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Spontaneous parametric down-conversion (SPDC) has been a key enabling technology in exploring
quantum phenomena and their applications for decades. For instance, traditional SPDC, which splits a
high-energy pump photon into two lower-energy photons, is a common way to produce entangled photon
pairs. Since the early realizations of SPDC, researchers have thought to generalize it to higher order, e.g., to
produce entangled photon triplets. However, directly generating photon triplets through a single SPDC
process has remained elusive. Here, using a flux-pumped superconducting parametric cavity, we
demonstrate direct three-photon SPDC, with photon triplets generated in a single cavity mode or split
between multiple modes. With strong pumping, the states can be quite bright, with flux densities exceeding
60 photons per second per hertz. The observed states are strongly non-Gaussian, which has important implica-
tions for potential applications. In the single-mode case, we observe a triangular star-shaped distribution
of quadrature voltages, indicative of the long-predicted “star state.” The observed state shows strong third-
order correlations, as expected for a state generated by a cubic Hamiltonian. By pumping at the sum frequency
of multiple modes, we observe strong three-body correlations between multiple modes, strikingly, in the
absence of second-order correlations. We further analyze the third-order correlations under mode trans-
formations by the symplectic symmetry group, showing that the observed transformation properties serve to
“fingerprint” the specific cubic Hamiltonian that generates them. The observed non-Gaussian, third-
order correlations represent an important step forward in quantum optics and may have a strong impact
on quantum communication with microwave fields as well as continuous-variable quantum computation.

DOI: 10.1103/PhysRevX.10.011011

I. INTRODUCTION

For over 30 years, spontaneous parametric down-con-
version (SPDC) has been a workhorse for quantum optics.
Famously known as a process which generates photons in
pairs from a single pump, it has had a crucial role in
fundamental tests of quantum theory [1-3] as well as many
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applications in quantum information processing [4—6].
Spanning frequencies from optical to microwave, SPDC
has a central role, for instance, in quantum-limited ampli-
fiers [7] and sources of nonclassical light, including
squeezed states [8,9], Fock states [10], and entangled
photon pairs [11]. This broad and important set of phe-
nomena has been referred to as “two-photon quantum
optics” [12,13]. From early days, generalizations of the
standard two-photon SPDC have been explored, but this
endeavor has proven difficult both theoretically [14-23]
and experimentally [24,25].

Even the pursuit of the next-order, three-photon SPDC
which would create photon triplets, has gone on for decades
[26-29]. This process has been studied theoretically in the
context of generalized squeezing [14,16,30], where the

Published by the American Physical Society
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quantum vacuum is shaped by the action of nonquadratic
Hamiltonians [31]. The non-Gaussian nature of these
higher-order squeezed states could make them a resource
for universal quantum computation with linear optics
[32-35]. In particular, cubic squeezing is one path to
generate the ‘“magic” cubic-phase state of Gottesman,
Kitaev, and Preskill [36] that enables error correction in
continuous-variable quantum computing. Three-photon
SPDC has also been studied as a source of more sophis-
ticated, three-photon entangled states, such as Greenberger-
Horne-Zeilinger states [37], as well as heralded entangled
pairs [38]. These states would be useful, e.g., for novel
quantum communication protocols such as quantum secret
sharing [39]. Despite the great potential of multiphoton
down-conversion and generalized squeezing, their exper-
imental demonstration has remained elusive. The majority
of the experimental work has been done in the optical
frequency domain, where the relatively weak nonlinearities
of optical materials present significant experimental chal-
lenges. It has more recently been realized that the strong
nonlinearity of Josephson junctions facilitates a range of
experiments in the microwave domain that are very
challenging in the optical domain.

Following this theme, we report an experimental imple-
mentation of three-photon SPDC, in the microwave
domain, producing generalized squeezed states, in particu-
lar, trisqueezed states. This implementation is done using a
flux-pumped, superconducting parametric resonator. By
the choice of pump frequency, we can alternately produce
degenerate three-photon down-conversion to a single mode
or nondegenerate three-photon down-conversion to three
distinct modes. Furthermore, we can produce a hybrid
version to two modes, where two photons are degenerate
and one is nondegenerate. Our triplet source is bright,
producing a propagating photon flux with a flux density
controllable from less than 1 to greater than 60 photons per
second per hertz over a bandwidth of hundreds of kilohertz,
comparable to ordinary two-photon down-conversion
(TPDC) experiments [40,41]. The high flux allows us to
perform a detailed analysis of the novel phase-space
distributions and strongly non-Gaussian statistics of the
states. For instance, we clearly see strong three-body
correlations in the absence of normal two-body correlations
(covariance). The symmetry properties of these correlations
allow us to “fingerprint” the Hamiltonians that created
them, clearly demonstrating that states are generated by a
family of pure cubic Hamiltonians with little contamination
from typical quadratic processes. These results form the
basis of an exciting new paradigm of three-photon quantum
optics.

II. BACKGROUND

Since the first applications of SPDC were realized
with a quadratic Hamiltonian, generalizing squeezing with
higher-order Hamiltonians has been a topic of intense

research [14,16,18]. In the case of single-mode SPDC,
a generalized squeezing process can be described by the
kth-order SPDC Hamiltonian

H = hg(ad* + aa'™),

where o represents the pump (under the parametric
approximation), ¢, is the kth-order coupling constant,
and a is the annihilation operator of the single mode.
First discussed in the literature in the mid-1980s, early
work [14] concluded that generalized squeezing processes
were unphysical. Subsequent work [16] showed that the
issues were mainly mathematical and calculated the first
phase-space distributions of generalized states using novel
analytical continuation techniques. It was also later shown
that the apparent divergences that appeared under the
parametric approximation were removed when the pump
was quantized [18]. Despite the early theoretical chal-
lenges, continued research was motivated by the novel non-
Gaussian statistics and nonclassical properties, including
Wigner negativity [19], absent in conventional squeezed
states but predicted in the higher-order squeezed states.
These many-photon states continue to be attractive and
potentially useful in various quantum information process-
ing applications.

Meanwhile, the experimental implementation of an
elementary SPDC process capable of generating three or
more photons has remained an outstanding challenge [42].
In the optical domain, experiments using cascaded SPDC
and photon generation by a quantum dot have successfully
generated three-photon correlations [37,38,43]. However,
the triplet generation rate in these schemes is small, making
a detailed analysis of the three-photon states or the under-
lying Hamiltonian difficult. These schemes also lack
explicit control over the down-converted frequencies,
which make it difficult, for instance, to generate single-
mode photon triplets. In the microwave domain, classical
period-tripling parametric oscillations have recently been
demonstrated with a parametric superconducting cavity,
with a third-subharmonic oscillation observed when a
strong flux pump is applied [44]. There have also been
recent theoretical studies of quantum effects in period-
tripled parametric oscillators [45].

Superconducting parametric cavities and resonators,
based on superconducting quantum interference devices
(SQUIDs), are an important device family widely used for
applications requiring TPDC [40,46,47]. In these devices,
leading-order terms of the full cosine nonlinearity of the
SQUID are used to generate two-photon down-conversion.
As described below in more detail, for this work, we
modify and extend these devices to access higher-order
nonlinearities of the SQUID.

Our device is a quarter-wavelength coplanar waveguide
resonator terminated by a SQUID at one end, with the other
end capacitively overcoupled (Q = 7000) to a nominally
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Zy =50 Q line. The fundamental mode has a relatively
low frequency of around 1 GHz such that there are three
higher-order modes accessible within our 4-8 GHz meas-
urement bandwidth. Impedance engineering [41,48,49] is
used to make the mode spacing nondegenerate, yielding
mode frequencies of approximately 4, 6, and 7 GHz.
Parametric processes are driven by a microwave pump
inductively coupled to the SQUID, modulating the boun-
dary condition of the cavity. By exploiting kinetic induct-
ance (Fig. 1) and other improvements, we increase the
pump coupling by roughly 30 dB compared to previous
designs [49], a crucial element in realizing higher-order
parametric processes.

Many of the parametric cavities and resonators described
above employ a nominally symmetric SQUID, where the
two Josephson junctions that comprise the SQUID are
designed to have the same Josephson energy. This sym-
metry comes with various advantages such as maximizing
the frequency tunability of the cavities. However, it also
suppresses cubic interactions between the cavity modes due
to the even symmetry of the pure cosine nonlinearity of the
symmetric SQUID. To access cubic (odd) nonlinearities,
we must therefore break the symmetry of the SQUID. To
understand this requirement in more detail, we can write the

FIG. 1. Meandered SQUID design with improved pump cou-
pling. The narrow, meandered path is shared between the SQUID
and the ground plane of the pump line. The kinetic inductance of
the meander then directly couples the pump current in the ground
plane to the SQUID phase. The center conductor of the pump line
is narrowed to reduce its magnetic coupling to the SQUID, which
contributes with the opposite sign of the kinetic coupling.
Following microwave simulations, a mirrored structure is pat-
terned in the top ground plane, such that the ground current
divides evenly between the two ground planes. Compared to
previous designs, we find a reduction in the pump strength
required for TPDC by 3 orders of magnitude. The reduction
greatly reduces the spurious effects of strong pumping and is
critical to realizing three-photon down-conversion.

general sinusoidal Hamiltonian of an asymmetric SQUID,
coupling the cavity flux ®,,, to the external pump flux O,
as

HSQ = EJ(qA)ext) COS(ZII,'(IA)CEW/(DO -a), (1)

A

- d
E;(Dey) = \/ Ej, + Ej, +2Ej Ej,cos (2nqj;‘) . (2)

o E,,-E
a = arctan {tan ( e’“) M} (3)

@) ) E;+Ej,

E;(®,) is the flux-dependent Josephson energy of the
SQUID [Eq. (A5)]. E; is tuned by the external flux
<I>ext <I> + @y, composed of the ac pump flux and
dc flux blas E;; are the Josephson energies of the
individual junctions. a is the effective cavity flux bias
arising from the SQUID asymmetry, which is necessary to
access the cubic nonlinearity of the SQUID. For the
experiments presented here, we choose the ratio of the
SQUID junction areas to be 1:1.7.

We would now like to understand how the external pump
affects the cavity modes. We start by expanding E ;(®,,,) to
leading order in Cbp around the working point @y;,.
Assuming the pump to be a large-amplitude coherent state,
we further apply the parametric approximation to the pump,
representing it by the classical amplitude f,. By now
expanding the sinusoidal potential Eq. (1) in <i>cav, we arrive
at the approximate SQUID Hamiltonian

HSQNZH/{ ﬁthgk a1+a1+a2—|—a2—|—a3+a3) s

4)

where the usual bosonic operators a; and &IT correspond to
the three cavity modes considered, with resonant frequen-
cies f;. The familiar quadratic interactions, which produce
TPDC, arise from keeping just the k =2 term of this
expression [50], which is the lowest nonvanishing order if
the SQUID is symmetric. For clarity here, we have omitted
Kerr terms which are stationary in the lab frame, consid-
ering them instead in the Appendix A.

This Hamiltonian obviously contains a wide variety of
quadratic, cubic, and higher-order terms. However, the
presence of the pump gives us great flexibility in selectively
enhancing the strength of certain desired terms. In the
interaction picture, the various terms of A sq have distinct
time dependencies, oscillating at frequencies such as 3f
for the term &;. With the appropriate choice of pump
frequency f, and the application of the rotating-wave
approximation, we quickly see that we can selectively
activate a desired set of parametric processes between the
cavity modes, including cubic interactions (Appendix A 3).
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TABLE 1.

Cubic SPDC Hamiltonians explored in this work. Each row represents a distinct process and individual experiment, where

we pump the SQUID at the specified frequency, driving three-photon down-conversion to one, two, or three cavity modes. We choose
which Hamiltonian to explore simply by setting the pump frequency.

Frequency [GHz]

SPDC Combinations Pump Mode 1 Mode 2 Mode 3 Effective Hamiltonians
Single-mode  f,; =3 x f, 12.6 42 : Him = hy(ai +a7’)
Two-mode f=2xfi+f 14.5 4.2 6.1 e Hay = hg(dla, + 4}*a))
Three-mode f=fitfat+fs 17.8 42 6.1 7.5 Hayy = hg(a,aya; + &l abal)

Importantly, as is standard in the parametric approximation,
the terms with time dependencies that match the pump
frequency have their strength enhanced by the pump
amplitude; that is, they have an effective interaction strength
|9 = |B,|9x- Together with cavity modes that can be easily
designed, this device gives us a rich toolbox of both
conventional and novel parametric processes, which can
be explored with a high degree of flexibility. In this work, we
limit our discussion to cubic Hamiltonians that produce
three-photon SPDC, generating photons in one, two, and
three modes. These Hamiltonians and their corresponding
pump frequencies are shown in Table I (see Appendix A for
derivations). We note that we observe other Hamiltonians,
such as three-photon generalizations of beam-splitter inter-
actions [51], but we do not explore them here.

III. MEASUREMENTS
A. Three-photon SPDC to a single mode

By pumping at the appropriate frequency, we experi-
mentally realize the three cubic SPDC Hamiltonians listed
in Table I. We measure the propagating output state of the
cavity by first amplifying it with a cold HEMT amplifier
and then a room-temperature amplifier chain. The system is
absolutely calibrated using a shot noise tunnel junction, as
described in detail in Ref. [41], giving calibrated values for
the system gain, the system noise temperature, and the
physical temperature of the input state. The amplified
signal is split at room temperature, and the three modes
are measured simultaneously using heterodyne detection,
giving the field quadratures for the modes. In the rest of the
paper, we denote the raw, room-temperature quadratures as
1=+vG(a+a") and Q = —V/Gi(a—a') and the cali-
brated quadratures, referred to the output of the cavity, as
$=a+a" and p=—i(a—a'). The scaling factor G
includes the calibrated system gain. To quantify the
down-converted signal emitted by the cavity, we define
the photon flux density F(w) defined by (&' (w)a(w')) =
F(w)é(w — o), which is the average number of photons per
second per hertz propagating in the transmission line.

We start by exploring three-photon SPDC to a single
cavity mode. We use the mode at approximately
f1 =4.2 GHz, by applying a pump tone at 3 times the
cavity mode frequency, i.e., f, = 12.6 GHz. This process

activates the Hamiltonian H ;; in Table I. The effects of this
single-mode Hamiltonian have been theoretically studied
the most among the three Hamiltonians in Table I
Reference [19] predicts that phase-space interference
between the down-converted photon triplets leads to a
highly non-Gaussian Wigner function with the profile of a
three-pointed star, with the three arms having triangular
symmetry. Because of this distinct pattern, this single-mode
trisqueezed state is also called a star state [16].

To look for experimental evidence of the star state,
we start by simply examining phase-space histograms of
the calibrated quadratures of the cavity output at f. The
cavity input state is near vacuum, at a calibrated temperature
of 30 mK. Figure 2 shows the results for two different
pump strengths. Figure 2(a) shows the histogram of a
strongly pumped state with ' = 66. For this bright state,
the triangular symmetry of the generated state is readily
apparent, even on top of the Gaussian system noise
measured at F' = 35, illustrating the strong cubic interaction
achieved. In Fig. 2(b), we also show data for a weakly
pumped state with F' = 1. In this case, the raw histogram is
dominated by the system noise. However, the triangular
symmetry of the state can still be observed when we subtract
the (unpumped) system noise histogram from the pumped
signal histogram.

Clearly, the phase-space distributions of our single-mode
trisqueezed states are radically different from a two-photon
Gaussian squeezed state, which we expect to lead to very
different statistics. We use these statistics to make a more
quantitative comparison between the theoretical predictions
and our experimental results. Generally, we expect higher-
order moments beyond the second-order variance and
covariance to be significant. In particular, as we expect
our interaction Hamiltonians to be cubic, three-point corre-
lators are of interest. Accordingly, we quantify the non-
Gaussian character of our measured quadratures using the
third standardized moment, also called the skewness, which
for the random variable y is given by y(y) = [(y — 7)* /03],
where the overbar represents the expectation value, y is
the mean, and 05 is the variance of y. (Below, we generally
assume y = 0.) Roughly, the skewness measures the
asymmetry of the distribution of y and is zero for
Gaussian variables. We note that, in what follows, we use
the notational convention that, e.g., x represents a classical
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FIG. 2. Measured histograms of trisqueezed states in a single mode. (a) A histogram of a bright trisqueezed state with F' ~ 66. The
triangular symmetry of the histogram is apparent, clearly indicating its non-Gaussian character. The inset shows the projection of the 2D
histogram onto the x quadrature, which displays a significant amount of asymmetry (skewness), despite the system noise. (b) A
histogram of a trisqueezed state with F' =~ 1 after subtracting the system noise histogram. The triangular symmetry is still apparent
despite the low photon flux. (c) A polar plot of the skewness y,, of the generalized quadrature x,, (see the text) as a function of the phase
angle ¢, showing data and theory. The small rotation of y,, is caused by a relative phase between the microwave pump and the local
oscillator of the heterodyne receiver. The theory curve is normalized to the maximum experimental value and rotated appropriately but
otherwise has no adjustable parameters. The plot is produced from the same raw data as (b) but without subtracting the system noise.
This statistic essentially measures the asymmetry of the quadrature distribution with respect to the symmetry axis perpendicular to x,,.
We see that the triangular symmetry of the underlying state is very visible even though it is completely obscured in a histogram of the
raw data, which suggests that y,, is a good way to analyze the non-Gaussian character of our trisqueezed states. This approach is

particularly effective because the skewness of the Gaussian system noise is zero (within our measurement error).

measurement record associated with the observable operator
%. Furthermore, we take quantities like (x*) to represent
classical time averages of measurement records, while (2?)
represents the quantum correlator.

Looking at Fig. 2, it is clear that our measured quadrature
distributions are asymmetric but also that the asymmetry is
not invariant under phase rotations. That is, the skewness of
X and p is not generally the same. To study the trans-
formation properties of the skewness, we can define the
generalized quadrature X, = X cos ¢ — p sin . We can then
study the skewness of the measurements of %,,, defining for
simplicity y,, = y(x,,). Essentially, y,, measures the asym-
metry of the quadrature distribution with respect to the
symmetry axis perpendicular to the direction of X,. We can
also associate y,, with the three-point quantum correlator
<5€?0> Figure 2(c) shows a polar plot of y,, as a function of ¢,
for the data measured with F = 1. Unlike Fig. 2(b), we do
not subtract the amplifier noise before calculating y,,, as the
amplifier noise is expected to be symmetric and not
contribute. We can make a number of comments on
Fig. 2(c). First, we see that the signal-to-noise ratio in
measuring y,, is quite good, despite it being a higher-order
statistic. Second, we see that the triangular symmetry of the
underlying state is quite apparent even though, in the raw
data, it is completely obscured by the amplifier noise.
Next, we can conclude from the strong nodes near
¢ = (2z/3)(n + 1/2) that the skewness of the amplifier
noise is indeed small. Finally, we can observe that the

nodes correspond to angles where the symmetry plane
aligns with a lobe of the star, while the antinodes corre-
spond to the symmetry plane being perpendicular to a lobe.
Overall, we observe that measuring y, appears to be a
useful way to characterize the non-Gaussian character of
the single-mode trisqueezed states.

B. Three-photon SPDC to multiple modes

Now, we look at multimode trisqueezed states. As
previously mentioned, this includes two-mode states and
three-mode states. Once again, these states can be produced
by the appropriate choice of the pump frequency, naturally
given by the conservation of energy (see Table I). Similar to
the single-mode trisqueezed state, we expect significant
third-order statistics in the output states. Thus, we sta-
tistically characterize the two-mode and three-mode tris-
queezed states using the so-called coskewness of A, B, C
defined as y4pc = ABC/(c4056¢), here assuming the
measurements are mean zero. Now, we can associate this
statistical measure with the three-point quantum correlators
<AB C‘), where A, B, and C are some quadratures of the
multimode trisqueezed states.

While pumping, the amplified output signal of the cavity
is split at room temperature and the three modes measured
simultaneously by three digitizers to obtain the multimode
field quadrature data. Motivated by standard two-photon
SPDC, we start by looking for covariance between each
pair of modes. However, we observe no covariance
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between any pair of the modes in either the two-mode or
three-mode case, as shown in Fig. 3. Instead, we find
significant coskewness between the signals (see Figs. 3
and 4). To verify that the observed coskewness is a coherent
process related to the pump, we sweep the pump phase and
compute the covariances and coskewnesses, as shown in
Fig. 3 for both the two-mode and three-mode cases. We see
that the coskewness oscillates with the pump phase
between positive and negative extremes, while the covari-
ance remains unchanged at zero. This observation of
coskewness (three-body interactions) in the absence of
covariance (two-body interactions) is a striking and
extremal observation of non-Gaussian statistics in both
the two-mode and three-mode cases. Furthermore, in the
three-mode case, it clearly demonstrates three-photon
interference, which has only very recently been observed
in any system [37,38].

With a total of six quadratures, there are a number of
two-mode and three-mode coskewnesses that we can

o (L)
0.03 = F 0.03
o
2 0.02 A F0.02 ~
Q Q
£ 001 001 §
Q =5
% 000 Fa - 0.00 £
3 8
-0.01 F-0.01
0.02 F-0.02
-0.03 7 Two mode r-0.03
rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrorT
-2n - 0 T 2n
Pump phase [rad]
o Ll
0.03 - = (1Q) [ 0.03
N
» 0.02 o - 0.02
¢ o o
£ 001+ 001 2
Y =
% 000 posfoscc 4 Foood Roosgsat 000 E
(e}
© 001 F-001 ©
-0.02 F-0.02
-0.03 F-0.03
rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrorT
-2n -T 0 T 2n
Pump phase [rad]
FIG. 3. Covariance and coskewness of three-photon SPDC to

(top) two modes and (bottom) three modes measured at room
temperature. In the two-mode case, we have a degeneracy
between two of the three generated photons. This degeneracy
leads to one mode participating twice in the nonzero coskewness
term. For our choice of pump phase, the only significant
coskewness terms are then (I21,) and (Q31,). In the three-mode
case, the only nonzero coskewness term must contain all three
modes, e.g., (I;1,15). To show that the observed coskewness is
coherently generated by the pump, we sweep the pump phase
from —27z to 2z and observe the effect. We see a clear oscillation
in the coskewness. The oscillations are fit well by a sinusoid.
Meanwhile, all covariance terms are essentially zero throughout
the sweep, indicating that the generated states do not contain
second-order correlations.

compute. Figure 4 shows several of them. In the two-mode
case, we have a degeneracy between two of the three
generated photons; that is, two photons will go to one of the
modes. Therefore, we expect that only terms such as (I31,),
where one mode participates twice in the coskewness, will
be nonzero. In the three-mode case, where one photon goes
to each mode, we expect that the only nonzero coskewness
terms should contain all three modes, e.g., (I;1,13). This
prediction is exactly what is observed.

In an attempt to impose structure on the myriad three-
body correlators, we now look to generalize the phase
rotation analysis used in Fig. 2(c). We take as transforma-
tions to study the set of symmetry operations of an N-mode
Gaussian state, which forms the symplectic group [52], and
are generated by quadratic Hamiltonians. The symplectic
group includes squeezing operations which create or destroy
photons, but we restrict ourselves to the passive operations
of the group. These operations form a unitary subgroup and
include phase rotations of a single mode, with generators

such as sz&i + &,-&IT, and beam-splitter rotations between
modes, with generators such as &IT& i+ &,-&;. Importantly,
we expect different cubic Hamiltonians to have different
transformation properties under these operations.

0.04
«» 0.024
172]
Q
5
2 000 [
-~
172
(=}
@]
-0.02
-0.04
T T T T T T T T T L
OLL) (QQQ) (LLL) (LQ) (L) QQ) QL) (LLL) (QLL) (QQL)
0.020
2 0.015
Q
=]
g
5 00104
17]
o
@)
0.005
0.000 T T T T T T T T T

T
<Il]lll> <[2[ZIZ> <13]3[3> <[IIII2> <]l]l[3> <1I1212> <]l]2[3> (IIIJIJ) <121313> (IZIZIJ>

FIG. 4. Measured coskewness in (top) the two-mode case and
(bottom) the three-mode case. In the two-mode case, we consider
the three quadratures 1 1> Ql, and 22 as a representative sample.
The pump frequency is chosen such that mode 1 is the degenerate
mode. Accordingly, we expect only (I21,), (Q31,), and (I,Q,1,)
to be nonzero, which is what is observed. Their relative values are
determined by the pump phase [Eq. (B5)]. In the three-mode case,
we consider the | quadratures of all three modes. As expected, the
only nonzero term includes all three modes, i.e., (I;1,13).
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With three modes, we have six quadratures, implying a
6D phase space to explore. The symplectic operations can
then be represented by 6 x 6 matrices, which can be
written as transformations between the quadratures. In
order to illustrate the transformation properties with a
3D figure, we project into a three-quadrature subspace.
The transformations then become generalized rotations
between the three chosen quadratures. Collecting the
quadratures into a 3-vector, we can explore arbitrary
combinations of the quadratures by apply a series of two
rotations according to

where R; are standard 3D rotation matrices with the rotation
axis specified by the subscript. After the rotations, we
consider the generalized quadrature

Ay = cos(¢) cos(9)A — sin(¢)B + cos(¢) sin(0)C  (6)

and compute its skewness y 49, which, in general, is a mix of
all of the possible three-point correlators of the three
quadratures. Generalizing the one-mode case, we can think
of y 49 representing the asymmetry of the 3D distribution of
measured quadratures with respect to the symmetry plane
perpendicular to the direction of qu‘g.

In Fig. 5, we show spherical plots of y,, as a function

(Agor Byo- Cpo)' = Re(d) x Rp(0) x (A, B,C)', (5)  ofge [0, 7] and ¢ € [0, 27] for both the two-mode and

(a) 0=0,0=0 (b) 0=0,06=0 ©) 0=0

¢=0

vl 3

O Experiment|
—— Theory

(d) () 0=0 6 =061

ol 3

O Experiment
—— Theory

FIG. 5. Third-order correlation analysis of multimode trisqueezed states. Rows 1 and 2 show results for, respectively, the two-mode
and three-mode trisqueezed states, generated by I:IZM and ﬁI3M. The spherical plots show 7,4, which is the skewness of the generalized
multimode quadrature A¢g [see Eq. (6)], which mixes the mode quadratures through symplectic symmetry operations. The 6D phase
space of the three modes is projected into a 3D space for the purposes of visualization. Generally, y,, combines the contributions of the
skewness and coskewness of the three modes involved in each case. (a) Experimental data for the two-mode case, with a maximum
skewness of 0.057. (b) The theoretical prediction for the two-mode cubic Hamiltonian H,y;. The clear agreement shows that the
observed state is generated by that specific Hamiltonian. (c) A plane cut of the spherical plots through the plane at ¢» = 0. The theory
curve is normalized to the maximum experimental value, but otherwise the theory has no adjustable parameters. There are no lobes
apparent on the right half of the plot, because y,, is negative for ¢ € [z/2,37/2], causing these lobes to overlap those of
¢ € [-r/2,x/2]. (d) Experimental data for the three-mode case, with a maximum skewness of 0.024. (e) The theoretical prediction for
the three-mode cubic Hamiltonian H5y;. (f) A plane cut of the spherical plots through the plane at ¢p = 0.61 (35°). Again, we see a clear
agreement between the observed state and the target Hamiltonian. In particular, the antinodes (lobes) of y4, appear only at angles where
all three modes are mixed, as expected for genuine three-mode interference.
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three-mode cases. Explicitly, for the two-mode case, we
chose A =1;, B= Q;, and C = I,. The transformation
specified by Eq. (5) is then first a beam-splitter rotation by
6 between mode 1 and mode 2, followed by a phase rotation
of mode 1 by ¢ (which mixes / and Q). In the three-mode
case, wehave A = I;, B = I,, and C = I3, such that Eq. (5)
describes two beam-splitter rotations among the three
modes, first coupling mode 1 and mode 3 and then modes
1 and 2. Figure 5 shows the experimental results for y,
along with theoretical predictions for the states produced by
the Hamiltonians H,y; and A5y in Table I. We include
details of the theoretical predictions in Appendix B. We
remark that the agreement between the theory and experi-
ment is very good. We see that different processes produce
very different shapes for y 9, which usefully fingerprint the
underlying Hamiltonians and allow us to see in a clear,
visual way how cleanly we generate one Hamiltonian
compared to another.

As an example, we can consider the three-mode case.
A first important feature we note is that y 49 has nodes in the
three planes defined by the pairs of axes, that is, the planes
where we alternately fix p =0, ¢p = /2, and 6 = z/2. We
can understand the presence of these nodes by noticing that
in these planes at least one of the modes is excluded from
the generalized quadrature A[ﬁ‘g. That is, this observation
tells us that two-mode correlators such as (I21,) and single-
mode correlators such as (I3) are zero, exactly as we would
expect for a state generated by the pure three-mode
Hamiltonian Hy. Conversely, the antinodes (lobes) cor-
respond to the angles where the contribution of the three-
mode correlator (I,1,13) are maximized. The pattern
therefore tells us both that we have activated Hsy and
that we have nor activated Hy nor H,y. We note
separately that this is strong evidence that we are observing
genuine three-mode interference.

We can understand the structure of the two-mode state in
Fig. 5(a) in a similar way. First, recall that, for our specific
choice of pump frequency (see Table I), we expect that we
are creating two photons in mode 1 and one photon in mode
2. We can then consider the behavior in the ¢p = 0 plane,
also highlighted in Fig. 5(c). We see clear nodes at
0 = 0(x/2), where we are calculating the single-mode
skewness of 1,(1,) alone, in agreement with our expect-
ations. Instead, y,o is maximum around € = z/4 and
0 =37/4, where I, and I, are maximally mixed, and
we get the maximum contribution from the two-mode
correlator (I31,). As above, this fingerprint nicely indicates
that we are, in this case, activating H,y\; but not Hy. We
note that the expected lobes at @ = 57/4 and 6 = 7x/4 are
missing at first glance, but, in fact, they overlap the lobes at
0 = x/4 and 0 = 3r/4, because the sign of y,y becomes
negative. The structure in the 6 = z/2 plane can be
explained in a similar way, except there we are mixing
Ql and ? 2.

We can generate several more of these projections of the
6D phase space into 3D, but it is already clear from these
two examples that the structure of y,y is a useful way to
characterize the output state. In particular, with a library of
the possible forms generated by different cubic
Hamiltonians, we can quickly see which one is generating
the observed state. By observing the relative depth of nodes
compared to the antinodes, we can also appreciate how
purely we generate just a single member of the cubic
Hamiltonian family. For instance, for the three-mode data
shown in Fig. 5(d), this ratio is approximately 1074,
indicating a high degree of purity.

C. Correlation feed-forward

In this section, we explore more deeply the striking
feature that our observed three-photon states exhibit three-
mode correlations (skewness) in the absence of two-mode
correlations (covariance), which is in strong contrast to the
conventional two-photon states and Gaussian states gen-
erally. An interesting experimental observation in this
direction is that, while the three-mode trisqueezed state
does not show covariance between any pairs of modes
when starting from a vacuum state, we observe that by
seeding one of the three modes with a weak coherent tone
the noise power emitted from the other modes is enhanced
and that it then has nonzero covariance. Similarly, in the
two-mode trisqueezed state, by seeding the mode partici-
pating only once, i.e., mode 2, we observe the emission of
squeezed noise from the other mode. These results can be
understood from the point of view of dynamical constraints
imposed by the conservation of energy. In the standard two-
photon case, signal and idler photon pairs are constrained to
have a symmetric detuning around f,/2. In the rotating
frame at f,/2, the phasors of the signal and idler photons
precess at the same frequency, but in opposite directions,
such that the axis (phase) of the sum phasor is stationary in
time and the same for all pairs. This preferred phase gives
rise to the observed covariance between the signal and idler
modes. In the three-photon case, we have three free
frequencies (energies) with no fixed relation between them
for any pair of photons, washing out the two-mode
correlations. Seeding effectively fixes one photon fre-
quency in the resulting stimulated emission, leaving a
fixed relation between the other two, which produces
correlations similar to two-photon SPDC.

This argument suggests that, by having information
about one mode, it should be possible to reveal the two-
mode correlation of the remaining modes. That is, by
conditioning our measurements of the remaining modes on
the measurement of the first “reference” mode, we should
be able recover a conditional distribution with two-mode
correlations. To validate our hypothesis, we perform the
following “correlation feed-forward” protocol. First, we
estimate the phase of the reference mode for every sample
period using the standard relation ¢her = tan™"' (Qrer/Ier).-
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Reference mode

1

Mode2 — (A Ry 12
M ref

Mode 3 —— (A Ry
M refs

FIG. 6. A cartoon of the correlation feed-forward protocol for
the three-mode trisqueezed state. This scheme tests our hypoth-
esis on the conditional structure of two- and three-mode corre-
lations. In the three-mode protocol shown here, we first measure
the local phase of the reference mode (mode 1 in this example),
followed by applying a rotation by ¢, /2 on the other two modes.
The result is an observable correlation between mode 2 and mode
3 with the characteristic structure of two-photon SPDC, i.e., two-
mode squeezing.

(Our data are sampled at 1 MHz, corresponding to an
integration time of 1 us.) We then rotate the quadratures of
the remaining modes using ¢, as illustrated in Fig. 6. The
action of the phase rotation can again be explained by
energy conservation: as the frequencies of the three photons
must sum to f,, a small frequency shift (6fr) from the
center in the reference mode needs to be compensated by
changes in the other two modes. In the three-mode case, we
use mode 1 as the reference and apply rotations by ¢;/2 to
modes 2 and 3. Table II shows the resulting correlations
recovered.

We also apply the protocol to the two-mode trisqueezed
state, using mode 2 as the reference. After doing this
process, we see squeezing effects in mode 1 with a ratio in
the variance of X to p of 1.11, compared to 1.00 without
the feed-forward. To visualize the effect of the correlation
feed-forward protocol, in Fig. 7 we show a histogram of
the corrected quadratures after subtracting the system noise
histogram. We can clearly see a stretching of the dis-
tribution along the X quadrature, indicating squeezinglike
correlations.

TABLE II. The resultant two-mode correlation coefficient
(normalized covariance) between mode 2 and mode 3 after
applying correlation feed-forward to the three-mode trisqueezed
state (see Fig. 6). As shown, we recover a significant amount of
correlation when applying our feed-forward correction. We
include the results of applying the protocol to the system noise
with the pump off to verify that the protocol itself does not
introduce spurious correlations.

Feed-forward

Yes No
Quads  Pump on Pump off ~ Pump on Pump off
L1, 0.30£0.02 0.004+0.02 0.0040.02 0.00 % 0.02
0,0; —030£0.02 0.00£0.02 0.00+0.02 0.00+0.02
1,03 —-036+0.02 0.00£0.02 0.00£0.02 0.00%+0.02
0,13  —036+£0.02 0.00+£0.02 0.00+0.02 0.00=+0.02

-20 0 20

20

FIG. 7. The resultant single-mode histogram of mode 1 after
applying the correlation feed-forward protocol to the two-mode
trisqueezed state. We take mode 2 as the reference mode,
correcting the phase of mode 1. Then, we compute the histogram
of the data and subtract from it the histogram of the system noise
(with the pump turned off) after also applying the protocol. We
clearly see that the subtracted histogram is stretched along the x
axis, indicating squeezing of the on state. The small rotation of
the figure can be explained by a small misalignment of the pump
and digitizer phases (see Fig. 4).

These results validate our hypothesis about the condi-
tional structure of two-mode and three-mode correlations in
our system. At the same time, the correlation feed-forward
demonstrations here are only proofs of principle, because
our phase measurements are strongly contaminated by the
system noise. In future work, it would be interesting to
explore the fundamental limits of this reconstruction
method.

IV. CONCLUSION

In this work, we demonstrate a device which implements
efficient three-photon SPDC in the microwave domain. The
device is highly flexible, allowing us to perform single-
mode, two-mode, and three-mode SPDC by simply select-
ing the appropriate pump frequency. We carefully compare
the observations of various features of the three-photon
SPDC states, verifying that our output signal is generated
by the chosen interaction Hamiltonian. By extending
parametric interactions to higher order, our device opens
up novel possibilities that will enable a new wave of novel
experimental and theoretical studies in microwave quantum
optics.
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APPENDIX A: ENGINEERING CUBIC
INTERACTIONS IN CIRCUIT QED

In these notes, we explore the possibility of engineering
three-photon processes in a superconducting circuit archi-
tecture. For this purpose, we exploit the asymmetry
between the two junctions of a dc SQUID as well as the
resonant selection of terms of a Hamiltonian by means of a
time-dependent bias on the SQUID. For simplicity, we drop
the hats from the quantum operators in the Appendixes.

1. Asymmetric SQUID

Consider the circuit depicted in Fig. 8. The Lagrangian
describing it is

2

Cyi. D

Lsqun = Y | [% @} + E, ; cos (27739}, (A1)
=

with E;; #E;,, C;y #Cj,, and @y = h/2e the flux

quantum. One of the flux variables can be eliminated by
means of the fluxoid quantization condition:

(Dext = q)Z - q)l'

Il|

@ (bext

Il|

Lumped-element description of a dc SQUID.

FIG. 8.

We now introduce the change of variables

q)ext

O =D — A2

1 5 (A2)
o

<1>2:c1>+7°’“. (A3)

Rewriting Eq. (A1) in terms of Egs. (A2) and (A3), we
arrive to

Cr . b
Lsqumn = 7T<D2 + E (@) coOs (27550 - 0‘) . (A4)

Wlth CT = C‘/,] + CJ’Q,

o)
E; (Do) = \/ E} 4+ E3,+2E; E;;cos <27z¢%§t> ., (AS)

and

o q)exl EJ,I - EJ,Z
a = arctan |tan | 7 S —

. A6
@, EJ,1+EJ.2:| (A6)

We can find a simplified, approximate form for E; by
first defining E;; = E and E;, = E+¢6 along with
A = §/2E. To first order in A, we find

Ejn—Ejs _ A+ 0(A?)
Ejn+Ej;
)
E (@) ~2EV/1 4+ 2A| cos <ﬁot> . (A7)

which has a form similar to a symmetric SQUID. For
@,/ around /4, moderate asymmetries of A ~ (.2 give
errors smaller than 3%.

2. Transmission line resonator + SQUID Lagrangian

From Eq. (A4), the Lagrangian for a transmission line
resonator of length d terminated by a SQUID placed at
x =d (see Fig. 9) is

Sy_3 Oy 1 D
‘ Azl ‘ Azxl o o
Azxc Azxc Azc D1 Do
| | Cia Cr2
Az |
d

FIG. 9. Lumped-element description of a transmission line
resonator terminated by a SQUID (adapted from Ref. [50]).
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L= [ arfele P - 0.0 0P

0

- E)[@u (1) cos (M - a(r))

Po

with ¢ and [ the capacitance and inductance per unit length
of the resonator, respectively. In general, the external flux
@, threading the SQUID does not need to be static.
Following Eq. (A6), a time-dependent external signal
renders the phase a time dependent as well.

Notice that if a = const, we can redefine the field as
D(x,1) - P(x, 1) + @oa in order to get rid of the shift in
the cosine potential. This transformation leaves the reso-
nator Lagrangian invariant.

Now, consider the following time-dependent functions:

(I)ext([) = (I)(e)xt + 5(I)ext(t)’ (AS)

a(t) = a® + Sa(1). (A9)
In both cases, [6®.y, (1)]|/ P, |6a(t)]|/a” < 1. Once again,
we can redefine the field as ®(x, 1) — ®(x, 1) + @y, i.e.,
shift it around the constant offset a°. Nevertheless, this time
we are left with the small (time-dependent) fluctuations
da(t) around a: cos[®(d, t)/¢p, — da(t)].

Following our discussion in the previous section, we can
approximate the Josephson energy by Eq. (A7). In addition,
from Eq. (A8) we can write

®6Xt<t)

209

=@ +9(1). (A10)

with 4 assumed to be small.
Thus, up to first order in 4 we have

cos (%;g”) ~ cos() — Asin(@)g(2),

and
E[@cy(1)] = E[1 — A tan pg(1)],

where we define E = 2E+/1 + 2A cos §.
Similarly, from Egs. (A6) and (A10),
() ~ arctan [tan(@)A] + i—secz p4 (1) (A11)
a(t) ~ :
v 1+ [tan(@)A2Y
We identify the second term on the right-hand side of
Eq. (Al1) with da(?):

sec” pA

0= fan(@)aP

g(1).

From now on, we write the latter as da(t) = Adag(t). For
our experimental SQUID asymmetry of A = (.26, a typical
working point of ¢ = 0.0457 gives éa = 0.26.

So far, we have considered a perturbative expansion in
small oscillations of the external flux threading the SQUID
loop. Now, we expand in terms of small oscillations of the
resonator flux at the SQUID position @(d, 1) = d,:
®;/py < 1. Expanding the cosine potential as

()
cos | ——oda
Po
1 (D, 2 1 (D, 4 @, 6
=l-—(—=6a)] +—|—=da| +0|—=da
AN 4!\ 9o Po
(o) o) () o)
cl—— () +6a L)+ (L) +=6a( 2],
2!<(ﬂ0 Po 24 \ go 6 Po
where we neglect terms of the order of O(4%) and

O[(®;/¢o)°]. In this way, we get the total Lagrangian in
the small fluctuations and amplitude approximation

L:L0+L1,

with L, the linear part

1 d i 2 1 2
Li=3 A dx{c[d(x, ]2 - I1[0,D(x, 1)]2}
+ AE(6@)g(1) (%) - %E[l — Atan pg(t)] (%)2
(A12)

and L; the nonlinear or interacting part

L = élE(&&)g(t) (%) g %Eu — Jtan pg(1)] (%)4.

)
(A13)

Following the standard procedure [53], we first diagonalize
Eq. (A12). We then reintroduce the linear normal mode
decomposition into L. This last step is valid only when-
ever the energy of the nonlinear terms is much smaller than
the normal modes’ frequencies.

a. Linear Lagrangian

Up to second order in the flux amplitude, the resonator
terminated by a SQUID is described by the Lagrangian L.
The SQUID contributes with both a linear and a quadratic
term. The quadratic term can be understood as an inductive
contribution. The linear term corresponds to a classical
drive. This correspondence is an undesirable consequence
of breaking the SQUID symmetry; however, this term can
safely be neglected in the operation regimes explored
here (because the pump frequency is off resonant with
the resonator modes).
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As a first approximation, we consider the normal modes
of the system in the absence of a modulation, i.e., A = 0. In
this regime, the field in the resonator satisfies the wave
equation, which, in turn, can be solved using a separation of
variables ansatz:

(s

D(x.1) = Y (1) cos(k,x).

n=1

(A14)

The boundary condition (current conservation) at the
position of the SQUID (x = d),

1 E
~0,®(d,t) + —5®(d,t) =0,
l v

determines the normal modes k&, via the condition

(k,d) tan(k,d) = Id (A15)

S o

Using Egs. (A14) and (A15) in Eq. (A12), we get

Lo= 23 (e = 1703} + 2g0) S M, (1)
n=1 n=1

+2g(1) and > Mingp, (1), (1), (A16)
with
cd sin(2k,d)
= — 1 —_—
Cn 2( T Tokd )
l_l_(k,,d)2 | _sin(2k,d)
" 2Id 2k,d
and

E
MY = (5a) = cos(k,d),
Po

1.
M — 3 E@y? cos(k,d) cos(k,d).

b. Nonlinear terms and the Hamiltonian

Using the normal mode decomposition [Egs. (A14) and
(A15)], we can rewrite Eq. (A13) as

Ly =29(t)Y Moo bty + [1 = 2tan(@)g(1)]

n,m,l

< 3 MG bubuihy.

n,m,l,p

(A17)

with the coefficients

1.
M® = Eq@y3(6a) cos(k,d) cos(k,,d) cos(k;d),

nml _6

4 1 -
M,(m)llp = ﬁE(pO4 cos(k,d) cos(k,,d) cos(k;d) cos(k,d).

From Egs. (A16) and (A17), we derive the Hamiltonian
by means of a Legendre transformation and by introducing

the conjugate variables ¢, = OL/d¢, = c,p, with
L = L() + Lll

1 [e] o0
H=2) {e'dh+ 152} - 2900y Mg,
n=1 n=1

—2g(1) > Midupn — Ag(0)> Mo bbby

n,m n,m,l

—[1=2tan(@)g(0)] > Mo, bbbty

n.m,l,p

Finally, we arrive to the quantum Hamiltonian by promot-
ing the conjugate fields ¢, and g, to operators satisfying
the bosonic commutation relation [¢,,, ¢,,] = 5,

Our next step is to rewrite the Hamiltonian in terms of the
normal modes’ creation and annihilation operators ¢, =
k,(ah + a,) and g, = i0,(a} — a,), with k, = \/1/2w,c,
and 6, = \/w,c,/2. In this way, we obtain our desired
result

MSLI)<ajl + an)

[]s

H= Za)naZa,, —A9(1)
n=1

— Ag(t) tan & Z 78S

n,m

1

(ah + a,)(am + a,,)

Sﬁﬁ

—2g(1)> M) (ah + a,)(ah + a,)(a] + a))

n,m,l

—[1 = 2tan(@)g(r)] Y M), (ai +a,)

n.m,l,p

x (ah + ay,)(a] +a;)(a, +a,), (A18)
with A7) :K”Mﬁll), w2 :KnKmMS12) M(B)l :K”K‘mKlM<3)

nm nml>
and i (4)

nmlp — K’leKIKPMnmlp‘

3. Three-photon processes

Now we want to select certain third-order processes by
means of the external modulation g(7).

a. Single-mode spontaneous parametric
down-conversion

The Hamiltonian we aim to engineer is of the form

Hyp~a"+d. (A19)

Restricting to a single normal mode a = a;, in the

interaction picture with respect to wa’a, the Hamiltonian
(A18) is
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Va'(1) + a(1)] = 2g(0) M [a’ (1)
[1 = Ztan(p)g(0)]MW]a’ (1) + a(1)]*,

H,(1) = =Ag(t)M"
+a(0)) -

with a(t) = aexp(—iwt). In Hamiltonian (A19), we have
terms rotating with +3w. We choose the driving g(¢) to be
of the form

g(t) = cos(3wt).

Upon this choice, we are left with the following non-

rotating terms:
Hyy =~ —AM®) (a® + a?), (A20)

which is the single-mode interaction Hamiltonian from the
main text. The rotal effective Hamiltonian in the rotating-
wave approximation (RWA) is

Hop = —6MWa'?a? — AMO) (a™ + ), (A21)

where the Kerr interaction is due to the static part of the
SQUID potential.

b. Three-mode spontaneous parametric
down-conversion

The Hamiltonian we wish to engineer is
H taial A22
3M ~ A1axaz + apa,as. (A22)

In the latter, we have terms rotating with +(w; + @, + w3).
Therefore, we choose the driving ¢(z) to be of the form

g(t) = cos[(w; + @, + w3)1].

Upon this choice, we are left with the following non-
rotating terms:

—_ 3 3o 3o
Hyy =~ —/1M§2)3(a1a2a3 + a{a;a;), (A23)

which is the three-mode interaction Hamiltonian from the
main text. The total effective Hamiltonian in the RWA is

Hey = —6ZM aT2 7 4ZM,('?)(ajai)(a}aj)
ij

(A24)
|

- /11\711‘2>3(a1a2a3 + aTazag).

(Ie) = ([cos() cos(0)1, — sin(p) I + cos(¢p) sin(6)I5]*)

= {11 1,1;) cos’ (¢) cos* (0) — Iy 1y 15) sin* (¢) + 1(I51315) cos’(¢) sin’ () —
0s2(0) sin(8) + 3(I,1,1,) cos(¢) cos(8) sin’(¢h)
n%(0) + 3(I,1,15) sin®(¢) cos(¢p) sin(6)

+ 3(I,1,15) cos’(¢) co
+ 3(I,1513) cos’ () cos(8) sin

Similar to the previous case, the Kerr interactions are due to
the static part of the SQUID potential.

c. Effects of the Kerr interactions

Similar to the case of standard two-photon SPDC, the
Kerr terms in Egs. (21) and (24) help to stabilize the cavity
amplitude under steady-state pumping conditions through
an autonomous feedback mechanism [54]. That is, as the
cavity amplitude increases, the Kerr terms induce fre-
quency shifts that move the modes out of resonance with
the pump. At higher powers, we also expect that the Kerr
terms may limit the degree of third-order correlation that
can be achieved, in much the same that they limit conven-
tional squeezing in two-photon SPDC.

APPENDIX B: THIRD-ORDER CORRELATION
ANALYSIS OF TRISQUEEZED STATES

1. Three-mode SPDC

In this section, we analyze the predicted transformation
properties of the correlators considered in the paper. As a
first example, we take the three-mode case governed by
‘Hsm as an example, analyzing the skewness of the gene-
ralized quadrature 1,y = I, cos(¢) cos(6) — I, sin(¢h)+
I5cos(¢) sin(f). As in the text, we use the convention
Iy = ay +aj.

To predict the form of <13)9>, we consider our system
evolving from the vacuum state under the action of

Han =~ —/1A7I<132)3(a1a2a3ei” + aiagage‘iﬂ), (B1)

where we slightly generalize Eq. (A23) to include the pump
phase 7. We then note that we can estimate the expectation
value of any observable O using perturbation theory as

(0) = (0]0|0) — it(0|OHzy|0) + it{0[H3O|0) + O(22).

(B2)

Now expanding / 3&0 and noting that quadrature operators of
different modes commute, the skewness is

3(I1,1,) cos? () cos?(8) sin(¢h)
— 6(I,1,13) cos*(¢) cos(0) sin(¢) sin(#)
— 3(I,1513) sin(¢) cos?(¢p) sin?(6).

Importantly, we note that each correlator contributes a different geometric form factor to (/ ¢9> allowing us to identify the

correlations present from the shape of (I},).
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To find an explicit form generated by our Hamiltonian,
we observe that

(0[73410) = 0.

as the vacuum is a Gaussian state. In (0|77, H3y|0) and
(0[H3m1}|0), the only nonzero expectation values come

from the quadrature products containing all three modes,
i.e., I[11,15. In particular,

(O1F3gH3u|0) = 6287 3yc0s? () cos(6)
-1
x sin(¢) sin(8)e~"(0|a,ayaza}abal|0),

(0[HamTl0) = 6403 cos? () cos(0)

=1

x sin(¢) sin(0) e (0|a, ayaza}abal|0).

Putting the above together, we find

(F) = it((0[H3mI5/0) = (0135 H3u(0))
= 122113} cos? () cos(6) sin(¢p) sin(6) sin(r).
(B3)

Similarly, we can compute <Q359> where [, is now replaced

by Q; = —i(a; — a}[). With the same approach, we obtain

(O3 ~ —12111\_4532)3 cos?(¢p) cos(8) sin(¢) sin(8) cos(n).
(B4)

Regarding the role of the pump phase 7, we observe that the
choice of 5 simply rotates correlations between the / and Q
quadratures. The normalized version of Eq. (B1) with
n = n/2 gives the theory plot in Fig. 5 of the main text.
As this particular form factor is contributed only by the
three-mode coskewness (/;1,13), this shape is a distinctive
fingerprint of H3y. Its match with the experimental data is
therefore a strong indication of the purity of the down-
conversion process.

2. Two-mode SPDC

For two-mode SPDC, we consider the Hamiltonian
- 3 . K KN . i
Honm = —lMgl)z(alalaze”’ + a{aia;e .

Following the main text, we consider the skewness of the
generalized two-mode quadrature /4, = I; cos(¢) cos(6)—
Q; sin(¢p) + I, cos(¢p) sin(@). With a similar expansion as
above, we observe that, under the action of H,y,, the only
nonzero skewness terms are those involving mode 1 twice

and mode 2 once, i.e., (I,1,1,), (I,0,1,), and (Q,0,1,).
Accordingly, we find
<1359> ~ i1((0|Haml;|0) — (0|13 Hom|0))
= 122013 t[cos? (¢) cos? () sin(6)
—sin?(¢) cos(¢) sin(0)] sin(n)
— 2430 tcos? () cos(6) sin(¢p) sin(6)] cos(n).
(BS)

The terms proportional to sin(y) are contributed by (1,1,1,)
and (Q;0,1,), while the term proportional to cos(n) is
contributed by (I,01,). A slight offset from 5 = z/2
therefore explains the residual value of (7, Q,1,) in Fig. 4 of

the main text. For the theory plot in Fig. 5(b), we use
exactly n = /2.

3. Single-mode SPDC

With the same approach, we can also predict the skew-
ness of the generalized quadrature I, = Icos(p)+
Qsin(g), for different ¢ under the interaction given by
Hiy [see Eq. (A20)]. Using our definition of / and Q, we
can expand I, as

I =a’e™ +aPeB +a’a’e™ + aa’ae™ + aa’a’ e

+a'aae™ + a'aa’e” +a'atae'. (B6)

Following the same approach as above, we find

(O|HmI;|0) = —AM©®)(0]a?e™e3?a’3|0)
— A eil+30)

and

(011 H1m|0) = =AM ) (0]a’e~Me=2473|0)
= —6IMB) e=ilnt30)

finally giving

<12)> R it(<O|HlM127|O> - <O|I;HIM|O>)
= 12t4M®) sin(3¢ + 17).
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