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We investigate the charge and heat electronic noise in a generic two-terminal mesoscopic conductor in
the absence of the corresponding charge and heat currents. Despite these currents being zero, shot noise is
generated in the system. We show that, irrespective of the conductor’s details and the specific
nonequilibrium conditions, the charge shot noise never exceeds its thermal counterpart, thus establishing
a general bound. Such a bound does not exist in the case of heat noise, which reveals a fundamental
difference between charge and heat transport under zero-current conditions.
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Introduction.—In mesoscopic devices, noise arises both
at equilibrium, due to thermal excitations leading to thermal
noise [1,2], and out of equilibrium, where partitioning of
electrons at a scatterer generates shot noise [3]. Shot noise
measurements have proven extremely useful to gain
insights on charge carriers [4] and have led, for instance,
to the experimental observation of fractional charges [5,6].
Very recently, a distinct type of shot noise has been
measured: this so-called delta-T noise is purely due to a
temperature bias, but is distinct from thermal noise and is
finite despite the average current vanishes [7–9]. This
previously overlooked source of nonequilibrium noise was
first introduced for diffusive conductors [10] and is
currently attracting a lot of attention, both from a theoretical
[11–13] and from an experimental perspective [7–9,14].
Until now, the analysis of this phenomenon has however
mostly been restricted by the following constraints: (i) con-
ductors are assumed to have energy-independent trans-
mission probabilities, (ii) the nonequilibrium state is
induced by a pure temperature bias, and (iii) only charge-
current shot noise has been considered.
In this Letter, we generalize this broadly by lifting all

three constraints and thereby provide concrete results for a
wider class of noise phenomena, of which the delta-T noise
is a specific manifestation. Allowing the conductor to have
an energy-dependent transmission probability, we open up
the analysis for two important aspects. Finite shot noise
arises at zero-average current under generic nonequilibrium
conditions, e.g., combinations of temperature and voltage
biases important for thermoelectrics. Moreover, not only

the charge, but also other types of currents are subject to
shot noise persisting at zero current under appropriate
nonequilibrium conditions: as an example, we study the
heat shot noise in the absence of an average heat current.
Importantly, we find a fundamental bound for the charge
shot noise under the condition of zero current: it can never
exceed the thermal noise, independently of the system
details and the type of nonequilibrium conditions. In
contrast, such a bound does not exist for the heat shot
noise in the absence of a heat current.
The presented analysis of zero-current charge and heat

shot noise will also be particularly relevant for the topical
field of quantum thermodynamics [15–17]. In nonequili-
brium thermal engines, average currents between source

T , T , ,TJL = 0,TI = 0

FIG. 1. Illustration of nonequilibrium conditions leading to
vanishing charge (a) and heat (b) current into contact L of the
setup sketched at the bottom. Fermi functions fL and fR of left
and right contact with TL > TR and with μL and μR are shown as
red and blue lines. The purple dashed line shows the example of a
Lorentzian transmission probability of the scatterer inside the
conductor (gray). In order to fulfill the zero-current condition, we
have (a) μR − μL ¼ ΔμI and (b) μR − μL ¼ ΔμJ. Arrows show
the magnitude and direction (emphasized by the background
color) of the resulting energy-resolved fluxes adding up to zero-
average charge or heat current.
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and working substance can vanish [18–21], while their
noise remains relevant [22–24]. Also the minimization of
noise as a performance goal of small-scale heat engines has
recently been highlighted [25–28], and correlations of heat
and charge currents have been linked to their efficiency
[29,30].
Here, we study a generic two-terminal conductor as

sketched at the bottom of Fig. 1, using scattering theory.
The energy dependence of the conductor’s transmission
probability goes along with a combination of Δμ and
ΔT fulfilling the requirement of a vanishing current.
Considering a temperature bias ΔT, the voltage required
for zero charge current is the thermovoltage Δμ ¼ ΔμI ,
which naturally develops in a thermoelectric system under
open-circuit conditions. Alternatively, it is possible to
completely suppress the heat current into one of the
terminals, despite heat being generally generated at non-
equilibrium. For a given temperature bias, this suppression
always requires the presence of a nonvanishing heat
thermovoltage ΔμJ. In both situations, we find the corre-
sponding shot noise to persist; we refer to this as the zero-
current shot noise in the following. This zero-current shot
noise arises because opposite energy-resolved currents are
present in the system (see Fig. 1). We find analytical
expressions for the zero-current charge and heat shot noise
that can maximally be reached in conductors with constant
transmission, requiring large temperature bias. Importantly,
these limits can be exceeded, when the transmission is
energy-dependent. Indeed, the zero-current charge shot
noise can approach the corresponding thermal noise, and
the heat shot noise is not bounded at all.
Formalism and model.—We consider a quantum con-

ductor connected to two reservoirs (α ¼ L, R) characterized
by Fermi distributions fαðEÞ ¼ f1þ exp½βαðE − μαÞ�g−1,
where μα are the chemical potentials and βα ¼ ðkBTαÞ−1 the
inverse temperatures. In the following, we fix μL ≡ 0. We
use the framework of scattering theory [4,31], where the
conductor is described by a transmission probability DðEÞ
that an electron at energyE is transmitted from one reservoir
to the other. This description is valid for conductors with
negligible or weak electron-electron interactions that can be
treated at mean-field level. In the recent measurements of
delta-T noise, scattering theory showed a very good agree-
ment with experimental data in molecular junctions [7],
quantum point contacts [8], and tunnel junctions [9].
In the following, we investigate the more general situation
of zero-current charge and heat shot noise. Thus, we
require vanishing charge current between the contacts,
and heat current into contact α. These are found from the
expectation values of the operators X̂ ¼ ÎL ¼ −ÎR ≡ Î and
X̂ ¼ Ĵα ¼ ÎEα − μαÎα, and they are

X ¼ 2

h

Z
dExDðEÞ½fLðEÞ − fRðEÞ�; ð1Þ

with x → f−e; E − μαg for X → fI; Jαg and the elementary
charge e > 0. The zero-frequency noise of these currents is
defined as SX ¼ 2

R hδX̂ðtÞδX̂ð0Þidt, where δX̂ ¼ X̂ − X
is the fluctuation of the operator X̂ around its average
value X. The noise can be divided into two contributions
SX ¼ SXth þ SXsh,

SXth ¼
Z

dE
4x2

h
DðEÞ

X
α¼L;R

fαðEÞ½1 − fαðEÞ�; ð2aÞ

SXsh ¼
Z

dE
4x2

h
DðEÞ½1 −DðEÞ�½fLðEÞ − fRðEÞ�2: ð2bÞ

The first term SXth is thermal-like noise. It contains indepen-
dent contributions from the two contacts α ¼ L, R and is
therefore present even at equilibrium. The charge-current
noise at equilibrium is the famous Johnson-Nyquist noise
[1,2]. In contrast, the shot noise term SXsh is only present out
of equilibrium, when fL ≠ fR, and it is usually associated
with the partitioning of a current flowing through the system.
The standard situation is indeed when a pure voltage bias
Δμ ¼ μL − μR is applied, resulting in a net current I ≠ 0.
ThenSIsh reduces to conventional shot noise [3]. However, as
is clear from Eqs. (1) and (2b), a finite shot noise does not
require a finite average current, I ≠ 0. Indeed, another
possibility to obtain a measurable shot noise, largely unex-
plored until recently, is to impose a pure temperature
bias ΔT ¼ TL − TR. Then, it has been found for energy-
independent transmission probabilities that SIsh ≠ 0

even though I ¼ 0. This is the recently investigated delta-
T noise [7–9].
General bounds on charge and heat shot noise.—We

start by providing general bounds on the charge-current
noise in the absence of a charge current for a generic two-
terminal system, described by a transmission probability
DðEÞ, and with an arbitrary voltage and temperature bias.
By solving a variational problem following the method
used in Ref. [32], one can show that the uniform trans-
mission probability DðEÞ ¼ 1=2 maximizes the charge
shot noise also under the condition of vanishing current
[33]. This uniform transmission leads at the same time to a
possibly large thermal noise. Indeed, we find that for any
transmission probability, the zero-current charge shot noise
is bounded by the thermal noise. The inequalities

SIsh ≤
4e2

h

Z
dEDðEÞfLðEÞ½1 − fRðEÞ� ≤ SIth ð3Þ

can be obtained using only that 0 ≤ fDðEÞ; fαðEÞg ≤ 1,
the monotonicity of fαðEÞ and the zero-current condition.
Note that this inequality can be also extended to a system
with many conduction channels and can hence even be
applied to other types of conductors such as normal-
superconducting junctions [33]. Hence, the charge shot
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noise can never be greater than the thermal noise, fixing the
general bound

RI ≡ ½SIsh=SIth�I¼0 ≤ 1: ð4Þ

Interestingly, at large temperature bias and with a small and
sharp transmission probability, it is possible to approach
equality in Eq. (4). Concretely, this requires a transmission
that is nonzero within an energy interval δ satisfying
maxðTL; TRÞ ≫ δ=kB ≫ minðTL; TRÞ and DðEÞ ≪ 1. To
show that such a transmission optimizes the noise ratio RI ,
we assume without loss of generality that TL ≫ TR. Then,
the mentioned conditions allow us to approximate the shot
noise ðh=4e2ÞSIsh as

Dþf2Lðϵ0Þ
�
ϵ0þ

δ

2
−μR

�
þD−½1−fLðϵ0Þ�2

�
μRþ

δ

2
−ϵ0

�
:

Here, we call ϵ0 the energy around which DðEÞ ≠ 0, and
D� is the integral mean value of DðEÞ for E≷μR:
D� ¼ ðϵ0 − μR � δ=2Þ−1 R ϵ0�δ=2

μR
DðEÞdE. The zero-cur-

rent condition fixes μR such that we obtain

SIsh ≈
4e2

h
δfLðϵ0Þð1 − fLðϵ0ÞÞDþD−

D−½1 − fLðϵ0Þ� þDþfLðϵ0Þ
≈ SIth; ð5Þ

showing that indeed RI → 1. An example where this occurs
is the Lorentzian function introduced in Eq. (8).
In contrast, the zero-current heat shot noise is not

bounded by the heat thermal noise, thus revealing a
profound difference between charge transport and heat
or energy transport. Essentially, this is due to the larger
contribution to heat transport of electrons with higher
energies. Choosing a transmission that allows for
transport in two separate energy regions and increasing
the separation distance between them, the heat shot noise
can become arbitrarily large [33], still maintaining a zero
heat current and a limited thermal noise. This does not
apply to charge transport due to the electrons’ fixed
charge, thus limiting the magnitude of zero-current charge
shot noise.
Charge-current noise.—We now move on to show

explicit results for the zero-current shot noise. First, we
notice that if the temperatures satisfy ΔT ≪ T̄≡
ðTL þ TRÞ=2, the shot noise is very small compared with
the thermal one (see for instance Ref. [7]) both for charge
and heat. Therefore, we focus henceforth on a large
temperature bias, where the shot noise contribution can
be significant. For a generic, weakly energy-dependent
transmission function, we find for the ratio between the two
noise contributions:

RI ¼ ½1 −Dð0Þ�
�
ln

�
2þ 2 cosh

ΔμI
kBTL

�
− 1

�
: ð6Þ

Here, βLΔμI ∝ D0ð0ÞkBTL=γ [33] and γ indicates a typical
energy scale set by DðEÞ, while DðE ¼ μLÞ ¼ Dð0Þ is the
transmission in the vicinity of the transport window. This
generalizes a previous result for delta-T noise [9] to
arbitrary, weakly energy-dependent transmission probabil-
ities, requiring only γ ≫ kBTL. For a constant transmission,
DðEÞ ¼ D0, the thermovoltage is ΔμI ¼ 0 (as no thermo-
electric effects arise in this particle-hole symmetric case),
and Eq. (6) reduces to

RIjDðEÞ¼D0 ¼ ð1 −D0Þð2 ln 2 − 1Þ: ð7Þ

Interestingly, a direct numerical evaluation of Eq. 2 for
arbitrary temperatures TL and TR [33] shows that Eq. (7) is
an upper limit for RI in the case of a constant transmission.
In contrast, we here find that a weak energy-dependence in
DðEÞ already breaks this limit. In the regime of validity of
Eq. (6), the presence of the thermovoltage ΔμI ≠ 0 always
leads to an increase with respect to Eq. (7).
We now compare the above generic features of a weakly

energy-dependent transmission with the results we obtain
for the specific case of a Lorentzian

DLorðEÞ ¼ D0
Γ2

Γ2 þ ðE − ϵ0Þ2
; ð8Þ

with arbitrarily sharp energy dependence as indicated
by the purple dashed line in Fig 1. This experi-
mentally relevant choice is of interest for highly effi-
cient thermoelectrics [15,34–36] and is convenient
for our purposes since it can model a broad range of
conductor characteristics. A resonant level with a small
width Γ is an example of a transmission with which
the charge shot noise approaches the thermal noise,
when kBmaxðTL; TRÞ ≫ Γ ≫ kBminðTL; TRÞ. In con-
trast, large Γ ≫ kB maxðTL; TRÞ reproduces the generic,
weakly energy-dependent results of Eq. (6). The limit
Γ=kB maxðTL; TRÞ → ∞, yielding a constant transmis-
sion, is the regime in which delta-T noise was mainly
studied previously; in the special case of D0 ¼ 1=2 the
shot noise is maximized.
Using Eq. (8), we find ΔμI by numerically solving the

equation I ¼ 0. Plugging ΔμI into Eq. (2) yields the
resulting zero-current charge shot noise and thermal noise.
The charge noise ratio RI, normalized to 2 ln 2 − 1, together
with the charge thermovoltage ΔμI are shown in Fig. 2 as a
function of the peak energy ϵ0 and the width Γ of the
Lorentzian, for TL ≫ TR. Since ΔμI (RI) is an odd (even)
function of ϵ0, we consider ϵ0 ≥ 0 only.
We find that the charge noise ratio approaches the value

RI ¼ 2 ln 2 − 1 (green areas) in those parameter regimes
where DLorðEÞ is close to constant. This happens in the
limit βLΓ ≫ 1, where DLor → D0, which we choose to be
small compared with 1 (D0 ¼ 10−2, in Fig. 2). Likewise,
when βLϵ0 ≫ 1, only the tail of the Lorentzian overlaps
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with the transport window [i.e., the region where the
difference of Fermi functions in Eq. (1) is large], and
the transmission function can be approximated by a
constant much smaller than D0. Correspondingly, we find
ΔμI → 0 in these regimes [see Fig. 2(b)].
Importantly, in those parameter regimes where the

energy dependence of the transmission probability cannot
be neglected, the charge noise ratio RI exceeds the value
2 ln 2 − 1 and approaches the fundamental bound RI ¼ 1
[yellow regions in (b)]. This means that the zero-current
charge shot noise can be equal to the thermal noise, as
visible from Fig. 2(c), showing that a sharp, weakly
transmitting Lorentzian is an example of the optimal
functions discussed after Eq. (4). Interestingly, the limit
RI ≈ 1 is not only reached at finite thermovoltages, but also
for ϵ0 → 0, where ΔμI ¼ 0 due to electron-hole symmetry.
We conclude that even the charge noise ratio RI for delta-T
noise, namely for zero-current charge shot noise at
ΔμI ¼ 0, can be increased by more than a factor 2
compared with the case of constant transmission.
Heat current noise.—Importantly, the concept of zero-

current shot noise is not limited to charge currents, but can
greatly be extended to other transport quantities. Here, as
an example, we show explicit results for the zero-current
heat shot noise, which to our knowledge has not been
studied before. This choice is motivated by the current
interest in mesoscopic heat engines, where fluctuations in
heat and power can play an important role [15]. Unlike
conserved currents, the heat current in nonequilibrium

conductors can in general be nullified only in one of the
contacts at a time. We hence investigate the heat current
noise in contact L, SJL ≡ SJ, at vanishing heat current into
the same contact. This situation of nonvanishing zero-
current heat shot noise can only be obtained when both a
temperature and a voltage difference across the conductor
are present.
Focusing again on the regime TR ≪ TL and considering

first a generic, weakly energy-dependent transmission
probability, with kBTL ≪ γ, we find

RJ ¼
3

π2
½1 −Dð0Þ�AðxJÞ; ð9Þ

where xJ ¼ βLΔμJ is the dimensionless heat
thermovoltage, AðxÞ ¼ 2x2 lnð1þ exÞ − ðπ2 þ x3Þ=3þ
4xLi2ð−exÞ − 4Li3ð−exÞ, and Lin the polylogarithm func-
tion. It is instructive to analyze Eq. (9) when DðEÞ ¼ D0.
In this case, xJ ¼ �π=

ffiffiffi
3

p
[37], and we find

RJjDðEÞ¼D0 ¼ 3

π2
A

�
πffiffiffi
3

p
�
ð1 −D0Þ≡ R0

Jð1 −D0Þ: ð10Þ

Since R0
J ≈ 0.45, this shows that the zero-current heat shot

noise can also be of the same order of magnitude as the
corresponding thermal noise even for this simple trans-
mission probability. As for the charge noise, we find that
Eq. (10) provides an upper limit for RJ when DðEÞ ¼ D0.
This can already be exceeded for a weakly energy-
dependent transmission, as AðxJÞ is an increasing function
of jxJj and xJ ∝ �π=

ffiffiffi
3

p ½1� ζkBTL=γ�, where ζ is a
coefficient depending on the transmission [33].
We finally move to the Lorentzian-shaped transmission

function, going beyond the limit of a weak energy
dependence. By solving JL ¼ 0, we find ΔμJ, which we
plug into Eq. (2) to obtain the zero-current heat shot noise
and heat thermal noise; their ratio for TR ≪ TL is plotted in
Fig. 3. The density plot for RJ, displayed in Fig. 3(a), shows
extended regions (green) where the value RJ ¼ R0

J is
approached. As for the charge noise ratio, this occurs
when DðEÞ is close to constant and the heat thermovoltage
[Fig. 3(b)] approaches −βLΔμJ ¼ π=

ffiffiffi
3

p
. Interestingly,

Fig. 3(a) shows that SJsh does not exceed SJth even though
the heat shot noise is generally unbounded. The reason for
this is that the Lorentzian transmission probability allows
transport of particles in one connected energy interval only.
Furthermore, Fig. 3 shows that, compared with RI , there are
more extended regions where RJ < R0

J.
Conclusions.—This work greatly extends previous stud-

ies on delta-T noise to more general nonequilibrium
conditions and to different types of transport quantities.
We have proven a universal bound, namely that the zero-
current charge shot noise can never exceed the zero-current
thermal charge noise. For heat noise, such a bound does
not exist.

(a)

(c)

(b)

FIG. 2. (a) Charge noise ratio RI , normalized to the character-
istic factor 2 ln 2 − 1 [see Eq. (7)]. (b) Corresponding charge
thermovoltage ΔμI . (c) Cuts of the density plot in (a) for different
values of Γ. For all plots, we use DðEÞ ¼ DLorðEÞ, with
D0 ¼ 10−2, and TR ≪ TL at fixed, finite TL.
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While we have here focused on charge and heat trans-
port, it would be interesting to investigate this concept for
other kinds of currents such as spin currents and their noise
in the future. Moreover, an analysis of out-of-equilibrium
fluctuation relations at vanishing average current [38–40]
would be of interest for conductors studied here, not
fulfilling local detailed balance conditions [38,39].
Finally, the possible use of delta-T noise for shot noise
spectroscopy of thermal gradients has been pointed out [7],
and we expect this scope to become broader with exten-
sions to different types of shot noise under general non-
equilibrium conditions as presented in this Letter.
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[29] A. Crépieux and F. Michelini, Mixed, charge and heat noises
in thermoelectric nanosystems, J. Phys. Condens. Matter 27,
015302 (2015).
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