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Abstract

Given equidimensional (generalized) cycles ;1 and j12 on acomplex manifold Y we introduce
a product ;1 oy uy thatis a generalized cycle whose multiplicities at each point are the local
intersection numbers at the point. If Y is projective, then given a very ample line bundle
L — Y we define a product p1ez u2 whose multiplicities at each point also coincide with
the local intersection numbers. In addition, provided that 11 and p, are effective, this product
satisfies a Bézout inequality. If i : ¥ — PV is an embedding such that i*O(1) = L, then
w1ep o can be expressed as a mean value of Stiickrad—Vogel cycles on PV . There are quite
explicit relations between ¢y and ey .

1 Introduction

Let Y be a complex manifold of dimension n. A cycle on Y is a locally finite linear com-
bination, over Z, of subvarieties of Y. Assume that | and u; are equidimensional cycles
on Y. If they intersect properly, i.e., the expected dimension p = dim g + dim puy — n is
equal to the dimension of their set-theoretical intersection V = || N |u2], then there is a
well-defined intersection cycle

U1y K2 =ijVj,

where V; are the irreducible components of V and m are integers. If 1y and u> do not
intersect properly, i.e., dim V > p, following [7], the product 11 -y w2 is represented by a
cycle of dimension p on V that is determined up to rational equivalence, i.e., a Chow class
on V. In case Y = P" there is a construction of a product w| -sy u> due to Stiickrad and
Vogel, [11,13], that is represented by a cycle on V with components of various degrees. This
cycle, which we call a SV-cycle, is obtained by a quite explicit procedure, which however
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involves various choices. By van Gastel’s formula, [9], see also [6], one can obtain the Chow
class w1 -y o from a generic representative of 1 -sy ia.

In the 1990s Tworzewski, [12], introduced local intersection numbers €;y(u1, 2, x) at
each point x, 0 < £ < dim V, which reflect the complexity of the intersection at dimension
£. In particular, if the intersection is proper, then €, (@1, 2, x) is the multiplicity of w1 -y u2
at x when £ = dim V and 0O otherwise. In this case thus all these numbers are represented by
the global cycle i1 -y 2. In general however there is no single cycle whose multiplicities
of its components of various dimensions are precisely the local intersection numbers for all
points of Y, that is, which represents all these local intersection numbers.

Since both the local and global intersections are defined within algebraic geometry, it is
natural from such a point of view to look for a way to unify these theories. However since this
cannot be done by cycles it is natural to look for slightly more general geometric objects that
may have the desired local multiplicities and at the same time in a reasonable sense represent
the global intersection products.

To this end, in [4], together with Eriksson and Yger, we introduced, for any reduced
analytic space X, the group By (X) of generalized cycles of dimension k, modulo a certain
equivalence relation, that contains the group Z (X) of cycles of dimension k as a subgroup.
The generalized cycles classes in By (X) share many properties with (usual) cycles. For
instance, each ;€ By (X) has a well-defined (integer) multiplicity mult, u at each point
x € X and a Zariski support |xt]. Each generalized cycle class is a unique sum of irreducible
generalized cycle classes. Moreover, the generalized cycle classes w in Br(X) that have
Zariski support || on a subvariety Z C X are naturally identified with B (Z); see Sect. 2.1
below for precise definitions and statements. One can think of generalized cycle classes as
mean values of cycles. We let B(X) = ®( By (X) if m = dim X.

For w1, o € B(P") we defined with Eriksson and Yger, [5], an element (41 e up € B(P")
that is equal to 1 -pr 7 if the intersection is proper, and whose multiplicities at each point
coincide with the local intersection numbers. If «; have pure dimensions and the expected
dimension

p:=dimpu; +dimur, —n (1.1)

is non-negative, then we have the Bézout equality
deg (141 ® o) = deg g - deg po. (1.2)

Roughly speaking, (11 ® 17 is defined as a mean value of SV-cycles 1 -y p2 in case i ; are
cycles.

In this paper we introduce two global intersection products that both respect all the local
intersection numbers. The first one is defined on an arbitrary complex manifold. The second
one generalizes the e-product and satisfies a Bézout inequality, but it is only defined on
projective manifolds.

Here is our first main theorem.

Theorem 1.1 Let Y be a complex manifold. There is a Z-bilinear commutative pairing
B(Y) x B(Y) = B(Y), (11, 12) > h10y U2,
with the following properties:

(i) m1oyu2 has Zariski support on

Vo= w0 el
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(ii) For each x € Y we have
€o(ur, po, x) = multy (noyp2)e, 0<£=<dimV, (1.3)

where ()¢ denotes the component of dimension £.

(iii) If i1, uo are cycles that intersect properly, then 1oy [ty = (1 'y U2-

(iv) The natural image in the cohomology group H **(V) of the component (j110y [42)
of the expected dimension p, cf. (1.1), coincides with the image of the Chow class
M1y M.

For the definitions of the cohomology groups H**(V), see Sect. 2. Part (i) means that
oy solves our representation problem. However, (iv) suggests that already the component of
dimension p is as ‘big’ as the Chow class in a cohomological sense. In particular, if ¥ = P”"
this implies that

deg (1opn ), = deg (g -pr 12),

which by Bézout’s equality and (1.2) is equal to deg (111 @ £2) if p > 0. In general, the degree
of the full generalized cycle class is much larger. For effective generalized cycle classes, in
particular for cycles, we have the estimate, see Sect. 4,

deg (10oprpa) < 29V " deg (11 o 12). (1.4)

The constant, which is the best possible, blows up when the intersection is far from being
proper, i.e., when dim V — p is large.

It is thus natural to look for an extension of the e-product, in order to get a representation
of the local intersection numbers that is not ‘too big’. To do this we restrict to a projective
manifold Y. Let L — Y be a very ample line bundle. By definition then there is an embedding
i:Y — PM for some M such that L = i*O)pm. Given uy, no € B(Y) we can define a
product ju1er wy such that

ix(L1op o) = ixjL1 ® Ixfi2. (1.5)

For . € Bi(Y) we define
deg i = / unci(L)f (1.6)
Y

and extend to general u € B(Y) by linearity. Here is our second main result.

Theorem 1.2 Assume that Y is a projective manifold and let L — Y be a very ample line
bundle.

(i) The pairing B(Y) x B(Y) — B(Y), (i1, n2) > pier 2, defined by (1.5) is com-
mutative and Z-bilinear. It depends on the choice of L but not on the embedding
i
(i) The product jv1ey [12 has Zariski support on V. = |1| N |2l
(iii) For each x € Y we have

multy (uiepu2)e = €e(py, 2, x), £=0,1,...,dimV, (L.7)

where ()¢ denotes the component of dimension £.
(iv) If the w1 and py are effective, then [11ey 112 is effective and

deg (1o p2) < deg i - deg . (1.8)
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(v) If 1, ua are cycles that intersect properly, then

Hiep 2 = py -y up + -+, (1.9)

where - - - are terms with lower dimension and vanishing multiplicities.

In view of (iii) thus ez o has the ‘right’ multiplicities at each point, whereas (iv) says
that we have control of the total mass of wjezus. Incase Y = P" and L = O(1), then ey,
coincides with e. In this case the dots in (1.9) vanish. However, in general they do not, see
Example 7.3 in Sect. 7.

The plan of this paper is as follows. In Sect. 2 we recall necessary material from [4,5]. The
oy-product is defined in Sect. 3 and Theorem 1.1 is proved. The relation to the e-product on
P" is discussed in Sect. 4. In Sect. 5 we prove Theorem 1.2 and provide formulas that relate
oy and ey . In Sect. 6 we provide some further properties of these products, and in the final
section, Sect. 7, we give various explicit examples.

2 Preliminaries

Throughout this section X is a reduced analytic space of dimension n. We let Z; (X) denote
the Z-module of k-cycles on X. Given u € Z(X) there is the associated closed current [©],
the Lelong current, of bidegree (n —k, n — k). We will often identify x and its Lelong current.
If nothing else is stated the definitions and results in this section are from [4, Sections 3 and
4].

2.1 Generalized cycles

The group GZ;(X) of generalized cycles of dimension k was introduced in [4]. It is the
Z-module generated by (closed) (n — k, n — k)-currents of the form .o, where 7: W — X
is a proper mapping and

a=Cc1(LDA...ACI(L)), 2.1

where L; — W are Hermitian! line bundles, and ¢; (L ;) are the associated first Chern forms.
Welet GZ(X) = @G Zr(X). Here W can be any complex variety but by virtue of Hironaka’s
theorem we may assume that W is a connected manifold. It is clear that generalized cycles
are closed currents of order 0. Moreover, their Lelong numbers (multiplicities, see below)
are integers. This means that GZ(X) is a quite restricted class of closed currents. We are
basically interested in a certain quotient space B(X) = @Bk (X), where By (X) are quotient
spaces of GZ(X). For precise definitions and proofs of the properties listed below, see [4,
Sections 3 and 4].

(i) We have a natural inclusion Z;(X) — By (X) for each k£ and hence an inclusion

Z(X) = B Z(X) > B(X) = D Bi(X).

(i) Each u € Bi(X) has a well-defined Zariski support |u|; it is the smallest Zariski
closed set such that u has a representative in G Z; (X) that vanishes in its complement.

(iii) Given u € B(X) also its restriction 1y to the subvariety V C X is an element in
B(X).

@iv) If f: X — X’ is a proper mapping, then the push-forward f, induces a mapping
fie: Br(X) — Br(X’) that coincides with the usual push-forward on cycles.

1 Throughout this paper all Hermitian metrics are smooth.
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(v) Ifi: X — X’ is an embedding, then i, : By (X) — Br(X’) is injective, and the image
is precisely the elements in By (X’) with Zariski support on i (X).
(vi) If E — X is a vector bundle, then we have natural mappings cx(E): B«(X) —
Bs—;(X). The image of u is represented by ¢ (E)AfL, where 1 € GZ(X) represents
wu and ¢, (E) is the Chern form associated with a (smooth) Hermitian metric on E.
(vii) If f: X — X' is a proper mapping and E’ — X' is a vector bundle, then f*cy(E") =
ck(f*E’), and if u € B4 (X), then

Fo(fFer(ENAR) = ck(ENA fupt. (2.2)

(viii) If u € B(X) and i’ € B(X'), where X’ is another reduced analytic space, then there
is a well-defined element u x u’' € B(X x X'), see [5, Lemma 2.1].

In the recent paper [14] Yger introduces the related notion of algebraic generalized cycle
as a generalization of (complex) algebraic cycle.

2.2 Irreducibility

A generalized cycle class u € B(X) is irreducible if its Zariski support |u| is an irreducible
subvariety and p has a representative /1 with Zariski support || such that 1y i = 0 for each
subvariety W C X that does not contain |u|. This condition on i is equivalent to that /& is a
(finite) sum of elements of the form t,«, where o isaformasin (2.1)on W,andt: W — |u|
is surjective. Notice that these various terms can have different dimensions.

Each element in GZ(X), and in B(X), has a unique decomposition in irreducible components
with different Zariski supports. Each irreducible element has in turn a unique decomposition
in components of various dimensions.

There is a unique decomposition

W= Wfix T Mmov, 2.3)

where 17y is an ordinary cycle, whose irreducible components are called the fixed com-
ponents of w, and fi,,0y, Whose irreducible components are the moving components. Each
moving component has strictly lower dimension than its Zariski support.

2.3 Multiplicities

If 1 is a cycle, then the multiplicity mult, u at x € X is precisely the Lelong number at x of
the associated Lelong current. If X is not smooth, then mult, ¢ = mult;(yisp if i: X — X’
is an embedding and X’ is smooth. There is a suitable definition of Lelong number that
extends to all generalized cycles and it turns out to depend only of their classes in B(X), see
[4, Section 6]. In this way we have for each u € By (X) well-defined multiplicities mult,
at all points x € X, and these numbers are integers. They are local in the following sense:

If U C X is an open subset, then we have natural restriction mappings ryy: Bi(X) —
B (U), and multy u = mult,ryp.

Ifi: X — X', where X’ is smooth and & € B(X), then

multy 0 = mult;(y)is/. (2.4)

Assume that © = y A/, where , ' € B(U) and y is smooth and has positive degree. Then
mult, u = 0.
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2.4 Effective generalized cycle classes

In [5, Section 2.4] was introduced the notion of effective generalized cycle class u € B(X)
generalizing the notion of effective cycle. It means precisely that o has a representative
[ € GZ(X) that is a positive current. Effective generalized cycle classes have non-negative
multiplicities at each point.

2.5 The cohomology groups H**(X)

We define A **(X) as the vector space of closed (k, *x)-currents of order 0 modulo the
subspace generated by all dt for currents 7 of order O such that also dt has order 0, cf. [4,
Section 10].

If f: X — X'isproperandn’ = dim X', then we have natural mappings f,: H"*"~*(X) —
ﬁn’f*,n’f*(x/).

If X is smooth, then H**(X) is naturally isomorphic to the usual cohomology groups
H**(X,C).

For each k there is a natural mapping ry : Zx(X) — H\”’k*”’k(X) that takes u € Z¢(X) to
its Lelong current [1]. This mapping extends to a mapping By (X) — Hn—kan—k(x).

Each p € Z;(X) defines an element in the Chow group Ay (X) and the mapping r¢ induces
a mapping A (X) — ﬁ"‘k’”_k(X).

2.6 The B-Segre class

Assume that J is a coherent ideal sheaf on X with zero set Z. Also assume that 7 is
generated by a holomorphic section o of a Hermitian vector bundle £ — X. That is, J is
locally generated by the tuple of holomorphic functions obtained when o is expressed in a
local frame of E. Such a section o exists if X is projective. For any u € B(X), following [4,
Section 5], let

MY AL =17(ddC log o ¥ AfL == 12611_%@15 log(lo >+ e A, k=0,1,..., (2.5

where /i is a representative of the class . The existence of the limit is highly non-trivial
and relies on a resolution of singularities. Then M7 Aji defines a class Sx(7, 1) in Be(X),
¢ = dim pu — k, that only depends on p and 7. Clearly u +— Si(J, i) is Z-linear. Let
ST, w) = So(T, w) + -+ + Saim u (T, ).

Let MOAfL = MGAQL+ -+ + Mgim;z/\ﬁ' If f: X — X’ is proper, J is an ideal sheaf on

X', and € B(X), then f, (M 7 AfL) = M A f,[i and hence?

FS(FPT, ) = ST, felb). (2.6)

If J is locally a complete intersection, that is, defines a regular embedding, then one can
define the Segre classes S(7, ) without a section o as above. We show this in Sect. 3 below
in the case that 7 is the ideal sheaf of a submanifold V C X.

2 In this paper f*J denotes the sheaf over X generated by pullbacks of sections of 7.
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2.7 Segre numbers

Given a coherent ideal sheaf 7 — X with zero set Z, and n € B(X), there are, at each point
X, non-negative integers ex (7, X, x) for k = 0, 1,...,dim Z, called the Segre numbers.
They were introduced independently by Tworzewski, [12], and Gaffney—Gassler, [8], as the
multiplicity of the component of codimension k of a generic local SV-cycle in 7;. A purely
algebraic definition was introduced in [1] and the equivalence to the geometric definition
was proved in [2]. If Z is a point, then the Segre number is precisely the Hilbert-Samuel
multiplicity. In [3] was introduced an analytic definition.
Given 1 € B(X) we have the integers

ex(J, i, x) :=mult, S (T, n), (2.7)

that are called the Segre numbers of J on p in [4, Section 2.6]. If o is a section of a Hermitian
vector bundle that defines 7 and /i is a representative of u, then

ex(J, u, x) = mult, M{ AL (2.8)

Locally we can choose ¢ and the (smooth) Hermitian metric so that log |o|? is plurisubhar-
monic. If follows from (2.8) and (2.5), and the Skoda—El Mir theorem, that the Segre numbers
ex(J, 1, x) are non-negative if u is effective. We have that ex (7, X, x) = ex (7, 1x, x), see

(4].

2.8 Local intersection numbers

Let X be smooth, assume that i1, > € B(X) have pure dimensions, and let d = dim p; +
dim p,. Furthermore, let JA be the sheaf that defines the diagonal A in X x X and let
j: X — X x X be the natural parametrization. We define the local intersection numbers

€r(ir, pa, x) = eq—¢(Ja, 1 X p2, j(x)), £=0,1,..., (2.9)

saying that €y (i1, (42, x) is the local intersection number at dimension £. These numbers are
biholomorphic invariants, and if we have an embedding i : X — X’ in a larger manifold X’,
then it follows from (2.6), (2.7) and (2.9) that

€o(pr, 2, x) = €g(isxpy, ixpt, 1(x)) (2.10)

foreach x € X.

3 The sy-product

Let Y be acomplex manifold, let j: ¥ — Y x Y be the natural parametrization of the diagonal
AinY x Y, and let 7 be the corresponding ideal sheaf. To define the ¢y -product 1oy u2
for p1, ma € B(Y) we need a definition of S(Ja, ;1 X @) when Ja is not necessarily
generated by a global holomorphic section of a Hermitian vector bundle £ — Y x Y.

Let X be a complex manifold, i : V — X a submanifold, and Jy the corresponding ideal
sheaf. Recall that if there is a holomorphic section o of a vector bundle £ — X such that o
generates Jy, then there is an embedding Ny X — E|y; see, e.g. [4, Lemma 7.3].

Proposition 3.1 Assume that the normal bundle Ny X — V is equipped with a Hermitian
metric. Forany i € GZ(X) andk =0, 1,2, ..., there is a generalized cycle Sy (Jy, ) €
G 2 gim p—k (X) with the following properties.
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(1) IfU C X isopenand o is a holomorphic section of a Hermitian vector bundle E — U
such that o generates Jy in U and the embedding NyU — E|yny is an embedding
of Hermitian vector bundles, then §k (Jv, ) =M AjiinU.

(ii) The image of Si(Jv, L) in By j—k (X) only depends on the image of i in B(X); in
particular it is independent of the Hermitian metric on Ny X — V.

If p € B(X) we let Sx(Jv, i) be the image in Bgim u—r(X) of Sk (Jv, 1), where fi €
GZ(X) is any representative of j.

Proof The proof is based on some ideas in [10]. Let ft € GZ(X) and assume that i = T,«,
where t: W — X is a proper holomorphic mapping and « is a product of first Chern forms
of Hermitian line bundles on W. We can assume that t* 7y is principal and that W is smooth.
Consider the commutative diagram

D

l,

Vv

where D is the divisor of t*Jy. Let L — W be the line bundle corresponding to D; for
future reference we recall that L|p is the normal bundle of D. We will show below that the
Hermitian metric on Ny X induces a metricon L|p. Let w = ¢; (L1%,) be the first Chern form
of the dual bundle. Then

— W

|

%X’

L

. (D] A oV A ) = iut ™ (0f 7 A @) (3.1

is in GZ(X). This will be our definition of §k (Jv, iv). However, a priori this definition
depends on the representation T« of L.

Let us now describe the induced metric on L|p. Let k = codim V. We recall the following
ad hoc definition; cf. [4, Section 7]. A section & of Ny X is a choice of a k-tuple £ (s) locally
on V for each local holomorphic k-tuple s generating Jy such that £(Ms) = M&(s) on V
for any locally defined holomorphic matrix M invertible in a neighborhood of V.

Assume that U, o, and E are as in (i). Assume also that s is a holomorphic «-tuple
generating Jy in an open set U’. In view of the definition of a section of Ny X above, if we
consider s as a section of the trivial rank « bundle F — U’, then we can identify F|yny
with Ny U’. Notice that this identification induces a Hermitian metric on F|yny; we extend
it to a Hermitian metric on F in an arbitrary way. Since both s and o generate Jy in U N U’
there is a holomorphic A € Hom(F, E) in U N U’ such thatoc = As. In VN U N U’, the
embedding NyU — E|yny, which by assumption is an embedding of Hermitian bundles,
is then realized by A|y; cf. [4, Lemma 7.3].

LetU” =t~ ' (UNU’).In DNU" we get thata := t*A| pny» embeds T*Ny U in t*E| p.
Moreover, we have a similar situation in 7~} (U’) and in t ~1(U) as we had in U N U’ since
the ideal sheaf T* 7y, which defines D, is generated by t*s in ~!(U’) and t*0 in T~ (V).
In the same way as above, since L|p is the normal bundle of D, we thus get embeddings

L|Dﬂl’71(U’) — T*F|DQT—I(U/) = T*NVU/ and L|Dﬂrfl(U) — t*E|Dﬂt71(U)'

Using the ad hoc definition of a section of a normal bundle it is straightforward to check that
the latter embedding restricted to U” is the composition of

a
L|pny» = t*Flpnyr = T Elpny-
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It follows that the metrics induced on L|p by the embeddings in t* F and t* E, respectively,
coincide on L|pny~. In particular, if o is a holomorphic «-tuple generating Jy in U, so that
E|yny can be identified with Ny U, it follows that the metric on Ny X induces a metric on
L|p.

With this metric on L|p, M A fi equals the left-hand side of (3.1) in U by [4, Eq. (5.9)].
In view of (2.5), M7 A jiis 1ndependent of the representation 7.« of f. It follows that (3.Dis
independent of the representatlon 7.« of [i, and we take (3.1) as our definition of Sk (Jv, ).
Then M7 A = Sk (Jv, iv) in U and (i) is proved.

‘We now note that (ii) follows. Indeed, in view of [4, Section 3], the image of (3.1) in B(X)
is 0 if /2 is 0 in B(X) and, moreover, it is independent of the Hermitian metric on L. ]

Let No(Y x Y) — A be the normal bundle.
Definition 3.2 Given 1, ur € B(Y), 1oy iz is the unique element in B(Y) such that

Je(uioypa) = c(NA(Y x Y)IAS(TA, i1 X [42).

If we identify A and Y, then N (Y x Y) is isomorphic to 7Y so if we identify S(Ja, w1 X
2) with an element in B(Y’), then

u1oy 2 = c(TYIAS(Ta, p1 X p12). (3.2)

For the proof of Theorem 1.1 we need the following lemma. Recall that a coherent ideal
sheaf 7 — X, with zero set Z, on a reduced space X of pure dimension defines a regular
embedding of codimension « if codim Z = « and locally J is generated by « functions.
Then there is a well-defined normal bundle N7 X over Z. See, e.g., [4, Section 7].

Lemma3.3 Let X' be a reduced space and let 1: X — X' be a reduced subspace. Assume
that the coherent sheaf J' — X' defines a regular embedding of codimension « in X', and
that J = *J' defines a regular embedding of codimension k in X. Then Ny X = *N 7 X'.

Let Z and Z’ denote the zero sets of 7 and J/, respectively.

Proof By assumption, locally we have a set of generators s = (sy, ..., s¢) for J'. If 5" is
another such «-tuple, then (on the overlap) there is an invertible holomorphic k¥ x k matrix
a(s, s") such that s = a(s, s')s. The matrices so obtained form the transition matrices on Z’
for the bundle N 7 X’. Now the lemma follows by noting that ¢*s and (*s’ are minimal sets
of generators for 7 = ¢*J’ and hence (*a(s, s’) are transition matrices for NyX — Z. 0O

Proof of Theorem 1.1 1tis clear that 111 oy o is Z-bilinear and commutative since S(Ja, 1 X
n2) is, cf. Sect. 2.6. Moreover, its Zariski support is contained in A N (1| X |p2]) which
after identifying A and Y is precisely V = || N |u2|. Thus (i) holds.

It follows from (2.7) and (2.9) that

€, po, x) = mult; Sp(Ja, 1 X 12), (3.3)

where k = dim wu; + dim up — £. Since ¢(NaA(Y x Y)) = 1 4+ ---, where - -- are smooth
forms of positive bidegree, it follows from the dimension principle that

Je(uioypa)e = (c(NAY X Y)DAS(Ta, 1 X (12)), = Sk(Tas 1 X p2) -+, (3.4)

where - - - are smooth forms of positive degree times generalized cycle classes. Now (ii)
follows from (3.3), (3.4) and the comment after (2.4).
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We now prove (iii). Assume that 1 ; are cycles that intersect properly. Then A intersects
X = p1 x py properly sothatifi: X — Y xY,then J := (*Jx defines aregular embedding
in X. In view of Lemma 3.3, (2.6) and (2.2) we have, using the notation S(7, 1x) = S(7, X),

Je(proypn2) = c(Ngy, (Y X Y)AS(Ta, X) = ti(c(Ng X)AS(T, X)) = t[Z 7], (3.5)

where the last equality is precisely [4, Theorem 1.4]. Here [Z 7] is the Lelong current of the
fundamental cycle associated with 7. Its Zariski support is precisely Z but there is a certain
multiplicity of each irreducible component of Z. Since the right hand side of (3.5) has the
expected dimension p, cf. (1.1), (3.5) implies that

Je(ioyma)p = tlZ 7] (3.6)

Furthermore, (1410y 42)p = p1-B(y) h2, Where (11 -5(y) (2 is the product from [5, Section 5].
Since u ; intersect properly, this product is equal to 141 -y 2 by [5, Proposition 5.8 (i)]. Thus

M1y p2 = (U10y U42),- 3.7

Now (iii) follows from (3.5)-(3.7).
We know from [5, Theorem 1.3] that the image of (1 -5(y) u2 coincides with the image
of the Chow class 1t1 -y p2. Thus (iv) follows from (3.7). This concludes the proof. ]

For future reference we include the following simple proposition.

Proposition 3.4 Assume that we have an embedding i: Y — Y' where Y, Y’ are smooth.
Then

ixp1oyispr = ix(i*c(Nior)Y ) A0y p2). (3.8)
Proof Notice now that if A and A’ are the diagonalsin Y x ¥ and Y’ x Y/, respectively, then
Ia = (i x )" Tn

We claim that
(i X D)eS(TAs 1 X 2) = S(TArs b1 X ix42). (3.9)

If Jas is generated by a holomorphic section of a Hermitian vector bundle over Y’ x Y, then
this follows from (2.6) since (i X i)4((1 X o) = ixu1 X ixu2. The general case follows
since (2.6), with f replaced by i x i, 7 = Jas, and & = 1 X W2, still holds in view of
Proposition 3.1.

Identifying B(A) and B(A’) with B(Y) and B(Y"), respectively, we have

LS(TAs 1 X o) = ST, bl X ixf42). (3.10)
By (3.2),
S(Tas 1 X 12) = c«(TY) ' Aproypa,
and multiplying by i*c(TY’) = c(TY)Ai*c(Niy)Y') we get
i*c(TY)AS(Tas 1 X p2) = i*c(Njr)Y ) Ap10y pa. (3.11)
Therefore, by (3.2), (3.10), and (3.11),

ixp1oyispr = c(TYIAS(Tars ixitn X ixp2) = ix(i*(c(TY)VAS(TA, 1 % p2))
= iy (i*c(Nigr)Y ) Ap1oy n2).
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4 The o and e-products on P

We first recall the definition of the e-product on P”". Let 1o, ..., n, be sections of L =
O(1)pan+1 that define the join diagonal Ay in P2+l of. [5, Section 6]. Let J; be the sheaf
that defines A ;. Let 1, be holomorphic functions that represent #y in a given local frame for
L. Then

dd“log|n|2 := dd log(Iny|* + - - + In,1»)

is a well-defined global current. For o € B[Pty we define Vi (Ay, L, u) as the classes in
B(P?"+1y defined by

MP"ALC=14,(dd Yog 01> A, k=0,....n+1, 4.1)

where [ is a generalized cycle that represents w. It is proved in [5, Section 4] that the
Monge—Ampere products in (4.1) are well-defined and that Vi (A, L, ) is independent of
the choice of representative /1 and sections 1y, ... n, defining A ;. Ifk > n+ 1in (4.1), then
VitAy, L,u) =0.Let V(Ay;,L,u) = Vi(Ay, L)+ Vo(Ay, L) + -+ .

If 1, wo € B(P"), then there is a natural class @1 Xy up, see [5, Section 6], in B(P2tl,
generalizing the usual join when i1, uo arecycles, and dim(pq X yu2) = dim pq+dim po+1
if ;1 and po have pure dimensions. Let j: P" — P2+l [x] — ([x], [x]), be the natural
parametrization of A .

For w1, no € B(P") of pure dimensions

n
e p =Y (11 eua)e (4.2)
=0
is the class in B(IP") defined by
Js(per @ p2)e = Viy(Ay, L, oy Xy p2), 4.3)
where
k(£) = dim 11 4 dim gy + 1 — £. 4.4)

Let wpn be the first Chern class of O(1) — P", for instance represented by the Fubini-
Study metric form. If i : W — P” is a linear subspace, with the induced metric, then wy =
i*wpn. We will often write w without subscript. Recall that ¢(TP") = (1 + w)"tL,

Proposition 4.1 Let ¢ = opn and let
p=dimp; +dimuz —n, V= |ui| Nzl

We have the relations
dim V
propa = Y (L+ @) (1 e ua)e. (4.5)
£=max(0,p)

and
dim V

prem= ) (1-0) P(uiou. (4.6)
k=0

Since k < n + 1, £ > p. Moreover, each term in the sum (4.2) has support on V. Hence
the sum runs from max(p, 0) to dim V.
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Proof With the notation in [5, Section 7] we have that pjoms = i (1 x p2). It follows
from [5, Proposition 7.1] that

Je(mropa) = c(Ng, PP ATy 1 x5 p2) = (1L + @) M IAS(Ts w1 x5 pa).
By the second van Gastel type equality in [4, Corollary 9.9] we get
JeGuropn) =Y (14 )" FAVI(A S, L,y X pa). @7
k>0

Since k < n + 1 it follows that £ > p, cf. (4.4), and since all terms in the sum have Zariski
support on V, each term with £ larger than dim V must vanish in view of the dimension
principle. Hence (4.7) is precisely (4.5).

The equality (4.6) follows from (4.5) and Lemma 4.2 below. Notice that although the sum
in (4.5) happens to begin at £ = max(p, 0) it will give rise to terms of lower dimension so
(4.6) must start at k = 0. ]

Lemma 4.2 Assumethat A = Zezo AgisagradedC-algebraandw: A — Amaps Agy1 —
Ag, € >0, and Ag — 0. Moreover, let r be a fixed integer. Assume thata = ap+a; +-- - ,
where ay are elements in Ay, and let by be the elements in Ay so that

Yo=Y +o)Va. (4.8)
k=0 =0

Then
m m
Yoar=) (1—o)*h.
=0 k=0

This lemma is probably well-known but we sketch a proof.

Sketch of proof We can identify a € A with the A-valued meromorphic function

2 a(z) = Zz“’rag.

>0
Let

m
Tpa = Z(l + ) ay.
=0

Since (z + w) " ap = (1 + w/2)t" 284 ay it follows that

m
T,a(x) =) (z+ o)V a,
=0

ie., @(z) is obtained by formally replacing each occurrence of z in a(z) by z + w. It is
now clear that 7_,, o T,, = Id which proves the lemma. m]

Recall, cf. (1.6), that u € By (P") has the degree

degu::/ a)k/\u. 4.9)
]Pm

If u = no+mp1+- - -, where g has pure dimension &, then deg v := deg o +deg g +---.
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Proof of (1.4) From (4.5) we have that

dim V dimV  min({—p,€) 0 o
wopy =y (A+o) Purep)i= Y > < . )w’A(m o )¢
£=max(0,p) £=max(0,p) Jj=0 J
) (4.10)
since w’ A(u1 e )¢ = 0 for degree reasons when j > £. We get the estimate
dimV  min(¢{—p,0) 0 _ P A
deg (uiopa) =y Y ( . )deg (@’ A1 @ p2)e)
£=max(0,p) j=0 J
dimV  {—p 0 0
< Z Z( . >/ W A1 @ )y
£=max(0,p) j=0 J B
dimV )
= Z 213_'0/ ' A1 @ p2)e < 29V "Pdeg (111 @ o).
£=max(0,p) e
O

In view of the proof we have equality in (1.4) if p > 0 and in addition only the term with
£ = dim V occurs.

Example 4.3 Let 1+ and p be the same k-plane V in P". Then VeV = V, see [5, Section 1].
Thus only the term corresponding to £ = dim V = k occurs in (4.5). If in addition p > 0,
i.e., 2k > n, then each term in the expansion of (1 + w)é_p gives a contribution and therefore,
since £ = dim V,

deg (VoV) = 24mV=rgeo (V o V)

so that the estimate (1.4) is sharp.

5 The o -product on a projective manifold Y

We shall now see that if Y is projective and L — Y is a very ample line bundle, then there
is an associated product e; with the desired local multiplicities and a Bézout inequality for
effective generalized cycle classes.

By definition ‘very ample’ means that there is an embedding

ity >PM (5.1

such that L = i*Opum (1). For py, o € B(Y), we define j11 ey 112 as the unique element in
B(Y) such that
ix(iep o) = ixji] ® ixp2, (5.2)

where the right hand side is the e-product in PM. We shall see that e; only depends on L
and not on the embedding i.

Assume that PM = {[zo, ..., zu]; z € CMH1} Since then zo, . . ., zr are global sections
of O(1) — PM it follows that s; := i*zx, k = 0, ..., M, are in H°(Y, L). Moreover, i is
given by

x = [so(x),...,spy(x)]. (5.3)
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Conversely, if we have sg, ..., sy in H O(y, L) such that (5.3) defines an embedding, then
i*O(1) = L. In fact, since ggpx = z¢/zk are transition functions for O(1), s¢/sx = i*gex are
transition functions for i*O(1). Let

N =dim HO(Y, L) — 1.

Given an embedding (5.3) let us select a maximal linearly independent subset s, ..., Sy’
of the s;. Notice that then N’ < N. Leti’: ¥ — PV’ be the embedding defined by these
sections. Then, there is a linear subspace ¢(: V — PM such that i = ¢ o i’. In view of [5,
Proposition 6.7], i and i’ give rise to the same product on Y.

Thus we can assume that our embedding (5.1) is defined by (5.3), where sg, ..., sp is
a linearly independent set in H%(Y, L). In view of [5, Example 6.4] the product e; only
depends on the subspace of H°(Y, L) spanned by the given sections.

Proposition 5.1 Assume that we have the embedding (5.1) and let
o =dim pu; +dim puy — M. (5.4)
Assume that 1, up € B(Y) have pure dimensions and let d = dim pu, + dim py and
V = |1l N w2zl Then
dim vV

poymr = Y (4o Ac(TY)A (11 o1 p2)e (5.5)
£=max(0,p)

and
dim V

proppa =Y (1= o) " He(TY) Aproy pa)r. (5.6)
k=0

Since the right-hand side of (5.6) only depends on L, this holds for 1tje 1o as well.
Proof By Proposition 3.4 and (4.5) we have

dim V
i (i*e N P )mroypa) = Y (14 @) Pl @ ipi)e.
£=max(0,0)

Notice that since
NionPY = TPY /T (i (Y)),
and i*O(1) = L, so that i*ow = wy, we have that
i*c(Niy)PM) = i*(c(TP")e(T (i (Y) ') = (1 + w)M T e(Ty)™!
on Y. Thus

dim V
A+o)" @) Aoy = Y (14 o) (u1eLpa)e
£=max(0,0)
which is the same as (5.5). Now (5.6) follows by Lemma 4.2. o

Notice that there may occur negative powers of 1 — wy and 1 + @y, in the sums (5.5) and
(5.6).
Recall that if u € By (Y), then, cf. (1.6),

dengL:/pc/\w]Ii.
Y
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Proof of Theorem 1.2 Parts (i) and (ii) follow from Theorem 1.1 and (5.6).

Part (iii) follows from the corresponding statement for ¢ = epy and (2.4). Alternatively,
it follows from (5.6) and Theorem 1.1(ii).

Part (iv) follows from the analogous statement for e on PM  In fact, first notice that p is
effective if and only if i, is. Then observe that if u has pure dimension k, then

deg i = / ,u/\wlz :/ i*u/\wk =degpmixiL.
Y il

If o1 and p, are effective, then i, (e o) = iy @iy 2 is effective, see [5, Theorem 1.1],
and hence (e (47 is. From [5, Theorem 1.1] we thus have that
deg (1o pn) = degpm (ixty @ ixpu2) < degpmixity - degpmispr = deg g - deg iz

with equality if p > 0.
Let us now consider (v). If ;1 and py are cycles that intersect properly on Y, then by
Theorem 1.1,
1oy 2 = (U10Y 2)p = M1 -y M2, (5.7)
where p = dim V = dim p| 4 dim py — n. From (5.6) we have

P
prerpy =y (1= o)~ e(TY) ™ oy par.
k=0

Now k = p together with the term 1 from (1 — wp)k—d-1 gives us i1 -y (2, cf. (5.7). All other
terms from (1 — a)L)k_d ~1 orfork < p, will give contributions of strictly lower dimension,
and they have vanishing multiplicities, see Sect. 2.3. O

We have the following consequence of the proof.

Proposition 5.2 Let M + 1 be the minimal dimension of a subspace W of HO(Y , L) such that
(5.3) is an embedding if so, . .., Sy is a basis for W. If 1, o € B(Y) have pure dimensions
and p = dim ) +dim upy — M > 0, then

deg p(n1epLp2) = deg L - deg 2.

6 Some further properties

In this section we still assume that Y is a projective manifold. Assume that po, n1 € B(Y)
and that y is a smooth (closed) form in an open subset U C Y. We say that ;1] = y Ao in
U if there are generalized cycles ju( and p representing pio and i1, respectively, such that
wy =y Ay in U. We have the following version of Proposition 8.4 in [5].

Proposition 6.1 Assume that g, 1, u2 € B(Y), y is smooth in the open set U C Y, and
m1 =y Ao inU. Then
H10Y 2 =¥ A (R0OY U2) 6.1

inU.If L — Y is a very ample line bundle, then

nieppz =y A ((oeLit2) (6.2)
inU.
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Proof Fix suitable representatives u(, i}, u5 in GZ(Y) and a section 7 that defines the
diagonal A in Y x Y. Moreover, let ¢(Na(Y x Y)) be a fixed representative of the Chern
class c(Na(Y x Y)). Asusual, let j: ¥ — Y x Y be the natural parametrization of A. Then
Jx(10oy m2) is represented, cf. Sect. 2.6, by the generalized cycle

Je(hoyh) 1= E(NAGY x Y)AMIAGL % jib). (6.3)

By assumption i = yApg in U. Thus w) x ph = (v x DA(ug x ph) in U x U. In view
of [5, Example 2.7] therefore

MIAGy x ) = (y x DAMTA(ug X p15) 6.4
inU x U. By (6.3) and (6.4),
Je(y AQuooy ) = jx(G* (v x DA(ugoy i)
= (¥ x DAJe(pooym]) = (¥ x DAGNAY X Y)AMTA(1g X [15)
= C(NA(Y X Y)AMTA(] x 1h) = ju(u)oy i)

in U x U. Now (6.1) follows.
Assume that y has pure degree v. Then by (6.1),

C(TY) oy = (v Ac(TY) ooy pa)e = v A (€(TY) ™ ooy 1a)ksv.

Let d be as in Proposition 5.1 and let d = dim o + dim py; then d = d—v. By (5.6),

prerpy =Y (1= o) e(TY) oy pak

k=0

=y A Y (=) e (TY) pooy )it
k=0

=y A (1= o) ™ e(TY) ™ mooy pna)r
r>v

=y A Y _(I—wr) N e(TY)  pooyua)r = v A (noeLin),
r>0

since the terms with » < v in the last sum vanish when multiplied by y . O

We have the following version of Proposition 8.3 in [5].

Proposition 6.2 If u € B(Y), then

poyly = p. (6.5)
Ifais a pointin'Y, then
poyla} = multyu - [a] (6.6)
and
perf{a} = mult,p - [a]. (6.7)

Proof We can assume that u = 1., where 7: W — Y is proper and « is a product of
components of first Chern forms. If 7 =7 x 1: W x Y — Y x Y, then T*J, is a regular
embedding in W x Y since this sheaf defines the graph G of t in W x Y. Notice that since
Ng(W xY) = T|ENaA(Y x Y),

c(Ng(W x Y)) =T|5c(NaA(Y x Y)). (6.8)
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Moreover, by (2.6) we have
STrnu®1) =T S(T*"Tn, @ ® 1), (6.9)
and by [4, Proposition 1.4],
c(Ng(W x YNAS(T*Ta, lwxy) = [G]. (6.10)
By [4, Proposition 5.6] we have that S(T*Jx, ¢ ® 1) = (¢« @ DAS(T*Ta, lwxy). Together
with (6.8), (6.9), and (6.10) we have
Je(uoyly) = c(NA(Y X Y)IAS(Ta, n® 1) = T*(C(NG(W X YDAS(T*Tn, 00 @ 1))
=T.((@® DACNG(W x Y)AS(T* Ta, lwxr)) = Tu((@ @ DAIG]).

Lett: W - WxY,T(w) = (w, 7(w)), be the graph embedding. Then (¢ @ ) A[G] = T,
and T o T = j o 7. Hence
Jx(poyly) = T*((Ol ® 1)/\[6]) = ThTh = JoTu@ = jupd,

which means that (6.5) holds.

The last two equalities can be verified in several ways. Notice that we can choose a
neighborhood U C Y of a and coordinates (x, y) in U x U. Then S(Ja, p x {a}), restricted
to U x U, is represented by

M7 A(p®lal) = (M A ) ® [a] = multep - [a] ® [a] = multype - jilal, (6.11)
where the second equality follows from, e.g., [5, Equation (4.5)]. Hence, S(Ja, n x {a}) =
S0(JIa, i x {a}) and so

Jx(uoyf{a)) = c(Na(U x UYAS(Ta, it x {a}) = So(Ta, p x {a)).

Now (6.6) follows from (6.11). Since u<y{a} has dimension 0O it follows from (5.6) that
per{a} = uoy{a} and thus (6.7) follows.
Alternatively (6.7) follows from the definition (5.2) and the analogous statement for e =

epu. Then (6.6) follows from (5.6) as above. ]
From (6.5) and (5.6) it follows that if 1« has pure dimension, then
dim p
porly = ) (1 =) "4 E (M) Ak, (6.12)
k=0

since dim V = dim pu.

Let us now mention a possible way to express our products as limits of smooth forms times
w1 x po. It follows from [4, Proposition 5.7] that the representatives M7 AfL of Si(T, 1),
cf. (2.5), can be computed by the formula

€(dd o)

MIAp = lim ———— A, k=0,1,.... 6.13
A Y s @12

In particular we have

Proposition 6.3 Ifuy, uo € B(Y)arerepresentedby [i1, j12, andn is a section of a Hermitian
bundle E — Y x Y that defines Ja, then j,(u10y 1) is represented by the limits

dim V N3
L edde Dt
NaA(Y X YA lim ————A . 6.14
c(NA(Y x Y)) kZ:jog})(|n|2+E)kH (A1 x f12) (6.14)

@ Springer



M. Andersson et al.

One gets a formula for 1oy uy by taking m, of (6.14), where m: ¥ x Y — Y is the
projection onto the first (or the second) factor, since 7 o j = Idy. One can get similar
formulas for j11e7 2 by combining (6.14) and (5.6).

7 Examples

We first recall the so-called Segre embedding
i Pm X Pn — P(m+l)(n+l)—]
Py Y .

LetY =P x ]P’;’, and consider the line bundle L = O(1)pn ® O(l)]p;g. The set of sections

{xjyx; 0<j=<m, 0<k<n}isabasis for HO(Y, L) and i is the associated embedding,
cf. Sect. 5,

(IxL, [yD = [x0y0 i - X0Yn i e 2 XmYO & v v e 2 XmYnl-

Notice that
o =wr = oy + oy, (7.1)

where o, w; and w, are (representatives of) c1(O(1)pwm+nw+n-1), c1(O(1)pm), and
c1(O(1)py), respectively.
We now consider the self-intersection of an exceptional divisor.

Example 7.1 Consider the blowup ¥ = Bl pIP’2 of P2 at the point p = [1 : 0 : 0], and let both
w1 and po be the exceptional divisor E. We have the embedding

s, . 2 1
j.Y—>Y/.:IP’X><IP’y

so that j(Y) = {f = 0}, where f is the section f = x;y; — x2y0 of O(l)]p% ® O(I)P;. Let
L — Y be the pullback to Y of this line bundle, which we for simplicity denote in the same
way so that

oL = 0y + wy.
We now compose with the Segre embedding
o:P:xP) — P2, (Ixo:x1:x2l [yo: yi]) > [Xoyo : Xoyi : X1y0 : X1)1 © X2)0 : Xay1]
and get the embedding i = ¢ o j: ¥ — P3. We claim that
Ee E=E (7.2)

and
EoyE = E —w AE. (7.3)

In fact, the image of E in P? x P! is {[1 : 0 : 0]} x ]P’; so the image in P3 is the line
{[yo:y1:0:0:0:0]}. Therefore i, F o i, E = i, E, see the remark after [5, Theorem 1.1],
and thus (7.2) holds. Next we compute Eoy E. In view of (7.2) only the term with ¢ = 1
occurs in (5.5) and since { —d — 1 =1—2 —1 = —2 we have

EoyE = (1 +wr) 2Ac(TY)AE.
Now, cf. [4, Eq (7.5)], ¢(NyY") = ¢(L) = 1 4 w, + wy and thus

o(TY) = e(TY) /e(NyY') = (1 + 0) (1 + ©,)* /(1 + 0y + o).
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Since w, = 0 on E we have, cf. (7.1),

EoyE = 1 ANE = (1 —wy)ANE = (1 —wp)NE.

+ wy

Let us next look at an example where Y is embedded into PM for a minimal M, and where
the terms - - - of lower dimension in (1.9) do not vanish.

Example7.2 Let Y =P} x P} and let

i:Y =P, ([xo:x1].[yo:y1]) = [xoyo : Xoy1 : x1y0 : x1y1],

be the Segre embedding. Note that Y -y ¥ = Y since it is a proper intersection. It follows
from Theorem 1.1 that
YoyY =Y. (7.4)

We want to compute Yer Y. Since w; = i*w = wy + wy, cf. (7.1), it follows that
w% = (wy + a)y)2 = 2w Awy

and thus

degrY = / w% =/ 2w Awy = 2.
Y Pl xP} ’

Since p =dimY +dimY — 3 = 1 > 0, the Bézout formula
degr(YerY)=deg Y -degrY

holds, cf. Proposition 5.2. Thus Y e Y must have degree 2 - 2 = 4. On the other hand, - - - in
(1.9) can only contain a term u of dimension p = 1, since all components of i, Y e i,Y must
have dimension at least the expected dimension p, cf. (1.5) and Sect. 4. Thus deg pu = 2.
For symmetry reasons it is natural to guess that

Yo Y =Y +w NY. (7.5)

Let us check (7.5) by means of (5.5) in Proposition 5.1 and (7.4).
Notice thatd = dimY +dimY =4,p=d -3 =1,and V = Y so that dimV = 2.
Moreover,

e(TY) = c(TP) Ac(TP)) = (1 + @)* A (1 +0,)* = (14 20,) A (14 20y)
=14 2(wy + wy) + 4wy Aoy = 1 + 207 + 207 .
Assuming (7.5), the right hand side of (5.5) equals

2

1
cTHAY A+ AY 40 AY)p = c(TY)A <7/\a) AY+7AY)
; L Lo I+t (I +wp)3
=c(TY)YN———(wp + 1+ o) ANY = ———(1 + 2w +2a)2)/\(1—|—2a))/\Y
A+aopt  F L (1 +wp)* L= L
1 2
= (144w, +60P)AY =Y = YoyY.
1+4a)L+6a)% L L Y

Hence our guess is correct. Clearly one can just as well start with (7.4) and apply (5.6). By
similar computations one then gets (7.5), as expected.
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The following example, which is an elaboration of [5, Example 8.10], shows that the
product ¢y is not associative.

2.,.m—

Example 7.3 Consider the hypersurface Z = {x2x{" — x3x, ! = 0} and the hyperplanes
H) = {xp = 0} and H3 = {x3 = 0} in ¥ = P3. (All products here are taken in P3; let

¢ = op3 and - = -p3.) Since Hy and Z intersect properly,
HyoZ =HyeZ=Hy-Z=2{x=x3=0}+(m—1){xo=x0=0}=:2A+ (m — 1)B.
(7.6)
Moreover, since Hz and B intersect properly,
H3oB = H3 - B = [b], (7.7)

where b = [0, 1, 0, 0]. In [5, Example 8.10] is showed that H3 ¢ A = A. In view of (4.5) it
follows that
H30A = (1 +w) AA. (7.8)

Indeed p =dim H3 +dimA —n=2+1—-3 =0and H; ¢ A = A has pure dimension 1.
By (7.6)—(7.8) we conclude

H3o(Hyx0Z) =2(1+w) NA+ (m — 1)[b]. (7.9)

Next, since H3 and H, intersect properly, it follows that H3oHy = Hz - H» = A. In [5,
Example 8.10] we showed that A ¢ Z = A + m[a], wherea = [1 : 0 : 0 : 0]. As above, we
compute A¢Z by applying (4.5). To do this, note that p = dim A+dimZ—n =142-3 =0
and V = |A| N |Z| = |A], so that dim V = 1. Thus

1
(H3oHy)0Z = Z(l + ) A (AeZ)=ml[a]l+ (1 + ) A A. (7.10)
=0

Clearly the right hand sides in (7.9) and (7.10) are different in B(P3).
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