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ABSTRACT. We consider a complex domain D x V in the space
C™ x C" and a family of weighted Bergman spaces on V defined
by a weight e #¢(*%) for a pluri-subharmonic function ¢(z,w) with
a quantization parameter k. The weighted Bergman spaces define
an infinite dimensional Hermitian vector bundle over the domain D.
We consider the natural covariant differentiation Vz on the sections,
namely the unitary Chern connections preserving the Bergman norm.
We prove a Dixmier trace formula for the curvature of the unitary
connection and we find the asymptotic expansion for the curvatures
R®)(Z,Z) for large k and for the induced connection [Vg),T;k)] on
Toeplitz operators 7. In the special case when the domain D is the
Siegel domain and the weighted Bergman spaces are the Fock spaces
we find the exact formula for [V(Zk), T}k)] as Toeplitz operators. This
generalizes earlier work of J.E. Andersen in Comm. Math. Phys. 255
(2005), 727-745. Finally, we also determine the formulas for the cur-
vature and for the induced connection in the general case of D x V/
replaced by a general strictly pseudoconvex domain V C C™ x C™
fibered over a domain D C C™. The case when the Bergman space is
replaced by the Hardy space on the boundary of the domain is likewise
discussed.
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190 M. EnGLIS, G. ZHANG

1 INTRODUCTION

There has been much interest in the study of bundles of infinite-dimensional
Hilbert spaces in complex analysis and in quantization. As in the case of
finite-dimensional Hermitian holomorphic vector bundles the central topics are
the Chern connection and the curvature tensor, if they exist. Another relevant
question of special interests in quantization is whether it is possible to introduce
an integer parameter m with % interpreted as the Planck constant and to study
then the induced connection of sections of endomorphisms of the bundles. The
most studied and classical case is the bundle of Fock spaces on C™ over the
Siegel space D with the total space being the Siegel-Jacobi space D x C™; see
e.g. [10] and Section 5 below. The periodic version of the Fock space are
the flat bundles over abelian varieties covered by C™, which is an important
topic in quantization [1]. We may also replace the Siegel-Jacobi space D x C"
by a domain ¥V C C™" over a domain D and consider the corresponding
Bergman and Hardy spaces over the fibers V, of z € D. In the present paper
we shall study systematically connections and curvatures of these bundles by
using Toeplitz operators.

Consider first a product domain D x V' C C™ x C™ and let ¢ be a plurisubhar-
monic function on D x V. The Bergman spaces L2 (V,e~?) on V with respect
to the weight e~?(*) form a holomorphic Hermitian vector bundle over D in
an appropriate sense, and there is a Chern connection Vz and the correspond-
ing curvature R(Z,Z) = [Vz,0z]. In [2] the curvature is computed and it
is proved that for a strictly pseudoconvex bounded domain V' the curvature
operator satisfies the Nagano positivity using the Héormander estimate for so-
lutions of the O-equation. In the present paper we shall compute the Dixmier
trace of the curvature operator, more precisely we prove that the curvature
operator in this case is a Fredholm operator on the Bergman space L,QL(V, e ?)
of the form Ty + T where T is an invertible Toeplitz operator and 73 is a
compact operator, and we compute the Dixmier trace of T7. We consider also
the induced covariant differentiation [V z,T¥] on the Toeplitz operators Ty as
endomorphism sections and prove likewise a Dixmier trace formula. Indeed
the covariant differentiation [V z,Ty] is a natural generalization of the curva-
ture operator R(Z,Z) = [Vz,0z]. We treat then the general case of fibrations
over D by a family of strictly pseudoconvex bounded domains. We find the
curvature operator as Toeplitz operators and find its principal symbol.

We note that yet another important case is when 7T is the infinite dimensional
Teichmiiller space with the fibers being the unit disc whose complex structure
changes by the quasi-conformal mappings parameterizing 7; see [11]. There
are many important and difficult analytical problems in this case. We hope our
study here will also shed light on this subject. For a fibration X — 7T of Kahler
manifold X with compact fibers and a line bundle over X’ a general formulation
for the study of variations of Bergman kernels is through the relative canonical
bundle, namely the variation of the cohomology space H°(K ® L|x,) on the
fiber space A;. This has been studied extensively; see e. g. [2].

DOCUMENTA MATHEMATICA 25 (2020) 189-217



BUNDLES OF BERGMAN SPACES AND TOEPLITZ OPERATORS 191

ACKNOWLEDGEMENT

We would like to thank Bent @Orsted, Harald Upmeier and Jae-Hyun Yang for
some enlightening discussions. We dedicate this work to Jaak Peetre, he has
been both a teacher and colleague for both of us and has greatly inspired us
during our collaboration over many years.

2 PRELIMINARIES

We formulate a convenient setup for vector bundles of Bergman spaces on
complex domains and fix notation. There has been a lot of study of the general
case of bundles of infinite dimensional Hilbert spaces and their connections; see
e.g. [9] and references therein.

2.1 TOEPLITZ OPERATORS ON BERGMAN SPACES

Let V C C" be a bounded domain in C". Let L*(V,e~?) be the L2-space
on V with respect to the measure e~ ?(")dm(w), where dm(w) is the BEu-
clidean measure on C", and L%(V,e_‘b) the Bergman space of holomorphic
functions. Let P : L?(V,e?) — L2(V,e~?) be the Bergman projection.
The Toeplitz operator Ty : L7 (V,e=?) — L?(V,e~?) and the Hankel opera-
tor Hy : L2(V,e=?) — L2(V,e=?)* with symbol f € L®(V) = L*(V,dm)
are defined by Ty = PMy, Hy = (I — P)M;, where My is the operator of
multiplication by f.

2.2 DIFFERENTIATION FORMULAS FOR FIBER INTEGRATIONS

Let YV € C™™ be a bounded domain with smooth boundary fibred over
a domain D C C™. Let p be a defining function for V, V = {(z,w) €
C™*+7: p(z,w) < 0}. The coordinates will be written as z = (2%),w = (w’),
the (1,0)-tangent vectors as Z, W and the (0, 1)-tangent vectors as Z W. We
assume that the projection 7 : C™™ — C™ on V is of rank m and each
V. = 7 1(z) is a connected domain. In particular each V, is bounded with
smooth boundary. Let v denote the surface measure on 0V. We fix zg € D
and consider the differentiation by . of integrations [, f(z,w)dm(w) and
favz f(z,w)dv(w) of a function f along the fiber V, and its boundary 9V,. For
simplicity we assume zo =0 € D.

LEMMA 2.1. Suppose there is a (1,0)-vector field L, = 9o + Uy = O +
> Ul 2= such that Lo(p) = 0 on 9V, i.e. L, is tangential to the boundary

owJ

0V and . (Lg + Uy) = 04. Then we have

Oa f(z,w)dm(w) = / (Lo + div(Uy)) fdm(w)

vz z
and

Oa f(Z,’LU)l/:/ (La+diVV(La))fV
oV. oV,
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192 M. EnGLIS, G. ZHANG

where div(U,) is the divergence of U, with respect to the Euclidean measure
dm(w) on V, and div, (L) is the divergence of the tangential vector field L,
with respect to the area form v on 0V,, i.e., defined by the Lie derivative of v,
Lie(Lq)v = div, (Lo )v.

Proof. This is presumably well-known, see e.g. [12]; we sketch a proof here for
completeness. It is sufficient to consider the case when D is the unit disk in C,
so z = x+1iy. Consider the real vector field d, and a tangential lift H = 0, +U
of 8, dp(H) = 0 when p = 0. The local diffeomorphism, say exp(zH ), generated
by the non-vanishing vector field H preserves the level set p = 0 and thus maps
Vo to Vy, since m(H) = 9., namely exp(zH) : {0} x Vo — {z} X V,. We have
then,

, f (@, w)dm(w) = ; fexp(xH)(0,w))J (exp(zH))(w)dm(w)

where J(exp(zH))(w) is the Jacobian of exp(zH) above in the vertical direc-

tion. Performing differentiation d% and evaluating at z = 0 we find

% /vm fla,w)dm(w) = /Vo (H f(w) + div(U) f) dm(w)

since =L J(exp(zH)) = div(U) is the divergence of H = 8, + U with respect
to the volume dm at x = 0. The same argument works for any vector field
a0y + b0y. The first claim follows by taking complexification. The second
claim is almost the same. |

Denote Ly = Lo = 0o + sz_g;gfﬂ.. Taking the complex conjugate of the
above formula we obtain the similar differentiation formula for L.

2.3 DBUNDLES OF HILBERT SPACES OF HOLOMORPHIC FUNCTIONS, HERMI-
TIAN CONNECTION AND CURVATURE

Let YV € C*™™ be a bounded domain fibered over D C C" as above. Suppose
for each z € D there is a Hilbert space E, of holomorphic functions on V,.
For such families we shall define a notion of Hermitian bundles and curvature
operator. A general treatment is to view E, as Bergman space of (n, 0)-forms
but we shall adapt a rather elementary and ad-hoc approach. On the other
hand our definition includes families of Hilbert spaces whose norms are not
defined in terms of measures; see Remark 2.4 below.

DEFINITION 2.2. Let E = {E.,z € D} be a family of Hilbert spaces E, of
holomorphic functions on V, = 771(2).

1. The family E = {E,} is called a holomorphic bundle of Hilbert spaces
over D if for each zyp € D there is a neighborhood Uy C D of 2y, a linear
space F(Up) of holomorphic functions on 7=1(Uy) C V such that the
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BUNDLES OF BERGMAN SPACES AND TOEPLITZ OPERATORS 193

subspace F, := F(Up)|, = {u(z,-);u € F(Upy)} is dense in E,, and the
coefficients ug(z, w) in the Taylor expansion of u(z,w) in z near z,

u(z,w) = u(zo,w) + ur(z,w) - (z —20) + - -+ + up(z,w) - @k(zfzo) + ...

are all in F,, z € Uy. Here uy(z, w) takes value in the symmetric tensors
OFC™ and u - v is the standard pairing in ®*C™. The union of all spaces
F(Up) will be denoted by O(FE) and will be called the space of locally
holomorphic sections of F.

. A smooth section u of the bundle E near zy is defined as a function
u = u(z,w) € C®(r~1(Up)) for a neighborhood Uy of zq, such that
u(z,-) is in the dense subspace F, and all derivatives in z are in Fj,
ofr . gkngh . 9hu(z,.) € F., z € Up. The space of smooth sections
will be denoted by I'(E). Note that O(E) C I'(E).

. A connection on I'(F) is defined as a linear operator X — Vx : T'(E) —
I'(E), for vector fields X on D such that

Vx(f9) = fVxg+(Xfg

and

Vixg=fVxg,
f € C°(D) and g € T'(F) whenever all the quantities are in I'(E). V is
called a Chern connection if

Vzu=0, 0Jz{u,v)=(Vzu,v)
for all u,v € O(E), and (1,0)-vector fields Z on D.

. The curvature operator R(Z, Z) at 29, Z € Tz(ol’O(D), is defined as a linear
operator on the dense subspace F,, C E,, by

0707 (u,v) = —(R(Z, Z)u(2),v(2)) + (Vzu,Vzv), z=2
for all u,v € O(E).

REMARK 2.3. When F is a finite-dimensional holomorphic Hermitian vector
bundle over D it is an elementary fact that the curvature is determined by the
formula above. We claim that in our case the curvature operator (R(Z, Z)u)(zo)
is well-defined and depends only on u(zp), as in the finite-dimensional case. To
see this it is enough to take D to be the unit disk and zp = 0. Let u(z) be a
holomorphic section near 0, such that u(0) = 0, and write u as

u(z) = u(0) + zuq(2) = zui(2),

for some holomorphic function u1(z) = ui(z,w).
We prove that (R(9,0)u)(0) = 0. Let v(z) be any holomorphic section near 0,
and perform the differentiation

Ou,v) = (zu1,v) = (zVur +u1(2),v) = 2(Vug,v) + (u1,v),
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194 M. EnGLIS, G. ZHANG

and
00(u,v) = 20(Vuy,v) + d{ui,v) = 20(Vuy,v) + (ug, Vo). (2.1)

Here we have used the fact that u; is holomorphic and d(ui,v) = 9(v,u1).
Evaluating at 0 gives 90(u,v)(0) = (u1(0), Vo(0)). On the other hand Vu =
V(zu1) = us + zVu; so that

(Vu(0), Vo(0)) = (u1(0), Vo(0)).

It follows from the definition of the curvature that ((R(9,9)u)(0),v(0)) = 0,
for all v. By the density assumption we have (R(9,09)u)(0) = 0, provmg our
claim.

There are many examples where the above assumption is satisfied, for example
when each V), is a Reinhardt domain and E is the bundle of Bergman or Hardy
spaces where the dense subspace F' can be taken to be the space of polynomials
in C™. For general domains V and the family of Bergman spaces on ), some
related questions have been studied; see e.g. [3, Lemma 3.4].

EXAMPLE 2.4. A natural family of Bergman spaces on the unit disc D is the
following: Consider the unit ball B € C'*" as fibered over the unit disk D,
the fiber being the ball B, = {w € C";|w|*> <1 — |z]?}. Let E, be the Hilbert
space of holomorphic functions on B, with the reproducing kernel

(1= |zt

(1 —|2]2 — ww)t+otn’

For o > —1 this corresponds to the Bergman space L2(B,, e~ %dm(w)), e™¢ =
(1= ]2 = Jwl*)*.

3 TRACE FORMULA FOR CURVATURE OF BUNDLES OF BERGMAN SPACES.
THE PRODUCT CASE

3.1 CONNECTION AND CURVATURE ON BUNDLES OF BERGMAN SPACES

We consider first the case when V = D x V is a product domain where D
and V are open domains in C™ and C" respectively. This case is somewhat
easier than the general case of fibrations in the next section, and we give a
separate treatment here. In particular we obtain a Dixmier trace formula.
Some other results can be obtained as corollaries of the general case.

We assume further that the domain V = {w € C", p(w) < 0} is a strongly
pseudoconvex bounded domain in C" with smooth boundary, with p being a
strictly plurisubharmonic function on a neighborhood of the closure of V.

Let ¢(z,w) be a smooth plurisubharmonic function on D x V. The Hessian of
¢(z,w) will be written as ¢,3, ¢o5, ¢j5, etc., and the inverse of (¢,z) as (¢"7).
We write the function ¢(z,w) of w as ¢(z), ¢(2)(w) = ¢(z, w).

We consider the families L2(V, e=%(*)), L2 (V,e=%(*)) of L%-spaces and Bergman
spaces and view L2 = L?(V,e™®®)) - z € D, E, = L2(V,e *®)) - 2 € D

DOCUMENTA MATHEMATICA 25 (2020) 189-217



BUNDLES OF BERGMAN SPACES AND TOEPLITZ OPERATORS 195

as bundles of L? and Bergman spaces on D; we denote them by L? and F
respectively. Note that F is a holomorphic bundle of Hilbert spaces in the
sense of Definition 2.2 (though L? is not, although still being a bundle of
Hilbert spaces in an obvious sense with a connection and curvature obtained
by differentiation of L?-integration). In the rest of this paper we shall consider
only the connections V such that Vyu(z, w) = dzu(z, w).

The Chern connections on L? and E are

VL =0z - 020,
2
vZ =prvy. (3.1)
It is a straightforward computation that the curvature RL*(Z,Z) of V7 is

then . _
RE (Z,Z) = 02029,

namely the multiplication operator by 0;0z¢. We shall be only interested in
the curvature R¥.

The following proposition is essentially proved in [2]; for the convenience of the
reader, we provide a detailed proof here.

PropoOSITION 3.1. The curvature of the vector bundle F is given by
R(Z,Z) = Toso,6 — Hj,4Hos -
Proof. We perform differentiations according to the definition, for u € O(F):
0707||u|* = —(R™ (2, Z)u, u) + ||V 5 ul|*.
On the other hand the same computation with u being viewed as section of

gives

0702 \[ull* = —(RE (2, Z)u, w) + |V 5ul®
Thus
(R(Z, Z)u,u) = (R (2, Z)u,u) — (|95 ull® ~ IV5ul?)
2
= (Tozoz0u,u) — [|(I = P)Vz ull*.

The curvature tensor R¥(Z, Z)u at z = 2o depends only on u(zp) so we can
choose u = u(zp) a constant section. Consequently V%Z = —0Jz¢ and we find

<RE(Z7 7)“) u> = <T3267¢ua u> - <H§z¢Haz¢uvu>a
as claimed. O

It seems interesting to note that the curvature operator R,gs is the sum of a
positive invertible operator T, 5 & and a compact operator, namely a Fred-
holm operator. Moreover the compact operator is in the Dixmier class and we
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196 M. EnGLIS, G. ZHANG

can compute its Dixmier trace; see e.g [5] for the general theory of Dixmier
trace. Recall that the boundary of a smoothly-bounded strictly pseudoconvex
domain © comes equipped with the dual Levi form Lpq on T(19Q, so that,
in particular, for any f,g € C*(9) one has the function £(9,f, 0yg), where
Oy is the boundary Cauchy-Riemann operator on 92 (see [7]).

THEOREM 3.2. Let n > 2. Suppose V' is a strongly pseudoconvex domain with
smooth boundary V. Suppose further that ¢ is smooth on D x V| where V
is the closure of V. Then we have

Tr,(PRY (2,Z)P — R(Z,Z))"
= TI’w (Tazgz¢ - R(Z? 7))”
- 1 A a n n—1
- o /6  Lov(B1076,8,020)" 0 A (dn)

where n = Im(9p) = Q%Og_

Proof. By the last proposition, R(Z,Z) = 0,8,6 — H5,6Ho,6. The L2

curvature is R (Z,Z) = 00z¢ and PRY(2,Z)|p. =Ty, 5, , is the Toeplitz
operator. The Dixmier trace formula then follows from [7, Theorem 11]. O

The curvature tensor R can be viewed as an operator on the space
L2(V,e=?(=)) @ TMO D, via the Hermitian form R(u ® 9;,v ® 0;) =
(R(0;,0j)u,v). Similarly the dual Levi form L£(0,0;¢,9y0x¢) can be viewed
as a bivector and we let £ be its power. Thus Tr,,(Ty, 5,4 — R(Z, Z))" is an
element of the space of symmetric tensors ©"(T9 (D) @ T(19 (D)) and the
above result can also be written as

1

Tro,(Toos — R)" = w2 /W tr L (9509, Dpd¢) 0 A (dn)" .

We finally remark that from Proposition 3.1 one gets very simple “semiclassi-
cal” asymptotics of the curvature when the potential ¢ is rescaled to m¢ with
m — +oo interpreted as the reciprocal of the Planck constant: namely,

RU™(2,Z) = mT{")_, — m*(Hy") YY),

The product (H, é;n;)*H gznd)) = T\((;ZZW - TéZﬁTé(,;n(; involves the product of two

Toeplitz operators, and can further be expanded as a sum of Toeplitz operators
using the standard techniques [6]:

(H§m>)*H}m> = " m T, 1) (3.2)
j=1
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BUNDLES OF BERGMAN SPACES AND TOEPLITZ OPERATORS 197

in operator norm, with some bidifferential operators C;, where Ci(f,g) =
Loy (0 f, Obg). Consequently,

m) o T (m) N 2 je(m)
RU(Z,Z) =Ty o o 6006.50050) Y mPITE b 006
i

with the cochains C; above.

3.2 INDUCED CONNECTION ON TOEPLITZ OPERATORS

We recall [1] that the induced connection on sections T of End(W) of a con-
nection V on a complex bundle W is

V2T = [V, T).

For any f = f(z,w) in C*(D x V) we denote, with some abuse of nota-
tion, My = Mjy(,.y and Ty = Ty(..) the multiplication operator by f(z,)
on L?(V, e‘¢(z")) and respectively the corresponding Toeplitz operator on the
Bergman space L?(V,e~?(*7)). We define the connection V¥ on the sections
2+ T,y formally as above with V being the (1,0)-part in (3.1).

The next lemma justifies the definition. Let K(z; w,w’) be the Bergman kernel

for L2 (V,e~#")) for each fixed z € D.

LEMMA 3.3. The induced connection Vié‘de on sections Ty = T} . .y of Toeplitz
operators is a bounded operator for each z and is given by

VT =To,p — HiHoyy, 07Ty =To,y — Hy_sHy.

Proof. We prove the first formula for VianTf, the second for 8%“‘1 is done simi-
larly. We have

V3T = [P0 P — To,g, Ty = (PO P, Ty] + [T7, Ta,o),

and
[POzP,Ty] = POz;Ty — Ty POzP.

The operator g — Vi24T;g depends only on g at z and we can take a section
g = g(w) independent of z, so that dzg = 0. Thus

[P@ZP, Tf]g = P&Zng - TfPang = P&Zng.
We perform the differentiation 0z on the Toeplitz operator
Tyg(w) = | Feu)K (5w, u)e 0 g(u)dm(w)
v
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198 M. EnGLIS, G. ZHANG

and get
aZ Tf 9, >

//82 z,u)) K (23w, u)e W g(u )} dm(u)h(w)e~?E®) dm(w)
//GZ z,u)) K (23w, u)e W g(u)h(w)e™? w)} dm(u) dm(w)
—/ / f(z,u))K(z;w,u)e_‘z’(z?“)g(u)az [h(w)e_‘z’(z?w)} dm(u) dm(w)

ATyt [ [ 7K G e e gwht)
076 (z;w)e” ) dm(u) dm(w)
= [ oatreygham+ [ (T9)0z00he am
= ((Teon,(fe—¢) + To,6Tr)g, h).
Thus 02T = To, f— o6 + To,6Ts (hence, in particular, POzTy = 07Ty) and

V3T = [Ty, To,e) + To, j— o6 + To,oTy
=Toz-1026 + TiToze = Tozs — HyHoze-

This completes the proof. O

Note that, by the main result of [7], the operators H%Haz(ﬁ and Hg_7¢H ¢ above
4

again belong to the Lorentz class S™ (more precisely: upon identifying holo-
morphic functions on V' with their distributional boundary values on 0V, these
operators become generalized Toeplitz operators of order —1 on the Hardy
space) and we have formulas for the Dixmier trace of their n-th power in terms
of the dual Levi form.

Recall that the boundary Poisson bracket (cf. [7]) on OV is given by

{f.9}0 = Lov (0sg,06f) — Lov (Obf, 7).

THEOREM 3.4. Suppose V is a strongly pseudoconvex domain with smooth
boundary oV, V = {w € C",r(w) < 0}, and r(w) = 0, Or(w) # 0 on V.
Then we have

1

T VLT = i

/6 (0zf. g+ 1,020} (f )y 0 A ()

Proof. We compute the commutator

viZnd [Tf’ Tg]n = [Vz, [Tf’ Tg]n] = Z[Tf’ ] [Vz, [Tf’ T, ]] [Tfa Tg]n_ja

j=1
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BUNDLES OF BERGMAN SPACES AND TOEPLITZ OPERATORS 199

and
[VZ’ [va Tg]] = [[V27 Tf]’ Tg] + [va [vZa Tg]]'

The commutator [V z, T] is computed in Lemma 3.3 and equals Ty, ffH%Haz(ﬁ
with H%Hazqs being (after passing again to the Hardy space via bound-

ary values) a Toeplitz operator of degree —1; similarly for the second term
[Ty, [Vz,T,]]. Thus

VEUT, Ty™ =Y (T Tyl ™ (To, 1, Tyl + [Ty, Ton ) [Ty, Tyl 7 + U

j=1

with the rest term U being a Toeplitz operator of degree —n — 1. The rest
follows then from Theorem 11 in [7]. O

We again observe that Lemma 3.3 gives very simple “semiclassical” asymptotics
for the induced connection when the potential ¢ is rescaled to m¢ and m —
+00: namely,

VianTf = TBzf — mH%HaZ(b, aé"de = T@Ef — mH%Hf.

Applying (3.2) to the products of Hankel operators, as before, yields

o0
ind _ _ 1—j _
VT =Tyt om0~ 2™ " Tej0067)
j=2

and similarly for 8%"‘1Tf.
We remark that the curvature of the induced connection is identically zero, by
the Jacobi identity.

4 TRACE FORMULA FOR CURVATURE OF BUNDLES OF HARDY AND
BERGMAN SPACES. THE GENERAL CASE

We consider now the case of a holomorphic fibration 7 : V — D with strongly
pseudoconvex bounded domains V, = 771(2), z € D, generalizing the previous
case with V = D x V. In [12] a curvature formula is found by following the
earlier approach in [2] using (n, 0)-forms. We shall use our elementary definition
above and derive a curvature formula using Toeplitz operators. Our formula
is different from that in [12] and in particular we prove that the curvature
operator is a Toeplitz operator of order 1 for general fibrations whose principal
symbol is positive.

We assume now that V = {(z,w) € C"*™; p(z,w) < 0} is a bounded strongly
pseudoconvex domain in C"**™ fibered over a domain D C C", with p a strongly
pluri-subharmonic function defined in a neighborhood of the closure of V. We
write ¢ = —log(—p). It might possible to choose a different ¢ independent of
the defining function p but we shall fix this choice in this section. We recall
the following lemma from [4].

DOCUMENTA MATHEMATICA 25 (2020) 189-217



200 M. EnGLIS, G. ZHANG

LEMMA 4.1. The vector fields
Lo = 8o + UL0; = 8o — ¢uid’*0;
are smooth on the closure of V and are tangential on V.

This is easily verified using the explicit formulas

. _ pj pE
o = (=p) (Y + L)
p — |0p|?
and ‘ o
ngﬂipg,pawmﬂjpipa@, (4.1)
p — |0p| p — |0p|
Here p*¥ is the inverse matrix to Pjks P o= p’%jp,;, pF = pFip;, |0p|? = pipj is
the norm of dp with respect to (99p)~! = (p*/), and we are (as always) using
the usual summation convention of automatically summing over any index that
appears twice.

4.1 BUNDLE OF HARDY SPACES

Throughout this subsection, we will denote by the same letter a holomorphic
function in V, and its boundary value on 9V, (for ease of notation).
We keep our previous notation for the L2-spaces L%(dV.) on the boundary
AV, with respect to the surface measure, and for the Hardy spaces L3 (9V,)
of boundary values of holomorphic functions in V,, with II = II, the Szegd
projection of L? onto L?. For f € C>(dV,), the Toeplitz operator T on the
Hardy space is defined by Tyu = II(fu), and the Hankel operator Hy from the
Hardy space into its orthogonal complement is defined by Hju = (I —II)(fu).
(We will not consider the Toeplitz and Hankel operators on Bergman spaces in
this subsection, so the use of the same notation Ty, Hy for them should cause
no confusion.)
Furthermore, for a pseudo-differential operator A on L?(9V,), Ta = IAII is
the (generalized) Toeplitz operator on L3 (9V), sometimes written as T'(A) for
typographical reasons. The order of T4 is defined as the order of A, and the
symbol o(T4) of T4 is defined as the restriction of the symbol of A to the
subset

Y, ={(z,tng) : x € 9V, t >0}

of the cotangent bundle T*9V.; here 7 is the one-form 1 = Tm p(z) = 2 (9p(2)—
0p(2)) (which thus depends on z, although this is not reflected by the notation).
The reader is referred i.e. to Section 2.1 of [7] for more details on generalized
Toeplitz operators.

We also define generalized Hankel operators with pseudo-differential symbols
by Ha = (I — II)AIL. Note that T = Ta~ and Tap — TaTp = H}.Hp. The
operators Ty are recovered as Ty for A the operator of multiplication by f;
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in particular, T} is of order zero and o(Ty) = f. It also follows from the proof
of [7, Theorem 9] that for f,g € C°°(9V,), the product H;Hy =Ty, — TyTy is
of order —1 with principal symbol

o(H;Hy)(x,tn.) = $Lov. (Obf, Obg) ().

A special case of the above operators are, in fact, the differentiations 9; in
the fiber variables. Namely, with the notation K for the Poisson extension
operator (assigning to a function w on 9V, the harmonic function Ku on V,
with boundary values u) and r for its inverse (i.e. the operator of taking the
boundary values of a harmonic function), it is known that 9, K (which is well-
defined since the derivative 0; Ku of a harmonic function Ku is again harmonic)
is a pseudo-differential operator Z; of order 1 on the boundary. On the cone 3,
the symbol of Z; satisfies

o(Zj) (@, tnz) = 0(Tz, ) (2, tn) = tp;. (4.2)

By the very definition of Z;,
TZj = aj.

Since the derivative of a holomorphic function is again holomorphic, we have
Z;11 = 11Z;11, i.e. Tz, is just the restriction of Z; to the Hardy space; in par-
ticular, Hz, = 0, and

TAZj = TATZj = TAaj, HATZj = HAZ]‘

for any generalized Toeplitz operator T4 and generalized Hankel operator H 4.
In this subsection we consider the bundle H of Hardy spaces H, = L% (9V,).
Setting as before U, = Ugﬁj, so that L, = 0, + U,, we also denote by

do :=div, Ly

the divergence of the tangential operator L, with respect to the surface measure
on 0V,.
By Lemma 2.1, we then get for u,v € O(F),

Oa uvdy = / (Lo + do)(uv) dv = / (Lo 4+ do)uvdy
[52%% oV, V.

since L,U = Lzv = 0 by the holomorphy of v. As in Section 3.1, it transpires
that the Chern connection on H is given by

VHy =TI(Ly + do)u. (4.3)

Our main result is that the associated curvature is a generalized Toeplitz op-
erator of order 1.

THEOREM 4.2. The curvature of V7 is given by

RaB =-T

(LaUd)z; — Trga. — H

* .
Ug Zk-i-dg HU(],LZ]' +da”
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Proof. By the definition of curvature and (4.3), for u,v € O(H),
(R 5u,v)> = (Il(La + da)u,I(Lg + dg)v) . — 050a(u, v)..

Using Lemma 2.1, we have

0500 (u,v), = 0504 uv dv
V.

:/ (Ls + dg)(La + do) (uD) dv

oV,

— [ @+ dg(La+ dou - )
oV,

:/ [Lg(La +da)u - 7]
oV,
+ (Lo + do)u - (L + dg)v] dv
= (II(Lg(La + da)u),v). + ((La + da)u, (Lg + dg)v)..
Consequently,
(R, gu,0). = —{(I = T0)(La + da)u, (I = I0)(Ls + ds).
— (I(L5(La + da)u), v)
= —(I(L(La + da)u),v). = (HL,4dot, Hp 1 d,0)z
Now
Hpu= (I —T0)(0qu+ Uldju)
= (I = P)(U}0;u) = Hy; dju
= HUiTZju = HU(J;Z],U,
since dyu is holomorphic. Similarly, II(Lgdau) = II(Lgda)u = T}, ;a,u and
I(LgLau) = L5(0au + UL0;ju)
=IILg(U305u) = I(LgUZ)05u
= TLBUgTZju = T(LBU{;)ZJU’
and the assertion follows.
We proceed to examine the principal symbol of the curvature operator.

THEOREM 4.3. (i) H,ijHdB
2,

Hy;; Zy+da is a generalized Toeplitz operator of

order 1, whose principal symbol, however, vanishes; consequently, it is in fact

a generalized Toeplitz operator of order zero (hence, in particular, bounded).

(ii) T(LBUj)Zj is a generalized Toeplitz operator of order 1, and the matrix of

principal symbols {O’(*T(LBUJ')Z‘ )Y g1 is positive definite.
a J 3
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Altogether, we thus see that (2, 5) is a matrix of generalized Toeplitz operators
of order 1 with positive-definite principal symbol; the positivity of the matrix
(R,p) is generally defined as Nagano positivity [2].

Proof. (i) The claim concerning the order is immediate from the formula
H%.Hp = Tap — TATp and the properties of generalized Toeplitz operators
(noting that both UJZ; + d, and Ung + dg are pseudo-differential operators
of order 1 on the boundary).

To compute the principal symbol, note that Hg, and Hg, are of order zero,
hence it is enough to compute the principal symbol of

;}L’;ZkHUz;Zj = TékH;}L’;HUC{TZj’
which equals, by (4.2),
torLov, (517[]&, 51)U§)pj =tLoy, (pjébUg‘, pkébUg). (4.4)

Now on the boundary, we have 0 = L,p = po + Ug;pj, and since 0, depends
only on boundary values, this gives, by the Leibniz rule,

piOUL = —Oppa — ULOp;.

Hence the principal symbol equals (for brevity we write just £ for Lsy, through-
out the rest of this proof)

tL(Oypa + ULObp;j, Ovps + U dupr)
= | L(Bopa ops) + L(Dspas Oope) U + U L(Dopm, Dops)  (4.5)
+ U L(Obpm) 51)/)@)(]_5}
Recall now from [7, page 618] that, quite generally,
ko= = a1 s
= .3 ~_ |0g| |00p Op af
Computing the inverse of the middle matrix, this gives explicitly, in our nota-
tion, )
s
|0p]?

L(Obf,Opg) = 515f(/)7€j )53‘!?- (4.6)

Thus, in particular,
_ k i
5 = i PP
L(Obpar 0bps) = Pai (pkj - |8p|2)pj5a

 paifFpi
|op|?

. PP’ pjs

L(Oopm, Osps) = Pmj — T(?TPJB,

L(Oppa, Obpe) = Poi

a 3 PmPg
L(Oyprm, Oppe) = Pz — W
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Next, from (4.1) we have

m pmpoz sm Pmpgl)ag

o= *W — Pasp’ T+ W on OV. (4.7)
Hence
meE 3 PP PiEN (PP Pas sm _ PP
Ua'L(Ospm, Obpp) = (me_ ERE )( op2 PP |3p|2)
_ Pmpf"P s PmP™Pa P0i5P Pas
T e Pl P 00
N pjpjgpagl)g /)apjij
|0p[2 0p]?
I A L WP
—Pas( P54+ |ap|2)pmﬁ = E(&Pm&yﬂﬁ%

since on the middle line the first term cancels the fourth and the third term
cancels the sixth. Similarly,

U_éﬁ(ébpa, Ope) = —L(Obpa, Oops)

and - o - -
Ua L(Ospm, Oope)Ufy = L(Dppa Dopp)-

Consequently, in (4.5) the first and fourth terms cancel the second and third,
and the symbol vanishes, as claimed.
(ii) Using again the formula (4.2) for the symbol of T'z,, we have

U(T(LBUg;)Zj>($vt771> = tpj(x)LBUg;(:c).
By the Leibniz rule,
piL5U% = L5(p;U3) — ULz (p;)-
Now Lj is a tangential operator, so the boundary values of LB(pj UJ) depend
only on the boundary values of p;UZ; but since Lop = 0 there, we have

0= Lap = pa + Ulp;,
or p;UJ = —p, on the boundary. Thus on the boundary,
—p;iLgUs = Lj(pa) + UZL5(p;)
= pap + Uspak + Ulpjz + UdUfpjz

_ 1 [Pag Par| | L
=[1,U]
| ][pjﬁ Pﬂj U§

By the hypothesis of strict plurisubharmonicity of p on the closure of V, the last
2 x 2 block matrix is positive definite; hence also the whole product of the three
block matrices is positive definite, proving the claim. o
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REMARK 4.4. By an analogous computation as in the proof of part (i) above,
one can derive the following explicit formula for the last symbol:

2
p"pt Palp = PmpP" Pa — Pail PB
U(T(LBU(Z‘)ZJ-) pa5+pa€(|a |2 _p ) mB+ |ap|2 ;

which however is not very enlightening, nor is it immediate that it is positive
definite.

EXAMPLE 4.5. We work out the various quantities in this subsection for the
situation of the ball V = B"*™ from Example 2.4 with a = 1. By (4.1), upon
a small computation, ~

- z

Ul = ——2% ..

T TP
Hence H;; = *:ﬁHw]' = 0 since w, is holomorphic.
To compute d,, observe that, by rotational symmetry in the fibers, it must
be constant on each 9V,. Applying Lemma 2.1 to the function constant one
therefore gives

OV (0V,) = dov(0V,),
or do = Oy logv(9V.). As in our case v(9V,) = const.(1 — |z]?)2™=D/2 we get

Z
do = —(m — 3) T—
=D
Further computations give
LBda = 8Bda = 7( )8ﬁ8 1og

— [z
. 1
LU 05u = — ((’%8 log _p |2)Rwu,

where R,, denotes the radial derivative in the w-variables. Hence H;_, = 0 and
thus both Hankel operators in Theorem 4.2 vanish, while the Toeplitz operator
there become

1
R,z = (aﬁa log P |2)(Rw +m—1).

Note that the matrix {030, log m}a,ﬁzl is nothing else but the standard

invariant metric on B™ (hence, in particular, positive definite, in full accordance
with part (ii) of the last theorem).

We conclude by computing the induced connection V"4 = [V, ] on Toeplitz
operators. We deal only with the holomorphic part, leaving 0™ to the reader.

THEOREM 4.6. We have
ValTy = Tr.; — HfHu, +d.-

Furthermore, the second term is actually an operator of order —1 (hence, be-
longing to the Lorentz ideal S™°).
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Proof. By the definition of the induced connection, we have for g € O(H)

ViiTyg = (Lo + do )11, Tflg = [M0aI1, T4]g + [Tv,+a.. Trlg
= 0.Tr9 — Tr00g + [TU,+d., Ir]g,

where we dropped some II’s on the last line since 9, preserves O(H). Now,
recalling the definition of the Chern connection and using Lemma 2.1, for g, h €
O(H),

<8ang; h> =

(Vg —Uq — da>ngv h>
o (Trg,h) — (Tv,+a.Trg, h)

(Loz + doz)(fgﬁ) dv — <TUa+danga h)

Q’)/\

.
= | (- da) o)y = Ty, s Tya. 1)
= /BV (((Lozf) + fLoz + fda)g)ﬁdy - <TUa+danga h>

= (T(Lo )+ f(Latda) 9> 1) = (TUatda Trg, ),

implying that 0,1t = T(L.f)+ f(Latde) — TUa+d.Tf- Consequently,
VT = T(1o ) f(Latde) — TUatda Tr = T5Oa + [TUotds Tf]
= T(Laf)+ fWatda) — TU0+d T + [TUs+dos Tt

=T (Lof)+fUatde) — TFTU +da
= TLaf =+ H}HUQ+da7

proving the first claim. The second term in the last expression is a generalized
Toeplitz operator of order 0 + 1 — 1 = 0, with principal symbol

o(HpHy,) = o(HfHup To,,) = pmLOpUL", s ),

which equals, by the same argument as in the proof of part (i) of the last
theorem,

— L(9ppa + U Oppim, Ob f). (4.8)

Now, using again (4.6),

_ k j
5 5 ) — 9. F ki — PP _
E(abpomabf) - a_]f(p |ap|2)paka
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while

_ ) J
= ajf(Ué+ papp ) as p UM + po = Lap =0
J

*Pag(ij _ |p8pp|¥)ajf_,

where the last equality follows from (4.7). Thus the two summands in (4.8)
cancel each other, proving the second claim. o

From the second part of the last theorem, it follows in particular that
(HJ’;H U.+d,)" is Dixmier traceable. We have not tried to compute its Dixmier
trace.

4.2 CURVATURE FORMULA FOR BUNDLE OF BERGMAN SPACES

We now consider the bundle E of Bergman spaces E, = L,QI(VZ,e’d)(Z)dm).
Keeping our previous notation

La=0u+Us,  Us:=U0;,  Ui=—6a50",
we again denote for brevity
do = divU, = 0x(UF).

(Note: this is a different quantity than the function d,, in the preceding subsec-
tion; however there should be no danger of confusion.) By Lemma 2.1, we then
have, for u,v € O(F),

Oa / uve™? dm = / (Lo +do) (uTe™?) dm = / e ?(Lo + do — Lad)udm.
V. V. V=

It follows, as in Section 3.1, that the Chern connection on E is given by
VEu = P(Ly+ do — Lad)u. (4.9)

Similarly as for the Hardy space, we will need a generalization of Toeplitz
operators on the Bergman space whose symbols are allowed to be not only
functions but differential operators: namely, quite generally, for a differential
operator L on a complex domain 2 with coefficients smooth on the closure of
Q we define the Toeplitz operator T}, on a weighted Bergman space L2 (€, e~?)
by Tru := P(Lu). Of course, Ty, is in general only a densely defined, closed
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unbounded operator. The simplest examples of such Toeplitz operators are the
coordinate differentiations Ty, = 0.

Generalized Hankel operators with Hp, : L,QL — L% L,QL are defined analogously
as Hpu := (I — P)(Lu).

Note that it is not in general true that T} = Tp -, as also witnessed by the
following lemma.

LEMMA 4.7. Assume that the weight —e~% = p is a defining function for Q.
* —1

Then Tj = —Ts, T .

Proof. This is well-known, but we include a proof for completeness. Assume

that u,v € L?(Q,e~?) are smooth up to the boundary 9. By the Stokes

theorem (v stands for the appropriate component of the outward unit normal

on the boundary),

/ O (uvp?) dm = / utp?vy, = 0,
Q a0

since by hypothesis p vanishes on the boundary. By the Leibniz rule, it follows
that

0= /( (—pOru — 2upy)ve? dm.
)
Since this holds for all u,v in a dense subset, we conclude that
T, 15, +21,, =0,
or Tp, = =T, 'Ty,,. Taking adjoints completes the proof. O

Identifying holomorphic functions with their boundary values — or, somewhat
more precisely, using the Poisson extension operator K and the operator r of
restriction to the boundary — one can transfer operators 7" on the Bergman
space L2 (€, e~?) to operators rTK on the Hardy space L?(9Q) from the pre-
ceding section. Abusing language, we will say that T is a (generalized) Toeplitz
operator (of order k and with leading symbol o) on the Bergman space if rTK
is a generalized Toeplitz operator (of order k and with symbol o) on the Hardy
space. It is then a famous result due to Boutet de Monvel that ordinary Toeplitz
operators Ty, with f smooth on the closure of (2, are Toeplitz operators of order
zero in the above sense, with symbol o(z, &) = f(z), * € 0Q; and if f vanishes
on 0f) to order k, that T is actually of order —k. In particular, if —e % =pis
a defining function, T}, is a Toeplitz operator of order —1 with principal symbol

o(T,)(x,tn,) = —2/t.

The product H;Hy of two Hankel operators, with f, g smooth on the closure
of €1, being equal to T? . T4Ty, is a generalized Toeplitz operator of order —1
(more generally, of order —k — ¢ — 1 if f, g vanish on the boundary to orders
k, q, respectively), with principal symbol again given by (cf. [7, Theorem 9])

o(HyHy)(x,tn.) = tLoa(0bf, Obg) (), (4.10)

DOCUMENTA MATHEMATICA 25 (2020) 189-217



BUNDLES OF BERGMAN SPACES AND TOEPLITZ OPERATORS 209

for t > 0 and = € 0. Furthermore, T5, is a generalized Toeplitz operator of
order 1, with symbol
o(To, ) (@, tn) = tpxloq- (4.11)

The reader is again referred e.g. to Section 2 in [7] and the references therein
for more details about all the facts just mentioned.

All the above notions apply, in particular, to our domains V,. We then have
the following theorem. Note that the Toeplitz operator in the formula below
is of order 1, as is the product of the two Hankel operators.

THEOREM 4.8. The curvature of V¥ is given by

Raﬁ - TLELad)fLEdaf(LBUCJY)Bj HUL—)-ng—LﬂqﬁHUaJFda*La(ﬁ'

Proof. By the definition and (4.9), for u,v € O(E),
(R,5u,v)> = (P(La + da — Lag)u, P(Lg + dg — Lgp)v). — 050 (u, v)..

Using again Lemma 2.1, we have
0504 (u,v), = aﬁaa/ uve™? dm
Va2

_ / (Lj + d3)(La + do) (ute=?) dm

z

= [ (L34 d5)(a+ da — Lot el dm

z

= / L3(Lo 4 do — Lad)u - Te™

z

+ (Lo 4+ do — Lad)u - (Lg+ds — Lgd)v - e~ dm
= (TLs(Latda—Lad)th V)=
+ (Lo + do — La@)u, (Lg +dg — Lgp)v) .
Consequently,
<RQBU,U>Z = —<(I - P)(La +dy — La(b)u, (I - P)(LB + dlg - ng(b)?})z
— (TL (Lot da—Lad)Us V)
= T1;(Lad—da—La) V)2 = (HLotda—LaoW HLztds—L500) -

Note that since Lz involves only anti-holomorphic differentiations, we have
LzLou = Lz(0ou + Uldju) = (LzU})d;u, and similarly Hy, = Hy,,, Hy, =
Hy,. The assertion follows. O

From the formula H; Hx = Tr~x — T1~Tk, valid for any pair of differential
operators L, K, it follows that H;}ﬂ Hy;, differs from HEBerB*LWHUa tdo—Lad
by an operator of order zero (hence bounded); similarly TLBLa¢_LBda is a
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bounded operator (recall that L,¢ and UJ are smooth on the closure of V,, see
the preceding section). The next theorem therefore describes the leading order
terms of R, 3.

THEOREM 4.9. (i) Hfj, Hy, is a generalized Toeplitz operator of order 1, whose
principal symbol however vanishes, so that it is in fact of order zero (hence,
in particular, bounded).

(ii) T( LU0, is a generalized Toeplitz operator of order 1, and the matrix of

principal symbols {U(_T(L[;Ug;)aj )}a p=1 is positive definite.
Proof. (i) By (4.11) and (4.10),
o(Hy, Hu,) = o(T5, Hy Hy; To,) = tprL(O UL, U p;
= tL(p; UL, prOsU).

However, this is the same expression as (4.4) we had for the Hardy bundle in
the preceding subsection, and we showed in the proof of Theorem 4.3 that it
vanishes identically.

(ii) From (4.11),

U(T(Lﬁ—ug;)aj (@, tn) = tp; (‘T)LBU&(-T)

for x on the boundary. However, this is exactly the same expression as in the
proof of part (ii) of Theorem 4.3, and thus we immediately get the conclusion
by the argument used there. O

Altogether, we thus see that the curvature R, is again a matrix of generalized
Toeplitz operators of order 1, with principal symbol which is positive definite
— and is, remarkably, the same as for the Hardy bundle in the preceding
subsection.

ExaMPLE 4.10. We again work out the various quantities in this subsection
for the situation of the ball ¥ = B"™™ from Example 2.4. As we already saw
in Example 4.5,

UJ =
T TP
Hence _
U, = ,LR
[0 1 _ |Z|2 w

where as before R,, denotes the radial derivative in the w-variables. The latter
preserves holomorphic functions, so in particular Hy, = 0. Further computa-
tions give

Zo
doz = - ’
1—|z[?
Za
Loz = ’
PTITP
1
LBda = aBda = 7m858a log 1*7|Z|2,
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while we already saw in Example 4.5 that

LBUiajU— (856 log _p |2)Rwu.

Hence Hy, = Hr,4 = 0 and both Hankel operators in Theorem 4.8 vanish,
while the Toeplitz operator there gives

1
R = (950al0g T—— |Z|2)(Rw +m 1),

We again witness the appearance of the matrix {050, log ﬁ}g 5—1 Tepre-
senting the standard invariant metric on B™ (hence, in particular, positive
definite, in full accordance with part (ii) of the last theorem), except the term
Ry+m—3 for the Hardy space now becomes R,, +m + 1.

As in the previous subsection, we conclude by giving a formula for the induced
connection on Toeplitz operators. We again deal only with the holomorphic
part.

THEOREM 4.11. For the induced connection VT = [VE T], we have
Vinde = TLaf + H}iHUaerafLaqb-

The second term is a generalized Toeplitz operator of order —1, in particular,
it is a compact operator in the Lorentz ideal S™°.

Proof. The proof is exactly the same as for the Hardy case, with trivial mod-
ifications. Namely, by the definition of the induced connection, we have for
g € O(E)
ValTtg = [P(La +da — Lad)P, Tflg = [POaP, Tflg + [Tv.+da-Las: Ttlg
= 0aTsg — Tf0ag + [TUo+da—Las: Ttlg;

where we dropped some P’s on the last line since 9, preserves O(E). Now,
recalling the definition of the Chern connection and using Lemma 2.1, for g, h €

o(E),
<804ngv >:<( E*U —dq +La¢>ngv >
= 00(Tsg,h) — (TUptda—LasTrg, 1)

(Lo + da) gh€7¢) dm — <TUa+da7La¢ng7 h)

)

(Lo +da)(fge™?)he™? dm — Ty, +du—r.6Tg, h)

(Laf)+ fLa + fda — fLa®)g)hdm — (T, +d.—1.9Trg, )

Il
<\§\<\

z

= (T(Lof)+f(Latda—Lad)9> 1) = (TUstda—LasTrg, 1),
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implying that 0,1y = T(L.f)4+f(Latda—Lad) — LUa+da—LagTr- Consequently,

VT = T ) f(Lotda—Las) = TUatdo—LaoTs — Ti0 + [TUutda—Los TF]
= T(Lof)+f(Uatda—Lad) — LUatda—Lad Tt + [TU0+do—Lags T]
=T(Lof)+f(Uatda—Lad) — Lf U +da—Lao
=Tr.; + H;Hu 4 do—Las:

proving the first claim. The second term in the last expression is a generalized
Toeplitz operator of order 041 — 1 = 0, whose principal symbol coincides with
the one from Theorem 4.6, which we have shown to vanish. This settles also
the second claim. O

Again, we have not tried to compute the Dixmier trace of (H}iHUaera,Lm)”.
Note that replacing ¢ by m¢ (which leaves Uy, d, and L, unchanged) and let-
ting m — +o00, we also get simple “semiclassical” expansions for the curvature
and for the induced connection.

5 FOCK BUNDLE

We study now another important fibration and family of Bergman spaces,
namely the domain V being the space C" with a family of Fock spaces pa-
rameterized by the Siegel domain D. One may consider further the quotients
of C" by lattices Z?",z € D, and the corresponding spaces of holomorphic
sections of flat bundles, the so-called theta bundle; see [1]. However we will
restrict ourself to the Fock bundle, much computations can be extended to that
case.

5.1 SIEGEL-JACOBI DOMAIN
We let V = C" and D be the Siegel domain
D:={z=2"€ M, ,(C);y=Imz > 0}. (5.1)

The product D x V is also called the Siegel-Jacobi space. Let

$(z,w) = —logdet(Im z) + 27((Im 2) ™" Im w, Im w)

5.2
—logdety + 27 (y_lv,v) . (5:2)

Here (w,1) =3, w/t! is the bilinear form on C". The Hessian 00¢ is given by

1
8Z1872¢ =

1 (y_iZly_?y_iZzy_i) +7(Qy-1(Z1, Zo)y 'v,y~'v)  (5.3)

aZaW¢ =7 (y—lzy—l,v,W) ’ 6W16W2¢ = (y_1W1,W2) ) (54)
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where @, -1 denotes the (Jordan theoretic) sesqui-linear operator

_ 1 o
Qu-1(%1,72) = 5 (Z1y YZo + Zoy ' Z4).
The positivity of the Hessian follows simply by Cauchy-Schwarz inequality.

5.2 FOCK BUNDLE OVER THE SIEGEL DOMAIN

For each z € D we let F,(C™) be the Fock space of holomorphic functions h
on C" equipped with the inner product

I]* = [[A]12 :/(C [ (w)[?dpe (w) < o0,
where
dp.(w) = e~ dm(w) = (det Im ,2)672”((11n Z>71”’”>dm(w), w = u + iv.

The reproducing kernel is well-known and is given by

K(z;w,t) = det(y) 2 exp (—g (yil(w —1),w — f)) , w,t e C™.

It can be easily checked that the family F = {F,(C™)},ep forms then a Her-
mitian bundle over D according to Definition 2.2.

REMARK 5.1. In [10] a different normalization for the measure du,(w) =
e~?dm(w) is chosen, with detIm z above replaced by (detImz)2, our choice
of ¢ is made so that it is plurisubharmonic on the total space in consistence
with Section 3 above. In particular the formula for the covariant differentiation
Vz below is different from that in [10]. We remark also that we may intro-
duce the weights det(Im z)e_(yilv’”) on the total space D x V and consider the
Bergman-Fock space of holomorphic functions h(z,w) on D x V with respect
to the weight; the corresponding reproducing kernel is

0 (357) o (5((557) " nw-9).

In particular each such h(z,w) for fixed z is in the Fock space F,(C™) and can
be viewed as global holomorphic section of the Fock bundle.

5.3 CONNECTION AND CURVATURE ON THE FOCK BUNDLE

We introduce the holomorphic wave operator

1 n
Dzh = azh — R Z ijajakha

k=1
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and its constant shift

Vzh = ( L, Z)h+0Ozh.

ms

This can be written also as

V=

1 n
4@ ( -1 dz)IﬁLak@dek mzkajak@)dzjk,
Js

taking values on differential forms on D.
LEMMA 5.2. The Chern connection on the Fock bundle is given by V.
Proof. The connection is Vz = 0z — Ty, 4 with the symbol 0z¢ of the Toeplitz
operator Ty, 4 being
1
Oz¢(z,t) = ~5 (Z,yil) + mi (yilnyls, s) , t=r+is.
i

Thus

Ts,¢h(w) = 72%, (Zy ") h+ 7T/ (v 'Zy's,s) K(z;w, t)h(t)dp.(t). (5.5)

n

We claim that the Toeplitz operator Ty, 4 is

1 1 1

Indeed differentiating the reproducing formula h(w) = ((h(-), K(z;-,w)) we
find

ajakh(w)
= /Cn (7T ( Yej,w— f) ( Leg,w — f) -7 (y_lek,ej)) K(z;w, t)h(t)du,(t)
=7 (ylej ®y716k,/n( —1)°’K (z;w,1t) h(t)duz(t)>

— 7T/n (y_lek,ej) K(z;w, t)h(t)du, (1),

To,ph(w) =

(5.7)

where we have written u? = v ® v and extended the bilinear product on C” to

the tensor product C" ® C". Write w —f = (w —t) + (¢t — ) and (w — )% =
(w—12+(t-1H®(w—1t)+(w—1t)® (t—1t) + (t — t)%. The corresponding
integrations in (5.7) involving the first three terms are vanishing due to the
reproducing kernel property that

/n(wj )R K (25w, )dps (£) = O,
/n(wj ) (wp — te) A K (2w, £)dpa (£) = 0.
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Thus

Z ijajakh(’w)
ik

=32 L@ e ey o= 07) — 7 (o)
Kz o)
- / (—dn? (52 Zy s, s) — 7 (5=, 2)) K (23w, )h() dus (1)
= —47? / (y'Zy~'s,s) K(z;w, t)h(t) dp.(t) — m (y~', Z) h(w).
Here we have used the simple fact that
S Zin(ylej @y len,s@s) = (y ' 2y s@s) = (y ' Zy s, s).

Hence
1
4_7T‘i Z ijajakh(w) =
ik

i7r/ (yilnyls, s) K(z;w, t)h(t) du,(t) — — (yil, Z) h(w).
Comparing this with (5.5) we obtain (5.6). O
PROPOSITION 5.3. The curvature of Fock bundle is given by

R(Z,Z)==(y 'Zy ', Z)1d

oo | —

i.e., it is proportional to the Siegel metric (y~'Zy~1,Z) on D.

Proof. This follows by a direct computation. We take a section h(z) = h(z, w)
holomorphic on the total space with h(z) being in the Fock space F,, and
compute

R(Z,Z)h = [N z,05h = -0V zh = fi,a? (y " 2)h=

5 (yilZy71,7) h.

oo | —

O

Next we find the induced connection on sections of Toeplitz operators. For
that purpose we introduce the Jordan product

N =

for any two operators.
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ProroOSITION 5.4. The induced connection of VD on T is
V7 Ts = [Vz,Ty]

i _ _ .
= T@zf + 5 tI‘(y 1Zy 1)Tf + [Tf,TaZ¢] + FlT(y—IZy—lvﬁru)f)
(5.8)
T n
T4 Tyo T(y”nylw,W) - ZT(U’%ej)f © T(y*IZy*Iw,ej)
j=1
Proof. The commutator is [Vz,Ty] = [0z — Ta,e,Tf| = [0z, Tf] + [Tt,To,¢)-
Writing the Toeplitz operator T as an integral operator

ng(za t) = /f(za w)g(za ’LU)K(Z; l, w)dMZ(w)
we find

02,7/l = To, 9 + / £z, w)g(2 w)K (5, w)

(- 0tm2) = mit 2y o) = T 2 o - @)t - 0) ) dis )
The integrals above can all be written in terms of Toeplitz operators and we

omit the computations here. o

Finally if we replace ¢ by m¢ then ViZ”dTJSm) has a formal expansion

Zj(%)jT};") in m in terms of Toeplitz operators Ty, with symbols f; be-
ing differential operators acting on f; the expansion of product of Toeplitz

operators has been very well studied [6, 8].
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