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Abstract: A properly scaled critical Galton-Watson process converges to a continuous state critical branching
process &(-) as the number of initial individuals tends to infinity. We extend this classical result by allowing
for overlapping generations and considering a wide class of population counts. The main result of the paper
establishes a convergence of the finite-dimensional distributions for a scaled vector of multiple population
counts. The set of the limiting distributions is conveniently represented in terms of integrals ( fé’ &y —u)du?,
y > 0) with a pertinent y > 0.

Keywords: Critical Branching Process, Continuous State Branching Process, Finite-Dimensional
Distributions, Decomposable Critical Galton—-Watson Process

MSC 2010: 60J80

1 Introduction

One of the basic stochastic population models of a self-reproducing system is built upon the following two
assumptions:
(A) different individuals live independently from each other according to the same individual life law
described in (B);
(B) anindividual dies at age one and at the moment of death gives birth to a random number N of offspring.
Within this model, the numbers of individuals Zy, Z4, ..., born at times t = 0, 1, . . ., form a Markov chain,
whose transition probabilities are fully described by the distribution of the offspring number N. The Markov
chain {Z;, t > 0}is usually called a Galton-Watson process, or GW-process for short. A GW-process is classified
as subcritical, critical, or supercritical, depending on whether the mean offspring number E(N) is less than,
equal to, or larger than the critical value 1.
It is known that, in the critical case, with

E(N)=1, Var(N)=2b, b < oo, (1.1)
the finite-dimensional distributions (fdds) of a properly scaled GW-process converge,
7 Zas w2 01 Zo =1} 55 (Ew), u=0[E(0) =1}, n— oo, (1.2)

and the limiting fdds are represented by a continuous state branching process é(-), which is a continuous
time Markov process with a transition law determined by

E(e A0+ EWv)=x) = e‘ﬁ, v,u,x,A>0. (1.3)

Note how the parameter b acts as a time scale: the larger the variance of N, the faster the change of the
population size.
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In this paper, we study {Z(t), t > 0}, a Galton-Watson process with overlapping generations, or GWO-
process for short, where Z(t) is the number of individuals alive at time ¢ in a reproduction system satisfying
the following two assumptions:

(A*) different individuals live independently from each other according to the same individual life law
described in (B*);
(B*) an individual lives L units of time and gives N births at random ages 74, . . ., Ty, satisfying

l1<ty<---<ty<L. (1.4)

Assumption (B*) allows for overlapping generations, when mothers may coexist with their daughters. We
focus on the critical case (1.1) and aim at an extension of (1.2) to the GWO-processes.

The process {Z(t), t > 0}, being non-Markov in general, is studied with help of an associated renewal
process, introduced in Section 2. The mean inter-arrival time

a:=E(t{+--+71N) (1.5)

of this renewal process gives us the average generation length. It is important to distinguish between the
average generation length a, which in this paper will be assumed finite, and the average life length y := E(L),
allowed to be infinite.

With a more sophisticated reproduction mechanism (1.4), there are many interesting population counts
to study, alongside the number of newborns Z; and the number of individuals alive Z(t) at the time t. Observe
that Z; is the total number of daughters produced at time t by Z(t — 1) individuals alive at time ¢ - 1. In
particular, in the GW setting, a = 1 and Z(t) = Z; since all alive individuals are newborn.

An interesting case of population counts is treated by Theorem 4 dealing with decomposable multitype
GW-processes. Theorem 4 is obtained as an application of the main results of the paper, Theorems 1, 2, 3,
stated and proven in Section 5. The following three statements are straightforward corollaries of Theorems 1,
2, and 3 respectively. In these theorems, it is always assumed that the GWO-process stems from a large number
Zy = n of progenitors born at time zero.

Corollary 1. Consider a GWO-process satisfying (1.1) and a < co. If pt < co, then
1 Zw), u> 01 Zo = ) 2% (waléua ), u> 01£0) =1}, n— oo.

Corollary 2. Consider a GWO-process satisfying (1.1) and a < co. If u = co and, for some slowly varying func-
tion at infinity £(-),

t
YP(L>j)=t'L(t), 0<y<l, t— oo, (1.6)
j=0
then, as n — oo,
YL () Z(nu), u > 0 | Zo = n} 2% (VL& (uat), u > 0| £(0) = 1.
Corollary 3. Consider a GWO-process satisfying (1.1), a < oo, and (1.6). Then, as n — oo,
{1V LN ) Z(nu), 7 Z), u > 0 | Zo = n} {(@ ¢ ua™), a Eua™)), u>0]&0) =1}

Notice that condition (1.6) holds even in the case y < co, with y = 0 and £(t) — p as t — co. The family of
processes {£y(-)},=0 emerging in our limit theorems can be expressed in the integral form

fow)=Ew) fory=0 and &(u):= Jf(u —v)av fory>0, uo0, (1.7)
0

which is treated as a convenient representation of the limiting fdds; see Section 4.
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The following remarks comment on relevant literature and mention an interesting open problem.

The GW-process is a basic model of the biologically motivated theory of branching processes; see [1, 7,
17]. The critical GW-process can be viewed as a stochastic model of a sustainable reproduction, when
a mother produces on average one daughter; see [12]. On the convergence result (1.2) for the critical
GW-processes, see [1, 2, 10, 13].

The GWO-process is a discrete time version of the so-called general branching process, often called the
Crump—Mode-Jagers process; see [7, 10, 11, 18]. An earlier mentioning of a discrete time branching
process with overlapping generations can be found in [21].

The fruitful concept of population counts, allowing for a variety of individual scores (see Section 2) was
first introduced in [9]. The interested reader may find several demographical examples of population
counts in [9, 10].

The above-mentioned Theorem 4 deals with the decomposable critical multitype GW-processes. In
a more general setting, such processes were studied in [5], addressing related issues by applying
a different approach.

Compared to earlier attempts (see [19, 20] and especially [15]), the current treatment of critical age-
dependent branching processes is made more accessible by restricting the analysis to the case of finite
Var(N) and a, as well as focusing on the discrete time setting.

Our proofs do not use (1.2) as a known fact (unlike for example [8], addressing a related problem).
Therefore, convergence (1.2) can be derived from the above-mentioned Corollary 1.

The branching renewal approach, introduced in Section 3, takes its origin in [6].

The idea of studying branching processes starting from a large number of individuals is quite old; see
[16] and especially [13]. For a most recent paper in the continuous time setting, see [14].

The definitions and basic properties of slowly and regularly varying functions used in this paper can be
found in [4]. We apply some basic facts of the renewal theory from [3].

Our limit theorems are stated in terms of the fdd-convergence. Finding simple conditions on the indi-
vidual scores, ensuring weak convergence in the Skorokhod sense, is an open problem.

Notational Agreements

(1) To avoid confusion, we set apart discrete and continuous variables:

iL,j,k,Lnp,q,s,teZ={0,+1,+2,...}, u,v,x,y,z,A¢€[0,00).

Mixed products are treated as integer numbers so that nu stands for |nu|. The latter results in Z* not

)

always being equal to u.
We distinguish between a stronger and a weaker forms of the uniform convergence

S, P50, n- o,

which respectively require the relations

sup Ify) -f)l—0, sup If@)-fy)| -0, n— oo,
0<y<y: Yo<y<y1

to hold for any O < yo < y1 < 0o.

3)

We will write

En(-):=E(-[Zo=n)

to say that the expected value is computed under the assumption that the GWO-process starts from n
individuals born at time 0. With a little risk of confusion, we will also write

Ex(+) :=E(-14(0) =x)

when the expectation deals with the finite-dimensional distributions of the continuous state branching
process &(-).
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(4) We will often use the following two shortenings:

efi=1-e*, eJi=x-ej=e¥-1+x
Note that both these functions are increasing, and for0 < x <y,
y X X : 1 2
O<e;-ej<y-x, 0<e) Smln(x, 5X ), (1.8)
e’ =ef+rel-ele), e =e+e)relel. (1.9)

(5) In different formulas, the symbols C, C1, C>, c, c1, ¢, represent different positive constants.

2 Population Counts

The number of individuals alive at time ¢t can be counted as the sum of individual scores

t 7 t
Z(t)y =Y Y Lyjerajerp = . Y. Gt —J),
j=0 k=1 j=0 k=1

where Ljy is the life length of the k-th individual born at time j (according to an arbitrary labelling of the Z;
individuals born at time j) and j(¢) = Liost<ryy is its individual score. Here the individual score is 1 if the
individual is alive at time ¢, and O otherwise. This representation leads to the next definition of a population
count.

Definition 2.1. For a progenitor of the GWO-process, define its individual score as a vector (y(t))¢cz with non-
negative, possibly dependent components such that y(¢) = 0 for all ¢ < 0. This random vector is allowed to
depend on the individual characteristics (1.4), but it is assumed to be independent from such characteristics
of other individuals.

Define a population count X(t) = XXI(¢) as the sum of time shifted individual scores

t Zj
X(t):=) Y xit—j), tez, (2.1)

j=0 k=1

assuming that the individual scores (xji(t))¢cz are independent copies of (x(t))¢ez.

2.1 The Litter Sizes

In terms of (1.4), the litter sizes of a generic individual are defined by v(t) := Z]-I\il 1r;=g, t = 1, so that
v(1) +--- + V(L) = N. On the other hand, given the random infinite-dimensional vector

(L,v(1),v(2),...), L=1,v(t)=0,t=>1,
where v(t) is treated as the litter size at age t for an individual with the life length L, the consecutive ages at

childbearing can be found as

L
Tj = z tLne-1)<meneeys  N(E) 2= (v(1) + - + V(D) Lir2g,
t=1
where N(t) is the number of daughters produced by a mother of age t.
In the critical case, the probabilities

A(t) :=E(v()1gsn), t=1,
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sum up to onesince Y ;.; A(t) = E(v(1) +--- + v(L)) = E(N) = 1. Arenewal process with inter-arrival times hav-
ing distribution A(1), (A(2), ... plays a crucial role in the analysis of the critical GWO-processes. Observe that
the corresponding mean inter-arrival time is indeed given by (1.5),

o) () 0 N N oo
Y tA(t) =E (Z tv(t)l{th}) =E (Z ty 1{Tj_t}> =E (Z y tl{rj_t}) =E(T1 +---+TN) = a.
t=1 t=1 t=1 j=1 j=1t=1

In order to avoid a possible confusion, we emphasise at this point that v(t) = 0 and A(t) = 0if t < 0.

2.2 Associated Renewal Process

In the GWO setting with Zy = 1, the process Z; conditioned on {N(t) = k}, where N(t) is the birth count of the
founder, can be viewed as the sum of k independent daughter copies Z; = ZS)H +oe ZEE)T " This branching
property implies that the expected number of newborns U(t) := E;(Z;) satisfies a recursive relation

N(t) t
u(t) = E<Z U(t—T;)) = E(Z U(t - k)v(k)1{L2k}> =U=A(t), tx1,
j=1

k=1

where the * symbol stands for a discrete convolution

Avs Ax(D)i= ) Ai(t=)As(), teZ.

j=—00
Resolving the obtained recursion U(t) = 1oy + U * A(t), we find a familiar expression for the renewal

function

t
Ut) = =0y + ). A™K(), A1 (1) = A(), A"V (0) 1= A5 A1),
k=1

so that, by the elementary renewal theorem,

ut) —» %, t — oo. (2.2)

This says that, in the long run, the underlying reproduction process produces one birth per a units of time.
In this sense, a can be treated as the average generation length.
Later on, we will need the following facts concerning the distribution of W, the waiting time to the next
renewal event:
R:(j) :==P(W;=7j), j=1,t=0.

These probabilities satisfy the renewal equation R(j) = A(t + j) + R; = A(t), which yields
t
Ri(j)= ) A(t+j-IUk), j=1,t=0. (2.3)
k=0

By the key renewal theorem, there exists a stable distribution of the residual time W, in that

(oo}

Ri(j) > R(), t—oco, R(G):=a') A(k), j=1.
k=j

Lemma 2.2. Assume (1.1), a < oo, and suppose a family of non-negative functions r'™(t) is such that

y
sup r(t) < oo, r(ny)=r(y), n-— co.
n>1,t>1

Ifr(y) - r(0)asy — O, then

Y 1D (ORny(H) 5 1(0), 1 - co.
t=1



6 —— S.Sagitov, Critical Galton-Watson Processes with Overlapping Generations DE GRUYTER

Proof. Observe that

00 to 00
Y 1 (ORy(8) = 7(0) = Y (X (8) = r(0)Rny (£) + Y (r"™(t) = r(0)) Ry (2)
t=1 t=1 t=to+1

for any ¢y > 0. From

to to to
Y (r™(t) = r(0)Rny (8) = Y (X (8) = r(tn )Ry (£) + Y (r(tn™") = r(0))Rny (t),
t=1 t=1 t=1

we deduce
to

Y (X () - r(0)Ruy(6) 50, 1 — oo,
t=1

using the assumptions on r™(-) and r(-). It remains to notice that

(e8] (o9

Y () = r(0)|Ray(t) < C Y Ryy(0),
t:t0+1 t=t0+1
and
(] y (o]
Y Ry> Y R(®)—0
t:t0+1 t=t0+1
as first t — oo and then tg — oo. O

2.3 Expected Population Counts

If Zo = 1, then X(t), defined by (2.1), can be represented as

N
X(t)=x(t)+ Yy X0t -1)) (2.4)
j=1

in terms of the independent daughter processes XU)(-), where N(¢) is the birth count of the founder. Taking
expectations, we arrive at a recursion

N(t) t
M(t) = m(t) + E ( > Mt - T,-)) =m(t) + Y M(t-)AG),
j=1 j=1
where M(t) := E1(X(t)), m(t) := E(x(¢)). This renewal equation M(¢t) = m(t) + M = A(t) yields
t
M(t) = m = U(t) = )" m(t - HUG),
j=0

and applying the key renewal theorem, we conclude
o0
E1(X(1) —» my, t—oco, my:=a') Ex(®). (2.5)
t=0

The obtained parameter m, can be viewed as the average y-score for the population with overlapping gener-
ations. The next result goes further than (2.5) by giving a useful asymptotic relation in the case my = co.

Proposition 2.3. Consider a critical GWO-process with a < co. If, for some function L(-) slowly varying at
infinity,
t
Y E(()) = tL(t), t— o0, 0<y<oo, (2.6)
j=0
then E1(X(¢t)) ~ a 1Y L(t) as t — oo.
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Proof. We have to show that (2.6) implies M(t) — a"*M; = o(M;) as t — oo, where M; := Z;:o m(j). To this
end, observe that the difference

t t
M(ty-at )y m(t-j) =) m(t-j)UG)-a™)

j=0 j=0

is estimated from above by

t te-1 t
Ymt-PIUG) -at<C Y mt-j)+e ) m(t-j)<CMe-Me,)+eMe, t=te,
j=0 j=0 Jj=te

for an arbitrarily small € > 0 and some finite constants C, t.. It remains to apply the property of the regularly
varying function M¢, saying that M; — M;_. = o(M¢) as t — oo for any fixed ¢ > 0. O

Turning to X(t) = Z(t), the number of individuals alive at time ¢, observe that, with (t) = 1j0<¢<1},

Y Ex() = Y P(L>t) =p.
t=0 t=0

Therefore, given E(N) = 1,
E1(Z(t)) - pa™t, t— oo.

In this case, the parameter m, = ua~! can be treated as the degree of generation overlap. For example, my =2
means that, on average, the life length L covers two generation lengths.

3 Branching Renewal Equations

A useful extension of Definition 2.1 broadens the range of individual scores by replacing (2.1) with

[ee]

Zj
X(t):=) Y xilt-j), tez. (3.1)
j=0 k=1
Relation (3.1) takes into account even those individuals who are born after time t, allowing x(t) > O for t < 0.
In this paper, we refer to this extension only to deal with the finite-dimensional distributions of the population
counts defined by (2.1); see Lemma 3.2 below.

Definition 3.1. For the population count X(t) = XX!(¢) given by (3.1), the log-Laplace transform A(t) = AXI(¢)
is given by
e MO E (e7*Y), tez.

The purpose of this section is to introduce a branching renewal equation for A(-) and establish Proposi-
tion 3.5, which will play a key role in the proofs of the main results of this paper.

Lemma 3.2. For a given vector (t1, ..., t,) with non-negative integer components, consider the log-Laplace
transform

p
A(t) = -1n El(exp{— Z AiX(t + t)})
i=1

of the p-dimensional distribution of the population sum X(-) defined by (2.1). Then, in accordance with Defini-
tion 3.1,

p

Aty = AP, () =Y Ax(ti+ 1), teZ.

i=1

Proof. It suffices to observe that

0o Zj

(2.1) p .t % . .. 3.1) (]
AX(ti+0) =Y 3 N At +t =) = Y Y (e - j) =" XWI(o). O

1 i=1j=0 k=1 j=0 k=1

M=

1
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3.1 Derivation of the Branching Renewal Equation

Here we show that Definition 3.1 leads to what we call a branching renewal equation,

A(t) = B(t) - W[A] = U(t), t=0, (3.2)
where the operator
L 00
W[fI(t) :=E (]‘[ e-V@f“-f)) =Y e/DAg), t=o0, (3.3)
j=1 j=1

is defined on the set of non-negative sequences (f(t)):cz; See more on it in Section 3.2. The convolution
term W[A] = U(t) represents the non-linear part of the branching renewal equation. A seemingly free term
B(-) of equation (3.2) is a non-negative function specified below by (3.4) and (3.5). It also depends on the
function A(-) in a non-linear way; however, asymptotically it acts as a truly free term.

The derivation of (3.2) is based on the following extended version of decomposition (2.4):

N
Xt =xt)+ Y xt-1), tez,
j=1
where X0)(-) are independent daughter copies of (X(-) | Zo = 1). It entails eX®=X® = [N ¢=X?(t-1) 'anqd
taking expectations, we obtain
El(eX(t)_X(t)) = E(e_ Z))\il A(t_Tf)) = E(e_ Z}‘:l V(j)A(t_j)).

On the other hand (recall e] := 1 - e7),
El(eX(t)—X(t)) _e MO El(e)((f)—X(t) _ e—X(t)) — El(e){(t)eX(t)_X(t)).

Denoting the last expectation D(t), we can write

D() = E(e} Ve T ONED), (3.4
due to independence between the progenitor score x(t) and the GWO-processes stemming from progenitor’s
daughters. Combing the previous relations, we find

e~ MO — E(e~ T VALY _ pp),

which, after introducing a term involving operator (3.3), brings

e MO = i e MEDA(G) + WAL - D(t).
j=1

Subtracting both sides from 1 yields

M0 - 3 e "D AG) - W[AI(t) + D(b),
j=1

which can be rewritten in the form of a renewal equation

e M0 = erh Aty + i e "D AG) - WIA(t) + D(t).
j=t+1

Formally solving this renewal function, we get

(o8 -
er™ =Y el Re() — WIA]  U(t) + D « U(D),
j=1
where R;(j) is given by (2.3). Here we used

LOQ 0 Ak . A > AG)
XY e AU =Y U Y e VAG+t-k) =) el VRe()).
k=0 j=t—k+1 k=0 j=1 j=1

Since eIA(t) = A(t) - eEA(t), we conclude that relation (3.2) holds with

(o8 .
B(t) =5+ Y e} Re(j) + D « U(). (3.5)
j=1
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3.2 Laplace Transform of the Reproduction Law

The Laplace transform of the reproduction law E(e~/(71)=~~f(tv)) is a positive functional defined on the set of
non-negative sequences (f(t))s1. The higher than first moments of the joint distribution of (71, ..., Ty) are
characterised by the non-linear functional

N N
=g ([[e?- 3 ). (.6)
j=1 j=1

This functional is monotone in view of the elementary equality
k k k k
Z(a,- - bj) - H aj + H bj = Z(a]‘ -bj)(1-ai...aj-1bjs1...by), 3.7)
j=1 j=1 j=1 j=1

inthatif f(t) > g(¢t) forall t > 1, then W (f) > ¥(g). In particular, with g(t) = 0, we get ¥(g) = E(1 - N) = O due
to our standing assumption E(N) = 1, which implies that ¥(f) > 0 for all eligible f(-).
The earlier introduced operator (3.3) is obtained from functional (3.6) through the connection

YIfI() =Y (o), fi() :==f(t - Dlpgj<n,
which is verified by

(3 6) N N L L
W(f) (1—[ e Y eﬂ(r,—)) _E (H e fiiov _ Y eﬂ(k)V(k))
j=1 j=1 k=1

k=1

-F <1£[ e—f(t—k)v(k)) _ i e—f(t—k)A(k) (353) YIFI(D).

k=1 k=1
Lemma 3.3. Consider a constant function f(t) = z, t € Z. If (1.1), then

Y[fl(t) = ¥(z) =E(eN)-e?, t=0,
andz2¥(z) > basz — 0.

Proof. The first assertion follows from the relation connecting W [f](t) and ¥(f). The second assertion follows
from the L'Hospital rule. O

Lemma 3.4. If (1.1) holds and

nryp(ny) ; r(y), n— oo,
wherer: [0, 0o) — [0, 00) is a continuous function, then
n2¥[r,l(ny) 5 br2(y), n— oo.
Proof. Observe that (3.7) implies
N j-1
WIFIO - Pig() = E< z(e-g<t-ff> et )(1 e ] e‘g(H"))>,
j=1 i=1 i=j+1
which in turn gives, for arbitrary 1 < t; < t,
N(t1) N
IWIF1() - WIgl(D)] < E( Y Ift-t)-gt—-Tpli+Ifvel ) 1,-),
j=1 j=N(t1)+1
where |[f] := sups [f(£)] and

-1 N
( 1‘[e—f”>1'[eg”>) Zf(t )+ Y glt-1) <If vel(N-1).

i=j+1 i=1 i=j+1
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Using E(N(N - 1)) = 2b, we therefore obtain
[PIf1(t) - Y[gl(D)] < 2bIf v gl fngjzﬁlf(t—f) - g(t =)l +If v gl E((N(t) - N(t1))N).
This implies that
[WIF1(t) - YIgl(t)] < 2blf v gl 1nrlgjigillf(t—]') - g(t =PI+ 1f v gl*8(tr), (3.8)

where §(t) := E((N - N(t))N) — Oas t — oo.
Applying (3.8) with t; = ne, t = ny, and
fG) =ra(), 8()i=zn, j21, zn:=n'r(y),
we get
[n*W[rn](ny) - n*¥[z,](ny)| < C sup [nra(nly =) = r(y)l + C18(ne).
<X<e€

Thus, under the imposed conditions,

lim sup (n®¥[rnl(ny) - n*¥[z,l(ny)) - 0, n — oo,
€—00<y<yo

for any yo > 0. It remains to observe that n>¥[z,](ny) R br?(y) as n — oo, according to Lemma 3.3. O

3.3 Basic Convergence Result

If A(t) is given by Definition 3.1, then
En(e7X®) = e, (3.9)

This observation explains the importance of the next result.
Proposition 3.5. Assume (1.1), a < oo, and consider a sequence of positive functions Ay(-) satisfying
An(t) = Bu(t) =¥ (Ay) = U(t), t=0,n3=1. (3.10)
If the non-negative functions By(t) are such that
nBn(ny) 5 B(y), n— oo, (3.11)
where B(y) is a continuous function, then
nhn(ny) 5 r(y), n— oo,

where r(y) is a continuous function uniquely defined by

y
r(y) = B(y) - bat I r’(u) du. (3.12)
0
Proof. We will prove this statement in three steps. Firstly, we will show
ny
r(y) = nBa(ny) - n ) ¥W[n'ra](ny - U(t) + 8n(y), (3.13)
t=0

where 6, (y) stands for a function (different in different formulas) such that 6,(y) R 0 as n — oo. Secondly,
putting A, (y) := nA,(ny) — r(y), we will find a y* > 0 such that

sup |[Ap(u)l -0, n—oo, O<yg<y;<y*. (3.14)

Yo<u<yi

Thirdly, we will demonstrate that
M) L0, n— co. (3.15)
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Proof of (3.13). Rewriting (3.12) as
y
1) =BY) - b [y -wa du
0

and using (2.2), (3.11), we obtain

ny
r(y) = nBu(ny) —bn' Y r’(y — tn”)U(t) + 6n(y).

t=0

This and Lemma 3.4 imply (3.13).
Proof of (3.14). Relations (3.10) and (3.13) yield

ny
An(y) = n Y (W[AR](t) = W[n  ra] (1) Uny = t) + 8a(y). (3.16)
=0
Under the current assumptions, the inequality nA,(ny) < nB,(ny) implies that the sequence of functions

nAy,(ny) is uniformly bounded over any finite interval O < y < y;. Therefore, putting t; := te into (3.8) gives

2| P[AL]() - PIn ] ()] < €1 sup  [An(in )] + C26(te)
(1-e)tsj<t

for any fixed O < € < 1. Combining this with (3.16) entails

04 ne
B < Crt Y Uy =) sup [Ag(Gn )i+ Can 'Y Ulny = ) + 64(y) (3.17)
t=ne (1-e)tsj<t =

so that, for some positive constant c* independent of (n, €, y),

AnI<c*y  sup  [Ap(u)| + Ce + 6n(y).
e(l-e)<u<y
It follows that
sup [AyW)|<c*v sup |Ap(w)|+Ce+ sup On(y).

e(l-e)<y<v e(1-e)<u<v e(l-e)<y<v
Replacing here v by y* := (2¢*)™!, we derive

limsup sup |Ay(u)| < Ce,
n—0oo  g(l-e)<u<y*

which, after letting € — 0, results in (3.14).

Proof of (3.15). It suffices to demonstrate that the convergence interval in (3.14) can be consecutively
expanded from (0, y*] to (0, 2y*], from (0, 2y*] to (0, 3y*], and so forth. Suppose we have established that,
for some k > 1,

sup |Ap(w)] -0, n—ooo, O0<yg<ys <ky".

Yo<u<y:
Then, for ky* <y < (k+ 1)y*, by (3.17),
ny
lAn() < Cn™t Y Uy -t) sup |An(in")| + Ce + 8n(y),
t=nky* (1-e)tj<t

yielding

sup AW <c’y"  sup  [Ay)[+Ce+  sup  Gn(y).
ky*<y<(k+1)y* ky*<u<(k+1)y* ky* <u<(k+1)y*

Since c*y* < 1, we may conclude that

sup  [Ap(w)| — 0, n— oo,
ky*<u<(k+1)y*

thereby completing the proof of (3.15). O
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4 Continuous State Critical Branching Process

In this section, among other things, we clarify the meaning of &, (-) given by (1.7), in terms of the log-Laplace
transforms of the fdds of the process &(-). From now on, we consistently use the following shortenings:

Gy, A) = GpUp, .. ., Upi Ay, .., Ap),
Gp(crit +Y, C2A) 1= Gp(Crur + Y, .., Crlp + V3 CoAL, o ., C2AY),

Hp,q(ﬂ,/i) = Hp,q(ul, ey up;)lll, e ,Apl; e ;Alq, [N ,/‘pq).

4.1 Laplace Transforms for &(-)
The set of functions

Gp(il, A) := —InEy (e et =Apdlp)y - p > 1, (4.1)
with u;, A; > 0, determines the fdds for the process &(-).
Lemma 4.1. For non-negative x, y, u1, Uz, ...,A1,A2, ...,

E(e*/llf(u1+)/)*"'*/\pf(up+J/) | &(y) = x) = e*XGp(ﬁ,/T).
Proof. This result is obtained by induction, using (1.3) and the Markov property of &(-). To illustrate the
argument, take p = 2 and non-negative y, y1, y>. We have

E(e—/\1§(}'+)/1+)/z)—/\zf(}'+yz) | Ey)=x) = E(e—/lzf(}’ﬂ’z)E(e—/\lf(ywlﬂ'z) | E(y +y2) | €)= x)

2B (exp{-( + %ﬁlyl)"((y eyt |£0)-x)

(13) exp{— (A1 + A2 + bA1Aay1)x }
1+ b/(l(yl + }’2) + bAzyz + bz/llAzylyZ )

With u; = y, and u; = y1 + y», this gives an explicit expression
/11 + /\2 + b/ll/\z(ul - uz)

Gy(it, A) =
2 A) 1+ bAjui + bAyuy + b2A1 A (g — uz)uz
for the asserted relation E(e~15t1#)-0§2+y) | £(y) = x) = e XG2(@A) j the case p = 2. O
Lemma 4.2. If
up>->up=0, A;20,...,14,>0, (4.2)

then for all y > 0, assuming Go (i1, A) := 0, the following two relations hold:

Gp(+y,A) = (by + (Gp-1 (@, ) + ) ™)™,
y

Gp(i+y,A) = Gp-1(@,A) + A, - b J Gy +v,A)dv. (4.3)
0

Proof. With up, = 0, relation (4.1) gives
Gp(@ +y, A) = —InEy (e ¢0) E(e W)= A dlhatn) | £(y))),
Applying Lemma 4.1 and (1.3), we get the first statement
Gp(t +, A) = ~ InEq (e MW e~ Cra@NEW)) = (by 4 (Gpoy (3, A) + Ap) 1) 7

This implies the second statement since a function of the form H(y) = (by + H(}l)‘1 satisfies the integral
equation

y
H(y) = Ho - b j H2(v) dv. (4.4)
0 O
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4.2 Riccati Integral Equations

Equation (4.3) has a form of the Riccati integral equation (4.4), associated with a simple Riccati differential
equation H'(y) = —H?(y), H(0) = Hy. Our limit theorems require a more general equation of this type,

y
H(y)=F(y)-b J H?(v) dv. (4.5)
0

Lemma 4.3. Let function F: [0, co) — [0, co) be non-decreasing, with F(0) > 0. For a given n > 1, consider the
step function

) < [k
F (y) = z F{ - 1{%§y<k+71}’ y 2 O’
k=0 N

e (ol 220 (D)), vz

()= oo 3 () -H(5)

Then the function H(-) satisfies a recursion

()= (8)-r(5 e (5o B () e

with H™(0) = F(0).

and put

where

Proof. Putting fy := F(Iﬁ() and f_1 := 0, we get

H(")<§)=—lnE1(eXp{ ios( N 1)})=fk—fk_1—1nE1(exp{—’§f($)(ﬁ-ﬁ_n}),
and by Lemma 4.1,
H(")( ) fi= fk—1+Gk<ﬂ+%,;l),

with u; := % and A; = fi_1 - fi_» fori > 1. Since, by Lemma 4.2,
B B -1
G+ 51) = (24 Gra@ D+
n n
we conclude

H(”)( ) fre = fi 1+(§+<H(")(k;1>>_1>_1=fk—fk—1+H(”)<$)(1+gH(")(k;l»_l. O

Proposition 4.4. Let function F(-) have a continuous derivative F': [0, co) — [0, 00), and let F(0) > 0. The
functions H(.), defined by Lemma 4.3, converge,

™(y) - Hy), y=0, n-— oo,

to the solution of the Riccati equation (4.5).

Proof. Applying a Taylor expansion to the recursion stated by Lemma 4.3, we obtain

H(”)(n> fi— fi- 1+H(")<k 1) B(H(”)<$)>2+en(k),

n n

can= () (o B (S5 1B 1)) - QL

n n 1+ bgm(kL)
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By summing this recursion, we get

i ()= 23 (1)) + L0 “o
i=0

To prove the lemma, it suffices to verify that
k k
An(k) := H(”)(E>—H<E) L0, n-ooo, (4.7)

where H™(-) satisfies (4.6), with f; = F(1). To this end, note that

k-1

Zs( V-0 =g+ Y (6(0) () <)

i=0

implies an upper bound
H(”)(E> <—-In El(e—fkf(%)) (153) f—k’
n 1 +-bfk—

that ensures H™ (%) < C(y), provided fi < C1(y) forall k < ny, so that ¥, €n(i) L oasn - co.

This and (4.6) entall
(®) =5 3 () (B (£ () ot

where 6,(ny) 2, 0asn — oo. In view of this relation, we can find a sufficiently small y* > 0 such that

sup |[Ap(ny)l -0, n— oo.
O<y<y*

( )=- IZ M+ )(H(n)(n)+H<%>>+5;l(k),

y
where 6,’1(ny) = 0 as n — oo. This, in turn, gives

It follows that

sup |Ap(ny)| -0, n— oo,
0<y<2y*

and proceeding in the same manner, we arrive at (4.7). O

4.3 Laplace Transforms for § o F(-)

Notice that the Riemann-Stieltjes integrals appearing in this paper are understood as

t
jf(u)dF(u) = FO)f(0) + j f(u) dF(u).
0

(0,t]

Referring to Proposition 4.4, we treat the Riemann-Stieltjes integral
y
£ F) = [ - v)dFw)
0

as arandom variable satisfying E1 (e~°F0)) = e~H), This interpretation will be extended to the fdds of & o F(-)
in terms of the log-Laplace transforms

Hy (i1, A) = —In Eg (e M8 F W)= 5o up)y (4.8)
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Lemma 4.5. Under the assumptions of Proposition 4.4, given (4.2), the function (4.8) satisfies

y
Hp(i+y,A) = Hp1 (1, )+ Fo(y) - b J Hy(i +v, A) dv, (4.9)
0

where Fy(y) = le Ai(F(u; +y) — F(uy)) fory > 0, and Fp(0) := ApF(0).

Proof. The proof of Lemma 4.5 uses an argument similar to Lemma 4.3 and Proposition 4.4, with the main
idea being to demonstrate that the step function version of (4.8), defined by

p
—H;’")(ﬂﬂ/,/_l) = E - A oF(n)(—nui ﬂ)
e 1| exp }; i& i ,

converges, as n — oo, to the solution of (4.9), i.e., Hé")(ﬁ +y,A) - Hyp(i+y, A). Instead of giving tedious
details in terms of the discrete version of (4.8), we indicate below the key new argument in terms of the
continuous version of the integral & o F(-).

Due to (4.8), we have
. p
e A = El(exp{— Y Ao dF(un} )
i=1

which, in view of (1.3) and (4.8), yields
ujt+y

j Eui+y-v) dF(v)}).

I 0

M’u

e Hp@y.d) _ E1<exp{

i

Splitting each of the integrals in two parts Jo g : T4 j;”y , we find

uity u;

_ y
| swisy-varo - Zj §i+y -V FO) + [ £/ - V) AR ),
i=1 0

0 0

e

i=1

and then, using the Markov property of the process &(-),

(exp{ Z A j §ui+y-v) dF(v)} l §w,0<u< y) = e S,

we obtain i
e D) = B (exp{~§ () Hp-1(1, A) — £ o Fy (1)) = Ex(e™ %),

where Fy,(y) := Hp_1(il, A+ F,(y). After this, it remains to apply Proposition 4.4. O

5 Main Results

The aim of this chapter is to establish an fdd-convergence result for the vector (X1(-), ..., Xq4(+)) composed
of the population counts corresponding to different individual scores y1(-), ..., x4(+), which may depend
on each other.

5.1 Limit Theorems

Theorem 1. Consider a population count defined by (2.1). If (1.1), a < oo, my < oo, see (2.5), then

(1 X(nu), u > 0| Zo = n} =%, {mx.{(ua’l), u>01£&0)=1}, n— oo, (5.1)

where &(-) is the continuous state branching process satisfying (1.3).
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There are three new features in the limiting process of (5.1) compared to that of (1.2):

« the continuous time parameter u does not include zero, reflecting the fact that it may take some time for
the distribution of ages of coexisting individuals to stabilise;

« thetime scale a~! corresponds to the scaling by the average length of overlapping generations;

- the factor my accounts for the average y-score in a population with overlapping generations.

Theorem 2. Consider a population count defined by (2.1). Assume (1.1), a < oo, (2.6), and in the case my, = oo,
assume additionally
EQ2 (1) = o(t?Y LA(t)), t — oo. (5.2)

Then
YL )X (nu), u > 0| Zo = n} < (@ g, (uat), u> 0] £(0) =1}, n— oo,

where &,(-) is given by (1.7), which is understood according to the previous chapter.
The next result extends Theorems 1 and 2 to the case of several population counts.

Theorem 3. Consider q > 1 population counts X1(t), . . ., X4(t), each defined by Definition 2.1 in terms of dif-
ferentindividual scores x1(t), . .., Xq(t). Assume (1.1), a < co, and (2.6), withy = y;jand L = L; for the xj-score,
j=1,...,q.If my, = oo, assume additionally condition (5.2) for the y;-score.

Then, as n — oo,

( X, (nu) Xq(nu)

fdd
= —_ yi-1 -1 Yq—l -1 =
n*iLy(n)’ """ n*aL4(n) “o n>u>0 (@&, wa™), ..., a4y, (ua™) [ §(0) = 1),

To illustrate the utility of Theorem 3, we consider a multitype GW-process
(zt,z2,...,zh, t=01 2z} = n},

where Zf is the number of type i individuals born at time ¢, for i = 1, ..., g. Each individual of type i is
assumed to live one unit of time and then be replaced by N;; individuals of type j. Denoting m;; := E(Nj),
assume that the multitype GW- process is decomposable in that

m;=0, 1l<j<i<gq. (5.3)
The next result deals with a decomposable critical GW-process, satisfying
mjj=1, 1<j<gq, mj_1; € (0,00), 2<j<gq, mjj<oo, 1<i<j<gq. (5.4)

To put this process into the GWO-framework, we treat as GWO-individuals only the type 1 individu-
als, while the other types will be addressed by respective population counts. Clearly, the numbers of GWO-
individuals form a single type GW-process, and (1.2), derived from Corollary 1, describes the limit behaviour
of the scaled process (Z}, t > 0 | Z} = n). Since the process {ZJ, ..., Z}_; | Z§ = n} during n units of time pro-
duces type 2 individuals, of order n new individuals per unit of time, one would expect, in view of Theorem 3,
a typical number of type 2 individuals at time n to be of order n?. An extrapolation of this reasoning suggests
scaling by n/ for the number of type j individuals, j = 1, ..., q.

Theorem 4. Consider a decomposable multitype GW-process (Z},Z¢, ..., Zf’) starting with n individuals of
type 1. Assume (5.3) and (5.4). If, furthermore, Var(Nj;) < oo forall 1 < j < q, and Var(N11) = 2b, then
_ _ _ fdd
(' Zy, n 220, . 920, y 20 25 = n} — {(E(W), a1&1(Y), - .., @g-1£4-1(0) y 2 0 | £(0) = 1}
asn — oo, with a; := jl!ml,z---m,-,jﬂ, j=1,...,q-1.

Here the limiting process &(- ) is the same as in (1.2) and &j(y) = j(’)/ &(y - u) du/; see (1.7). Notice that the only
source of randomness in the g-dimensional limit process is the randomly fluctuating number of the first type
of individuals. Observe also that only the means m; ;.1 appear in the limit, but not the other means like for
example my 3. This fact reflects the following phenomenon of the reproduction system under consideration:
in alarge population, the number of type 3 individuals stemming directly from type 1 individuals is negligible
compared to the number of type 3 individuals stemming from type 2 individuals.
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5.2 Proof of Theorem 1

Assuming (4.2), put
p
App(t) :=1n E1<exp{—n‘1 z AiX(nu; + t)} ), teZ.
i=1
Due to (3.9), the Laplace transform of the p-dimensional distributions of the scaled X(-) are given by

p
En(exp{—n‘1 > AiX(n(u; + y))}) =e MWy 50,

i=1

We prove Theorem 1 by showing that

nAn,p(ny) 5 (), n- oo, (5.5)

where the function ry(y) := Gp(a~1(& +y), myA) determines the limiting fdds of Theorem 1 by Lemma 4.1.
Our proof of (5.5) consists of several steps summarised in the next flow chart:

(5.14) « (5.17)
(5.5) « (5.9) « (5.15) (5.6)
(5.16) « (5.18),(5.19), (5.20).
Due to Lemma 3.2, we have
A p(8) = (A(D)¥rr], (5.7)
with
p
Ynp®) =71 Y Aix(nu; + t). (5.8)
i=1
On the other hand, according to (4.3), the limit function r, (- ) satisfies
y
p(y) = 1p-1(0) + Apmy — ba™! J rp(v) dv.
0

Thus, we can prove relation (5.5) using Proposition 3.5 and induction over p by verifying that

y
nBu(ny) = rp_1(0) + A,my, (5.9)
where, in accordance with (3.4) and (3.5),
(o)
Ba(t) = &, + Y €™ "Ry (6) + Dy + UCD), (5.10)
t=1
Dy(t) = Eq (¥ e I Anp(t=DVO)y (5.11)

The initial induction step, with p = 0, becomes trivial if we set ry(y) := 0 for all y. To state a relevant
induction assumption, denote

p-1
A;z,p—l(t) = lnE1<exp<|—n‘1 z AiX(nu} + t)}), tez, (5.12)
i1
where v} > u) > > u;_l andA; >0, ...,Ap_1 > 0. Then the inductive hypothesis claims
AL, (y) 5 Gy (@@ +y), md), n— oo (5.13)

We establish the uniform convergence (5.9), under assumption (5.13), in three steps

neb™ Lo, n — co, (5.14)
S ) y
n Z e, "Rpy(t) > 1p-1(0), n — oo, (5.15)
=1
ny y
nZDn(ny—t)U(t) = Apmy, n— oo. (5.16)

t=1
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Proof of (5.14). The upper bound

nh\y,p(t

b
el < By (xWrl(0) = ¥ A By (X(nug + 1),

i=1

under the assumption my < oo, implies

sup sup nhApp(t) <oco foranyy > 0.
n>1 —oo<t<ny

This and a corollary of (1.8), nelz\""’(nw < gA%,p(ny), entail (5.14).

DE GRUYTER

(5.17)

O

Proof of (5.15). Setting ulf = U;j — Up_1, recall (5.12). Notice that, since, by (4.2), u, = 0, we get, for t > 0,

p-1
App(-t) =1n El(e><p<[—r11 Z AiX(nu;j - t)})

i=1

p-1
=In E1<exp{—n‘1 Z AiX(n(uj + up-1) - t)}) = Ay p g (nup g — ).

i=1
By the induction assumption (5.13), the function
! —
r(")(t) = neé\n,pfl(nup—l t)l{lstsnup,l/Z}

satisfies

y L i}
r"ny) S r(y), n-—oco, r(y):=Gp1(a@-y), mA)liosy<u, /2)-

Moreover, due to (5.17), we have 0 < r™(¢) < C for all n, t > 1. Since r(0) = r,_1(0), relation (5.15) now fol-

lows from Lemma 2.2.

Proof of (5.16). In view of

Dy(t) = En,p(1)) ~ E(e§") ~ F(efrr Vet Mr 70,

relation (5.16) follows from (2.2) and the next three relations:

ny
n Y E@pnp(ny - OU®) 5 Apmy, n — oo,

t=1
ny y
n z E(e?""’m) =0, n— oo,
t=1
ny o
© App(t— y
n Z E(elll’”'”(t)elz’:l ot ])VU)) =0, n — oo.

t=1
To prove (5.18), notice that (5.8) gives nip ,(t) = A,x(t) + np p-1(t). Since
ny v
Y E(x(ny - )U(t) > my, n — oo,
t=1
it suffices to check that ny
y
n Y E@np-1(8) =0, n— co.
=1

This follows from the fact that, for any positive u,

ny
Y E(x(nu+0) < Y E(x(1),
t=1

t>nu

with the right-hand side going to 0 as n — oo under the assumption my, < co.

O

(5.18)

(5.19)

(5.20)

(5.21)
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Turning to (5.19), we split its left-hand side in three parts using (1.9), and then produce an upper bound
as a sum of three terms involving an arbitrary k > 1:

-1
nefn.p(t) _ neg Apx(0)

< n 2K (D1 go<hy + ApX (O 15k + 2nPn p1(t).

lpn,p—l(t)

-1
+ nez n Apx(t)elfn,p—l(t)

+ne;

The third term is handled by (5.21). The first term is further estimated from above by

ny o
n Y B (Olyosn) < 1tk Y EX(D),
t=1 t=1

where the right-hand side converges to zero for any fixed k. Finally, in view of

ny o0
Y EQO1yosk) < Y EQ(®1yosk)»
t=1 t=1
the proof of (5.19) is finished by applying Fatou’s lemma as k — oo.
To prove convergence (5.20), we use the bound
el < T Apx(6) + Y pa (8),

and referring to (5.21), reduce the task to
z E(uter ) Lo, n o co.

The last relation follows from the upper bound
(e8]
Z E(x(ted ") Z E(x(1)) + Z EX(O)105k)) + k1 Z Y Anp(t - DAG)
t=1j=1

because the third term tends to 0 as n — oo, thanks to (5.17), and the first two terms in the right-hand side
vanish as k — oo and k; — oo due to the assumption my < co. O

5.3 Proof of Theorem 2

The main idea of the proof of Theorem 2 is the same as of Theorem 1, and here we mainly focus on the new
argument addressing the case m, = co. We want to prove (5.5) with the modified notation

)4
Anp(t) :=1n E1<exp{—n‘1"'£‘1(n) Z AiX(nu; + t)} )

i=1
rp(y) i= Hy(a (i@ +y), a1 A),

where H, (1, A) is defined by (4.8), with F(y) := y”. In this case, relation (5.7) holds with

Ynp(t) : Z/\nzx(nuz+t) Anji = A~V L7 (),

i=1

and according to (4.9), the right-hand side of (5.5) satisfies

» y
rp(y) = 1p-1(0) +a? z Ai((ui +y)Y —u!) - ba™! J rp(v) dv.
0

i=1

Thus, under the conditions of Theorem 2, relation (5.5) will follow from Proposition 3.5 after we show

p
nByu(ny) 2 rp-1(0) +a™? Z Aili +y)Y +ul), n— oo,
i
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where By(t) is defined by (5.10) and (5.11). Its counterpart (5.9) was proven in the case my < co according
to flow chart (5.6). In the rest of the proof, we follow the same flow chart and comment on necessary changes
in the case my, = co.

The counterparts of (5.14), (5.17), and (5.15) in the case m, = co are verified in a way similar to the case
my < oo, now using Proposition 2.3. The counterpart of (5.16) takes the form

ny b
n Z Dy(ny - t)U(t) Lat z Ail(ui +y)Y - u%’), n— oo,
t=1 i=1

as Proposition 2.3 yields the following counterpart of (5.18):
< AR & y
nY E@npny -tHUWD) = a™ ' Y A((ui+y)’ -ul), n— co.
=1 i=1
To verify (5.19) in the case my = co, we check that
ny y
nY E@p,(t) =0, n- oo, (5.22)
t=1
by putting to use condition (5.2) to handle the terms

b ny p p ny
nY Y AREQCui+ 1) +2n) Y Y Apidn EQr(nu; + Ox(nu; + 1)),
i=1t=1

i=1j=i+1t=1

after applying the Cauchy-Schwarz inequality for expectations

E(x(nu; + Ox(nu; + 0) < EQ(nu + 0)\EQ(nu; +0)).

To prove the counterpart of (5.20) in the case m, = co, we use a sequence of upper bounds

ny . .
0 AL (=
n E E(e‘fn,p(f)e%ﬂ p(t I)V(I))
t=1

ny ny 00
<n Z E(',bn,p(t)l{Nme}) +n Z E <'I)n,p(t) Z A p(t _j)V(j)l{Nsne})
t=1 t=1 j=1
ny ny
<n Y \EW? ,(0)VP(N > ne) + fup(nAn,p(t» > EWn,p(t)N1(n<ne))
t=1 sny t=1
ny ny
< Cre™t Y EWR p(6) + Cane Y EWn (1)),
t=1 t=1

where we applied the Cauchy—Schwarz and Markov inequalities together with (5.17). By the Cauchy—Schwarz
inequality for the dot product,

ny 2 ny
(z . \/wg,p(m) <ny Y EGZ,(0),
t=1 t=1

which together with (5.22) yield ¥, \E@z ,(t)) L, 0 as n — co. On the other hand, in view of Proposi-
tion 2.3, the upper bound

ny
ne ) Enp(t) <€Cly1), nz1, 0<ys<y
t=1

holds for an arbitrary € > 0. Sending € — 0 ends the proof of (5.20) and thereby of Theorem 2.
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5.4 Proof of Theorem 3

Lemma 5.1. Put
p

) q
Hp 4(@, A) := —1n E1<exp{— Z Z Aij‘fy,»(ui)} >,
55

i=1

assuming
O=y1=-=ys<Vyss1<-<yq 0<s<gq. (5.23)

Then, for uq > --- > up = 0, the following integral equation holds:

y
Hp g +y,A) =Hp 1,4, A) +Fpq(y)-b j H} (@ +v,A)dv, (5.24)
0
p 4 ;
Fpg) i=Apr+-+Aps+ Y Y Ay((ui +y) —uy).
i=1j=s+1
Proof. The lemma is proven similarly to Lemma 4.5. O

Theorem 3 is obtained by combining the proofs of Theorems 1 and 2. The aim is to prove (5.5) with
p 4
Yup(t) = Z Z/\n,inj(nui +1), Apij:= /lijnflfy"f{l(n),
i=1j=1

rp(y) 1= Hpg(a (@+y), @ Ay,..., a7 Ay,

assuming ui > --- > Up_1 > Up = 0and A; > 0. Withoutloss of generality, we assume (5.23) and that, for some

0<s'<s,

. ! . !
my; < oo, j=1,...,s, my, =00, j=S§ +1,...,q.

According to (5.24), the limit function in (5.5) satisfies the integral equation
y
rp(y) = 1p-1(0) + @ *Fp () - ba™ J rp(v) dv.
0

Therefore, to apply Proposition 3.5, we have to prove for the updated version of (5.10) that
nBu(ny) = rp-1(0) + @ Fpg(y), n - co,

which, once again, is done according to flow chart (5.6). Even in this more general setting, the counterparts
of (5.14) and (5.15) are valid, and the task boils down to verifying the counterpart of (5.16),

ny

nY Da(ny - )Ut) 5 a 1Fpq(y), 1 — oo,
=1

where the limit is obtained using Proposition 2.3 for the counterpart of (5.18),

ny y
n Y E@np(ny - )U(H) = a'Fpq(y), n— co.
=1
It remains to verify the counterparts of (5.19), (5.20).

Proof of (5.19). Observe that i, »(t) = 1, ,(t) + Py ,(t), where

s' p q

p
Yrp®) =D Y Anixi(nui +6), Py, (0) := Y Y Anixj(nui +0).

j=1li=1 j=s'+1i=1
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Using (1.9), we can split the left-hand side of (5.19) into the sum of three terms

ny ny ! ny n ny ! n
nY Eey @) =ny By ) +ny Bey ) +n )y Bl Vel ).
t=1 t=1 t=1 t=1

The first and the second terms are handled using the argument of the proofs of Theorems 1 and 2 respectively.
The third term requires a special attention. It is estimated from above by

04 ! " ny ?’ Y ! "
n Z E(e’f"'l’(t)elf""’(t)) <n Z E((e%’zl/‘""”x’(t) + elf”'ﬂ(t))e‘f"ﬁ“))

t=1 t=1
A4 INCNIIE
<€ Y Y Eel™ ) +n Y E@l, ,_ (8).
j=1t=1 t=1

The last term is tackled in a way similar to (5.21), and it remains to show that, for each j < s’,
ny
" y
Y E(x;(0ed ) =0, n— co.
t=1

To this end, observe that, for an arbitrary k > 1,

ny

" ny o)
Y E(ui0el™ ) <k Y E@pi () + Y Exi() 1y, 05k)-
t=1 t=1

t=1
The first term is taken care of by (5.21), while the second term vanishes as k — co since my; < co. O

Proof of (5.20). Using P, (t) = by, ,(t) + Py ,(t), we get e'f"’p(t) < e'f:"P(t) + elf:’,*(t), which allows us to replace
(5.20) by the following two relations:

ny . © A il Y
n Z E(elf"’l’(t)elz’:1 mpt ])VU)) =0, n- oo,
t=1

ny " © A i Y
n Z E(elll'"’l’(t)elz’:1 nplt ])V(])) =0, n-— oo.
t=1

The first relation is proven in the same way as (5.20) was proven for Theorem 1, and the second relation is
proven in the same way as (5.20) was proven for Theorem 2. O

5.5 Proof of Theorem 4

Adapting the setting of Theorem 4 to Theorem 3, we treat the process (Z tl, o Z ?) as a vector of population

counts for a single type GW-process. This is achieved by focusing on the type 1 individuals and introducing

q individual scores for a generic individual of type 1 born at time O by setting

o Xx1() == L=},

+  xj(t) := the number of descendants of the generic individual, which (a) have no other intermediate ances-
tors of type 1, (b) are born at time ¢, and (c) have type j,

for j=2,...,q. Having this, our task is to check that conditions (2.6) and (5.2) hold with y :=j -1 and

L(t) = ﬁml’Z"'mi_l’j forallt>1andj=2,...,q.
To check condition (2.6) with x(-) := xj(-) foragivenj = 2, ..., g, we use representation
j Ny
Xit+1) =Y 3 Zi(, k), (5.25)
i=2 k=1

where Zf(j, k) 4 Zﬁ(j) stands for the number of type j individuals born at time ¢ + 1 and descending from
a type i individual born at time 1. This gives

j . .
E(xji(t+ 1)) = ) myMy(t), My(0) := E(Z}(G) | Z = 1).
i=2
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Furthermore, due to the decomposable branching property, we have

) j Na
Zia ) =Y Y Z4G, 5, (5.26)
1=i k=1
implying the recursion
j j-1
M;i(t+1) = Z myM;i(¢) = M;;(¢) + Z myM;i(t) + mj;.
1=i I=i+1

Putting here j = i + 1, we get M; ;1 (t) = tm; j4+1. From

M; 42 (t + 1) = M; 345 (8) + My i1 Miy1,i02(6) + M iy

= M i42(t) + tM 141 Mis1, 142 + M iv2,
we find M; i42(t) ~ %tzm,-,m Mis1,i+2 as t — oo. Thus, by iteration, we derive

M(t) ~ My - mjsg,  t— o0,

1
-t

which allows us to conclude that condition (2.6) holds in the desired form, because

tl_szz-”mjfl,j, t — oo.

EGG(0) ~ =3

Finally, to verify condition (5.2) with y = j - 1, it suffices to show that
E(; () <Ct77, j=2,...,q, (5.27)
using the following corollary of (5.25):
J o Ni 2
E(;(t+1))=E ((Z Y Zi(, k)) )
i=2 k=1

j
miVii(H) + 2 ) E(Nu(N1i - D)ME(0) +2 ) E(N1iN1u)My (O My;(0),
i=2 i=2 2<i<l<j

M-

where Vj;(t) := E((Z(j))? | Zi = 1). From here, relation (5.27) is obtained from
j o .
Y E(Nwi(Nyi - ))MG(t) + Y EWNuNuMgOMy(t) < €y Y #7107 < ¢t
i=2 2<i<lsj 2<i<l<j
and the upper bound Vjj(t) < Ct¥~21*1, derived next. Using (5.26) and applying similar estimates, we find
j Nu 2 j o
Vii(t+1) =E ((Z 2. ZiU, k)> ) < ¥ ma V() + CEF2,
I=i k=1 =i
In particular, Vj;(t + 1) < Vj;(t) + C implies Vj;(t) < Ct. This, in turn, gives
Vio1,j(t +1) < Vj_gj(t) + C1t + Cot?

and Vj_1,j(t) < Ct3. Reiterating this argument, we find V;;(t) < Ct¥2*1, which ends the proof of (5.27) and
Theorem 4 as a whole.
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