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The method of asymptotic normalization coefficients is a standard approach for studies of two-body
non-resonant radiative capture processes in nuclear astrophysics. This method suggests a fully analytical
description of the radiative capture cross section in the low-energy region of the astrophysical interest.
We demonstrate how this method can be generalized to the case of three-body 2p radiative captures.
It was found that an essential feature of this process is the highly correlated nature of the capture.
This reflects the complexity of three-body Coulomb continuum problem. Radiative capture >O+p+p —
17Ne+y is considered as an illustration.
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1. Introduction

In the asymptotic normalization coefficient (ANC) approach the
nuclear wave function (WF) is characterized only by the behav-
ior of its asymptotics. This asymptotics is defined in terms of the
modified Bessel function of the second kind K in neutral case

Ygs(r — 00) = C24/2qr/7 Ki1,2(qr) ~ C2 exp[—qr],

or in terms of the Whittaker function W in Coulombic case

Ygs(r — 00) = Ca W_y 141/2(2qr) ~ C2 (2kr) ™" exp[—qr],

where 1 = Z1Z2e*M/q is the Sommerfeld parameter. Thus the
asymptotics and, hence, the related observables are defined just
by two parameters: the g.s. binding energy Ep, = q2/(2M) and the
2-body ANC value C,.

Such an approximation is valid for highly peripheral processes.
The nonresonant radiative capture reactions at astrophysical en-
ergies are the main subject of interest here [1-5]. An asymptotic
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normalization coefficient characterizes the virtual decay of a nu-
cleus into clusters and, therefore, it is equivalent to coupling con-
stant in particle physics [6]. For that reason the ANC formalism
naturally provides a framework for deriving the low-energy as-
trophysical information from peripheral reactions, such as direct
transfer reactions, at intermediate energies (the so-called “Trojan
horse” method [7-9]). From the short list of references above, it
can be seen that the ANC study is quite active and has a number
of controversial unresolved issues.

For the network nucleosynthesis calculations in a thermalized
stellar environment it is necessary to determine the astrophysical
radiative capture rates (apamyv). The two-body resonant radiative
captures

E] 1_‘yl—‘part (1)

kT Itot

can be related to experimentally observable quantities [10-12]:
resonance position E;, gamma I'y, and I'pare particle widths (n =1
for two-body and n =2 for three-body captures).

The situation is much more complicated for nonresonant ra-
diative capture rates. The direct measurements of the low-energy
capture cross sections could be extremely difficult for two-body
processes. However, for the three-body capture rates the direct

1
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measurements of the corresponding capture cross sections are not
possible at all. Therefore, experimental approaches to three-body
processes include studies of the photo and Coulomb dissociation,
which are reciprocal processes for radiative captures. However, the
“extrapolation” of three-body cross sections from experimentally
accessible energies to the low energies, important for astrophysics,
may require tedious theoretical calculations. This is because rela-
tively simple “standard” quasiclassical sequential formalism [10,11]
may not work in essentially quantum mechanical cases [12-15].

The 2n and 2p astrophysical captures become important at ex-
treme conditions when density and temperature are so high that
triple collisions are possible. However, the temperature should not
be too high to avoid the inverse photodisintegration process. For
the 2n captures the following possible astrophysical sites are in-
vestigated: (i) the neutrino-heated hot bubble between the nascent
neutron star and the overlying stellar mantle of a type-II super-
nova, (ii) the shock ejection of neutronized material via super-
novae, (iii) the merging neutron stars. The 2p captures may be im-
portant for explosive hydrogen burning in novae and X-ray bursts.

The 2n and 2p nonresonant radiative capture rates have been
investigated in a series of papers Ref. [13-15] by the examples of
the “He +n+n — SHe +y and >0+p+p — "Ne+y transitions.
These works also required the development of exactly solvable ap-
proximations to understand underlying physics of the process and
achieve the accuracy needed for astrophysical calculations [16-18].
Some of the universal physical aspects observed in the papers
mentioned above have motivated the search for simple analytic
models. The following qualitative aspects of the low-energy E1
strength function (SF) behavior were emphasized in [13-15] for 2n
and 2p captures: (i) sensitivity to the g.s. binding energy Ey; (ii)
sensitivity to the asymptotic weights of configurations determining
the transition; (iii) importance of one of near-threshold resonances
in the two-body subsystems (virtual state in n-n channel in the
neutral case and lowest resonance in the core-p channel in the
Coulombic case), which effect on SF is found to be crucial even
at asymptotically low three-body energies. Points (i) and (ii) are
the obvious motivation for ANC-like developments; point (iii) rep-
resents important and problematic difference from the two-body
case.

This work to some extent summarizes this line of research sug-
gesting analytical framework for two-nucleon astrophysical capture
processes. We demonstrate that it is possible to generalize the
two-body ANC2 method to the ANC3 method in the situation of
three-body radiative captures. While for the 2n capture the practi-
cal applicability of ANC3 method remains questionable, for the 2p
captures it is established beyond any doubt. In this work we pro-
vide compact fully analytical framework for the processes, which
previously could be considered only in bulky numerical three-body
calculations.

2. ANC3 in the hyperspherical harmonics (HH) approximation

The HH formalism for calculations of the E1 SF is provided in
details in Ref. [19] and here we just give a sketch. Assume that
the bound and continuum wave functions (WF) can be described
in a three-cluster core+N + N approach by solving the three-body
Schrodinger equation

(A3 — En)Wgs =0,
Hy = T3 + VN, (T12) 4 Ven, (123) + Ve, (131) 4+ V3(p),  (2)

where Er is the energy relative to the three-cluster breakup
threshold. See Fig. 1 for definition of coordinates used in this work.
The pairwise interactions V;; are motivated by spectra of the sub-
systems, while V3 is phenomenological three-body potential used
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Fig. 1. Coordinate systems and potential sets for “hyperspherical harmonics” HH and
“simplified Hamiltonian” SH approaches to ANC3. (a) The complete 3-body Hamil-
tonian is applied both to core+p-+p and core+n+n systems. (b) For core+p+p
system the dynamical domination of lowest resonance in the core-p subsystem mo-
tivates the use of simplified Hamiltonian in the “Y” Jacobi system. (c) For core+n+n
system the dynamical domination of the n-n final state interaction motivates the
use of simplified Hamiltonian in the “T” Jacobi system.

for fine-tuning of energies of the three-body states. In the hyper-
spherical harmonics method this equation is reduced to a set of
coupled differential equations

‘Ijés(/?, Qs) = p >/ ZKV Xky (0T Ky (R25),

i L+
dp? 02

=D ey 2MViey Ky (0) Xykry (0), - (3)

02 = (A1Axr2, + ArAsras + AsA113)) /(A1 + Ay + A3),

+2M(Er — VKy,Ky(P))] Xjky (0)

dependent on the collective coordinate — hyperradius p. The “scal-
ing” mass M is taken as an average nucleon mass in the system
and Jjky(2s) is the hyperspherical harmonic with the definite
total spin J. The three-body potentials are defined as

Viey ky (0) = (Txry 1 s Vi ®i1 Ty ) -

The effective orbital momentum £ = K + 3/2 is nonzero even for
the lowest excitation K = 0.

The continuum three-body problem is solved using the same
Eq. (3) set but for continuum WF XJKpyr Ky} (xp) (square ma-
trix of solutions) diagonalizing the S-matrix. Hypermomentum »x
is defined as » = /2MEr. In the no-Coulomb case the WF is con-
structed by diagonalizing the 3 — 3 elastic scattering S-matrix on
asymptotics

XJKy Ky (6 p) = exp(idyy kry) Sin(xp — (K + 2)7 /2

+ky k) Sky.k'y' = €Xpidgy k1y)

in analogy with the two-body case. This WF contains plane three-
body wave and outgoing waves. The formulation of the boundary
conditions becomes problematic in the Coulomb case and methods
with only outgoing waves (including the SH model introduced later
in Section 3) is a preferable choice. The details of the method and
its applications are well explained in the literature [20,21,12,22,23,
19] and we will not dwell on that too much.

The form of hyperspherical equations (3) immediately provides
the vision for the low-energy behavior of observables in E1 contin-
uum since the only K =1 component with the lowest centrifugal
barrier is important in the E7 — 0 limit.

The E1 transitions between three-body cluster core+N + N
states are induced by the following operator

N 3
Opim=ed .  ZiriVin®) =/ Dm,
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where D = 21:1,3 eZ;r; is the dipole operator, and

Ok1,m = Zeff P COS(Q/,) Yim (). (4)
2 2
22 = { z3 , } e (A1 + Ap) . 5)
(Z3 = A3)° | As(A1+ A+ A3z)

The upper value in curly braces is for core4+n+n and the lower one
is for core+p-+p three-body systems, taking into account the c.m.
relation ry +r, = —Asrs for the three-body system.

For historical reasons the astrophysical E1 nonresonant radiative
capture rate is expressed via the SF of the reciprocal E1 dissociation,

see Eq. (47). The E1 dissociation SF in the HH approach is

dBE1 M 2

oE G — M , 6
dEr fo I\ 27 ka IMysirys | ®)

where J; is total spin of bound state, J¢ is total spin of continuum
state, Ggj = (2Jf +1)/(2]; + 1) is a statistical factor, and the E1
matrix element is

M]foVf =ZeffZK}y}ZKiyiMaMhh/dpv2/77

X X]fo)/f,K}y} (pr) 14 X]iK,']/,‘ (,0) s

Ma={Jsv; ). M= (K} [cos®,)| Kivi)

For example, the reduced angular momentum matrix element
My =1/+4m for J; =0— ]y =1 transition and the hyperangu-
lar matrix element Mp, = 1/+/2 for K; =0 — Ky =1 transition.

2.1. No-Coulomb case in HH approach

For the three-body plane-wave case the solution matrix is diag-
onal and expressed in terms of cylindrical Bessel functions

2 THP
XJsKpyp Kyyy OP) =1 8k K Sypyp | 5 Trpe2 ()

with asymptotics for small x o

VD Jkp420ep) ~ (ep) T2 /(K +2)1255F2 (7)

This expression can be used to separate the leading term of the
low-energy dependence of the matrix element, labeled for simplic-
ity only by the values of K for the initial and final states

Mgk, (Er) = 2/ 2" ZegMaMin Ik ; (ET) (8)
1
Ik, ki (ET) = W/dp p*? Jkp+20¢0) X Jikivi (P) - (9)

where the overlap integral I KK tends to a constant at E; — 0
and weakly depends on energy in the range of interest.

Let us consider only the transition from the lowest bound state
component K; =0 to the lowest E1 continuum component with
Kp=1:

dBE1
dET

Now we replace the bound state WF x in Eq. (9) by its long-range
asymptotics expressed in terms of the three-body ANC value Cs3
and cylindrical Bessel functions K

Xk=0(0) = C3/2kp /7 Ka(Kkp), (11)

where the g.s. hypermoment k = /2ME}, is defined via the bind-
ing energy Ep. This approximation is valid in a broad range of p

1
= — Gri ZgeM My, @M)* E] o (1) (10)
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Fig. 2. Left axis: ground state WF components with K =0 for ®He (solid curve) and
17Ne (dashed curve), matched to asymptotic Bessel (thick gray curves) and Whit-
taker (short dashed and dotted curves) functions. For ®He ANC3 value is C3 = 0.3
fm~1/2. For 17Ne ANC3 values are C3 = 13400 fm~'/? with Zu, = 27.5 [see Eq. (21)]
and C3 = 5958 fm~'/2 with fitted Zy, = 26.14. The lines on the right axis show the
ratio of '”Ne WF to Whittaker functions with mentioned Zy, and Cs.

values, see Fig. 2. The ®He WF is taken from [19,15]. The overlap
integral now has simple analytical form
4C3
(MEp)1/4(1 + E7/Ep)?
It can be found that the ANC3 approximation of the overlap value

(12) deviates within very reasonable ~ 7% limits from the directly
calculated by Eq. (9) in a broad energy range (Er <1 MeV).

I1o(ET) =

(12)

2.2. Discussion of ®He case

The E1 SF and the astrophysical capture rate for the o +n+n —
6He + y was recently studied in Refs. [15,19]. It can be found that
Eq. (10) is not sufficient in this case for two reasons:

(i) In the p-shell °He nucleus not only the K; =0 — Ky =1 tran-
sition is important, but also K; =2 — Ky = 1. The asymptotics of
the K; =2 WF component falls off much faster than that of the
component K; =0. However, the weight of the K; =2 WF compo-
nent corresponding to [p?] configuration is much larger (~ 80%),
than the weight of the K; = 0 WF component (~ 5%), due to Pauli-
suppressed [s2] configuration. So, finally their contributions to the
low-energy ME are comparable.

(ii) It was shown in [15,19] that the low-energy part of the E1 SF
is highly sensitive to the final state n-n interaction (an increase
in SF when the n-n interaction is taken into account is a factor
of 8). The paper [15] is devoted to the study of this effect in the
dynamic dineutron model. We do not currently see a method to
consider this effect analytically.

Applicability of the approximation (10) to the other cases of 2n
capture should be considered separately.

2.3. Coulomb case in HH approach

Let us consider the transition to the single Ky =1 continuum
final state. The low-energy behavior of continuum single channel
WEF in the Coulomb case is provided by the regular at the origin
Coulomb WF

XKy () = /2/7 Fr43/2(hn, 20) - (13)
The suitable asymptotics of the Coulomb WFs are

Q@I+ 1)Ci(n)
Fitn. kn) = == e T JaBr i 24280, (14)

2
200 aak a2, (15)

G-k = G icm
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Ci(n) =2'expl—mn/2] [T+ in+ 11| /TR2A+ 1],  (16)
. @)t 3
G = W exp[—mn], B =nk, (17)
21+ 1)IC/
Di(. k) = %Jﬁzmexpt—nn], (18)

where I and K are modified Bessel functions. Approximation (17)
for the Coulomb coefficient (16) works for n > L.

In the ANC3 approximation the g.s. WF x can be replaced by
its long-range asymptotics

XK (P) = C3W_p. ki+2(2kp) . (19)

This asymptotics is valid when all three particles are well sepa-
rated. We will find out later that at least the core-p distances,
which contribute to E1 SF, are simultaneously large, see Fig. 5 (b).
The Sommerfeld parameters 1 for continuum and bound states are
Bhh = Znne’ M,

Thh = Bhn/ , Ngs = Znh €M /K . (20)

The effective charges of isolated hyperspherical channels can be
defined as

(Kidy)

2z YAYA VAYA
(hdy) _ 142 | %243 | 2341

r2 23 r31

V4

p<lely

For the 17Ne case the K =0 and K =1 effective charges are

1<1Xzy>. (21)

(000) (101)
Zhh =27.50, Zhh =27.41. (22)

Fig. 2 shows that the substitution Eq. (19) works well in a very
broad range of radii (the '”Ne g.s. WF is from Ref. [24]). The ef-
fective charge in Eq. (22) obtained for K;j = 0 is very reasonable.
However, slightly different effective charge value Zk(l?loo) =26.14 is
required for an almost perfect match to the asymptotics. This is
a clear indication of coupled-channel dynamics in this case. It is
actually a nontrivial fact that all the complexity of this dynamics
reduces to a simple renormalization of effective charges.

Using Eqgs. (14) and (18) we can factorize the E1 matrix ele-
ment as:

Mk k; =+ 2/7 Dip+3/2(Mhn, %) MaMtheffI;é:;Ki(ET),

Fi;+3/2(Mhn, % P)
(b = [ ap Fr2nmn)

2
XJiKi i(,O), (23)
Dx+3/2(1hh, ) Jikiy

where the overlap integral I?(?K,- weakly depends on the energy
and in the limit ET — 0 has a rather simple form

19 = / 4 L1112/ 2B000) P*% Xk, (). (24)

The overlaps (23) for K; =0 — Ky =1 transition are shown in
Fig. 3. It can be found that in the ANC3 approximation the Eq. (19)
is quite accurate: in this case the overlap increases just less than
6% compared the calculation with the real g.s. WF. It is also seen
that the use of simple energy-independent overlap Eq. (24) instead
of (23) gives almost perfect result below 10 keV and is reasonable
below 100 keV. For the E1 SF we get:

dBEg1 2
T = G i Z2;M2 M2, 2M 1% (E1) exp[—27 1] - (25)

The energy dependence of the derived expression at Er — O is
pure Coulomb exponent exp[—27mnnn]. The SF calculation results
are shown in Fig. 4. They strongly disagree with calculation results
from Refs. [13] and [14]. The modification of the “effective contin-

uum charge” Z}(l}lm) from Eq. (22) does not save the situation since
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Fig. 4. The E1 strength functions for '’Ne — 150+p+p transition. Solid black curve
corresponds to E1 SF obtained with ANC3 HH method of Eq. (25). Green dash-
dotted curve corresponds to simple energy-independent approximation Eq. (43)
1€ (g, Er) — 1©. Red dashed and blue dotted curves correspond to ANC3 SH
method of Eq. (33) without and with the resonance correction Eq. (43), respectively.
Thick gray curve and thin magenta solid curves correspond to SFs from Refs. [13]
and [14], respectively.

the energy dependence of the SF in Eq. (25) and that of the SF in
[13,14] are too different. We demonstrate in the next section that
the Eq. (25) is actually incorrect. However, the derivations of this
section are still important for our further discussion.
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Fig. 5. (a) The WF vg; component with K =0, normalized to unity. (b) Integrand of Eq. (32). (c) I(CC)(SO ET)/I(CC) on logarithmic axes. (d) Integrand of Eq. (44).

3. ANC3 in the simplified Hamiltonian (SH) approximation

The approximation is based on the usage of a simplified three-
body Hamiltonian for the E1 continuum instead of the real one

H3—>H3 T3+VCN2(X)+Vy(Y)

where X =rj3; is the Jacobi vector in the “Y” Jacobi system, while Y
corresponds to the second Jacobi vector, see Fig. 1. Such a Hamilto-
nian is quite reliable since the nuclear interaction with a proton in
a non-natural parity state is weak. The model was used for nonres-
onant astrophysical rate calculations in 17 Ne in Ref. [13] and in ®He
in Ref. [15]. A thorough check of the model is given in Ref. [16],
and the detailed description of the formalism for complicated an-
gular momentum couplings in Ref. [14].

To obtain the E1 dissociation strength function in this approxi-
mation we solve the inhomogeneous Schrédinger equation

(26)

A M
(Hy — EnWyf ™ = Op1 mw g™,

for WF W) with pure outgoing wave boundary conditions. The
transition operator Eq. (4) dependent on r3 can be rewritten in X

and Y coordinates using relation:

=XAy/(Ay+ A3) —YA1/(A1 4+ Ay + A3). (27)

Since the factorized form of the Hamiltonian Eq. (26) allows a
semi-analytical expression for the three-body Green’s function, a
rather simple expression for the SF can be obtained

1

4 MxM,y 2
—— =G — E de A(Ex, E , 28
dET fi JT2 T/ kx y | ( X y)| ( )
0
Ex=¢Er, Ey=(1—8)Er, kyy=+/2MyyExy,

where ¢ is the energy distribution parameter. The amplitude A is
defined as

A(Ey Ey) = / dXdY fi,(kX) fiy (ky¥Y) DX, Y) (29)
where the “source function” & is defined by the E1 operator
acting on Wgs. The WFs fi and f), are eigenfunctions of sub-
Hamiltonians depending on X and Y Jacobi coordinates in S-matrix
representation with asymptotics

fitkr) = e [Fy(n, kr) cos(8)) + Gi(n, kr) sin(8))] .

Eq. (29) is given in a simplified form, neglecting angular mo-
mentum couplings, more details can be found in [14]. We skip
this part of the formalism in this work. The calculations of the
E1 strength function in the SH approximation without final state
interactions in X and Y channels for the 2n capture are equivalent
to calculations in the HH approximation. So, we skip no-Coulomb
case and proceed to the 2p capture.

(30)

Z 10 .
=
=
__8' 0.8} Phase vol. 1
E e E; (MeV)
% 2T 1.0
3 -=-=-=0.1
’:,3: 04r/ . _aae / TEiVY 0.01 ']
~
=-=-=0.001

2 02
=
Q
= 0.0 .

0.0 0.2 0.4 0.6 0.8 1.0

E= Ecm_p/ET= E./E,

Fig. 6. Energy distribution between core and one of the protons for different decay
energies Er, governed by the exp[—2m (1x + 1y)] term in Eq. (34). All distributions
are normalized to unity value at the peak.

3.1. Coulomb case in SH approach

With good accuracy, one can calculate the amplitude only for
the Y coordinate and then double the result. This is not difficult
to prove, but tedious, so we do not provide a proof here. The am-
plitude A for the Y coordinate [see Eq. (27)] from the transition
operator Eq. (4) with extracted by Egs. (14) and (18) low-energy
dependence is written in terms of the overlap integral 19 as

A(Ex, Ey) = MaDi, (1, ko) Di, (ny, ky) 1L (e, ET),
F, (keX)  Fi, (kyY)
Dy, (mx, kx) Dly(’?y’ ky)
Nx = Z2Z36*My/kx, Ny =(Z2+ Z3)Z1€*My/ky .

1(“’(8 ET)_/dXdY Yes(X,Y), (31)

The asymptotic form of this overlap, independent of energy, is

e = / dXdY Loy 11(2y/2BX) a1, 11(2/2By Y)

X VXY3 Yrgs(X,Y). (32)

The WF /g and the integrand of Eq. (31) on the {X, Y} plane are
shown in Figs. 5 (a) and (b). Their comparison illustrates the ex-
treme peripheral character of the low-energy E1 transition: the WF
maximum is at a distance of ~ 3 fm, while sizable contributions to
the transition ME can be found up to ~ 60 fm.

The E1 SF with antisymmetry between nucleons taken into ac-
count is

dB 4(Z3 — A3)2e%(Ay + A3)?
E1 —Gf1M24MxM_y (Z3 3)°e”( 23- 23) Ie(Er). (33)
dEr (A1 + Az + A3)? A3
1
IS(ET):ET/dslgif)z(s,ET)eXp[—Zn(nerny)]. (34)

0
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The Coulomb exponent in I, has a very sharp energy dependence,
see Fig. 6. The energy dependence of I°© is shown in Fig. 5 (c):
it is quite flat for & ~ gg. Thus, I°© can be evaluated at the peak
& = ¢gp and the ¢ integration can be performed by the saddle point
method:

exp(—27 nsh)

Ie(Er) = 1\5% (e0, ET) E7 N (35)
Nsh = Zsne’M/x . Zsn = (bx+by)*?, (36)
€0=by/(bx+by), Re=(bx+Dby)*/(4bxby),
by =[Z5Z5My/M1'?, by =[(Z3+ Z2)*ZiMy/M]'>.
For the ”Ne — 120 + p + p transition
£0=0.48, Zg, =23.282, (37)

The accuracy of the saddle point integration is ~ 2% and ~ 6% at
0.1 and 1 MeV, respectively.

It can be found in Fig. 3 that the analytical energy dependence
of Eq. (12) obtained for the system without Coulomb interaction is
still a good approximation in the considered Coulomb case,

:i(cc)\/l"'ET/ECy _ 2Mylgy

10 (1 4+ Er/Ep)?’ YT 1-¢g

Eq. (38) contains additional Coulomb correction for I, =1 motion
in Y coordinate (with Ecy = 3.67 MeV) and we use it later for
astrophysical rate derivation.

The results of the SF calculation in the SH approximation are
shown in Fig. 4 by the red dashed curve. Now there is no sig-
nificant disagreement for Er — 0 of the SH model results with
calculation results from Refs. [13] and [14]. In the next Sections 3.2
and 3.3 we answer the following questions: (i) what is the reason
for the difference between HH and SH ANC3 methods and (ii) can
we get a better “fit” of the complicated three-body results in the
SH approximation?

19 (e0, E) , (38)

3.2. Correlated 2p emission/capture

In the HH Eq. (25) and SH Eq. (33) approximations we get SF
expressions with the low-energy asymptotics

dEr X eXP(—27 hn) dEq
which are qualitatively different. There are two main points. (i)
Effective charge, entering the Coulomb exponent is significantly
lower in SH case, see Eq. (37) compared to Eq. (22): 27.41 vs.
23.282. (ii) There is an additional power dependence on energy
E?/ 4 which, evidently, cannot be compensated, for example, by
some modification of the effective charge. What is the source of
qualitative difference between Eqgs. (25) and (33)?

The answer is actually provided in Fig. 6: in the SH approach
the emission of two protons is highly correlated process, which
produces the narrow bell-shaped ¢ distributions. In the approx-
imation Ky =1 used in Eq. (25) the momentum distribution is
described by the phase space (thick gray curve in Fig. 6). In the
correlated calculation Eq. (33) this distribution is drastically mod-
ified by the three-body Coulombic effect. The momentum distri-
bution which “shrinks” to the proximity of the &g value allows an
easier penetration, which is reflected also in the smaller effective
charge (37) in the Coulomb exponent in Eq. (39).

So, what is wrong with Eq. (25)? Formally the transition by
the dipole operator from K; =0 g.s. occurs only to Ky =1 contin-
uum, as we assumed. This means that the substitution of Eq. (13)
is incorrect. This substitution is based on the assumption that for

o By exp(—2mng),  (39)
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Er — 0 only the component with minimal possible Kf =1 and,
hence, the smallest centrifugal barrier, contributes to the penetra-
bility. Now it is clear that for the three-body continuum Coulomb
problem this “evident” argument is incorrect. Within the complete
HH couple-channel problem the Ky =1 channel should be affected
by an infinite sum of the other channels in such a way that their
cumulative effect does not vanish even in the limit E — 0.

Analogous energy correlation effect is well known for the 2p
radioactivity process. It was predicted by Goldansky in his pio-
neering work on 2p radioactivity [25]: in the Coulomb-correlated
emission of two protons the energies of the protons tend to be
equal in the limit of infinitely strong Coulomb interaction in the
core+p channel. This effect for two-proton radioactivity and res-
onant “true” two-proton emission is now well studied experimen-
tally and understood in details in theoretical calculations [23,26]. It
is proved that the approximations like Eq. (33) represent well the
underlying physics of the phenomenon.

3.3. Effect of a resonant state in a two-body subsystem

It was shown in calculations of [13,14] (see Figs. 3 and 4-5
in these works) that the resonant state in the core-p subsystem
with “natural parity” quantum numbers significantly affects both
the profile of the E1 strength function in a wide range of ener-
gies and the asymptotic behavior at low Et values. To evaluate the
influence of resonance on the asymptotics analytically, let us con-
sider the two-body resonant scattering WF in the quasistationary
approximation:

VVI(E)/2
E, —E—il'(E)/2
This expression can be easily connected with the asymptotics
Eq. (30) by using the resonant R-matrix formulas:
I'(E) I'(E)/2
E,—E Er—E+4il(E)/2°

fitkr) = e Fy(kr) cos(8)) + (). (40)

tan()) = — el sin(§;) =

(41)

The v;(r) is so-called quasistationary WF, defined at resonant en-
ergy E, by the irregular Coulomb WF boundary condition and nor-
malized to unity in the “internal region” r <r¢:

i) S Gutkere) / driimP =1. (42)
0

The low-energy behavior of the overlap integrals Eq. (31) with
the resonant continuum WF (40) in X coordinate is then

B(go, ET)
(cc)r (co)

I co, ET)=1 &o, E s
bty (60-Er) =1y (€0, Er) + 1—¢&oET/Er
Fly(ny,kyy)
Dy, (ny, ky)
Be = Ox [AMxrcKoi 1 (2 2B ) Er] 7"

Here we use the R-matrix width definition

(43)

B(SO,ET)ZBc/dXdY%(X) Yies (X, Y),  (44)

62 kre
[(E)= — Pi(E,rc), Pi(E, 1) =

. — 45
Mr? FZ(kre) + GF (k) (45)

which is simplified in the low-energy region using Eq. (15).

The integrand of Eq. (44) is shown in Fig. 5 (d) and it has quite
peripheral character compared to the g.s. WF Fig. 5 (a). The “res-
onance correction function” B is shown in Fig. 3 demonstrating
very weak dependence on energy. It is evaluated with function
1/71X (X) approximated by Hulten Ansatz with rms X value 3.5 fm.
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Fig. 7. Ratio of the rates for astrophysical nonresonant three-body capture reaction
1504p+p — "Ne+y obtained in this work and in the paper [14] (see the thin
magenta solid line SF in Fig. 4). Blue dotted and solid orange curve show the results
of numerical rate calculation by Eq. (47) and analytical result by Eq. (48) for the
resonance-corrected 19"(g, Er) from Eq. (43). Green dash-dotted curve shows the
rate for simple energy-independent SF 1°©) (¢, Er) — 1°© from Eq. (32).

Parameters 6y = 1 and r. = 3.7 fm allow to reproduce correctly the
experimental width I' = 25(5) keV of the '®F 0~ ground state at
E, =535 keV. So, in the whole energy range of interest we can
approximate B as

B=B(gg, Er — 0). (46)

The blue dotted curve in Fig. 4 shows nice agreement of the “res-
onance corrected” E1 SF with complete three-body calculations up
to ~ 600 keV. At this energy the two-body resonance well enters
the “energy window” for three-body capture E; < Et and turnover
to sequential capture mechanism is taking place.

3.4. Astrophysical rate calculations

The nonresonant radiative capture rate is expressed via the SF
of E1 dissociation Eq. (6) as

A\ 2 \® 2 1
(oapyv) = (2n ) (2N 2Ly
’ A1A2A3 mkT 22Ji+ 1)
167

dBg1(E) E
_ 3 SPE1 _—
IE(T)_/dE 9 EV iE exp|: kT:| ,

where J; and J; are spins of the 10 and '"Ne gs., respectively
[14].

The energy dependence of Eq. (33) is too complex to allow a
direct analytical calculation of the astrophysical capture rate. How-
ever, using Egs. (35), (38), and (46), the main analytical terms can
be obtained by the saddle point calculation near the Gamow peak
energy Eg:

(47)

Er1 2mE3E)?
Ig(T dET(Ep + E7)3 I (E - |=Z_bGC
E( )OC/ T(Ep + ET) I ( T)EXP[ kT} 3y VRe

% 1+ EG/Ecy (~(cc)
1+ Ec/Ep

Ec = (ykT)?3,

(+E/Ev)? 5\* [ 3r*?
107 1 _ goE¢/Er Pl a3 |

y =nZwe’/M/2, mnm=v/VEr. (48)

The Gamow peak energy can be found as {0.05,0.21,1} MeV at
{0.01, 0.1, 1} GK. Comparison of the rates calculated in a model of
the paper Ref. [14] and in this work is given in Fig. 7. It can be
seen that even the very crude energy-independent approximation
Eq. (32) 1 (e, E) — 1O for T < 0.5 GK works well within a
factor of 2. The energy-dependent calculations Eq. (43) are nearly
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perfect for T < 0.2 GK and the analytical expression Eq. (48) for
the rate is a very good approximation to numerically computed
rate for T < 0.4 GK.

The low-temperature dependence of the nonresonant 2p cap-
ture rate is

(02p,y V) < C3 T/ exp[—(Ter/T)'/31,  kTegr~ 193 MeV.

Analogous dependence for the resonant rate is (e.g. Ref. [12])

(02p.y V) & T2p T2 exp[—(E3;/kT)], Esr = 0.355MeV,

where E3; is the lowest state decaying via 2p emission with ')
(for 17Ne this is the first excited 3/2~ state). Here it can be found
that nonresonant capture dominates in the low-temperature limit,
see also discussion in Ref. [13].

So, we have obtained a compact analytical expression for the
2p capture rate, which depends only on the global parameters of
the system under consideration (Cs, Ey, Er, Zg,) and two universal
overlaps (I© and B) calculated at Er — 0.

4. General note on three-body Coulomb continuum problem

The three-body Coulomb continuum problem is a famous long-
term conundrum of theoretical and mathematical physics. Com-
plexity of this problem is defined by the possible presence of the
Coulomb correlations, bound and resonant states in the two-body
subsystems. As a result, no compact analytical form of the asymp-
totics is known for the three-body Coulomb continuum problem.
There is known approximate asymptotic solution of this prob-
lem (so-called “Redmond-Merkuriev” asymptotics) [27,28], which
is valid in four regions: in one region all three particles are far from
each other ri3 ~ry3 ~r3; and there are three regions where differ-
ent pairs of three particles are close rjj < rjx ~ 1. There were
fruitful applications of this asymptotics, e.g. to atomic problems
[29,30]. There is a wide range of works dedicated to improve-
ment of this asymptotics, see, for example, Refs. [31-34] and Refs.
therein. One of modern trends is not to struggle with analytical
problems of this asymptotics, but to use powerful computing and
propagate numerical solutions to distances where uncertainties of
the asymptotics do not play a practical role. However, we do not
think that this is a completely satisfactory approach, which should
replace the analytical developments.

In this work we deal with a limited subset of the three-body
Coulomb continuum problem: only repulsive Coulomb interactions
and no bound states in the subsystems. Specific feature of our
problem is that the three-body energies are extremely small and
the solution residue in the kinematical region, where the contribu-
tions of two two-body Coulomb asymptotics (core-p; and core-py
channels) overlap, see Fig. 8 (a). This justifies amplitude factoriza-
tion and consequent analytical calculations of Section 3.1. How-
ever, reliability of this approximation is based on the fact that p-p
Coulomb interaction is quite small compared to core-p interaction.
It can be found from Fig. 8 (b) that a minor part of the kinematical
space is affected by the p-p repulsion for energies 1 < Et < 1000
keV important for astrophysics. It should be understood, that, rig-
orously speaking, for some extreme Et — O the correlations in-
duced by p-p Coulomb interaction will become important in the
whole kinematical plane {e, cos(6¢)} and the low-energy asymp-
totics, which we deduced in this work, will be broken.

5. Conclusion
In this paper, we provide a formalism for a complete analyti-

cal description of low-energy three-body 2p nonresonant radiative
capture processes. The developed approach is a generalization of
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Fig. 8. (a) Regions in the kinematical plane {&, cos(6yx)} where effects of the two-body Coulomb repulsion are dominating. Different colors correspond to different pairs of
particles, where rjj < 1jx ~ 1y;. Solid color corresponds to Er ~ 1 MeV [to be compared with panel (b)], hatched regions to Er ~ 1 — 100 keV. The dotted magenta curve
illustrates the region of p-p repulsion dominance at some hypothetical extremely small energy Er <« 1 keV. (b) Illustration of the Coulomb repulsion dominance regions by
example of theoretical momentum distribution for decay '6Ne(g.s.)— "“0+p+p with Er = 1.466 MeV, very well reproducing the data [26].

the ANC method, which has proven itself well for two-body non-
resonant radiative captures. The ordinary (two-body) ANC2 method
demonstrates the sensitivity of the low-energy E1 strength func-
tion, important for astrophysics, to only two parameters: the bind-
ing energy Ep, and the ANC2 value C,. For the three-body ANC3
method one more parameter should be employed: the energy E;
of the lowest to the threshold “natural parity” two-body resonance
with appropriate quantum numbers.

An interesting formal result is related to the problem of the
three-body Coulomb interaction in the continuum. We demon-
strate that ANC3 method developed completely in three-body hy-
perspherical harmonics representation (named “HH approxima-
tion”) is not valid in the Coulomb case as it gives incorrect low-
energy asymptotics of SF and hence incorrect low-temperature
asymptotics of the astrophysical rate. The reason for this is the
highly correlated nature of the 2p capture. The correct asymptotics
can be obtained using the Coulomb-correlated SH approximation
based on a simplified three-body Hamiltonian. The latter approxi-
mation also allows to determine the correction related to the low-
lying two-body resonant state in the core-nucleon channel.

The two-dimensional overlap integrals involved in the ANC3 ap-
proximation in the correlated Coulomb case are rather complicated
compared to those in the ANC2 case. However, their calculation is
a task that is incomparably simpler than any complete three-body
calculation. The whole formal framework is compact and elegant
and requires only two overlap calculations: 19 and B. Thus, we
find that ANC3 approximation in a three-body case is a valuable
development providing robust tool for estimates of the three-body
nonresonant capture rates in the low-temperature (T < 0.3 —1 GK)
domain.
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