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ABSTRACT

The use of green roofs to help mitigate storm water contributions to urban flooding has been gaining popularity
but is hindered by the limited data on the performance of such roofs with regard to storm water runoff miti-
gation. The underlying issue stems from the inherent complexity of modeling subsurface multiphase flow.
Modeling of this phenomena requires calculating the contributions of substrate microstructure characteristics,
the influence of the wetting and non-wetting phases upon each other, and the effect of the microstructure on the
wetting phase. Previously we have observed how the microstructure can affect detention, however the quanti-
fication of this relationship is still missing. In the present paper we present numerical simulations of wetting
phase infiltration of a thin monodisperse packed bed in order to understand and quantify the impact of micro-
structure geometry on storm water infiltration of a green roof substrate. For a slightly hydrophilic case, (0 =
82°), we find that a dominant mechanism underlying this relationship is the microstructure-induced dynamic
behavior of the capillary pressure. We determine that at larger packing ratios (ratio of packed bed depth to
particle size), the influence of hydraulic head diminishes and behaves conversely for thinner layers, particularly
when larger pores are present. Indeed, thin beds composed of large particles can exhibit high flow velocities that
in turn affect the capillary pressure within the substrate. We observe that the capillary pressure can shift from
negative values denoting capillary suction to positive ones which cause valve-like blocking effects on the flow;
dependent upon the flow velocity as determined by the microstructure. In particular, we find that the capillary
pressure depends on the value of the pore-scale gravity-induced flow velocity, quantified through a characteristic
Capillary number. The provided quantification of this relationship can be invaluable from a design perspective to
understand the behavior of capillary pressure of different substrates under a variety of flow rates prior to testing
substrate candidates. In addition, a comparison of the behavior of the dynamic component of capillary pressure
to other works is undertaken. Flow homogeneity is also found to be linked to the flow velocity, and consequently
to the microstructure.

1. Introduction

soil or alternative drainage layer (Johannessen et al., 2017). The term
retention refers to the entrapment of liquid within the drainage layer as

With the predicted increase in precipitation frequency and intensity
in northern latitudes and the current issues regarding urban storm water
management, green roofs have emerged as an attractive technology for
urban areas (Bliss et al., 2009). Green roofs are defined as any roof
construction incorporating vegetation, usually accompanied by addi-
tional layers of growth substrate, drainage, and waterproofing. The
primary driving forces for green roof usage are their ability to reduce
peak storm water runoff loads through retention of water in the soil and
vegetation as well as detention through mechanical processes within the
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well as in the vegetation and is removed through evapotranspiration.
Detention is defined as the ability of the drainage and vegetation layers
to impede liquid infiltration and drainage, thus lowering the peak flow
intensity and lengthening the drainage period. Much research has been
done both experimentally and using a variety of modeling approaches to
accurately quantify these benefits. While experiments have been able to
provide information regarding the hydrological performance of different
layering designs and types of vegetation under both laboratory and in
situ conditions, accurately capturing the behavior from the modeling
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perspective has remained elusive.

Typically, the computational methods used to evaluate the hydro-
logical performance of green roofs are taken from soil science and those
used in the petrochemical industry. These models at the macroscopic
scale are directly based upon the Richards equation for unsaturated flow
or a multiphase model derived from Darcy’s law. They require addi-
tional equations in order to describe the relationship between the wet-
ting and non-wetting phases, in the simplest case water and air or water
and oil, as well as the solid-liquid interactions. This inter-relationship
has been the subject of widespread academic research for the better
half of a century largely due to the complexity of the physical process
and consequent challenges in predicting the behavior of the system
during both infiltration and drainage. The complexity is appreciably
increased when ones considers the variability in geometrical charac-
teristics that define the microstructure of a porous medium.

In most works on the topic of flow through porous media, be it at the
macroscopic or microscopic scale, require a few fundamental defini-
tions, provided here. The relationship between the liquid phases and the
solid porous matrix is commonly formalized by the equations relating
capillary pressure, saturation, and permeability. Capillary pressure p, is
defined as the difference between the wetting and non-wetting liquid
pressures, p,, and py,, respectively, calculated on either side of the phasic
interface:

De = P — P~ (@]

Saturation is given by the total wetting phase present in the porous
matrix within a defined volume over the total void space within that
volume. Permeability is a measure of the ability of a liquid to penetrate a
porous matrix and is comprised of an intrinsic (or absolute) permeability
as well as a relative permeability. Intrinsic permeability is a property of
the material and is calculated by the single phase flow through the
porous medium whereas relative permeability is a measure of the effect
a wetting and non-wetting phase apply to each other within the porous
network. Unsurprisingly, relative permeability is difficult to quantify as
it relies on the amount of each phase present locally and may not be
spatially homogeneous. In addition, the effect of dynamic contact an-
gles, defined to be different on the advancing and retreating sides of the
wetting phase, adds another layer of complexity. It is precisely these
difficulties that hinder modeling of this phenomenon for both imbibition
and drainage processes in a unified manner. We provide a discussion of
previous works using a variety of approaches to better connect the work
presented in this paper with the larger field of study.

1.1. Previous research

One aspect of the transport of heat and fluids within a porous
network that is not inconsequential is the contribution of evaporation.
Though not the first, Luis Segura identified evaporation as a contrib-
uting factor in the drying or pore networks by solving flow driven by
evaporation and pressure-gradient forces over a simplistic network. He
determined that as the drying process progressed the primary driving
force shifted from pressure-gradient at higher liquid saturation to
evaporative-dominant behavior at lower saturation values (Segura,
2007). Shokri et al. examined the influence on partially wetted porous
media and showed that hydrophilic media allow for larger rates of
evaporation than in hydrophobic media (Shokri and Lehmann, 2009).
They also determined that initial evaporation is driven by capillary-
induced flow whereas vapour diffusion dominates in later stages of
the process, confirming prior observations. Shahraeeni and Or investi-
gated the effect of liquid bridges on vapor diffusion as a mechanism for
evaporation and confirmed previous works that as saturation increases
the vapor diffusion is dominated by capillary action within the networks
as postulated by Philip and deVries earlier. They also showed that
inducing a mild thermal gradient in the vapor phase almost doubly in-
creases the flux when compared to an inert vapor phase (Shahraeeni and
Or, 2012). We mention this contribution due to its proven relevance to
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fluid transport in porous however within this work we consider an
isothermal system, and thus evaporation is neglected.

The processes of drainage and imibibition have long been observed
to behave dissimilarly with regard to the changes in permeability and
saturation, as well as other properties of the flow and soil matrix. This
difference, known as hysteresis, is caused by the interactions of the
liquid phases with each other as well as the solid matrix morphology and
physical properties. This phenomenon has led many researchers to
attempt to determine alternative formulations that that of the most
common empirical models which make use of the relationship between
permeability, capillary pressure, and saturation to describe this process.
These models; such as the van Genuchten (1980), Purcell (1949), and
Brooks and Corey (1964) require experimental data with which to fit the
curves for a complete description of the hysteresis to be generated. A
good overview of these models is given by Li and Horne (2006).
Experimental approaches to generate the required data vary; with
Wayllace and Lu (2012) presenting a novel transient water release and
imbibition (TWRI) method to rapidly capture the soil-water retention
curve (SWRC) and hydraulic conductivity function under both drying
and wetting conditions. Gallage et al. used dual liquid tensiometers to
validate their accuracy for sandy soils (Gallage et al., 2013). Soltani
et al. carried out a statistical analysis of model parameters in order to
generate SWRC curves for different soil classes rather than individual
experimental datasets, removing direct subjectivity of the resulting
curves (Soltani et al., 2019). Siltecho et al. provide an overview of many
of the experimental methods and outline their respective strengths and
weaknesses (Siltecho et al., 2015).

As an alternative to the use of empirical functions to close the
problem at a macroscopic level, many other researchers have attempted
to find additional parameters linked to the ones previously mentioned in
order to better explain the physical process and allow for a bijective
function to describe the changes. This requires the direct solution of the
flow at the pore-scale, and several numerical methods are used for this
purpose. The lattice Boltzmann method (LBM) has been used extensively
for this purpose due to its inherent advantages: i) its ease of coding, ii)
the ease of parallelization for quick computing, iii) and its ability to
handle complex boundaries commonly found in porous media. Work by
Li et al. described the influence of geometrical properties on steady state
fluid distribution and capillary pressure in a variety of 2D porous
matrices (Li et al., 2018). Suh et al. examined the effect of irregularly
shaped pore throats on the capillary pressure within the matrix and
concluded the use of the Mayer and Stowe-Princen theory in lieu of the
traditional Young-Laplace approach provides good agreement with
experimental data (Suh et al., 2017). Porter et al. undertook an exami-
nation of the influence of interfacial area in addition to the capillary
pressure-saturation interaction and determined that its inclusion as a
variable in such models removes the need for scanning curves to accu-
rately represent the hysteretic nature of the imbibition-drainage process
(Porter et al., 2009). Schliiter et al. investigated the validity of using an
Euler characteristic as a measure of the fluid topology to determine the
aforementioned interactions and compared the results to experimental
data with good agreement (Schliiter et al., 2016). Liu et al. employed a
similar technique to quantify pore structure influence on capillary flow
(Liu et al., 2017). Landry et al. determined the effect of homogeneous-
wet and mixed-wet porous media on permeability and found results in
line with experimental data regarding the trends of the fluid-fluid and
fluid-solid interfaces (Landry et al., 2014).

Li et al. employed a FEM approach with a zero-thickness interface
element to solve unsaturated flow in fully 3D porous media (Li et al.,
2017). The results showed accurate capturing of the wetting front as
well as flow velocity and pressure distribution within the network.
Several researchers have opted to solve the Navier-Stokes equations
directly at the pore scale: Amiri and Hamouda investigated the in-
fluences of viscosity, capillarity, wettability, and heterogeneity on flow
in 2D porous media by solving a non-isothermal system using FEM and
the Navier-Stokes equations coupled with the phase-field method
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(Akhlaghi Amiri and Hamouda, 2014). A similar methodology was
employed by Janetti et al. to quantify the effect of pore-scale geometry
and wettability on permeability in ordered and random elementary cells
(Janetti et al., 2017). The impact on permeability in regular cells was
found to be caused by the wettability of the solid whereas in random
cells the contribution of geometry was found to be paramount. Ferrari
et al. made use of the volume-of-fluid (VOF) method to investigate
fingering length and width as well as interfacial area evolution in 2D and
3D settings (Ferrari et al., 2015).

Jeff Gostick and fellow researchers have developed an open source
pore network modeling software (OpenPNM) (Gostick et al., 2016) and
tested its efficacy against direct numerical solvers such as FEM and LBM
methods. The results showed that for the computational expenditure the
more simplistic pore network models provide good accuracy, dependent
upon discretization schemes used (Sadeghi et al., 2020). The models are
based upon the advection-diffusion equation but incorporate the use of
power-law and hybrid finite difference schemes as well as the analytical
solution to the 1D advection—diffusion equation. Vogel et al. (2005)
performed a comparison between a pore-network model, a lattice
Boltzmann approach, and a continuum model on determining the
soil-water retention curve and found the pore network model to be the
best option for cost. The limitation of the lattice Boltzmann method was
the regularized lattice which had difficulty capturing thin films within
the pores. Primkulov et al. (2019) introduced a “moving capacitor” pore
network model which models the fluid—fluid interfaces as moving ca-
pacitors within the more traditional pore network model fixed resistor
approach. This model allows the capturing of displacement patterns and
the injection pressure signal under a larger variety of capillary numbers
and wettabilities. Qin et al. have shown that multiform idealized pore
elements used in pore network modeling, in combination with the
Young-Laplace equation, result in an over-prediction of the capillary
force at the wetting front. This result in an over-prediction of the
imbibition rate (Qin and van Brummelen, 2019).

The hysteresis in the advancing and retreating contact angle has also
been studied in detail, with researchers aiming to fully resolve the
physics occurring along the moving contact line. Raiskinmaki et al.
simulated capillary rise using lattice Boltzmann and determined a
dependence of the contact angle on capillary number as well as a more
complex behavior in the presence of gravity (Raiskinmaki et al., 2002).
Several other researchers have provided a thorough explanation of the
behavior reported in Raiskinmaki et al. and fully described capillary rise
in a cylinder of constant diameter in mathematical terms. This detailed
description can be found in such works as Athukorallage and Iyer (2016)
and Mikelic¢ (2003). Similar derivations have been shown for two-phase
flow in a thin strip of variable width as an analogue to idealized porous
media. The derivation results in a Darcy-like formulation with a capil-
lary pressure-saturation relation including dynamic effects. This deri-
vation made use of the mathematical technique known as
homogenization (Lunowa et al., 2021), similarly to Mikeli¢. Benzi et al.
studied the behavior of the contact angle through the modification of
two parameters within lattice Boltzmann: the equivalent of the wall
density and the wall-fluid potential as in molecular dynamics (Benzi
et al., 2006) and compared the results to experimental data with good
agreement. Sbragaglia et al. determined a critical capillary number for
wherein the interface shifts from stationary to non-stationary within a
Couette flow. They also compared sharp interface models to diffuse ones
and determined a limit of applicability for the latter (Sbragaglia et al.,
2008). Latva-Kokko et al. showed the scaling of dynamic contact angles
with regard to the capillary number and determined the slip length
follows the classic Navier slipping wherein the velocity of the flow at the
wall is proportional to the viscous stress at the wall. This slip length is
proportional to the viscous length scale associated with spurious flow
induced by the three-phase singularity (Latva-Kokko and Rothman,
2007).
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1.2. Non-equilibrium effects

The studies discussed above are evaluated at equilibrium and thus do
not give any insight into the dynamic quantities and their impact on
multiphase flow through porous media. By equilibrium we mean that
the liquid velocities are zero and the interface between the phases is
stable. In 1987 Weitz et al. studied the dependence of velocity and
capillary pressure and their impact on viscous fingering and determined
the dynamic component of capillary pressure to have a stabilizing effect
on the formation of viscous fingers (Weitz et al., 1987). Cueto-
Felgueroso and Juanes employed a continuum model based upon thin
film flow models to capture the effect of surface tension without intro-
ducing new independent parameters and found good agreement with
experimental results. This work also confirmed the phenomenon
wherein finger velocity and width increase with higher liquid infiltra-
tion velocity (Cueto-Felgueroso and Juanes, 2008). In 2012 Hilpert
developed a model based upon the generalized Green-Ampt approach
and showed its ability to correctly estimate the capillary pressure
overshoot depending upon upstream and downstream liquid content as
well as solid grain size. This formulation of capillary pressure is velocity-
dependent as well as dependent upon liquid content (Hilpert, 2012). In
2011 Lgvoll et al. performed experiments on liquid primary drainage
and were able to generate collapsed curves relating the capillary number
of a system and its corresponding pressure-saturation curve. They also
postulated that the dynamic effects in the capillary pressure may be a
combination of the viscous effects from the wetting phase in conjunction
with the capillary pressure along the direction of the gaseous phase front
(Lgvoll et al., 2011). Work by Joekar-Niasar et al. has focused on
employing pore network modeling with the addition of a dynamic
capillary term to more accurately solve two-phase flow in a porous
medium (Joekar-Niasar et al., 2010; Joekar-Niasar and Hassanizadeh,
2011; Joekar-Niasar and Hassanizadeh, 2012). Also reported are many
results from experimental determinations of coefficient values for the
strength of dynamic contributions to capillary pressure as determined by
other researchers. They investigated the non-equilibrium capillary ef-
fects under drainage and imbibition as a function of saturation, viscosity
ratio, and effective viscosity. Manthey et al. proposes an additional
nondimensional number, the Dynamic number, to aid in relating the
dynamic capillary to viscous forces as well as gravity. Values are char-
acterized as a function of characteristic length and flow velocity, with
front width found to be the best length scale (Manthey et al., 2008).

1.3. Aim of current work

In previous work we have examined the impact of microstructure on
infiltration dynamics, particularly the relationship between particle
sizes and porous layer thickness in combination with variable hydraulic
pressures applied to the porous surface (Pettersson et al., 2020). It was
determined that the particle packing influences the infiltration rate and
homogeneity as determined by resultant pore size distribution and
interfacial area. This work constitutes a complementary analysis of the
microstructure influence on capillary pressure, resultant flow velocity,
and a measure of the capillary number. In particular we show the effect
of packing thickness on capillary behavior, ranging from cases where
capillary suction forces dominate the infiltration dynamics to those
wherein the capillarity opposes the primary flow gradient. We also
observe an increased likelihood of the occurrence of fingering, which
follows through the resultant competition between gravitational and
capillary forces at the pore-scale. A predictive relationship is described
for dynamic capillary pressure and flow velocity, based on the porous
microstructure, which may be applied to aid in the design of substrates
with regard to packing, flow velocity and green roof detention. A com-
parison is also drawn to the previously reported behavior of the dynamic
component of capillary pressure.



K. Pettersson et al.

L

Fig. 1. Geometry representation with relevant measures, not to scale. L - lateral
domain length, Ly - stream-wise domain total length, H - porous domain height,
h - wetting phase layer height, d - particle diameter. Gravity acts in the
downward vertical direction.

Table 1

Dimensionless quantities for each case, grouped by ¢.
Case # & h* Ca,
1 10.1 10 0.041
2 10.1 13 0.025
3 10.1 15 0.041
4 6.7 6.7 0.092
5 6.7 10 0.092
6 6.7 11.3 0.074
7 5.1 5 0.167
8 5.1 7.5 0.167
9 5.1 15 0.167

2. Materials and methods
2.1. Simulation characterization parameters

Several simulations are constructed and run to reflect differing
conditions of rainfall intensity and soil design, resulting in nine distinct
domain configurations. Each domain consists of a porous subdomain
and a void subdomain wherein the porous section acts as an analogue for
a thin layer of soil with height H and the void domain allows for the
initialization of the rain water as the wetting phase. Fig. 1 shows all of
the relevant domain measurements that are introduced below.

2.1.1. Geometry and flow parameters

The porous subdomain is constructed as a randomly packed bed of
monodisperse spherical particles with variable particle diameter d. The
random packing was performed using the software Blender, which has
been shown to be an effective method of generating such a packing, as
by Boccardo et al. (2015). Five distinct porous layers are generated by
modifying the particle diameter and porous subdomain height H while
maintaining adherence to the particle size-minimum domain dimension
requirement for a representative volume as defined in (Galindo-Torres
et al., 2016). The particle sizes were chosen to reflect the properties of
lightweight expanded clay aggregate (LECA). In addition to the porous
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subdomain height, the domain length perpendicular to the primary flow
direction is given as L an is chosen such that the restriction for wall
impact on the flow field is satisfied. The wetting phase is generated
within the void subdomain as a layer of thickness h that lies directly
above the porous subdomain. This is to reflect the hydrostatic pressure
applied appropriate to surface water under extreme rainfall conditions
in Gothenburg, Sweden as calculated directly from meteorological data
from SMHI (Pettersson et al., 2020). The simulations are run with pe-
riodic boundary conditions in the primary flow direction and symmetric
conditions in the lateral directions. It is worth to note that the setup is
run as a falling head simulation, such that the water height decreases in
time, rather than a constant head or pressure/flux condition. This is to
prevent any artificial forcing from a pressure condition or from a fixed
flux condition, which we can not know the magnitude of a priori. We
consider a two-phase water-vapour system whose physical properties
are the wetting and non-wetting phase density (p,,, p,,,) and dynamic
viscosity (4, #,)- In addition, we define the constant values for gravity
g and surface tension y. The simulated system is characterized by a
density ratio and dynamic viscosity ratio of 35. The value of the density
ratio is limited compared to real applications, so that we must consider
that inertial effects are underestimated in our computations. However,
we can correctly represent a two-phase system with the viscosity ratio
close to real applications, and thus accurately take into account the
viscous effects that are dominant in low-velocity flows in porous media
(with capillary numbers much smaller than one), as the ones encoun-
tered during rain infiltration in green roof substrates.

2.1.2. Dimensionless parameters

In order to characterize the studied system, three characteristic
dimensionless quantities are chosen. A dimensionless packing ratio ¢ =
H/d is defined and acts as a measure of the thickness of particle layering
within the porous subdomain. This parameter is used to categorize the
effect of the packing, particularly as it effects not only the mean pore size
but also the local porosity along the packing direction. Amore thorough
discussion may be found in (Pettersson et al., 2020). Another parameter
representing the dimensionless wetting phase height is given as h" =
h/d. This parameter represents a measure of the approximate pore sizes
in the microstructure against the applied hydrostatic pressure from the
surface. We assume the particle size to be of the same magnitude as pore
size for a randomly packed bed, as determined in previous work (Pet-
tersson et al., 2020). The final characteristic quantity is the pore-scale
characteristic capillary number,

Ul

Ca, ) 2
4
dz
"y = Pn8 7 3)
Hy

where u, is the pore-scale characteristic velocity. The pore-scale capil-
lary number represents the importance of gravity-induced viscous forces
over surface tension at the pore scale. The values for each of the
dimensionless parameters is given in Table 1.

It is important to mention that prior to running the multiphase
simulations a study was undertaken to determine appropriate lattice
resolution, as a failure in this regard will lead to erroneous results. The
lattice resolution used in this work is the result of a grid convergence
test, the details of which can be found in (Pettersson et al., 2020).

2.2. Lattice Boltzmann method

The numerical method employed in this work is identical to that
which is used in our previous works (Pettersson et al., 2020; Farzaneh
et al., 2021), therefore we will not provide all information in full detail,
but rather give a brief overview of the methodology used.

The lattice Boltzmann method solves the Boltzmann particle trans-
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Fig. 2. Infiltration patterns at timestep t = 250,000 for (a) ¢ = 10.1,h" = 15,
(b) ¢ =6.7.h =10,(c) ¢ =5.1,h" =75.
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port equation, which includes motion through streaming as well as
collisions. It is an ideal choice for solving flows in porous media due to
the complex geometry involved and allows for detailed information of
the flow dynamics to be extracted at the pore scale. The system is solved
on a lattice structure wherein each lattice element consists of a centroid
and nodes placed on a cubic convex hull. Small-scale mass and mo-
mentum are distributed along the lattice nodes governed by probabili-
ties appropriate for the chosen lattice geometry such that the
macroscopic properties of the fluid are preserved (Succi, 2001). A 3D
regular cubic lattice with 19 degrees of freedom for movement (D3Q19)
is used and the solved equation is of the form

fxetedtt+or) —f(x,0) = =t (f(x,1) —f9(x,1)) +F, Q)

where f(x,t) is the distribution function at position x and time t along
the r-th direction; ¢, is the so-called discrete velocity vector along the r-
th direction over time interval t;f;! is the equilibrium distribution
function; and 7 is the mean collision time and is related to kinematic
viscosity by v = c2(r —0.58t). A body force F, as formulated by Guo (Guo
et al., 2002) is applied to the fluid, which mimics the effect of gravity,
and is given by

1 c,—u ¢ u
e (1o ) () ©

with g representing gravitational acceleration, u the fluid velocity, w; is
the weighting parameter; p is the density; c; is the speed of sound; and
ueq is the Chen equilibrium velocity (Chen et al., 2014); calculated as

Uy =pu+(t—1/2)F,. (6)

The Shan-Chen fluid interaction formulation (Shan and Chen, 1993)
is used to model the surface tension using an inter-particle force that can
act via attraction or repulsion of particles in the collision operator, in
addition to elastic collisions. A pseudo-potential function ¥(p) de-
termines the interaction strength between the phases, and in combina-
tion with the the Shan-Chen force, closes the system with the resultant
non-ideal equation of state. This equation of state describes the ther-
modynamic equilibrium between the phases. Respective of order of
introduction, these equations are

F:c = -GY (Xy t) Zqu" (x + C,»(Sf, I) Cr,y (7)

Y(p)=1—e", (8)
p=pc + gcfllﬂ, ©)

where G = —5.5 is the interaction strength between the phases. Attrac-
tion occurs when G is negative and vice versa. The recovered macro-
scopic quantities density and velocity, (p, u) are related to the previously
defined hydrodynamic moments by:

p=> I (10)

pu:Zc,f,Jrl/Zngrl/ZF:E, (€ND)

A moving wetting-nonwetting phase contact line characterized by a
contact angle chosen under equilibrium conditions is used to determine
the interaction between the solid and wetting phases. This contact angle
is determined by Young’s equation and is calculated using spatial
averaging of the pseudo-potential function. The De Maio et al. (2011)
formulation for the force at the solid wall (¥,,q) is of the form:
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Fig. 3. (a) Effective capillary number Ca.y as a function of saturation, ¢ =
10.1. (b) ¢ = 6.7 (c) ¢ = 5.1. Approximately Cayx1/Sat after initial infiltra-
tion stage.

\Pwall = ‘P<NIZ/7 + Aw) (12)
N

where ¥ is the density-dependent function and N the nearest fluid
computational nodes. A, represents a “surplus density” which can be
tuned to exhibit the behavior of different contact angles. The method
requires enforcement of a constant density gradient at the walls and
additional information regarding A,, and the contact angle can be found
in Benzi et al. (2006). In this work the equilibrium contact angle is fixed
at Aw = 0.02 corresponding to § = 82°, which represents a slightly
hydrophilic material, found in materials used in green roofs, such as
LECA. It is also noteworthy that the lattice Boltzmann method has an
equilibrium contact angle (no applied force) however, in the presence of
other mechanical forces acting on the interface this angle can change
slightly.

3. Results and discussion

We wish to examine the infiltration patterns qualitatively for each
particle value of ¢ approximately halfway through the simulation run-
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time, corresponding to the 250,000th timestep (t* = 172). The results
are plotted in Fig. 2. It appears that the infiltration has almost reached
the bottom of the porous layer in all configurations however in (b) and
(c) there seems to be less homogeneity of the wetting front. Certainly in
(c) we can see on the right corner a zone where infiltration has stalled
after the initial particle layers. This is consistent with the established
notion that greater energy is required to advance the wetting front over
the greater surface area, which causes more inhomogeneous infiltration
patterns when subjected to identical conditions, as seen in our previous
investigation (Pettersson et al., 2020).

In order to examine the interdependence of velocity and saturation
(Sat) we introduce the effective capillary number Ca,y which is calcu-
lated as

dSat , ,
Cay = (—“ H) P _ ghn

13
a p y 13)

where the velocity is given by the rate of overall stream-wise infiltration
over time. Saturation is calculated by summing the total nodes occupied
by the wetting phase and dividing by the total available void space
within the porous domain subsection. In Fig. 3 we see an overall
decrease in velocity as the saturation increases for all cases. This
decrease of Ca.y as a function of saturation remains almost constant
after the initial phase of infiltration through the uppermost layer. This
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Fig. 7. PDFs (f(lgnorm)) of normalized wetting phase infiltration depth (I norm)
as given in standard errors from mean infiltration depth. Single high peaks near
lgnorm = 0 indicate highly homogeneous infiltration. (a) ¢ = 10.1 (b) ¢ = 6.7 (c)
¢ =5.1.

can attributed to our definition of the infiltrating velocity and the
increasing viscous resistance to the infiltration fluid as saturation
increases.

When the packing ratio is larger as in (a) and (b) we see little effect of
the hydrostatic pressure h* on infiltration velocity; however when the
packing ratio is small as in (c), we observe a larger variation in the
infiltration rate along with little distinction between the initial stage and
subsequent infiltration rate. This observation suggests that when the
packing ratio is small, the magnitude of the hydraulic pressure has a
substantial effect on the flow dynamics, given also that dynamic effects
and gravitational forces at the pore scales, (larger Ca.), become
important. This impact on the fluid velocity can be better understood
when one examines the capillary pressure within the porous network.

In Fig. 4 we plot the dimensionless capillary pressure-saturation
curves and see a correlation regarding ¢ and the corresponding capillary
pressure, with lower values exhibiting hydrophobic characteristics. The
capillary pressure using the method reported in Appendix A and is non-
dimensionalized by dividing the pressure by the ratio of surface tension
to particle size.

Po = 7/617 14)
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p. = (Pw—Pu) /Po- (€]

In Fig. 4 we observe a trend of the average values of the capillary
pressure over differing values of ¢ and Ca,, similar to that of the effective
capillary number. In the case of large ¢, (a), we clearly see that the
applied hydrostatic pressure has almost no effect on the capillary pres-
sure. The only notable difference between the cases pictured in (a) is the
negative shift in the case with lower pore-scale velocity. The values of
the capillary pressures are negative in all cases in (a) where Ca, is low,
indicating that capillary suction is occurring as a mechanism for pore
infiltration. A similar effect can be seen when the packing ratio is
reduced and the pore-scale velocity is thus increased. While in (b) we see
much the same behavior it is worthwhile to point out that the average
value of the capillary pressure is less negative than in the prior cases,
indicating a weakening of the capillary suction contribution. It can also
be seen that oscillations in the pressure with greater magnitude occur,
which may be due to the greater forces required to overcome the surface
tension resistance for invasion of the larger pores. This trend is
continued in (c) where the capillary pressure is now positive on average,
denoting a capillary action acting against the flow. The magnitudes of
the oscillations are still present and indeed in this case the values of the
capillary pressure are more similar, which clearly shows the role of the
pore-scale velocity on determining the capillary pressure, rather than
the hydrostatic pressure.

The cases with lower values of ¢ exhibit the behavior of a valve-like
barrier on the flow as defined by positive values of capillary pressure.
This positive capillary pressure has been found to appear in cases with
higher injected fluid velocity as firstly described by Weitz et al. (1987).
Weitz et al. showed that dynamic capillary pressure is dependent upon
this injected fluid velocity. This effect has also been observed in cases
where a non-wetting fluid is displacing a more dense wetting fluid under
gravitational forces (Lgvoll et al., 2011).

In the cases investigated herein a more dense fluid is invading a less
dense one. In such a case we observe a similar general dynamic trend of
the capillary pressure, whereby increasing the pore-scale gravitational
effects (Ca.), we notice an increase of the capillary pressure. We also
observe a marked effect of the packing ratio, determining the porous
microstructure. This observation tells us that it is possible to regulate the
capillary pressure by modifying the particle packing as a means to
regulate the flow behavior within the system.

In order to get a better idea of the interdependence of the velocity,
capillary pressure, saturation, and microstructure we attempt to collapse
all cases onto a single curve. Fig. 5 displays the time-averaged capillary
pressure as a function of the characteristic capillary number. The
average for the capillary pressure is calculated as shown:

) 1 o,
p, =7 | #)dz. (16)
Pe (’end*tar)/:u‘p'(>

The time averaging neglects the first time instance wherein the
infiltration rate constitute outlier values due to initialization of the
infiltrating liquid. Thus t = 0" represents the second saved iteration and
t =t represents an iteration whereat the effective capillary number
becomes smaller than a given threshold value that indicates negligible
infiltration (here set at Ca.y < 10%). In Fig. 5 the results have been
plotted and are clustered by packing ratio. The points show an excellent
correlation between the time-averaged capillary pressure and Ca, across
the threshold from negative to positive values of capillary pressure. A
similar relationship is shown for instance in Weitz et al. however in that
work the dynamic contribution to capillary pressure is related to ve-
locity by the equation

p. = B(—1+KN,), a7
NCa = HU/]/ (18)

where f = d/ry, is the ratio of particle diameter d to ry, with ry, some
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characteristic pore throat radius. N, is the capillary number and K, x are
fitting parameters representing the strength of the dynamic contribu-
tion, dependent upon initial velocity. We choose to use the characteristic
capillary number rather than the Weitz definition as they controlled the
entry velocities whereas in our case the medium velocities are deter-
mined by the competition between gravitational and surface tension
forces acting at the pore scale. Thus, the dynamic contribution to
capillary forces, formulated though Ca,, is expected to depend on the
pore size, as predicted by Egs. 2 and 3, with larger pores inducing a
larger dynamic effect on the pore-scale pressure distribution. Despite the
differences in the investigated physical system we see a striking simi-
larity in the results when we apply a least squares fit of our collapsed
data points to the modified equation of Weitz et al., as shown in Fig. 5. It
is worth pointing out as well that the results reported in their work were
taken at equilibrium conditions whereas in our work we use a time-
averaged capillary pressure, but the relationship still holds. The cases
with the highest ¢ value exhibit a lower capillary pressure and the
values scale directly as we decrease ¢. They range from capillary suction
dominated to more neutral in terms of the driving force for infiltration.
The clustering remains similar for ¢ = 10.1 and ¢ = 6.7 however the
capillary pressure is shifted more in the positive direction, denoting
decreasing influence of capillary suction driven infiltration. Weitz re-
ported values of # ~ —4.1 + 0.4 whereas in our worth the value is —2.7
which is very similar. The same holds true for K =~ 30 £ 5 versus 5 in this
work and finally x ~ 0.5 & 0.1. This close agreement shows the physical
consistency of our results with experimental work as well as a method by
which the capillary forces can be predicted as a function of the char-
acteristic capillary number. It should also be noted here that capillary
pressure is determined by the characteristic capillary number and not on
the hydrostatic effects, represented by h". Ultimately, by modifying the
packing ratio we can alter the capillary pressure by way of increasing the
pore sizes, resultant by choosing larger particles. This observation can be
invaluable from a design perspective to aid in understanding the
behavior of capillary pressure of different substrates under a variety of
chosen conditions, prior to extensive testing.

3.1. Modeling infiltration with dynamic capillary pressure

We make use of the Washburn equation (Washburn, 1921) to aid in
elucidating the link between the behavior of the effective capillary
number, the capillary pressure, and the Weitz fit as shown in Fig. 5. We
can thus formulate the following proportionality:

dSar , d* 1
S Ho—
dr u,, SatH

{pwg (h - SatH) 7p(.:| , 19)

where the first term within brackets on the right hand side represents the
contribution of gravity-induced forces and the second term on the right
hand side the capillary action. This proportionality is consistent with the
well-known Washburn relation of infiltration length (in our case satu-
ration) proportional to the square root of time if the gravitational
component is neglected and the capillary pressure is constant as in the
classical definition. As a result of this formulation we express the
effective capillary number introduced earlier in a similar manner:

n— Sat(/)) p.

Satp ) Satdp’ 20

CaeffchaC (

We see an inverse relationship between the effective capillary
number and saturation occurs when either the gravity-induced forces
are absent (Ca. = 0) or the infiltration is low (low value of Sat). This
relationship can be seen in Fig. 3 as we have a sufficiently low infiltra-
tion for this proportionality to occur. This also explains why we see
faster infiltration in the beginning of the simulations, particularly as the
packing ratio is decreased in magnitude. In addition, as saturation in-
creases we expect to see a decrease in effective capillary number, which
again is visible in Fig. 3 in all cases. From Eq. 20, we also see that when
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the value of the packing ratio ¢ is low (large pores compared to medium
thickness), the contribution of the first term on the right hand side of Eq.
20 to the infiltration dynamics, i.e. the gravitational term, is increased.
However, as our analysis on the effective capillary pressure reveals (see
Fig. 5), low packing ratios likely trigger positive values of capillary
pressures, which in turn counteract the gravitational contribution. In
other words, low packing ratios and large particles induces significant
gravitational forces (high Ca.), which determine a faster initial infil-
tration rapidly slowed down by a dynamic capillary force acting
adversely to the flow.

3.2. Comparison of dynamic capillary contribution

In order to compare these results concerning the behavior of the
dynamic capillary pressure we compare our results to that of other re-
searchers. Several such models can be found in Manthey et al. (2005)
and results of many efforts have been reported in (Joekar-Niasar and
Hassanizadeh, 2011). The comparison can be done by way of plotting
the changes in saturation against the capillary pressure as given by

7 dSat
]JL.JrlzegT 2D

In Fig. 6 we plot the change in saturation (infiltration rate) against
the capillary pressure. The results give an approximation of the dynamic
capillary pressure coefficient 7. The infiltration rate is non-
dimensionalized using the characteristic viscous time t, = d?/v,. We
can see clearly we have a quasi-linear dependence, indicative of a con-
stant value for tau for high values of infiltration. It is clear however that
the model does not work for low infiltration rates and low values of ¢,
where this quasi-linear dependence is lost.

3.3. Infiltration homoegeneity

In Fig. 7 we plot the probability distribution functions (PDFs) of
infiltration depth at timestep t; = 250,000 and examine the resultant
distributions. In these cases homogeneous infiltration is characterized
by a singular spike near 0 whereas less homogeneous flow is shown by
bimodal behavior as well as less extreme slopes. In (a) we see two of the
three cases exhibit a tighter distribution around the mean infiltration
depth, denoting a more homogeneous wetting front; however the case
with higher hydraulic pressure exhibits less homogeneity. In both (b)
and (c) we see similarly less homogeneous infiltration patterns with the
exception of the case where h" = 15, Ca. = 0.167 where once again the
infiltration appears more homogeneous. This aberration in the results
can be explained by the quick convergence of this case to an equilibrium
state due to the high hydraulic pressure applied. The general observed
trend suggests that when increasing the hydraulic pressure and reducing
the packing ratio; while the flow exhibits higher infiltration rates, the
suction mechanism (hydrophilicity) is inhibited and an adverse capillary
pressure arises. This pressure induces less homogeneous infiltration
patterns. In observing this trend of less homogeneous flow for lower ¢
values, we have shown that by applying an initial hydrostatic pressure
above a certain threshold to the system we can increase the dynamic
capillary pressure (as defined in this work) and generate the conditions
under which the porous medium acts in a hydrophobic manner, slowing
the resultant wetting phase velocity within the pores. This lower velocity
generates higher occurrences of fingering, which is consistent with the
works of Weitz et al. (1987) and Cueto-Felgueroso and Juanes (2008).
Thus by choosing a particular packing ratio one can effectively deter-
mine the infiltration rate of the system by bringing about the conditions
wherein an inherently hydrophilic or borderline material can act in a
hydrophobic manner.

This particular property can be of use in designing green roof soil
substrates where a particle size can be chosen with a specific hydraulic
load to behave in a hydrophobic manner and slow pore infiltration. By
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layering differently sized particle one can create a system that acts
differently under different hydraulic loads without resorting to overly-
thick individual layers. This can reduce material use and weight
applied to the structure, depending on the material chosen.

4. Conclusion

This work provides an analysis of the impact of the porous micro-
structure on infiltration dynamics of thin porous media by establishing
the relationships between saturation, dynamic capillary pressure,
effective capillary number, and characteristic capillary number. The
infiltration rate of media with a larger packing ratio is largely unaffected
by the magnitude of hydraulic pressure whereas in for lower values of
the packing ratio the hydraulic pressure plays a more significant role.
This is due to the fact that dynamic effects and gravitational forces at the
pore scales, (larger Ca.), become important. An inverse relationship
between the effective capillary number and saturation occurs when
either the gravity-induced forces are absent or the infiltration is low as is
seen in this work. We see that the capillary pressure depends only upon
Ca,. and as the packing ratio decreases capillary suction is no longer the
dominant driver of infiltration and in the most extreme cases the
capillarity acts against the infiltration gradient in a valve-like manner.

The relationship between the characteristic capillary number and
time-averaged capillary pressure is collapsed onto a singular plot and fit
to an empirical function derived from experimental work. This model
allows us to represent the effects of the microstructure and the resulting
infiltration rate on the capillary pressure present within the medium. By
combining the classic Washburn solution for infiltration with the power-
law scaling of the capillary pressure we show that is possible to predict
the infiltration within different substrates’ microstructures under
different rain intensity events. This can be invaluable from a design
perspective to understand the behavior of capillary pressure of different
substrates under a variety of chosen flow rates prior to extensive testing.

A comparison is made to the works of other researches with regard to
the contribution of the dynamic component of the capillary pressure,
with good agreement observed, indicating the validity of the method
proposed in this work to capture this effect accurately. In addition, flow
homogeneity is dependent upon the capillary pressure, which when
acting against the infiltrating wetting phase, contributes to fingering of
the flow within the porous matrix.

While the results in this work are consistent with the findings of other
researchers, it should be noted that several assumptions have been made
in the work; the fixed equilibrium contact angle, the lack of any thermal
contribution, the use idealized packed spherical beds, and the omission
of drainage within the work. These aspects should be addressed in order
for future works to approach a more realistic case and thus represent
opportunities for future investigation.
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Appendix A

The capillary pressure is calculated for every time step in the manner described here. Each interface within the medium is determined and the
pressure on each side is calculated as an average value within a specified number of nodes of the interface. Due to the diffuse nature of the interface of
this lattice Boltzmann approach, a threshold value is chosen to determine which nodes are assigned as the liquid and wetting phase. All of the
calculated capillary pressures at all interfaces are stored for each iteration along with their locations and a statistical analysis is undertaken for each
timestep, resulting in a mean and standard error value for the capillary pressure. In Fig. 8 an example interface is shown and the density profile across
it is plotted. An examination of the standard errors of the capillary pressures at each timestep was undertaken and were neglected from Fig. 4 on the
basis of their magnitude in order to improve figure clarity.
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Fig. 8. (a) Sketch representing the two-phase interface (red line) identified on the lattice Boltzmann grid. The capillary pressure is calculated along directions x;
normal to the interface. (b) An example of density profile at the two-phase interface along x;. The pressures at each phase are calculated at a distance r, = 6 lattice
points from the interface (x; = 0).

Appendix B

A quantification of the dynamic component of the capillary pressure in terms of a coefficient that other researches have used to isolate this
contribution is attempted. While a direct comparison is difficult as our cases are run fully in a dynamic environment and thus an equilibrium capillary
pressure is not calculable; we have opted to approximate this coefficient as defined by Kalaydjian (1987) whose model is strictly only valid for cy-
lindrical pores. The formulation is given as

dSat

2
Petpr =€ o0 (22)

where R is the pore throat radius and 7 is the fitting parameter representing the strength of the dynamic contribution. We note here that a range of
values for R were tested. By calculating the left hand side as the capillary pressure we plot the evolution of 7 as a function of saturation in Fig. 9. If one
compares to results reported in Joekar-Niasar and Hassanizadeh (2011), with M<1 and %’;t > 0. We capture the dynamic capillary pressure
contribution to the flow and how it increases as higher levels of saturation are reached. While other researchers have reported the value of 7 to be
exclusively positive, we see here that its value is negative in several cases wherein R = 5 is taken as an average pore throat, though a range of values
were tested. It is very important to stress here that the mathematical models using the damping term require that 7x>0 for the existence of a solution,
as outlined in (Mikelic, 2010; Koch et al., 2013; and Cao and Pop, 2016). Some of our results do not conform with this restriction as we have here
provided only a single rough estimate of the equilibrium capillary pressure. Indeed, if we reduce the average pore throat radius we eliminate any
negative values for 7g. Rather than focus solely on the value of 7x we would stress more its evolution in time, which appears to be quasi-linear,
particularly at lower values of saturation, which again matches results reported by others though its value oscillates wildly when higher satura-
tion values are reached.

10
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