = 1,m.

Denote by πF,n the Fock representation of O
(0)
n ⊂ Eqn,m acting on the space

Fn = T(Hn) = CΩ⊕
∞⊕
d=1

H⊗ d
n , Hn = Cn,

by formulas

πF,n(sj)Ω = ej, πF,n(sj)ei1 ⊗ ei2 · · · ⊗ eid = ej ⊗ ei1 ⊗ ei2 · · · ⊗ eid ,
πF,n(s

∗
j )Ω = 0, πF,n(s

∗
j )ei1 ⊗ ei2 ⊗ · · · ⊗ eid = δji1ei2 ⊗ · · · ⊗ eid , d ∈ N,

where e1, . . . , en is the standard orthonormal basis of Hn. Notice that πF,n is the

unique irreducible faithful representations of O
(0)
n , see for example [28].

In what follows, we give an explicit formula for πqF (sj), π
q
F (tr). Consider the Fock

representations πF,n and πF,m of ∗-subalgebras C∗({s1, . . . , sn}) = O
(0)
n ⊂ Eqn,m and

C∗({t1, . . . , tm}) = O
(0)
m ⊂ Eqn,m, respectively. Denote by Ωn ∈ Fn and Ωm ∈ Fm

the corresponding vacuum vectors.

Theorem 3.2. The Fock representation πqF of Eqn,m acts on the space F = Fn⊗Fm
as follows:

πqF (sj) = πF,n(sj)⊗ dm(q−
1
2 ), j = 1, n,

πqF (tr) = dn(q
1
2 )⊗ πF,m(tr), r = 1,m,

where dk(λ) acts on Fk, k = n,m by

dk(λ)Ωk = Ωk, dk(λ)X = λlX, X ∈ H⊗ l
k , l ∈ N.
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Proof. It is a direct calculation to verify that the operators defined above satisfy

the relations of Eqn,m. Since πF,k is irreducible on Fk, k = m,n, the representation

πqF is irreducible on Fn⊗Fm. Finally put Ω = Ωn⊗Ωm, then obviously

πqF (s
∗
j )Ω = 0, and πqF (t

∗
r)Ω = 0, j = 1, n, r = 1,m

Thus πqF is the Fock representation of Eqn,m.

Remark 3.3. In some cases, it will be more convenient to present the operators

of the Fock representation of Eqn,m in one of the alternative forms

πqF (sj) = πF,n(sj)⊗1Fm , j = 1, n,

πqF (tr) = dn(q)⊗πF,m(tr), r = 1,m,

or

πqF (sj) = πF,n(sj)⊗ dm(q−1), j = 1, n,

πqF (tr) = 1Fn ⊗πF,m(tr), r = 1,m,

which are obviously unitary equivalent to the one presented in the statement above.

The next step we show that in fact πqF can be obtained applying the construc-

tion form Proposition 3.2 to the representation πF,n⊗πF,m of O
(0)
n ⊗O

(0)
m . To this

end construct the family of unitary operators {Uϕ1,ϕ2 , ϕ1, ϕ2 ∈ [0, 2π)} acting on

Fn⊗Fm as follows:

Uϕ1,ϕ2(ξ1⊗ ξ2) = e2πi(ϕ1p1+ϕ2p2) ξ1⊗ ξ2, ξ1 ∈ H⊗ p1
n ,

ξ2 ∈ H⊗ p2
m , p1, p2 ∈ Z+.

The pair (πF,n⊗ πF,m, Uϕ1,ϕ2) determines a covariant representation of

(O
(0)
n ⊗O

(0)
m ,T2, α), where as above

αϕ1,ϕ2(sj ⊗1) = e2πiϕ1(sj ⊗1), αϕ1,ϕ2(1⊗ tr) = e2πiϕ2(1⊗ tr).

Notice that for p = (p1, p2)
t ∈ Z2

+, the subspace H⊗ p1
n ⊗H⊗ p2

m is the (p1, p2)
t-

homogeneous component of F related to the action of Uϕ1,ϕ2 , and (F)p = {0} for
any p ∈ Z2 \ Z2

+.

Recall also that ŝj = sj ⊗1 is contained in e1 = (1, 0)t-homogeneous component

and t̂r = 1⊗ tr is in e2 = (0, 1)t-homogeneous component of O
(0)
n ⊗O

(0)
m with

respect to α. Now one can apply Proposition 3.2. Namely, given ξ = ξ1⊗ ξ2 ∈
H⊗ p1
n ⊗H⊗ p2

m one gets

(πF,n⊗ πF,m)Θq (ŝj) ξ = e2πi〈Θq e1, p〉 πF,n⊗ πF,m(ŝj) ξ

= πF,n(sj)ξ1⊗ e−πi p2 ϕ0 ξ2 = (πF,n(sj)⊗ dm(q−
1
2 )) ξ,
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and

(πF,n⊗πF,m)Θq (t̂r) ξ = e2πi〈Θq e2, p〉 πF,n⊗ πF,m(t̂r)ξ

= eπi p1 ϕ0 ξ1⊗πF,m(tr) ξ2 = (dn(q
1
2 )⊗ πF,m(tr)) ξ.

Notice that for any j = 1, n, and r = 1,m,

(πF,n⊗ πF,m)Θq (ŝ
∗
j )Ω = 0, (πF,n⊗πF,m)Θq (t̂

∗
r)Ω = 0.

So, we have shown that πqF = (πF,n⊗πF,m)Θq .

Since πF,n⊗πF,m is faithful representation of O
(0)
n ⊗O

(0)
m we immediately get

the following result.

Theorem 3.3. The Fock representation πqF of Eqm,n is faithful.

We finish this part by an analog of the well-known Wold decomposition theorem

for a single isometry. Recall that

Q =
n∑
j=1

sjs
∗
j , P =

m∑
r=1

trt
∗
r .

Theorem 3.4 (Generalized Wold decomposition). Let π : Eqn,m → B(H) be a

∗-representation. Then
H = H1 ⊕H2 ⊕H3 ⊕H4,

where each Hj , j = 1, 2, 3, 4, is invariant with respect to π, and for πj = π �Hj one

has

• H1 = F⊗K for some Hilbert space K, and π1 = πqF ⊗ 1K;

• π2(1−Q) = 0, π2(1− P ) 
= 0;

• π3(1− P ) = 0, π3(1−Q) 
= 0;

• π4(1−Q) = 0, π4(1− P ) = 0;

where any of Hj , j = 1, 2, 3, 4, could be zero.

Proof. We will use the fact that any representation of O
(0)
n is a direct sum of a

multiple of the Fock representation and a representation of On.

So, restrict π to O
(0)
n ⊂ Eqn,m, and decompose H = HF ⊕H⊥

F , where

π(1−Q)|H⊥
F
= 0,

and π(O
(0)
n )|HF

is a multiple of the Fock representation. Denote

Sj := π(sj) �HF , Q := π(Q) �HF .

Put S∅ := 1HF and Sλ := Sλ1 · · ·Sλk
for any non-empty Λn � λ = (λ1, . . . , λk).

Since

HF =
⊕
λ∈Λn

Sλ(kerQ),
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it is invariant with respect to π(tr), π(t
∗
r), r = 1,m. Indeed, trQ = Qtr in Eqn,m,

implying the invariance of kerQ with respect to π(tr) and π(t
∗
r). Denote kerQ by

G and Tr := π(tr) �G. Then

π(tr)Sλξ = q|λ|Sλπ(tr)ξ = q|λ|SλTrξ, ξ ∈ G.

Thus HF � Fn⊗G with

π(sj) �HF= πF,n(sj)⊗ 1G, π(tr) �HF= dn(q)⊗Tr, j = 1, n, r = 1,m,

where the family {Tr} determines a ∗-representation π̃ of O
(0)
m on G.

Further, decompose G as G = GF ⊕ G⊥
F into an orthogonal sum of subspaces

invariant with respect to π̃, where GF = Fm⊗K,

π̃GF (tr) = πF,m(tr)⊗1K, r = 1,m, and π̃ �G⊥
F
(1− P ) = 0.

Thus HF = (Fn⊗Fm⊗K)⊕ (Fn⊗G⊥
F ) and

πHF (sj) = (πF,n(sj)⊗ 1Fm ⊗1K)⊕ (πF,n(sj)⊗ 1G⊥
F
), j = 1, n,

πHF (tr) = (dn(q)⊗πF,m(tr)⊗ 1K)⊕ (dn(q)⊗ π̃|G⊥
F
(tr)), r = 1,m.

Put H1 = Fn⊗Fm⊗K = F⊗K and notice that that π �H1= πqF ⊗ 1K, see Re-

mark 3.3. Put H3 = Fn⊗G⊥
F and π3 = π �H3 i.e.

π3(sj) = πF,n(sj)⊗ 1G⊥
F
, π3(tr) = dn(q)⊗ π̃|G⊥

F
(tr), j = 1, n, r = 1,m.

Evidently, π3(1− P ) = 0 and π3(1−Q) 
= 0.

Finally, applying similar arguments to the invariant subspace H⊥
F one can show

that there exists a decomposition

H⊥
F = H2 ⊕H4

into the orthogonal sum of invariant subspaces, where

• H2 = Fm⊗L and

π2(sj) := π �H2 (sj) = dm(q)⊗ π̂(sj), π2(tr) := π �H2 (tr) = πF,m(tr)⊗ 1L,

for a representation π̂ of On. Evidently, π2(1−Q) = 0, π2(1− P ) 
= 0.

• For π4 := π �H4 one has

π4(1−Q) = 0, π4(1− P ) = 0.

3.4. Ideals in Eq
n,m

In this part, we give a complete description of ideals in Eqn,m, and prove their

independence on the deformation parameter q.

For

Q =

n∑
j=1

sjs
∗
j , P =

m∑
r=1

trt
∗
r .
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we consider two-sided ideals, Mq generated by 1 − P and 1 − Q, Iq1 generated by

1−Q, Iq2 generated by 1− P , and Iq generated by (1−Q)(1− P ). Evidently,
Iq = I

q
1 ∩ I

q
2 = I

q
1 · Iq2.

In what follows, we will show that any ideal in Eqn,m coincides with the one listed

above.

To clarify the structure of Iq1, I
q
2 and Iq, we use the construction of twisted tensor

product of a certain C∗-algebra with the algebra of compact operators K, see [54].

We give a brief review of the construction, adapted to our situation.

Recall that the C∗-algebra K can be considered as a universal C∗-algebra
generated by a closed linear span of elements eμν , μ, ν ∈ Λn subject to the

relations

eμ1ν1eμ2ν2 = δμ2ν1eμ1ν2 , e∗μ1ν1 = eν1μ1 , νi, μi ∈ Λn,

here e∅ := e∅∅ is a minimal projection.

Definition 3.3. Let A be a C∗-algebra,

α = {αμ, μ ∈ Λn} ⊂ Aut(A), where α∅ = idA,

and eμν , μ, ν ∈ Λn be the generators of K specified above. Construct the universal

C∗-algebra

〈A,K〉α = C∗(a ∈ A, eμν ∈ K | aeμν = eμνα
−1
ν (αμ(a)).

We define A⊗ αK as a subalgebra of 〈A,K〉α generated by ax, a ∈ A ⊂ 〈A,K〉α,
x ∈ K ⊂ 〈A,K〉α.

Notice that 〈A,K〉α exists for any C∗-algebra A and family α ⊂ Aut(A), see [54].

Remark 3.4. (1) Let xμ = eμ∅. Then axμ = xμαμ(a), ax
∗
μ = x∗μα

−1
μ (a), a ∈ A,

compare with [54].

(2) For any a ∈ A one has eμνa = α−1
μ (αν(a))eμν implying that

(aeμν)
∗ = α−1

μ (αν(a))eνμ.

(3) For any a1, a2 ∈ A one has (a1eμ1ν1)(a2eμ2ν2) = δν1μ2a1α
−1
μ1

(αμ2(a2))eμ1ν2 .

Proposition 3.8 ([54]). Let A be a C∗-algebra and

α = {αμ, μ ∈ Λn} ⊂ Aut(A) with α∅ = idA.

Then the correspondence

aeμν �→ αμ(a)⊗ eμν , a ∈ A, μ, ν ∈ Λn

extends by linearity and continuity to an isomorphism

Δα : A⊗ αK→ A⊗K,
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where Δ−1
α is constructed via the correspondence

a⊗ eμν �→ α−1
μ (a)eμν , a ∈ A, μ, ν ∈ Λn.

Remark 3.5. For xμ = eμ∅, μ ∈ Λn one has, see [54],

Δα(axμ) = αμ(a)⊗ xμ, Δα(ax
∗
μ) = a⊗ x∗μ.

The following functorial property of ⊗ αK can be derived easily. Consider

α = (αμ)μ∈Λn ⊂ Aut(A), β = (βμ)μ∈Λn ⊂ Aut(B).

Suppose ϕ :A → B is equivariant, i.e. ϕ(αμ(a)) = βμ(ϕ(a)) for any a ∈ A and

μ ∈ Λn. Then one can define the homomorphism

ϕ⊗ β
α :A⊗ αK→ B⊗ βK, ϕ⊗ β

α(ak) = ϕ(a)k, a ∈ A, k ∈ K,

making the following diagram commutative:

A⊗ αK B⊗ βK

A⊗K B⊗K

Δα

ϕ⊗ β
α

Δβ

ϕ⊗ idK

(3.7)

Namely, it is easy to verify that

(Δ−1
β ◦ (ϕ⊗ idK) ◦Δα)(aeμν) = ϕ(a)eμν = ϕ⊗ β

α(aeμν), a ∈ A, μ, ν ∈ Λn.

An important consequence of the commutativity of the diagram above is exact-

ness of the functor ⊗ αK. Let

β = (βμ)μ∈Λn ⊂ Aut(B), α = (αμ)μ∈Λn ⊂ Aut(A), γ = (γμ)μ∈Λn ⊂ Aut(C)

and consider a short exact sequence

0 B A C 0,
ϕ1 ϕ2

where ϕ1, ϕ2 are equivariant homomorphisms. Then one has the following short

exact sequence:

0 B⊗ βK A⊗ αK C⊗ γK 0.
ϕ1 ⊗α

β ϕ2 ⊗ γ
α

Now, we are ready to study the structure of the ideals I
q
1 , I

q
2, Iq ⊂ Eqn,m. We

start with I
q
1. Notice that

I
q
1 = c.l.s. { tμ2t

∗
ν2sμ1(1−Q)s∗ν1 , μ1, ν1 ∈ Λn, μ2, ν2 ∈ Λm}.

Put Eμ1ν1 = sμ1(1−Q)s∗ν1 , μ1, ν1 ∈ Λn. Then Eμ1ν1 satisfy the relations for matrix

units generating K. Moreover, c.l.s. {Eμν , μ, ν ∈ Λn} is an ideal in O
(0)
n isomorphic

to K.
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Consider the family αq = (αμ)μ∈Λn ⊂ Aut(O
(0)
m ) defined as

αμ(tr) = q|μ|tr, αμ(t
∗
r) = q−|μ|t∗r , μ ∈ Λn, r = 1,m.

Proposition 3.9. The correspondence aeμν �→ aEμν , a ∈ O
(0)
m , μ, ν ∈ Λn, extends

to an isomorphism

Δq,1 : O
(0)
m ⊗ αqK→ I

q
1.

Proof. We note that for any μ1, ν1 ∈ Λn and μ2, ν2 ∈ Λm one has

tμ2t
∗
ν2Eμ1ν1 = q(|ν1|−|μ1|)(|μ2|−|ν2|)Eμ1ν1tμ2t

∗
ν2 = Eμ1ν1α

−1
ν1 (αμ1(tμ2 t

∗
ν2)).

Thus, due to the universal property of 〈O(0)
m ,K〉αq , the correspondence

aeμν �→ aEμν

determines a surjective homomorphism Δq,1 : O
(0)
m ⊗ αqK→ I

q
1.

It remains to show that Δq,1 is injective. Since the Fock representation of Eqn,m
is faithful, we can identify I

q
1 with πqF (I

q
1). It will be convenient for us to use the

following form of the Fock representation, see Remark 3.3:

πqF (sj) = πF,n(sj)⊗1Fm := Sj ⊗1Fm , j = 1, n,

πqF (tr) = dn(q)⊗ πF,m(tr) := dn(q)⊗Tr, r = 1,m.

In particular, for any μ1, ν1 ∈ Λn, μ2, ν2 ∈ Λm

πqF (tμ2 t
∗
ν2Eμ1ν1) = dn(q

|μ2|−|ν2|)Sμ1 (1−Q)Sν1 ⊗Tμ2T
∗
ν2 .

Consider Δq,1 ◦Δ−1
αq : O

(0)
m ⊗K→ πqF (I

q
1). We intend to show that

Δq,1 ◦Δ−1
αq = π1

F ,

where π1
F is the restriction of the Fock representation of O

(0)
n ⊗O

(0)
m to K⊗O

(0)
m ,

and K is generated by Eμν specified above. Notice that the family

{tμ2t
∗
ν2 ⊗Eμ1ν1 , μ1, ν1 ∈ Λn, μ2, ν2 ∈ Λm}

generates O
(0)
m ⊗K. Then

Δ−1
αq (tμ2t

∗
ν2 ⊗Eμ1ν1) = α−1

μ1
(tμ2t

∗
ν2)eμ1ν1 = q−|μ1|(|μ2|−|ν2|)tμ2t

∗
ν2eμ1ν1 ,

and

Δq,1 ◦Δ−1
αq (tμ2t

∗
ν2 ⊗Eμ1ν1)

= q−|μ1|(|μ2|−|ν2|)πqF (tμ2t
∗
ν2Eμ1ν1)

= q−|μ1|(|μ2|−|ν2|)dn(q|μ2|−|ν2|)Sμ1(1−Q)S∗
ν1 ⊗Tμ2T

∗
ν2

= q−|μ1|(|μ2|−|ν2|)q|μ1|(|μ2|−|ν2|)Sμ1dn(q
|μ2|−|ν2|)(1−Q)S∗

ν1 ⊗Tμ2T
∗
ν2

= Sμ1(1−Q)S∗
ν1 ⊗Tμ2T

∗
ν2 = π1

F (Eμ1ν1 ⊗ tμ2t
∗
ν2),
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where we used relations dn(λ)Sj = λSjdn(λ), j = 1, n, λ ∈ C, and the obvious fact

that

dn(λ)(1−Q) = 1−Q.
To complete the proof we recall that π1

F is a faithful representation of O
(0)
n ⊗O

(0)
m ,

so its restriction to K⊗O
(0)
m is also faithful, implying the injectivity of Δq.

Remark 3.6. Note that any T-action on the C∗-algebra of compact operators is

inner. Hence, [41, Corollary 5.16 and Example 5.17] imply that any twisted tensor

product with the compact operators is isomorphic to the usual tensor product. This

gives a short proof of the above proposition, though without an explicit formula for

the isomorphism.

Remark 3.7. Evidently, Iq is a closed linear span of the family

{ tμ2(1− P )t∗ν2sμ1(1−Q)s∗ν1 , μ1, ν1 ∈ Λn, μ2, ν2 ∈ Λm} ⊂ I
q
1.

Moreover, c.l.s.{tμ2(1− P )t∗ν2 , μ2, ν2 ∈ Λm} = K ⊂ O
(0)
m . It is easy to see that

αμ(tμ2(1 − P )t∗ν2) = q|μ|(|μ2|−|ν2|)tμ2(1− P )t∗ν2 ,
so every αμ ∈ αq can be regarded as an element of Aut(K).

A moment reflection and Proposition 3.9 give the following corollary:

Proposition 3.10. Restriction of Δq,1 to K⊗ αqK ⊂ O
(0)
m ⊗ αqK gives an isomor-

phism

Δq,1 : K⊗ αqK→ Iq.

To deal with I
q
2, we consider the family βq = {βμ, μ ∈ Λm} ⊂ Aut(O

(0)
n ) defined

as

βμ(sj) = q−|μ|sj , βμ(s
∗
j ) = q|μ|s∗j , j = 1, n.

Proposition 3.11. One has an isomorphism Δq,2 : O
(0)
n ⊗ βqK→ I

q
2.

Obviously, Δq,2 induces the isomorphism K⊗ βqK � Iq, where the first term is

an ideal in O
(0)
n and the second in O

(0)
m , respectively.

Write

εn : K→ O(0)
n , εm : K→ O(0)

m ,

for the canonical embeddings and

qn : O
(0)
n → On, qm : O(0)

m → Om,

for the quotient maps. Let also

εq,j : Iq → I
q
j , j = 1, 2,
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be the embeddings and

πq,j : I
q
j → I

q
j/Iq, j = 1, 2,

the quotient maps. Notice also that the families αq ⊂ Aut(O
(0)
m ), βq ⊂ Aut(O

(0)
n )

determine families of automorphisms of Om and On, respectively, also denoted by

αq and βq.

Theorem 3.5. One has the following isomorphism of extensions:

0 Iq I
q
1 I

q
1/Iq 0

0 K⊗K O0
m⊗K Om⊗K 0

εq,1

Δαq◦Δ−1
q,1

Δαq◦Δ−1
q,1

πq,1

�
εm ⊗ idK qm ⊗ idK

and

0 Iq I
q
2 I

q
2/Iq 0

0 K⊗K O0
n⊗K On⊗K 0

εq,2

Δβq◦Δ−1
q,2

Δβq◦Δ−1
q,2

πq,2

�
εn ⊗ idK qn ⊗ idK

Proof. Indeed, each row in diagram (3.8) below is exact and every non-dashed

vertical arrow is an isomorphism. The bottom left and bottom right squares are

commutative due to (3.7). The top left square is commutative due to the arguments

in the proof of Proposition 3.9 combined with Remark 3.7. Hence there exists a

unique isomorphism

Φq,1 : I
q
1/Iq → Om⊗ αqK,

making the diagram (3.8) commutative

0 Iq I
q
1 I

q
1/Iq 0

0 K⊗ αqK O0
m⊗ αqK Om⊗ αqK 0

0 K⊗K O0
m⊗K Om⊗K 0

εq,1

Δ−1
q,1

Δ−1
q,1

πq,1

Φq,1

εm ⊗αq

αq

Δαq Δαq

qm ⊗αq

αq

Δαq

εm ⊗ idK qm ⊗ idK

(3.8)

The proof for Iq2 is similar.

The following lemma follows from the fact that Mq = I
q
1 + I

q
2.

Lemma 3.1.

Mq/Iq � I
q
1/Iq ⊕ I

q
2/Iq � Om⊗K⊕ On⊗K.
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Theorem 3.5 implies that Iq, I
q
1, I

q
2 are stable C∗-algebras. It follows from [50,

Proposition 6.12], that an extension of a stable C∗-algebra by K is also stable. Thus,

Lemma 3.1 implies immediately the following important corollary.

Corollary 3.2. For any q ∈ C, |q| = 1, the C∗-algebra Mq is stable.

Denote the Calkin algebra by Q. Recall that for C∗-algebras A and B the

isomorphism

Ext(A⊕B,K) � Ext(A,K)⊕ Ext(B,K)

is given as follows. Let

ι1 :A→ A⊕B, ι1(a) = (a, 0), ι2 :B→ A⊕ B, ι2(b) = (0, b).

For a Busby invariant τ :A⊕B→ Q define

F :Ext(A⊕B,K)→ Ext(A,K)⊕ Ext(B,K), F(τ) = (τ ◦ ι1, τ ◦ ι2).

It can be shown, see [24], that F determines a group isomorphism.

Remark 3.8. Consider an extension

0 B E A 0. (3.9)

Let i : B → M(B) be the canonical embedding. Define β : E → M(B), to be the

unique map such that

β(e)i(b) = i(eb), for every b ∈ B, e ∈ E.

Then the Busby invariant τ is the unique map which makes the diagram commute.

0 B M(B) M(B)/B 0

0 B E A 0

i

β τ

We will use both notations [E] and [τ ] in order to denote the class of the exten-

sion (3.9) in Ext(A,B).

Let [Mq] ∈ Ext(Iq1/Iq ⊕ I
q
2/Iq, Iq), [I

q
1] ∈ Ext(Iq1/Iq, Iq), [I

q
2] ∈ Ext(Iq2/Iq, Iq),

respectively, be the classes of the following extensions:

0 → Iq →Mq → I
q
1/Iq ⊕ I

q
2/Iq → 0,

0 → Iq → I
q
1 → I

q
1/Iq → 0,

0 → Iq → I
q
2 → I

q
2/Iq → 0.
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Lemma 3.2.

[Mq] = ([Iq1], [I
q
2]) ∈ Ext(Iq1/Iq, Iq)⊕ Ext(Iq2/Iq, Iq) � Ext(Iq1/Iq ⊕ I

q
2/Iq, Iq).

Proof. Consider the following morphism of extensions:

Iq M(Iq) M(Iq)/Iq

Iq I
q
1 I

q
1/Iq

Iq M(Iq) M(Iq)/Iq

Iq Mq I
q
1/Iq ⊕ I

q
2/Iq

i

β1
τ
I
q
1

τMqβ2

Here

β1 : I
q
1 →M(Iq), β2 : Mq →M(Iq),

are homomorphisms introduced in Remark 3.8, the vertical arrow

j1 : I
q
1 ↪→Mq

is the inclusion, and the vertical arrow

ι1 : I
q
1/Iq → I

q
1/Iq ⊕ I

q
2/Iq

has the form ι1(x) = (x, 0).

Notice that for every b ∈ Iq and x ∈ I
q
1 one has

(β2 ◦ j1)(x)i(b) = i(j1(x)b) = i(xb) = β1(x)i(b).

By the uniqueness of β1, we get β2◦j1 = β1. Thus, the following diagram commutes:

I
q
1 M(Iq)

Mq M(Iq)

β1

β2

Further, Remark 3.8 implies that for Busby invariants τIq1 and τMq the squares

below are commutative

M(Iq) M(Iq)/Iq

I
q
1 I

q
1/Iq

β1
τ
I
q
1

M(Iq) M(Iq)/Iq

Mq I
q
1/Iq ⊕ I

q
2/Iq

β2
τMq
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Hence the square

I
q
1/Iq M(Iq)/Iq

I
q
1/Iq ⊕ I

q
2/Iq M(Iq)/Iq

τ
I
q
1

ι1

τMq

is also commutative. Thus, τIq1 = τMq ◦ ι1. By the same arguments we get τIq2 =

τMq ◦ ι2, where
ι2 : I

q
2/Iq → I

q
1/Iq ⊕ I

q
2/Iq, ι2(y) = (0, y).

Thus

[τMq ] = ([τMq ◦ ι1], [τMq ◦ ι2]) = ([τIq1 ], [τI
q
2
]).

In the following theorem, we give a description of all ideals in Eqn,m.

Theorem 3.6. Any ideal J ⊂ Eqn,m coincides with one of Iq, I
q
1, I

q
2, Mq.

Proof. First, we notice that I
q
1/Iq � Om⊗K, Iq2/Iq � On⊗K are simple. Hence

for any ideal J such that Iq ⊆ J ⊆ I
q
1 or Iq ⊆ J ⊆ I

q
2, one has J = Iq, or J = I

q
1, or

J = I
q
2.

Further, using the fact that Mq = I
q
1 + I

q
2 and Iq = I

q
1 ∩ I

q
2 we get

Mq/I
q
1 � I

q
2/Iq � On⊗K.

So if Iq1 ⊆ J ⊆Mq, then again either J = I
q
1 or J = Mq. Obviously, the same result

holds for Iq2 ⊆ J ⊆Mq.

In what follows, see Proposition 4.2, we show that Eqn,m/Mq is simple and purely

infinite. In particular, Mq contains any ideal in Eqn,m, see Corollary 4.2.

Let J ⊂ Eqn,m be an ideal and π be a representation of Eqn,m such that kerπ = J.

Notice that the Fock component π1 in the Wold decomposition of π is zero. Thus,

by Theorem 3.4

π = π2 ⊕ π3 ⊕ π4, (3.10)

and J = kerπ = kerπ2 ∩ kerπ3 ∩ kerπ4. Let us describe these kernels. Suppose

that the component π2 is non-zero. Since π2(1 − Q) = 0 and π2(1 − P ) 
= 0, we

have

I
q
1 ⊆ kerπ2 � Mq,

implying kerπ2 = I
q
1. Using the same arguments, one can deduce that if the com-

ponent π3 is non-zero, then kerπ3 = I
q
2, and if π4 is non-zero, then kerπ4 = Mq.

Finally, if in (3.10) π2 and π3 are non-zero then J = kerπ = Iq. If either π2 
= 0

and π3 = 0 or π3 
= 0 and π2 = 0, then either J = I
q
1 or J = I

q
2. In the case π2 = 0

and π3 = 0 one has J = kerπ4 = Mq.
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Corollary 3.3. All ideals in Eqn,m are essential. The ideal Iq is the unique minimal

ideal.

In particular, the extension

0→ Iq →Mq → I
q
1/Iq ⊕ I

q
2/Iq → 0

is essential. Indeed, the ideal K = Iq ⊂ Eqn,m is the unique minimal ideal. Since an

ideal of an ideal in a C∗-algebra is an ideal in the whole algebra, Iq is the unique

minimal ideal in Mq, thus it is essential in Mq.

The following proposition is a corollary of Voiculescu’s Theorem, see [3, Theorem

15.12.3].

Proposition 3.12. Let E1,E2 be two essential extensions of a nuclear C∗-algebra
A by K. If [E1] = [E2] ∈ Ext(A,K) then E1 � E2.

Theorem 3.7. For any q ∈ C, |q| = 1, one has Mq �M1.

Proof. By Theorem 3.5, [Iq1] ∈ Ext(Om⊗K,K), and [Iq2] ∈ Ext(On⊗K,K) do not

depend on q. By Lemma 3.2, [Mq] does not depend on q. Thus, by Corollary 3.3

and Proposition 3.12, Mq �M1.

4. The Multiparameter Case

We now turn to the C∗-algebra On⊗ qOm := Eqn,m/Mq. Our goal is to show that it

is isomorphic to On⊗Om. More generally, we show that even multiparameter twists

of On⊗Om are impossible. This is very specific for the Cuntz algebra. Indeed, recall

that the tensor product of C(S1)⊗C(S1) does admit twists, the famous rotation

algebra Aq being the result. Also twists of tensor products of Toeplitz algebras have

been considered [16, 54]. However, the tensor product of Cuntz algebras may not

be twisted as we will see.

Our proof uses deep theory from the classification of C∗-algebras: We use Kirch-

berg’s seminal result from the 1990’s [33], stating that two unital, separable, nuclear,

simple, purely infinite C∗-algebras are isomorphic if and only if they have the same

K-groups.

Note that twists of C∗-algebras A with Cuntz algebras Om were first considered

by Cuntz in 1981 [12], see also the PhD thesis of Neubüser from 2000 [42]. We

reformulate Cuntz’s definition in terms of universal C∗-algebras later. Let us now

focus on the case A = On.

Definition 4.1. Let 2 ≤ n,m < ∞ and let Θ = (qij) be a matrix with qij ∈ S1

being scalars of absolute value one, for i = 1, . . . , n and j = 1, . . . ,m. We define

the twist of two Cuntz algebras On and Om as the universal C∗-algebra On⊗ΘOm
generated by isometries s1, . . . , sn and t1, . . . , tm with

∑n
i=1 sis

∗
i =

∑m
j=1 tjt

∗
j = 1

and sitj = qijtjsi for all i and j.
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Observe that for qij = 1 for all i and j, we obtain On⊗ΘOm = On⊗Om, while

the choice qij = q̄ yields the one parameter deformation On⊗ qOm := Eqn,m/Mq,

which can be seen as follows.

We have sitj = qijtjsi for all i and j if and only if s∗i tj = q̄ijtjs
∗
i for all i and j.

Indeed, assuming the former relations and using t∗kti = δik, we infer

s∗i tj =
∑
k

tkt
∗
ks

∗
i tj =

∑
k

q̄iktks
∗
i t

∗
ktj = q̄ijtjs

∗
i .

Conversely, fixing i and j and assuming sit
∗
j = q̄ijt

∗
jsi, we obtain

(sitj − qijtjsi)∗(sitj − qijtjsi) = 1− q̄ijs∗i t∗jsitj − qijt∗js∗i tjsi + 1 = 0.

Moreover, note that we may view On⊗ΘOm as a twisted tensor product in the

following sense. Putting Cuntz’s definition from [12] to a language of universal

C∗-algebras, we may say that given a unital C∗-algebra A and automorphisms

α1, . . . , αm of A satisfying αi ◦αj = αj ◦αi, we may define a twisted tensor product

A×(α1,...,αm)Om as the universal unital C∗-algebra generated by all elements a ∈ A
(including the relations of A) and isometries t1, . . . , tm such that

∑
k tkt

∗
k = 1 and

tja = αj(a)tj , for all j = 1, . . . ,m and a ∈ A. We observe that On⊗ΘOm is such a

twisted tensor product, if we put αj(si) := q̄ijsi for A = On = C∗(s1, . . . , sn).
Let us quickly show that On⊗ΘOm may be represented concretely on a Hilbert

space. First, represent Om on �2(N0) by T̂jek := eβj(k), where

β1, . . . , βm :N0 → N0

are injective functions with disjoint ranges such that the union of their ranges is

all of N0. Second, choose any representation σ :On → L(�2(N0)) mapping si �→
Ŝi. Third, let S̃ be the unilateral shift on �2(Z). Fourthly, define the diagonal

unitaries Ui on �2(N0 × Z) by Uiem,n := ζi(m,n)em,n, where the scalars ζi(m,n)

with |ζi(m,n)| = 1 obey the inductive rule ζi(βj(m), n + 1) = qijζi(m,n). Finally,

π :On⊗ΘOm → B(�2(N0 × N0 × Z)) with

π(si) := Ŝi⊗Ui, π(tj) := id⊗ T̂j ⊗ S̃
exists by the universal property.

4.1. On ⊗ΘOm is nuclear

Let us now begin with collecting the ingredients for an application of Kirchberg’s

Theorem. The first step is to verify that On⊗ΘOm is nuclear. For the one parameter

deformation On⊗ qOm, this is a consequence of Corollary 3.1. For the multiparam-

eter deformations, we use the following lemma by Rosenberg, which is actually a

statement about crossed products with the semigroup N0 by the endomorphism

b �→ sbs∗ of B. Recall that the bootstrap class N (also called UCT class) is a class

of nuclear C∗-algebras which is closed under many operations; see [3, Chap. IX,

Sec. 22.3] for more on N.

Lemma 4.1 ([51, Theorem 3]). Let A be a unital C∗-algebra, and let B ⊂ A be

a nuclear C∗-subalgebra containing the unit of A. Let s ∈ A be an isometry such
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that sBs∗ ⊂ B and A = C∗(B, s), i.e. let A be generated by B and s. Then A is

nuclear. Moreover, if B is in the bootstrap class N, so is A.

Let us denote by sμ the product sμ1 . . . sμk
, where μ = (μ1, . . . , μk) is a multi-

index of length |μ| = k and μ1, . . . , μk ∈ {1, . . . , n}. Given k ∈ N0, denote by Gk
the C∗-subalgebra of On⊗ΘOm defined as

Gk := C∗(sμxs∗ν | x ∈ Om, |μ| = |ν| = k) ⊂ On⊗ΘOm.

Here, we denote by Om the C∗-subalgebra G0 = C∗(t1, . . . , tm) ⊂ On⊗ΘOm
(which is isomorphic to Om, of course). The closed union of all Gk is denoted

by B0, so

B0 := C∗(sμxs∗ν | x ∈ Om, |μ| = |ν| ∈ N0) ⊂ On⊗ΘOm.

Proposition 4.1. We have the following:

(a) Gk ⊂ On⊗ΘOm is nuclear and in N for all k ∈ N0.

(b) B0 ⊂ On⊗ΘOm is nuclear and in N.

(c) On⊗ΘOm is nuclear and in N.

Proof. For (a), we show that Gk is isomorphic to Mnk(C)⊗Om, where Mnk(C)

denotes the algebra of nk×nk matrices with complex entries. For doing so, let k > 0

and write Mnk(C)⊗Om as the universal C∗-algebra generated by elements eμν for

multi-indices μ, ν in {1, . . . , n} of length k, together with isometries t1, . . . , tm such

that
∑

k tkt
∗
k = 1 and eμνeρσ = δνρeμσ, e

∗
μν = eνμ and eμνti = tieμν .

It is then easy to see that the elements êμν := sμs
∗
ν and t̂i :=

∑
|ρ|=k sρtis

∗
ρ in Gk

fulfill the relations of Mnk(C)⊗Om. As this C∗-algebra is simple, Gk is isomorphic

toMnk(C)⊗Om. Now, Om is in N and the bootstrap class is closed under tensoring

with matrix algebras, so Mnk(C)⊗Om is in N.

As for (b), note that we have Gk ⊂ Gk+1 for all k. Indeed, check that sμtis
∗
ν =∑

k q̄kisμsktis
∗
ks

∗
ν ∈ Gk+1. We may then view B0 as the inductive limit of the

system G1 ⊂ G2 ⊂ . . . . As N is closed under inductive limits, we get the result

by (a).

Finally, for (c), put Bj+1 := C∗(Bj , sj+1) ⊂ On⊗ΘOm for j = 0, . . . , n − 1.

We prove inductively that Bj+1 is in N and that Bj+1 = C∗(B0, s1, . . . , sj+1),

using Lemma 4.1. By induction hypothesis (or by (b) in the case j = 0), the C∗-
algebra Bj is nuclear and in N, it is unital with the same unit as Bj+1 and it is

contained in Bj+1. Therefore, to apply Rosenberg’s lemma, we only have to check,

that sj+1Bjs
∗
j+1 ⊂ Bj = C∗(B0, s1, . . . , sj).

For this, let sμxs
∗
ν be in B0 for some x ∈ Om and |μ| = |ν| ∈ N0. Then

sj+1sμxs
∗
νs

∗
j+1 ∈ B0 ⊂ Bj . We conclude sj+1B0s

∗
j+1 ⊂ Bj . For k = 1, . . . , j, we

have s(j+1,k)s
∗
(k,j+1) ∈ B0, where (j + 1, k) and (k, j + 1) denote multi-indices of
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length two. Thus:

sj+1sks
∗
j+1 = sj+1sks

∗
j+1s

∗
ksk = (s(j+1,k)s

∗
(k,j+1))sk ∈ Bj .

Thus, if x = x1 . . . xk is a product of elements xl ∈ B0 ∪ {s1, s∗1, . . . , sj , s∗j}, for
l = 1, . . . , k, we have

sj+1xs
∗
j+1 = (sj+1x1s

∗
j+1) . . . (sj+1xks

∗
j+1) ∈ Bj .

This proves sj+1C
∗(B0, s1, . . . , sj)s

∗
j+1 ⊂ Bj and we are done.

Since On⊗ΘOm = Bn, we obtain the stated result.

4.2. On ⊗ΘOm is purely infinite

Next, we are going to show that On⊗ΘOm is purely infinite. Recall, that a unital

C∗-algebra A is called purely infinite, if for all nonzero elements x ∈ A, there are

a, b ∈ A such that axb = 1. In particular, A is then simple.

In our proof, we follow Cuntz’s work on On from 1977 [10] and we adapt it to

On⊗ΘOm. The idea is to find a faithful expectation φ on On⊗ΘOm, such that

an element 0 
= x ∈ On⊗ΘOm (or rather an element y close to x∗x) is mapped

to a self-adjoint complex valued matrix with controlled norm. By linear algebra,

we then can find a minimal projection e, which projects onto a one-dimensional

subspace corresponding to the largest eigenvalue of this matrix: its norm. We then

choose a unitary u transforming this projection e into Sr1S
′r
1 (S′∗

1 )r(S∗
1 )
r. Moreover,

we implement φ locally by an isometry w ∈ On⊗ΘOm. Using all these elements

in On⊗ΘOm, we can define z ∈ A, such that zyz∗ = 1. This implies that zx∗xz∗

is invertible and we finish the proof by putting a := b∗x∗ and b := z∗(zx∗xz∗)−
1
2 .

Then axb = 1.

Let us now work out the details. We define the following subsets of On⊗ΘOm:

• Fk,l := span{sμtμ′t∗ν′s∗ν | |μ| = |ν| = k, |μ′| = |ν′| = l} for k, l ∈ N0

• FN0,N0 := span{sμtμ′t∗ν′s∗ν | |μ| = |ν|, |μ′| = |ν′|} = ⋃
k,l∈N0

Fk,l
• FN0,• := span{sμtμ′t∗ν′s∗ν | |μ| = |ν|}
• F•,N0 := span{sμtμ′t∗ν′s∗ν | |μ′| = |ν′|}
Lemma 4.2. The above subsets Fk,l, FN0,N0 , FN0,•, F•,N0 are C∗-subalgebras
of On⊗ΘOm and we have Fk,l = ∪i≤k,j≤lFi,j. Actually, Fk,l is isomorphic to

Mnkml(C).

Proof. Using the well-known relations t∗μtν = δμν for multi-indices |μ| = |ν| and
similarly for sμ′ , we infer that all these subsets are in fact ∗-subalgebras. Moreover,

all of these ∗-subalgebras are closed. For Fk,l this follows from the fact that the

elements tμsμ′s∗ν′t∗ν satisfy the relations of matrix units and hence Fk,l is isomorphic

to Mnkml(C). Finally, let sμtμ′t∗ν′s∗ν ∈ Fi,j for i ≤ k, j ≤ l and write 1 as the sum

P of all projections sδtε′t
∗
ε′s

∗
δ with |δ| = k − i and |ε′| = l − j. Then sμtμ′t∗ν′s∗ν =

sμtμ′Pt∗ν′s∗ν ∈ Fk,l.
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Next, we are going to construct a faithful expectation for On⊗ΘOm, similar to

the one for On or the rotation algebra Aq. Recall that for a unital C∗-algebra A, a
unital, linear, positive map φ :A→ B is an expectation, if B ⊂ A is a C∗-subalgebra
and φ2 = φ. It is faithful, if it maps non-zero positive elements to non-zero positive

elements.

Let ρζ,ξ :On⊗ΘOm → On⊗ΘOm be the automorphisms mapping si �→ ζsi and

tj �→ ξtj , where ζ, ξ ∈ C are scalars of absolute value one. Put, for x ∈ On⊗ΘOm:

φ1(x) :=

∫ 1

0

ρe2πit,1(x)dt,

φ2(x) :=

∫ 1

0

ρ1,e2πit(x)dt.

Lemma 4.3. The maps φ1 :On⊗ΘOm → FN0,•, φ2 :On⊗ΘOm → F•,N0 and φ :=

φ1 ◦ φ2 = φ2 ◦ φ1 :On⊗ΘOm → FN0,N0 are faithful expectations.

Proof. The map (ζ, ξ) �→ ρζ,ξ(x) is continuous in norm, for all x ∈ On⊗ΘOm,

as ρζ,ξ(sμtμ′t∗ν′s∗ν) = ζ|μ|−|ν|ξ|μ
′|−|ν′|sμtμ′t∗ν′s∗ν . Thus, φ1 and φ2 are well-defined

as limits of sums 1
N

∑N
k=1 ρe2πiθk ,1(x) for partitions θ1, . . . , θN of the unit interval

(likewise for φ2). They are unital, linear, positive and faithful as may be deduced

immediately from this approximation by finite sums.

Applying φ1 to sμtμ′t∗ν′s∗ν (where μ, μ′, ν and ν′ are of arbitrary length) yields:

φ1(sμtμ′t∗ν′s∗ν) =
(∫ 1

0

e2πi(|μ|−|ν|)tdt
)
sμtμ′t∗ν′s∗ν

=

{
sμtμ′t∗ν′s∗ν for |μ| = |ν|,
0 otherwise.

Therefore, since the span of the words sμtμ′t′∗ν′s∗ν is dense in On⊗ΘOm, we get

φ21 = φ1 and the image of φ1 is FN0,•, similarly for φ2.

The composition of two faithful expectations is again a unital, linear, positive

and faithful map. If they commute, we even get an expectation. This is the case for

φ1 and φ2, due to the following computation:

φ1 ◦ φ2(sμtμ′t∗ν′s∗ν) =

{
sμtμ′t∗ν′s∗ν for |μ| = |ν| and |μ′| = |ν′|,
0 otherwise.

The same holds for φ2 ◦ φ1(sμtμ′t∗ν′s∗ν), thus φ1 ◦ φ2 = φ2 ◦ φ1 and we are done.

Let us now implement φ locally by an isometry using a standard trick.

Lemma 4.4. For all k, l ∈ N0, there exists an isometry w ∈ On⊗ΘOm,

which commutes with all elements in Fk,l, such that φ(y) = w∗yw for all y ∈
span{sμtμ′t∗ν′s∗ν | |μ|, |ν| ≤ k and |μ′|, |ν′| ≤ l}.
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Proof. Put sγ := s2k1 s2t
2l
1 t2 and define w by

w :=
∑

|δ|=k,|ε′|=l
sδtε′sγt

∗
ε′s

∗
δ

Then, w is an isometry. We have wsμtμ′ = sμtμ′sγ and t∗ν′s∗νw = sγt
∗
ν′s∗ν , for all

μ, μ′, ν, ν′ with |μ| = |ν| = k and |μ′| = |ν′| = l. We conclude wsμtμ′t∗ν′s∗ν =

sμtμ′t∗ν′s∗νw, thus w commutes with Fk,l.

Now, let y = sμtμ′t∗ν′s∗ν be a word with |μ|, |ν| ≤ k and |μ′|, |ν′| ≤ l. If |μ| = |ν|
and |μ′| = |ν′|, then y ∈ Fk,l by Lemma 4.2, thus we have w∗yw = w∗wy = y =

φ(y). In the case of |μ| 
= |ν| or |μ′| 
= |ν′|, we have w∗yw = 0 = φ(y).

Proposition 4.2. On⊗ΘOm is purely infinite.

Proof. Let 0 
= x ∈ On⊗ΘOm. Under the faithful expectation φ, the non-zero,

positive element x∗x is mapped to the non-zero, positive element φ(x∗x) of norm 1,

if suitably scaled. Since the linear span S of all elements sμtμ′t∗ν′s∗ν , where μ, μ′, ν, ν′

are multi-indices of arbitrary length, is dense in On⊗ΘOm, there is a self-adjoint

element y ∈ S, such that ‖x∗x − y‖ < 1
4 . We conclude that ‖φ(y)‖ > 3

4 , as 1 =

‖φ(x∗x)‖ ≤ ‖φ(x∗x− y)‖+ ‖φ(y)‖ < 1
4 + ‖φ(y)‖.

Let r be the maximal length of the multi-indices of the summands of y from its

presentation as an element in S. By Lemma 4.4, there is an isometry w ∈ On⊗ΘOm
which commutes with Fr,r such that φ(y) = w∗yw.

By Lemma 4.2, we can view φ(y) ∈ Fr,r ∼= Mnrmr (C) as a self-adjoint matrix.

Thus, there is a minimal projection e ∈ Fr,r, such that eφ(y) = φ(y)e = ‖φ(y)‖e >
3
4e. There is also a unitary u ∈ Fr,r with ueu∗ = sr1t

r
1(t

∗
1)
r(s∗1)

r, transforming one

minimal projection into another.

Put z := ‖φ(y)‖− 1
2 (t∗1)

r(s∗1)
ruew∗. Then ‖z‖ ≤ ‖φ(y)‖− 1

2 < 2√
3
and we have

zyz∗ = ‖φ(y)‖−1(t∗1)
r(s∗1)

rueφ(y)eu∗sr1t
r
1 = (t∗1)

r(s∗1)
rueu∗sr1t

r
1 = 1

Hence zx∗xz∗ is invertible:

‖1− zx∗xz∗‖ = ‖z(y − x∗x)z∗‖ < 4

3
· 1
4
=

1

3
< 1

Finally, put a := b∗x∗ and b := z∗(zx∗xz∗)−
1
2 . Then axb = 1.

4.3. K-groups of On ⊗ΘOm

Finally, we calculate the K-groups of On⊗ΘOm building on the work by Cuntz [12].

Recall, that Cuntz gave a slightly different definition for the twist of a C∗-algebra
A with Om in his paper: Let A ⊂ B(H) be a unital C∗-algebra, α1, . . . , αm be

pairwise commuting automorphisms of A and let u1, . . . , um ∈ B(H) be pairwise

commuting unitaries implementing the automorphisms by αi = Ad(ui). We denote

by U := (u1, . . . , um) the tupel of the unitaries and by A×UOm the C∗-subalgebra
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of B(H)⊗Om generated by all elements a⊗ 1 for a ∈ A together with u1⊗S1, . . . ,

um⊗Sm.

Proposition 4.3 ([12, Theorem 1.5]). In the situation as above, the following

6term sequence is exact:

K0(A)
id−∑

α−1
i∗−→ K0(A) −→ K0(A×U Om)

↑ ↓

K1(A×U Om) ←− K1(A)
id−∑

α−1
i∗←− K1(A)

Here Kj(A)→ Kj(A×UOm) for j = 0, 1 is the map induced by the natural inclusion

of A into A×U Om via a �→ a⊗ 1.

We now get an according 6-term exact sequence for On⊗ΘOm.

Corollary 4.1. The following sequence in K-theory is exact:

0→ K1(On⊗ΘOm)→ K0(On)
(m−1)→ K0(On)→ K0(On⊗ΘOm)→ 0

Hence, the K-groups of On⊗ΘOm are independent from the parameter Θ.

Proof. In our situation, we put A := On and αj(si) = q̄ijsi. We may represent

On�α1Z�α2Z . . .�αmZ concretely on some Hilbert space by some representation π

which yields unitaries u1, . . . , um implementing the automorphisms α1, . . . , αm. We

may thus form On ×U Om in the sense of Cuntz and we obtain a ∗-homomorphism

σ : On⊗ΘOm → On×UOm mapping si �→ π(si)⊗ 1 and tj �→ uj ⊗Sj . As On⊗ΘOm
is purely infinite, it is simple in particular. Hence, σ is an isomorphism.

We now apply Proposition 4.3 to On⊗ΘOm ∼= On ×U Om. Since the automor-

phisms αi are homotopic to the identity, we get αi∗ = id for all i = 1, . . . ,m on

the level of K-theory. Thus the map id −∑
α−1
i∗ is multiplication by (m − 1) on

K0(On) = Z/(n− 1)Z. As K1(On) = 0, we end up with the exact sequence of our

assertion.

Now, the map K0(On)
(m−1)→ K0(On) is independent from Θ and so are its

kernel K1(On⊗ΘOm) and its image K0(On⊗ΘOm). Note that the isomorphisms

of K0(On⊗ΘOm) and K0(On⊗Θ′Om) for different parameters Θ and Θ′ map units

to units.

Remark 4.1. We may use the Künneth formula to compute the K-theory of

Om⊗On explicitly. Recall that Om⊗On satisfies the UCT (see Proposition 4.1).

The Künneth formula for K -theory, see [3, Theorem 23.1.3], gives the following

short exact sequences, j ∈ Z2,

0 →
⊕
i∈Z2

Ki(On)⊗ ZKi+j(Om)→ Kj(On⊗Om)

→
⊕
i∈Z2

TorZ1 (Ki(On),Ki+j+1(Om))→ 0.
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Let d = gcd(n− 1,m− 1). It is a well-known fact in homological algebra, see [18],

that for an abelian group A

TorZ1 (A,Z/dZ) � AnnA(d) = {a ∈ A | da = 0}.
In particular,

TorZ1 (Z/nZ,Z/mZ) � Z/gcd(n,m)Z.

Recall that, see [11]

K0(On) = Z/(n− 1)Z, K1(On) = 0.

Hence, for On⊗Om, one has the following short exact sequences:

0 → Z/(n− 1)Z⊗ ZZ/(m− 1)Z→ K0(On⊗Om)→ 0→ 0,

0 → 0→ K1(On⊗Om)→ Z/dZ→ 0.

This implies

K0(On⊗Om) � Z/dZ, K1(On⊗Om) � Z/dZ.

4.4. On ⊗ΘOm is isomorphic to On ⊗Om

We may now put together all ingredients in order to apply Kirchberg’s Theorem

[33] which is as follows.

Proposition 4.4. Let A and B be unital, separable, nuclear, simple and purely

infinite C∗-algebras in the bootstrap class N with Kj(A) ∼= Kj(B) for j = 0, 1 (with

matching units in the case of j = 0). Then A ∼= B.

Theorem 4.1. For any parameter Θ, the C∗-algebra On⊗ΘOm is isomorphic to

Om⊗On. Hence we may not twist the tensor product of two Cuntz algebras in this

sense.

Proof. By Proposition 4.1, On⊗ΘOm is nuclear and in N and by Proposition 4.2,

it is purely infinite and simple. By Corollary 4.1, the K-groups of On⊗ΘOm
and Om⊗On coincide. Thus, by Kirchberg’s Theorem, On⊗ΘOm is isomorphic

to Om⊗On.

Remark 4.2. The above result on On⊗ΘOm has been part of the fourth author’s

PhD thesis from 2011 and it has not been published in any other paper.

4.5. The isomorphism On ⊗ qOm � On ⊗Om. The Rieffel

deformation approach

In this section, we return to one parameter case of On⊗ qOm, and present an ap-

proach to the proof of isomorphism

On⊗ qOm � On⊗Om, |q| < 1,

which is based on the properties of Rieffel deformation.
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In [20], the authors have shown that for every C∗-algebra A with an action α of

R, there exists a KK -isomorphism tα ∈ KK1(A,A�αR). This tα is a generalization

of the Connes–Thom isomorphisms for K -theory. In what follows, we will denote

by ◦ :KK(A,B) × KK(B,C) → KK(A,C) the Kasparov product, and by � :

KK(A,B)×KK(C,D)→ KK(A⊗C,B⊗D) the exterior tensor product. Given a

homomorphism φ : A→ B, put [φ] ∈ KK(A,B) to be the induced KK -morphism.

For more details see [3, 25].

We list some properties of tα that will be used below.

(1) Inverse of tα is given by tα̂, where α̂ is the dual action.

(2) If A = C with the trivial action of R, then the corresponding element

t1 ∈ KK1(C, C0(R)) � Z

is the generator of the group.

(3) Let φ : (A, α) → (B, β) be an equivariant homomorphism. Then the following

diagram commutes in KK -theory:

A A�α R

B B�β R

tα

φ φ�R

tβ

(4) Let β be an action of R on B. For the action γ = idA⊗ β on A⊗B we have

tγ = 1A � tβ .

Further, we will need the following version of classification result by Kirchberg and

Philips:

Theorem 4.2 ([33, Corollary 4.2.2]). Let A and B be separable nuclear uni-

tal purely infinite simple C∗-algebras, and suppose that there exists an invertible

element η ∈ KK(A,B), such that [ιA] ◦ η = [ιB], where ιA :C → A is defined

by ιA(1) = 1A, and ιB :C → B is defined by ιB(1) = 1B. Then A and B are

isomorphic.

Notice that the conditions of the theorem above does not require C∗-algebras
A and B to be in the bootstrap class N.

Theorem 4.3. The C∗-algebras On⊗ qOm and On⊗Om are isomorphic for any

|q| = 1.

Proof. Throughout the proof, we will distinguish between the actions of T2 on

On⊗Om and on On⊗ qOm, denoting the latter by αq. As shown above, the both

algebras are separable nuclear unital simple and purely infinite.

Further, Proposition 3.4, and the isomorphism On⊗ qOm � (On⊗Om)Θq yield

the isomorphism

Ψ : (On⊗Om)�α R2 → (On⊗ qOm)�αq R2.
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Decompose the crossed products as follows:

(On⊗Om)�α R2 � (On⊗Om)�α1 R �α2 R,

(On⊗ qOm)�αq R2 � (On⊗ qOm)�αq
1
R�αq

2
R.

Define

tα = tα1 ◦ (1C0(R) � tα2) ∈ KK(On⊗Om, (On⊗Om)�α R2),

tαq = tαq
1
◦ (1C0(R) � tαq

2
) ∈ KK(On⊗ qOm, (On⊗ qOm)�αq R2),

Then

η = tαq ◦ [Ψ] ◦ t−1
α ∈ KK(On⊗ qOm,On⊗Om)

is a KK-isomorphism. The property [ιOn ⊗ qOm ] ◦ η = [ιOn ⊗Om ] follows from the

commutativity of the following diagram:

C C0(R
2) C

On⊗ qOm (On⊗ qOm)�αq R2 (On⊗Om)�α R2 On⊗Om.

t1◦(1C0(R)� t1)

ιOn ⊗ qOm

(1C0(R)� t1)
−1◦ t−1

1

ιOn ⊗ qOm�R
2

ιOn ⊗Om�R
2

ιOn ⊗Om

tαq Ψ t−1
α

Remark 4.3. The proof presented above was obtained by the first author inde-

pendently of the proof of multiparameter case.

4.6. Computation of Ext for Eq
n,m

Let us finish with some remarks on Eqn,m. Firstly, the simplicity of On⊗ qOm implies

that Mq ⊂ Eqn,m is the largest ideal.

Corollary 4.2. The ideal Mq ⊂ Eqn,m is the unique largest ideal.

Proof. Let η : Eqn,m → On⊗ qOm be the quotient homomorphism. Suppose that

J ⊂ Eqn,m is a two-sided ∗-ideal. Due to the simplicity of On⊗ qOm we have that

either η(J) = {0} and J ⊂ Mq, or η(J) = On⊗ qOm. In the latter case, 1 + x ∈ J

for a certain x ∈Mq. For any 0 < ε < 1, choose Nε ∈ N, such that for

xε =
∑

ε1,ε2∈{0,1},
ε1+ε2 �=0

∑
μ1,μ2∈Λn,
|μj |≤Nε

∑
ν1,ν2∈Λm,
|νj |≤Nε

Ψ(ε1,ε2)
μ1,μ2ν1ν2sμ1tν1(1− P )ε1(1−Q)ε2t∗ν2sμ∗

2
∈Mq

one has ‖x − xε‖ < ε. Notice that for any μ ∈ Λn, ν ∈ Λm with |μ|, |ν| > Nε one

has s∗μt
∗
νxε = 0.

Fix μ ∈ Λn and ν ∈ Λm, |μ| = |ν| > Nε, then

yε = s∗μt
∗
ν(1− x)tνsμ = 1− s∗μt∗ν(x− xε)tνsμ ∈ J.

Thus ‖s∗μt∗ν(x − xε)tνsμ‖ < ε implies that yε is invertible, so 1 ∈ J.
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Second, we may show that Ext(On⊗ qOm,Mq) = 0 if gcd(n− 1,m− 1) = 1. To

this end we compute first the K -theory of Mq.

Theorem 4.4. Let d = gcd(n− 1,m− 1). Then

K0(Mq) � Z/dZ⊕ Z, K1(Mq) � 0.

Proof. The isomorphism Eqn,m � (O
(o)
n ⊗O

(0)
m )Θq , Proposition 3.6, and [11, Propo-

sition 3.9], imply that

K0(E
q
n,m) = K0((O

(0)
n ⊗O(0)

m )Θq ) = K0(O
0
n⊗O0

m) = Z,

K1(E
q
n,m) = K1((O

(0)
n ⊗O(0)

m )Θq ) = K1(O
0
n⊗O0

m) = 0.

Applying the 6-term exact sequence for

0→ K→Mq → On⊗K⊕ Om⊗K→ 0,

we get

Z K0(Mq) Z/(n− 1)Z⊕ Z/(m− 1)Z

0 K1(Mq) 0

Then K1(Mq) = 0, and elementary properties of finitely generated abelian groups

imply that

K0(Mq) = Z⊕ Tors,

where Tors is a direct sum of finite cyclic groups.

Further, the following exact sequence:

0→Mq → Eqn,m → On⊗ qOm → 0

gives

K0(Mq) Z Z/dZ

Z/dZ 0 0

p

i

The map p :K0(Mq) � Z⊕ Tors→ Z has form p = (p1, p2), where

p1 : Z→ Z, p2 : Tors→ Z.

Evidently, p2 = 0, and p 
= 0 implies that ker p1 = {0}. Thus,
ker p = Tors = Im(i) � Z/dZ.

Theorem 4.5. Let d = gcd(n− 1,m− 1) = 1. Then Ext(On⊗ qOm,Mq) = 0.

Proof. Recall that for nuclear C∗-algebras Ext(A,B) � KK1(A,B).
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We use the UCT sequence

0→
⊕
i∈Z2

Ext1Z(Ki(A),Ki(B))→ KK1(A,B)→
⊕
i∈Z2

Hom(Ki(A),Ki+1(B)).

for A = On⊗ qOm and B = Mq.

Since K0(A) = K1(A) = Z/dZ and K0(B) = Z⊕ Z/dZ, K1(B) = 0, one has

Hom(K0(A),K1(B)) = 0, Hom(K1(A),K0(B)) = Z/dZ,

and, see [18],

Ext1Z(K0(A),K0(B)) = Z/dZ⊕ Z/dZ, Ext1Z(K1(A),K1(B)) = 0.

Hence the following sequence is exact:

0→ Z/dZ⊕ Z/dZ→ KK1(On⊗ qOm,Mq)→ Z/dZ→ 0.

By Theorem 4.5, for the case of gcd(n − 1,m − 1) = 1 one can immediately

deduce that extension classes of

0→Mq → Eqn,m → On⊗ qOm → 0,

and

0→M1 → E1
n,m → On⊗Om → 0,

coincide in Ext(On⊗Om,M1) and are trivial. These extensions are essential, how-

ever in general case one does not have an immediate generalization of Proposi-

tion 3.12. Thus, the study of the problem whether Eqn,m � E1
n,m would require

further investigations, see [13, 19].
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