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Abstract

In recent works—both experimental and theoretical—it has been shown how to use
computational geometry to efficiently construct approximations to the optimal trans-
port map between two given probability measures on Euclidean space, by discretizing
one of the measures. Here we provide a quantitative convergence analysis for the
solutions of the corresponding discretized Monge—Ampere equations. This yields
H'-converge rates, in terms of the corresponding spatial resolution /, of the discrete
approximations of the optimal transport map, when the source measure is discretized
and the target measure has bounded convex support. Periodic variants of the results are
also established. The proofs are based on new quantitative stability results for optimal
transport maps, shown using complex geometry.

Keywords Monge—Ampere equations - Optimal transport - Numerical analysis -
Complex differential geometry

Mathematics Subject Classification 35J60 - 90C08 - 65N99 - 53C56

1 Introduction

The theory of optimal transport [47], which was originally motivated by applications
to logistics and economics, has generated a multitude of applications ranging from
meteorology and cosmology to image processing and computer graphics in more recent
years [44,45]. This has led to a rapidly expanding literature on numerical methods to
construct optimal transport maps, using an appropriate discretization scheme. From
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the PDE point of view, this amounts to studying discretizations of the second boundary
value problem for the Monge—Ampere operator. The present paper is concerned with
a particular discretization scheme, known as semi-discrete optimal transport in the
optimal transport literature (see [6] and references therein for other discretization
schemes, based on finite differences). This approach uses computational geometry
to compute a solution to the corresponding discretized Monge—Ampere equation and
exhibits remarkable numerical performance, using a damped Newton iteration [34,38].
The convergence of the iteration toward the discrete solution was recently settled
in [31], and one of the main aims of the present paper is to establish quantitative
convergence rates of the discrete solutions, as the spatial resolution /4 tends to zero.

1.1 Background

Throughout the paper, we fix open bounded domains X and Y in R” with Y assumed
convex and a probability measure v on Y with a density which is uniformly bounded
from below:

v=1lyg(y)dy, geL'®R"), §:= inf g > 0 (1.1)

We recall that in the case when p is a probability measure on X which is also absolutely
continuous with respect to dx, i.e., u € Pye(X), then amap T in L*°(X, Y) is said
to be a transport map (with source  and target v) if

Tip =v

and T is said to be an optimal transport map (with respect to the Euclidean cost
function |x — y|?), denoted by T, if it realizes the infimum defining the Wasserstein

L2-distance Wa (i, v) [47]:
Wa(u, v) = inf f I — TP,
T Jx

where the infimum ranges over all transport maps. By Brenier’s theorem [14], there
exists a unique optimal transport map 7}; and it has the characteristic property of being
a gradient map:

vo__
T) =V¢

(in the almost everywhere sense) for a convex function ¢ on X, called the potential of
T); (see [47] for further background on optimal transport theory). The potential ¢ is
the unique (modulo an additive constant) convex solution to the corresponding second
boundary value problem for the Monge—Ampere operator: The sub-gradient image of
¢ is contained in the closure of Y,

Bp)(X) S Y (1.2)
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and ¢ solves the equation

MAg(¢) = 1, (1.3)

where the Monge—Ampere measure M Ay is the probability measure on X defined by
MAg($) = g(Vo) det(VZ¢)dx (1.4)

when ¢ is C 2_smooth and the general definition, due to Alexandrov, is recalled in
Sect. 2.1. We will say that (X, Y, u, v) is regular if the corresponding solution ¢ is
in C2(X). By Cafferelli’s regularity results [17—19], this is the case if X and Y are
assumed strictly convex with C2-boundary and the densities of u and v are Holder
continuous and strictly positive on X and Y, respectively. Then, ¢ defines a classical
solution of the corresponding PDE, and the corresponding optimal transport map
V¢ yields a diffeomorphism between the closures of X and Y. In fact, as is well
known, for any probability measure w, there exists a solution (in the weak sense of
Alexandrov) of the corresponding second boundary value problem, which is uniquely
determined up to normalization (Lemma 2.2). In the sequel, it will be convenient to
use the normalization condition that the integral of a solution over (X, dx) vanishes.

1.1.1 Discretization Using Semi-discrete Transport

A time-honored approach for discretizing Monge—Ampere equations, which goes back
to the classical work of Alexandrov on Minkowski type problems for convex bodies
and polyhedra, amounts to replacing the given probability measure u with a sequence
of discrete measures converging weakly toward x (see [1, Thm 7.3.2 and Section 7.6.2]
and [5, Section 17]). A standard way to obtain such a sequence is to first discretize
X by fixing a sequence of “point clouds” (x1,...,xy) € X N and a dual tessellation
of X with N cells (Ci)fvzl. This means that the union of C; cover X, x; € C; and
the intersection of different cells have zero Lebesgue measure. For example, given
a point cloud the corresponding Voronoi tessellation of X provides a canonical dual
tessellation of X. The “spatial resolution” of the discretization is quantified by

h := max diam(C;),
i<N

where diam(C;), denotes the diameter of the cell C;. The corresponding discretization
of the measure u is then defined by setting

N
=Y fidy fi = pn(Ci) (1.5)
i=1

where we have used the subindex / to emphasize that we are focusing on the limit
when & — 0 (see also Sect. 3.4 for other discretizations). This discretization scheme
corresponds, from the point of view of optimal transport, to the notion of semi-discrete
optimal transport (since it corresponds to optimal transport between the “continuous”
EOE';W

@ Springer Lﬁjog



1102 Foundations of Computational Mathematics (2021) 21:1099-1140

measure v and the discrete measure pj; see [31,34] and Sect. 5.2). From the point
of view of numerics, this kind of discretization scheme was first introduced in the
different setting of the Dirichlet problem in [43].

1.2 Convergence Rates for Discretized Monge-Ampére Equations

Given a point-cloud on X with spatial resolution /, we denote by ¢, the normalized
convex solution to the corresponding Monge—Ampere equation 1.3 with right-hand
side given by the discrete measure wup. It follows from a standard general convexity
argument that in the limit when # — 0 (and hence N — 00), the functions ¢, converge
uniformly toward the solution ¢, and as a consequence, the gradients of ¢;, converge
weakly toward the gradient of ¢ (in the sense of distributions; see Proposition 2.3).
But the argument gives no control on the rate of convergence (in terms of 4 or N™1)
and the main purpose of the present work is to provide such a result:

Theorem 1.1 (Regular case) Assume that (X, Y, u, v) is regular and let i, be a dis-
cretization of . Denote by ¢ and ¢y, the solutions to the corresponding second
boundary value problems for the Monge—Ampere operator. There exists a constant C|
(depending on (X, Y, u, v)) such that

1/2
lpn — @l px) = (/X |V — V¢|2dx> < Cih'? (1.6)

More precisely, if V¢ > C(;II, then

Ci = \/n(n +1Cpts-l (1.7)

where § is the constant in formula 1.1). The result thus holds more generally as long
as ¢ is uniformly convex and § > 0.

As a consequence, if Cp denotes the constant in the L?-Poincaré inequality on X
(e, [lullL2xy < Cp [IVull12(x) for u with zero average), then

lpn — @l 2(x) < CpC1h'? (1.8)

From the point of view of optimal transport theory, the previous theorem says that
the optimal transport map V¢ from p to v (defining a diffeomorphism between the
closures of X and Y) may be quantitatively approximated by the L°°-maps V¢y,. As
explained in Sect. 5, the gradient maps V¢, are piecewise constant on the convex hull
of the corresponding point cloud (more precisely, V¢, is constant on the facets of the
weighted Delaunay tessellation of R” induced by ¢y,).

We will also establish the following universal bound which applies in the general
case. It yields, in particular, a quantitative approximation of the corresponding optimal
transport map if ¢ has a density.

FoC'T
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Theorem 1.2 (General case) Let X and Y be bounded domains in R™ with Y assumed
convex and v a probability measure of the form 1.1. Then, for any given probability
measure (4 on X,

lpn — ll g1y < C2h%",

where the constant Cy only depends on upper bounds on the diameters of X and Y
and on positive lower bounds on the volume V (Y) of Y and §(:= supy (v/dy)).

The previous theorems are obtained as straightforward consequences of the fol-
lowing analytic inequalities of independent interest (see Theorem 3.5 for the precise
statements). Let ¢ and ¢; be two convex functions on X whose sub-gradient images
are equal to ¥ (without of loss of generality the functions may be assumed to be
smooth). Then,

/;( Voo — Vi dx < CO/X(¢] — ¢0) (MAg(do) — MAy(9)) . (1.9

for a constant C depending on a positive lower bound on V2¢g. Moreover, in general,

1721
/X Vo — Vi [*dx < C (/X(Qh — ¢0) (M Ag (o) — MAg(¢1))> (1.10)
for a constant C independent of ¢ and ¢;. Using that
/X(dn — ¢0) (MAg(do) — MAg(¢1)) < d(Y)Wi (MAg(¢o), MAg(¢1)) (1.11)

where W, denotes the Wasserstein L!-distance on P(X) and d(Y) the diameter of Y,
Theorems 1.1, 1.2 are deduced by setting ¢g = ¢ and ¢; = ¢;,, and noting that the
right-hand side in formula 1.11 is bounded from above by #.

1.3 Quantitative Stability for Optimal Transport Maps

The combination of the inequalities 1.9, 1.10 with the inequality 1.11 may be succinctly
formulated as a quantitative stability result for optimal transport maps:

Theorem 1.3 (Regular case). Assume that (X, Y, g, v) is regular. Then, there exists
a constant c1, depending on o and v, such that

” Tl:() - Tl/‘:l ||L2(X,dx) =c Wl (MOv :u“l)l/z

for any py € Pac(X). More generally, if the potential ¢ of T, is uniformly convex,
then the inequality above holds with c; = C} Jd(Y), where d(Y) denotes the diameter
FoL g
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of Y and Cy is as in formula 1.7. Moreover, if po and (11 have densities in L2(X),

then

Ho 1
x

” Tﬁfo - Tlrl HLZ(X,dX) =caCp Hd_ T dx

L2(X.dx)

where Cp is the Poincaré constant on X.

Recall that here 7] denotes the L?-optimal transport map from  to v. The power
1/2 in the first inequality of the previous theorem is sharp, as explained in Sect. 4.2.
In the general case, we have:

Theorem 1.4 (General case). There exists a constant ¢y such that

” Tll)() - Tlrl ||L2(X,dx) < W (,bL(), /'Ll)l/zn

for any pair o, 1 € Pue(X). More precisely, ¢y only depends on upper bounds on
the diameters of X and Y and on positive lower bounds on the volume V (Y) of Y and
8(:=supy (v/dy)) Moreover, if o and 1 have densities in L2%(X), then

1/@2"—1)
L2(X,dx)

Ko M1
17, = T gy = 3 22 21|

for a constant c3 depending on the same quantities as the constant c;.

Since W1 < W, where W, denotes the LP-Wasserstein distance, the previous
theorems also hold with W replaced by W,,.

Note that Theorems 1.3 and 1.4 imply Theorems 1.1 and 1.2, respectively. Indeed,
even though the Monge—Ampere measure of ¢y, is discrete and hence the push-forward
(Von)s«jan is ill-defined, one can first apply Theorems 1.3, 1.4 to a regularization ¢j,
of ¢y, (e.g., obtained by convolution) and then let e — 0. Anyhow, as explained above,
all theorems above will be deduced from the analytic inequalities 1.9, 1.10.

1.4 Relations to Computational Geometry

An important motivation for the present work comes from the recent result in [31],
showing that the vector ¢, := (¢n(x1), ... Pn(xn)) € RN —which solves a discrete
variant of the Monge—Ampere equation (with target Y')—may be effectively computed
using a damped Newton iteration on R", which converges globally at a linear rate
toward ¢, (and locally at a quadratic rate if g is Lipschitz continuous). The iteration is
defined in terms of computational geometry, and the restriction of the solution ¢, to the
convex hull X, of the points {x1, . .., xx} can then be recovered as the piecewise affine
function defined by convex hull of the discrete graph of ¢,,. From this computational
point of view, Theorems 1.1, 1.2 above yield quantitative convergence results for the
corresponding discrete objects defined on X}, in the “continuous limit” when 7 — 0.
This is explained in Sect. 5.

Elol:;ﬂ
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1.5 The Periodic Setting

Now assume that p is a given Z"-periodic measure on R"” normalized so that its
total mass on a (or equivalently any) fundamental region X is equal to one (e.g.,
X = [0, 1[""). We then consider the corresponding Monge—Ampere equation 1.3 for a
convex function ¢ on R" subject to the condition that d¢ be periodic (which replaces
the second boundary condition 1.2). Such a convex function will be called quasi-
periodic.

In this periodic setting, Theorem 1.1 still applies (with X = [0, 1[") (see Sect. 6).
In terms of optimal transport, the induced diffeomorphism Ty of the torus (R/Z)"
transporting p to the Riemannian volume form on the flat torus is optimal with respect
to the cost function d(x, y)2 where d denotes the Riemannian distance function on
the flat torus [16,30].

1.6 Proofs by Complexification

The proofs of the key analytic inequalities 1.9 and 1.10 use a complexification argu-
ment to first deduce the special case when g is constant from well-known inequalities
in Kéhler geometry and pluripotential theory (due to Aubin [2] and Blocki [12], respec-
tively). Then, a separate variational argument is used to reduce the case of a general g to
the special case of a constant g. The universal dependence in Theorem 1.2 is obtained
by exploiting that a convex body Y induces a canonical toric Kidhler—Einstein metric,
whose analytical properties are controlled by upper bounds on the diameter of ¥ and
the inverse of the volume of Y (thanks to the estimates in [25,32]).

One may wonder whether the use of complex geometry is really necessary? In a
nutshell, the complexification method has two advantages:

e The exterior algebra of positive forms can be can be leveraged
e By a compactification argument (involving toric varieties), one may perform inte-
gration by parts without boundary terms.

(the second point is not needed in the periodic setting). The first point can without
doubt be replaced by a suitable linear algebra of mixed real Monge—Ampere operators
and mixed discriminants, etc. However, at least to the author, this appears to make the
calculations rather unwieldy (but see [33] for a real formalism mimicking the com-
plex formalism). Moreover, it seems likely that the second point can be circumvented
by an appropriate choice of cut-off functions in R”. Anyhow, an important merit of
the general complexification method employed in this paper is that it also opens the
door for direct applications of other results in complex geometry to the second bound-
ary value problem for the real Monge—Ampere equation and optimal transport. This
method is, in spirit, similar to Gromov’s approach [28] to the Brunn—Minkowski and
Alexander—Fenchel inequalities for convex bodies, which also exploits the complex
geometry of toric varieties.
EOE';W
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1.7 Comparison with Previous Results

There seem to be no prior results giving convergence rates (in any norms) for the
functions ¢y, or the vectors ¢, in the limit when 2 — 0 (even in the model case of a
uniform grid on the torus). Another quantitative stability result for optimal transport
maps, in the regular setting, has previously been obtained by Ambrosio (reported
in [26] where it was shown to be sharp). Translated into the present notation the
result in [26] shows that the inequality in Theorem 1.3 holds if the L°°-mappings
T, are replaced by their inverse, i.e., by the optimal transport maps T/ and the L'-
Wasserstein distance W is replaced with the (weaker) L2-Wasserstein distance W»
(see [26, Cor 3.4] and its proof). In other words, while Theorems 1.3, 1.4 above concern
stability of optimal transport maps with respect to variations of the source measure,
the result [26, Cor 3.4] concerns variations with respect to the target measure. Since
T} = V¢*, where ¢* denotes the Legendre transform of the solution ¢ to the second
boundary value problem discussed above, the stability result in [26, Cor 3.4] can be
used to obtain the same rates O (h'/?) for the H'-norm of the difference of Legendre
transforms ¢; — ¢*.

In the different setting of the Oliker—Prussner discretization of the Dirichlet prob-
lem for the Monge—Ampere equation [43] with g = 1 (where the second boundary
condition 1.2 is replaced by the vanishing of the solution ¢ at the boundary of X),
convergence rates for L°°-norms were established in [42] at a rate O (h*) under the
assumption that the solution ¢ € C>%(X). The proofs are based on a combination
of discrete Alexandroff L°°-estimates with Brunn—Minkowski inequalities (see also
the recent work [22] where an optimal rate O (h?) is shown, assuming bounds on the
fourth-order derivatives of ¢). Moreover, in [41] the L®-rates in [42] and [22] were
used to obtain rates for Wg-norms.

1.8 Comparison with Subsequent Developments

After the preprint version on ArXiv of the present paper had appeared, several inter-
esting new developments have emerged. In [39, Theorem 2.3], the stability result for
optimal transport maps in [26, Cor 3.4] (discussed above) was sharpened by replacing
W, with Wy, thus providing an analog of Theorem 1.3 when variations of the target
measure are considered instead. The proof of [39, Theorem 2.3] is based on an inequal-
ity of the form 1.9, but with ¢ and ¢; replaced by their Legendre transforms ¢ and
q)]k in the left-hand side (the constant also depends on a strict lower bound on V2¢, i.e.,
an upper bound on V2¢*; see [39, Lemma 2.4]). The latter inequality is shown using
an elegant convexity argument (see also [4] for a different Riemannian generalization
of [26, Cor 3.4]). Moreover, for general i, but with the density of v assumed constant,
an analog of the first inequality in Theorem 1.4 is established, when variations of the
target measure are considered; see [39, Theorem 3.1]. The power of W; obtained in
[39, Theorem 3.1] is equal to 2/15. Remarkably, the power is thus independent of the
dimension n (which is important for the applications to machine learning considered
in [39]). Moreover, an analog of the second inequality in Theorem 1.4 is obtained with
the L2-norm in the right-hand side replaced by an L'-norm (i.e., the total variation

FoC'T
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distance) raised to the power 1/5. One is thus naturally led to ask whether there is
a relation between the quantitative stability with respect to variations of the target
and the source, respectively? The answer is affirmative, as follows from arguments in
the appendix of [39]. However, when passing from one type of the inequalities, the
argument unfortunately diminishes the exponent of Wy; it gets divided by (n + 2).
(Hence, the exponent in Theorem 1.4 is larger than the one implied by [39, Theorem
3.1], as long as n < 5.) This is briefly explained in Sect. 4.3.

In the very recent work [35], a variant of the H '-estimate in Theorem 1.1 is obtained
(see [35, Cor 4.2, formula 4.8]). The main difference between the H'-estimate in
Theorem 1.1 and the one in [35] is that in [35] the values in Y of V¢, which are
constant on the facets of the weighted Delaunay tessellation of X, induced by ¢,
are replaced by the barycenters of the facets d¢y, (x;) of the dual tessellation of Y.
Moreover, while the constant in the estimate in Theorem 1.1 depends on a strictly
lower bound on V?2¢, the constant in [35] depends on an upper bound of V2¢. The
proof in [35] is based on a generalization of the quantitative stability result for the
optimal transport map T,/ in [26, Cor 3.4] (discussed above) to optimal transport
plans. The results in [35] also hold for fully discrete approximation schemes (see
[35, Thm 5.1]). See the end of Section 4 in [35] for a detailed comparison between
Theorem 1.1 (and Theorem 5.4) and the results in [35].

1.9 Organization

We start in Sect. 2 with preliminaries from convex and complex analysis. Since the
complex analytic side may not be familiar to some readers, a rather thorough presenta-
tion is provided. In Sect. 3, the theorems stated in the introduction are proven, starting
with the special case when the density g is constant on Y and finally reducing to the
special case. In Sect. 4, the relations to quantitative stability of optimal transport maps
are spelled out. The relations to computational geometry are explained in Sect. 5.4,
based on Proposition 5.1. In the final section, the periodic setting is considered.

2 Preliminaries
2.1 Convex Analytic Notions

Given a convex function ¢ on R” taking values in ] — co, oo] (and not identically equal
to 00), we denote by d¢ its subgradient, i.e., the set-valued function on R” defined
by

3¢ (x0) == {yo € R" : ¢(x0) + (yo.x —x0) < $(x)Vx € R"}

(in particular, if ¢ (xg) = oo, then d¢(x¢9) = ¥). The gradient (V¢)(x) of a convex
function exists a.e. on the set {¢ < oo} and defines a Ly, -map into R" (called the
Brenier map). The Monge—Ampeére measure of ¢ (in the sense of Alexandrov) is
FoC
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defined by

/MA(qb) :=/ dy, 2.1)
B ¢ (B)

for any Borel subset B of R". This yields a well-defined measure on R”. Indeed,
introducing the Legendre transform of ¢ (x), i.e., the convex function ¢* defined by

¢*(y) == sup (y-x —$(x)),

xeR?

the following formula holds:
MA(¢) = (Vo©).dy, 2.2)

i.e., M A(¢) is the measure obtained as the push-forward of the Lebesgue measure dy
under the L} -map V¢* (the formula follows from point 2 and 3 below).

We recall the following basic properties which hold for a given lower semi-
continuous (Isc) convex function ¢ : R" —] — 0o, oo]:

1) ¢ =¢

(2) y €09 (x) <= x € 3¢*(y)

3) (0¢)(R™") = {¢p* < oo} (which is a convex set)

(4) (39)(R") = (3¢)(supp(M A(¢))

(5) Ify € (0p)(R"), ie., y € 0¢(xy) for some x, € R", then

P*(») = sup x-y—¢x)=xy-y—d(xy)
xe(@9)(R")

(6) The function ¢ is piecewise affine on R" if and only if it is the max of a finite
number of affine functions, i.e., there exists yy, ..., ypr € R" (assumed distinct)
and ¢y, ..., cy in R such that

d(x) = 11{1a}xx Vi —Ci

Vi

(7) Denote by F; the closure of a maximal open region where the piecewise affine
function ¢ is affine. Then, we can label F; such that V¢ (x) = y; on the interior of
F;. Moreover, the corresponding covering of R” defines a polyhedral cell-complex
with facets F;.

(8) Denote by x;, ..., xy the O-dimensional cells (i.e., vertices) of the polyhedral
cell-complex above. Then,

supp(MA(#)) = {x1, ..., xn}

and 0¢ (x;) is the convex hull of the vectors y; associated to all facets F'; containing
Xi.
FolCTM
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A reference for point 1-5 is [47] and 6 could be taken as the definition of a convex
piecewise affine function and then point 7 follows readily. As for point 8, it can be
shown using the following observation: x is notin a 0-dimensional cell if and only if the
convex hull Cy (= d¢ (x)) of the vectors y; corresponding to the facets F; containing
x has dimension p < n (as can be seen by identifying the F;s with intersecting pieces
of hyperplanes in the graph of ¢ in R"*! and C, with the corresponding normal cone
at (x, ¢(x)). As a consequence, if x is not in a O-dimensional cell, then there exists a
whole neighborhood U of x having the latter property and hence (d¢)(U) is a null-set
for Lebesgue measure, i.e., M A(¢) = 0 in U. This shows that the support of M A(¢)
is contained in {x1, ..., x, }. Conversely, if x is contained in the latter set, then p = 0
and hence (d¢)(x) has dimension n, i.e., M A(¢){x} # O,

2.1.1 The Class Cy (R") of Convex Functions Associated with a Bounded Convex
Domain Y

Given a bounded convex domain Y, we denote by Cy (R") the space of all convex
functions on R” such that (3¢)(R") C Y. A reference element in Cy (R") is provided
by the support function of Y :

¢y (x) :=supx -y (2.3)
yeY

A function ¢ is in Cy (R") if and only if there exists a constant C such that ¢ < ¢y +C
(as follows from properties 3 and 5 in the previous section). A leading role in the present
paper will be played by the subspace Cy (R") of Cy(R") consisting of the convex
functions ¢ on R” with “maximal growth” in the sense that the reversed version of the
previous inequality also holds:

Cy(R")4 = {¢convex on R" and ¢ — ¢y € L (R")}

In particular, ¢y is in Cy (R") 4. If ¢ € Cy (R")4, then M A(¢)/V (Y) is a probability
measure (by point 3 in the previous section). The converse is not true in general, but
we will have great use the fact that if M A(¢)/V (Y) is a probability measure and
moreover M A(¢) has compact support, then ¢ is in Cy (R"),, as follows from the
following lemma:

Lemma 2.1 Assume that ¢ is in Cy (R™) and M A(¢p)/V (Y) is a probability measure.
If ¢ is normalized so that supg. (¢ — ¢y) = 0 (or equivalently, infy ¢* = 0), then for
anyq > n,

dy) d(y)(+n=1/9))

_ q
16 = byl < s [ IKIMA@) +Cog s /an MA@),

where C, 4 only depends on n and q and d(Y) and V (Y) denote the diameter and
volume of Y, respectively.

FolCT
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Proof Following the argument in the proof of [7, Prop 2.2], we denote by v := ¢™* is
the Legendre transform of ¢, which defines a convex function on the interior of Y.
By the Sobolev inequality for the embedding wla(y) € L®(Y), we have, since the
interior of Y is a bounded convex domain,

diam(y)(+n(1=1/a)) . 1/q
< — d C Vv d
suplv] < V(y)/ ()Idy + Cog - (/Y| v y)

(see [23, Lemma 1.7.3] or [40, Thm 4.4]). In general, as explained in [7, Prop 2.2],
infy v = —sup(¢ — ¢y) and hence, by assumption, infp v = 0. Assume that the
infimum is attained at yg € Y, i.e., v(yp) = 0. By convexity [v(y)| = v(y) — v(yp) <
Vu(y) - (y — yo). Thus, the Cauchy—Schwartz inequality yields

/ u)ldy < d(Y)f Vuldy.
Y Y

Finally, the proof is concluded by observing that f [Vv(y)|%dy = f [x|*M A(¢p) for
any « > 0 and

19 — by lpoeny = |07 Loy (24)

(which follows directly from the fact that the transformation ¢ — ¢* is decreasing
and involutive). ]

2.1.2 The Second Boundary Value Problem for the Monge—Ampére Equation

We next recall some basic properties of the second boundary value problem for the
Monge—Ampere equation, introduced in Sect. 1.1. We thus let X and Y be bounded
domains in R”, with Y bounded and convex. Given a function g with support Y
such that g € L'(Y, dy) the corresponding “g-Monge—Ampere measure” M A ¢ (@) is

defined by
/ MA(®) = / gdy,
B 9¢(B)

(see [37, Section 3] for a more general setting involving a cost function c¢). In particular,
if ¢ is smooth, then M A, (¢) is given by formula 1.4. In the case when gdy has unit
integral we denote by v the corresponding probability measure:

v :=gdy

Lemma 2.2 Given a probability measure yu with compact support contained in X, a
solution ¢y to the corresponding second boundary value problem 1.3, 1.2 exists and
is uniquely determined (mod R). Moreover, ¢px is equal to the restriction to X of ¢rn
(mod R).

Fo C 'ﬂ
@ Springer u.. :‘0 E|



Foundations of Computational Mathematics (2021) 21:1099-1140 1M

Proof This result goes back to Alexandrov’s classical work on Monge—Ampere equa-
tions, but for the convenience of the reader, we show here how to deduce the result
from Brenier’s theorem [14]. Given a closed subset F in R” denote by y ¢ the functions
which is equal to 0 on F and oo on the complement of F. In the proof, we will refer to
points 1-8 in Sect. 2.1. Set ¥x := (xx + ¢x)* (Where we have used that ¢x extends
uniquely to a Lipschitz continuous function on the closure of X). Since 1 and v have
the same mass, the second boundary condition 1.2 implies that 3¢y (R") = Y. Hence,
Yx 1is finite on Y (by point 3) and the MA-equation 1.3 is equivalent to

= (Vx)xv. 2.5

By Brenier’s uniqueness theorem [14], the latter equation determines the L°°-map
Virx a.e v. Since the support Y of v is connected, the restriction ¥ of ¥y to Y
is thus uniquely determined (mod R). Now, by point 1 ¥ + ¢x = ¥} and since
I(xx +ox)(R") € Y we get xx + ¢x = (xy + ¥x)* (by point 5). In particular,
on X we have ¢x = (xy + ¥)*, where r, as explained above, is independent of X.
Hence, replacing X with R” reveals that the corresponding two solutions coincide on
X (mod R) as desired. Also note that Brenier’s existence theorem says that given u
and v, there exists some convex function ¥ on Y satisfying Eq. 2.5. Hence, defining
¢x in terms of ¢ as above yields the existence of a solution to the second boundary
value problem. O

The uniqueness property in the previous lemma implies the following qualitative sta-
bility result:

Proposition 2.3 (Qualitative stability) Using the setup in the previous lemma let ¢y,
be a solution to the second boundary value problem obtained by replacing u with
un where wy, is a family of probability measures on X converging weakly toward
was h — 0. Then, Vy converges weakly toward V¢yx (more precisely, all the
distributional derivatives of ¢, converge weakly toward the distributional derivatives

of px).

Proof Let ¢, be the convex continuous solution on R” normalized by ¢y, (xg) = 0 for
a fixed point xg € X. Since d¢p, C Y and Y is assumed bounded, it follows from the
Arzela—Ascoli compactness theorem that there exists a subsequence ¢j,; converging
uniformly to a convex function ¢, on X as j — 00. By standard continuity properties
of Monge—Ampere operators, it follows that M A, (¢o0) = 1 (see [37, Corollary 3.1]
for a more general result). But then we can apply the uniqueness property in the
previous theorem to conclude that ¢, = ¢, where ¢ is the unique solution to 1.3,
1.2 on R" satisfying ¢ (xg) = 0 and hence the whole family ¢, converges locally
uniformly on R” toward ¢. The last statement then follows directly from the definition
of distributional derivatives. O

2.2 Complex Analytic Notions

For the benefit of the reader lacking background in complex analysis and geometry, we
provide a (hopefully user-friendly) recap of some complex analytic notions (see the
FoC
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book [24] for further general background and [7] for the case of toric varieties). Setting
z:=x +iy € C" the space ' (C") of all complex one-forms on C" decomposes as
a sum

ol = o + %L, (2.6)

of the two subspaces spanned by {dz;} and {dZ;}, respectively. This induces a decom-
position of the exterior algebra of all complex differential forms € (C") into forms
of bidegree (p, g), where p < n and ¢ < n. Accordingly, the exterior derivative d
decomposes as d = 9 + 9, where

n

3¢ 3 3 3
00 := —dz;, — =(——1—)/2,
¢ ; 0z; “ 0z (ax,- lay,-)/

and taking its complex conjugate defines the (0, 1)-form d¢. In particular,

LY VUL
- ¢ 2an

i,j<n

9%¢
—dz; NdZ;, 2.7
0z;07; l ! @7

defines a real (1, 1)-form (this normalization turns out to be useful, as illustrated by
Example 2.4, 2.4). Such a smooth form w is said to be positive (Kéhler), written as
w > 0 (w > 0), if the corresponding Hermitian matrix is semi-positive (positive
definite) at any point. Positivity can also be defined for general (p, p)-forms, but for
the purpose of the present paper it is enough to know that

w; >0, i=1,..n = o A---Aw, >0,

where the last inequality holds in the sense of measures.

If ¢ is smooth, then ¢ is said to be plurisubharmonic (psh) if ®® > 0. A general
function ¢ € L}DC is said to be psh if it is strongly upper semi-continuous and w? > 0
holds in the weak sense of currents.

Example 2.4 The normalization used in the definition of w? ensures that when n = 1
the measure w? on C is the Dirac measure at 0 € C in the case when ¢ = log |z|>.

More generally, given a real (1, 1)-form wy a function u said to be wg-psh if
i -
wy = wo+ —addu >0
2

If wo := w?, this means that ¢ is psh if and only if u := ¢ — ¢y is wo-psh. When ¢;
fori =1,..., pispshandin Lj;, the positive closed (p, p)-currents
w¢1 /\.../\a)lpl’7
Elol:;ﬂ
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is defined by the local pluripotential theory of Bedford-Taylor. The current does not
charge pluripolar subsets (i.e., sets locally contained in the —oo-locus of a psh function)
and in particular not analytic subvarieties. Accordingly, the Monge—Ampere measure
of a locally bounded psh function ¢ (z), is defined by the measure

MAc(¢) == (@®)"/n!. (2.8)

We also recall that if ¢o and ¢ are as above, then the positive current 19 (¢o — ¢1) A
d(¢o — ¢1) may be defined by the formula

3o A dg i= —pddp + 339, ¢ = do — ¢
2.2.1 Metrics on Line Bundles and @¢-psh Functions

The local complex analytic notions above naturally extend to the global setting where
C" isreplaced by a complex manifold (since the decomposition 2.6 is invariant under a
holomorphic change of coordinates). However, if X is compact, then all psh functions
¢ on X are constant (by the maximum principle). Instead, the role of a (say, smooth)
psh function ¢ on C” is played by a positively curved metric on a line bundle L — X
(using additive notations for metrics). To briefly explain this first recall that a line
bundle L over a complex manifold X is, by definition, a complex manifold (called
the total space of L) with a surjective holomorphic map 7 to X such that the fibers
L, of m are one-dimensional complex vector spaces and such that r is locally trivial.
In other words, any point x € X admits a neighborhood U such thatw : L — U
is (equivariantly) isomorphic to the trivial projection U x C — U. Fixing such an
isomorphism, holomorphic sections of L — U may be identified with holomorphic
functions on U. In particular, the function 1 over U corresponds to a non-vanishing
holomorphic section siy of L — U. Now, a smooth (Hermitian) metric ||-|| on the
line bundle L is, by definition, a smooth family of Hermitian metrics on the one-
dimensional complex subspaces Ly, i.e., a one-homogeneous function on the total
space of the dual line bundle L* which vanishes precisely on the zero-section. Given a
covering U; of X and trivializations of L — Uj;, a metric ||-|| on L may be represented
by the following family of local functions ¢y, on U; :

2

oy, := —log HSUI.|

(accordingly a metric on L is often, in additive notation, denoted by the symbol ¢).
Even if the functions ¢y, do not agree on overlaps, the (normalized) curvature form
w of the metric ||-|| is a well-defined closed two-form on X, locally defined by
w|\U; = a)¢Ui
Singular metrics on L may be defined in a similar way. In particular, a singular met-
rics is said to have positive curvature if the local functions ¢y, are psh, i.e., the
corresponding curvature form w defines a positive (1, 1)-current on X. The difference
EOE';W
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of two metrics, written as ¢ — ¢» in additive notation, is always a globally well-
defined function on X (as a consequence, the curvature currents of any two metrics on
L are cohomologous and represent the first Chern class ¢; (L) € H?(X, Z)). Fixing
a reference metric ¢y and setting u := ¢ — ¢y, this means that the space all metrics
¢ on L with positive curvature current may be identified with the space of all wy-psh
functions u on X.

Example 2.5 The m-dimensional complex projective space P™ := C™t1 — {0}/C*)
comes with a tautological line bundle whose total space is C"*! and the line over
apoint [Zg : .... : Z,] € P" is the line C(Zy, ..., Z,). The dual of the tauto-
logical line bundle is called the hyperplane line bundle and is usually denoted by
O(1) (the notation reflects the fact that the metrics on O(1) may be identified with
1-homogeneous functions on C”*1). The Euclidean metric on C”*! induces a metric
on the tautological line bundle and hence on its dual O(1), called the Fubini—Study
metric. In the standard affine chart U := C" C P" defined by all points where zg % 0
and with the standard trivializing section sy := (1, z1, ..., z,) of the tautological line
bundle the Fubini—Study metric is represented by

drs(z) :=log sy lI* = log(1 + |z?),

defining a smooth metric with strictly positive curvature form. Another 7" -invariant
metric on O(1) with positive curvature current, which is continuous, but not smooth, is
the “max-metric” defined by the one-homogeneous psh function max{| Zo|, ..., | Z,|},
which may be represented by

Gmax (z) = logmax{1, |z11%, ..., |za|*},

Given any complex subvariety X & P, one obtains a line bundle L over X by
restricting O(1) to X (and a smooth positively curved metric ¢ by restricting the
Fubini—Study metric). If X is singular then, by Hironaka’s theorem it admits a smooth
resolution, i.e., a smooth compact manifold X’ with surjective and generically one-to-
one projection 7’ to X. Pulling back L by 7’ yields a line bundle L over X’ (endowed
with a smooth metric ¢').

2.2.2 The Toric Variety Associated to a Moment Polytope Y

Let Y be a bounded closed convex polytope with non-empty interior and rational
vertices. It determines a compact toric complex analytic variety X¢ and an ample line
bundle L over X¢. More precisely, this is the case if the rational polytope Y is replaced
by the integer polytope kY for a sufficiently large positive integer k. But since scalings
of Y will be harmless we may as well assume that k = 1. Then, X¢ may be defined
as the closure of the image of the holomorphic (algebraic) embedding defined by

C* — PM=1 g [fm0: ... M, 2.9)
FolCT
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using multinomial notation, where my, . .., my;_1 label the integer vectors in Y. The
line bundle L is then simply defined as the restriction to X¢ of the hyperplane line
bundle O(1) on P¥~1. By construction, the following holds:

e Xc may be embedded in a complex projective space PV in such a way that L
coincides with the restriction to X¢ of the hyperplane line bundle O(1) on PV,

e The standard action of the real n-dimensional torus 7" on C** extends to a holo-
morphic action of X¢ which lifts to the line bundle L.

By the first point above, we can identify C*" with an open dense subset of X¢, whose
complement in X¢ is an analytic subvariety.

Now, the key point is that the function ¢ (x) is in the class Cy (R") (Sect. 2.1.1) if
and only if ¢ (x) extends to a positively curved (singular) metric on L — Xc. More
precisely, we have the following [7, Prop 3.2]

Lemma 2.6 A convex function ¢ (x) such that Cy (R") 4 may be identified with a L*°-
metric on the line bundle L — X¢ with positive curvature current w®.

Proof Since the lemma will play a key role in the proof of the main results, we recall,
for the benefit of the reader, the simple proof. Without loss of generality, we can
assume that mq := 0 is in Y. By construction, the “max metric” on O(1) — PM~1
restricts to a continuous (and in particularly bounded) positively curved metric on
L — Xc. The map 2.9 may be factored as C** — CV — P¥~! Hence, the standard
trivialization of O(1) over the affine piece CV pulls back to give a trivialization of L
over C**, where the restricted max metric is represented by ¢y (x), when expressed
in the logarithmic coordinates x on R". Now, any other L®-metric ¢ on L — X¢
satisfies ¢ — ¢y € L°°(X¢) and, as a consequence, restricting to C*”* and switching to
the real logarithmic coordinate x shows that ¢ (x) is Cy (R") .. Conversely, given ¢ (x)
in Cy (R™)+ we have that ¢ (z) is psh on C** and u := ¢(z) — ¢y () is in L°(C*").
Since C*" is dense in X¢ and u < C, it admits a canonical upper semi-continuous
(usc) extension to all of X¢ (namely, the smallest one). Since ¢y (z) extends to define
a continuous metric on L — X, this means that ¢ extends from C*" to a canonical
usc metric on L — X (in additive notation) which has a positive curvature current on
C*" € Xc.Butthe complement X¢ —C*” is an analytic subvariety of X¢ and hence it
follows from basic local extension properties of psh functions that the corresponding
metric on L — X has positive curvature current. O

We note that for any ¢ as above
1 b1y
— ()" == V(Y), (2.10)
n! Xc

the volume of Y. Indeed, since M Ac(¢) does not charge analytic subvarieties, the
integral can be restricted to C*”* and then formula 2.13 can be invoked.

FoC
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2.3 Complex vs Real Notions

If ¢(z) = ¢ (x), i.e., ¢ is independent of the y-variable, then ¢ (z) is psh on C" if and
only if ¢ (x) is convex on R”, as follows directly from the relation:

92 1 92
‘7’_ = - Z (2.11)
82,‘3Zj 4 axiax]'

1,J<n

For example, if ¢ (x) := 4 |x|?/2, then u(x) is quasi-convex (i.e., u(x) := ¢(x) —
¢o(x) is convex) if and only if u(z) is wy-psh for

i - i B
wo 1= 500 = Z Sdzi AdZ; = Xi:dxi Adyi, (2.12)

the standard Kéhler form on C". The form wq descends to the Abelian variety C" /(Z+
iZ).

2.3.1 The Complex Torus C*"

Let Log be the map from C** to R" defined by

Log(z) := x := (log(|z11%), . .., log(|za|*).

The real torus 7" acts transitively on the fibers of the map Log. Pulling back a convex
function ¢ (x) on R"” by Log yields a T"-invariant function on C** that we will,
abusing notation slightly, denote by ¢ (z). The function ¢ (x) is convex if and only
if the corresponding function ¢ (z) on C*" is plurisubharmonic. This can be seen by
identifying C** with C"/inZ"(= R" + inT") using the multivalued logarithmic
holomorphic coordinate 2 log z, and proceeding as in Sect. 2.3.

We will have great use for the following lemma:

Lemma 2.7 Let ¢(x) be a finite convex function on R" and denote by ¢(z) the cor-
responding T"-invariant psh function on C*" defined as the pull-back of ¢ (x) under
the Log map. Similarly, if u is a difference of two finite convex functions on R" we
denote by u(z) the corresponding function on C**. Then, the following two identities
of measures on R" hold:

1 i -
(Log), <—,(—l 33¢)") = MA(9). (2.13)
n! 2w

and

i a 1 i an—11Y) _ 2
(Log), <§8u A du A TSl (3099 ) = |Vul, MA(9),
Elol:;ﬂ
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if ¢ (x) is assumed to be smooth and strictly convex, where g® denotes the Riemannian
metric on R" defined by the symmetric Hessian matrix V¢ and Vu is defined almost
everywhere with respect to dx.

Proof These formulas are essentially well known (in particular, the first one), but for
completeness a proof is provided. First consider two smooth functions ¢ (z) and u(z)
defined on C" with holomorphic coordinate z. Assume that ¢(x 4+ iy) and u(x + iy)
are independent of y. Then,

—( 83¢)" = iMA((;&) Ady (2.14)

and

i a 1 n—1 _ 2
SN BN - 1)'(2 36) o |Vu(x)|g¢ MA@ Ady — (2.15)

Indeed, without loss of generality, we may assume that ¢ (x) = Y A;|x; |2 (since it
is enough to prove the formulas at a fixed point, which may be taken as x = 0 and
since the formulas are invariant under z — Az for A € SO (n)). Then, $00¢ =

Zl ‘11 3)? o dx; A dy; and hence formula 2.14 follows directly. As for formula 2.15, it

follows from noting that the term involving dz; A dz; in du A du only gives a nonzero
contribution when it encounters the product of all terms in dd¢ not involving the index
i. Indeed, this gives

2
—AiAo - Apdx AN dy
A

ou

0x;

l—au/\éu/\
2

1 . n—1
& 1),( o) ;4

which proves formula 2.15. Then, by standard local approximation arguments, for-
mula 2.14 extends to the case when ¢ is non-smooth and formula 2.15 to the case
when u is non-smooth. Finally, consider C*" and denote by wj its standard holomor-
phic coordinates. This means that z; := 2log w; is multivalued on C*"* and the real
part of z is equal to Log (w). But locally z defines holomorphic coordinates on C*”
to which formula 2.14 and formula 2.15 apply. Moreover, we can identify dy/(4m)"
with the standard invariant probability measure on the 7" -fiber of the Log map from
C** to R". Since the push-forward operation amounts to integration along the fibers,
the formulas in the lemma thus follow from formula 2.14 and formula 2.15. O

3 Proof of Theorems 1.1, 1.2

Let X and Y be open bounded domains in R”, with ¥ convex. Assume given a positive
function g € L'(Y, dy) such

:ir)l/fg >0 3.1

FoE'ﬂ
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Recall that M Ag(¢) denotes the “g-Monge—Ampere measure” of a given convex
function ¢, defined in Sect. 2.1.2. When g = 1, we simply write MAg = M A.

3.1 The Key Analytic Inequalities When g = 1

We first consider when g = 1, starting with the case of a uniformly convex ¢y.

Proposition 3.1 Given bounded open domains X and Y with Y assumed convex,
assume that ¢y and ¢1 are convex functions on X, such that the closures of the
sub-gradient images (3¢;)(X) are equal to Y. If there exists a positive constant Co
such that V*¢y > Cy 7 (in the sense of distributions), then

/ Voo — V| *dx < HCS_I f (@1 — d0) (M A(po) — M A(91))-
X X
In order to prove this, we start with some preparations. First, by Lemma 2.7

@)1 (3.2)

— o) _ RIPWIN
| v ¢o)|g¢MA(¢>—/(LOg>_I(X) S A DA

holds for any smooth convex function ¢ on X. Next, we will use the same notation ¢
and ¢, for the canonical extensions to R” solving the corresponding second boundary
problem on all of R” (as in Lemma 2.2). In general, if ¢ (x) is a convex function on R”,
we will denote by ¢ (z) the corresponding 7" -invariant plurisubharmonic function on
C**, obtained by pulling back ¢ to C*”* using the log map (abusing notation slightly,
as in Sect. 2.3.1). It will be enough to prove the following identity:

— [ @0 =0 (@ —wy)

= é Z /C* 3o — d1) A 0(do — P1) A (@) A (0P1)/, (3.3)
=0

Indeed, first applying formula 3.2 to ¢ = |x|?/2 a gives

f Vo — Vi |2dx = 21— 3o — 1) A d(do — P1) A (@) <
X T J(Log)~1(X)
< 3(do — 1) A D (do — 1) A (@Y,

27 JLog—1(x)

using that, by assumption, % > Cy'w?. Finally, using that all the integrands in the

rhs of formula 3.3 are non-negative will then conclude the proof. In order to prove
Elol:;ﬂ
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formula 3.3 first note that
- [C (@0 — ¢1) ((@™)" = (@™)")

== 3" [ @0 =00 A 53-8 = 60 A @' A @,
=0 C#n T

as follows directly from the algebraic identity

n—1
(a)¢1)" _ (a)¢0)" — Z(w¢1 _ a)¢0) A (w</>0)n—j A (w¢1)j (3.4)
j=1

This means that if integration by parts can be justified, then the desired identity 3.3
follows. However, the non-compactness of C** poses non-trivial difficulties, so instead
of working directly on C** we will use a compactification argument, which applies
when Y is a rational polytope (the general case will then follow by approximation).

Compactification When Y is a Convex Polytope with Rational Vertices

Let X¢ be the compact toric complex analytic variety determined by the moment
polytope Y and denote by L the corresponding ample line bundle over X¢ (Sect.
2.2.2). By Lemma 2.1, combined with Lemma 2.6, the 7"-invariant psh functions
¢o(z) and ¢ (z) on C** extend to define L°°-metrics on the line bundle L — X¢ with
positive curvature currents »® and w®'. In particular, ¢ — ¢1 € L (Xc). We claim
that

(1 — ) ((@™)" = (@")")
Xc
= Z/ 21_3(¢o—¢1) Ao = ¢) A @) A @™ (35)
j=07Xe <1

This is a well-known identity in Kihler geometry (in the smooth case) and global
pluripotential theory (in the general singular L*°-case) and follows from the general
integration by parts formula for psh functionsin L7 in[13, Thm 1.14] (see [9, Formula
2.9]). But for the benefit of the reader, we provide the following alternative proof. First,
assume that the metrics ¢; on L are smooth (i.e., the restrictions to L — X of smooth
metrics on O(1) — PV). Expanding point-wise, as in formula 3.4 and using that
the form © := (0®)"~/ A (w?)/ is closed formula 3.5 then follows from Stokes
formula if X is non-singular and from Stokes formula on a non-singular resolution
of Xc if X¢ is singular. To handle the general case, we invoke the general fact that
any (possibly singular) metric on an ample line bundle L over a projective complex
variety can be written as a decreasing limit of smooth metrics [15] (in fact, this can
be shown by a simple direct argument in the present toric setting). Formula 3.5 then
follows from the previous smooth case, combined with the continuity of expressions
EOE';W
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of the form appearing in formula 3.5 under decreasing limits (see [13, Prop 2.8] and
its proof for much more general convergence results).

Conclusion of Proof of Proposition 3.1

Let Y be as in the previous step. Since the complex Monge—Ampere measures of locally
bounded psh functions do not charge complex analytic subvarieties, formula 3.5 on
C*" follows from formula 3.5 on X¢. Since each term in the right-hand side above is
non-negative, we deduce that

... (¢0 — ¢1) ((@*)" — (0?)")
1 i N
> - (o — d1) A d(do — p1) A (P

n!2m (Log)*l(X)

By 2.13 and 3.2, this proves formula 3.5 when Y is a convex polytope with rational
vertices. In the general case, we can write Y is an increasing limit of rational convex
polytopes Y;. Then, the general case follows from the previous case and basic qual-
itative stability properties for the solution of the second boundary value problem for
M A on X with respect to variations of the target domain Y.

3.1.1 The Key Inequality for General ¢pg and ¢,
We next turn to the key analytic inequality in the case of general ¢p, but still with
g=1.

Proposition 3.2 Given bounded open domains X and Y with Y assumed convex,
assume that ¢o and ¢1 are convex functions on X, such that the closures of the
sub-gradient images (0¢;)(X) are equal to Y. Then, there exists a constant C only
depending on X and Y such that

1/2n—1
/x Vo — Vo1 °dx < C (/X(¢1 — o) (MA(¢1) — MA(¢0))>

More precisely, the constant C only depends on upper bounds on the the diameters of
XandY, d(X) and d(Y) and a positive lower bound on the volume V (Y) of Y

Proof It will be enough to show that
1/2n—|

/X Vo — V¢1|§¢y MA@") < Cy (/X(¢1 — ¢0)(M A(¢o) — MA(¢>1))) (3.6)

for a fixed ¢¥ e Cy (R").. such that

VY < A1I, MA(¢Y) > Aydx
Elol:;ﬂ
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for some positive constants A; and A;. In fact, setting

R(X) := (sup |x]) (3.7

xeX

we will show that Cy only depends on upper bounds on R(X), R(Y) and

Ay:= 6" — g = inf | @" +0) —or| (3.8)

L®[®")/R ceR

To this end we may, without loss of generality, assume that ¢ and ¢; are sup-
normalized as in Lemma 2.1. Fix a sequence of rational convex polytopes Y; increasing
to Y and some (say smooth) functions ¢¥i € Cy (R"), such that

oV — ¢y, > ¢" — oy

uniformly on R”. Just as in the proof of Theorem 1.1, it will be enough to prove that
the inequality in the proposition holds when Y is a rational convex polytope and ¢! is
replaced by ¢¥/ (by letting j — oo in the end). We will identify, just as in the proof of
Theorem 1.1 a convex function ¢ (x) on R” with a psh function ¢ (z) on C*". Setting

Y.
wy; = w® /it will thus be enough to show that

i /C 3(go — p1) A D(ho — d1) A @y
1/20=D
<Cy, ( /C (1= 90) (@) — (w"")"))

We will deduce this inequality from the following inequality of Blocki [12] (see also
[10, Lemma A.1] for a more general inequality). Let (M, w) be a compact Kéhler
manifold and uy and u| w-psh functions on M in L°°(X). Then, there exists a constant
C s such that

1/2(}171)

i [ a0 - A b —un na ™ < Cy (f (uo—ul)(wzl—w;())) (3.9)
M M

The constant Cjs only depends (in a continuous fashion) on upper bounds on the L°°-
norms of ug and u; and the volume of w. More generally, exactly the same proof as
in [12] shows that the inequality holds more generally when w is a semi-positive form
with an L°°-potential and positive volume. In the present setting, we set

o = po(2) — ¢7 @), =12 — " ().

originally defined on C*". Just as in the proof of Theorem 1.1, the functions ¢, ¢
and ¢*’ may be identified with L>°-metrics on the ample line bundle L — M j over
the toric variety M; determined by Y;. Moreover, the corresponding currents extend
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to positive currents on M. Passing to a smooth resolution we may as well assume
that M; is smooth (and L semi-ample). Applying the inequality 3.9 on M}, all that
remains is to verify that the corresponding constants C; are under control. Applying
Lemma 2.1 and using that, by assumption, Y; is contained in Y, gives, for a fixed
q >n,

j d(y)
— oY <
H¢0 ¢ L V(Y]) R~
d(y)+n=1/9))
V({Y;)

|x| M A(¢o)

+Cug [ weteseacon + 67 - oy,

LOO

in terms of the L°°-norms on R”. Hence,

) M A(go)
lim sup ||uollj oo ps. Sd(Y)f X | ————
j—>oop LMy R" 409)

+Cp g d ()01 f [ M A(¢o)

V(Y) +”¢Y_¢Y” ’

LOO

Since the probability measure (o := M A(¢o)/V (Y) is supported in X, it follows that

tim sup luo | oo 1) < d(¥)R(X) + Cpgd (1) I+ -V R(x)7 1 H"’Y — ¢y HLOO .

Jj—o00

The same estimate also holds (for the same reason) for u . Finally, since the left-hand
side in the inequality 3.6 is invariant under ¢¥ — ¢¥ 4+ ¢ for ¢ € R, it follows that
the constant CY appearing in 3.6 only depends on upper bounds on ¢y through the
quantity A3 defined by formula 3.8. Moreover, as explained above C? also depends
on an upper bound on the volume of wy; on M. But (by formula 2.10) this equals n!
times the volume of Y;, which is bounded from above by a constant times d(Y)". All
in all this proves the inequality 3.6 with the desired control on the constant Cy. O

3.1.2 The Dependence on X and Y

Finally, we show that the constant C appearing in Proposition 3.2 can be made to only
depend on upper bounds on d(X), d(Y) and 1/V (Y). To see this first note that both
sides of the inequality in Proposition 3.2 are invariant under ¢; (x) — ¢;(x) —x - b for
any b € R", if Y is replaced by Y — {b}. In particular, taking b to be the barycenter of
Y we may as well assume that O is the barycenter of Y. Similarly, since both sides of
inequality in Proposition 3.2 are invariant under ¢; (x) — ¢; (x + a) for any a € R",
we may as well assume that O € X. It will then be enough to show that the auxiliary
convex function ¢¥ used in the proof above can be chosen so that the corresponding
constants A, Ay and Az only depend on upper bounds the outer radius R(X) and
R(Y) of X and Y (defined as in formula 3.7) and 1/V (Y). Indeed, since 0 € Y and
0 € X we have that R(Y) <d(Y) and R(X) < d(X).
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We will take ¢ to be the unique smooth and strictly convex function ¢ in Cy (R") ;
solving

MA(¢) = e %dx, (V¢)(0) =0 (3.10)

(the first equation geometrically means that ¢»(z) is a Kéhler potential for a Kihler—
Einstein metric on C*" and the second one ensures that ¢ is uniquely determined).
Since we have assumed that O is the barycenter of Y, it follows from [7] that such a
solution indeed exists (and is uniquely determined). Moreover, by [32] the solution
satisfies

V2¢ < 2R(Y)’I.

Thus, all that remains is to verify the bounds on A, and A3. To this end, first note that
it follows directly from the defining equation for ¢ that it is enough to establish an
upper bound on A3. This will be accomplished by the following:

Proposition 3.3 The unique solution ¢ € Cy (R"™) 4 of 3.10 satisfies

¢ — Py llpocrny < A,

where the constant A only depends on upper bounds on R(Y), 1/V(Y)and 1/Ry(Y),
where Ry(Y) :=d(0, 3Y) is the distance between O and 0Y .

Proof This proposition is implicitly contained in [25], but since it is not stated explicitly
there we briefly explain how to extract the bound in the proposition from the estimates
in [25, Section 3.3]. To this end, denote by v(y) the convex function on Y defined by
the Legendre transform of ¢ (which is denoted by u in [25] and Y is denoted by P
there). The equation for ¢ translates into

logdet(Vv) =x - Vv —v

(the lhs is denoted by L in [25] and the rhs by £, but the constant C appearing in
[25, formula 22] vanishes in the present setting). The assumption that V¢ (0) = 0
equivalently means that Vv(0) = 0 which, in turn, means that the infimum of v on ¥
is attained at y = 0. Set

= —v(0) = —inf
m v(0) 11)1/1)

Step 2 in [25, Section 3.3] yields a lower bound on m in terms of an upper bound on
R(Y) and a lower bound on the volume of Y. Step 4 gives an upper bound on m in
terms of upper bounds on 1/Ry(Y) and 1/V (Y). This implies that

o) =« x| +m—x,

where « is bounded from above by a constant only depending on upper bounds on
1/Rop(Y)and 1/V (Y) (see [25, formula 24]). But then it follows that, forany g > 0, the
FoC
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moment fRn |x|9M A(¢)/V is bounded from above by a constant only depending on
upper boundson R(Y), 1/Ro(Y) and 1/V(Y). Hence, by Lemma 2.1, the inequality in
the proposition holds if supg. (¢ —¢y) is added to the right-hand side of the inequality.
But, since supg: (¢ — ¢y) = m, which as explained above is bounded from above by
upper bounds on 1/Rp(Y) and 1/V (Y), this proves the proposition. O

Finally, the desired bound on A3 follows from the following elementary lemma show-
ing that 1/Ro(Y) < R(Y)"~1/V(Y):

Lemma3.4 Let Y be a convex body and denote by by the barycenter of Y. Assume
that Y is contained in a ball By of radius R. Then,

1 V(Y)

d(by, dY) > T

where ¢, denotes the volume of the unit-sphere d By in R".

Proof Denote by d(y) the function on Y defined as the distance of y € Y to dY and
set Y := {d > €} for a given ¢ > 0. Decomposing by as a convex combination of
by6 and b(yfye),

V(Ye)b V(Y —Ye)

r=ym et v

by -y,

and using that the function d(y) is concave (since it can be expressed as the infimum
over the affine functions defined by the distances to the supporting hyperplanes of Y)
and non-negative gives

Vo

d(by) > V(Y)

By the monotonicity of the surface area of convex bodies (i.e., the classical fact that
V(P) < V(dQ) if the convex body P is included in the convex body Q [46]), we
have, assuming that ¥ — Y, is non-empty,

V) =VX)=VE =Ye) = V() —eV(@Y) 2 V(Y) —€V(dBg)

Hence, d(by) > € — €3¢, R" L/V(Y) for any such € > 0. Optimizing over e, i.e.,
taking € = €p := ! thus concludes the proof when ¥ — Y, is non-empty.

2C R(Y)” 1
Finally, if Y — Y, is empty, then, since by € Y, it must be that d(by) > €, which
concludes the proof. O

3.2 The Key Analytic Inequalities for General g

We next turn to the case of a general density g with a strict positive lower bound é on
Y (formula 3.1).
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Theorem 3.5 Let X and Y be bounded open domains X in R" and assume that Y is
convex and endowed with a probability measure v satisfying 1.1. Let ¢o and ¢ be
convex functions on X, such that the closures of the sub-gradient images (0¢;)(X)
are equal to Y . If there exists a positive constant Co such that V>¢o > Cy I (in the
sense of distributions), then

fx Voo — Vi 12 dx < n(n+ 1HCp 167! /X(qs] — o) (MAg (o) — MAg(¢1)).

In general, there exists a constant C independent of ¢po and ¢ such that

1/2n—l
/ Vo — Vi [*dx < C (5_1 f (1 — do) (MAg (o) — MAg(¢1))> ,
X X
More precisely, the constant C only depends on upper bounds on the the diameters of
XandY, d(X) and d(Y) and a positive lower bound on the volume V (Y) of Y

Fix ¢g € Cy(R")4 (the class defined in Sect. 2.1.1) and set wo := MAg(do).
Consider the following functional on Cy (R") :

Ig(d) = /Rn (@ — ¢0) (~M Ag(¢) + o)

In order to prove Theorem 3.5, it will, by Propositions 3.1, 3.2 be enough to prove the
following:

Proposition 3.6 Setting 6 := infy g we have

I, >

1

(n+1)

To this end, consider the following auxiliary functional on Cy (R") :

Jg(@) = /IV¢*gdy + /(¢ — ¢0) o

To simplify the notation, we will write /1 = I and J; = J. We start with a number of
lemmas.

Lemma 3.7 The Gateaux differential of J, at ¢ is represented by —M Ag(¢) + 1o,
i.e., fixing ¢1 and ¢y in Cy (R™) 1 and setting ¢; := ¢1 + t(¢p2 — P1) we have

dJs (1)
T o= @2 = @0 (-MAL@) + o)

Moreover, t v~ Jo(¢;) is convex and Jg > 0.
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Proof This is essentially well known in the literature of optimal transport, where J,
appears as the Kantorovich functional (up to a change of sign and additive constant).
A simple direct proof is given in [7]. O

Remark 3.8 The formula for the differential of J, implies that when g = 1 and Y is
arational convex polytope, then J, coincides with Aubin’s J-functional defined with
respect to the curvature form wq corresponding to ¢g (see [2] for the smooth setting
and [9] for the general singular setting).

Using the previous lemma, we next establish the following

Lemma 3.9 The following inequality holds:
Ig > J,

Proof Fix ¢ in Cy(R"); and set ¢; := ¢o + (¢ — ¢o) and I,(t) = I,(¢;) and
Jg(t) := Jg(¢;). By the previous lemma, we have for any ¢ > 0.

dJe(1)

i (@ — o) (~MAg(y) + 110) =t ' I, (1)
t Rll

Hence,

2
dlo) _ 4 Al Al | U0 4l

dt ~ de dr T dr d2r T A&

’

using that J,(7) is convex, by the previous lemma. Since I,(0) = J,(0)(= 0), it
follows that I,(¢) > Jg(¢) for all # > 0 and in particular for # = 1, which concludes
the proof. O

We next show that J, is controlled from below by J :
Lemma 3.10 Setting 6 := infy g we have J, > 6J >0

Proof We continue with the notation in the proof of the previous lemma. By a standard
approximation argument we may as well assume that ¢ and ¢ are smooth and strictly
convex. Moreover, as before it will be enough to consider the case when Y is a rational
polytope. First observe that it will be enough to prove the following claim:

A2 (1) - 6d2J(t)

Claim 2 203,

>0,

Indeed, by Lemma 3.7 the derivatives of both Jg(¢) and J(¢) vanish at + = 0. As
a consequence, if the claim holds, then % >4 % for all ¢ and since J,(0) =
J(0) = 0 it follows that Jg(t) > 6J(¢) for all ¢ and in particular for t = 1, proving
the lemma. In order to prove the claim above, it is enough to establish the following

formula:

AT _

T /R Vi M A1), @3.11)
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To this end first consider a general curve ¢, (x) in Cy (R") 4 such that ® (x, 1) := ¢;(x)
is smooth on R"*!. We complexify R” by C*”* (as in Sect. 2.3.1) and R by C (in the
usual way). Denote by (z, t) the corresponding complex coordinates on C*" x C.
Denoting by 7 the natural projection from C** x C to C*", we have the following
general formula:

32Ty (¢7)

" idt AdT = —m (g (Ve ¢ )M A (D))
d10T

on C, where M Ac (@) denotes complex Monge—Ampere measure of the smooth func-
tion ® in C*" x C. This formula is a special case of the more general formula [11,
formula 2.11]. Next, we note that if ¢, is affine, then M Ac(®) < 0. Indeed, a direct
calculation gives

_MAc(®) = %(n*w‘f’f)" A D) — b0) A o — o) A idT Ad7

Using formula 3.2 this concludes the proof of formula 1.2. O

3.2.1 Conclusion of Proof of Proposition 3.6

Combing the previous lemmas with Lemma 3.9 gives I, > J, > §J. Hence, the
proof is concluded by noting that J > I/(n + 1). In the complex setting this is a
well-known inequality in the Kéhler geometry literature which goes back to Aubin
[2]. For a simple proof see [9, formula 2.7]. The present real setting then follows from
a complexification and approximation argument, just as before.

3.3 Proof of Theorems 1.1, 1.2

First note that the following simple lemma holds, where d(Y) denotes the diameter of
Y:

Lemma 3.11 Assume that ¢po and ¢| are convex functions on R" whose gradient images
are contained in Y. Then,

Ig(do, p1) < d(YI)W1 (MAg(o). MAy(1)) .

Proof This follows directly from the Kantorovich—Rubinstein formula

Wi(uo i) = sup /u(uo—m) 3.12)
ueLip 1 (R")

where the sup runs over all Lipschitz continuous functions on X with Lipschitz constant
one (by taking u = (¢1 — ¢0)/d(Y)). O
FoCT
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Applying the key inequalities in Theorem 3.5 to ¢9 = ¢ and ¢ = ¢, and invoking
the previous lemma, all that remains is thus to verify that

Wi, pp) < h. (3.13)

To this end, we rewrite the integral appearing in the right-hand side of formula 3.12
as

N
Jut= =Y [ = uton (3.14)
i=1 i

Since u € Lip (X), we trivially have
x€Ci = u(x) —u(x;) <d(Ci) <h,

where the last inequality follows directly from the very definition of 4. Hence,
Wi(uo, 1) is bounded from above by 4 times the total mass of w, which proves
the inequality 3.13.

Similarly, combining the analytic inequalities in Theorem 3.5 with Lemma 3.11
and the inequality 3.13, concludes the Proof of Theorems 1.1, 1.2

3.4 Alternative Discretization Schemes When u Has a Density

Assume for simplicity that the domain X has been normalized to have unit volume and
fix asequence of pointclouds (x1, ..xy) on X. Inthe case when p has adensity f it may,
from a computational point of view, by more convenient to consider discretizations of
iy of the form

iy o T SODwidy - fhx

- = 3.15
SN Fodw; [ fan (3.15)

for appropriate weights w; (independent of 1). For example, a convenient choice is
to take w; to be equal to the volume of the intersection with X of the Voronoi cell
corresponding to x;. We claim that the result in Theorem 1.1 then still holds if f is
Lipschitz continuous. Indeed, by the proof of Theorem 1.1, it is enough to show that

Wi, iin) < Ch,
which, in turn, will follow from

Wildx, Ay) < h.
But the latter inequality follows from the identity 3.14 applied to u = dx. Similarly,
if f is merely assumed to be in the Holder space C¥(X) for @ < 1, then the same
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argument reveals the an analog of Theorem 1.1 holds, with the rate Ch'/? replaced by
Che/2.

Finally, in the case when the point cloud {x;} is equal to the intersection of X with
the grid (ZN~'/")" and the distance between the point cloud and the boundary of X
is of the order O(N~!/"), then a slight variant of the previous argument reveals that
the same results as above hold, with 4 := N~/ when all weights w; in formula 3.15
are taken to be equal to 1/N.

4 Quantitative Stability of Optimal Transport Maps

Denote by P, (R") the space of all probability measures on R", which are absolutely
continuous with respect to Lebesgue measure. Given u and v in P, (R") with compact
support X and Y, respectively, there exist optimal transport maps T, and T} in
L*®(X,Y) and L*°(Y, X) transporting w to v and v to u, respectively [14,47]. The
maps are uniquely determined and inverses of each other almost everywhere with
respect to u and v, respectively.

4.1 Proof of Theorems 1.3, 1.4

By Brenier’s theorem [14,47], we can write Ti‘ji = V¢, for a convex function ¢; on X
such that d¢; (X) = Y. The first inequality in Theorem 1.3 then follows directly from
the first inequality in Theorem 3.5, combined with the inequality in Lemma 3.11.
To prove the second inequality in 1.3 first note that combining first inequality in
Theorem 3.5 with the Cauchy—Schwartz inequalities yields

IVgo — Véill7s ) < nln+ DCG~'87" o
_¢1||L2(X) ldwo/dx — d/u/dxHLz(X) 4.1)

Applying, the Poincaré inequality to ¢og — ¢1 (Whose integral with respect to (X, dx)
may be assumed to vanish) gives [[¢o — ¢1ll;2(x) < Cp [IVdo — Vi ll2(x) - Hence,
dividing both sides of the inequality 4.1 with [[Vgo — V1l 2(x) concludes the proof
of Theorem 1.3. Finally, Theorem 1.4 is proved in the same way, but now instead using
the second inequality in Theorem 3.5.

4.2 Sharpness of the Exponent 1/2 in the Uniformly Convex Case

We next show that the exponent 1/2 in the first inequality in Theorem 1.3 is optimal.
We take X and Y to both be equal to (]0, 1[)* € R" and v = dy.

Lemma 4.1 There exists a curve ¢, of convex functions such that 3¢ (X) =Y and ¢o
is uniformly convex satisfying

IVpe — Vol r2(x) = C (Wi (MA(¢e), MA($0)))'/?
EOE';W
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for a constant C > 0 independent of €. Moreover, Wi (M A(¢¢), M A(¢o)) is nonzero
and tends to zero as € — 0.

Proof First consider the case when n = 1. Fix a smooth convex function ¢; on [0, 1],
not equal to |x| + ¢ for any constant ¢, such that d¢;(]0, 1[) = [0, 1] and define

1 X I, 1 I 5
Pe(x) 1= §€¢1(Z) + §|X| s Po(x) = §|x| + §|x| )

where the second term ensures uniform convexity. Denote by S¢ the scaling map on
R defined by x +— €x. Then, for ¢ > 0,

2(MA(¢pe) = MA(do)) = (Se)«(MA(¢1) — do.

Hence, using the dual representation 3.12 for Wy,

1
Wi (MA(e), MA(¢o)) = 5 Wi ((Se)«(M A1), So)

1
= 5/|x|(Se)*(MA(¢1)) = %fIXIMA(dn).

On the other hand, denoting by H (x) the sign of x, we have ||[V¢, — Vq)olliz[o 0=

1

=%,

X 2 1 1 , X 2
Viet1 () — H()| dx = 2—2/0 o1 —Heof ax

1t 2
6?/0 |¢'(x) — H(x)| dx.

This proves the equality in the lemma when n = 1. Finally, for n > 1 we simply set

n 1 n 1
Ye) =g () + 3 Snil®, Yo) = o) + ) Sl

i=2 i=2

Then, Ve — Vol 20,171 = IVPe — Vol 12(j0,17) - Moreover, since M A(Ye) =
831 ¢e (x1)dx it follows from the representation 3.12 that Wy (M A(Y¢), MA(yo)) =
W1 (M A(¢e), M A(¢o))r - Hence, the curve v, satisfies the equality in the lemma on
X = (0, 1ID".

Now, assume that the first inequality in Theorem 1.3 holds with the exponent 1/2
replaced by o for some given > 0 and with a constant ¢ only depending on a
strict power lower bound on the uniform convexity of the convex potential of 7. This
implies that there exists a constant Cy, only depending on ¢q, such that

Vé1 — Vol L2(x) < C (Wi (MA(¢1), MA(¢0)))*
FolCT
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for any convex functions ¢; such that d¢.(X) = Y with ¢ uniformly convex. Indeed,
this follows from applying the inequality in question to regularizations of V¢ and
V¢;. But then the previous lemma forces o« < 1/2, as desired. O

4.3 Variations with Respect to the Source vs the Target Measure

The two different types of quantitative stability results discussed in Sects. 1.7, 5.1 can
be related thanks to the following lemma, essentially contained in the proof of [39,
Cor 2.6]:

Lemma 4.2 Assume that there exist ooy > 0 and Cy such that for any po, 1 € Pae(X)
” TI'I:O - T,ll)l ||L2(X,a'x) =< Cl Wl (/'L()a /’Ll)al .
Then, there exists A1 > 0 such that for any (g, 41 € Pac(X),
2
|7 — 1) HLz(y,dy) < A1 Wi(po, p)™/ 2

Conversely, assume that there exist oy > 0 and Ay > 0 such that for any [, 11 €
Pac(X)

H T#O - TUM] ||L2(X,dx) =< AZWI (MO» Ml)az-
Then, there exists a constant Cy > 0 such that for any [, (t1 € Pye(X)

” Tﬁro - Tlljl ” L2(X,dx) = G2 Wi (o, Ml)aZ/(n+2)
Proof Recall that, using the notation in the proof of Theorems 1.3, 1.4 above, we can
express TI‘L’0 = V¢; and T/° = V@}, where ¢* denotes the Legendre transform of ¢.
The proof of the lemma is now obtained by combining the fact that the Legendre trans-
form preserves the L°°-norm together with the following two well-known inequalities
on a bounded Lipschitz domain €2 C R” for Lipschitz continuous functions u¢ and u1
with Lip constant one, assumed convex in the second inequality:

2/(n+2 1/2
o=l ey < At lluo — w1750 ” » 1Vit0 = Varill 2y < Az llwo — i /% g

together with the Poincaré inequality on €2. We recall that the first inequality for ug—u
above is a special case of the Gagliardo—Nirenberg inequalities (see [36, Lemma 5.2]
for a direct simple proof) and the second one is shown in [21, Thm 22]). O

5 Formulation in Terms of Computational Geometry

In this section, we show how to use Theorem 1.1 to obtain a quantitative approx-
imation of the solution ¢ to the second boundary problem for the Monge—Ampere
EOE';W
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operator, using computational geometry, as developed in [3,4,29,31,34,38]. A com-
parison with the standard notation from computational geometry and semi-discrete
optimal transport is provided in Sects. 5.1 and 5.2, respectively.

Assume given a discrete probability measure on R” and a convex bounded domain
Y of unit volume. In order to facilitate the comparison with the setup considered in
the previous sections (in particular Sect. 1.1.1), the discrete probability measure in
question will be denoted by uj, :

N
=Y fiy, X €R", fi:=up({x;}).

i=1

The index 4 is thus used a reminder that the measure u;, is discrete. Let ¢, be the
(finite) convex function on R” (uniquely determined up to an additive constant) by

MAg (@) = pn,  (Ogn)(R") =Y

Set

by = (Dn(x1), ..., Pn(xn)) € RY,

which we identify with a function on R” which is equal to ¢, on {x{, ..., xy} and co
elsewhere. We will denote by X}, the bounded convex polytope defined as the convex
hull of {x1,...,xn}:

Xy = conv{xy, .., xn}

We will refer to the following equation for a vector ¢ € RY as the discrete Monge—
Ampere equation (associated with the discrete measure p, on R"” and the measure v
onY):

Vol ,(F nY) = f, (5.1)

where (Fi¢*)lN: , are the cells in the partition of R" induced by the piecewise affine
function ¢*(see point 6 and 7 in Sect. 2.1).

By the following proposition, the previous equation is solved by the vector ¢, and
moreover, the graph of ¢, over X}, is simply the convex hull of the discrete graph over
{x1,...,xn} of @.

Proposition 5.1 Denote by \ry, := ¢;; the Legendre transform of ¢. Then,

e The vector @, solves the discrete Monge—Ampére equation 5.1 and on'Y the convex
Sfunction vy, is piecewise affine and given by

Yn(y) = ¢5() = (I??l;(xi v = <1>(xi)> yeY (5.2)

Xi
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o On the convex hull X, of {x1, ..., xn} the convex function ¢y, is piecewise affine
and given by

$n(x) = (I{la?x Vi — W(M‘)) x € X, (5.3)

i

where {y; }iAi | runs over the vertices in the polyhedral decomposition of Y deter-
mined by the convex piecewise affine function Y, on Y. Moreover, the graph of ¢
over X, is equal to the convex hull of the graph of the discrete function ¢ (x;) over
Xp.

e The following duality relations hold:

@dn)(Xp) =Y

and the multi-valued maps d¢y, and 0y, which are inverses to each other, yield
a bijection between the facets and the vertices of the induced tessellations of X
andY .

Proof This is without doubt essentially well known (and it is, as discussed below,
closely related to results in computational geometry). But for completeness a simple
analytic proof is provided using the basic properties of the Legendre transform recalled
in Sect. 2.1, points 1-8. First observe that

(9¢n) (R™) = (3¢n) (fx:}) =7,

as follows directly from the defining property of ¢, combined with point 4. Hence,

for almost any y € Y there exists x; such that y € d¢(x;). But then formula 5.2 on

Y follows from point 5. Now formula 5.1 follows from the very definition M A(¢y)
Vi

[F"). o

To prove formula 5.3 on X, it will by the previous argument (with ¢, replaced by
Y¥p,) be enough to show that

@Yn)(Y) = @) {yi}) = Xa. (5.4

Denote by v, the canonical piecewise affine extension of Yy to R" (defined by
formula 5.3). Note that

(@Pn)(R") = X

Indeed, by definition, 1/7;, = (I)Z on all of R"” and hence this follows from point 3.

All that remains is thus to verify that (81};,)(R") = (81};,)(Y). To this end it is, by
point 4, enough to show that M A(y,) is supported in Y. By point 8 this amounts
to showing that the vertices y; defined by v, are all contained in Y. Assume, to get
a contradiction, that this is not the case. Then, there exists a facet F; of &h which
does not intersect Y (by the hyperplane separation theorem for convex sets). But this
EOE';W
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contradicts formula 5.1. This proves formula 5.4 and hence formula 5.3, as well. All
in all, this means that

¢n = (xx + )™ on Xp, K= {xi)iL,.
But then it follows, from general principles, that on R”
¢n(x) = sup {Cb(x) : ®convex on R", & < ¢, on K}

Now, denote by ¢ the convex function on X; whose graph is the convex hull of the
discrete graph of ¢,,. Equivalently, this means that

xeX, = ¢(x)=sup{P(x): ®convexon X, & < ¢;,onK}

Hence, xx¢ < ¢, on R" and ¢, < ¢ on X;, which implies that ¢, = ¢ on X, i.e.,
the graph of ¢, is the convex hull of the discrete graph of ¢,,, as desired.

Remark 5.2 If Y is a polytope, it follows from classical results that ¢ is piecewise
affine on all of R” (see (see [5, Section 17.2]). However, this is not true in general, as
illustrated by the case when Y is the unit-ball and p, = 89, so that ¢y, (x) = |x]|.

By the next lemma, the solution ¢, to the discrete Monge—Ampere equation 5.1 is,
in fact, the unique solution (mod R) :

Lemma 5.3 Equation 5.1 admits a unique solution in R" /R.

Proof This is a consequence of the results in [29,31]: the solutions are critical point of
the Kantorovich functional on R", which in [29,31] is shown to be strictly concave on
the subset X+ ofRN/R defined as all ¢ such that Vol,, (Fid)* NY)>O0fori=1,...,N
(using properties of graph Laplacians). But it may be illuminating to point out that
the uniqueness result is also a consequence of the following general result (applied to
X ={x1,...xny}and u = uy). Let v be a probability measure of the form gydy with
g > 0 and p a probability measure on R” with support compact X. Assume that ¢ is a
function on X such that (V(xx+¢)*)«v = . Then, ¢ is uniquely determined (mod R)
a.e. with respect to . (and moreover, equal to the restriction to X of a convex function
on R” with subgradientimage in Y). Indeed, setting ¥ := (xy+¢)* the argument in the
proof of Lemma 5.3 gives that the convex function P¥ ¢ := (xy +v¥)*(= (xy+¢)*) on
R” is uniquely determined and satisfies M A g(PY ¢) = . But, by general principles,
we have that

MA(PY$) =0 on{P'¢ < ¢} (5.5)

and hence PY ¢ = ¢ on X, showing that ¢ is uniquely determined (mod R) on X. The
vanishing 5.5 can, for example, by shown by noting that P ¢ is the upper envelope
of all functions ¢ in Cy (R) dominated by ¢. Then, 5.5 follows from a local argument
using the maximum principle for the Monge—Ampere operator (just as in the more
general case of the complex Monge—Ampere operator considered in [8, Prop 2.10]).
O
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There has been extensive numerical work on constructing solutions to the discrete
Monge—Ampere equation 5.1 on R", based on computational geometry [3,4,31,34,
38]. In particular, it was shown in [31] that the solution ¢, € R¥ is the limit point
of a damped Newton iteration, which converges globally at a linear rate (and locally
at quadratic rate if g is Lipschitz continuous). Performing one step in the iteration,
¢ > ¢"+D amounts to computing the convex hull in R+ of the discrete graph
over {x1, ...xy} defined by ¢ (or equivalently, the corresponding power diagram
in R” and its intersection with Y; see Sect. 5.1).

Here we show that Theorems 1.1, 1.2 yield a quantitative rate of convergence, in the
limit when the spatial resolution 7 — 0, for the solutions ¢, and the corresponding
piecewise constant maps 7, from X, to R” defined as follows. Consider the tessellation
of X, by the convex polytopes FJT“ obtained by projecting to R" the facets of the “upper

boundary” of the convex hull in R"*+! of the discrete graph I';, of the solution ¢, € RV
Then, 7, maps F;f to the dual vertex y; € R". In geometric terms, y; is the projection

to R” of the corresponding normal of the graph I';, in R"*! (normalized so that its
projection to R is —1).

We now come back to the setup introduced in Sect. 1.2, where Tlf denotes the
optimal L°°-map transporting x to v and i denotes the spatial resolution of the dis-
cretization wy, of 1.

Theorem 5.4 Assume that (X, Y, u, v) is regular (or more generally, that the potential
@ of T, is uniformly convex) and let ¢, € RN be the normalized solution to the
discrete Monge—Ampeére equation 5.1 and denote by Ty (= V¢y,) the corresponding
piecewise constant maps from X, to R". Then, there exists a constant C, depending
on (X,Y, u,v), such that

M
17— 1) oy, = wa yj = TY(0Pdx < Ch
j=1"%j

where Tlf is the optimal diffeomorphism transporting [ to v. In the general case,
when X and Y are bounded domains in R" with Y assumed convex and v a probability

measure of the form 1.1 the estimates above hold if h is replaced by h'/ 2"V und then
the constant C only depends on upper bounds on the diameters of X and Y and on a
positive lower bound on §(:= supy (v/dy)).

Proof Combing Theorems 1.1, 1.2 with Proposition 5.1 and Lemma 5.3 immediately
yields the theorem. O

5.1 Comparison with Duality in Computational Geometry

Proposition 5.1 is closely related to the well-known duality in computational geometry
between weighted Voronoi tessellations (also known as Laguerre tessellations and
power diagrams) of R” and weighted Delaunay tessellations [3] of convex polytopes

(see also [29]). To briefly explain this we first note that, by definition, the facets Fi¢"
in Proposition 5.1 have the property that ¢} (y) is affine on F;bh and equal to x; - y —
EOE';W
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¢n(x;) there (which is the affine function realizing the max over x; in formula 5.3).
Completing the square this means that

o .
FP =y e R b= yP oy < g =y wy Vi) wi =20 — Il

which is the definition of the cells in the weighted Voronoi tessellation of R” associ-
ated to the weighted points (x;; w,-)lN: 1) [3]. The corresponding weighted Delaunay
tessellation is defined as the projection to X, of the polyhedral cell-complex in R**+!
defined by the convex hull of the graph of ¢;,. The duality in Proposition 5.1 implies
that the corresponding sub-gradient map d¢;, maps the facets F;*of the weighed Delau-
nay tessellation of X}, to the vertices y; of the weighted Voronoi tessellation of R”.
More generally, p-dimensional faces correspond to (n — p)-dimensional faces [3].

Remark 5.5 By the duality above, computing a convex hull of a discrete graph over
N points in R” is equivalent to computing the corresponding weighted Voronoi tes-
sellation (as emphasized in [3]). For example, when n = 2 the time-complexity is
O(N log N). Moreover, if g is constant and Y is a polytope, then the computation of
the volumes of the corresponding cells has time-complexity O (N) (since the cells are
convex polytopes). More generally, efficient computation of the volume can be done
if the density g is piecewise affine. However, the Newton iteration referred to above
(as opposed to a steepest descent iteration) also requires computing the volumes of the
intersections of the cells [34,38]. This has worst-case time-complexity O (N 2y, but
the experimental findings in [34,38] indicate much better near linear time complexity.

5.2 Comparison with Semi-Discrete Optimal Transport

While the L*°-map T := V¢ is the optimal map pushing forward the measure © €
Pas(X) tov € Py (Y),

T: X—>Y, T,: u—v
the push-forward of the discrete measure 1, under the piece-wise constant map
Ty : Xp — Y

is not even well defined. However, the inverse (7;)~! of T}, is a well-defined L>°-
map from Y to X}, pushing forward v to the discrete measure p, on Xy. In fact,
(Tj,)~! is the optimal such map, as follows from standard results in the theory of semi-
discrete optimal transport (indeed, T,f1 = V¢;;, where ¢;; is the Legendre transform of
¢r). However, the notation used here differs from the standard notation adopted in the
literature on semi-discrete optimal transport [31]. Indeed, in the latter case the measure
v is viewed as the source measure. Accordingly, the space that is here called X is called
Y in [31] and the measure p that is treated as a source measure here is viewed as the
target measure in [31], where it is called v. Moreover, the function —¢y, (x) + |x|%/2
on X, in the present notation, corresponds to the function ¥ in the notation of [31]
Elol:;ﬂ
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(when the cost function is taken to be |x — y|?/2). The mismatch between the notation
here and the one in [31] is a reflection of the fact that here the emphasis is put on the
solutions of the Monge—Ampere equations (and their discretizations), rather than on
semi-discrete optimal transport maps.

6 The Periodic Setting

Assume given a Z"-periodic measures p and v on R” normalized so that their total
mass on a (or equivalently any) fundamental region is equal to one. We will assume
that v has a positive density g with positive lower bound § > 0. We will identify n and
v with probability measures on the torus M := (%)”. We endow M with its standard
flat Riemannian metric induced from the Euclidean metric on R” and denote by dx
the corresponding volume form on M. Setting

u(x) :=¢(x) — |x|*/2

gives a bijection between quasi-convex functions ¢ on R” (i.e., such that d¢ is periodic)
and functions u € C°(M) which are quasi-convex in the sense that V2u+1 > 0holds
in the weak sense of currents.

When u € C?>(M) and u = fdx, the Monge—-Ampere 1.3 for a quasi-convex
function ¢ on R” is equivalent to the following equation for u :

g(I + Vu(x))det(I + Vu)dx = fdx

We will say that (u, v) is regular if such a solution exists. This is the case if both f and
g are Holder continuous and strictly positive [20]. In the case of general (u, v) there
always exists a weak solution, in the sense of Alexandrov, which is unique modulo an
additive constant [16].

Let now w, be a family of discrete measures on M, defined as in formula 1.5 (with
h denoting the corresponding mesh norm). Then, the following analog of Theorem 1.1
holds:

Theorem 6.1 Let M be the n-dimensional standard flat torus and u and uj quasi-
convex functions on M, defined as above. Then, in the regular case, there exists a
constant C such that

12
lun — wll g1 cagy = </ |Vuy, — Vul2dX) < Ch'’?
M

The constant C only depends on f through a positive lower bound on (V*u + I). The
analog of Theorem 1.2 also holds with a universal constant C only depending on the
dimension n and .

Proof As before it is enough to consider the case when g = 1. Setting M¢ := (C/Z+
iZ)" (which defines an Abelian variety) and identifying the convex function 477 ¢ (x) on
R" with a metric on the theta line bundle L — M¢ [27] this is proved as in the proof of
FoC
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Theorem 1.1 (and s, in fact, considerably simpler as no extension and compactification
argument is needed). In the language of wp-psh functions, this equivalently means that
the quasi-convex function u(x) on M is identified with the wo-psh function 47 u(z) on
Mc, where wy is the standard invariant K&hler form on M¢, defined by formula 2.12.
Then, formula 3.5 holds on M¢ with ¢; replaced by u;, as follows directly from Stokes
theorem on Mc. This implies the general case by a regularization argument, which
is particularly simple in this setting as one can use ordinary convolutions. Finally,
the estimate of Wy (g, i) proceeds precisely as before, using that any quasi-convex
function on M has Lipschitz constant bounded from above by +/n (see [30, Lemma
9]). O

An analog of Theorem 5.4 also holds in the periodic setting. In fact, the situation
is facilitated by the fact that the solution ¢, is piecewise affine on all of R" (since
the convex hull of the corresponding periodic point-cloud covers all of R"). As a
consequence, the discrete Monge—Ampere equation 5.1 may, in the periodic setting,
be reformulated as follows. Identify a vector ¢ € RY with a quasi-periodic discrete
function on the periodic discrete subset Ay of R” determined by the point-cloud
{x1, ..., xn}. We will say that the discrete function ¢ is convex if its graph over Ay
coincides with the boundary vertices of its convex hull in R+ Then, the Monge—
Ampere equation for the quasi-periodic function ¢, on R” is (almost tautologically)
equivalent to the following discrete Monge—Ampere equation for a discrete quasi-
periodic convex function ¢y, :

MAg($)) = f.

where the discrete Monge—Ampere operator M A, (¢p)(x;) is defined as M A, (P){x;}
where P¢ is the function on R” defined by the convex envelope of ¢. Since P¢ is
piecewise affine on R”, this means that M A, (¢)(x;) is the volume (with respect to
gdy) of the convex hull of the gradients of the affine functions representing P¢ close
to x; (as in points 6-8 in Sect. 2.1).

Remark 6.2 The discrete Monge—Ampere equation above can be seen as a quasi-
periodic variant of the Oliker-Prussner discretization of the Dirichlet problem for
the Monge—Ampere operator (where g = 1 is assumed) [41-43].
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