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satisfies a set of moment conditions that involves a residue current
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1. Introduction

Let i : X < C" be a subvariety or complex subspace whose underlying space, X4, is a
finite set of points {po,...,p,} C C". Let g be a holomorphic function on X, i.e. a global
holomorphic section of Oy, and let G € C[¢y,...,,] be a polynomial. We say that G
interpolates g if the pull-back of G to X equals g, i.e. i*G = g.

If X is reduced, then a holomorphic function g on X is just a function from X,.q =
{Po; ..., pr} to C, and we have that G interpolates g if G(p;) = g(p;) for eachj=0,...,r.
In the univariate case this is referred to as Lagrange interpolation. If X is not reduced, then
at each point pj, G also has to satisfy some conditions on its derivatives. In the univariate
case this is referred to as Hermite interpolation, see Example 4.3.

The motivating question for this note is the following. What are the necessary and
sufficient conditions on g for the existence of an interpolant of degree at most d?

Let Ax denote the vector space of holomorphic functions on X, i.e. Ay = H°(C", O).
Since the set of holomorphic functions on X that have an interpolant of degree at most d
is a linear subspace of Ax, we have that a function g € Ax has an interpolant of degree at
most d if and only if it satisfies a finite set of linear conditions. In this note we will show
how these linear conditions can be explicitly realized as a set of moment conditions that
involves a so-called residue current associated with a locally free resolution of Ox.

Recall that since X4 is a finite set of points, X can be viewed as a closed complex sub-
space of P, and we have that polynomials of degree at most d on C" naturally correspond
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to global holomorphic sections of the line bundle &'(d) — P" via d-homogenization. This
motivates the following more general notion of interpolation that we shall consider in this
note. Let i : X — P be a closed complex subspace of arbitrary dimension. Let ® and ¢
be global holomorphic sections of &(d) and Ox(d) = i* ' (d), respectively. We say that ®
interpolates ¢ if i* ® = ¢.

From a minimal graded free resolution of the homogeneous coordinate ring of X, Sx,
we obtain a locally free resolution of O of the form

0— OE) 25 ... L o@) L5 o — 0y — 0 (1)
where Ex = @, O (—0)Prt, see [1] and [2, Section 6]. The Br.¢ are referred to as the graded
Betti numbers of Sx. We equip the Ej with the natural Hermitian metrics. In [2], Andersson
and Wulcan showed that with (1), one can associate a residue current R that generalizes
the classical Coleff-Herrera product [3], see Section 2. It can be written as R = Zk,e Rie
where each Ry is an &'(—£)Pkt-valued (0, k)-current. In [4], the same authors proved a
result which as a special case gives a cohomological condition in terms of the current R for
when @ interpolates ¢. In Section 3 we will show that in our setting this condition amounts
to the following set of moment conditions.

Theorem 1.1: Let X C P be a closed complex subspace, and let R be the residue current
associated with (1). Moreover, let w be a nonvanishing holomorphic €'(n + 1)-valued n-
form. A global holomorphic section ¢ of Ox(d) has an interpolant if and only if for each £ it
holds that

/ Rueo ANhw =0 (2)
for all global holomorphic sections h of O(¢ —d — n — 1).

Recall that the interpolation degree of X is defined as
inf{d : all global holomorphic sections of 0% (d) has an interpolant}.

In particular, if X,q is a finite set of points in C", then the interpolation degree of X is the
smallest number d such that any g € Ax has an interpolant of degree at most d. Define

15 (Sx) = sup{€ : Bxe¢ # O} (3)

(We use the convention that the supremum of the empty set is —00.) As a consequence of
Theorem 1.1 we get the following bound of the interpolation degree.

Corollary 1.2: Let X C IP" be a closed complex subspace with homogeneous coordinate ring
Sx. The interpolation degree of X is less than or equal to t,(Sx) — n.

It can be shown by purely algebraic means that the interpolation degree of X is in fact
equal to t,(Sx) — n, see e.g. [5, Corollary 1.6]. If X4 consists of a finite set of points, then
it can be shown that t,,(Sx) — n is equal to the Castelnuovo-Mumford regularity of Sx, see
[1, Exercise 4E.5], and the statement in this case is Theorem 4.1 in [1].

In Section 4 we will consider the case when Xiq is a finite set of points in C”. In this case
the corresponding versions of Theorem 1.1 and Corollary 1.2 first appeared in [6]. We will
consider some examples where we explicitly write down the conditions for when g € Ax
has an interpolant of degree at most d. In particular, we will obtain the precise conditions
for when the Hermite interpolation problem has a solution.
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2. Residue currents

Let f be a holomorphic function in an open set in C". Let £ be a smooth (n, n)-form
with compact support. In [7], using Hironaka’s desingularization theorem, Herrera and
Lieberman proved that the limit
lim d
e—>0 [fI>e€ f
exists. Thus (4) defines a current known as the principal value current, which is denoted
by [1/f]. The residue current R of f is the (0, 1)-current d[1/f]. It is easy to see that Rf

has its support on V(f) = f~1(0), and that it satisfies the following duality principle: A
holomorphic function ® belongs to the ideal (f) if and only if Rf & = 0.

(4)

Example 2.1: Let ¢y € C. We have that the action ofc;)[l/({ — o)) on a test form £(¢) d¢
is given by

<5 [ﬁ] () dC> = 21i&({o). (5)

2.1. Residue currents associated with generically exact complexes

We will now consider a generalization of the above construction due to Andersson and
Wulcan. Consider a generically exact complex of Hermitian holomorphic vector bundles
over a complex manifold Y of dimension #,
0—)Eni>...£>Eli>Eo—>0, (6)

i.e. a complex that is exact outside an analytic variety Z C Y of positive codimension. The
vector bundle E = P, Ey has a natural superbundle structure, i.e. a Z,-grading, E = E &
E_, where E = @, Esk and E_ = @, Esk+1, which we shall refer to as the subspaces of
even and odd elements, respectively. This induces a Z,-grading on the sheaf of E-valued
currents € (E); if  ® & is an E-valued current, where w is a current and & is a smooth
section of E, then the degree of w ® & is the sum of the degree of £ and the current degree
of w modulo 2.

We say that an endomorphism on E is even (resp. odd) if it preserves (resp. switches)
the degree. If « is a smooth section of EndE, then it defines a map on % (E) via

a(w® &) = (—1) 080, @ o (g),

where w is a current and & is a smooth section of E. In particular, the map f = Y 7, fk
defines an odd map on €' (E). We define an odd map on ¢’ (E), V = f — 9, which, since f
and 9 anti-commute, satisfies V2 = 0. The map V extends to an odd map on €’ (EndE) via
Leibniz’s rule,

V(§) = (Va)§ + (—1)* e VE.
In [2], Andersson and Wulcan constructed EndE-valued currents

U=;U€=Z > U

l k>0+1
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and

R=YR=Y Y K

L L k>0+1
where U,f and Rﬁ are Hom(Ey, Ey)-valued currents of bidegree (0,k — £ — 1) and (0, k —
£), respectively, which satisty

VU=idg —R, VR=0. 7)

The current R is referred to as the residue current associated with (6) and it has its support
onZ.

Suppose that the complex of locally free sheaves corresponding to (6),

fn f2 fl
0— OE,)) — ...~ O(E) — O(Ey), (8)

is exact. When the Ej are equipped with Hermitian metrics, we shall refer to (8) as a
Hermitian resolution of the sheaf &'(Ey)/imf;. In this case it holds that RE=0if¢>1,
and henceforth we shall write Ry for R}. Moreover, we have that R satisfies the following
properties:

Duality principle: A holomorphic section ® of Ej belongs to imf; if and only if R® = 0.

Dimension principle: If codimZ > k, then R = 0.

Note that the second equality in (7) is equivalent to

fiR; =0, )
fertRip1 =R =0, 1<k<n-—1, (10)
dR, = 0. (11)

Leti: X < Y bea closed complex subspace with ideal sheaf .#x, and suppose that Ox =
i* Oy, which we identify with Oy /.#x, has a Hermitian resolution of the form
I S h

0— OE,) — ... — O(E,) — Oy — Ox — 0, (12)
cf.(8) where Ej is the trivial line bundle. For the associated residue current R = R; + - - - +
R,,, we can view each Ry as an Ej-valued (0, k)-current. Since imf; = .#x, we have that
i*® = 0 if and only if R® = 0 by the duality principle. More generally, let L — Y be a
holomorphic line bundle. If we equip L with a Hermitian metric, then we obtain a Her-
mitian resolution of i*L = Ox ® L by tensoring (12) with L, and we have that R is the
associated residue current with this resolution as well.

2.2. The Coleff-Herrera product

Let f = (fi,...,fp) : C* — CP be a holomorphic mapping such that V(f) = f~1(0) has
codimension p. In [3] Coleft and Herrera gave meaning to the product

,ufzé_)[/l]/\mAé[%], (13)
1 P

which is known as the Coleff-~Herrera product. In particular, if each f; only depends on gj,
then (13) is just the tensor product of the one-variable currents d[1/f;] described above.
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The current ,uf is 9-closed, has support V(f), and is anti-commuting in the ﬁ Moreover,
/ satisfies the duality principle, i.e. // ® = 0 if and only if ® € .7 (f), where .# (f) is the
ideal sheaf generated by f.

Let H — Y be a holomorphic Hermitian vector bundle of rank p, and let f be a
holomorphic section of the dual bundle H*. Let Ex = /\k H, and define 8y : Ex — Ej_;
as interior multiplication by f. This gives a generically exact complex (6). Suppose f =
fie] + -+ - + fpe; in some local holomorphic frame €} for H*. If codimf ~1(0) = p, then
the corresponding complex of sheaves is a Hermitian resolution of Oy /.# (f) known as
the Koszul complex, and it was proven in [8] that the associated residue current is given by
R=Rp=,ufe1/\~-/\ep.

2.3. A comparison formula for residue currents

We have the following comparison formula for residue currents, see Theorem 1.3 and
Corollary 4.7 in [9]. Let X C X’ be complex subspaces of codimension p of Y. Suppose
that there exist Hermitian resolutions of length p of Ox and Oy, respectively, and let R
and R’ be the associated residue currents. Moreover, suppose that there exists a map of
complexes

0— o) 2 L o) T oy —— o — 0

I bk

0 — O(E,) S/ (IR O(E)) —= Oy —— Ox — 0

3. Interpolation and residue currents

Let Y be a complex manifold of dimension #, and let i : X < Y be a closed complex sub-
space. Let L — Y be a holomorphic line bundle, and let ® and ¢ be global holomorphic
sections of L and i*L, respectively. We say that ® interpolates ¢ if i* ® = ¢.

Suppose that there exists a Hermitian resolution of Ox of the form (12), and let R denote
the associated residue current. For each point x € Y there is a neighbourhood % and a
holomorphic section ¢ of L such that i*¢ = ¢ on % . We define the current Rp on Y locally
as Rg. This is well-defined since if ¢’ is another section such that i*@¢’ = ¢, then R(¢ —
@) = 0 by the duality principle.

We have the following result which follows immediately as a special case of Lemma 4.5
(ii) in [4].

Lemma 3.1: Let ® and ¢ be global holomorphic sections of L and i*L, respectively. Then ®
interpolates ¢ if and only if there exists a current w such that & — Rp = Vw.

In other words, ¢ has an interpolant if and only if there exist currents wy, . .., w;, such
that ow,, = R,p, and

Wk = fraWii1 + R, 1<k<n-—1 (14)
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Moreover, in this case an interpolant of ¢ is given by ® = f; w;. Note that ® is holomorphic
since 9@ = —fléwl = —fi(bw2 + R1¢) = —(fiR1)¢ = 0. Here the last equality follows
from (9).

Let us now consider interpolation on Y = IP” with respect to the line bundle L = &'(d).
Recall that there is a Hermitian resolution of Ox of the form (1). We write Ry, for the
O (—£)Prt -yalued component of Ry.

IfR,¢ = dwy, for some current w,, then one can successively find currents wy,_1, ..., w;
such that (14) holds since, in view of (10),

d(fit1Wk+1 + Rk@) = —fir10Wit1 + ORY = —(fir1Rer1 — 0R)g = 0,
and it follows from, e.g. [10, Theorem 10.7] that
HYP" E,®@ O(d) =0, 1<k<n-—1.
We thus have the following condition for the existence of an interpolant.

Lemma 3.2: A global holomorphic section ¢ of Ox has an interpolant if and only if Rug is
0-exact, i.e. there exists a current n such that R, = on.

Proof of Theorem 1.1: By Serre duality we have that R,, ¢¢ is d-exact if and only if
/ Ruep A =0
IP)Vl

for all global d-closed O (¢ — d)-valued (n, 0)-forms 1. Note that each such form is of the
form hw for some global holomorphic section h of &'(¢ — d — n — 1). Since R,,¢ is 9-exact
it and only if each component R, ¢¢ is, the statement follows from Lemma 3.2. |

Proof of Corollary 1.2: Let d > t,(Sx) — n, see (3), and let ¢ be a global holomorphic
section of Ox(d). We have for each £ that

/ Ry ANho =0

for all global holomorphic sections h of (¢ — d — n — 1). Indeed, if £ < d + n, the only
such £ is the zero section, and if £ > d + n, then R,y = 0 since 8, ¢ = 0. Therefore ¢ has
an interpolant by Theorem 1.1. |

4. Polynomial interpolation

Let us now return to the topic of polynomial interpolation. Recall that the setting is that X
is a complex subspace of C" such that X4 is a finite set of points. The aim of this section is
to give some examples where we explicitly compute the residue current R associated with
a Hermitian resolution of &’x and write down the moment conditions that Theorem 1.1
imposes on a function g € Ax for the existence of an interpolant of degree at most d. We
do this by identifying g with a global holomorphic section ¢ of Ox(d) and use the fact that
g has an interpolant of degree at most d if and only if ¢ has an interpolant. More precisely,



COMPLEX VARIABLES AND ELLIPTIC EQUATIONS 7

we let [z] = [20: ... :z,] denote homogeneous coordinates on P”, and we view C” as an
open complex subspace of P" via the embedding (¢1,...,¢,) = [1:&1: ... :&y]. Recall
that on C” there is a frame e for &'(1) such that a global holomorphic section ® of & (d) is
given by

cb(é:h cee ’é-n) - G(;l) cee ’gn)e(é‘l) cee ’;n)®d>

where G is a polynomial of degree at most d on C".
Throughout this section we shall let  in Theorem 1.1 be the nonvanishing holomorphic
O (n + 1)-valued n-form on P” such that

w=dg A A dg, @ 20D

on C" C P".
Note that the dimension principle gives that R = R,, and throughout this section we
write Ry rather than R, ¢ for the & (—€)Pnt -valued component of R,,.

Example 4.1: Let X = {(0,0), (1,0), (0, 1), (1, 1)} € C? C P?. We have that X is defined
by the homogeneous ideal Ix = (f1,f2), where fi = z1(z1 — 2z0) and f, = z2(z2 — 2z0). A
Hermitian resolution of O is given by the Koszul complex, see Section 2.2, where we
interpret (f1,f2) as a global holomorphic section of ¢/(2)%. Thus the associated residue
current takes values in &'(—4), and is given by the Coleff-Herrera product, see Section 2.2,

R=Ry=7 [;} N [;] S,
G161 —1) (5 —1)

By a straightforward computation, cf.(4), we get
Clelolel - le=il L]
Ry=(0|—|AO|—]|—0 ANOD|—
&1 $) Gi—1 )
ol na ] e ) e
&1 H—1 i —1 -1

By Theorem 1.1, we now get the following. Since Ry = 0 for £ > 5, we have thatany g € Ax
has an interpolant of degree at most 2. Moreover, g has an interpolant of degree at most 1
if and only if (2) holds when £ = 4 and & = 1. In view of (5) this amounts to

8(0,0) — g(1,0) —g(0,1) +¢(1,1) = 0, (15)

which is expected since the values of g at (0,0), (1,0), and (0, 1) uniquely determines a
polynomial of degree at most 1 that takes the value g(1,0) + g(0,1) — g(0,0) at (1, 1). Note
that this gives that the interpolation degree of X is 2.

We have that g has a constant interpolant if and only if (2) holds for all global holomor-
phic & of O'(1). By linearity we only need to check h = 2y, z1, z2, which amounts to (15),
g(1,1) — g(1,0) = 0,and g(1,1) — g(0,1) = 0. This amounts to

8(0,0) =¢(1,0) =g(0,1) = g(1, 1)

as expected.
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Example 4.2: Let X = {(0,0), (1,0), (0,1),(0,2)} C C? C P2. We have that X is defined
by the homogeneous ideal Ix = (z1a1,2122, 22a2), where a; = z; — zp and a; = (22 —
20)(z2 — 2z9). We have Hermitian resolutions of Op2/.# (z1a1, z2a;) and O and a map
of complexes:

O(-5) —2 4 6(-2) & 60(-3) —2s Gpr —— Op2 /I (2101, 2202)

I bk

O(=3)® 6(—4) I 6(-22 @ 6(-3) L Gpp —— Ox

where the upper complex is the Koszul complex, see Section 2.2. Moreover,

—22 0
f1=[Z1111 z122 Zzaz], h=la —a,
0 Z1

and
1 0

yi=|0 of, 1ﬁ2=|:a2]-
0 1

Let R and R’ denote the residue currents associated with the resolutions of &x and
0|9 (z1a1,22a3), respectively. We have that R" = R; takes values in &'(—5) and is given
by the Coleff-Herrera product, see Section 2.2,

R =3 [;} A [ ! ]e®<—5>.
G —1 06— D62 —2)

Thus by the comparison formula, see Section 2.3, R = YR’ = R3 @ Ry. A straightforward
computation gives that

sl

GG =1 &

Cla]alz] e g ) e
&1 & 1—1 19}

(2] el
&1 £2(82 = D62 —2)
1-11 -1 =11 - 1 1-11 - 1
Elel el el le=l el le=)
2 L& & &1 L-11 2 L& {—2
By Theorem 1.1, we now get the following. Since Ry = 0 for £ > 5, we have thatany g € Ax

has an interpolant of degree at most 2. Moreover, g has an interpolant of degree at most 1
if and only if (2) holds when ¢ = 4 and i = 1. (Note that there is no condition involving

Il
Qi

R;3

Il
1Y

+

and

Ry
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R3 since £ —d — n — 1 < 0in this case.) In view of (5) we get the condition

1 1
Eg(O’ 0) — g(0> D+ 58(0, 2) =0, (16)

which is expected since g has an interpolant of degree at most 1 if and only if g(0, 1) is the
average of g(0,0) and g(0, 2). Note that this gives that the interpolation degree of X is 2.

We get that ¢ has a constant interpolant if and only if (2) holds when ¢ =4 for h =
20,21, 22, and when £ = 3 and h = 1. Since z; vanishes on the support of R4, this amounts
to Equation (16), g(0,2) — ¢(0,1) = 0 and g(1,0) — g(0,0) = 0. This amounts to

8(0,0) = g(1,0) = g(0,1) = g(0,2)

as expected.

We end this note by considering Hermite interpolation. We refer to, e.g. [11-13], and
references therein for a classical survey of this topic.

Example 4.3: Let py,...,pr € C, and let g be a holomorphic function on the complex
subspace X C C defined by the ideal generated by ]_[jrzo({ — pj). Here we allow for the
possibility that p; = p; for some i, j, so that X is nonreduced in general, and we denote the
number of times that p; occurs by m;. We have that a polynomial G interpolates g if and
only if, foreachj =0, ...,r,

Py =¢®0p, k=0,...,m—1.

We say that a polynomial interpolates g with respect to po, . . ., px, k < r, if it interpolates
the pull-back of g to the complex subspace defined by the ideal generated by ]_[]l;o(g —
pj). We denote the unique polynomial that interpolates g with respect to po, ..., px by
HIg; po, - - ., px]. The coefficient of its £*-term is referred to as the kth divided difference
of g and we denote it by g[po, . . ., px]. By induction it is not difficult to see that

r k—1
Higpo,- - p @) = Y _glpo. - pel [ [ = pp
k=0

j=0

see [11, Theorem 1.8]. This is referred to as Newton’s formula.

We claim that g € Ax has an interpolant of degree at most d if and only if
(gh)[pos - . ., pr] = 0 for all polynomials / of degree at most r—d—1. Let us show how this
condition follows from Theorem 1.1. Since the ideal is generated by a single element, we
have that the associated residue current is given by

. 1
R S e®(*1‘71).
i [ ;zo@—pj)}

Theorem 1.1 together with Stokes’ formula gives that g has an interpolant if and only if

_ 1 HIgh; pos ..., prl(£)
il = |eh A de = L d¢ =0
/(C |:Hj:0(§ _Pj):|g ¢ Cr Hj:()@ —pp ‘

for all polynomials h of degree at most r—d—1, where Cp is a circle of radius R > 0. Here
we have used the fact that H[gh; po, . . ., p,] interpolates gh. By letting R — oo, a direct
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calculation gives that the second integral is equal to 2mi - (gh)[po, . . ., pr], and hence the
claim follows.
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