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Abstract

This paper deals with the optimization of the output voltage waveform of a multilevel converter
operated with fundamental frequency switching. For a high number of output voltage levels, nearest-level
control is typically used, whereas an optimized waveform can be presumably used to eliminate a selection
of low order harmonics. A nonlinear optimization problem for any kind of multilevel inverter, operating
in a single or three-phase arrangement, is formulated. It is shown that the set of nonlinear equations,
defining this optimization problem, cannot be numerically solved, if the number of output voltage levels
is higher than nine. Thus, an optimization algorithm, e.g., Matlab’s genetic algorithm, should be used
instead. Based on the concept of the weighted THD, it is shown that an optimized waveform has no
effect on the output current’s quality of a single phase multilevel converter. However, considering an
ungrounded three-phase system, the content of the to be eliminated harmonic components is shifted
towards the triplen harmonics and, consequently, the expected current quality, based on the WTHD, can
be significantly improved.

Introduction

The classical modular multilevel converter topology, as presented in [1], is typically used for power
system applications as HVDC. However, different variants of multilevel converters are not just gaining
in interest in the field of large electric drives [2, 3], these are becoming also popular for low voltage ap-
plications such as transportation electrification [4], renewable energy sources [5, 6] and energy storages
[7, 8, 9]. Their main advantages for low voltage and variable speed drive applications can be summa-
rized as follows: fault tolerant operation [10], increased partial load efficiency through the usage of low
voltage MOSFETs in comparison to IGBTs [11, 12, 13, 14] and, especially, reduced electromagnetic
emissions [15, 16, 17].

Different output voltage modulation techniques can be found in [18]. Nearest-level control (NLC)
[19] is a commonly used fundamental frequency switching technique to synthesize the desired sinusoidal
output voltage. According to [18], the pulse positions to activate each sub-module in forward or reverse



direction are crucial for the content of low order harmonics. A proper placement of the pulse positions
can be used to eliminate a selection of low order harmonics. To find the proper pulse positions, a set of
nonlinear equations must be solved. Solving these numerically for the seven-level inverter can already
require an extensive computational effort [20]. In [20, 21, 22], an approach using resultants and symmet-
rical polynomials is presented, which is quite cumbersome. On the contrary, an optimization approach
can be used instead to find a solution apart from the global optimum, which requires less computational
effort. In [23], a genetic algorithm approach is chosen, whereas the number of output levels is just limited
to seven. Furthermore, the presented approaches in [18, 20, 21, 22, 23] only refer to converters operated
in a three-phase arrangement and only up to eleven output voltage levels are considered.

Therefore, this paper presents a generalized optimization problem for the output voltage waveform
of a multilevel converter with the goal to eliminate/mitigate a selection of odd harmonics, including and
excluding the triplen harmonics. This optimization problem, consisting of a set of nonlinear equation,
is linearized and numerically solved for up to nine output voltage levels. For a larger number of out-
put voltage levels, Matlab’s Genetic Algortihm (GA) approach is used. To assess the effectiveness of
the optimized waveform in comparison to NLC, the concept of the Weighted Total Harmonic Distoriton
(WTHD) is used.

Multilevel Converter Topology and Output Voltage Waveform

The described approaches in this paper can be applied to different kinds of multilevel inverters, for
example the ones described in [1, 12, 24], with any number of output levels L. Within the frame of this
paper’s analysis, the example of a grid-tied Cascaded H-Bridge (CHB) converter with integrated battery
storages and an arbitrary number of output levels L, as can be seen in Fig. 1, is considered. Due to the
utilization of small battery modules, the individual DC-link voltages do not fluctuate as much when using
only capacitors. This type of converter could be used for different applications as for example a battery
storage system or a vehicle inverter, which can be connected to the three-phase mains, working as a
charger. Each H-bridge has three valid switching states, achieving three output voltages levels according
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Fig. 1: Grid-connected cascaded H-bridge (CHB) converter.
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The phase voltage of each strand can be calculated by the sum of the output voltages of the individual
H-bridges, with m = LTfl being the number of modules per phase, as

et
Vphase (t) = Vaz (t) = Z
i=1

J

VHBj(t) . 2)

Using fundamental frequency switching, each H-bridge is switched only once per half period. Thus, the
switching-time instants of each H-bridge can be expressed by a vector of switching angles o according

to

o +Vpoyes ifo <o <m—a
o= : with VHBj((Xj) =9 —Vboy ile?—i—O(.j < ot SZTC—OLJ' . 3)
Gl 0; else

In this manner, a staircase-shaped voltage waveform, as shown in Fig. 2(a), can be built up. The cor-
responding current, drawn from one battery module, is depicted in Fig. 2(b). According to [18], the
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Fig. 2: (a) Phase voltage and phase current waveforms of the cascaded H-bridge converter. (b) Drawn
battery current of an individual H-bridge module.

fundamental component and the harmonic components of the stair-case shaped phase voltage waveform

can be expressed as
Vazh = _8Vbe cos(hay) + ... +cos(hoet) | with h={1,3,5,..} @
wh T (L=1)hn D L ST

The DC-link voltage Vpc corresponds to the sum of the individual DC-link voltages according to

Vbc = mVpey, )
Concept of Weighted THD (WTHD)

The Weighted Total Harmonic Distortion (WTHD), as described in [18], can be used to assess and
compare the probable current quality of different voltage waveforms, when applied to a lossless induc-
tance. To explain the concept of the WTHD, it is reasonable to start from the voltage THD expression,

which can be described as

Vims \ >
THD, = L (6)
Vl,rms

Without a DC component, the voltage THD expression becomes

oo v, 2
THD, = Z(m) : (7)

h=2



Similar as in (7), the current THD can be expressed as

= /], 2
THD; = Z(h) : (8)

h=2

Considering a lossless inductive load, the current harmonics can be calculated with the help of the voltage
harmonics according to

Vi

I, =~
h hO)lL

with h={2,3,4..} . )]

Inserting (9) in the current THD expression given in (9), the weighted THD as a function of the voltage
harmonics can be obtained according to

IR ATAN
WTHD = — Zh . (10)
aVZ ()

Due to the reason that the even voltage harmonics are zero, the WTHD for a single phase system can be
described as

2 oo
1 %
WTHDLph:v > with h=hipn={3,57.} =Y i-2+1 . (11)
i=1

=

Further, the triplen voltage harmonics in a three-phase system with only one grounding, point, as for
example shown in Fig. 1, cancel each other out among the phases and, thus, these do not cause any
currents to flow. Thus, the WTHD, excluding the triplen harmonics can be expressed as

1 o 1A o
WTHDlphzv Y <h> with h:h37ph:{5,7,11...}:;z~6j:l . (12)

L\l h=5711... i

Nearest-Level Control

A simple approach to synthesize the desired sinusoidal output voltage waveform is Nearest-Level
Control (NLC), as described in [18]. The fundamental component can be approximated with the help of
the modulation index M according to

2Vbc

Vaz,l ~ VpcM with VI/)C = 1

13)
If the modulation index is low, not all voltage levels are needed. With respect to o, the number of needed
insertion angles can be calculated as

- F”(Lz‘ﬂ | (14)

where the operator | | indicates to round up the result to the nearest integer value. The value of the
insertion angles can be calculated according to

(2j—1)Vpc

i —0.5)Ve =
(J Vbce I—1

2j—1
=VpcMsin(a,) — o = arcsin <(L]—1)M) (15)



and the insertion angle vector . becomes

o = arcsin (ﬁ)

oy, = arcsin ((2"7_1>

o= L-1)M (16)
Ol+1 = %
-1 = %

Fundamental Selective Harmonic Elimination/Mitigation

Another method to synthesize the desired sinusoidal output voltage waveform is Fundamental
Selective Harmonic Elimination. As described in [18], through the adjustment of the insertion angles «,
an L-level converter can control up to LTfl voltage components, including the fundamental component.
Hence, a selection of low order harmonics can be controlled to be zero. For example, to find the proper
values of o for a three-phase converter (excluding even and triplen harmonics) operating at a modulation
index M close to unity, the following set of nonlinear equations must be solved:

8Vbc
(L—1)lxn

8V
Vaz,s = iﬂ (cos(Socl) + ... +cos(50L1 )> =0

Vaz1 = (cos(]ocl)—i— +cos(1(xL21)> =MVWpc

(L—1)5 N
8Vbc
e = L 1)m (COS(MIH +COS(7O“21)> - )
Vi
Vaz, hnx = % <005(hmaxocl) + . +Cos(hma"mzl)> =0

The nonlinear equation system in (17) can be numerically solved. However, due to the nonlinear trigono-
metric functions cos(hay, ), the computational effort is quite high. Thus, the expressions for the harmonics
can be linearized using the following term

4]

| | . L1
cos(ho,) = Y (—1)/ <2hj> sin? (o) cos" ¥ (0,)  with n= {1,2,3,...,T} (18)
=0

with the binomial coefficient according to

h h!
<2j> T epih-2j) (19)

For example, for 4 = 3, (18) becomes

I3\ . .
cos(3a,) = jz{ (—1)/ <2j> sin®/ (a1, cos® %/ (o) 20)
cos(30,) = [cos® (aty)] ‘j:O + [ - 3sin*(at,) cos(0y,)] ‘j:l
With the help of the trigonometric expression

sin®(o,) +cos?(at,) =1 —  sin®(a,) =1 —cos*(at,) (21)



(20) can be simplified and, thus, becomes
cos(30r,) = 4cos® (o) —3cos(oy,) . (22)
Calculating (18), for a series of A, the following recursive relation can be obtained

cos(Oa,)

cos(lay,) = cos(at,)

cos(20,,) = 2cos>(ay,) — 1

cos(3at,) = 4cos(a,,) —3cos(ot,) (23)
(401,)

cos(4a,,) = 8cos*(ay,) — 8cos*(ay,) + 1

cos((j+ 1)ay,) =2cos(o,;)cos((j)oy,) —cos((j—1)oy,)

which is referred to as Chebyshev polynomials. In a three-phase arrangement, without the optional
grounding as shown in Fig. 1, it is preferred to select the harmonics to be eliminated among a series of
odd harmonics, excluding the triplen harmonics, according to

Hj phase = 5,7,11,13,17,19,23,25,29,31... = Y i-6£1 (24)

whereas in a single-phase arrangement a selection among all odd harmonics should be made according
to

Hi phase = 3,5,7,9,11,13,15,17,19,21,23... = Y i-2+1 . 25)

Listing 1 in the Appendix shows a numerical approach to solve the set of linearized equations for a certain
modulation index M. As shown for a nine-level inverter, the calculation time is about 7 min and 18s.
When increasing the number of levels beyond nine, the computational time increases significantly and,
thus, the equation system cannot be numerically solved any longer. Therefore, the nonlinear equation
system can be used to formulate the following optimization problem, considering a single or three-phase
converter arrangement:

Single — Phase :

L2 Bt
8V 2
minimize (L+1- DC Z cos(ha,)
o h=35,7 n=1
Three — Phase :
o 35{1:2 <3L+3 h) 8Vbc LXZ,’ (haw)| f dd -1
minimize — cos(hay, or odd ——
o h=5711... 2 (L—1)hm 2
L—1 L—1
minimize 322"1 <3L+3 —h+(-1) [4] > _8Vbe E cos(hoy,)| for even L=l
« h=5,7,1 2 ( - l)hTE n=1 '
Constraints :
8V
subject to Vaz1 = @ ch) <cos(ocl) + . +cos((xL2)) VocM
i
0<oy <o <.... ga%gi

(26)



To solve the formulated problem in (26), Matlab’s Genetic Algorithm (GA) can be used. Solving the
optimization can be faster than a pure numerical approach, whereas the obtained solution might not
equal the global optimum. Listing 2 in the Appendix shows the Matlab code for the optimization using

the genetic algorithm.

Optimized Voltage Waveform for a 17-Level Converter

A multilevel converter with 17 output levels is considered to assess the effectiveness of the intro-
duced optimization approaches in comparison to nearest-level control. For the optimization problem, a
three-phase arrangement with and without the optional grounding, as show in Fig. 1 and described in
(26), is considered. The insertion angles are optimized relative to the modulation index M using Mat-
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Fig. 3: (a) Synthesized reference voltage using NLC and optimized insertion angles and (b) correspond-
ing harmonic components, including WTHD p, and WT HD5 py,.
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Fig. 4: (a) Cost function value, (b) harmonic components and (c) insertion angles relative to the modula-
tion index M when using NLC.

lab’s Genetic Algorithm (see Appendix Listing 2). Within the remainder of this article, the optimization
solutions are referred to as GAj p, and GAj3 pn. The quantities WTHD; p, and WTHD; py, are used as

benchmark parameters to asses the probable current quality.
Figure 3 (a) shows the sinusoidal reference voltage for a modulation index M of 0.95 and the
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Fig. 5: (a) Cost function value, (b) harmonic components and (c) insertion angles relative to the modula-
tion index M when using the genetic algorithm optimization solution with respect to a series of odd
harmonics (with optional grounding/single-phase). (d) Cost function value, () harmonic components
and (f) insertion angles relative to the modulation index M when using the genetic algorithm optimiza-
tion solution with respect to a series of odd harmonics excluding the triplen harmonics (without
optional grounding/three-phase).

corresponding staircase shaped output voltage waveforms. The blue waveform is synthesized using
nearest-level control. The red and the green waveform are obtained using the optimized insertion angles
when considering a single phase and a three-phase system without the optional grounding (see Fig. 1),
respectively. The corresponding harmonic components of the waveforms are shown in Fig. 3 (b). As
can be seen, the GA1 py, solution reduces the magnitude of the low-order harmonics up to the 9" order,
whereas some of the higher order harmonics (11‘1‘, 17t 218, 231 . ) are increased in comparison to
NLC. The value of the weighted THD, WT HD; py, is marginally decreased when using the GAj py, solu-
tion in comparison to NLC. Nonetheless, considering the GAj3 py solution, all of the targeted low-order
harmonics are almost eliminated, whereas the triplen, low-order harmonics (3" and 9™) are increased.
Therefore, the value of the WT HD; py, is reduced from 0.25 % to 0.09 % when using the GA3 py solution
in comparison to NLC.

The cost function value, the magnitude of the low-order harmonics components and the inser-
tion angles relative to the modulation index for NLC and the genetic algorithm optimizations GA1 p, and
GA3 pn can be seen in Figs. 4 and 5, respectively. The calculated values of the WTHD1 p, and WT HD3 pp,



relative to the modulation index M for NLC in comparison to the optimization solutions GA; pp and
GA3 pn can be seen in Fig. 6. The modulation index from 0.5 to 1.0 is highlighted in both Fig. 6(a)
and Fig. 6(b). On the one hand, similar as seen from Fig. 3, the optimization solution GA p, does not
significantly improve the WT'HD pn. Thus, an optimization of the insertion angles for a single phase
system or a three-phase system with both star points grounded does not seem reasonable, since NLC
is achieving a similar current quality according to the obtained WTHD p, values. On the other hand,
when considering a three-phase system without the additional grounding, the value of the WTHDs py
can be reduced when using the GAj3 py, solution in comparison to NLC, as shown in Fig. 6(b). As can be
seen, for certain values of the modulation index M, the WT HDj3 py, can be reduced by a factor of about
3 to 4, whereas for some other values of the modulation index M the improvement is almost negligible.
However, since the optimized GA3 py solution does not necessarily contain the global optimum insertion
angles, the presented solution could be enhanced further.
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Fig. 6: Obtained values of the (a) WTHD py and (b) WT HD3 py, relative to the modulation index M for
NLC in comparison to the optimization solutions GA{ pp and GA3 py.

Conclusion

This paper has dealt with an elimination/mitigation technique of a selection of a multilevel con-
verter’s low-order output voltage harmonics when using fundamental frequency switching. In compar-
ison to nearest-level control, its effect, when operating in a single or three-phase arrangement (without
both star points grouned), has been assessed using the concept of the weighted total harmonic distortion,
WTHD.

Using fundamental frequency switching, an L-level multilevel converter, when operating at a high
modulation index M, can control up to LTfl output voltage components, including the fundamental com-
ponent. To achieve a proper elimination, the insertion angles o must be properly determined in an offline
calculation or optimization, requiring a high computational effort. It has been shown that the nonlinear
set of expressions of the output harmonics can be linearized using Chebyshev polynomials. Thus, solv-
ing the set of linearized equations numerically seems convenient for up to nine output voltage levels. For
more than nine output voltage levels, the computation time increases significantly. Therefore, when hav-
ing more than nine output voltage levels, it has been suggested to use an optimization approach instead,
utilizing for example Matlab’s genetic algorithm. Nonetheless, a sweep of optimizations relative to the
modulation index has showed that it is quite difficult to find the proper insertion angles to eliminate all
selected harmonic components completely.

Nevertheless, from the obtained results for a suggested 17-level converter, the following conclu-
sions can be drawn: When operating in a three-phase arrangement (without the additional grounding),
the current quality can be significantly increased when using an optimized output voltage waveform.
A wide selection of low-order harmonics are reduced, whereas the triplen harmonics are increased, but
these do not create any currents. However, when operating in a single-phase arrangement, the current
quality cannot be improved when using an optimized voltage waveform.



Appendix

Listing 1: Numerical solution using trigonometric identities and Matlab command vpasolve().

%% Parameters
M=0.8; L=9; %modulation index and number of levels

%% Setting up FSHE Problem

X=sym('x"' ,[(L—=1)/2 1]); %number of levels defines the number of angles/variables

HO=X./X; H1=X; H2=2+«X.xH1-HO; Harmonics=[H1 H2]; %Chebyshev polynomials to express cos(n

xalpha)

for i=3:L*2 %recursive construction of higher order harmonics using Chebyshev polynomials
Harmonics=[Harmonics 2xX.x Harmonics (:,i—1)-Harmonics (:,1—2)];

end

%it might be possible to control a maximum of (L—1)/2 components

Equations=sym (' Equations' ,[(L—1)/2 1]);%number of equation can be relaxed

Equations (1) =(8/((L—1)*pi) ) *(sum (X) )-M;%fundamental

for i=1:(L—1)/2—1 %starts from 2 since the first equation is the fundamental

9H=[3 5 7 9 11 13 15 17 19 21 23];%odd harmonics

H=[5 7 11 13 17 19 23 25 29 31 35];%odd harmonics minus multiple of three

Equations (i+1)=sum(Harmonics (: ,H(i)));% select harmonics from vector H to be eliminated

end

%% Solve FSHE problem

tic

Xsol=struct2cell (vpasolve (Equations (:)==0,X));%solve equations
toc %measure time for computation

%% Postprocess Solutions

Xsol_mat =[];

for i=1:(L-1)/2

Xsol_mat=[Xsol_mat Xsol{i,1}];

end
Xsol_mat=double ( Xsol_mat) ;
for i=size(Xsol-mat,1):—1:1 %eliminate negative and complex solutions
if isreal(Xsol.mat(i,:)) && sum(Xsol-mat(i,:)>0)==(L—-1)/2
else
Xsol-mat (i,:) =[];
end
end

Xsol_mat=unique (sort (Xsol_-mat ,2));%sort alpha and eliminate redundant solutions
Xsol_mat=sort (Xsol-mat,1, 'descend"');

%% Solution Including Fundamental And Harmonic Components

alpha=acos (Xsol_-mat) ;alpha"

V1=(8/((L—1)*pi))*(sum(cos (alpha)));V3=(8/((L—1)*pi))=*(sum(cos(3*alpha)));
V5=(8/((L—1)*pi))*(sum(cos(5*alpha)));V7=(8/((L—1)*pi))*(sum(cos(7xalpha)));
V9=(8/((L—1)*pi))*(sum(cos (9xalpha)));V11l=(8/((L—1)*pi))=*(sum(cos(1llxalpha)));

Using a computer with an intel i7-7700 and 64 Gb of RAM, the computation time of the above code for
a nine-level output waveform with a modulation index of 0.8 was about 7 min and 18s. The obtained
result can be seen below:

alpha’ = 0.4311 0.7947 0.9955 1.2023

vVl = 0.8000

V3 = -0.7430

V5 = 0 (eliminated)

V7 = 0 (eliminated)

V9 = -0.3697

V11l = 0 (eliminated)

Listing 2: Optimization using Matlab’s genetic algorithm.

Y%Parameters

M_sweep=linspace (0.0,4/pi,50) ;L=17; %modulation index sweep and number of levels
M_sweep=[0.8 0.95]

%% Setting up FSHE Problem
nvars=(L—1)/2; %number of levels defines the number of angles/variables
A=zeros (nvars+1,nvars);



for n=1:nvars
A(n:n+1,n)=[—1;1];

end
b=zer
Cr(w S el

os(nvars+1,1);b(end,1)=pi/2;

ection of harmonics to be eliminated/mitigated and corresponding cost function

% h=3:2:L—2;

% fun
h=[5

=@(alpha)8«(L+1-h)./((L—1)*xh*pi)*abs(cos(h'+alpha)*ones((L—-1)/2,1));
7 11 13 17 19 23];

fun:j@Q(al;)ﬁ)la) 8+((3*L+3)/2—h+(—1). " (ceil (h/3)))./((L—1)xh*pi)+*abs(cos(h'+alpha)*ones ((L—1)
1))

Solution =[]; Voltage =[]; Flag=[]; cost =[]; %create solution variables

for z=1:size (M_sweep,2)

M=M_sweep (z) ;

if z==

lb=zeros (1,N); %setting lower bound for each angle to zero for first iteration
ub=ones (1,N)xpi/2;%setting upper bound for each angle to pi/2 for first iteration

else

1b=X0%0.8;%setting lower bound based on the previous iteration's result
ub=X0x*1.2;%setting upper bound based on the previous iteration's result
ubx=find (ub>=pi/2); % ensure that the upper bound does not exceed pi/2
ub (ubx)=pi/2;

end

options = optimoptions('ga');%use GA for optimzation

tic

[x,fval ,exitflag ,output,population,hscore| = ..

ga(fu

n,nvars,[],[],[],[],lb,ub,@(alpha)nonlcon (alpha,L ,M) ,[],options);%start optimization

toc %measure time for computation
z %output number of iteration
Y%postprocess

x=sort (x);

V=[];
for j
V=[V

end

—[1 ]
8/((L—1)*j*pi)*(sum(cos(j*x)))]; %calculate fundamental and harmonics

Y%save solution

X0=x;
end

Voltage=[Voltage V']; Solution=[Solution x'];Flag=[Flag exitflag];cost=[cost fval];
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