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Abstract

Modern production systems are becoming more complex by the year and flex-
ibility of production is one of the key factors to success. Companies want to
be able to provide a customized product that fits exactly the customer re-
quirements and, therefore production systems have to be able to produce a
wide range of product variants. This introduces additional complexity in the
production system,

Among the problems that companies have to deal with is the vehicle routing
problem (VRP), which is the problem of scheduling routes for vehicles to serve
customers according to predetermined specifications, such as arrival time at a
customer, amount of goods to deliver, etc. The problem is industrially relevant
since material needs to be delivered from warehouses to the production lines
and as the plants grow in size, managing an ever growing fleet of vehicles is
becoming a challenge.

Due to the complexity of the requirements and the increasing size of the
transportation systems, it is no longer feasible to solve these problems man-
ually, since the variables and constraints to keep into account are simply to
many. Modern computers can provide feasible schedules much faster than
human beings and for this reason companies are willing to pay a high fee to
use the cutting edge scheduling solvers on the market.

Among the class of general purpose solvers, we find mixed integer linear
programming (MILP) solvers and satisfiability modulo theory (SMT) solvers.
They are not designed to solve one specific problem, but entire classes of prob-
lems. In particular, both MILP and SMT solvers can handle mixed integer
linear models and, since the VRP can be described by a mixed integer linear
model, both MILP and SMT qualify as suitable tools to deal with it.

In this work, we run extensive computational analysis over well-known com-
binatorial optimization problems to compare the performance of state-of-the-
art MILP and SMT solvers and to better understand their strengths and
weaknesses. Based on the acquired knowledge we design a monolithic model
for a real-world VRP. While the model can be used to find the true optimum,
it does not scale well with the problem size. We therefore develop a composi-
tional algorithm that can handle much larger problems at the cost of having
sub-optimal yet good solutions.

Keywords: Job Shop, Vehicle Routing, Bin Sorting, SMT, MILP.
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CHAPTER 1

Introduction

The past few decades have witnessed a change of paradigm: the main produc-
tion resources are no longer human beings, but robots and computers. This is
happening not only on the shop floor, but at every echelon of the production,
including the planning area. Machines can execute calculations much faster
than humans and (within certain limits) they are more reliable.

This may sound threatening as machines are taking over more and more jobs
that were exclusive to humans until only a few decades ago, but it is actually
beneficial for people. Robots are nowadays advanced enough to execute long,
repetitive (and boring) tasks with great accuracy, relieving the worker from
the alienation of a never-changing environment; computers can schedule the
production months ahead, taking just a few minutes and saving hours (or most
likely days) of pen-and-paper work. People will be free therefore to dedicate
their time to more rewarding and creative tasks.

One field that has drawn the attention of both academia and industry in
the last decades is the vehicle routing problem (VRP). It is the problem of
designing routes for a fleet of vehicles to visit and serve customers according
to pre-specified constraints.

There are many different sectors that could take advantage of efficient



Chapter 1 Introduction

scheduling of delivery vehicles: from long haul trucks shipping goods across
continents, to transport carts managing the supply of components to the as-
sembly line, to fleets of taxis serving customers all over the city.

Nowadays transportation systems are growing bigger and bigger; the ware-
house of a plant can host hundreds of vehicles; the transport service of a city
can have just as many buses. Moreover, there can be a number of additional
constraints that complicate the system: not all vehicles are feasible to serve
a certain customer; some customers must be served not later than a certain
time; some customers must be served before others, etc. It is unthinkable for
humans to be able to schedule the routes manually.

However, even for the most advanced computers, solving a VRP can be
challenging. The large size and the additional requirements of a modern sce-
nario have added so many degrees of freedom to the system, that the number
of possible combinations can be in the same order as the number of atoms in
the universe.

Fortunately (and this not only applies to the VRP, but to all complex
systems), one does not have to check all possible combinations in order to
find the ones that meet the desired requirements. There exist very efficient
approaches to cut off entire portions of this large search-space and only focus
on the regions that contain interesting solutions [1]. For particular problems,
there are specific purpose algorithms that can solve large (and very large)
problem instances in reasonable time. The drawback of these algorithms is
their specificity: they are designed for one particular problem. In the real
world, for every problem, there may exist a thousand variations and it is
often the case that, no matter how close these variations are to the original
problem, each needs a specific algorithm. For instance, there are different
approaches to solve the job shop problem (JSP) (further details about the
JSP are given later in this work), but each approach has to be tailored to the
specific version of the JSP. For instance, [2] and [3] present a genetic algorithm
for different versions of the JSP, while in [4], a bee colony algorithm is used
for the standard JSP.

This is not always the case though. In fact, there exist general purpose
solvers that can deal with entire classes of problems using the same set of
algorithms. An example is MILP solvers [5], that can be used to solve models
of any real-world system, as long as the system behaviour can be described
with linear equations. It is not a coincidence that MILP solvers are nowadays



a well established and widespread approach to solve industrial problems [6],
[7] and [8], to name a few. As a matter of fact, a VRP can be described by a
linear model and, therefore, solved by a MILP solver.

Another important truth about modern production can be effectively ex-
pressed by the following quote:

“Chances are, if something can be expressed as a mathematical equation,
then at some point somebody will want to minimise it.” [9]

In fact, almost every process, schedule, action, etc., can be designed in
more than one way, and just as often it is possible to identify an objective
function related to some process parameter; it could be some direct cost, or
manufacturing time (very often it is somehow related to the profit the company
wants to make, either by maximizing some positive factor, or by minimizing
costs); this could also be environment related, such as overall CO, emissions.
No matter what the objective function is, the goal is to find, among all possible
solutions, the one that optimizes (minimizes or maximizes) it. In the VRP, a
factor to minimize could be the overall travelling distance, or the number of
vehicles, while a factor to maximize could be the number of goods delivered
per time unit.

The good news is that MILP solvers are perfectly able to do that. The bad
news is that finding the optimum may be very hard work [10] and sometimes
take days, weeks, or even months. This is especially true when dealing with
non-real variables that, in many industrial problems, are just as common
as the real ones. For instance, in any VRP problem, binary and/or integer
variables are required to model choices over different routes.

The primary algorithm running under the hood of a MILP solver is Simplex
[11]. It is about 60 years old, its theoretical complexity is non-polynomial in
the worst case and yet it works surprisingly well in practice. The main problem
is that it is designed to work with real variables. The only way to use it when
integrality constraints are involved, is to solve multiple relazed problems where
the integrality is neglected. Having n integer variables with domain size k
means that, in the worst case we need to solve k™ relaxed problems. In real
problems, n could easily be in the order of tens of thousands, and k could be
just as large. Of course modern solvers are smart and they can cut off entire
regions of this large search-space as they run, so they do not need to check all
these combinations, but this is unfortunately not enough in many cases.

On the other hand, MILP is not the only approach that provides a general
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framework to model linear systems [12]; Among others, satisfiability modulo
theory (SMT) solvers are nowadays a viable alternative and have in quite a few
cases showed interesting performance when dealing with industrial problems,
as in [13] and [14].

SAT solvers were originally employed for hardware and software verification
[15] but the research in other areas proved them suitable to solve industrial
problems as well. Unlike MILP solvers, they are naturally built to handle sys-
tems described by discrete variables [16], so we can expect interesting results
in the comparison of SMT solvers against MILP solvers on problems where
the integrality constraint is the bottleneck of the search.

SMT solvers owe their efficiency to the SAT technology; SAT solvers are
specifically designed to handle Boolean satisfiability problems, and nowadays
they can solve problems counting up to millions of variables [17]; Unfortu-
nately modelling a problem using only Boolean variables can be a real chal-
lenge and can also lead to a model that is just too big (even for a SAT solver).

This is why, since the early 2000, research started focusing on how to take
advantage of the SAT solvers speed to solve problems formulated using more
than Boolean variables. Researchers came up with the idea of combining a
SAT engine and a theorem prover (further details about the relation between
SAT and SMT are prvided in Chapter 3).

In this way SMT solvers can exploit the speed of SAT solvers in dealing with
large models, while still allowing for constraints that involve different theories,
from Linear algebra, to graphs, from propositional logic to bit-vectors.

Another important aspect of modern SMT solvers is their ability to handle
optimization problems (which also makes SMT and MILP direct competitors):
as the name points out, Boolean Satisfability is mainly concerned about find-
ing satisfiable solutions, and so were the early SMT solvers; it did not take
long though, before researchers started thinking about how to drive the search
towards optimal solutions. Soon after the first optimizing SMT solvers were
born (together with the neologism optimization modulo theory (OMT)).

So, when it comes to the type of problems that SMT and MILP solvers can
handle, they are equivalent. On the other hand, many industrial problems
require discrete modelling and logical reasoning (implemented using binary
or Boolean variables) and some of these problems are not easy to solve us-
ing MILP solvers, while others have the “right structure” to exploit MILP
strengths. It is therefore interesting to test these different solvers and find
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out more about their performance depending on the problem. A better un-
derstanding on their strengths and weaknesses could be exploited to design
an efficient algorithm for the VRP.

1.1 Research Questions

This thesis explores the following research questions:

RQ1 What are the strengths and weaknesses of SMT solvers and how do
they compare to MILP solvers when used to solve industrial problems 7

SMT solvers were born within the computer science community and they
were originally employed for software and hardware verification. Only recently
they have been used as solving tools in other fields. Therefore testing them
on different industrial problems could reveal their strengths and weaknesses.

Also, there is experimental evidence that some problems have a structure
that allows MILP solvers to find the optimum very quickly, while other prob-
lems are intrinsically harder to solve. The same can be said about SMT
solvers. It is interesting to compare SMT solvers against MILP solvers on dif-
ferent classes of problems and find out whether one technology outperforms
the other, when and, possibly, why.

RQ2 How can the strengths of SMT and/or MILP solvers be exploited and
combined to design an efficient algorithm for a real-world VRP?

A real-world VRP can involve constraints related to specific plant’s features;
a scenario involving automated vehicles that have to travel through a plant
where workers and other equipment are present, charge their batteries if they
run low on energy and deliver goods in time is a challenging problem. A
good strategy to solve it in reasonable time is to break it down into sub-
problems. Since each sub-problem is solved on its own, different strategies
can be applied depending on the problem features. MILP and/or SMT could
be used as back-end solvers in a compositional algorithm designed to find a
solution to the overall problem by iteratively solving the sub-problems. The
method does not guarantee to find the optimum but it can still provide very
accurate solutions while significantly shortening the running time.
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1.2 Method

In order to gather information about MILP and SMT different problem classes
have been studied: job shop [18], vehicle routing [19], and bin sorting (BSP)
[20]. For each of these problems, benchmark instances are available. In this
work, mathematical models have been formulated, based on existing literature
about the problems and then solved using both MILP and SMT solvers. Com-
parison is based on running time necessary to find the optimum, or accuracy
(gap between optimum and current best estimate) when timeout is reached.

For a VRP with specific requirements, we formulated a monolithic model
and tested it on some generated problem instances using SMT; We then broke
down the problem into sub-problems and for each of them, we formulated
mathematical models and then solved them using SMT; models and results
are presented in Chapter 5. Such models are used in a compositional algorithm
to find a solution to the overall problem.

1.3 Outline

This thesis consists of two parts. Part I is a general introduction to the field
and puts the appended papers into context. Part II contains the appended
papers. Part I is organized as follows: Chapter 2 gives an overview on VRPs
in general and on the specific industrial setup for which the compositional
algorithm is designed. Chapter 3 gives a background on MILP and SMT.
In Chapter 4 the results achieved in the appended papers are presented and
a bigger picture is drawn about usefulness of MILP and SMT when decal-
ing with different problems. Chapter 5 introduces the monolithic model and
compositional algorithm developed to solve the VRP presented in Chapter 2.
Chapter 6 summarizes contributions of the included papers. The thesis ends
with some closing remarks and directions for future work in Chapter 7.



CHAPTER 2

The Vehicle Routing Problem

In this chapter, a more detailed overview on VRPs in general is given, with a
particular focus on the industrial setup that is used as a real-world scenario
for which the compositional algorithm is designed.

2.1 The ViMCoR Project

The assumptions we made when designing the industrial setup were moti-
vated by the need of meeting the requirements of the VIMCoR project. The
project has the goal of implementing a fleet of automated transportation
robots (ATRs) whose purpose is to feed an assembly line with components
from a detached storage house as showed in Figure 2.1. This way the compo-
nents do not have to be kept close to the assembly line, making the environ-
ment more worker-friendly; especially in a plant where products have a high
degree of variability and many variants can be produced, it is beneficial to
not have all the components stored closed to the assembly line. In the ViM-
CoR context we can talk about pickup-delivery tasks, since the ATRs always
have to visit one or multiple storage locations before delivering the material to
the due workstation. Also, there are time windows for the delivery: vehicles
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Figure 2.1: ViIMCoR industrial setup.

should never be later than the latest arrival time, otherwise they will cause
disruptions in the production, but at the same time they should not be too
early, in order to avoid long queues at the workstations.

In the VIMCoR scenario, ATRs run in the plant where human workers and
human-driven vehicles are also executing their tasks; hence, changes in the
plant layout are expected to happen and the vehicles have to be able to react
to these changes and deliver the goods in time anyway.

The idea to build a robust system is to install cameras on the plant ceiling
that can detect changes in the environment and update a map were the infor-
mation about the drivable road segments is available. A real-time scheduler
has to instruct the vehicles about the routes to follow in order to pick up
and delivery goods and every time something changes in the plant layout, the
scheduler has to “adjust” the routes to handle the changes. Vehicles will also
be equipped with a low-level controller to ensure collision avoidance.

The ATRs are henceforth simply called vehicles, since this is the general
term used when discussing the VRP.

2.2 Overview on the VRP and industrial setup
specifications

The Vehicle Routing Problem (VRP) is the combinatorial optimization prob-
lem of computing routes to serve customers while minimizing a cost function,
typically the travelled distance, or the number of vehicles required (or a com-

10
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bination of both). Customers are also characterized by a service time, which
is the time the vehicle serving the customer has to spend at the customer’s
location in order to serve it. There exist many different extensions of the ba-
sic problem, involving additional constraints such as limited capacity of goods
that a vehicle can deliver (this corresponds to specific demands of goods for
each customer), limited operating range of the vehicles in terms of travelled
distance, time windows to deliver goods (i.e. earliest and latest arrival time
at a customer), multiple depot stations, etc. A common trait when dealing
with the VRP is to treat the real world map as a graph, where each point of
interest (i.e. depots, customers) is a node and two nodes are connected with
each other by a weighted edge representing their distance. In the VRP, for a
route to be valid, each node has to be visited exactly once (in order to make
sure that routes start and end at the depot). Further details about VRPs and
previous studies on the subject are presented in Paper F.

In order to meet the VIMCoR requirements, we can make some assumptions
about the system:

e the goal of the scheduler is to make sure all jobs are completed; for
a job to be completed a vehicle has to be assigned to it. A job is
composed by one or more pickup tasks and one delivery task. Pickup
tasks do not usually have precedence constraints among them (unless
specified otherwise), while the delivery for one job always happens after
all pickups for that job. Therefore pickup tasks of the same job can
be executed in different order, and the delivery task of the same job is
executed after them;

e when a vehicle can be assigned to more than one job, it has to execute
the job’s tasks sequentially; all tasks of a job must be completed before
it can execute any task of another job;

e customers of the VRP are either pickup or delivery stations. Executing
a task means either pick material from or deliver material to the task
location;

e there is only one depot station. All routes have to start and end at the
depot;

e vehicles are powered by batteries with limited capacity but with the
ability to recharge at a charging station. It is assumed that charging

11
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and discharging of the batteries is linear and the only charging station
is the depot;

e not all vehicles are eligible to execute all jobs. On the other hand,
transportation capacity of the vehicles is not taken into account since
it is assumed that if a vehicle is eligible for a task, then it can carry
the corresponding material. Also, it does not matter how many jobs a
vehicle is assigned to, since each of the jobs ends with a delivery, which
means delivering all the material and going back to full transportation
capacity;

e different road segments in the plant have different capacities in terms of
number of vehicles they can accommodate.

e the service time is assumed to be zero since the pickup and delivery time
can be considered negligible compared to the travelling time.

Moreover, the model is meant to provide a high level schedule for the pro-
duction taking place during one or more shifts, and vehicle have a limited
operating range, hence it is reasonable to assume that vehicles may run out
of charge and it is therefore necessary to plan for charging time as well. The
subject is discussed further in the next section.

Another important aspect of the project is the conflict-free planning:

e capacity constraint: two or more vehicles can never occupy the same
physical spot, therefore n vehicles cannot start traversing, at the same
time, a road segment that allows for n —1 vehicles travelling in the same
direction;

e deadlock avoidance: the plant layout may have sections that are geo-
metrically unfit for the transit of two vehicles in opposite directions (i.e.
narrow aisles or sharp turns). While the idea is to have a lower level con-
troller guaranteeing collision avoidance, deadlocks may still occur and
therefore a centralized scheduler is required to avoid them.

2.3 Operating Range and Conflict-free Routing

In order to model the above mentioned type of system, the focus is on two
main aspects: vehicles’ limited operating range, and conflict-free routing.

12
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Operating Range and Charging Stations

When it comes to vehicles’ operating range, there can be two possible scenarios
of interest:

e The round-trip between the depot and each customer is shorter than
the vehicles operating range, therefore vehicles can always serve at least
one customer and go back to the depot before running out of charge. If
this is the case there are two possible alternatives: either the vehicle can
be recharged at the depot or there have to be enough vehicles to satisfy
the customer’s demand.

e The round-trip between the depot and each customer is longer than the
vehicles’ operating range, therefore vehicles have to recharge along the
way. The first attempts to model rechargeable vehicles date back to
the late 90s, [21], and models were subsequently extended in [22] and
[23]. When representing the problem as a graph, charging stations are
special nodes where the vehicle can charge its battery on its way to
some customer. Since vehicles have to to visit customers exactly once,
the solver may misjudge an instance (i.e. declare it unfeasible while it
is actually feasible) because a feasible solution could require the same
vehicle to visit the same charging station twice or more or not at all.
In order to avoid this mistake, it is necessary to define dummy charg-
ing stations: copies of the real ones, that are located in the same spot,
so that the same vehicle can go back to the same location to recharge
without having to visit the same node more than once. [23] developed a
model formulation based on the concept of dummy charging stations to
implement a hybrid local and tabu search. The model has been extended
further by [24], including additional requirements on the cost function to
reduce the energy consumption. Ever since, due to the faster and faster
spread of electric vehicles as well as car sharing services, there has been a
great effort in finding scalable algorithms for the VRP. In [25], a hybrid
Adaptive Large Neighbourhood Search is proposed; in [26] the focus is
on optimizing the vehicle distributions and fleet sizes for Mobility-on-
Demand systems; in [27] models and coordination policies for fleets of
self-driving vehicles combined with public transit are discussed. Fur-
ther details about how models for the VRP are formulated are given in
Chapter 5

13



Chapter 2 The Vehicle Routing Problem

Path Planning and Conflict-Free Routing

Designing a model for the VRP that will yield a conflict-free solution involves
some challenges because it is necessary to know where each vehicle is at any
time; one way to handle this is time and space discretization. It is well known
within the community of scheduling and optimization that discretization of-
ten leads to state-space explosion even for relatively small problem instances.
Thus, discretization is not suitable for large systems involving a high num-
ber of vehicles, customers or a long time horizon. Nonetheless, it is possible
to build efficient algorithms based on discretized time-and-space models: one
of the most important contributions to the field is [28], where the authors
used column generation [29] to deal with the VRP. Another remarkable con-
tribution is [30], where the master problem is split into two sub-problems, a
scheduling one and a routing one and then solved by a constraint program-
ming approach [31] and a MILP solver respectively. More recent works on
the topic are [32] and [33], where the authors employ local search and MILP.
In [34] the conflict-free routing VRP is combined with the storage allocation
problem [35].

To the best of our knowledge, there is no work focusing on both vehicle’s
operating range and conflict-free routing. With this work, we have the op-
portunity to fill up this gap in the literature and at the same time formulate
a model that suits the VIMCoR requirements. We will use the total travelled
distance as cost function to evaluate the quality of the results.

14



CHAPTER 3

On Satisfiability Modulo Theory and
Mixed Integer Linear Programming

As MILP and SMT play an important role in this thesis, it is worth giving an
overview on them. The purpose of the following sections is to present the main
concepts regarding the two approaches; therefore no proofs are provided nor
any in-depth explanation. Instead, we refer the reader for relevant literature.

3.1 Mixed Integer Linear Programming

In order to understand how MILP works, it is necessary to take a step back
and look first at linear programming (LP). The difference between MILP and
LP is that in LP all variables have to be real, while in MILP they can also
be integer, or binary. A linear program is a conjunction of linear inequalities
and a linear objective function over a set of real variables. As a convention,
a linear program is a minimization, though it can easily be converted into
maximization (or the other way around) by changing the sign of the objective
function.

A general linear program counting n variables and m constraints takes the
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form:
min ¢’'Z
such that AT <b
>0
where ¥ = [z1,---,x,] is a vector containing the decision variables, ¢! =
[e1,--+ ,¢p] is an array of coefficients for the objective function, b is a column

vector of the right side values, and A,, ,, is the coefficient matrix.

An example with only two variables can be represented on the plane where
each constraint is a line and since the program is a conjunction of them, they
all “work” together to define an area called the feasible region, a portion of
the plane where all possible solutions to the problem lie.

5 — 15X+ 5| 1
-ix+ 4
4 ]
3 o
>
2 4
1 o
O 1
0 1 2 3 4 5
X

Figure 3.1: Illustration of feasible region for LP problem.

In Figure 3.1, the two constraints (blue and red line), together with the
non-negativity of the variables, define the feasible region (gray area): any
feasible solution to the program lies within that area (i.e. any point in the
white area conflicts with at least one constraint). This is why it is important
to have inequalities rather than equalities: they point out which side of the
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line is feasible and which one is not.
Since all constraints are linear, the feasible region has the shape of a convex
polygon and the optimal solution lies in one of its extreme points.

5 —_{5x 4+ 5]
-1x+ 4

Figure 3.2: Illustration of objective function for LP problem.

The objective function defines which vertex represents the optimal solution
(the green line in Figure 3.2) by shifting it along its perpendicular upwards
if the problem is a maximization or downwards if it is a minimization. Even-
tually the objective function will exit the feasible region at a vertex, which
is then the optimal solutions. In some cases, the objective function gradient
line will be parallel to some constraint, and in that case the two vertices and
all points in between them are optimal solutions. In the example above, ver-
tices are in (0, 0), (10/3,0), (2,2), (0,4); since the problem is a maximization,
we want to shift the green line upwards, so it will end up in the vertex (2,2).

Things become more complicated if the variables are restricted to be integer,
because there is no guarantee that the optimum lies on a vertex. Figure 3.3
shows again the feasible region of a program but this time the integrality
constraint applies and only the points marked by a star are actually feasible.
In this case, the extreme point corresponding to the optimal solution, happens
to be integer, therefore solving the relaxed LP would yield a feasible solution
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Figure 3.3: Illustration of objective function for LP problem.

to the MILP problem too.

One possibility to solve a mixed integer linear program is to apply the
branch and bound algorithm; based on the assumption that solving a relaxed
version of the program (i.e. the integrality constraint is removed) yields a
solution at least as good or better than the solution of the original problem,
the algorithm iteratively solves relaxed problems to find tighter and tighter
bounds for the original one, until the bounds overlap.

Once again, an example can be used to clarify the procedure:

max 50z + 20x5 + 60x3
s.t. 21 + o + 223 < 120.5
3x1 4+ 222 + 223 < 150

T, > 20

T1,29,x3 > 0

r1,Ta,x3 €N

In the program above the integrality constraint over the variables is in-
cluded; this means that the objective function value may be fractional, de-
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pending on the coefficients (this is not the case here since they are all integer
as well), but the values of the decision variables x1, z2 and x3 must be integer.

z = 3510
o x = (20,9.5,35.5)

Xy <9 x; = 36
x; =10
z = 3480 x; <35
x = (209,35.75) @ (3 (8] @
%<9 %<9
%, <35 x5 > 36
z=34933
x=206,935 @ (5
9
z = 3460 ¥y =
%<9 X3 < 35
=(20,9,35 3 =
x=( Y x;<35 % =21

@ =2 @)

Figure 3.4: Illustration of branch and bound steps.

Figure 3.4 shows some of the steps that the branch and bound algorithm
would take to find the optimal solution to the program. In step 1 the relaxed
problem is solved and the optimal value is 3510 but the solution is not feasible
for the original problem because x5 and z3 are not integer. This leads to four
alternatives, represented by nodes 2, 3, 8, and 9 respectively. Basically an
additional inequality is added that restricts the variable domains to be either
smaller than or equal to the floor or larger than or equal to the ceiling of
its current value. In node 2, x5 is restricted to be smaller than or equal to
9 (its value from the previous iteration was 9.5). The relaxed problem with
the additional constraint is solved again and this time the optimum is 3480
but the solution is still unfeasible for the original problem, since x3 is 35.75.
We can branch again by adding another inequality: either g is larger than
or equal to 36 (ceiling of 35.75) or it is smaller than or equal to 35 (floor of
35.75).

The process goes on until a feasible integer solution is found, as happens in
node 6. Now we have a lower bound for the original problem z = 3460. From
now on, every time we explore a branch we can stop whenever we found a
solution whose value is smaller than the current z and prune (stop exploring)
that branch because we know that no better solution can be found there (when
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going down a branch we can only find worse and worse solutions because we
keep shrinking the feasible region).

Every time an integer solution is found, the search on that branch is over.
If the optimal value for the relaxed problem is better than the current lower
bound, this becomes the new lower bound and the search starts on another
branch. There exist heuristics to decide which branch to pick for the search.
The algorithm terminates when all branches are either searched or pruned.
Note that this example concerns the maximization of the objective function.
For minimization the lower bound is found by relaxing the problems and
integer solutions provide upper bounds.

There exist techniques that build on top of the branch and bound algo-
rithm to increase the performance but as of today, solving a mixed integer
linear program is computationally demanding and many problems still remain
intractable [36]. The reader is referred to [37] for further details.

3.2 Satisfiability Modulo Theories

In this section a background on SMT is given; the focus is on describing how
SMT solvers find satisfiable assignments. The search for optimal solutions is
not description in details because there are many different algorithms that
can be built on top of a solver to drive its search for the optimum, while the
decision process for feasibility is common among them all. However, a brief
discussion on optimizing SMT solvers is provided at the end of the section.

In order to understand how SMT solvers work, it is necessary to talk briefly
about Boolean satisfiability [38]. A SAT problem is formed by a set of clauses
(formula) of Boolean variables in conjunctive normal form (see below). Solving
a SAT problem means finding an assignment to cach variable (either ¢rue or
false) that makes the formula true, or providing a counterexample that proves
that such assignment does not exist. Over the years SAT solvers have become
very efficient and can nowadays solve large problems counting even millions
of variables and clauses in relatively short time [39].

In the following, some terminology is given:

Literal: a literal is either a variable or its negation. We say that a literal is
negative if it is a negated variable and positive otherwise. A positive literal
is satisfied if its variable is assigned to true. Similarly, a negative literal is
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satisfied if its variable is assigned to false.

Conjunctive Normal Form (CNF): a formula is in conjunctive normal form
if it is a conjunction of disjunctions of literals, i.e. it has the form

AV
i\ J

where [;; is the j-th literal of the i-th clause, where a clause is a disjunction
of literals.

When modelling a real system, there is no guarantee that the best way
to represent its behaviour is CNF; fortunately, there exist ways to transform
any formula into a CNF formula, and it can be done quickly (Tseitin’s linear
encoding [40]). The reason why it is worth to spend computation time on
transforming a formula into CNF is that since it is a conjunction of clauses,
as soon as one clause is determined unsatisfiable, the whole formula is unsat-
isfiable. It is now briefly explained how a SAT solver can take advantage of
having a formula in CNF to make an assignment:

state of a clause under an assignment: a clause is satisfied if one or more
its its literals are satisfied (true), conflicting if all of its literals are assigned
but the clause is not satisfied, unit if it is not satisfied and all but one of its
literals are assigned, and unresolved otherwise.

If a clause is unit, this means that all but one of its literals are assigned but
the clause is still not satisfied (i.e. so far all assigned literals are false); this
means that the remaining literal has to be true, otherwise the clause would
be conflicting. Therefore the remaining literal is implied by the clause.

The solver starts assigning literals based on some heuristic strategy, until
one or more clauses become wunit and implies one (or more) literals. This
implication may turn more clauses into units (otherwise there is going to
be more heuristic based assignments) and then the process goes on until all
literals are assigned or a conflict arises because the implications made a clause
conflicting.

SAT solvers exploit the above mentioned properties of formulas in CNF
by applying the conflict driven clause learning (CDCL) framework to the
problem. The search-space can be thought of as a binary tree, in which nodes
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are partial assignments and leaves are full assignments. The solver traverses
the tree and when a conflict is found, it “learns” from the clause by adding
a new clause to the model containing the information about the assignment
that led to the conflict, backtracks to the point where the assignment was
made and tries a different assignment. The newly added clause will prevent
making the same (conflicting) assignment again. The solver keeps traversing
and backtracking until it finds a feasible assignment or no assignment exists
that satisfies all the clauses, including the learned ones.

Example on the CDCL procedure

Let us clarify the concepts introduced so far with a small example; assume we
want to find an assignment for the following formula, if such exist:

(mz1 V) Az V) A (—za V) A (T3 V 21). (3.1)

At the moment no literal is implied so the choice to satisfy one literal
rather than another is merely dependent on the heuristic strategy. Remember
that, since the formula is a conjunction of clauses, as soon as one of them is
conflicting, the whole formula is not satisfied by the assignment.

Let us assign the value false to the variable x1 in order to satisfy the literal
—x1 in the first clause; this implies the variable x5 to be true, otherwise the
second clause would be conflicting, since its first literal x; is not satisfied. Now
x3 is implied by the third clause to be false, since the first literal in it, —xo is
not satisfied. Finally, the last implication makes the fourth clause conflicting,
because it forces the variable z1 to be true, since the first literal in it is not
satisfied, but we previously assigned the value false to it.

So we need to backtrack to the point where we made a choice that eventually
led to the conflict and make a different choice. In this case, that point was
assigning the value false to x;.

In order to avoid repeating the same mistake, we will add a clause to the
formula: —(—z), which is equivalent to say that 1 must be true. In this case
the new learned clause only contains one literal, which forces us to satisfy
it; satisfying x; also satisfies clauses two and four and makes x5 implied by
clause one, which in turn makes —x3 implied by clause three.

We have now a full assignment that satisfies (3.1).
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From SAT to SMT

While SAT solvers can be extremely efficient in dealing with large models, SAT
solvers are not expressive enough to easily model many real-world industrial
problems. Boolean variables and propositional logic can be handy when it
comes to model binary conditions (executing this operation or not), but integer
and real variables and linear algebra are necessary to describe other important
features (an operation can last at most this long). As it happens, SMT solvers
are able to use integer and real variables over a range of different theories,
including combinations of them (e.g. having logical conditions over linear
inequalities). They can do so in two different ways: eager approach or lazy
approach [41].

However, before going into details about eager and lazy approach, it is
necessary to provide some more terminology:

e logical symbols: standard Boolean connectives (e.g. “A”,“="), quantifiers
(“3” and “Vv”), and parenthesis;

e non-logical symbols: function, predicate, and constant symbols. a set of
non-logical symbols is called a signature and is denoted by the symbol X;

e X —formula: formula that uses only the non-logical symbols from ¥ (pos-
sibly in addition to logical symbols, this is why the distinction between
logical and non-logical symbols is due);

e free variable: variable that is not bound by a quantifier;
e sentence: formula without free variables;
e syntax: rules for constructing formulas.

The distinction between logical and non-logical symbols is necessary be-
cause, while the clause of a theory may or may not be constructed using logical
symbols, clauses are combined using logical symbols, regardless of the theory
they belong to. For instance, a formula in linear algebra, is a conjunction of
clauses, where each clause is a linear equality /inequality.

In a theory, the syntax is needed to interpret the non-logical symbols. For
instance, the symbol “+” is usually associated to addition, but this may not
be true for some theories. Hence, we need rules to use the non-logical symbols
to construct the formulas.
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theory T: atheory is a set of X-sentences. For a given ¥-theory, a ¥-formula ¢
is T-satisfiable if there exists an assignment that satisfies both the formula
and the sentences of T.

In other words, we use a set of sentences to define the syntax of a theory,
i.e. to define the interpretation of the non-logical symbols.

Eager Approach

One possibility is to convert the model into SAT; for each variable, depending
on its domain, a number of Boolean variables are generated and for each
constraint, a set of clauses. Then the problem is solved using the CDCL
framework as described above.

This procedure is called bit blasting and can be computationally quite ex-
pensive. For each variable in the original problem there will be as many
Boolean variables as the size of the original variable domain. When it comes
to constraints declaration, the procedure can be even more expensive. Let us
clarify this point with an example; the goal is to find an assignment to z;
and xo such that z; is smaller than or equal to z2, and their domains can be
either 0, 1 or 2.

1 < T2
x1,To € {0,1,2}

To turn this problem into a SAT formulation, we define the following
Boolean variables:
zi; ©={0,1}, j € {0,1,2}

There is one Boolean variable for each variable in the original problem and
for each element in the variable domain.
The linear inequality of can be converted as follows:

vy =\ wy  Vi=0,1,j€{0,1,2} (3.2)
j'€{0,1,2}
i'#d

vy = N\ ay Vie{0,1,2} (3.3)

3'€{0,1,2}
§'<j
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(3.2) states that if one of the Boolean variables representing each original
variable is true, all the other Boolean variables representing the same original
variable must be false. This is equivalent to say that only one of the Boolean
variables representing cach original variables can be true and this constraint is
necessary because in the original problem, each variable can assume only one
value from its domain; (3.3) states that if the Boolean variable representing
z1 having the value j is true, none of the variables representing xo having a
value strictly smaller than j can be true.

While the eager approach can successfully be applied to finite domain the-
ories, it is not clear how it would be possible to reduce linear real arithmetic
literals to a Boolean satisfiability problem and since in this work we deal with
discrete theories, the subject is not further investigated, though the reader is
referred to [42] for further details.

Lazy Approach

The lazy approach combines the underlying SAT solver with a theorem prover
to decide the assignment of variables. This means that the SMT solver must
be able to recognize the theory it is dealing with and must be equipped with
a prover appropriate for that theory.

A formula of a certain theory is a logical combination of clauses belonging to
that theory. The solver will replace each clause in the formula with a Boolean
variable and call the SAT solver to find a satisfiable assignment. If such
assignment exists, the solver will call the theorem prover to check whether
the current assignment is feasible within the theory. If not, a new clause is
learned and the process starts again.

Once again, an example can aid understanding. Consider the formula:

(1’1 = 1}3\/.131 = iUQ)/\(J?] = IL’2\/931 = 1’4)/\171 = .172/\.131 75 r3N\x1 7é T4 (34)

The theory involved in this formula is called equality theory [43] where literals
are either equalities or inequalities. Given a conjunction of literals (that would
be the outcome of the SAT solver), there exist procedures to check whether
the assignment is satisfiable or not.
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In this case, the SMT solver would generate Boolean variables:

C1:T1 = T2
Co 1 T1 = X3

C3 :T1 =24

Negating that two variables are equal is equivalent to say that they are
different, therefore ¢; Vi = 1,--- ,3 will evaluate to true if the corresponding
equality literal is an equality, false otherwise.

It is now time to call the SAT solver to find an assignment for

(caVer) A(er Ves) Aer A—cea A —cs

Let us assume the solver finds the satisfiable assignment ¢q A =co A —eg; this
means that the following is true: 1 = xo A 21 # T3 A 1 # 24.

The solver will now call the theorem prover to check the assignment (which,
in this case is satisfiable)

The example presented in this section are inspired by [43], which is the
recommended text for further reading.

Optimization Modulo Theory

As mentioned in Chapter 1, it is practically always possible to express a prob-
lem in quantitative terms and define a cost function to optimize. SMT-solver
developers soon realized this and started working on how to turn their solvers
into SMT-based optimizing tools. In [44], the authors introduce an SMT vari-
ant where the theory handled by the solver becomes progressively stronger;
this is done by implementing a branch-and-bound setting where the solver
knows the cost function and the current best bound. Each time a better
bound is found, the theory the solver is dealing with becomes stronger; there-
fore, models with a cost higher than this new bound become inconsistent with
the theory. In [45] and [46], the authors describe some of the optimizing
algorithms running under the hood of the SMT solver Z3, such as a collec-
tion of MaxzSAT solvers (solvers that drive the search for an optimal solution
by trying to satisfy as many soft constraints as possible) and a module for
optimization of linear arithmetic objective functions; among others, the mod-
ule contains is a Simplex-based algorithm for the CDCL framework [47]. In
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[48], the authors provide an insight on how optimization is achieved with the
SMT solver OptiMathSAT. They explain that unlike other OMT solvers, in
which the SMT solver is used as a black-box and the optimization proceeds
through a sequence of incremental SMT calls, with OptiMathSAT the whole
optimization procedure is pushed inside the SMT solver.

In conclusion, optimization with SMT solvers can be achieved in different
ways and it is hard to tell which one is the most efficient, since different
approaches perform differently, depending on the problem.

3.3 SMT vs MILP

In the previous section we give a brief overview on what happens under the
hood of a MILP solver and an SMT solver. There emerged, among other
things, that SMT solvers allow for logical conditions over literals belonging to
different theories; this feature can be extremely handy when modelling real
system and saves time both in the design and the solving phase.

The following example is about non-overlapping of operations sharing the
same resource in a job shop problem. One way to model the problem is by
having an integer variable representing the start of each operation. Some
operations are supposed to be executed by the same machine and therefore
cannot overlap in time; either one has to be completed before the other one
can start or the other way around.

Let s, and s, be integer variables representing the starting time of op-
crations a and b, and let d, and dp be the duration of operations a and b
respectively. For a MILP solver to handle the non-overlap constraint, it is
necessary to declare an additional binary variable z € {0,1} and find a large
enough integer number M. If M is not large enough the solver may yield the
wrong schedule; on the other hand, the larger it is, the longer the running
time. The constraints to declare are then:

Sq >Sp+dy — M - 2,
Sp >8q+dy — M- (1—2)
If the variable z is equal to one, M being a large enough integer, s, will be

larger than s, +dp — M. This is equivalent to say that operation a starts after
operation b. On the other hand, if z is equal to zero, sp will be larger than

27



Chapter 3 On Satisfiability Modulo Theory and
Mixed Integer Linear Programming

Sq +dg — M.
On the other hand, with an SMT solver it is possible to combine literals of
linear algebra, i.e. linear inequalities, with propositional logic:

Sa > Sp+dy Vs, > s, +dg,.

There can be much harder logical conditions to model and it becomes harder
and harder to do it with a MILP solver since everything has to be in the form of
a linear inequality. Also, the additional binary variables used to model logics
increase the search-space size exponentially; in a model counting n binary
variables, the branch and bound algorithm has to solve 2" relaxed problems
in the worst case, only to account for the binary variables (there may be
other integer variables that increase the size even further). In paper A the
disjunctive formulation is used to solve problem instances of the JSP using
both a MILP and an SMT solver and the SMT solvers outperforms the MILP
solver, sometimes by more than one order of magnitude.

After introducing MILP and SMT in this chapter, we are going to test them
on different problems in the next chapter to compare their performance and
evaluate how much the model formulation affects the solving process.
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CHAPTER 4

Comparison of MILP vs SMT

As described in the previous chapter, both MILP and SMT solvers offer a
general framework to model and solve integer linear problems. When it comes
to modelling, SMT provides a more flexible language, since it is possible to
combine different theories and declare logical conditions over their literals;
nonetheless, modelling obstacles can be overcome in MILP using modelling
tricks such as big M [49]. So, assuming that the constraints and the objetive
functions are linear, both MILP and SMT allow to model the same type of
problems.

When it comes to performance, though, depending on the particular prob-
lem one may outperform the other. It is therefore interesting to test them
over well known benchmark problems, where plenty of literature is available
for comparison. Note that benchmark problems are usually harder than ran-
domly generated ones, since the benchmark have been selected specifically to
stress-test a solution method.
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Figure 4.1: Illustration of the job shop problem.

4.1 The Job Shop Problem

An important classical optimization problem is the job shop problem (JSP)
[50]. It is a well-known combinatorial optimization problem, that has been
studied for decades and there exists a vast literature on exact and approxi-
mate methods to solve it, together with a large set of benchmark problems
ranging from small to very large. Paper A and Paper B introduce the subject
thoroughly and provide reference for further reading. Figure 4.1 shows a pos-
sible schedule for a problem concerning four jobs and four machines. Also, the
JSP comes in different variants. The standard version has the goal of allocat-
ing single-capacity resources to jobs such that the overall execution time, the
makespan, is minimized; each job has a predefined sequence of machines to
visit (a job visiting a machine is called an operation) before it can be declared
finished, and machines can only execute one job at a time. Finding an optimal
schedule means to find the allocation order that minimizes the waiting time
of jobs and, therefore, minimizes the make-span. The problem is notoriously
hard to solve and, as of today, there exist problem instances that have not be
solved to optimality [51].

Other common variants of the problem are: the flexible job shop problem
(FJSP), discussed in Paper B, where operations can be executed by more than
one machine; the no-buffer JSP [52] where jobs cannot leave a machine until

30



4.1 The Job Shop Problem

the next machine in the sequence is available for processing, since there is no
buffer to hold the part. A sub-variant of this problem involves only limited-
capacity buffers; there is the no-wait JSP, which involves constraints on the
elapsing time between operations of the same job, due to the perishability of
the goods, also described in [52].

The Standard JSP

As for all classes of problems, the model formulation plays an important role in
the solving phase so it is important to know which are the main formulations
existing to model the JSP and how they affect the solver’s performance when.
In [53], the authors present the disjunctive, time-indezx, and rank-based models
as the most common formulations for the JSP (an in-depth description of these
models is provided in Paper A) and present a computational analysis over a
set of benchmark instances. Such formulations are tested using the state-of-
the-art MILP solvers CPLEX [54] and Gurobi [55] and, for both solvers, the
disjunctive model shows the best performance.

In Paper A, the above mentioned formulations are adapted for an SMT
solver and then they are run over a set of benchmark problems using the state-
of-the-art SMT solver Z3 [45]. The comparison shows that also for SMT solvers
the disjunctive model outperforms the other two formulations, sometimes by
an order of magnitude, allowing to solve much larger problem instances in
reasonable time, as shown in the tables of Paper A. For a fair comparison,
the disjunctive model is formulated for MILP as well and run over the same
set of problems, using the same hardware as for the SMT solver. These tests
show that the SMT solver outperforms the MILP solver on all problems and
the gap increases as the problem size increases. In general, the combination
SMT solver and disjunctive model is able to handle relatively large benchmark
instances in a relatively short time (timeout set to 20 minutes). Further in-
vestigations [43] revealed that, when expressing the JSP using the disjunctive
model, the problem’s constraints fall into the domain of difference logic, a
fragment of linear algebra; polynomial algorithms exist to check whether an
assignment for this theory is satisfiable or not. Having the SAT engine effi-
ciently finding feasible assignments and the theorem prover quickly checking
them leads to an overall fast execution.

For the other problem formulations, time-index and rank-based, only a lim-
ited number of problems could be solved within reasonable time. Paper A
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provides extensive data about the comparison. Even so, there are reasons to
work on improving such formulations; the time-index formulation is widely
used because its relaxations provide strong bounds useful in specific-purpose
algorithms. In Paper C the time-indez formulation is improved by exploiting
the ability of using bit-vectors with SMT solvers. The time-indexr model is
based on time discretization where one Boolean (or binary) variable is de-
clared for each time step (and each operation of each job). This approach
has the disadvantage of leading to a very large number of variables (and espe-
cially constraints), making the model size and the model generation time, not
negligible (in some cases, they are actually the bottleneck). Using bit-vectors
makes the model extremely more compact and brings the model size down to
a small fraction of what it would be otherwise.

When it comes to performance (measuring only the solving time), the bit-
vector-based time-index model outperforms its Boolean counterpart, but, un-
fortunately, it is still no match for the disjunctive model, as shown by com-
paring the data from Paper A and Paper C

The Flexible JSP

As mentioned above, there exist many different variants of the JSP that in-
clude additional constraints: setup times, non-infinite buffers, etc. One of
them is the flexible JSP (or FJSP), where multi-purpose machines can per-
form different tasks; hence, for each operation, there is a set of machines to
choose from. Also, processing times are dependent on the machine executing
the operation.

Once again it is possible to formulate the problem in different ways. In Pa-
per B extended versions of the disjunctive, time-index, and rank-based models
are presented and compared against a set of benchmark problems for the
FJSP (note that this is not the same set as for the standard JSP). The com-
putational analysis presented in Paper B shows consistency with the previous
study, i.e. the disjunctive model outperforms the time-indexr and rank-based
formulations.
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Figure 4.2: Illustration of the bin sorting problem.

4.2 The Bin Sorting

Another well-known combinatorial optimization problem is the bin sorting
problem (BSP). This is the problem of fitting items into bins such that the
number of bins is optimal. Items are characterized by a value indicating their
size (in real world scenarios this could represent their weight or their volume)
and there exist two versions of the BSP, one being the dual of the other. In
the bin packing problem (BPP), there is a maximum capacity of the bins that
cannot be exceeded and the goal is to minimize the number of bins; in the bin
covering problem (BCP), there is a minimum capacity of the bins that cannot
be under-reached and the goal is to maximize the number of bins. Figure 4.2
shows a BPP where nine items have to be packed in bins of maximum capacity
four.

Especially for the BPP there is plenty of literature available for comparison,
as well as five different sets of standard benchmark problems (references to
the problems are given in Paper D). Paper D shows an enumerative model
formulation to solve both BSPs based on the concept of skinny/fit bins. When
enumerating possible combinations of items that could form a bin, it is pos-
sible to tell beforehand which combination that may never be included in the
optimal solution (those would be the non-skinny/non-fit). This allows to cut
off a (usually large) portion of the search-space and, subsequently, to reduce
the running time to search it.

Paper D is an extension of our previous work on the subject presented in
Paper E, where we implemented such an enumerative approach for the BCP
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Figure 4.3: Illustration of the vehicle routing problem.

only, but for both MILP and SMT (in Paper D only MILP is used). This time
the MILP solver proved to be much faster than the SMT solver (which is the
reason why SMT is not used in Paper D).

4.3 The Vehicle Routing Problem

In order to get a better understanding of the VRP, we decided to work on one
of its standard versions, namely the vehicle routing problem with time windows
(VRPTW). This problem is a VRP where each customer must be served within
a time window. Also, the problem belongs to the class of capacitated VRPs,
where customers have requirements on the amount of goods to be delivered,
namely demands, and vehicles have limits on the amount of goods they can
deliver, namely capacity. Figure 4.3(a) shows a VRP where vehicles have to
be dispatched from the depot to serve customers. In (b) the VRP is solved
and the routes are showed.

In Paper E a MILP formulation and a set-based particle swarm optimization
(S-PSO) algorithm for VRPTW are compared. Unfortunately we do not have
data about the performance of any SMT solver for the benchmark problems,
since the goal of the work presented in Paper E was the comparison of an exact
and an approximate method and MILP had been chosen as exact method.

The work reveals that MILP does not scale very well, and is outperformed by
the S-PSO algorithm for larger problem instances. This result does not come
unexpected. Though there exist different formulations, and a most recent and
efficient one was chosen for the comparison [19], they all have to represent the
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choices of travelling from one point to another or not. This means that for a
problem counting n customers there are n? binary variables so in the worst
case the MILP solver will have to solve 27" relaxed problems. Therefore, for
a problem involving several logical constraints, MILP does not seem to be the
best option.

Moreover, the specific industrial setup presented in Chapter 2 involves ad-
ditional logical constraints that would make the number of binary variables
grow even larger.

4.4 Conclusions on the SMT/MILP performance

So far we have introduced the performance evaluation of two solvers (one
MILP solver and one SMT solver) over benchmark problems of two optimiza-
tion problems: for the JSP the SMT solver outperformed the MILP solver
while for the BSP it was the opposite.

The reason for this (or at least part of the reason), lies in the model struc-
ture. The BSP perfectly fits the standard requirements for MILP because it is
a conjunction of linear inequalities. Therefore the MILP solver has no trouble
dealing with very large models (in the evaluation presented in Paper D, we
generated models counting up to twenty million variables). The SMT solver
also comes with theories to handle linear algebra, but it is not as efficient as
the MILP solver and, therefore, slower. One reason for this is that companies
such as Gurobi [55] and CPLEX [54] have been spending decades refining the
algorithms that run under the hood of a MILP solver.

On the other hand, the JSP has a disjunctive constraint (non-overlap of
operations requiring the same job) that has to be modeled using additional
binary variables together with the big M method when using the MILP solver.
The SMT solver, instead, will set up a SAT problem where each linear inequal-
ity is treated as a Boolean variable and find an assignment (if such exists) for
them; then the theory prover will check the feasibility of the assignment of
the Boolean variables for the corresponding inequalities.

Based on the computational anlysis run for the JSP and the BSP and based
on what we know about the algorithms running under the hood of the MILP
and SMT solvers, we can draw the following conclusion: if the problem nat-
urally involves only conjunctions of literals belonging to linear algebra, the
MILP solver will likely be the most suitable option; on the other hand, if the
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problem involves more logical constraints, such as disjunctions, implications,
etc., the SMT solver will likely outperform the MILP solver, being naturally
designed to handle constraints of propositional logic over literals of different
theories.

In Paper F is presented a computational analysis over a benchmark set of
problem instances of the VRPTW using a MILP solver showing that the solver
is not able to handle large size instances. Though we do not know how an
SMT solver would compare on the same benchmark set, given the structure
of the VRP involving logical constraints, we would expect the SMT solver to
be a better candidate for the task. We hence decided to use an SMT solver
to deal with the VRP presented in Chapter 2.

In the following chapter, the specifications for the VRP presented in Chap-
ter 2 are given. A monolithic model and a compositional algorithm to solve
the VRP are presented. Finally, four test-cases are used to provide data about
the performance of the two approaches.
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CHAPTER b

Monolithic Model and Compositional Algorithm for the
VRP

In the following sections we present a monolithic model that takes care of
charging stations and conflict-free routing, as well as the other specific con-
straints; we also present a compositional algorithm that is able to handle
larger problems in a reasonable time. For both the monolithic model and the
compositional algorithm, the total travelled distance is used to evaluate the
quality of the solutions.

The monolithic model is developed using a time-index formulation where a
set of Boolean variables is used to model locations of the vehicles and move-
ments at each time-step; other sets of Boolean variables keep track of the
assignment of vehicles to jobs; integer variables are also used to keep track of
the vehicle remaining charge.

On the other hand, the compositional algorithm breaks the overall VRP
problem down into three main sub-problems:

e The first sub-problem is the routing problem; using the SMT solver

to find non-cyclic paths between any two customers, and between the
depot and each customer (this phase is discussed in Section 5.3), we can

37
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now treat the problem as a VRPTW. We can do this because knowing
the paths between any two points of interest allows us to calculate the
distance between them; in the VRPTW the actual trajectory to travel
from a point to another does not matter, only the distance does. In
this phase we also constraint the routes to be shorter than the vehicles
operating range because we do not handle recharging during the routing.

The second sub-problem is the assignment problem; in this phase the
routes selected by the solver in the previous phase have to be assigned to
the vehicles. The assignment is done according to the job’s requirements
on the vehicles and to the job’s time windows. Recharging of vehicles
is handled in this phase; if a vehicle is assigned to more than one route,
every time it goes back to the depot after executing a job, it has to wait
until its battery has enough charge to complete the next job and go back
to the depot.

The third sub-problem is the scheduling problem; in this phase the as-
signment of the routes to the vehicles is checked against the capacity
constraint. In other terms, we know now which road segments each ve-
hicle has to traverse in order to execute the jobs; we know what is the
latest time at which the vehicles can visit the customers and still be
able to meet the time windows; we want to know if there is a sched-
ule compatible with the capacity constraints that allows the vehicles to
meet their deadlines. Computing a schedule means to decide where each
vehicle must be at each time, and whether it is moving or it is stationary.

While the routing problem is handled as a VRPTW, the assignment and
the scheduling problems can be formulated as variations of the JSP. Hence,
they can be modelled using the disjunctive formulation. Figure 5.1 shows
a flowchart that qualitatively represents how the compositional algorithm is
constructed. All the functions that the algorithm calls are described in details
in Section 5.3. The variables PF, RF, AF, and SF represent the status of the
Path Finder, Routing, Assignment, and Scheduling problems respectively, i.e.
they say whether the problem is satisfiable (sat) or unsatisfiable (unsat).
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Figure 5.1: Flowchart of the Compositional algorithm.
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5.1 The data structure

As discussed in Paper F and Chapter 2, the VRP problem can be modelled
using a graph, where nodes represent points of interest, such as depot stations,
charging stations, and customers (pickup and delivery points). When dealing
with the standard VRP, without considering conflict-free routing, a complete
undirected graph can be used, where nodes represent the depot and the cus-
tomers, and there exist edges connecting any two nodes and where the edge
weights represent the distance between such nodes. On the other hand, when
dealing with conflict-free routing, the graph represents the actual layout of the
plant, where edges are road segments and nodes are intersections. Therefore,
not all pairs of nodes are connected and the graph is directed, in order to
model sections where the flow is allowed only in one direction. Customers and
depot are located in some specific nodes.

It is assumed that nodes can accommodate an unlimited number of vehicles
at the same time. Edges can as well accommodate multiple vehicles at the
same time, as long as they do not occupy the same location (this constraint
is further addressed in the subsections about conflict-free routing of both the
monolithic model and the compositional algorithm).

Another important piece of information regarding a problem instance is the
list of jobs; for each of them, the list of tasks (pickup or delivery) is given,
together with a list of vehicle types eligible to execute the job; moreover, for
each task is provided a location (the node the vehicle has to reach in order
to pick up or deliver goods), a precedence list enumerating the tasks that
have to be executed before the task the list refers to (typically, only delivery
points have a non-empty precedence list which corresponds to the pickup
points belonging to the same job) and a time window (again, this is typically
true only for the delivery points). A global list of vehicle types is also given
and for each type it is specified how many vehicles are available. Finally,
other parameters are the operating range of the vehicles OR, the charging
coefficient C| the discharge coefficient D, and a large number B representing
the time when all jobs should be finished. Finding good bounds for B leads
to smaller models though being too strict can lead to mistakenly declare a
problem unfeasible. A trivial upper bound for the value B can be calculated
by summing the time it takes to execute all jobs in sequence.
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5.2 The Monolithic Model

In order to model the VRP described above, we define the following notation
that will be used to define constraints:

N: the set of nodes

O € N: the origin node

E C N x N: the set of edges

A, C N ¥n € N: the set of nodes that have an incoming edge from node n
h: the value of the heaviest edge (longest transition time)

B: an upper bound representing the time when all jobs should be finished
T = B + h: the time horizon !

J : the set of jobs

K Vj € J: the tasks of job j

Lj, € NVj € J ke K: the location of task k of job j

V: the set of all vehicles

OR: the maximum operating range of the vehicles

C' the charging coefficient

D: the discharging coefficient

V; CV V5 € J: the set vehicles cligible for job j

F': the set of charging stations

Pj, C K; Vj € J k € K: the set of tasks to execute before task k of job j
Lk V5 € J,k € K: the time window’s lower bound for task k of job j

ujp Vg € J,k € K: the time window’s upper bound for task % of job j

dpn Vn,n' € N: the distance between nodes n and n’ 2

IThe need to increase the value B is discussed on page 45.
2it is assumed that one unit of distance is covered in one time step, hence distance and
duration are interchangeable
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The set of variables used to build the model are:

x4;: Boolean variables that evaluate to true if the i-th vehicle is assigned
to the j-th job

Yiji: Boolean variables that evaluate to true if the i-th vehicle is assigned
to the k-th task of the j-th job

zijke: Boolean variables that evaluate to true if the i-th vehicle serves
the k-th task of the j-th job at time ¢

rcie: Integer positive variables that keep track of the remaining operating
range of vehicle ¢ at time ¢

at;,.: Boolean variables that evaluate to true if the i-th vehicle is at the
n-th node at time ¢

move;n:: Boolean variables that evaluate to true if the i-th vehicle de-
cides to move to the n-th node at time ¢

In order to build the models, the following logical operators will be used:
e AMO(a) : at most one variable of the set a evaluates to true;
e EO(a) : exactly one variable of the set a evaluates to true;
e EN(a,n) : exactly n variables of the set a evaluate to true;
e If(c,01,09) : if condition ¢ is true returns oy, else returns os.

For further clarity, the constraint sets have been divided into sections, de-
pending on the features of the system they take care of.
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Jobs Assignment

The following constraints are about assignment of jobs to vehicles:

Zijht = atiL;0

Tijj = /\ Ty
i'eV
i’
Yijk = /\ Yi'jk
i'eV
i’
T
Yijk = \/Zijkt
t=0
Zijkit = /\ TZijkot!
k2€Pjy,
t'=t,...,T

Tij = /\ Yijk
kEK,

Yijk — \/

t=ljk,uUjk

Zijkt

VieV,jeJ ke K;,t=0,...

VieV,jeld

VieV,jeJkekK,

VieV,jeJ ke K;

VieV,jeJ ke K;,t=0,...

VieV,jeld
VieV,jeJkekK;

VigVj,jed

, T

(5.6)
(5.7)

(5.8)

(5.1) states that in order to serve a task, a vehicle has to be at the task
location; (5.2) states that only one vehicle can be assigned to a job; similarly,
(5.3) states that only one vehicle can be assigned to a task; (5.4) states that,
in order to execute a task, a vehicle must be at the task location at some point
in time; (5.5) enforces the precedence constraint among tasks of the same job;
(5.6) states that, when assigned to a job, a vehicle must execute all its tasks;
(5.7) states that a vehicle must execute tasks within their time windows (when
the task has got one); (5.8) states that only eligible vehicles can execute the

corresponding job.
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Vehicles’ Movements

The following constraints are related to the vehicles’ movements:

atioo  VieV (5.9)

atioB VieV (5.10)
AMOpen(atint) VieV,t=0,...,T (5.11)
AMO,,en (moveing) VieV,t=0,...,T (5.12)

ating = —MOVEint VieV,ne Nt =0,...,7 (5.13)

ating = /\ —MOVE /¢ VieV,ne N,t=0,...,T (5.14)
n'¢A,
(atz‘nt A /\ _'m07~’€m/t) - atint-{-l
n’'€N
VieVineN,t=0,...,T—1  (5.15)

(ating A move,) = ( /\ —atipiry N atinritd,,,)

n"’ €N
t'=t+1,....t+d,, . —1

VieV,(n,n') €E,t=0,...,T — dup (5.16)

(Z’ijlklh A Zij1k2t2) = /\ TZijo k!t
J2€J,51#72
K eKj,
t'=t14+1,...,t2

VieV,jo€ Jki,ka€ Kj k1 # ko, t1=0,...,T,ta =11,...,T (5.17)

(5.9) states that all vehicles are at the depot at time zero; (5.10) states that
all vehicles are at the depot at time B. this constraints forces the vehicles to
return to the depot after they execute the jobs they are assigned to; (5.11)
states that a vehicle can be at most in one location at a time. Normally, it
would make sense to state that a vehicle should be exactly in one place at a
time. However, given the way the vehicle movement is modeled, this constraint
needs to be relaxed because moving can take more than one time-step; (5.12)
states that a vehicle can move to at most one location at a time;(5.13) forbids
a vehicle to move the node where it already is, and (5.14) states that if vehicle
i at time-step t is at node n, it cannot move to any non-adjacent node; (5.15)
states that, if a vehicle is not moving at a certain time step, it will be at the
same location at the next time step; (5.16) states that, if a vehicle is to move
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to a new location, it will occupy no place while it is transiting on the edge
connecting the start and arrival node and it will be at the arrival node after
as many steps as it takes to traverse the edge, defined by the edge’s weight.
Tt is for this reason that constraint (5.11) needs to be relaxed. Also, in (5.16)
' =t+1,....t+dy, —1, thereforet = 0,...,T —d,,,». This means that there
are 1o constraints applying to events taking place in the interval [T"— dp,/, 1.
For this reason it is necessary to extend the time horizon to T' = B + h: the
steps B, ..., h are not actually used in the model but this way it is guaranteed
that all constraints apply for 7" = 0,..., B; (5.17) states that if a vehicle is
executing two tasks k1 and ks of job j, then the vehicle cannot execute a task
of any other job different from j in between. This constraints is used to make
sure that, if a vehicle is selected for multiple jobs, it has to execute them in
sequence (i.e. finish all tasks of a job before executing any other task).

Conflict-Free Routing

The following constraints are related to the conflict-free routing:

(atiynt A atigny) = /\ (=movei nrt V —move;, nit)
n’'€A,

Vi1, 10 € V,iq #ig,’n/ENﬂf =0,...,T (518)

(atiy e A Gtiy ps p ATROVE | nit) = /\ MOVE ynt
t=t,....t+d, .

Vi1, i9 € V,iq 75 12, (n,n’) eE,t=0,...,T —dp, (519)

(5.18) states that if two vehicles are on the same node, they cannot transit
on the same edge at the same time step; (5.19) states that if two vehicles are
on two adjacent nodes and one decides to traverse the edge connecting them,
the other vehicle has to wait for the first one to finish the transit before it can
traverse the edge.
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Battery Management

The following constraints are related to the battery management:

reg > 0Arey < OR VieV,t=0,...,T (5.20)

(atint N MOvE) = /\ TCipy = rCipr—1 — D
t=t+1,...,t+d,, +1
VieV,(n,n') e BE,t=0,....T —dy, (5.21)

(atine N /\ —MOVE;pi) = TCipq41 = TCit
n’eN
VieVine N\F,t=0,...T7-1 (5.22)

(atins N /\ MOVErt) = TCipy1 = TCit + C
n’'eN
VieVine F;t=0,....T—1 (5.23)

(5.20) defines the domain of the rc variables; (5.21) states that, if a vehicle
is moving, its energy decreases at each time-step according to the discharge
coefficient; (5.22) states that if a vehicle is not moving, its energy level does
not change. It is necessary to specify that the vehicle is at some node because
if the vehicle is at no node, it means it is moving; (5.23) states that if a vehicle
is at a charging station, its energy level increases at each step according to
the charging coefficient.

Objective Function

Finally, the cost function for the sub-problem to minimize (5.24) is the total
travelled distance, calculated as the cumulative distance travelled by each and
every vehicle:

ZIf((atmt A movei ), dnn, 0) VieV,ine N,t=0,....,T7T—1 (5.24)
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5.3 The Compositional Algorithm

In this section the compositional algorithm is presented: the overall VRP prob-
lem presented in Chapter 2 is broken down into sub-problems that represent
different stages in the algorithm. In the following, a subsection is dedicated
to each sub-problem, to describe its input and output and how it connects to
the previous and/or following sub-problem.

For the algorithm to work, two additional jobs, having both only one task,
are added: start and end; they are needed in the routing problem, to make
sure that routes begin and end at the depot. They are both located at the
origin node O and while the single task of job start has no time window, the
time window of the single task of job end is [0, B].

The Path Finder

The Path Finder model selects a sequence of edges connecting any two points
of interest that minimizes the total sum of distances of each path. Let P
be the set of all pairs of points of interest. For any pair of points p; € P, all
possible non-cyclic paths are computed and then stored in a list f;. The paths
are then stored in the list Paths : p; — f;.

The variables pathg, are Booleans that evaluate to True if the r-th path of
the g-th pair of points is selected. The following constraint ensures that only
one path per each pair can be selected:

EO,ey, (pathgy) Vg e P (5.25)

Since the solution found may not be feasible for the following steps of the
algorithm, it is necessary to store it so that it can be ruled out in the next

iteration. Let Spuin = Ugep {path;,} be one feasible solution to the Path
ref,
Finder model; also, let UsedPaths be a list containing all the previous solutions

to the Path Finder model. In order to find another feasible solution, the
following constraint must be added to the model:

\/ —pathg, VSpan € UsedPaths (5.26)

pathq€Spath

Finally, the cost function to minimize is the overall length of the paths (in
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terms of nodes to visit); let |r| be the length of a path:

> If(pathgr,|r|,0) Vg€ Pre f, (5.27)

Based on the model described above, it is possible to define the function
path_selection that takes the list Paths of all non-cyclic paths between any
two points and the list UsedPaths that contains the previously used paths as
inputs, and returns current_path, the shortest feasible combination of non-
cyclic paths that has not been selected yet, else it returns unsat.

The Routing Problem

The goal is now to find feasible routes using the non-cyclic paths currently
provided by the path_selection function to calculate the distance dj, i, sk,
between points of interest. Also, let M; be the set of mutually exclusive jobs
for job j, and let Perm; be the set of possible orderings of tasks belonging to
job j, where cach possible ordering ord,, € Perm; contains all tasks of job j
sorted differently. The set of variables used to build the model for the routing
problem are:

dirj, i, jok,: Boolean variable that evaluates to true if a vehicle travels
from the location of task k; of job j; to the location of task ks of job js

cs;j: integer variable that keeps track of the arrival time of a vehicle at
the location of task k of job j

rcji: integer variable that keeps track of the remaining charge of a
vehicle when at the location of task k of job j
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The model is as follows:

(csjk > 0Are;r > 0Arer <OR) VieJkeK; (5.28)
_‘dirjkjk le S J, k€ Kjl (529)
_‘dirj,k,sta,rt,ksf,,,,‘f Vj € J, ke Kj (530)
i end, kona,j,k VieJkeckK; (5.31)
dir.hhjzkz = CSjsko > Csj1k1+djlk1j2k2
le,jg S J7 ]{/’1 c Kjl,kg S ka (532)
(CSjk > ij A CSjk < Ujk) Vj € J,k S Kj (533)
dirhkﬂ?kz = TCjyp, < rcjltl_D X dj1k1j2k2
le,jg e J, ki € Kjl,k‘Q S ka (534)
EO j2€J (dirjlkljZkZ) Vi1 € J, 1 7é J2, k1 € Kjl (535)
ko€ K,
EN ja€J (dileklekz,’n) — EN ja€J (diszijlkl,’n)
ko €K, ko €K,
leej,klEKjl,n=1,...,|J| (536)
\V N dirie g ViedJ (5.37)
ord;EPerm; \ ji1,j2€ord;
J12J2
/\ CSjk = CSjk! ViedJ (5.38)
ij

(5.28) restricts the variables to be positive integers and the remaining charge
to be lower than the maximum operating range; (5.29) forbids to travel from
and to the same location; (5.30) and (5.31) state that a vehicle can never travel
to the start, nor thravel from the end: start and end are physically located
at the same node, but they play different roles in the routing problem, hence
two different jobs; (5.32) regulates the difference in the arrival time based on
the distance for a direct travel between two points; (5.33) enforces the time
windows on the routes; (5.34) defines the decrease of charge based on the
distance travelled; (5.35) states that each customer must be visited exactly
once; (5.36) guarantees the flow conservation between start and end; (5.37)
states that if a number of tasks belongs to one job, they have to take place in
sequence; (5.38) guarantees that deliveries take place after pickups.
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Objective Function

Finally, the cost function for the model to minimize (5.39) is the total number
of vehicles:

> TH(dirstart k.ere,ks 1,0) Vje ke K, (5.39)

If the solution of the routing problem turns out to be inconsistent with the
vehicles’ assignment or the conflict-free constraints in the next two phases,
a new solution must be computed in order to find alternative routes for the
same combination of non-cyclic paths. Therefore it is necessary to keep track
of the combinations of routes that have already been generated so that we can

rule them out when solving the routing problem again. Let R = | jes {csj et
kEK;
be the optimal solution to the routing problem found at iteration n and Pre-

viousRoutes the set containing the optimal solutions found until the n — 1-th
iteration. In order to find the optimal set of routes, different from the ones
found before, the following constraint must be added:

\/ —diT5, ky jaks VRoutes € PreviousRoutes (5.40)

dirjy kqjoky ERoutes

Based on the model described above, it is possible to define the function
router that takes the current combination of non-cyclic paths current path
and the set PreviousRoutes, and returns a set of routes that have not been
selected yet R, if such exists, unsat otherwise. The set of routes R contains
the variables dirj, i, j,x, that evaluated to True in the solution of the routing
problem; through them, it is possible to construct the routes.

The Assignment Problem

The assignment problem allocates vehicles to the routes R generated in the
routing problem, based on the time window and eligibility requirements. In
the previous phase routes were generated based only on the time windows
and on the vehicles’ operating range; now the actual availability of each type
of vehicle is given. Moreover, the router may generate routes that involve
mutually exclusive jobs and, while it would be possible to avoid this by adding
additional constraints, it would be inconvenient to do in the routing problem,
since there is no information about the vehicles assigned to the routes. On
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the other hand, once a set of routes is given, it can be easily checked in the
assignment problem whether a vehicle is actually eligible for a route.

Therefore, for each route r, we can define a list of jobs J” C J that are
executed by the vehicle assigned to r; then the list of eligible vehicles El,. =
N iegr V; is given. Also, based on the time windows of the jobs forming the
routes, it is possible to work out the latest start of a route late,; for instance,
if the time window’s upper bound for the delivery task of a job is at time
t and the distance between the task’s location and the depot is d, then the
latest start is t — d (remember that we assume time and distance travelled to
be interchangeable). Since a route can include more than one job, the stricter
deadline will define the latest start for the route.

The assignment problem is therefore treated as a job shop problem where
routes are jobs (whose duration depends on their length length,) and vehicles
are resources, with some additional requirements on the jobs staring time.
The set of variables used to build the model are:

allo;r: Boolean variables that evaluate to True if vehicle ¢ is assigned to
route r;

start,: Non-negative integer variables that keep track of the start time
of route r;

end,: Non-negative integer variables that keep track of the end time of
route 7.

The model formulation for the assignment problem is as follows:

end, = start, + length, Vr € R; (5.41)
start, < late, Vr e R; (5.42)

EO,;ev (allo,) Vr € R; (5.43)

\/ allo;.  VreR; (5.44)

€L,
(alloir N alloy) =
((start, > end,» + C - length,) V (start,, > end, + C - length,))
Vie V,r,r' € Ryr # 1’ (5.45)

(5.41) connects the start and end variables based on the route’s length; (5.42)
sets the latest start time of a route based on the stricter time window among
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the ones of its jobs; (5.43) states that exactly one vehicle must be assigned
to a route; (5.44) states that one (or more) among the eligible vehicles must
be assigned to a route; (5.45) states that any two routes assigned to the same
vehicle cannot overlap in time; either one ends before the other starts or the
other way around.

Based on the (5.41)-(5.45) it is possible to define the function assign that
takes the routes R from the routing problem as input and returns a feasible
assignment if such exists, unsat otherwise. The assignment states which ve-
hicle will drive on which route (and, of course, execute its jobs) and when it
starts.

The Scheduling Problem

Finally, in this phase a feasible schedule is found for the vehicles, meaning that
the routes they are assigned to are checked to verify that they are conflict-free.
In order to do this, generate a list of nodes that each route visits AN, Vr € R,
and one list of edges AE, Vr € R, since so far the focus was only on the
points of interest. Note that for the same route r, AE, will always be one
element shorter than AN, since there is an edge in between two nodes: this
way the first edge in AF, is always the edge following the first node in AN,.,
the second edge in AF, is always the edge following the second node in AN,
and so on. Also, for each node in AN,. it is necessary to specify whether there
exist a time window, since some of the nodes are only spots on the map while
others are actual pickup or delivery points). Let [,.,, and u,, be the earliest
and latest arrival time at node m on route r respectively. Finally, let len(e)
be the length to travel of edge e and let e(1) and e(2) be the source and sink
node of the edge respectively (since it is a directed graph, the edge connecting
n and n’ is different from the one connecting n’ and n).

This phase is also treated as a job shop problem, where jobs are routes, tasks
within the jobs are the different nodes to visit along the route while nodes
and edges themselves are the resources. While nodes have no capacity limit,
meaning that they can accommodate an unlimited number of vehicles at the
same time (they are considered to be hubs), edges do. Also, each route has
a starting time start, defined by the assignment model. The variables in the
scheduling problem model are:

node,,: Non-negative integer variables to keep track of when route r is
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using node n;

edger.: Non-negative integer variables to keep track of when route r is
using edge e;

The model for the scheduling problem is defined as follows:

nodero > start, Vre R (5.46)

edger; > nodey; VreRyi=1,...,|AE,| (5.47)

noderiy1 > edger; + len(e) VreRyi=1,...,|AE,]| (5.48)
(noder; >l Anoder; < upg) Vr e R,i € AE, (5.49)

(edger,i > edger,; + 1V edger,; > edger,; + 1)

Vri,re € Rory #£ 19,1 € AE, NAE,, (5.50)
(edger iy > edgeryi, +len(e2) V edger,i, > edger, i, +len(er))
VTl,TQ S R,il S AErl,iz S AETZ,Tl 75 7‘2,61(1) = 62(2),61(2) = 62(1) (551)

(5.46) constraints the beginning time of a route; (5.47) and (5.48) define
the precedence among nodes and edges to visit in a route; (5.49) enforces time
windows on the nodes that correspond to pickup or delivery points; (5.50) and
(5.51) constraints the transit of vehicles over the same edge. If two vehicles
are crossing the same edge from the same node, one has to start at least one
time step later than the other and if two vehicles are traversing the same edge
from opposite nodes, one has to be done transiting, before the next one can
start.

Based on the (5.46)-(5.51) it is possible to define the function scheduler
that takes the assignment from the assignment problem as input and returns
a feasible schedule if such exists, unsat otherwise. The schedule expresses
where each vehicle is at each time step.

The Algorithm

In this section, the compositional algorithm to solve the vehicle routing prob-
lem with time windows, charging station and pickup-delivery points is pre-
sented. The input for the algorithm is a problem instance, consisting of a
weighted, directed graph representing the plant layout and a list of jobs, as
described in Section 5.1. The function path__enumerator (Line 1 of the algo-
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rithm) takes the graph and the jobs as input and, using a breadth first search
algorithm [56] returns the previously mentioned list Paths.

The output of the compositional algorithm is twofold: the variable solution,
which is initialized as unknown and will eventually become either sat or unsat,
and the schedule, which will contains the information about the location of
each vehicle at each time step if the problem is sat or be empty otherwise.

First, the algorithm finds a feasible combination of non-cyclic paths to con-
nect any two tasks and between depot and all tasks: this is done through
the function path selection; if no combination of paths can be found (either
because there are none or because all feasible solutions have been used al-
ready), the algorithm terminates and the solution is unsat. If a path list can
be found, then such solution is added to the UsedPaths and it is used as an
input to generate feasible routes, if such exist (line 5); if no solution exists to
the routing problem, there are two possible outcomes depending on the list
PreviousRoutes:

e PreviousRoutes is empty: the algorithm terminates and returns unsat
(lines 7 and 8);

e PreviousRoutes is non-empty: a new combination of non-cyclic paths is
computed (go back to line 2).

The #f condition on the emptiness of PreviousRoutes can save time based on
one assumption: every time a new combination of non-cyclic paths is com-
puted, it is the shortest still available. If no routing is possible, i.e. time
windows could not be met with the current paths, there is no other combina-
tion of paths that will satisfy the routing problem, since they will be longer
than the current one. On the other hand, if PreviousRoutes is not empty,
this means that routing is possible with the current combination of non-cyclic
paths and it would be premature to declare the instance unsat. Instead, the
list PreviousRoutes is emptied (line 10), since it only makes sense to store
the old routes as long as the combination of non-cyclic paths is the same.
If a solution to the routing problem does exist, the Routes are added to the
PreviousRoutes and then checked against the assignment problem and the
scheduling problem (lines 12 through 14). If one of these problems turns out
to be unsatisifable, then the function router will look for another solution; oth-
erwise, when both assign and scheduler return feasible solutions (lines 12-14)
a feasible (sub-optimal) schedule for the overall problem has been found.
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Algorithm 1 Compositional Algorithm

1

10
11
12

13

14
15
16
17
18

19
20

Input: graph, jobs
Output: instance, schedule
UsedPaths < |]
PreviousRoutes + |]
instance <+ unknown
PF « unknown
RF < unknown
AF <+ unknown
SE + unknown
Paths < path__enumerator(graph, jobs)
while instance = unknown do
RF < unknown
PF, current__path < path__selection(Paths, UsedPaths)
if PF = unsat then
instance < PF
else
UsedPahts < current__path
while RF # unsat A instance = unknown do
RF, Routes < router(current__path, PreviousRoutes)
if RF = unsat then
if PreviousRoutes = || then
nstance = unsat
end
PreviousRoutes + |]
else
PreviousRoutes < Routes
AF, assignment < assign(Routes)
if AF = sat then
SF, schedule < scheduler(assignment)
if SF = sat then
instance + SF
end

end

end
end

end

end
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5.4 Test Cases

In this section four test cases are presented. The first two test cases are
designed to show the behaviour of the monolithic model (Section 5.2) and the
compositional algorithm (Section 5.3) when conflicting situations arise. The
other two test cases involve a larger graph, a larger number of vehicles and
a larger number of possible combinations, to stress-test the monolithic model
and compositional algorithm. In all the test cases the depot is located at
node 0; the charging and discharging coefficients are both 1; in the figures
representing the plant in the following subsections, edge weights are reported
next to the edge and tasks are next to their locations, together with their time
windows, if any. Also, a plain line connecting two nodes n and n’ symbolizes
that travelling in between those nodes is allowed in both directions, i.e. there
is edge (n,n’) and edge (n’,n) connecting nodes n and n’'.

All the tests are performed on an Intel Core i7 6700K, 4.0 GHZ, 32GB
RAM running Ubuntu-18.04LTS and Z3 4.8.7-64bit. The monolithic model
and compositional algorithm performance are compared in terms of running
time and quality of the solution (total travelled distance).

Test Case |

In this first test case the goal is to show that two vehicles traversing the same
edge do not start at the same time. The layout of the plant is represented in
Figure 5.2.

1,1

Figure 5.2: Test Case I.
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The trivial bound for B would be 16 (the time for the vehicles to execute
all jobs in sequence and go back to the depot). However, the problem is so
small that pen-and-paper calculation is possible and we decided a reasonable
value for B to be 10.

There are only two jobs to execute, each involving only one task. Normally,
a job should have at least two tasks, one pickup and one delivery. However,
in order to test the correctness of the model in terms of conflict-free routing,
this requirement is not necessary and can be relaxed. Also, the weight of each
edge, representing the lenght of each segment is 1. The location of task 1 of
job 1 is at node 5 and the time window for delivery is [0, 4]. The location of
task 1 of job 2 is at node 6 and the time window for delivery is also [0, 4].
Job 1 and Job 2 must be served by vehicle Vi and vehicle V5 respectively,
which are both available.

The test case is per se unfeasible. In fact, in order to make it to their
destination in time, both vehicles should start traversing node 8 at time-step
2, which is forbidden by constraints (5.50) and (5.18). When tested, both
the monolithic model and compositional algorithm declare the problem unsat.
In both cases, the running time is below one second. An additional test can
be made by extending the time window of one of the jobs by one time-unit,
to [0,5]. This time the problem is satisfiable and both methods declare the
problem sat with a travelled distance of 16. Once again the solving time is
shorter than one second.

Test Case Il

In the second test case, the goal is to show that a vehicle can never traverse an
edge while another vehicle is coming from the opposite direction. The layout
of the plant is represented in Figure 5.3. There are two jobs, each involving
two tasks and each job must be executed by a different vehicle, vehicle V;
executes job 1 and vehicle V5 executes job 2. Both job 1 and 2 have one
pickup task, located at node 8 and I respectively, and one delivery task,
located at node 2 and 5 respectively. The time window for both delivery
tasks is [0, 4]. The trivial bound B is 16; once again we decided to reduce it to
10 after some pen-and-paper calculations. This time travelling between nodes
0 and 38 is only allowed in the direction of the arrow, from node 0 to node 3.
The need for a one-direction segment is to make sure that vehicle V7 cannot
go back to node 0 to after executing task 1 of job I; the only way to reach
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2,1
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Figure 5.3: Test Case II.

node 2 is via nodes 4 and 1.

Under these conditions the problem is unfeasible because, in order to reach
the delivery location in time, the vehicles should traverse the edge in between
nodes 1 and 4 at time-step 2. Both the monolithic model and the composi-
tional algorithm declare the instance unsat in less than a second.

It is possible to make the problem is feasible by extending one of the delivery
time windows by at least one time-unit, i.e. [0,5]; in this case both the
monolithic model and the compositional algorithm can declare the instance
sat in less than a second and return the same travelled distance of 15.

Test Case Il

The third case presents a more complex scenario (The layout of the plant is
showed in Figure 5.4), involving a graph with twelve nodes, three jobs, each
having a different number of tasks, and two vehicles, V; and V5. Also, job 2
can be executed either by vehicle V7 or V5, while job 1 must be executed by
vehicle V1 and job & by vehicle Va. A reasonable value for B is 30 (pen-and-
paper calculations). Since this problem is computationally more demanding
than the previous ones, we decided to test the monolithic algorithm using two
different settings, Solver and Optimizer. When running in Solver mode, Z3
will terminate after the first feasible solution is found, whereas if the Optimizer
mode is on, Z3 will continue the search until the optimal solution is found.
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Figure 5.4: Test Case I1I.

The running time for the monolithic model to find a feasible solution is 135.18
seconds, and the corresponding travelled distance is 61. On the other hand,
when looking for the optimum, the running time rises to 17.99 seconds and
the travelling distance is 46. The compositional algorithm terminates after
only 0.62 seconds and also returns the value 46, which is the true optimum.

Test Case IV

The fourth case is an extension of the third one, where the number of jobs
has been increased to four, as well as the number of vehicles and the number
of time window’s values. Having larger values for the time windows leads to
a larger value of B which, together with the a higher number of jobs and
vehicles, will increase the model size significantly. As for the previous test
cases, a reasonable value of B has been calculated manually and it is 70. In
this test case, the value of B can affect the performance of the monolithic
model significantly so using the trivial bound was not really an option.
Figure 5.5 shows the layout of the plant. Each job is executed by a different
vehicle. As for the previous case, when testing the monolithic model, Z3
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Figure 5.5: Test Case IV.

is run both in Solver and Optimizer mode. It takes 897 seconds to find
the first feasible solution and the corresponding travelling distance is 178.
When running in Optimizer mode, the solver was killed after 24 hours and
no solution was found. On the other hand, it only takes 1.18 seconds for the
compositional algorithm to find a solution with the corresponding travelling
distance 90.

5.5 Results Discussion

In the previous section we evaluated both the correctness and the performance
of the monolithic model and the compositional algorithm by formulating four
test cases and solve them using the two approaches. Test cases I and II repre-
sent small systems where the solution could easily be found even without using
a computer aided method; we used them to check that the two approaches
work as expected and also to provide an example on how the constraints about
conflict-free routing affect the resulting schedule of the vehicles.

Test cases III and IV represent systems where the number of possible sched-
ules is significantly larger; the purpose of these tests was to evaluate the
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performance of both the monolithic approach and compositional algorithm in
terms of running time, and to compare the results of the monolithic approach,
in terms of quality of the solution, with the compositional algorithm.

In the compositional algorithm, the optimization is only in the selection of
non-cyclic paths between the points of interest, and in the routing problem
based on these paths; in the assignment problem and the scheduling problem
the goal is only to check that the routes are consistent with the availabil-
ity of vehicles and the conflict-free constraints, respectively. Therefore, we
have no guarantee on the quality of the overall solution. Nonetheless, the
compositional algorithm performed well on Test Case III, since it yielded a
solution equal to the solution of the monolithic model, i.e. the true optimum.
Unfortunately there is no term of comparison for Test Case IV.

The monolithic model proved, as expected, too slow to handle even rela-
tively small systems such as test cases III and (especially) IV. On the other
hand, more testing is required to prove (or disprove) the efficiency of the com-
positional algorithm but the results we have so far, at least in terms of running
time, are promising.
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CHAPTER 6

Summary of included papers

This chapter provides a summary of the included papers. In Paper A, the dis-
Junctive, time-inder, and rank-based models for the standard job shop problem
are adapted for SMT solvers and their performances are compared using Z3;
the disjunctive model turns out to be the fastest. The performance of the
MILP solver Gurobi is then compared with Z3 when both solvers are running
the disjunctive model, and Z3 outperforms Gurobi on each and every problem
instance. In Paper B, the disjunctive, time-index, and rank-based model for
the flexible job shop problem are adapted for SMT solvers and once again the
disjunctive model turns out to be the fastest. In Paper C, a novel formulation
of the time-index model using bit-vectors is compared to the standard time-
index formulation; the comparison shows the novel formulation to be faster
than the standard one, and also that it results a considerably smaller model.
In Paper D and E (not included), a novel formulation for the bin covering and
bin packing problem (Paper D only) is presented and compared against the
standard formulation using Gurobi (papers D and E) and Z3 (Paper E only).
The MILP solver turns out to be much faster than the SMT solver.
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6.1 Paper A

Sabino Francesco Roselli, Kristofer Bengtsson, Knut Akesson

SMT solvers for job-shop scheduling problems: Models comparison and
performance evaluation

Proceedings of 2018 IEEE 1/th International Conference on Automation
Science and Engineering (CASE),

pp. 547-552, Dec. 2018.

(©2018 TEEE DOI: 10.1109/COASE.2018.8560344 .

This paper presents a comparison of different model formulations for the
standard job shop problem, namely the disjunctive, time-index, and rank-
based models over a set of generated and benchmark problems. The models
are implemented for the state-of-the-art SMT solver Z3. Since the disjunctive
model shows the best performance in terms of solving time, it is selected
for further comparison against the state-of-the-art MILP solver Gurobi; Z3
outperforms Gurobi on each and every instance and, in general, is able to
solve to optimality medium size problems within 1200 seconds.

6.2 Paper B

Sabino Francesco Roselli, Kristofer Bengtsson, Knut Akesson

SMT Solvers for Flexible Job-Shop Scheduling Problems: A Computa-
tional Analysis

Proceedings of 2019 IEEE 15th International Conference on Automation
Science and Engineering (CASE),

pp- 673-678, Sep. 2019.

(©2019 TEEE DOI: 10.1109/COASE.2019.8843025 .

Based on the results achieved in Paper A, Paper B presents an evaluation of
the extended versions of the disjunctive, time-index, and rank-based models,
adapted for the flexible job shop problem. Once again the implementation
is done for the SMT solver Z3; the computational analysis is run over a set
of generated and benchmark instances and shows the disjunctive model to be
the fastest.
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6.3 Paper C

6.3 Paper C

Sabino Francesco Roselli, Kristofer Bengtsson, Knut Akesson
Compact Representation of Time-Index Job Shop Problems Using a Bit-
Vector Formulation

Published in 2020 IEEE 16th International Conference on Automation
Science and Engineering (CASE) .

This paper presents a novel implementation of the time-indexr model for the
standard job shop problem, based on bit-vectors. The new formulation can
compress the high number of variables (a consequence of time discretization)
into bit-vectors; dealing with bit-vectors allow to use bit-wise operators that
reduce drastically the amount of constraints in the model. As a result, the new
model is much smaller in size, making the model generation phase negligible
compared to the solving phase. Moreover, when evaluated with two different
SMT solvers, the bit-vector based model outperformed the standard time-
index model in both cases.

6.4 Paper D

Sabino Francesco Roselli, Fredrik Hagebring, Sarmad Riazi, Mar-
tin Fabian, Knut Akesson
On the Use of Equivalence Classes for Optimal and Sub-Optimal Bin
Packing and Bin Covering

Conditionally accepted to 2020 IEEE Transactions on Automation Sci-
ence and Engineering (TASE) .

This paper presents a study of the bin sorting problem and how to improve
the performance by cutting off portions of the search-space. The improvement
is designed for an enumerative model, where decision variables represent po-
tential bins; reasoning about the problem constraints allows to eliminate all
those potential bins that, given their size (in terms of cumulative value of
the items within them), could never be part of an optimal solution. The new
approach shows good performance when compared to the standard formula-
tion and can be implemented for both packing and covering problems. It is
supposed to scale very well in terms of number of items, though being based
on potential combinations of items, a wide range of values for the items can
quickly lead to a state-space explosion.
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CHAPTER [

Concluding Remarks and Future Work

The work presented in this thesis is focused on finding efficient solutions to
solve the vehicle routing problem. Since this problem can present itself in
many different forms, we tried to develop a general framework that can be
flexible enough to be quickly adapted to handle additional features that can
arise in real world scenarios. As flexibility is a requirement, we decided to test
the performance of general purpose SMT solvers for well-known combinatorial
optimization problems, in order to find out about strenghts and weaknesses
of this technology. As a base-line for comparison, we used MILP solvers,
since these are a well established general framework for linear optimization
problems.

When testing these two technologies on the job shop problem, SMT turned
out to be significantly faster than MILP, while for the bin sorting problem it
was the other way around. In order to understand why in some cases MILP
outperforms SMT while in some other cases it is the opposite, we investigated
the algorithms running under the hood of these two technologies. We found
that MILP solvers can handle conjunctions of linear constraints but are not
as efficient to handle logical constraints. On the other hand, SMT solvers
are not, as efficient as MILP solvers when dealing with models involving only
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conjunctions of linear constraints, but they can handle logical constraints
much better.

Based on the acquired knowledge, and based on the fact that the vehicle
routing problem we deal with in the thesis presents several logical constraints,
we decided to use the SMT solver Z3 to develop a decomposition algorithm
for the VRP. We also formulated a monolithic model to handle all the con-
straints of the problem at once; we did not expect the monolithic model to
be very efficient in solving instances of the VRP but we needed something
to compare with, both in terms of running time and solution quality (total
travelled distance).

We developed some test cases to test the two approaches and compare their
performance. When solving larger instances, the monolithic model became
rather slow; on the other hand, the decomposition algorithm could provide a
solution in just a few seconds. For one of the larger test cases we were able
to compare the true optimum yielded by the monolithic model and it turned
out to be the same value yielded by the compositional algorithm; hence, the
algorithm found the true optimum.

Based on our findings, we can give an answer to the research questions we
formulated in Chapter 1:

RQ1 What are the strengths and weaknesses of SMT solvers when used to
solve industrial problems?

Given that MILP and SMT solvers can model the same problems, SMT
solvers are always preferable in terms of ease of modelling, since they allow
for logical constraints over literals of different theories, including combinations
of them; when using MILP solvers instead, only conjunctions of inequalities
over reals and integers are allowed, therefore modelling may be trickier. For in-
stance, when modelling the JSP, the non-overlapping of operations sharing the
same resource can be directly modelled with an SMT solver as a disjunction
of two linear inequalities. On the other hand, modelling the non-overlapping
constraint with MILP is only possible with the support of an auxiliary bi-
nary variable and a large enough constant (the big M method), as shown in
Section 3.3.

When it comes to performance, SMT solvers are preferable when the prob-
lem structure involves logical constraints such as the disjunctive constraints
for the JSP, as discussed in papers A and B. On the other hand, MILP solvers
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are faster if the problem mainly involves conjunctions of inequalities; an exam-
ple of this is the equivalence class method presented in Paper D. The method
involves a linear model with only conjunctions of inequalities over integer
variables; the comparison of Z3 and Gurobi for problems formulated using the
equivalence class method showed that Gurobi outperformed Z3.

RQ3 How can the strengths of SMT and/or MILP solvers be exploited and
combined to design an efficient algorithm for a real-world VRP?

When breaking down the problem into sub-problems, using SMT for the
parts that involve logical constraints and MILP when the sub-problem is
mainly a conjunction of inequalities can make the best of each technology.
For instance, in the compositional algorithm presented in Chapter 5 the path
finder can be modelled using only conjunctions of inequalities, hence a MILP
solver could be the best option; the routing problem involves logical con-
straints, therefore an SMT solver would be a better choice; the assignment
and scheduling problems are modelled as variants of the JSP and our compu-
tational analysis presented in papers A and B shows the superiority of SMT
over MILP when solving a JSP, hence SMT is the best option to solve these
two sub-problems.

7.1 Future Work

As of today, the compositional algorithm can only be used on specific types of
problems, where certain restrictions apply, as described in Chapter 5. Also,
the search for feasible solutions is currently random. Whenever an unfeasi-
ble route or combination of paths is found, the solution is stored so that it
will be ruled out in the next iteration. While this strategy will eventually
lead to finding a solution, if such exist, or declare the problem wunsat, it is
not very efficient; the search could be driven by information acquired during
computation of the previous infeasible solutions.

Furthermore, when comparing the quality of the solutions yielded by the
two approaches we used the total travelled distance. We did so because it
is a standard parameter to optimize in a VRP. However, the total travelled
distance may not be the best option. Other possibilities could be the mini-
mization of the make-span, or the number of vehicles out on the plant at the
same time (to avoid congestions).
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Chapter 7 Concluding Remarks and Future Work

Finally, the decomposition algorithm only makes use of an SMT solver,
while using MILP, for instance in the path finder sub-problem, could provide
better performance.

In the future work we plan to generalize the algorithm so it can be applied
to different versions of the VRP; we want to explore other possibilities to
measure the quality of the solution; we also want to investigate how to make
the algorithm more efficient, making use of the knowledge gained during the
previous iterations to drive the search for new solutions and possibly using a
MILP solver in combination with the SMT solver.
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1 Introduction

Abstract

The optimal assignment of jobs to machines is a common
problem when implementing automated production systems.
A specific variant of this category is the job-shop scheduling
problem (JSP) that is known to belong to the class of NP-
hard problems. JSPs are typically either formulated as Mixed
Integer Linear Programming (MILP) problems and solved by
general-purpose-MILP solvers or approached using heuristic
algorithms specifically designed for the purpose.

During the last decade a new approach, satisfiability (SAT),
led to develop solvers with incredible abilities in finding fea-
sible solutions for hard combinatorial problems on Boolean
variables. Moreover, an extension of SAT, Satisfability Mod-
ulo Theory (SMT), allows to formulate constraints involving
linear operations over integers and reals and some SMT-solvers
have been also extended with an optimizing tool.

Since the JSP is a well-known hard combinatorial problem, it
is interesting to evaluate how SMT-solvers perform in solving
it and how they compare to traditional MILP-solvers. We
therefore evaluate state-of-the-art MILP and SMT solvers on
benchmark JSP instances and find that general-purpose open-
source SMT-solvers are competitive against commercial MILP-
solvers.

1 Introduction

The Job-shop scheduling problem (JSP) is a well known problem within the
Operation Scheduling Community, where the target is to allocate resources to
operations while minimizing some cost function. In [1] a thorough study on the
subject is presented, providing information about the evolution of techniques
and algorithms to deal with the JSP whether the target was the true optimal
or an approximation of it.

Industrial scheduling problems are typically extensions of the pure job-shop
problem described above. Additional extensions are the possibility to have
alternative resources that can process an operation, constraints on setup-time
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for resources, constraints on the idle-time between operations, etc. In many
applications it might be desired to not minimize the make-span but instead
make scheduling decisions based on given deadlines for operations and then
minimize the tardiness or maximum lateness.

A recent study by [2] shows promising results in solving JSP problems by
employing Constraint Programming (CP) to implement Local-Search (LS)
algorithms. A similar solution has also been implemented by Beck et Al. [3],
leading again to good results. Apparently the combination of CP and LS is a
powerful instrument to takle the JSP, although also other techniques are used
in practice. In fact, according to Beck himself, as shown in [4], both in industry
and academia, Mixed Integer Linear Programming (MILP) is largely employed
for the JSP. Based on this the authors did a benchmark on three popular MILP
solvers, IBM ILOG CPLEX [5], Gurobi [6], and SCIP [7]. CPLEX and Gurobi
are considered to be state-of-the-art, commercial solvers [8], while SCIP is a
fast non-commercial solver. In [4] the authors also compared alternative MILP
problem formulations that have been proposed in the literature for the classical
job-shop problem. The tools were evaluated on a large set of benchmark job-
shop problems. The result of the benchmark is that for the tools evaluated, the
performance of CPLEX and Gurobi were comparable and significantly better
than SCIP and that the traditional disjunctive formulation of the job-shop
problem was superior to both Time-Index and Rank-Based formulations.

While many industrial problems can be solved by general purpose MILP-
solvers, the combinatorial complexity of the JSP implies that for sufficiently
large problems it will not be possible to find an optimal solution within reason-
able time. For such problems, specific-purpose methods have been developed:
they often make use of heuristics as well as hybrid techniques including local
search and genetic algorithms, e.g. [9] and [10]), that lead to good enough
solutions in a reasonable amount of time [11].

An alternative technology to solve combinatorial problems have emerged
within the community of formal verification of hardware and software: satis-
fability search (SAT) [12]. This approach consists of expressing the problem
through Boolean variables in Conjunctive Normal Form (CNF) and determine
whether there exists an assignment to these variables such that the formula
evaluates to true. Today SAT-solvers can deal with large combinatorial prob-
lems by efficiently exploiting their structure and generate a valid model in
a reasonable time, even when the problem happens to be NP-complete. Of
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course this does not mean that there are not NP-complete problems that will
take exponential time also for SAT-solvers, but that many man-made models
are no longer intractable.

On the other hand, Boolean logic is in many cases not expressive enough for
representing many real-world problems where first-order logic is used together
with integers and reals. To handle this type of models and at the same time
take advantage of the very performant SAT-solvers, a new approach, called
Satisfability Modulo Theory (SMT), [13], [14] has been developed. SMT-
solvers implements special decision procedures, so called theories, to extend
to the original Boolean satisifiability problem.

Both SAT and SMT are employed to prove satisfability of formulas; it is
often the case that not only one but several satisfable solutions exist for a given
formula and each of them has a cost referring to some parameter related to
the problem itself. It is therefore possible to turn the satisfability problem
into an optimization one by setting an objective function where one not only
wants to find a satisfable solution, but the optimal one in respect of the cost
we assign to the variables.

Ever since SAT and SMT solvers started spreading and being employed in
real-world applications, users have built their own custom loops to achieve
optimality, often based on heuristics tuned for their specific problems. Lately,
some of these solvers have been extended by including optimizing tools that
make use of state-of-the-art algorithms to deal with a list of different problems
on SMT formulas with linear objective functions on Boolean, rational and
integer domain (or a combination of them).

The performance of SMT-solvers are evaluated annually in a benchmark
competition. The latest competition was the The 12th International Satisfi-
ability Modulo Theories Competition (SMT-COMP 2017). The SMT-solvers
compete in different categories in which Z3 [15], MathSAT5 [16], and CVC4
[17] have shown consistently good performance. Among these solvers Z3 and
MathSat5 have versions that support optimization as well. The optimizing
version of Z3 is described in [18] and is included in the latest version of Z3.
MathSath optimizing tool is a special version of it named OptiMathSAT [19].
CVC4 does not have support for optimization and is thus excluded from this
benchmark.

In order to have a valid comparison with the current technology, we also
tested the models on a MILP solver. We chose Gurobi, since it is considered
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to be among the state-of-the-art solvers in such field.

The contributions in this paper are. (i) Adapting three existing formulations
of the classical job-shop problem to make them suitable for SMT-solvers. (ii)
Benchmarking two optimizing SMT-solvers on a set of benchmark job-shop
problems.

In the next section the problem is described in detail, providing all nec-
essary information to understand the models. In section three, we describe
73 implementation for such models, we compare Z3 performance with Gurobi
and OptiMathSAT using the Disjunctive model and we discuss the results.
Finally we draw conclusions in section four.

2 Problem Description

The JSP problem consists of a set of n jobs J = {j;}}_;, where each job has its
own processing order through a set of k machines, M = {m;}*_,. Operations
are defined as the execution of a job on a certain machine and, as each job
has to visit each machine, the total number of operations in the problem is
n - k. Each job will go through all machines sequentially. Let og model the
index of the machine to be used for job j executing operation ¢ in sequence.
The index of the machines for each step in the job sequence is thus given by

(0{, ...,0) ...,oi). Also, let d{ model the duration of the execution of the

sy Yio
same operation.
Finding a solution to the job-shop scheduling problem means to assign op-
erations to machines so that all jobs are completed. The constraints in this

kind of problem are two:

e as there exist a sequence of operations for each job, operations belonging
to the same job must be executed in the right order;

e operations requiring the same machine and belonging to different jobs
cannot overlap in time.

Given these two constraints, the target is to find a feasible schedule such
that the overall make-span is minimized. Finding an optimal schedule is an
NP-complete problem, [20].

We now present the three model formulations, (i) the Disjunctive model,
(ii) the Time-Index model, and (iii) the Rank-Based model for the classical
JSP, based on [4]. They are adapted to fit the SMT language.
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2.1 Time-Index Model

In this model the execution time is split into steps, whose length is the mini-
mum time unit. For instance, if the duration of an operation is n-seconds (or
minutes), n steps will be taken since it starts and until it is completed. In or-
der to create a model with such feature, we need to have a guess of the overall
execution time, in other words, an upper bound H. A trivial upper bound is
the sum of all operations duration as if they were executed in a sequence (the
worst case scenario). The greater the upper bound, the longer it takes to cre-
ate the model and therefore the slower the overall execution. Nevertheless, as
finding good upper bounds for such model is beyond the scope of this paper,
the trivial one is used. In this model the decision variable is:

® St is a Boolean variable that is true if job j starts on machine m at
time t.

minimize T},4, subject to

H
\/ smjt VmeM.jeJ (A1)
t=0
t—1 H
Smjt — /\ “Smgr N /\ Smgt!
t'=0 t'=t+1
Vt=1,....,.HmeM,jeJ (A.2)
t+pm;

Vj,j/EJ,ijl,tZI,...,H,TnEM (A.3)
Smjt — Tmaz >t+ dmj
VvmeM,je Jt=1,....H (A4)
—
xof}lﬁ - _‘xoffljt/
t'=0
Vi=2,...,k,it=1,... . H,j€J (A5)

Equation (A.1) and (A.2) are needed to make sure that one and only one
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operation is executed on a machine per each time step. Equation (A.3) allows
each machine to execute only one operation at a time. Equation (A.4) sets
the objective function as larger than operations completion times. Equation
(A.5) takes care of the precedence constraint among operations of the same
job.

2.2 Disjunctive Model

The decision variables in this model are as follows:

® 5,,; is an integer variable and models the start time of job j on machine
m.

minimize T;,4, subject to
Smyj >0 VjeJmeM (A.6)
Thnax 2 So)le + doi,j Vjed (A7)

SJJZSOJ’ '+d0‘7 VJGJ,Z=2,]€ (A8)

03 -1 i—1°J
Smj = Smj’ + Amgr V Smyjt > Smj + dmj
g.it e j<j meM (A9)

In this model equation (A.6) restricts variables domain to be larger than
or equal to zero, as they represent the start time of operations and thus
they can not be negative. Equation (A.7) impose the objective function to
be lager than or equal to the start time of the last operation of each job
plus its duration. Equation (A.8) is about precedence constraints among the
operations belonging to the same job: one can not start until the previous
one is over. Equation (A.9) takes care of resource sharing by stating that
two operations sharing the same resource cannot take place at the same time:
either one starts once the other is over or the other way around.

2.3 Rank-Based Model

In this model the focus is on the machine side: each machine has as many
positions as operations in a job or, in other words, a position is the cardinal
step in the execution sequence of all jobs. Finding a schedule for this model
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means to find in which position a job is executed on a certain machine. The
decision variables are defined as follows:

® 2, is a Boolean variable indicating whether job j is executed on ma-
chine m at the t-th position

® s.,; is an Integer variable representing the starting time of position ¢ of
machine m

minimize T}y, subject to
St > 0 YmeMt=1...k (A.10)

xo{cjt = Tnaz 2 Soit + doij

Viedt=1...k (A.11)
Tmjt = Smt + Amj < Smit+1
Vti=1...kkme M,j€J (A.12)
(ijZ_ljtl /\‘Tofjtz) - Sof_ltl + doj_lj < Softg
Vi, to=1...k,i=2...k,jedJ (A.13)
t—1 k k
(a:mjt — /\ T N\ /\ _‘Ilfmjt/) A \/ Tt
t'=0 t=t+1 k=0
Vi=1...kkme M,jeJ (A.14)
j—1 n E
(.rmjt — /\ Tt N /\ ﬁmmj/t) N \/ Tmj't
Jj’'=0 j'=j+1 t=0
Vi=1...kkmeM,jeJ (A.15)

Equation (A.10) restricts the start variable domain to the natural numbers.
Equation (A.11) sets the objective function. Equation (A.12) ensures the
precedence constraint among the operations executed on a machine, while
equation (A.13) takes care of the operations precedence within the same job.
Equation (A.14) ensures that each job can be assigned only once to a certain
machine, while equation (A.15) states that a position can be assigned only to
one job.
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Figure 1:
over the benchmark instances.

seconds.

3 Experiments

The solvers whose performance were compared are 73-4.6.0, Gurobi-7.5.2 and

OptiMathSAT-1.5.0. The time limit is 600 seconds. Solvers are run in their
default setting. The instances used for the comparison are either generated

through an instance generator or taken from benchmark sets. All the exper-
iments were performed on an Intel Core i7 6700K, 4.0 GHZ, 32GB RAM

running Ubuntu-16.04.
An instance is a matrix of integers where each row represents a job; for each

row the odd elements represent the machine needed to execute the operation
whose duration is pointed out by the next even element. The execution order
is given by the position within the row. The instances used in the experimental

phase are:
e Generated instances: instances generated according to Taillard instance
generator[21] of small-medium size (from 3x3 to 9x9);

e Lawrence [22]: forty instances of increasing size from 10x5 to 30x10;

e Applegate and Cook [23]: ten instances of size 10x10;

Al0



3 Experiments

Table 1: Comparison of models implemented using Z3. The time showed in the table is the
geometric mean calculated over all the instances belonging to the category they refer
to. For each class the number of solved instances (out of the total number of instances
belonging to such class) is given. The symbol -’ means that no instance has been solved.
The symbol '*’ means that the time limit for the model translation into SMT-1ib2 has
been exceeded.

Disjunctive  Rank-Based Time-Index

Problems Time Opt Time Opt Time Opt
Generated Instances
3x3 0.01 5/5 0.18 5/5 3.66 5/5
4x4 0.01 5/5 0.110 5/5 32.76 5/5
5x5 0.02 5/5 1.196 5/5 164.67 5/5
6x6 0.04 5/5 38904 5/5 52831 2/5
<7 0.12 5/5 535.25 1/5 - 0/5
8x8 0.27 5/5 - 0/5 * *
9x9 0.18 5/5 - 0/5 * *
Applegate Instances
10x10 7.28 10/10 - 0/5 * *
Taillard Instances
15x15 240.84 7/10 - 0/5 * *

e Storer [24]: five instances of size 20x10;
e Taillard [21]: ten instances of size 15x15 and ten of size 20x15.

e Fisher&Thompson [25]: one instance of size 20x5.

3.1 Models Comparison

In this phase the three models presented in the previous section are compared
73 (Figure 1). We decided to employ the geometric mean to reduce the effect of
outliers. The instance generation has been carried out by randomly assigning
values belonging to the interval [1,20] to the operations. Five instances have
been generated per each class going from the size 3x3 to 9x9.

The models have been created through the Python API for Z3 and then
translated into the SMT-1ib2 format [26] to be run directly and avoid possible
delays due to the conversion while measuring the execution time. Since the
Time-Index model scales up very bad in size an additional timeout has been
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set for the model translation into SMT format and the * symbol in the table
denotes that such time limit has been exceeded. The results show that the
Time-Index model can easily solve very small-size instances but it scales bad
and provides no solution for problems larger than 6x6. The Rank-Based model
is more efficient in terms of time but it can solve only some instances more
than Time-Index.

The Disjunctive model, on the other hand, takes only few milliseconds to
solve the smaller instances and it stays far below one second while dealing
with instances up to 9x9 size. The average time increases by over forty times
for solving Applegate instances due to some outliers that take over one minute
but the result is still remarkable if compared to the other two models, even
when it comes to Taillard Instances, although only seven out ten instances
can be solved within ten minutes.

An additional test has been run on some hard-to-solve instances, to check
how the best solution increases over time, as shown in Figure 2. Usually a
solution close to the optimal is found quickly but then it is hard to improve
it. This might be due to the solver getting stuck in some local optimum.

3.2 Solvers Comparison

The second phase is about comparing different solvers using the Disjunctive
model. When running the Disjunctive model on Applegate instances, Opti-
MathSAT could solve six out of ten of them and it was on average four times
slower than Gurobi, which could solve seven. Z3 could solve all of them in less
than eight seconds each. All the solvers could easily deal with the 10x5 in-
stances from Lawrence and while Z3 solution was almost instantaneous Gurobi
and OptiMathSAT had similar performance taking around twenty seconds to
produce a solution. The only other class of instances Gurobi and OptiMath-
SAT were able to find a solution for is Lawrence 10x10 and also in this case
Gurobi was quite faster than OptiMathSAT (around ten times) and both much
slower than Z3, which was also able to solve some of Lawrence instances 15x10
in less than five minutes, 15x15 in less than three, and seven of the Taillard
instances 15x15, as shown also in the previous section. No other solution was
found within the given time.
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Table 2: Comparison of SMT and MILP solvers running the Disjunctive Model over the bench-
mark instances. The time showed in the table is the geometric mean calculated over
all the instances belonging to the category they refer to. For each class the number of
solved instances (out of the total number of instances belonging to such class) is given.
The symbol -’ means that no instance has been solved.

73 OptiMathSAT Gurobi
Problems Time Opt Time Opt Time Opt
Applegate Instances
10*10 7.28 10/10 276.14 6/10 60.13  7/10
Lawrence Instances
10x5 043  5/5 1841  5/5 1621  5/5
15x5 - 0/5 - 0/5 - 0/5
20x5 - 0/5 - 0/5 - 0/5
10x10 0.56 5/5 215.85 5/5 18.20 5/5
15x10 263.61 3/5 - 0/5 - 0/5
20x10 - 0/5 - 0/5 - 0/5
30x10 - 0/5 - 0/5 - 0/5
15x15 156.37  2/5 - 0/5 - 0/5
Storer Instances
20x10 - 0/5 - 0/5 - 0/5
Taillard Instances
15x15 240.84  7/10 - 0/10 - 0/10
20x15 - 0/10 - 0/10 - 0/10

3.3 Results Discussion

The results presented in the previous section show a big difference in per-
formance between the two SMT solvers. When compared to Gurobi, Z3 is
typically faster and can provide an optimal solution to larger instances within
the given time limit. OptiMathSAT, although employing the same technology,
is considerably slower than Z3 and, in most cases, also than Gurobi. Since
73 and OptimathSAT have shown comparable performance in previous works
[19], it might be the case that Z3 heuristic and linear optimization algorithms
suits better the JSP problem than OptiMathSAT’s. By having a look under
the hood of vZ we found out it employs a portfolio of different approaches
to solve optimization problems [18]. Among them are some very efficient
algorithms to deal with linear arithmetic using Simplex over non-standard
numbers to find unbounded objectives, as explained by Z3 developers in [27].
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Figure 2: Relation between time and best value found for benchmark instances ’ta05, ’ta06’,
’ta07’, ’ft20°, ’swv01’ running the Disjunctive model in Z3 during 3600 seconds.

This method allows to find the solution in one call without need for iterating
over potentially many of them.

Unlike vZ, that uses Z3 has a black box and it is built on top of it, Opti-
MathSAT has an inline architecture that calls the SMT solver only once and
within it the SAT solver is then modified to handle the optimization. An
insight about the optimizing algorithms running within the solver is given
in Sebstiani’s work [28]. Improved versions of the Branch&Bound algorithm
are developed to exploit the features of MathSAT5 when dealing with linear
algebra over Reals (LRA), integers (LI A) or a combination of both (LRIA).

4 Conclusions

In this paper we have compared three models for JSP suitable for optimizing

SMT-solvers. We also compared the disjunctive model formulation in Z3 and
OptiMathSAT with Gurobi, a state-of-the-art commercial MILP solver. On
the benchmark examples Z3 outperforms Gurobi, and Gurobi outperforms Op-
tiMathSAT. The results are very interesting because SMT-solvers are general
purpose solvers that can easily

include additional constraints that are relevant in industrial applications
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Figure 3: Performance comparison between SMT solvers Z3 and OptiMathSAT and MILP solver
Gurobi over the benchmarck instances. The maximum time allowed for each is 600
seconds.

making them an attractive choice for real applications. There exist options
such as dedicated algorithms based on CP and local search that provide better
performance; nevertheless the results shown in this paper classify SMT-solvers,
and Z3 in particular as a good alternative, especially since it is available under
an open-source license (MIT License) and hence it is possible to use it for com-
mercial purpose. Today, the licensing costs for commercial MILP-solvers can
be substantial, something that will restrict the numbers of applications where
scheduling can be motivated. Since optimization was added very recently
to SMT-solvers and the research on SMT-solvers is a very active field with
rapid progress it is reasonable to expect that the performance of optimizing
SMT-solvers will continue to improve.
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1 INTRODUCTION

Abstract

In this paper we evaluate different formulations for solving
the Flexible Job-shop Scheduling Problem (FJSP) to optimal-
ity. Heuristic methods resulting in sub-optimal solutions are
traditionally used to solve this problem since it is a known
NP-hard problem. Since industrial problems often have ad-
ditional constraints that need to be considered during opti-
mization, the heuristic methods need to be adapted to deal
efficiently with the additional constraints. For this reason
general-purpose solvers that are often used in industrial ap-
plications. There are different approaches to formulate FJSPs
as Mixed-Integer Linear Programming problems (MILP) that
can be solved using generic MILP-solvers. In recent years,
satisfiability solvers, i.e. SAT- and SMT-solvers, have evolved
within the formal verification community and shown to be able
to efficiently solve large instances of well-known NP-hard prob-
lems. In our previous work we have shown that SMT-solvers
extended with optimization techniques can be a competitive al-
ternative to commercial MILP-solvers on traditional job-shop
scheduling problems. In this work we have adapted three for-
mulations used for formulating FJSPs for MILP solvers into
SMT-formulations. The three formulations are used to solve
benchmark FJSPs using the open-source Z3 SMT-solver. We
show that the a formulation based on the Manne formulation
adapted for SMT-formulations for FJSPs is a competitive al-
ternative for solving large-scale FJSPs, and might be consid-
ered as a viable alternative for solving industrial problems.

1 INTRODUCTION

The Flexible Job-shop Scheduling Problem (FJSP) is an extension of the
traditional Job-shop Scheduling Problem (JSP) and belongs to the class of
NP-hard combinatorial optimization problems. The FJSP is characterized
by a number of jobs, where each job is defined by a sequence of operations.
Each operation can be executed by any one machine from a set of possible
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machines with a predefined execution time. A machine can be used by multiple
operations but only one operation is allowed to execute on a single machine
at a time. The typical use of FJSP is to assign operations to machines such
that the total time to complete all jobs is minimized, i.e. minimization of
the makespan. In many academic benchmarking problems the challenge is
typically to minimize the makespan, while in industrial problems, it is often
more important to minimize tardiness with respect to given due dates for
each job and/or operation. However, in this work we consider minimization
of the makespan due to the availability of published benchmark problems for
this class of problems. Since general-purpose solvers are used in this work
it is straightforward to extend the formulations to handle due dates and/or
additional constraints.

A comprehensive overview on the FJSP is presented by [1], where the au-
thors present a variety of techniques ranging from exact methods to hybrid
techniques that have been used to tackle the problem. According to the au-
thors, a major effort has been spent on academic benchmark and generated
instances rather than real industrial problems.

From a modelling point of view there are different paths to be chosen. Ever
since the job-shop problems began to draw the attention of the academic com-
munity, three main model formulations has been introduced. These models
date back to the 60s and were first proposed by Manne [2], Bowman [3] and
Wagner [4] and has been the main models in field of operation scheduling.

During the following decades a large number of derived formulations and
extensions have been presented to fit particular problems and special cases for
both the JSP and the FJSP, but their main features coincide with these three
models. A computational analysis of these formulations is shown in [5].

Regarding the FJSP, a large number of papers has been published where
mainly Bowman and Manne’s model, henceforth time-index and disjunctive
models, are employed and there are divergent opinions about which exhibits
the best performance. In our view, it is necessary to take the characteristics
of specific solvers into account, since the performance of model formulations
is dependent on the strategy the solver uses during the optimization. A tech-
nology that has emerged from the formal verification community and proved
efficient in handling combinatorial problems is Satisfiability Modulo Theory
(SMT) [6] solvers. This has motivated us to transform the three classical
FJSP formulation into SMT-formulations and to use Z3 [7],[8], an optimizing
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state-of-the-art SMT-solver for solving benchmark problems.

In our previous work [9], we evaluated different formulations of the JSP
on benchmark problems using commercial state-of-the-art MILP solvers and
optimizing SMT-solvers. We saw that the disjunctive formulation had in gen-
eral the best performance irrespectivly if MILP or SMT-solvers are used. We
also observed that the difference in performance of the IBM ILOG CPLEX
and Gurobi optimizers are minor. Surprisingly, we found that the Z3 solver
extended with optimization techniques can solve the JSP benchmark prob-
lems as efficiently or faster than the commerical MILP-solvers. These finding
has motivated us to further investigate how FJSP can be transformed into
SMT-optimization problems, and to evaluate the performance of different for-
mulations on FJSP using Z3.

In the work [10], the disjunctive model is used to solve both the FJSP and an
extension of it, including routing and process plan flexibility. Both the models
and the algorithms presented gave credit to the hypothesis of the disjunctive
model being an efficient solution to represent the FJSP. In the work [11] the
time-index model is being adapted to handle large instances of the FJSP using
a commercial MILP solver. In this work the author highlights the importance
of having a tight upper-bound on the maximum time required to solve the
problem before formulating the problem. This is important in order to reduce
the problem formulation size and consequently the time necessary to solve the
optimization problem. This is because in the time-index model the time is
split into steps and an initial guess is required in order to declare all decision
variables and constraints. Having a bad initial guess will lead to generate
a model that is larger than necessary and therefore the optimization phase
will take longer than necessary. Since upper-bounds can be computed using
heuristic methods it is important with a tight upper bound for the comparison
with the disjunctive model to be fair.

Based on the results we achieved in [9], it is interesting to sec how the
different model formulations will perform for the FJSP and at the same time
we want to test the SMT solvers performance when dealing with FJSP.

The contributions in this paper are as follows. (i) Adapting the existing
formulations of the disjunctive, time-index, and rank-based formulation of
the FSJP to a model that can be solved by optimizing SMT-solvers. (ii)
Evaluating the performance of the three different models on FJSP-benchmark
using the Z3 SMT-solver.
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In the next section, the problem is described in detail, and in section 3, we
describe Z3 implementation for such models and in section 4 we discuss the
results.

2 PROBLEM DESCRIPTION

The Flexible Job-shop Scheduling Problem (FJSP) is defined by a set of n
jobs J = {4}, a set of k machines, M = {m;}*_, and a set of operations,
grouped in ordered subsets such that: O = (O%...0}...0f) where O} is
the first operation and Oy is the last one and O = {O*}7"_,. An operation is
defined as a job being processed by a machine and since they belong to an
ordered set, they define the sequence of machines to visit to complete a job;
different jobs belonging to the same instance problem can have a different
number of operations (a different number of machines to visit).

Moreover, for each operation, there is a set M; C M of machines to choose
from for the execution. Also, each operation O;; has a set of processing times
dmi;Vm € M; because the execution time of an operation depends on which
machine it is performed on. When finding a feasible solution to the FJSP,
operations are assigned to machines so that all jobs are completed while the
constraints are observed:

e an operation can only start if the machine belongs to its set of suitable
machines;

e operations duration depends on the machine they are assigned to (rela-
tive duration constraint);

e operation using the same machine can not occur at the same time (non-
overlap constraint);

e operations belonging to the same job must be executed according to the
predefined sequence given in the instance (precedence constraint).

The goal is to find a schedule that satisfies the above mentioned constraints
and at the same leads to the shortest possible makespan. Therefore the cost
function Z must be set as larger than or equal to the completion time of
the last operation of each job. minimizing the makespan is thus a min-max
problem.
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We now present the model formulations, (i) the disjunctive model, (ii) the
time-inder model and (iii) the rank-based model for the FJSP. These are
extended models from [9] and based on [2], [3] and [4], respectively. To make
them suitable for solving using an optimizing SMT-solver we have adapted
them to an SMT formulation.

2.1 Disjunctive Model

In this model, time is described by integer variables that keep track of the
start and completion time of each operation:

e s;; is an integer variable and models the start time of operation 7 job j.

® ¢;; is an integer variable and models the completion time of operation i
job 7.

® T,,;; is a Boolean variables that becomes 7rue if machine m is allocated
to operation ¢ of job j

minimize Z,,,, subject to

sij >0 Vje JiecO (B.1)

Zmaz Z €4 ; VjielJ (B.2)

So1y > € Viedi=2,...k (B.3)

Tmi; =\ (@) VielJieOl (B.4)
m/€M;—{m}

Tmij = €ij = 845 + dmi; Vi€ J i€ Ol meM (B.5)

(Tmij A\ Tmirjr) = (8ij 2> €irjr V Sirjr > €mj)

i€l el j,iedji<jimeM (B.6)
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In this model equation B.1 restricts the variables domain to the natural
set, since it would not make sense to have negative time. Equation B.2 sets
the objective function as larger than or equal to the completion time of each
job’s last operation. Equation B.3 sets the precedence constraint. Equation
B.4 states that only one resource from the resource set of a specific operation
can be assigned to it. Equation B.5 sets the relative-duration constraint of
operations based on the resources they are allocated to. Finally, equation B.6
states the non-overlap constraint.

2.2 Rank-Based Model

In this model the focus is on the machine side: instead of calculating the
sequence of machines that a job has to visit in order to be completed, the
target is to figure the sequence of jobs that has to visit each machine to achieve
the same goal. An additional complexity when comparing this formulation to
the standard JSP is that a machine does not have to be visited exactly once by
a job: it could be the case that it is not convenient for a job to visit it at all, or
that all its operations must be executed on that machine to achieve a shorter
makespan. Therefore, the total amount of operations P that a machine has
to execute is not known beforehand and it can theoretically vary from zero
to the number of all operations. Nonetheless, being the operations duration
randomly distributed over a given interval, this value does not get far from
the average number of operations per each job. Nonetheless, if the number of
given positions is not large enough, the optimization might result in a value
that is not the true optimal because a sub-optimal resource will be used. We
thus have to make sure that the number of positions is large enough for the
model to produce the true optimal: a trivial solution is that of having as many
positions as the number of resource sets in which a machine is listed. Again,
in instances where flexibility and operations duration is homogeneously (or
equally) distributed, this value is relatively close to the number of operations
per job, therefore it is likely to not affect the model performance.
The decision variables are defined as follows:

® Z;imp is @ Boolean variable that is true if operation ¢ of job j is assigned
to the p-th position of machine m;

® Spp is an Integer variable representing the start time of the operation
at the p-th position of machine m;
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minimize Zp,q. subject to

Zmam > Emp

LTijmp — /\ T’ j'mp
i'e0d —{i}
j'eJ—{3}

Lijmp — /\ Lijgm'p’
m'eM—{m}

p'eP—{p}

Empr < Smp,

Vs

meM;

Tmij — \/ Lijmp
peEP

Yme M,pe P

Yme M,pe P

VieOl,jed

Vm € M,pl,pg epP

VieOl,jeld

VieOl jeJmeM

(‘rijmlpl A x(i+1)j’mzpz) — €mip, < Smaps
Vie O — {0}, j € Jymi,mg € M,p1,p2 € P

Zijmp — €mp = Smp + tmij

VieOl,jeJmeMpeP

® e, is an Integer variable representing the completion time of the oper-
ation at the p-th position of machine m;

® 7, is a Boolean variable that becomes True if operation ¢ of job j is
assigned to machine m;

e P is the number of positions available on a machine to allocate jobs.

(B.7)

(B.8)

(B.9)

(B.10)

(B.11)

(B.12)

(B.13)

(B.14)

Equation B.7 sets the objective function. Equation B.8 states that only one
operation can be assigned to a certain position of a certain machine. Equation
B.9 states that an operation can be assigned only once. Equation B.10 takes
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Figure 1:
over the generated instances. The maximum time allowed for each instance is 1200

seconds.

care of the precedence constraint for positions of the same machines. Equation
B.11 provides the input about the resource set for each operation. Equation
B.12 states that if an operation is assigned to a resource, it must be executed
by such resource at some position. Equation B.13 takes care of the precedence
constraint. Equation B.14 takes care of the relative duration.

2.3 Time-Index Model

In this model the execution time is split into steps, whose length is the min-
imum time unit. Unlike the Disjunctive model, where decision variables are
integers, in this model they are either binary or Boolean (the choice is ar-
bitrary and it can be influenced by the solver employed) and they represent
events happening at a particular step.
The decision variables used in this model are:
® 5;;; is a Boolean variable that becomes True if operation ¢ of job j starts

at time-step t

® ¢;;; is a Boolean variable that becomes True if operation 7 of job j ends

at time-step ¢
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® T.,;; is a Boolean variables that becomes True if machine m is allocated

to operation ¢ of job j

minimize Z,,,, subject to

Tmij — /\ ~(Tmrij) VjeJieOl
m'eM;—{m}
Sijt = /\ —(si¢7) VieOl,jed
v EeT—{t}
€ijt — /\ =(eijur) VieOl,jelJd
teT—{t}
ep{jf,_}Zmath VjEJ,’iEOj,tET
T—dmij

Tmij — /\ ﬁ(sijt) VJ S J,i S Oj,m eM
t=0

t t
N —eijr = N\ =sijen ViedicOlteT
k=0 k=0

t
Siji — /\ﬁeijk VieJicOlteT
k=o

(Tmij N Sijt) = €ijttdn;
ViedieOlmeMteT

(wmz’j A xmi’j’) —

t t t i
(/\ _‘eijk — /\ _\S,t'/j/k:) V (/\ _‘ei’j’k — /\ _‘S’i’k)
k=0 k=0 k=0 k=0

jeJiedl teT

(B.15)

(B.16)

(B.17)

(B.18)

(B.19)

(B.20)

(B.21)

(B.22)

(B.23)

Equation B.15 states that only one machine can be assigned to an opera-
tion. Equations B.16 and B.17 state that an operation can only start at one
time-step. Equation B.18 sets the objective function. Equation B.4 prevents
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Table 1: Comparison of models implemented using Z3. The time showed in the table is the

geometric mean calculated over all the instances belonging to the category they refer
to. For each class the number of solved instances (out of the total number of instances
belonging to such class) is given. The symbol -’ means that no instance has been solved
within the time limit of 1200 seco.

Disjunctive Time-Index Rank-Based

Problems Time Opt Time Opt Time Opt
Generated Instances
3x3x2 0.02 5/5 0.26 5/5 1.08 5/5
3x3x3 002 5/5 04  5/5 505 5/5
4x4x2 0.07 5/5 1.09 5/5 196 5/5
4x4x3 0.09 5/5 2.00 5/5 891 3/5
5x5x2 0.37 5/5 3.88 5/5 1164 1/5
5x5x3 0.56 5/5 7.28 5/5 - 0/5
5x5x4 0.56 5/5 10.27  5/5 - 0/5
5x5x5 0.55 5/5 12.79 5/5 - 0/5
6x6x2 1.34 5/5 1797 5/5 - 0/5
6x6x3 2.48 5/5 2571  5/5 - 0/5
6x6x4 2.95 5/5 3279 5/5 - 0/5
6x6x5 2.67 5/5  41.38 5/5 - 0/5
TXTx2 6.71 5/5 106 5/5 - 0/5
TX7x3 10.88 5/5 87.18 5/5 - 0/5
Tx7x4 1842 5/5 106.51 5/5 - 0/5
TX7x5 18.52  5/5 127 5/5 - 0/5
8x8x2 2392 5/5 283 5/5 - 0/5
8x8x3 100 5/5 542 4/5 - 0/5
8x8x4 96 5/5 431 5/5 - 0/5
8x8x5 103 5/5 406 5/5 - 0/5
9x9x2 83 5/5 925 3/5 - 0/5
9x9x3 399 5/5 1079 3/5 - 0/5
9x9x4 941 3/5 1126 1/5 - 0/5
9x9x5 625 5/5 - 0/5 - 0/5
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operations to start at a time step when they could not be completed. Equation
B.5 takes care of the precedence constraint. Equation B.6 states that an oper-
ation can not end before it starts. Equation B.22 sets the operations-relative
duration based on the resource that is allocated to them. Equation B.23 takes
care of the non-overlapping constraint. In order to create a model with such
feature, we need to have a guess of the overall execution time, in other words,
an upper bound 7. A trivial upper bound is the sum of all operations duration
(picking the resource that implies the shortest execution time) as if they were
executed in a sequence (the worst case scenario).

The greater the upper bound, the longer it takes to create the model and
therefore the slower the overall execution. After running some preliminary
tests using this option to calculate the upper bound, we realized that it was
affecting the performance too much and that would make unfair the compari-
son with the other models. Therefore we decided to use some simple heuristic
to calculate a good-enough first guess: as a first step the FJSP is simplified
by selecting a resource among the ones available for each operation; this will
reduce the problem to a traditional JSP. The choice of the resource is arbi-
trary and can be done, for example, randomly, or picking the fastest resource.
Then a greedy algorithm is run over the JSP and the solution is provided.
This method is not iterative and it does not guarantee any margin about the
solution goodness; yet it is fast and we noted empirically that its results are
close enough to the optimum as to make the comparison fair.

3 Experiments

All tests whose results are presented in this paper were performed on an Intel
Core i7 6700K, 4.0 GHZ, 32GB RAM running Ubuntu-16.04. The SMT
solver employed for the benchmark evaluation is Z3-4.6.0 and the time limit
set to evaluate each instance is 1200 seconds. The models have been created
through the Python API for Z3 and then translated into the SMT-1ib2 format
[12] to be run directly and avoid possible delays due to the conversion while
measuring the execution time. A heuristic [13] is employed to generate a first
guess. With such tool it is possible to simplify the problem by choosing a
random resource for each operation or the resource taking least time. For
each instance both methods are used and the best approach giving the lowest
makespan is chosen.
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Table 2: Evaluation of the disjunctive model over Fattahi,Barnes, Dauzere and Brandimarte benchmark instances implemented using
73. The value for each instance is either the true optimal, and the time employed to find it is shown, or the best incumbent

found within the time-limit of 1200 seconds and then the relative error is shown. The symbol ’-

found within the time-limit.

)

means that incumbent was

Fattahi Barnes Dauzere Brandimarte

Instance Value Time/RE Instance Value Time/RE Instance Value Time/RE Instance Value Time/RE

1 66 0.01 mt10cl 927 108 la 3517 40% mk01 40 22

2 107 0 mt10cc 908 44 2a 3571 60% mk02 29 12%

3 221 0.01 mt10x 918 82 3a 3856 73% mkO03 280 3%

4 335 0.01 mt10xx 918 69 da 3348 34% mk04 63 5%

5 119 0.01 mtl0xxx 918 r ba 3880 76% mk05 207 20%

6 320 0.01 mt10xy 905 47 Ga 4380 102% mk06 137 140%

7 407 0.01 mtl0xyz 847 42 Ta 4268 89% mkO07 218 57%

8 253 0.01 setb4c9 914 313 8a 6275 204% mk08 704 35%

9 210 0.02 setbdcc 907 309 9a 9364 354% mk09 851 177%

10 516 0.02 setbdx 925 943 10a. 4109 83% mk10 854 342%

11 468 0.08 setbdxx 925 1036 11a 7967 291%

12 446 0.06 setbdxxx 925 955 12a - -

13 446 0.17 setbdxy 910 469 13a 6184 176%

14 554 0.33 setbdxyz 902 315 14a - -

15 514 0.48 setibcc 1147 1% 15a. - -

16 634 1.12 setibx 1246 4% 16a 7054 216%

17 879 6.89 setibxx 1251 5% 17a - -

18 884 25 setibxxx 1228 3% 18a - -

19 1064 - setibxy 1147 1%

20 1244 - setibxyz 1160 3%
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An instance of the FJSP is a matrix of integers where each row represents
a job. Within each row the first elements tells how many operations that
particular job is composed of, since in some instances different jobs have a
different number of operations (unlike the Traditional JSP). The following
element tells the resource set size for the first operation of the job or, in
other words, how many resources are suitable to execute that operation. Such
number will be followed by a set of pairs as large as the number itself, here
each pair tells about one of the eligible resources and its relative execution
time (the time it will take to execute the operation if such resource is chosen).
For instance, if a job has three operations, each having a set of three resources
available to be executed, then the first element of the row is a three (number
of operations), the second element is a three (resource set size for the first
operation) and the following six elements are as follows: element number one,
three, five are the indexes of resources to be chosen for the operation; elements
two, four, siz are the relative execution times. Then the next element will tell
about the second operation-resource-set-size and will be followed by another
tuple of pairs. The same is said about the third operation.

Based on the representation mentioned above, the instances employed for
the evaluation are either downloaded from ! or generated having random
subsets of resources assigned to each operation and random-relative-execution-
time related to each assignment, ranging from one to twenty seconds.

During the experimental phase both generated and benchmark instances
are grouped as follows:

e Generated Instances: one hundred and twenty instances ranging from
2x2 to 9x9 in size and from 2 to 5 in flexibility (resource-set-size);

e Barnes [14]: twenty-one instances ranging from 10x11 to 15x18 in size
and from 1 to 2 in flexibility;

e Brandimarte [15]: ten instances ranging from 10x6 to 20x15 in size and
from 2 to 3 in flexibility;

e Dauzere [16]: eighteen instances ranging from 10x5 to 20x10 in size and
from 1 to 7 in flexibility;

Thttps://www.quintiq.com/optimization/flexible-job-shop-scheduling-problem-results.
html
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e Hurink [17]: four sets of sixty-six instances based of JSP-benchmark-
instances, each set with higher flexibility than the one before (from E
to V)

e Fattahi [18]: eighteen instances ranging from 2x2 to 12x8 in size and
from 2 to 3 in flexibility.

4 Results Discussion

In the first experimental phase, the three model formulations have been com-
pared over generated instances. the results of such comparison are presented
in table 1 and they show a huge gap between the performance of the models:
both the disjunctive and the time-index outperform the rank-based model,
which is only able to solve instances up to size 4x4, plus one of size 5x5. It
provides no solution for larger instances within the time-limit. The time-index
can easily handle small size instances and find the true optimal in less than
one minute for instances of size 6x6. It is not able to solve to optimality all
instances of size 8x8 and for the 9x9 instances with larger flexibility it can not
find a solution at all within 1200 seconds. On the other hand, the disjunctive
model is able to handle all generated instances but two, being faster than the
time-index model by more than one order of magnitude. the gap becomes
smaller on the instances of size 8x8 and 9x9, but the disjunctive model is still
four to five times faster. Figure 1 shows the overall time required to each
of the formulations to run all the generated instances, including the one for
which an optimal was not found (in that case, the running time is equal to
the time limit).

The second experimental phase consists of running the disjunctive model
over a set of 332 benchmark instances, ranging from a size of 2x2 to 20x15
and a flexibility (machine set size) of 1 to 7 machines. Again the time-limit
is set to 1200 seconds.

In table 2 the results of such phase are reported: for the instances whose
optimal value was found whtin 1200 seconds, the running time is presented
as well; for the once whose value was not found, the best incumbent found
is presented, along with the relative error, calculated by comparing the best
values taken from the literature.

The relative error has been calculated as follows:
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(best incumbent) — (best value)

RE = * 100

best value

In general, in some cases, even with relatively small-size instances, the op-
timal was hard to find, as for the instance mk02 from the Brandimarte set.
At the same time, for some larger instances, the optimal (or an incumbent
that was very close to the optimal) has been found in a relatively short time.
Therefore the instance size is not the only aspect that affects the problem
complexity, although after a certain threshold, in terms of number of jobs, the
problem becomes intractable anyway within the given time-limit.

A possible explanation for the existence of these outliers is that, there could
exist several local sub-optimals that slow down the state-space search, while
in some easy-to-solve instances there ist a relatively small number of variable
combinations that lead to the optimal.

5 Conclusion

In this paper we have adapted three standard formulations to represent the
FJSP to be suitable for SMT solvers. We have compared their performance
while running on the state-of-the-art SMT solver Z3 and our results show
that the disjunctive model outperforms both the time-indexr and the rank-
based models. We have also tested the performance of Z3 over a large number
of benchmark instances, proving that it is able to solve many of them to
optimality within a considerably short time. These results confirm what we
claimed in our previous work of Z3 being an attractive solution to tackle in-
dustrial problems, since it is available under an open-source licence, therefore
usable for commercial purpose and because industrial applications are typi-
cally extensions of the models we presented and can be easily formulated in
the SMT language.
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1 INTRODUCTION

Abstract

The Job Shop Scheduling Problem (JSP) is a combinatorial op-
timization problem where jobs visit single-capacity machines
while minimizing a cost function, typically the makespan. The
problem can be extended to fit typical industrial scenarios such
as flexible assembly shop floors or for coordinating fleets of au-
tomated vehicles. General purpose optimizers can handle ex-
tended versions of the problem that typically arise in industrial
problems. Mixed Integer Linear Programming (MILP) solvers
and recently optimizing Satisfiability Modulo Theory (SMT)
solvers can be used as general solvers for JSP problems. There
exist different formulations of JSP problems, among them the
time-index (TI) model. The TI offers the advantage of pro-
viding strong lower bounds, though its drawback is the model
size.

In this paper we present a new formulation of the TI model
suitable for optimizing SMT-solvers that support bit-vector
theories. The new formulation is significantly more compact
than the standard TI formulation and is thus reducing one of
the major issues with the TT model.

We benchmark two different optimizing SMT solvers support-
ing bit-vector theories, comparing the standard formulation of
the TT to the new formulation on a set of benchmark instances.
The computational analysis shows that the new formulation
outperforms the standard one, being up to twice faster and re-
gardless of the solver employed; moreover the model generated
with the new formulation is considerably smaller than with the
standard formulation.

1 INTRODUCTION

The Job Shop Problem (JSP) is the assignment of jobs to resources, where
each job is a sequence of operations, such that the makespan is minimized.
Resources have single capacity, thus two operations cannot use the same re-
source at the same time. The problem is NP-hard and has been studied since
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the 60s, yet it is often emerging when developing automation systems and
because of its complexity, it cannot be solved to optimality for large problem
instances.

A thorough study on the subject is presented in [1], where the authors point
out that, many different techniques have been applied to solve the problem:
both approximation and exact methods. Whether the target is the true opti-
mal or an approximate solution, it is important to develop general techniques
that would be able to handle variations of the problem, since real-world scenar-
ios typically involve additional requirements and as soon as a new constraint
is added, tailor-made algorithms might no longer be feasible.

Thus general purpose algorithms like Mixed Integer Linear Program (MILP)
solvers are often used in industrial applications since they can handle addi-
tional constraints without changing the main optimization algorithm. Note
that new constraints could have a significant impact on the performance, but
they will not disrupt the solution method.

MILP solvers can be used to provide approximate solutions by terminating
the optimization procedure when the best incumbent (current best solution)
is within a predefined gap from a lower bound to the problem, or after a time
limit.

Another general purpose approach that can offer similar flexibility is op-
timizing Satisfiability Modulo Theory (SMT) solvers [2], [3]. SMT solvers
support different theories, from reals, linear arithmetics, arrays to bit-vectors;
these theories allow for a flexible modelling environment to easily instantiate
quite complicated constraints.

In our previous works, [4] and [5], we showed that SMT solvers are a viable
option to deal with the JSP both in its standard and flexible variants, since
they could handle medium-large size problems (instances counting up to 15
concurrent jobs and 10 machines) in a relatively short time (time limit set to
1200 seconds). Our analysis showed that the SMT solver Z3 [6] outperformed
a state-of-the-art MILP solver in terms of running time, by more than one
order of magnitude for large instances.

We also implemented three model formulations of the JSP for SMT and
benchmarked them over a set of instances generated according to predefined
rules. One of the models we compared is known as the time-index model (TT)
and was first presented by [7]; it is based on boolean (or binary) variables to
represent the possibility for each job on each machine (operation) to start at
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a given time-step. Time is discretized and for each operation, one variable
will evaluate to True to indicate at which step such operation is starting.

Though our comparison proved the disjunctive model [8] to have the best
performance, the T1 is still widely employed to tackle the problem, in academia,
[9] and [10] as well as in industrial applications [11]. This is due to the strong
lower bounds that LP relaxations of the model provide [12], since they can
be used to implement branch and bound or list-scheduling algorithms. The
downside of the TI is its size: the number of constraints required to build
the model becomes prohibitive even for relatively small instances, making the
model-generation a bottleneck.

In [13], different optimization problems are tackled using both boolean (BL)
and bit-vector (BV) models and, while in general a bit-vector formulation
results in a much more compact representation, for some problems, it also
leads to increase in performance by more than one order of magnitude.

Given these premises, it is reasonable to assume that a bit-vector based
formulation could provide a more compact model and outperform the standard
TT model based on boolean (or binary) variables.

The contributions of this paper are: (i) comparison of a new formulation
of the TT model, based on bit-vectors, with the standard formulation over a
set of benchmark and generated instances; the comparison is carried out both
on the model generation phase (in terms of model size) and the running time
to solve such models. (ii) Benchmark of two different state-of-the-art SMT
solvers, namely Z3 and OptiMathSAT [14], chosen because they have shown
consistently good performance in the latest SMT competitions and they come
with a built-in optimizing tool.

In the next section, a formal mathematical description of the problem is
given; in sections 3 and 4 the two model formulations are presented; in sec-
tion 5 a complexity analysis over the two models is given; in section 6, the
experimental methods are described and in the following section, results are
discussed. Finally, conclusions are drawn in section 7.

2 Problem Formulation
The JSP problem consists of a set of n jobs J = {j;}_,, where each job has

its own processing order through a set of k machines, M = {m;}*_,. Also, let
dpm; model the duration of the execution of the same operation. Operations
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are defined as the execution of a job on a certain machine and, as each job
has to visit each machine, the total number of operations in the problem is
nk. Each job will go through all machines sequentially. Let o{ model the
index of the machine to be used for job j executing operation 4 in sequence.
The index of the machines for each step in the job sequence is thus given by
(0],...,00,...,0}).

Finding a solution to the job-shop scheduling problem means to assign op-
erations to machines so that all jobs are completed. The constraints in this

kind of problem are two:

e as there exist a sequence of operations for each job, operations belonging
to the same job must be executed in the right order;

e operations requiring the same machine and belonging to different jobs
cannot overlap in time.

Given these two constraints, the target is to find a feasible schedule such that
the overall makespan is minimized. Other variants of the problem involve
different cost functions such as tardiness or lateness, but in order to compare
our results to the optimal values available in the literature we followed the
standard of the makespan.

We are now to present the TI model formulation, first in its standard form
and then implemented using BV. An important feature of TT models is that
they require an upper bound of the makespan. Since time is discretized, the
upper bound is necessary to define a sufficient number of variables to describe
the behaviour of the system at each time-step. If the upper bound is not
large enough, the model will yield an infeasible result. On the other hand,
the larger the upper bound, the more variables and constraints are needed. A
trivial upper bound is the sum of all operation durations but tighter bounds
can be calculated quickly using heuristic algorithms. However, computing
tight upperbounds is beyond the scope of this paper. In the following we will
assume that H is a given upper bound for a problem instance.

3 Standard Time-Index Model

In this model the execution time is split into steps, whose length is the mini-
mum time-step. For instance, if the duration of an operation is n time-steps,
n steps will be taken since it starts and until it is completed. The time-steps
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will be T' = {0,..., H}. Let d;,,; be a natural number that models the num-
ber of steps it takes for machine m to execute job j. The decision variables
are Timax and Sp,j;, where Tinax is an integer variable and s,,;; are boolean
variables that evaluate to true if job j starts on machine m at time t. The
model formulation for minimizing the makespan is given by:

minimize Tiax subject to

H
\/ Smijt Vm € M,j eJ (Cl)
t=0
Smijt — /\ Smjt!
veT\{t},
YmeM,jeJteTl (C.2)
t+dmj
Smjt —7 /\ Syt
t'=t
Vj.j' € J,j <j'\me M,teT\{0} (C.3)
Smjt — Thax > 1+ dmj
Vm e M,j e Jt € T\{0} (C.4)
t+d ;
i—17
xO:':,ljt — /\ _‘:I:O{jt/
t'=0
Vi=2,...,k.je JteT\{0} (C.5)

Equations (C.1) and (C.2) ensure that start time for each operation occurs
only once; equation (C.3) prevents other operations to start on a machine
while it is already executing one; equation (C.4) defines the variable used in the
objective function; equation (C.5) models precedence among the operations of
a job: if the (i — 1) operation of job j starts at time-step ¢, the i*" operation

of the same job cannot start before time-step ¢ +d ;.
i—1-
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4 Time-Index Model with Bit-Vectors

This model formulation is based on the time-index model presented in the
previous subsection; instead of having boolean variables for each time-step
and operation, there is a fixed sized bit-vector for each operation, whose size
is given by H.

A bit-vector of size n is an element b = (bn—1,...,bg) € B". The index
i maps the (7)™ component of the vector, i.c. bfi] = b;. Conversion from
(to) a integer number is defined by int : B" — Z (bv : Z — B™) with
Z = [=27=1 2771y C Z and int(b) := =271 4 302 b, - 2F (b = int ™).

Constraints can be defined by using bit-vector operations as well as arith-
metic and logic operations. Let d’,g € B"™ be two-bit vectors. Then, the
bit-vector operation o € {A,V,- -} is defined by @ob := (@[0] 0 b[0], - - - , @[n —
1] o b[n — 1]).

In the following model, some of the constraints are defined based on bit-
vector manipulation formulas presented in [15].

The decision variables are defined as follows:

® 3, is a bit-vector variable of size H that has exactly one bit set. The
position of such bit defines the step at which job j starts on machine m;

® Wy, is a bit-vector variable of size H that has as many bits set as time-
steps the job j takes to be executed on machine m. The rightmost bit
in the trail corresponds to the bit set on the variable &,;;

® ¢, is a bit-vector variable of size H that has all bit sets from the time-
step the operation is completed until the last position on the vector.

Thax is a bit-vector variable of size H.

Also, &m ; is a bit-vector constant of size H whose leftmost bits are set based

on the duration of job j on machine m.
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maximize Tiax subject to

Smj #0 VieJmeM (C.6)
§mj A (gmj — 1) =0 Vj S J,m eM (07)
dimj
W = \/ (§mj > 1) VieJmeM (C.8)
i=0
€mj = Wmy; N (Wmy — 1) VjedJmeM (C.9)
Sim A dy; =0 VieJmeM (C.10)
_\gmoLl A §'m0; =0 ViedJmeM,i=2...k (C.11)
/\ (@mj A Brjr) =0 Vm e M (C.12)
5,3’ €d
i<y’
Tmax = \/ gmoi (C13)
j€J
meM

Equation (C.6) makes sure that at least one bit is set and (C.7) makes sure
that at most one bit is set for the bit-vector modeling the starting time for
job 7 on machine m. Thus together they guarantee that each job will start
exactly once on each machine. This is achieved by forcing the bit-vector to be
a power of two; equations (C.8) and (C.9) are used to define the variables ,,,;
and €y,;; equation (C.10) sets the latest start time for each operation: since
a time horizon is given, operation cannot start too late, otherwise they will
not be completed within the given number of steps; equation (C.11) sets the
precedence constraint among operations belonging to the same job; equation
(C.12) sets the objective function as the bit-wise operation V among the €,,;
operations occupying the last position in the sequence for each job: the larger
the value of such vectors, the sooner the operation is completed, therefore
the problem is a maximization one; finally equation (C.13) is taking care of
non-overlapping constraint by setting the conjunction of the w,,; variables
representing operations using the same machine equal to zero.
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4.1 Example on the use of bit-vectors

In order to make the concept about fixed sized bit-vector variables and con-
stants clearer, we provide a short example on how the values are assigned:
Let the time horizon be set to 10 time-steps. This implies that the size of the
vectors will be of 10 bits. Let’s assume that for the operation of job j visiting
machine m the starting time is set (by the solver) on the 5-th time-step and
that such operation has a duration equal to three time-steps. Therefore, the
variables for such operation will be set as follows:

Swi 0 0 0 0 1 0 0 0 0 0
Wy 0 0 0 0 1 1 1 0 0 0
€mj 0 0 0 0 0 0 0 1 1 1
d 00000 O0UO0TUO0 1 1

=mj

The variable 5,,,; has the 5th left most bit set, the variable ,,; has as many
bits set as time-steps in the duration of the operation, starting from the 5th
left most bit, the variable €,,; has all bits sct form the time-step the operation
is completed. Finally, the constant &mj has as many bits set as time-steps
in the duration of the operation minus one, starting from the right most bit.
This constant is required to set the constraint about the latest start of an
operation. In the model, constraints (C.6) to (C.9) are needed to define the
variables and constraint.

Here are given some examples of how constraints are enforced: In the fol-
lowing, the black z represent the possible assignments for the variables, while
the red ones point out the forbidden assignments.

Smj X X X X X X X X

d,; 0 0 0 0 0 0 0 0 1 1
Constraint (C.10) prevents an operation from starting too late by impos-

ing the bit-wise operation A equal to zero between the variable 3,,; and its

duration constant d,,,;.

€ o o 0 0 0 o0 o0 o 1 1 1
i—1

i 1 1.1 1 1 1 1 0 O O

s X X X X X X X X X X
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Constraint (C.11) sets the precedence constraints by allowing the following
operation to start only after the previous one is completed. Assuming oper-
ation og_l is completed at time-step 7, operation og cannot start until that

time-step.

Cnot 00 0 0 0 0 0 1
€ » 0 0 0 0 0 0 1
mok

¢ » 0 0 0 0 1 1 1 1 1 1
moy,

Twax 0 0 0 0 1 1 1 1 1 1

The objective function is set as the bit-disjunction of the variable é,; for
the last operation in each job. Maximizing 7T,,.x means having the latest
operation completed as early as possible.

Wn; 0 0 O 0 1 1 1 0 0 O
Wmjy X X X X X X X X X X

Constraint (C.13) prevents operations employing the same machine to over-
lap, as shown in the example, where the red crosses define the forbidden exe-
cution times for the operation belonging to job j’

Finally, the result is presented as a bit-vector whose set bits represent the
steps left before the time horizon is reached, since the last operation was
completed. The integer value that represents the make-span to the JSP is
given by the bit-vector Tinax as

H — number of bits set in Tjax

Since the duration of an operation is positive we can conclude that not all
operations could be finished at time 0, meaning that the left-most bit in T},,4,
has to be 0. From how T}, is defined we know that it will have a sequence
of zeros followed by a sequence of ones. Thus, with an increasing number of
ones the signed/unsigned interpretation of T;,q, will result in a larger value.
To minimize the make-span we will thus maximize T},qz.
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4.2 Bit-vector manipulation

In general, one must be careful when performing operations on bit-vectors
since some of them will produce a different result, depending on whether the
bit-vector is signed or not. The right-shift operation, for instance, comes in
two different versions; other operators are unaffected by the interpretation:
the bit-wise operators.

In this work, the actual value of the number represented by a bit-vector is
not of interest, since we are only interested in the bit-patterns (the sequence
of zeros and ones in a bit-vector) to represent time-steps: if the left-most bit
of a bit-vector of size four is set, we are not interested in its value in decimals
(it would be 8 for a signed and -8 for unsigned), it tells us that something
is happening at time-step 0. Only in constraint (C.13) we are interested in
the actual value of T}, since this is the value that is maximized. For Ty,q2
it would make a difference to have signed or unsigned bit-vectors only if we
were to set its leftmost bit. This, in turn, could only happen if it was possible
to complete all jobs at time-step zero, which is by definition impossible, since
operations have a duration larger than 0. Hence, the constraint is valid.

Also, the difference between signed and unsigned bit-vectors lies in the in-
terpretation of bit-patterns and the tricks used to manipulate the bit-vectors
are designed to set and unset bits regardless of the interpretation. In fact,
they involve bit-wise operators such as A, V and — with the exception of con-
straints (C.7) and (C.9): in both cases a subtraction is performed. However,
subtracting a bit-vector means to add its negation plus one; since addition
and negation both work independently of the interpretation, there is no risk
of producing invalid results, as long as the operands involved in the subtrac-
tion are positive. This is always the case, since one of them is the value one
and the other, w,,;, is inferred from s,,;, which is always positive because of
constraints (C.6) and (C.7).

5 Models Size

The formulations presented in the previous sections, though similar in many
aspects, lead to a significant difference in the model size. The reason for
such difference lies in the way the time horizon, H, is handled by the two
models: in the BV model the time horizon is used only to define the size of
the bit-vector variables; therefore, equations (C.6)-(C.10) in the BV model
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only generates nk constraints (n jobs, k& machines), while equation (C.11)
generates nk(k — 1) constraints, equation (C.12) generates k constraints and
(C.13) generates one. Also, the length of the constraints, in terms of number
of clauses for each constraint, is short: only one clause for constraints (C.6),
(C.7), (C.9), (C.10) and (C.11). For the constraints expressed by equation
(C.8), the number of clauses depends of the duration of job j visiting machine
m, for equation (C.12), the length is »*/2, and for equation (C.13), the length
is nk.

On the other hand, in the BL model, there is one variable for each job,
machine and time-step. Therefore constraints are dependent on the time
horizon as well, i.e. equation (C.1) generates nk constraints, each of length
H. Equation (C.2) generates nkH constraints each of length H, since for each
machine m, job j and time-step ¢, it is necessary to iterate the A connective
over all time-steps but t. Equation (C.3) generates the largest amount of
constraints, since it iterates over any two jobs j and j’, for each machine m
and time-step t. Also, for each value of these indexes, the A connector has to be
iterated for as many times as the duration of operation j on machine m, leading
to »’/2 - kH constraints each of length d,,;. Equation (C.4) generates nkH
constraints of length one and, finally, equation (C.5) generates one constraint
for each machine, job and time-step, and within each constraint an additional
iteration of the A connective for as many times as the duration of operation j
on machine m is required, leading to nkH constraints, each of length d,,;.

Given these premises, we can infer that:

BL model size Given a JSP, with n jobs and k& machines with time horizon
H, the number of variables for the BL model is nkH, the number of constraints
is proportional to O(n?kH) and their length in number of clauses is O(H).

BYV model size Given a JSP with n jobs and k machines, the number of
decision variables for the BV model is 3nk, and the size of each variable is H
bits, thus the total size is proportional to nkH. The number of constraints is
O(nk?) and their length in number of clauses is O(n?).

Note that H is typically much larger than £ and n. Therefore the number
of constraints, as well as their length is expected to be significantly larger for
the BL model. The favorable size of BV models compared to BL models is
confirmed empirically in the following section.
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Table 1: Comparison of models implemented using Z3 and OptiMathSAT. The time
showed in the table is the geometric mean calculated over all the instances
belonging to the category they refer to. For each class the number of solved
instances (out of the total number of instances belonging to such class) is
given. The symbol ’-> means that no instance has been solved. The model
size is also reported in Megabytes.

Model Size 73-BV 73-BL Opti-BV Opti-BL
Problems BV BL Time Opt  Time Opt Time Opt Time Opt

3x3 0.009  0.243 0.13 5/5 0.13 5/5 0.25 5/5 323076 2/5
4x4 0.016  0.900 0.49 5/5 0.94 5/5 0.25 5/5 - -
HxH 0.027  2.050 1.83 5/5 5.05 5/5 0.64 5/5 - -
6x6 0.040  3.837 4.06 5/5  20.88 5/5 1.47 5/t

7x7 0058 6739 13.05 5/5 6851 5/5 422 5/5 - -
8x8 0079 11.526 3250 5/5 20331 5/5 1312 5/5 - -
9x9 0.104 18.696 176.15 5/5 - - 71.69 "')/5 - -
10x10 0.132  24.818  609.07 4/5 - - 410.21 5/5 - -
11x11 0168 37.307 111760 1/5 - - 74085 3/5 - -

12x12 0.205  48.927 -
13x13 0.249  69.687 - - - - - - - -

6 Computational Analysis

We evaluate the properties of the two models by generating problem instances
using the Taillard instance generator specification [16]. In total 55 problems
are generated from size 3x3 to 13x13 with 5 problems of each size.

6.1 Experimental setup

The solvers whose performance were compared are Z3-4.8.7 and OptiMathSAT-
1.5.1. The time limit is 1200 seconds. Solvers are run in their default setting.
All the experiments were performed on an Intel Core i7 6700K, 4.0 GHZ,
32GB RAM running Ubuntu-18.04 LTS.

Since finding a good upper bound for the model is beyond the scope of this
paper, and the optimum is known for all instances evaluated, we used as a
value for H the optimum increased by 10%.

Since both Z3 and OptiMathSAT can read input in the SMT standard
language [17], it has been possible to translate the models into such language
and then run the solvers directly from the terminal, to avoid delays due to the
APD’s use. Also, this allows to run the solvers on exactly the same models,
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Figure 1: Performance comparison between bit-vector (BV) and boolean (BL)
time-index models over the generated instances using Z3 and OptiMath-
SAT. The maximum time allowed for each instance is 1200 seconds.

and to keep track of the models size for comparison. The implementation of
the scheduler is available at [18].

6.2 Experimental Results

Table 1 summarizes the results of the computational analysis: instances are
sorted by size (5 instances for each class) and for each different combination
of model and solver, the number of solved instances is reported as well as the
average time to find the optimum of the solved ones. We decided to employ
the geometric mean to reduce the effect of outliers. The average model size
for both the BL and BV model is also shown for each class.

The evaluation of the BV model implemented with Z3 showed that all in-
stances could be solved within the time-limit up to size 9x9, while only 4 of
size 10x10 and 1 of size 11x11 could be solved to optimality; no larger instance
is solved within 1200 seconds. The performance of BV implemented with Op-
tiMathSAT is significantly better, being OptiMathSAT roughly twice as fast
as Z3 and able to solve all instances of size 10x10 and 3 of size 11x11. When
it comes to the BL model, Z3 outperforms OptiMathSAT by more than one
order of magnitude, being able to solve instances up to size 8x8 in a relatively
short time: less than a second for size 3x3 and 4x4, 5 seconds for size 5x5 and
respectively 20, 70 and 200 for the remaining sizes. On the other hand, the
BL model implemented with OptiMathSAT is only able to solve 2 instances
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out of 55 (of size 3x3) and it still takes 30 seconds to do so.

When it comes to the model size, it turns out (as expected) that the BL
model quickly scales up, going from 0.2 Megabytes for instances of size 3x3
to almost 70 MB for the larger ones. On the other hand, the BV model size
is barely affected by the instance size, being still largely under 1MB for the
larger instances. The time required to generated the model may be strictly
dependent on the implementation, but it is still related to the model size, so
the larger the model, the slower the generation time. With our implementa-
tion, the time to generate the BV model for the instances of size 13x13 was
still below three seconds, while for the BL model it was around 600 seconds.

6.3 Results Discussion

The Computational Analysis proves the BV model to be faster than the BL
model regardless of the solver it is implemented with, as shown in Figure
1; the best combination of solver-model is OptiMathSAT running the BV
model, while the solver that showed the best performance when running the
BL model was Z3. The reason for this behaviour lies not only in the efficiency
of the underlying SAT engine within the SMT solver, but also in the way
the particular theory the model belongs to [19]: some solvers simply bit-
blast the model, meaning that they generate boolean variables to be able to
handle it with Propositional Logic (eager approach), while others combine
the SAT solver with a Theorem Prover to use specific Procedures to check
feasibility (lazy approach). The latter method can, in some cases, save a lot
of computational effort, increasing the efficiency of the overall approach. So,
depending on the strategy employed by each solver (eager or lazy) and the
efficiency of the procedure for the specific theory, one solver can be very good
at solving one model, while being rather slow for another.

Another interesting result is the model size: the BV model proved to be
extremely compact, increasing only linearly with the instance size (and with a
very low coefficient), while the BL: model’s increase is roughly quadratic (see
Figure 2). For other problem formulations, the model generation can usually
be neglected, since it requires a very short time, compared to the solving time
itself. But with time discretization, the number of variables is much higher,
and the number of constraints generated out of them is even higher.
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7 Conclusion
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Figure 2: Comparison between model sizes of the bit-vector and The boolean im-
plementations of the time-index model, over the generated instances.

In this paper we have presented a new approach to implement the time-
index model for the Job Shop Problem using bit-vectors. We benchmarked
two state-of-the-art SMT solvers over a set of instances generated according
to a standard method and the resulting model turned out to be more efficient
than the existing one based on boolean variables, regardless of the solver
employed. We also showed that the more compact formulation leads to a
drastic decrease in the model size, which in turn affects the model generation
time (a bottleneck for the time-index model).

Since the time-index model is widely employed both in industry and academia
to deal with the JSP, this contribution can improve the performance in many
applications.
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Abstract

Bin packing and bin covering are important optimization prob-
lems in many industrial fields, such as packaging, recycling,
and food processing. The problem concerns a set of items,
cach with its own value, that are to be sorted into bins in such
a way that the total value of each bin, as measured by the sum
of its item values, is not above (for packing) or below (for cov-
ering) a given target value. The optimization problem concerns
minimizing, for bin packing, or maximizing, for bin covering,
the number of bins. This is a combinatorial NP-hard problem,
for which true optimal solutions can only be calculated in spe-
cific cases, such as when restricted to a small number of items.
To get around this problem, many sub-optimal approaches ex-
ist. This paper describes formulations of the bin packing and
covering problems that allows to find the true optimum for
instances counting hundreds of items using general purpose
MILP-solvers. Also presented are sub-optimal solutions that
come within less than 10% of the optimum, while taking sig-
nificantly less time to calculate, even ten to 100 times faster,
depending on the required accuracy.

Note to Practitioners

A typical case for bin covering is in food processing where food items are
automatically sorted into trays of similar weight, so that the overweight is
minimized. Another application is in recycling, where items like batteries
should be put in crates of similar weight, so that the crates do not exceed a
target weight, due to later manual handling, but at the same time we want as
few crates as possible. This is a bin packing problem. On an industrial scale
these tasks are fully automated. Though modern software tool’s efficiency
to solve bin sorting problems have increased significantly in later years, the
problems are inherently tough in the sense that the solution time grows ex-
ponentially with the number of items. This limits the problem sizes that can
be solved to optimality within reasonable time. Therefore, much research has
focused on heuristic rules that give reasonable solving times while not giving
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the true optimal number of bins. However, in many cases the true optimal
solution is preferable, and sometimes even necessary, so this is an industrially
interesting problem. This paper describes an approach to solve the bin pack-
ing and covering problems to the true optimum that increases the limit of the
number of items that can typically be handled. This is done by observing
that items of same value need not be distinguished. Instead, we can formu-
late packing/covering problems over item values rather than individual items,
and sort integer numbers of these values into bins, which allows to solve to
optimum for more than 500 hundred items in reasonable time. In addition,
by redefining what we mean by same value, we can consider more items to
have the same value and achieve even better computational efficiency.

1 Introduction

The (one-dimensional) bin sorting problem concerns sorting items with given
values into bins such that the value of a bin, counted as the sum of its included
values, conforms to a specified target value, while at the same time optimizing
the total number of bins. Two (dual) variants of this problem exist, bin
packing [1] where the bin values cannot go over, and bin covering [2] where
the bin values cannot go under, respectively, the target value.

The problems are NP-hard [1] combinatorial optimization problems, mean-
ing that there is no general algorithm that can solve either problem for an
arbitrary number of items in reasonable time.

Due to this, different heuristic algorithms to provide sub-optimal solutions
while guaranteeing a bound from the optimum and having polynomial com-
plexity have been a long-time active field of research. Recent surveys of related
problems are presented in [1] for approximative algorithms and in [3] for exact
algorithms.

Recent work on bin sorting is based on branch-and-price based algorithms,
see e.g. [4]. Pseudo-polynomial formulations, [5]-[7], allow a more compact
formulation and avoid the complexity introduced in the implementation of
branch-and-price based algorithms. Of interest in some practical applications
is also temporal extensions, [8], where the capacity of a bin must be consumed
within a given time window.

In our previous work on the subject [9], we presented a model to solve
the bin covering problem to optimality by means of Mized Integer Linear
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Programming (MILP), and we showed through a computational analysis of
more than 800 problem instances that a MILP solver is able to handle quickly
large sized instances. In this work we extend the analysis to also bin packing,
and we provide mathematical proof of the validity of our claims on top of
which we implemented the above-mentioned formulation. We also present a
sub-optimal approach based on a simplification of the original instances that
exploits the feature of our new formulation and guarantees close to optimal
results.

In industrial problems there are often additional constraints that are not
included in text book formulations of the sorting problems. An example from
an industrial application: for bin covering problems it might be allowed to go
a few percent below the target weight for certain bins as long as the average
bin value is on or above target. Algorithms that are tailor made for textbook
formulations of the sorting problems might have problems to generalize to such
modified versions of the problem. In industrial applications general purpose
solvers are thus often preferred due to their ability generalize to new problem
formulations. So, though we in this paper treat only the text book versions
of bin sorting, we do so by focusing on formulations that can be given as
input to general-purpose MILP solvers, and we evaluate the efficiency of these
formulations.

First is presented the standard formulation that can be found in most text
books. This formulation was first introduced by [10] and is typically useful
only for a small number of items. Then is given the “subset” formulation,
which removes the identities of the bins and thus allows to solve for a much
larger number of items and bins. Thirdly is given the “equivalence class” for-
mulation, which further removes the identities between items of same values,
and hence allows to solve for even larger numbers of items and bins. As ex-
plained later on in the paper, the idea of equivalence classes leads to define
combinations of items that meet the target requirement (i.e. the cumulative
value of such items is below the target for the bin packing and above it for the
bin covering); such combinations are given the name of packages in this paper
and, to the best of our knowledge, they have first been introduced by [11] to
implement a specific purpose algorithm to solve bin covering problem, and
then used in [12] to implement a branch and price algorithm, while we use
it to develop a linear-integer model for a general purpose solver. Also, we
improve the concept by defining a subset of packages among which bins can
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be selected that still leads to the optimal solution. In other words, we do
not need to enumerate all possible combinations of items in order to find the
optimal solution, but only a rather small portion of it.

The contributions to this paper are: (i) improving the concepts of equiv-
alence classes by introducing the notion of skinny and fit bins for the bin
covering and the bin packing respectively; proving that the the optimal so-
lution of an instance of the bin packing (covering) is only composed by fit
(skinny) bins; (iii) develop a heuristic method for both the bin covering and
bin packing problem, based on equivalence classes, that significantly reduces
the computation time while still guaranteeing close to optimum results; (iiii)
evaluating the method against other algorithms for bin sorting problems by
running it over different sets of benchmark instances.

In the next section the general bin sorting problem is described, giving
three different MILP formulations, two of which exploit the fact that prospec-
tive bins can be pre-calculated to make the MILP solver’s job easier. Then
Section 3 presents how the combinatorial explosion can be further mitigated
by restricting the number of pre-calculated bins, while still guaranteeing op-
timal solutions. Section 4 then describes how the number of pre-calculated
bins can be made even smaller, but then not guaranteeing optimal solutions.
The experimental results of Section 5 shows the computational benefits of
both the optimal formulations, and the sub-optimal formulation that comes
within less than 10% of the optimum, while achieving a significant reduction
in computation time. The paper is concluded in Section 6.

2 Bin Sorting

Bin sorting is a generic term for the two (dual) problems of bin packing and bin
covering. The bin sorting problem concerns a set of items V' = {v1,va, ..., v, },
each with a value so that there can be defined an ordering between the items,
such that v; > vy > .-+ > v,. For notational simplicity, except for in a
few places, the distinction between an item and its value will not be made;
note though that items are unique, whereas two items can have the same
values. Given a subset V/ C V we denote its minimum and maximum values
as min(V”’) and max(V”), respectively.

A bin b; C V is a subset of V. For a bin b; we can define its value B; as
the sum of the item values it contains, that is, B; = ZME b, Vi
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The bin sorting problem can now be defined as a tuple (V,¢,1x), where
t is a target value that defines a bound on the bin values, and > is < for
bin packing, and > for bin covering. The problem is now to find an optimal
solution B,y = {b1,bs, ..., by}, which is a partition of V' with the minimum,
for packing, or maximum, for covering, number m of bins, such that Vb; €
Bopi, Bjat. It is assumed that ZMGV v; > t,and Yv; € V v; < t.

Since we in large parts of the paper simultaneously deal with both covering
and packing, we have introduced a non-standard notation of our own (such as
“target” t instead of “capacity” ¢). This so, since the communities dealing with
the respective problems do not always agree on the notation. Furthermore, the
term “bin covering” is sometimes used to denote a different problem, where
the number of bins is fixed and the problem is maximizing the number of
packed items while not exceeding the target value for any bin [13].

2.1 The Standard Formulation

One way to formulate the bin sorting problem is as a mized linear integer
programming (MILP) problem, where the decision variables represent bins
and the allocation of items to the bins. Let b; (j =1,...,n) be 0-1-variables
representing whether a certain bin is used (b; = 1) or not (b; = 0), and
let 235 (i,j = 1,....n) be 0-1-variables representing whether the value v; is
assigned to the j’th bin (x;; = 1), or not (x;; = 0). The MILP problem can
then be formulated as:

n
min/maXij subject to (D.1)
j=1
n
d ay=1 Vi=1,...,n (D.2)
j=1
n
> wigvinab; -t Vji=1,...,n (D.3)
i=1
Tij € {0,1} Vi, j=1,...,n (D4)
b; € {0,1} Vj=1,...,n (D.5)

The objective function (D.1) is the sum over all the variables representing
whether a certain bin is used or not, and since these are binary 0-1-variables,
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the sum is the number of used bins; this sum is to be minimized for bin packing
and maximized for bin covering. Constraint (D.2) guarantees that each item
is assigned to exactly one bin. Constraint (D.3) guarantees that the value
of each used bin is on or below (i is <) the target value t for bin packing,
and on or above (i is >) the ¢ for bin covering. Constraints (D.4) and (D.5)
define the domains of the decision variables.

For bin covering, Constraint (D.2) can actually be relaxed to < 1, since not
all values are necessarily placed in some bin. However, such surplus values
(see below) cannot constitute a bin on their own, and since there is no upper
bound on the bins, the surplus values may be put on any bin without altering
the optimal solution. In fact, with a rigorous definition of the surplus values,
we can always remove the surplus values from the optimal solution, and the
surplus-free solution will still be optimal.

2.2 The Subset Formulation

A less trivial approach to formulate the bin sorting problem as a MILP prob-
lem is to enumerate the prospective bins by sort the items into packages that
fulfill the target constraint, and then formulate a problem of choosing the
smallest or largest number of such packages. If we generate all possible such
packages, the MILP-solver will have freedom enough to find the optimal num-
ber of packages.

Let p; € V be a package such that E“i ep, Vi D4 t. Note that contrary to
bins, different packages may share items, that is, for some packages p; and p;
with ¢ # j it may hold that p; Np; # @. Let P; = {p;|v; € p;} be the set of
all packages that include the item v;. We call the elements of P; overlapping,
and there are n such sets.

Given the set of k generated packages, and with a slight abuse of notation
we use p; to denote a 0-1-variable representing whether the package p; is used
(p; = 1) or not (p; = 0), we can formulate the MILP problem as:

D8



2 Bin Sorting

k
min/maprj subject to (D.6)
j=1
ijzl Vi=1,...,n (D.7)
pi€P;
p; € {0,1} Vi=1,....k (D)

Similarly to (D.1), the objective function (D.6) sums over all the vari-
ables representing whether a package is used or not, and since these are 0-1-
variables, the sum is the number of used packages; this sum is to be minimized,
or maximized, for bin packing and bin covering, respectively. Constraint, (D.7)
guarantees that exactly one of the overlapping packages is used, which pro-
hibits multiple inclusion of the same item into the optimal solution, and so
guarantees that the chosen set of packages partition V (this is what makes
the chosen packages bins). Again for the bin covering the constraint may be
relaxed into a less then equality, since the maximisation will make sure that
as many packages as possible are chosen; on the other hand, without the more
restrictive constraint, the bin packing problem would always yield a solution
counting zero bins. Constraint (D.8) simply defines the domains of the p;
variables.

2.3 Equivalence class formulation

Though the subset formulation of Section 2.2 goes a long way to mitigate the
computational complexity, observing that for large bin sorting problems we
can have, and typically do have, many items with equal values, we can give an
even more compact problem formulation, where equal values are not viewed
as distinct items, but rather as a single item with a multiplicity equal to the
number of actual such same-valued items. This is done by collecting equal
items into equivalence classes, and instead of enumerating each item of such
a class, formulate the optimization problem over integer decision variables
related to the number of items in each equivalence class.

Consider a bin sorting problem (V,¢,1<). Let an equivalence class E; be a
subset of equal valued items of V; that is, E, = {v; € V|v; = w} for a fixed
value w. Obviously, min(£,) = w. Let p denote the number of all equivalence
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classes. The set of p equivalence classes partition V.

We call a tuple (E, f,;) of an equivalence class E, and a factor fy, a selec-
tion. The factor is used to denote the number of items from the equivalence
class that are selected in a certain situation. Of course, 0 < f, < |E,|, and
obviously there is a finite number of distinct selections.

Let a package class PC; = {(E1, f1,i),...,{Ep, fp,i)} be a set of selections
over all equivalence classes, such that

Z min(Ey) - fyi ¢, (D.9)
(Eq:fq,i)€PCy

where <1 is < for bin packing and > for bin covering, and the objective is to
minimize and maximize, for packing and covering, respectively. Let k denote
the number of all possible package classes.

Since all package classes contain all equivalence classes, albeit many with a
zero factor, all package classes overlap, which then becomes an uninteresting
observation (contrary to Section 2.2).

Given a set of k generated package classes, and with some abuse of notation
let PC; be an integer that represents how many “instances” of the package
class PC; that are included in the optimal solution, then the optimization
problem can be formulated as:

k

min/maxz PC; subject to (D.10)
i=1
k
> fai- PCi=|E,| Yg=1,...,p (D.11)
i=1
PC; >0 Vi=1,...,k (D.12)

The objective function (D.10) sums over all the variables representing the
number of each package class instance; this sum is to be minimized for bin
packing and maximized for bin covering. Constraint (D.11) sums for each
equivalence class over all the package classes and multiplies with the factor for
each respective package class, to get the total number of used values from the
specific equivalence class. Naturally, this number cannot exceed the number
of values in the equivalence class for the package class, and has to be exactly
equal to the number of values in the equivalence class in order to avoid trivial
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solutions with zero bins. Constraint (D.12) simply sets zero as the lower bound
for the number of instantiations of the respective package classes.

An upper bound for PC; could be pre-calculated, but it is not clear whether
this will have any impact on the computational complexity, and this has not
been investigated.

For brevity, we will in the following use the term package in place of package
class.

3 Optimal Solutions

Though theoretically possible, generating all packages is practically intractable;
we can do this only for small n. And though generating all possible package
classes is more tractable than generating all packages, it still amounts to a
huge computational effort for large bin sorting problems. However, we can cal-
culate the packages in a more clever way, by observing that the optimization
criterion really means that the resulting bins of an optimal solution should be
as close to the target value as possible. Calculating such packages saves a lot
of computational effort, as is shown in Section 5.

In this section we will argue for why and how we can calculate a specific
subset of all possible packages, but still get an optimal solution from the subset
and equivalence class formulations of Section 2. For clarity, we will here treat
packing and covering separately in their own subsections.

In both cases, we have a bin sorting problem (V,t¢, <) for packing, and
(V,t,>) for covering. The total value over all n items of V' is W = v; + va +
-+ vp. A feasible solution f; = {b1,bs,...,by} to a bin sorting problem, is
a solution where for each bin, B; < t for packing, and B; > t for covering,
and an optimal solution is a feasible solution where the number of bins m is
minimized for packing, and maximized for covering.

Let us also note the distinction between bins and packages. Bins partition V/
so that no item in V' can be in more than one bin, whereas packages can share
items; it is the task of the bin sorting solver to select among the packages so
that a single item does not appear in more than one bin.
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3.1 Bin Packing

A feasible solution f; = {b1,b2,...,by,} for a bin packing problem (V,¢, <) is
said to be true if all items of V' are sorted.

For a feasible solution, all bins b; are on or below target, that is B; < t. For
bin packing we want to minimize the number of bins. Thus, it seems to make
sense to have bins that are as close to the target (but not above) as possible.

Definition 1: A bin (or package) is said to be fit if adding the least valued
item from V gets it above the target value. That is, a bin b; is fit if

Bj + IIllIl(V) > 1.

Definition 2: Let V¥ be a set of virtual items, such that V' NV = @ and
v = min(V) for all v, € VV.

The virtual items are not in the original problem formulation but are intro-
duced as possible items that can be put in bins to complete a bin into a fit bin,
in order to guarantee fit solutions. However, we show later that virtual items
can be removed from a solution and thus a true solution can be generated.

A feasible solution ff = {b1,ba,..., b} for a bin packing problem (V,t, <)
is said to be fit if all items of V', plus an arbitrary number of virtual items,
are sorted, and all bins in f; are fit.

Lemma 1: For a bin packing problem (V,t,<), a feasible true solution f;
exists if and only if a feasible fit solution f; ewists.

Proof. First we show that to a feasible true solution f; we can add virtual
items to non-fit bins to make a feasible fit solution fy.

Assume a non-fit bin b;, thus B; +min(V) < ¢. Add | (¢=(Bj+min(V)))/min(v) |
number of virtual items to b;, the bin is now fit by definition since adding one
additional virtual item makes the value of the bin be larger than the target
value ¢. This can be done for any non-fit bin in f;.

Second, we show that we can remove (virtual) items from the bins of f¢
and get feasible true solution.

Assume a fit solution fy. Let B7 be the sum of the values of all bins for
a feasible fit solution f;. Then the total number of virtual items is equal to
|(BY=W)/min(v)]. If this number of virtual items are removed from the bins in
fr, the total number of items of value min(V) in all bins will be equal to |E,|
and thus the modified solution will be true. Note that removing virtual items
from a bin can only decrease its value, and since a fit bin is by definition
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already below the target, so will the reduced bin be. The total number of
items of value min(V') will be equal to or larger than |[(B'=W)/min(v)|, thus it
is possible to remove | (B =W)/min(v)| items of value min(V'). Consider any set
of bins that is the result of removing |(B/=W)/min(v)| items of value min(V)
from the bins of the fit solution f;. The set of reduced bins result in a feasible
solution for the true problem, since all bins have a value less than the target
value and the number of items for every value will be equal to the number of
values in the equivalence class for the same value. O

Theorem 1: Let Bt . be an optimal true solution to the bin packing prob-

opt
lem (V,t,<), and let ngt be an optimal fit solution to the same problem.
Then
|Bt§pt| = |ngt .

Proof. If there exists a feasible solution for the fit problem that is optimal,
then no better solution than that exists and, according to Lemma 1, there
must exist a feasible solution for the true problem that yields the same result
and thus no better solution can exist. O

3.2 Fit package generation

As mentioned, a major issue with the equivalence classes approach to solve bin
packing problems is the computation of all package classes that might form
part of the optimal solution. Computing and then filtering the power set of
V' is computationally heavy even for relatively small size problems, therefore
a less demanding procedure is required. Given the aforementioned notions,
the computation of all fit package classes can be formulated as a Constraint
Satisfaction Problem (CSP).

Regard the bin packing problem (V,¢, <), with the equivalence classes E,
(g=1,...,p). Let fy (¢ =1,...,p) be the factor for E,, that is, an integer
variable representing how many values from E, that are chosen to form a
package class. Let F be an integer number such that F' = |[¢{/min(v)|. The
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CSP formulation is as follows:

0< fy <F Vg=1,...,p (D.13)
P
3" (min(Ey) - f; + (fy +1) -min(Eq)) >t
oy
Yg=1,...,p (D.14)

Constraint (D.13) limits the factor for each equivalence class to be at most as
large as the value F'; constraint (D.14) states that the sum of values contained
in a fit package goes above the target value as soon as we increase the value
of any factor by one.

Finding a satisfiable solution to this CSP problem means to find a combi-
nation of values that, together will result in a fit package class. To obtain
the whole set of fit package classes, it is possible to set up another problem
with the same constraints, plus one constraint ruling out the solution just
found. Let S = {ff,...,f;} be the solution of the CSP problem, where
ff Vi =1,---,p is the factor selected for the equivalence class p, then the
additional constraint is:

(N (Fi=1D) (D.15)

Jres

Constraint D.15 ensures that the solution found in the previous iteration
cannot be selected in the current one, so that the solver has to find a new
one. In order to find the complete set of fit package classes, one has to set up
a loop and, for each iteration, add the constraint to rule out the last solution
found for the new CSP problem. The loop goes on until the problem becomes
unsatisfable, which means that all package classes have been found.

Example of Equivalence Class Formulation Consider the bin packing prob-
lem (V,t, <), with V' = (50, 50, 40, 40, 10, 10) and ¢ = 100.
There are three equivalence classes, all of size 2:

E; = (50,50)
E, = (40, 40)
Es = (10, 10)
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And there will also be 8 virtual items of value 10. We need to be able to form
feasible packages by using the CSP model in Section 3.2 and, since we only
have two items of value 10 and the target is 100 we need 8 virtual items.

The CSP will now yield all packages that are “just below the target”, mean-
ing that if the smallest items from V' is added, namely item of value 10, the
total value will outreach the target value 100

POy =1{

For readability, only the equivalence classes £, with factors f; > 0 have been
included above. Now, regarding only the non-zero factors for each equivalence
class in the package classes, constraint (D.11) becomes:

PCy+ PC5+2 PCs >2
PCy+2 PC3+ PCs>2
10 PC1+6 PCy+2 PC3+5PCy+ PC5>2

We only have two items of value 10 and, in PC4 and PCs, E3 has multi-
plicity 1, while in PCg E3 has multiplicity 2, hence the coefficients in the first
inequality. The bin packing requires that all items are placed into bins, there-
fore there should be an equality sign; when we generated packages though,
we used virtual bins also, therefore now we need to allow for more items than
actually available in V', but not less, hence the ">" sign. The same procedure
applies to the other two equivalence classes as shown in second and third in-
cquality. Since the problem is a minimization, most of the virtual items will
not be used (the ones left are not enough to form another bin), therefore the
solution will be optimal with respect to V' (as explained in detail later on).
Then, the objective is:

min PCy + PCy + PC3 + PCy4 + PC5 + PC6.
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3.3 Bin Covering

For bin covering we want to maximize the number of bins, and hence it seems
to make sense to have bins that are as close to the target (but not below) as
possible.

Definition 3: A bin (or package) is said to be skinny if removing from it
its least valued item gets it below the target value. That is, a bin b; is skinny
if

B; —min(b;) < t.

A feasible solution fs = {b1,ba,..., by} for a bin covering problem (V, ¢, >)
is said to be skinny if all bins in fy are skinny, and an arbitrary number of
items of V' is sorted. The items of V' that are not sorted are called the surplus
items. A feasible solution f, = {by,b2,...,b} to a bin covering problem
(V,t,>), is said to be true if all items are sorted.

Lemma 2: For a bin covering problem (V,t,>), a feasible true solution fi
exists if and only a feasible skinny solution fs exists.

Proof. Regard a true feasible solution f; = {b1,b2,...,b,}. For each non-
skinny bin b;, we can iteratively remove its least valued item min(b;) until b;
becomes skinny. Obviously, the resulting skinny solution will have the same
number of bins as f;.

Regard a skinny feasible solution fs = {b1,b2,...,bn}. This has a set of
non-sorted surplus items, Vg,,. These items can be put on arbitrary skinny
bins to make the bins non-skinny. Doing so for a bin b; € f, will increase the
value B; which means that it is still on or above target. Thus, we can from
the skinny feasible solution generate a true solution f;.

For both implications, the number of bins is preserved. O

Theorem 2: Let B,
lem (V,t,>), and let B3

opt
Then

be an optimal true solution to the bin covering prob-

be an optimal skinny solution to the same problem.
| Bopel = 1 Bopl-

Proof. If there exists a feasible solution for the skinny problem that is optimal,

then no better solution than that exists and, there must exist a feasible solu-

tion for the true problem that yields the same result and no better solution
can exist. O
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3.4 Skinny package generation

As for the bin covering, it is possible to setup a Constraint Satisfaction Prob-
lem based on the definition of Fit Bin and run it multiple time to produce, at
each iteration, a different valid package, until the problem becomes unfeasible;
then we know we have found all feasible packages.

Regard the bin covering problem (V,t,>), with the equivalence classes E,
(g=1,...,p). Let f, (g =1,...,p) be the factor for E,, that is, an integer
variable representing how many values from E, that are chosen to form a
package class. The CSP formulation is as follows:

0 < fy < |Eq] Yg=1,...,p (D.16)

p
fe>0= Z (min(Ej) - fj +(fg—1)- min(Eq)) <t
j=1
a7#j

Vg=1,...,p (D.17)

Constraint D.16 limits the factor for each equivalence class to be at most as
large as the size of the equivalence class itself; constraint D.17 states that the
sum of values contained in a skinny package goes below the target value as
soon as we reduce the value of any factor by one. Unlike the corresponding
constraint for the bin packing problem, in this case it is necessary to specify
that we can only reduce a value if it is larger than zero.

Let S = {f{,..., f;} be the solution of the CSP problem, where f; Vi =
1,---,p is the factor selected for the equivalence class p, then the additional
constraint is:

(N (= 1) (D.18)

Jres

Example of Equivalence Class Formulation Consider the bin covering prob-
lem (V. ¢,>), with V and ¢ as in section 3.2 and so are the equivalence classes.
We can generate four skinny package classes:

PCy = {<E172>}
PCy = {<E171>> <E272>}
PCs = {<E17 1>7 <E27 1>7 <E371>}
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PCy = {(E2,2),(E3,2)}

For readability, only the equivalence classes E, with factors f, > 0 have been
included above.

Now, looking only at the non-zero factors for each equivalence class in the
package classes, constraint (D.11) becomes:

2PCy+PCy+PC3<2
2 PCy+ PC3+2PCy <2
PC3+2PC, <2

Since the the bin covering does not require all items to be allocated to binsl,
the equality constraint can be relaxed, hence the inequalities above.
Finally, the objective is:

maXP01+P02+P03+P04.

One optimal solution is to select PC once (PCy = 1) and PCy once (PCy =
1). However, another optimal solution is to select two "instances" of PCj
(PC5 = 2). Both of these are of course skinny solutions.

So, we really only need to generate fit (for packing) and skinny (for covering)
packages and package classes to get optimal solutions from the subset and
equivalence class formulations. This saves a lot of computational effort, as
shown in Section 5.

4 Sub-Optimal Solutions

The equivalence class formulation significantly improves the runtime perfor-
mance of the optimizer compared to the naive formulation, as shown in Sec-
tion 5. Nevertheless, BC is still a combinatorial NP-hard problem and for
some problems, calculating the true optimum might be expensive in terms of
computational effort. The alternative is to consider heuristic methods that
can provide a sub-optimal solution in a shorter time. Based on the equiv-
alence classes approach, a heuristic method was developed to simplify the
problem and calculate a suboptimal solution faster. One hypothesis that led
to the heuristic is that the number of package classes related to a BC prob-
lem (V,t,>) does not depend entirely on |V|, but rather on the number of
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equivalence classes and their cardinality; the more different values, the more
possible combinations, the more package classes.

Therefore, the goal of such method is to provide a set of approximated
equivalence classes, C*, where a certain number of consecutive exact equiv-
alence classes are merged together. We call the approximated equivalence
classes chains.

Let E = (Ey, Es, ..., Ep) be the set of p number of equivalence classes over
the values of V, ordered so that min(E;) < min(E;4;) (fori=1,...,p—1).
Let C be a set of chains, sets of one or more consecutive equivalence classes
from E, C = Ug:llH{Ei, Eij1,...Eiq1} forl=1,...,p, and let the size of
a chain be the sum of the sizes of the equivalence classes it is composed of;
for C; € C, |Gyl = Ypec, |Ei.

Note that chains will have common elements (equivalence classes), just as
packages, therefore it is possible to define the set O; of all chains containing
a certain value.

Example of Chains Generation
E = (Ey, B2, Es, Ey), p=4, with min(E;) < min(E; ;) for i =1,...,3,
C=U_"{Ei,Eit1,... By} forl=1,....p

{1} B} {Es ) { Eal, I=1i=1....p

{E1,Ex},{Es, Es},{E3, E,}, [=2,1=1,...,p—1
{E1, Ea, Es},{Es, E3, By}, l=3,i=1,...,p—2
(E,, Es, B3, Eq} l—4i=1,...,p—3

4.1 Heuristic for the bin packing problem

When it comes to the bin packing problem, a way to generate the above
mentioned chains is to merge exact equivalence classes as explained in the
above section and to assign to all the values of the resulting approximated
equivalence class the largest value of all classes that have been merged. This
is done so that the solution generated when solving the simplified problem is
valid: if a value smaller than the one belonging to the largest class merged
were to be assigned to the approximated class, the optimal solution to the
simplified problem might be smaller than the optimal solution to the original
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problem and, therefore, unfeasible.

Definition 4: Let define the minimum theoretical number of bins M as
the number of bins we could achieve if we could break down the items into
smaller ones and reallocate the overweight from each bin to form other ones:
M =W/t Such value can be achieved by relaxing the integrality constraint in
the initial problem, as pointed out in [11] where such value is defined as lower
bound.

Let the chain E;_,, be the result of merging the equivalence classes Ej,
E,,, where min(E;) < min(E,,). Then min(E;_,,) = min(Ey,), |E_n| =
|El| + |Em|

|Et—m| - min(Ej—m) = (|E1| 4 |Em|) - min(Ey,) >
|E;| - min(E;) + |Ep| - min(E,,)

The gain + is then:

min(E,,) - (B + |Ep])—
|E;| - min(E;) + |Ep,| - min(E,,) =
\Ey| - (min(E,,) — min(E;))

The new minimum theoretical number of bins is M’ = (W+7v)/i. The gain
can be used to decide which classes is better to merge when simplifying an
instance. Using a greedy algorithm it is possible to quickly generate all chains
and calculate v for each of them. It is then possible to formulate a MILP
model to select the chains that produce the minimum loss, given a desired
number of equivalence classes d.

Let z; (i = 1,...,k) be 0-1-variables representing whether the chain C; is
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chosen (z; = 1) or not (x; = 0). The MILP formulation is as follows:
k
min Z i Vi (D.19)
i=1

i=1

> om=1 Vi=1,...,p (D.21)
z;€0;
z; € {0,1} Vi=1,...,k (D.22)

The objective function (D.19) is the sum of all gains for the chains that
are chosen. Constraint D.20 states that exactly d chains have to be cho-
sen. Constraint (D.21) states that overlapping chains are mutually exclusive.
Finally, (D.22) sets the variable domains to be binary.

Note that the heuristic has been developed bearing in mind that, with a
normal distribution, there are only a few values at the edges of the bell curve,
while most of the values appear in the middle of it. Therefore, while containing
the same number of values, the chains that are closer to the edges will contain
more classes from F, involving a larger loss than the ones closer to the centre.
However, as those values are smaller in number compared to the ones in the
middle, the overall loss seems not to be significant.

4.2 Heuristic for the bin covering problem

Once again it is possible to draw inspiration from the results achieved for
the bin packing problem to develop a working heuristic method for the bin
covering problem too. By merging equivalence classes it is in fact possible to
generate a simplified problem that provides a sub optimal solution. This time
it is required to assign to the resulting equivalence class the value of the items
from the class with the smallest values, in order to generate a valid solution.
Since this is a maximization problem, it makes more sense to talk about loss
o (rather than a gain) that affects the maximum (instead of minimum) theo-
retical number of bins. Once again this value corresponds to the optimum of
the cost function for the bin covering when relaxing the integrality constraint.

It is possible to calculate the loss o related to the merging of two or more
equivalence classes in terms of decrease in the total value W and, therefore,
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of the maximum theoretical number of bins M.

Let the chain E;_,, be the result of merging the equivalence classes F;, F,,,
where min(E;) < min(E,,)). Then min(E;_,,) = min(E;), |E—m| = |Ei| +
| Eml-

|El| ) IIliIl(El) + |Em| : min(Em) >
|El—m| : min(El—m) = min(El) : (|El| + |Em|)

The loss o is then:

|Ej| min(E)) + |Ey,| - min(E,,)—
min(El) . (|El| + |Em|> =
(min(E,,) — min(E)) - |Eny|)

The new maximum theoretical number of bins is M’ = (W—0)/;. Setting
up exactly the same MILP model as in 4.1 it is possible to find the set of
merged classes that minimizes the gain while guaranteeing a desired number
of equivalence classes for the simplified problem.

Example of Chain Optimization

Consider the example shown in Section 4, and assume that the values and
sizes of the equivalence classes are respectively min(E;) = 13, |E;| = 10,
min(EQ) = 15, |E2| = 7, min(Eg,) = 20, |Eg| = 127 HliIl(E4), |E4| =3. If
the desired number of classes is d = 2 we can compute the loss for each chain
based on (D.19)—(D.22):

Cy ={E} a(Cy) =0
Cy = {E>}, a(C2) =0
Cs = {E3}, a(C3) =0
Cy = {E4}, a(Cy) =0
Cs = {Ey, Bs), o(Cs) =7-(15—13) = 14
Cs = {Es, B3}, o(Cs) = 12- (20 — 15) = 60
Cr = {Es, By}, o(Cy) = 3- (25— 20) = 15
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Cs = {En, Es, Es},

o(Cs) =o(Cs) +12-(20 —13) =98
Co = {E», E5, B4},

o(Cy) = 0(Cg) +3 - (25— 15) = 90
Cro = {E1, B2, E3,E4},

o(Ch9) = 0(Cs) +3- (25 — 13) = 134

According to constraint (D.20) only d chains can be selected:
Ci+Cr+C3+Cy+C5+C+ Cr + Cs + Cy + Cro =2

According to constraint (D.21) some chains are mutually exclusive, so each
equivalence class must be picked exactly once. As stated before, chains are
sets, but with some abuse of notation, we here use them as binary variables
to state whether a chain is selected (C; = 1) or not (C; = 0).

Ci+Cs5+Cpp=1
Co+Cs5+Cs+Cg+ Co+ Cro =1
Cs+Cs+Cr+Cs+Cyg+Cg=1
Cy+Cr+Co+Crp=1

Finally, the objective function to minimize is:
- O'(Cl) +Cy - O'(Cz) + Cs5 - 0'(03)

+Cy-0(Cy) +C5-0(C5) + Cg - 0(C) + C7 - 0 (Cr)
+Cs - 0(Cs) + Cg - a(Cy) + Cip - (C1o)

5 Computational Analysis

We ran an extensive analysis over 1500 generated problems, comparing both
the standard and the equivalence class formulations for both the bin packing
and bin covering problem; we also compare the standard and equivalence
classes formulations for the bin packing problem over different benchmark
sets from the literature:
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Table 1: Comparison of the standard formulation and the equivalence class formu-
lation over the benchmark instance sets, showing the number of solved
instances within one minute and the average time calculated over the in-
stances that did not time out. For each instance set it is reported the total
number of instances and the number of instances that generate less than
ten million packages. The ’-’ is used when no instance is solved, while the
7 means that the package generation algorithm run out of memory.

Instances STD EQU
Complete Set < 1.0 x 107 solved average solved average
Falkenauer U 80 80 16 34.11 80 1.64
Falkenauer T 80 80 10 30.07 80 0.76
Scholl 1 720 313 185 26.92 294 1.29
Scholl 2 480 54 50 6.86 48 7.69
Scholl 3 10 7 0 - 0 -
Schwerin 1 100 100 51 32.23 26 48.49
Schwerin 2 100 100 40 37.72 5 53.66
Wiischer 17 0 0 - *
Schoenfield 28 0 0 -
e Falkenauer [14]: two sets with 80 instances each;

Scholl [15] three sets with 720, 480 and 10 instances respectively;

Schwerin [16] two sets with 100 instances each;

Wascher [17] a set with 17 instances;

Schoenfield [18] a set with 28 instances.

All instances have been solved using the state-of-the-art MILP solver Gurobi 9
[19]. The time limit is 1200 seconds and the solver has been used with its de-
fault setting. All the experiments were performed on an Intel Core ¢7 6700K,
4.0 GHZ, 32GB RAM running Ubuntu-16.04. The implementation of all the
models presented in this paper, as well as the benchmark instances. The in-
stance generator is available on https://github.com/sabinoroselli/bin_
covering-packing.git

To generate the instances we approximated a normal distribution. The
parameters to generate instances are the number of items, the range of values,
the average value of such range (which is the mean of the distribution) and the
standard deviation. Since the results show a skewed distribution, we reported
the median and upper and lower quartile for each category.

D24



5 Computational Analysis

The first set of tests, reported in Table 2 has been run using the standard
formulation to solve both the covering and the packing problem. The number
of items ranges from 10 to 70 and the target value ranges from 300 to 900.
The values of the items range from 130 to 170 and the value of the deviation
ranges from 10 to 90; finally, five different instances are generated for each
set of parameters by changing the random generation seed. Results show that
different values for the deviation do not affect the running time significantly
so they are not shown explicitly in the table: for each size and target value,
the average over 25 instances is shown (five different values of deviation times
five different random seeds).

Results from this first simulation show that, as expected, an increasing
number of items makes the problem harder to solve. It is interesting though,
to notice that even for relatively high number of items, there are still many
instances that can be solved almost instantly which means that also large
problems can have trivial solutions. What does affect the complexity of the
instance, according to the results, is the target value ¢; though there are some
outliers, most of the unsolved instances for the covering problem have a target
value of 500, while for the packing problem it is 700.

In the second set of tests the number of items ranges from 60 to 500, while
the other parameters are the same as in the previous tests. For the instance
classes counting 200 to 500 items and with a target value of 800 and 900 it was
only possible to solve one instance, therefore it was not possible to calculate
the quartiles. The results, summarized in Table 3 show, as for the tests run
for the standard formulation, an increasing amount of time required to find
the optimal as the number of items and the target value increases (given a
certain distribution and, thus, a certain number of equivalence classes). Unlike
the standard approach though, the equivalence classes formulation seems to
have a more steady trend: the former’s performance is heavily affected by the
intrinsic hardness of a specific instance, being able sometimes to immediately
solve large size instances with a large target value, while getting stuck on
relatively small sized instances; on the other hand, the latter’s behaviour
is more predictable and steadily increases with the instances parameters, as
shown in Figure 1. Also, the comparison of Table 2 and Table 3 show tighter
values of the quartiles for the equivalence classes formulation; this mean that
the solving time for a given class of instances (in terms of generated packages
for example) is more predictable.
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Figure 1:
for equivalence classes) and sorting type over generated problems.

Another conclusion we can draw from the data is the strong correlation
between the solving time and the number of packages, which in turn is affected
by the target value and, to a lesser extent, by the number of objects. A larger
target value means an exponentially higher number of possible combinations
to form skinny (or fit) packages; also having a higher number of items in each
equivalence class means that it is possible to form more combinations of them
that make valid packages, though this is true only up to a certain value. For
instance, if the target value is 300, having two or 200 items of value 200 does
not make any difference.

For this reason, an instance with 60 items and a target value of 300 only
yields a few thousand packages, while the same instance with a target value
of 900 can count millions of them. As mentioned before, the increase in the
number of items also causes an increase in the number of packages, which
seems nonetheless to happen within the same order of magnitude.

Though the number of packages has a direct impact on the solving time,
the equivalence class formulation still proves to be efficient to solve very large
sized problems, being scalable in terms of number of items (which is usually the
limitation for the standard approach). Even so, the package generation time
via a greedy algorithm and the model generation time are directly proportional
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Figure 2: Evaluation of package generation time (in seconds) against number of
generated packages (log scale).

to the number of generated packages and for very hard instances they might
not be negligible. Figure 2 shows how the package generation time increases
with respect to the number of packages (benchmark instances from the Scholl
set have been employed to evaluate the package generation efficiency): it is still
close to one minute for instances leading to four million packages but it goes up
to about fifteen minutes for instances of around ten million packages. Though
we have not investigated the subject for this work, we believe that there is quite
some room for improvement in the implementation of the package generation
algorithm (changing the programming language to begin with, since now it
is written in Python). While solving the benchmark instances, the largest
instances we could solve before running out of memory counted circa thirty
million packages; memory overflow is another matter we plan to address in
our future work.

The third set of instances, summarized in Table 1, shows the performance of
the equivalence classes method over different sets of benchmark instances. In
order to compare our formulation to the other relevant algorithms we found in
the literature, we refer to Table I and Table IT of [3], where such algorithms are
evaluated using the same benchmark sets listed above, and setting the time
limit to one minute (the implementation for such algorithms is available at the
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authors web page [20]. Though the computers used are different, we believe
that the comparison still gives a hint of the methods potentials. Nonetheless,
we decided to run the benchmark instances again for the standard formulation
(called Basic ILP in [3], since the authors used a different solver). Moreover,
the algorithms listed in those tables, are specifically tailored to solve the bin
packing problem, while our formulation provides a linear program that can
be fed to any solver (or extended with additional constraints) and so can be
done with the standard formulation. Therefore we decided to make a more
rigorous comparison between the standard formulation and the equivalence
classes formulation.

As already discussed when commenting on Table 3, the number of gener-
ated packages directly affects the solving time when using the equivalence
classes approach; therefore we only considered instances counting less than
ten millions packages. Table 1 shows the number of instances in each set and,
next to it, the number of instances that lead to generate less than ten million
packages. The equivalence class formulation is much faster than the standard
formulation for the Falkenauer sets and can deal with all instances in less than
2 seconds each. When it comes to the Scholl instances, in the first set the
equivalence classes formulation is still much faster and can deal with almost
twice as many instances before the time limit while it performs very similarly,
though slightly worse in the second set. Neither method can deal with any
of the instances in the third set. The standard formulation performs consid-
erably better than the equivalence classes one in both Schwerin sets, both in
terms of instances solved and average time. Finally, the standard formulation
cannot solve any of the instances from either the Wischer or the Schoen-
field set within the time limit, while the equivalence class formulation cannot
even get started, since the computer ran out of memory while generating the
packages.

A possible remedy to handle such hard instances is to reduce the number of
classes by merging them into chains as explained in sections 4.2 and 4.1. The
heuristic does not guarantee an optimal value to the original problem, but it
can drastically reduce the number of packages, thus speeding up the model
generation tremendously, while producing very close-to-optimal results. Table
4 shows an example for both the covering and the packing problem where
the number of equivalence classes is progressively reduced from the original
one, shown on the first line (the one that would lead to the true optimal
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solution). The instance is evaluated considering two different target values:
450 is an exact multiple of 150 (the mean value of the items) while 525 is as
far as possible from being an exact multiple. Also, two different values for the
deviation are selected: 10 (corresponding to the data shown in the upper part
of Table 4) and 90 (corresponding to the remaining data); neither of the two
parameters seems to largely affect the accuracy. What we can see though, is
a dramatic reduction in the number of generated packages as the number of
classes decreases, while the optimal value for the simplified instances is still
very close to the optimum for the original one.

Acknowledgements

The authors thank Folkmar Frederik Ramcke for implementing the algorithms
for package generation.

6 Conclusions

In this paper we have presented alternative formulations to solve both the bin
covering and the bin packing problem; we have shown that these formulations
perform particularly well when the number of different values in the problem
instance is limited. In such cases, our formulations allow to to solve problem
counting hundreds of items in a considerably short time. This feature can
prove useful for industrial applications where the number of items is high
but the range of values is limited, such as battery recycling (for bin packing)
or fixed tray weight sorting in food processing (bin covering). When this
is not the case, our formulations allow for problem simplification by means
of merging equivalence classes that still provides a close to optimal solution,
while dramatically reducing the computation time. Moreover, the concept of
skinny /fit packages can constitute a solid base to improve existing specific-
purpose algorithms such as those given by [3], which we intend investigate
further.
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Table 2: Set of generated instances solved using the standard formulation for both the packing and the covering

problem. The size of the instances ranges from 10 to 70 items and the target value from 300 to 900. The
median time is reported (calculated over the solved instances) as well as the lower and upper quartile and the
number of instances that timed out. The timeout is set to 1200 seconds. If no instance for a given category
is solved, the cell is marked with the symbol -’

COVERING STANDARD

300 100 500 600 700 800 900
wed. low  upp  TO  wmed.  low  upp  TO wmed.  low  upp  TO med. low upp TO  med.  low  upp  TO med. low upp  TO med. low upp TO
10000 0.00 0 0.00 000 0 000 000 000 0 000 000 000 0 000 000 000 O 000 000 000 0 000 000 000 0
20 0.00 0.00 0 0.00 000 0 000 002 0 000 0.00 000 0 000 000 000 O 000 000 000 0 000 000 000 0
30 001 001 4 0.01 001 0 009 958 4 001 001 001 0 001 001 00l 0 00l 001 00l 0 00l 001 002 0
10 006 002 7 0.01 001 0 1395 2274 12 001 001 002 0 001 001 00l 0 004 001 008 0 00l 001 00l 0
50 007 0.03 3 0.46 051 0 2622 5481 11 0.02 002 002 0 0.02 002 0 042 012 248 6 002 001 0
60 017 012 15003 003 0 3275 11626 13 0.03 002 003 0 0.03 010 0 - - -2 002 0.02 0
70 017 015 6 0.90 274 0 1280 23656 11 004 003 004 0 0.03 007 4 - - - 25 003 003 0

PACKING STANDARD

300 400 500 600 700 800 900
med. low wupp  TO med. low upp TO med. low wupp TO med. low upp TO med. low upp TO med low upp TO med. low upp TO
10000 000 000 0 000 000 000 0 000 000 000 0 000 000 000 0 000 000 000 O 000 000 000 0 000 000 000 0
20 006 001 010 0 005 003 008 0 002 000 003 0 000 000 000 0 000 000 000 O 000 000 000 0 000 000 000 0
30 001 001 023 0 018 012 026 0 008 000 0L 0 000 000 00l 0 000 001 001 0 000 000 000 0 000 000 002 0
10 385 040 3068 0 076 049 198 0 113 033 209 0 00l 00l 006 0 195 012 514 15 001 001l 001 0 00l 00l 001 0
50 1833 897 8204 6 676 115 2146 0 375 100 495 0 002 002 002 4 456 306 969 16 001 001 00l 0 00l 001 00l 0
60 3058 010 17001 1l 2077 308 4042 7 761 544 1396 0 007 0.04 022 0 7961 1825 12053 15 001 00l 00l 0 005 003 016 0
700 102 010 4492 13 47365 5334 560.20 8 1992 1606 27.06 0 004 0.04 004 3 15392 2000 34386 13 0.02 002 002 0 002 002 003 4
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Table 4: Comparison of the optimal solution and solving time (in seconds) with
respect to the number of generated packages for an instance of 200 items
solved with both packing and covering method when varying the number of
classes (Cl.) by simplifying the original instance. The instance is evaluated
for target values of 450 and 525 and deviation values of 10 (top part of
the table) and 90 (bottom part).

CL COVERING PACKING

Standard Deviation: 10

450 525 450 525

Packages Optimum Time Packages Optimum Time Packages Optimum Time Packages Optimum Time

15 62999 65 047 181800 50 210 8964 67 0.08 15969 65 0.26
10 14616 65 035 118804 50 143 6768 67 0.07 11525 65 0.20
35 26057 6 0.19 72368 50 0.50 137 67 0.01 7814 6 0.12
30 15931 65 0.10 39935 50 028 2486 67 0.03 1955 66 0.03
25 8154 65 0.08 19788 50 0.3 1566 67 0.02 2025 66 0.02
20 3742 65 0.03 8621 50 0.05 807 67 0.00 1540 66 0.01
15 1512 65 0.01 3061 50 0.02 411 67 0.00 681 66 0.00
10 145 61 0.00 715 50 0.00 106 68 0.00 220 66 0.00
Standard Deviation: 90
450 525 450 525

Packages Optimum Time Packages Optimum Time Packages Optimum Time Packages Optimum Time
80 540384 66 9.09 2151042 56 53.90 47068 67 052 219327 57 3.77
75 438155 66 640 1683682 56 41.53 38026 67 037 173769 57 544
70 : 65 377 1222000 56 3351 33502 67 025 143324 57 224
65 65 180 825052 56 15.09 25168 67 0.18 99023 57 6.27
60 181567 65 190 647241 56 13.17 18370 67 0.09 67044 57 2.02
55 130228 65 126 450641 56 811 14857 67 0.08 52659 57 119
50 82868 65 069 293594 56 2.56 10848 67 0.07 36831 57 0.73
15 67720 65 044 216105 56 3.28 7912 67 0.07 25138 57 047
10 10267 65 023 128418 56 1.95 5988 67 0.04 18789 57 0.16
35 25221 65 019 77116 56 0.76 3583 67 0.02 10421 57021
30 14716 65 0.09 42137 56 0.46 2579 67 0.02 7217 57 013
25 7903 65 0.05 21239 56 0.26 1491 67 0.02 3650 57 0.03
20 3635 65 003 8834 56 0.05 826 67 0.01 1904 58 0.01
15 1437 65 0.01 3149 55 0.02 310 68 0.00 674 58 0.01
10 344 61 0.00 677 54 0.00 112 69 0.00 213 59 0.00
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