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Abstract

Leti: X — PV be a projective manifold of dimension n embedded in projective space
PV, and let L be the pullback to X of the line bundle Opn (1). We construct global
explicit Koppelman formulas on X for smooth (0, *)-forms with values in L* for any
s. The same construction works for singular, even non-reduced, X of pure dimension,
if the sheaves of smooth forms are replaced by suitable sheaves A% of (0, *)-currents
with mild singularities at X;;,e. In particular, if s > reg X — 1, where reg X is the
Castelnuovo—Mumford regularity, we get an explicit representation of the well-known
vanishing of H 0q(x, L5~9), q > 1. Also some other applications are indicated.

Keywords Projective variety - Integral formula - dbar-equation

Mathematics Subject Classification 32A26 - 32C30 - 32J99

1 Introduction

During the last decade, global Koppelman formulas for 8 on various special projective
varieties have been constructed, see, e.g., [17-19,22-24]. The aim of this paper is to
present a quite general explicit construction of intrinsic! Koppelman formulas on any
projective, possibly non-reduced, subvariety i : X — PV of pure dimension 7.

Let us first assume that X is smooth; even in this case, such global formulas are
previously known only in case X is (locally) a complete intersectionin PV . Let L — X
be the restriction of the ample line bundleOpn (1) to X, and let 82"’ (L") denote the

! Here “intrinsic” means that the operators in the formula only depend on intrinsic forms on X.
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sheaf of smooth (0, g)-forms on X with values in L". We introduce integral operators
K: E%H (X, LS — E%9(Xypq, L) and P: E49(X, L¥) — £%9(X, L*) such that
the Koppelman formula

#(2) = 0K + K(3¢) + P (L.1)

holds on X. In some situations, see below, we can choose the operators so that P¢ = 0;
if 3¢ = 0, then ¥ = K¢ is a smooth solution to 3y = ¢ on X. In certain cases, we
can choose P such that P: £%0(X, L) — O, O(s)). Then Pé is a holomorphic
extension to PV of a holomorphic section ¢ of L” on X. We get no new existence
results; the novelty is that we have explicit formulas for the global solutions and for
the holomorphic extensions. The operators K are given by kernels k(¢, z) that are
defined on X x X and integrable in ¢ for any z € X. Simply speaking the operators
locally behave like standard integral operators for 8 in C”; in particular, they extend
to LP-spaces, etc., and all classical local norm estimates hold.

Let us now turn our attention to the case when i : X — P is a subvariety of pure
dimension 7. In case X is reduced, there are well-known definitions of smooth forms
and currents on X, cf. Sect. 3. In [9] are introduced reasonable definitions of sheaves
52’* of smooth (0, *x)-forms and suitable sheaves of currents even in the non-reduced
case, see Sect.6 below. In [6] and [9] are introduced, by means of local Koppelman
formulas, fine sheaves A’% (in fact, modules over 8?(’*) of (0, g)-currents on X, or
any pure-dimensional analytic space, with the following properties: There are sheaf
inclusions Eg’q C A(; with equality on X, .., whereas A‘)]{ have “mild” singularities
at Xying, and

050> A5 4,2 ... (1.2)

is a (fine) resolution of the structure sheaf Ox of holomorphic functions on X. By the
abstract de Rham theorem, we therefore have canonical isomorphisms

Ker (A*(X, L*) KR AL(X | L))

H*(X, L% ~ k> 1. (1.3)

Im (AK=1(X, L) 5 AKX, L)
In this paper, we construct integral operators
K: ATTN(X, L) — AY(X, LY), P: AYX,L%) — E%(X, L)

such that again the Koppelman formula (1.1) holds on X. In the reduced case, the
operators K are given by kernels k(¢ z) that are defined on X, x X, locally integrable
in ¢ for z € X,.g, P are given by kernels p(¢, z) that are smooth on X,., x X, and
the integrals

K¢<z>=ka(¢,m¢>(;>, 2 € Xreg, 7’¢>(z)=/Xp(§,z)/\¢(§), zex,

exist as principal values at Xg;,,. For the non-reduced case, see Sect.6. As in the
smooth case, in good situations P¢ vanishes so we get explicit solutions to 3y = ¢,
and extensions of holomorphic sections from X to PV,
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2292 M. Andersson

Remark 1 1t was proved already in [21] that if X is a local reduced complete inter-
section and ¢ is a smooth d-closed form, then there is locally a smooth solution to
Y =¢on X reg- The case with a general X was proved only in [5]. The analogous
result for a local non-reduced space is a special case of the main result in [9]. It is
known that in general there is no solution that is smooth across Xy, see, e.g., [6,
Example 1.1].

Let Jx be the homogeneous ideal in the graded ring S = C[zo, . .., zn] associated
with X. Let S(—r) be the module S but with the grading shifted by r. There is a free
graded resolution

a
0— My, —% - 55 My 2 My 5 My (1.4)

of the homogeneous module M; := S/Jx;i.e.,
My=S, My=S(-d)a® & S(—d}),
ay = (a,i{j ) are matrices of homogeneous forms with
dega)! =df —di_, (1.5)

(1.4) is exact, and the cokernel of the right-most mapping is precisely S/Jx. Since 0
is not an associated prime ideal of Jy it follows from [11, Corollary 20.14] that one
can choose (1.4) such that Ny < N. Our integral formulas are explicitly constructed
out of a resolution (1.4).

Recall that the (Castelnuovo—-Mumford) regularity of X is defined as the regularity
of the ideal Jx which turns out to be 1 plus the regularity of the module S/ Jy, so that

reg X = nzetx(d,i —k)+1,

if (1.4) is a minimal free resolution of S/Jx, cf. [12, Ch. 4]. It is well known, see,
e.g., [12, Proposition 4.16], that

HiX,L* 9 =0, s>regX -1, g > 1, (1.6)
and that the natural mapping
O®N, 0(s)) — O(X, L) (1.7)
is surjective for s > reg X — 1.
In [4, Example 3.4] is described an extension operator that provides an explicit
proof of surjectivity of (1.7), in case X is reduced. The non-reduced case is obtained in
precisely the same way following the ideas in [9]. By appropriate choices of operators

K we can give an explicit proof of the vanishing of (1.6), provided that X is irreducible.
That is, we have
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Theorem 1.1 Let X be a, possibly non-reduced, irreducible, subvariety of PN of pure
dimension n and assume that s > reg X — 1. For each q > 1 there is an integral oper-
ator K: A?(X, L*~9) — A1~Y(X, L*~9) such that K¢ = ¢ if p € AL(X, L*™9)
and 3¢ = 0.

In fact, for fixed g it is enough that s > maxy<y 4 dé — (N — q); this follows from
the proof below. When X is not irreducible a slightly less sharp version of the theorem
still holds, see Proposition 7.2.

Koppelman formulas on P" were found by Gotmark, [17], and on more general
symmetric spaces in [18]. In [20], explicit formulas for the d-equation are used on a
smooth Riemann surface embedded in P2, for L!-estimates. Similar formulas were
also introduced in [19], cf. Sect. 8.2 below. Koppelman formulas for global, even non-
reduced, complete intersections are constructed in the recent papers [23,24], cf. Sect. 8
below.

As already mentioned, the main novelty in this paper is Koppelman formulas for
an arbitrary embedded projective variety X. We think that these formulas will be
of interest even when X is smooth. We prove Theorem 1.1 as an illustration of the
utility and indicate some other applications in Sect.7.1. We hope that our Koppelman
formulas will be useful for other purposes as well.

In Sect.2 we describe, based on [3,4,17], how one can obtain weighted integral
formulas on PV, We need some elements from residue theory that we have collected
in Sect.3. In Sects.4 and 5, we then describe the construction of our Koppelman
formulas on a pure-dimensional subvariety. In order to keep the technicalities on a
reasonable level, we restrict here to the case where X is reduced. The reader who is
mainly interested in the smooth case can just think that X;;,, is empty, in that way
avoiding a lot of technicalities. In Sect. 6, we discuss the non-reduced case.

Remark 2 The local study of the d-equation on non-smooth spaces by L2-methods
was initiated by Pardon and Stern, [31-33], and has been developed by a number of
authors since then, notably Fornaess, Gavosto, Ovrelid, Ruppenthal, Vassiliadou, see.,
e.g., [14-16,28-30,34,35].

The equation has also been studied by local and semi-global integral formulas in,
e.g., [5,6,21,25,26,37]. O

2 Integral Representation on PV

We first describe how one can generate weighted Koppelman formulas on PV for
sections of a holomorphic vector bundle F — PV This is an adaption of an idea from
[1] to PV, following [3,4]; see also [17].

Let 7 : (Cév {0} — ]P’év be the natural projection and let 4/ C PV be an open
set. Recall that a form & in 7~ 'U C CQ’H \ {0} is projective, i.e., the pullback of a
form £ in U, if and only if & is homogeneous and §,§ = 6;& = 0, where §, and §;
are interior multiplication by Z(})V 7;(9/0z;) and its conjugate, respectively. We will
identify forms in I/ by projective forms in 7 ~12/.

Let O, (k) denote the pullback of O(k) — PQ] to IP’?’ X IP’?’ under the projection

PY x P — PY and define O (k) analogously.

@ Springer



2294 M. Andersson

Throughout this paper we will only consider forms and currents that only contain
holomorphic differentials with respect to ¢, whereas anti-holomorphic differentials
with respect to both 7 and ¢ may occur.

Notice that

Ny
= 27i —
isasection of O,(1) ® O (-1) ® Tl,o(IP’éV) on ]P’é_v X IP’?’. Contraction 8, by 1 defines
a mapping
8y : CHH(O (k) © O4(j)) = CHI(Or (k= 1) ® O.(j + 1)),
where C%4 (O¢ (k) ® O,(j)) denotes the sheaf of currents of bidegree (¢, g) that take

values in O (k) ® O,(j). Notice that §,, only affects holomorphic differentials with
respect to ¢. Given a vector bundle L — IE”’Z x 7, let

L'(L) =P 0:() @ O(~j) ® L).

If

then V,, : LY(L) — L+H(L) and V% = 0. Furthermore, if L’ is a line bundle

and ¢, ¢ are sections of LV(L) and £V, respectively, then ¢ Ay is a section of
LYTV(L ® L"), and

Via(@AY) = Vygp Ay + (—=DIEPHAV, .
Notice that

p_ 812 de — (- 0)¢-dg
€171 = 1 - 2P

is a (1, 0)-form on IP’?’ X IP’?’ \ A with values in O; (1) ® O,(—1) such that §,,b = 1;
here A is the diagonal in P} x PY.

Lemma 2.1 The form

B = b _ b =b+bAdb+ - +bA@H)V !
TVyb T 1—db

is an integrable section of L™ and

V,B =1—[Aly, 2.1)
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where the last term is the component of the current of integration [A] that has full
degree N in dt¢.

Proof Let us consider the affinization where ¢y # 0. In the affine coordinates ;“; =
¢j/%,Jj=1,..., N, and the frame zo/¢o for O,(1) ® O, (—1), we have ‘

al 9
n=2mi Z({} - Z;)F.
T £

It is readily checked that [b| < C|¢’ — 2| and |8,b| > C|¢’ — 7|2, and therefore (2.1)
follows, cf. [1, Example 4]. O

Given a vector bundle F — PV, let F, denote the pullback of F to IP’?’ x PV
under the natural projection ]P’éV X IP’?I — IP’?' and define F; analogously. A weight

with respect to F is a smooth section g of £°(Hom (F¢, F7)) such that V,g = 0
and go = Ir on the diagonal in IP’éV X ]P’év , where go denotes the term in g with
bidegree (0, 0). In general, we let lower index on a form denote degree with respect
to holomorphic differentials of . Notice that if g is a weight with respect to F, then
from (2.1) we get

Vy(gAB) = (g — [Alao)IF. 2.2)

Identifying terms of full degree in d¢ thus

IgAB)N = ([Alac — gn)IF.

By Stokes’ theorem we get the following Koppelman formula, cf. [17] and [18].

Proposition 2.2 Let g be a weight with respect to F — PN. Then for ¢ €
E% PN F ® O(—N)) we have

$(z) =0, A (EAB)NAG + L (§AB)NAP + /g gNAD. (2.3)

Example 1 1t is easy to check that

z-¢ - C-dC
a=ayota1=—5 —0—5
12 2milg)?
is a projective form in EO(Og(—l) @ O,(1))) such that
Ve = 0. 24)
Since o is equal to /o1 on the diagonal, o is a weight with respect to F = O(1).

For each natural number p therefore g = «” is a weight with respect to F = O(p).
For £ > —N, we thus have the Koppelman formula

$(2) = ézf(a”NAB)N/\qur/(a”’VAB)NAéqs+/(aN+€)N/\¢. (2.5)
¢ ¢ ¢
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2296 M. Andersson

Since « is holomorphic in z and has no differentials dz, the last term in (2.5) vanishes
if ¢ > 1, and for degree reasons alsoif g = 0 and ¢ < —1.

We thus have an explicit proof of the well-known vanishing H%9 (PN, O(£)) = 0
for{ > —Nifl <g < N,andforqg =0if ¢ < —1.

Remark 3 Using the transposed integral operators in Example 1, we get an explicit
proof of the vanishing HY-4(PY, O()) = 0for¢ < N,0 <1 < N — 1. Since
Kpy = O(—N — 1) we therefore get that H*4 (PN, O(¢)) =0forf < —1,0 < g <
N — 1.

Let us now consider a weight with respect to O(—1). Let

_di-d¢ Y0 diiadg
C2milz]? T 2milz)?

Then

8¢ 83T S;I/\Sgr]

B=2 '[5 (SZT] 2 [
= 271 = ZTT1
1-¢ -7 (1-1)2

is a projective form. More explicitly,

= c.ordi-d 7-d -dz
po b ifdide zodingdz (2.6)

112 |z)? 27i|z)? 2mil|z|*

so each term has the same degree in d¢ as in dz, and is holomorphic in ¢ .
Proposition 2.3 The form B is a weight with respect to O(—1).
Proof Clearly, cf. (2.6), Bo,0 = Io(—1) on the diagonal. We claim that

351’

V”]—r

—1. 2.7)

Since §; anti-commutes with V,, and §;1 = 0 the proposition follows. To see (2.7),
notice that

z-dz

8yt = — EER 0T = 8,TAT, 801 =1,
so that
08:1 =1 + TNzt =T+ y.
Therefore,
Vpdzt=1—17 -y, (2.8)
and
VTt =8 tA(l — 1), (2.9)
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Global Koppelman Formulas 2297

so that
VytAszt = (1 —1)Ay. (2.10)

It follows that

bzt l—t—y  VyrAsiTt

v = =
T —1 1—1 (1—1)2

s

in view of (2.8), (2.9), and (2.10). O

Thus for (0, g)-forms ¢ with values in O(¢), £ < —N, we get from Proposition 2.2
the Koppelman formula

6(2) =3 / (BAB™N Oy A + / (BABNOnAde+ f BN ynd.
¢ ¢ ¢

For degree reasons the last term vanishes if 0 < g < N — 1, so we get back the well-
known vanishing H%4 (P, O(¢)) = 0 for ¢ < —N.In case ¢ = N, the obstruction
term vanishes when £ = —N, and when £ < —N — 1 it vanishes if and only if

/1///\(15:0 @2.11)

for each holomorphic (N, 0)-form with values in O(—£). That is, dv = ¢ is solvable
if and only if (2.11) holds. Of course this is precisely what we get by considering the
transposed operators with the weight «, cf. Remark 3. However, in the non-smooth
case, we have no obvious canonical bundle so we cannot consider transposed operators
in the same simple way; therefore this weight 8 will play a role.

For future reference we prove

Proposition 2.4 The forms

521’

yj=8§[l /\d{j]

-7

are projective and
Vayi = Bzj — ¢&j- (2.12)

Proof Clearly 8;y; = 0 = §zy; and thus y; is a projective form. By (2.7) we have
that

5 5
o ndts| = dg; —2mi 1 g

V[ Zj.
n 3

1—1

Since V), and §; anti-commute, the proposition follows. O
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2298 M. Andersson

3 Some Preliminaries

Let X be any reduced analytic space of pure dimension n. By definition there is, locally,
some embedding i: X — Q € CV. Let Jx C Og be the ideal sheaf of holomorphic
functions in €2 that vanish on X. Then the sheaf of holomorphic functions on X, the
structure sheaf Oy, is represented as Oy = Ogq/Jx. If ® is a smooth form in Q2 we
say that @ is in [Cer i* if i*® vanishes on X,.,. We define the sheaf

EXT = EDT | Keri*.

of smooth forms on X, and have a natural mapping i*: 55’* — S)IZ’*. One can
prove that £ §’* so defined is independent of the choice of embedding and is thus
an intrinsic sheaf on X. We define the sheaf C )[;* of currents as the dual of 5?(_17 N

More concretely this means that currents 7 in Cf(’* are identified with currents i, 7 in

C€+N7"‘*+N7" such that it vanish on Ker i* so that 7.i*® = i,7.® for test forms

®. Clearly 9 is defined on smooth forms and extends to currents by duality. Also the
wedge product ¢ AT is well defined as long as at least one of the factors is smooth.
Thus the currents form a module over the smooth forms.

We say that a current in CM of the form

% -1 -1
ar___ ar a,+1/\"'a [
51 Sr Spy Sy

where y is atest form, is elementary. A current t on X is pseudomeromorphic if locally
itis a finite sum of direct images under holomorphic mappings of elementary currents;
see, e.g., [10] for a precise definition and basic properties. The pseudomeromorphic
currents form a sheaf P M x that is closed under multiplication by £ §* and the action
of 3. Given a pseudomeromorphic current 7 in an open set I and a subvariety V C U,
the natural restriction of 7 to{ \ V has a canonical extension to a pseudomeromorphic
current 14,y T such that

lyt =7 -1yt
has support on V. If £ is a smooth form, then
é;'/\lvl’ =1yénr. 3.1

Let x be a smooth function on [0, co) that is O in a neighborhood of 0 and 1 in a
neighborhood of oo and let # be a tuple of holomorphic functions, or a section of
some holomorphic Hermitian vector bundle such that the zero set of 4 is precisely V.
Then

Tyt = lim x(h|/8)z. (3.2)
§—0

We say that a current a in X is almost semi-meromorphic,a € ASM (X), if there is
a smooth modification 7 : X’ — X, a generically non-vanishing holomorphic section
o of aline bundle L — X’ and a smooth L-valued form y such that
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Global Koppelman Formulas 2299

a=m(y/o).

Let ZSS(a) be the smallest analytic subset of X such that a is smoothin X\ ZSS(a). It
follows that ZSS(a) has positive codimension. Clearly an almost semi-meromorphic
a is pseudomeromorphic.

Proposition 3.1 [10, Theorem 4.8] Given any pseudomeromorphic t and a €
ASM (X) the current ant a priori defined in X \ ZSS(a) has a unique pseudomero-
morphic extension to a pseudomeromorphic current in X, also denoted a AT, such that
lzgs(a)a/\‘l.' =0.

Pseudomeromorphic currents have some important geometric properties, see, e.g.,
[10]:

Proposition 3.2 Assume that the pseudomeromorphic current T has support on a germ
of an analytic variety V.

() If the holomorphic function h vanishes on V, then ht = 0 and dhnt = 0.
(i) If T has bidegree (%, p) and V has codimension > p + 1, then T = Q.

We refer to (ii) as the dimension principle.

4 A Structure Form Associated to X

Let i: X — PV be a reduced subvariety of pure dimension n, and let (1.4) be
a free graded resolution of the S-module Mx = S/Jx. In particular, then a; =
(a%l, ey a} " is a tuple of homogeneous forms that define the homogeneous ideal

Jx in the graded ring S = C[zp, ..., zn]- Let E ,ﬁ be disjoint trivial line bundles over
PN with basis elements ey ;j and let

Er=(E;®@0(-d)) @ - & (Ef ® O(=d}")), Eo=~C.

Then
a
0 Eny —3 25 By % B 25 By — 0 (4.1)

is a complex of vector bundles over PV that is pointwise exact outside Z, and the
corresponding complex of locally free sheaves

0= O(Eny) 2 ... 55 O(Ey) 2 O(E)) 25 O(E) 42)
over PV is a resolution of the sheaf O(Ep) /Jx, where Jx C Opn is the ideal sheaf

associated with X. See, e.g., [7, Sect. 6]. We equip Ej with the natural Hermitian
metric

Tk .
E@1R, = Y16 @ P24

J=1
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2300 M. Andersson

if§ = (&1, ...,&,),sothat (4.1) becomes a Hermitian complex. In [7] were introduced
pseudomeromorphic currents

U=U+---+Uyn,, R=R;+---+ Ry,
on PV associated to (4.1) with the following properties: The currents Uy are
almost semi-meromorphic (0, k — 1)-currents, smooth outside X, that take values

in Hom (Ey, Ey) ~ Ej, and Ry are (0, k)-currents with support on X, taking values
in Hom (Ey, E;) >~ E}. Moreover, we have the relations

aiUy = Igy, ap1Ukp1 — dUx = =Ry, k > 1, 4.3)
which can be compactly written as
VoU =1Ig, — R 4.4
if
Vaza—5=a1 +a2+~~~aN0—5.
If @ is a section of O = O(Ej), then the current R® vanishes if and only if ® is in

Jx, see [7, Theorem 1.1].
Let X} be the analytic subset of PV where a; does not have optimal rank. Then

o Xpg1 C X XNl C Xing CX =Xnop == X1. 4.5)
Since Jx has pure dimension
codimX; >k+1, k>N-—-n+1, 4.6)
see [11, Corollary 20.14].
By the dimension principle Ry = O fork < N —n. Moreover, there are almost semi-

meromorphic Hom (Ey, Exy1)-valued (0, 1)-currents o1, smooth outside Xy,
such that

Ri1 = g1 R
there. By (4.6) and the dimension principle it follows that this equality must hold
across Xy if the right-hand side is interpreted in the sense of Proposition 3.1. By a
simple induction argument, using (4.6) and the dimension principle, it follows that
1x,,,R=0. 4.7
Lemma 4.1 If ® is a smooth (0, x)-form, then i*® = 0 on X ., ifand only if ®R = 0.

It follows that R¢ is well-defined for ¢ in 5%*.
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Global Koppelman Formulas 2301

Proof Locally at a point x € X,., we can choose coordinates (z, w) such that X =
{w = 0}. By a Taylor expansion of ® in w, using that w;R = w;R = dw;AR =0,
cf. Proposition 3.2 (i), we find that that R® = 0 if and only if i*® = 0. f PR =0
on X, it follows from (3.1) and (4.7) that ® R = 0 identically. O

Let £2 = 6;(dzoN - - - Adzy) be the unique, up to a multiplicative constant, non-
vanishing global (N, 0)-form with values in O(N + 1). From [6, Proposition 3.3] we
have

Proposition 4.2 There is a unique almost semi-meromorphic current w = wo+- - -+wy,
on X that is smooth on Xy.e, w¢ have bidegree (n, t) and take values in Et =
i*EN—n+te, and

ivw = 2AR, i.wg =2 ARN_nt¢. 4.8)

We say that w is a structure form on X.
For any smooth form £ on PV there is a unique form # (£) such that

P(EINR = &y, 4.9)

where &y denotes the components of & of bidegree (N, ). From (4.8) and (4.9) we
have that
ENAR =V (E)ANRAR = i*(ﬁ(é)Aa)), (4.10)

where we in the last term, for simplicity, write ¢ (§) Aw rather then i*¥ (§) Aw.

Lemma 4.3 Let x(t) be a smooth function as in (3.2). If h is a holomorphic section of a
Hermitian vector bundle that does not vanish identically on any irreducible component

of X and x5 = x(|h|/§), then
XsW — W, 5)(5/\w—>0. 4.11)

Proof Let W be the zero set of /1. Notice that iy 1x,,,, @ = 1x,,,, ix® = 1x,,, 2AR =
2AM1x,,, R =0inview of Lemma4.1. Thus 1x,,,,@ = 0, and hence 1y 1x,,,, @ = 0.
Since w is smooth on X,., we have that lwlxrega) = 0. By simple computational
rules, see, e.g., [10], we conclude that 1w = 0. In view of (3.2) thus the first part
of (4.11) follows. Notice that (4.4) implies that (a — 3R = 0, and by (4.8) thus
(a—d)w = 0. Applying (a — 9) to the first limit in (4.11) now the second one follows.

O
5 Koppelman Formulas on a Projective Variety
Let U* = |a1|**U and R* = 1 —|a;|** + d]a;|** AU. Then R* and U* are as smooth
as we may wish if Re A is sufficiently large. In particular, R* and U* are well-defined

currents. Moreover, they admit analytic continuations to Re A > —e, and the values
at A = 0 are precisely R and U, respectively, see [7].
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Let p be an integer. Following [3, Definition 1] we say that H = (H,f) is a Hefer
morphism for the complex E, @ O(p), a, cf. (4.1), if H,f are smooth sections of

L7 Hom (Ex ® O¢ (p). Ez¢ ® O:(p))).
H,f = 0 for k < ¢, the term (Hf)o of bidegree (0, 0) is the identity /g, on A, and
Vo Hf = H{ a — az+1(Z)H;f+1, 5.1

where a; stands for a; (¢). From [4, Lemma 2.5] we have

Lemma 5.1 Assume that H is a Hefer morphism for the complex Eq @ O(p), a. For
Re X > 0, the form
gt =ai(@H'U* + HR" (5.2)

is a weight with respect to O(p).
177 — 177, Op _ 0p.
Here H'U =} ; H;Ujand H'R =}, H}/R;.

Proposition 5.2 Let F be holomorphic vector bundle over PN and let g be a weight
with respect to F. Moreover, assume that H is a Hefer morphism for Eq ® LP. For
¢ € EX(X, F ® LP~N) we have the Koppelman formula

¢(z) = 0. / (HRAGAB)NAG + / (HRAGAB)N NI
¢ ¢

+/(HRA8)NA¢5 VRS Xreg- 5.3)
¢

By blowing up PV x PV along the diagonal one can verify that B is almost semi-
meromorphic. In view of Proposition 3.1 thus (HRAgAB)yA¢ is a well-defined
pseudomeromorphic current on PV x PV . Formally (5.3) means that

¢ = O (HRAGAB)NAG) + 5 ((HRAGAB)NAIP) + T (HRAZ) NAP),

where 7 is the projection (¢, z) — z.

Proof Since g*Ag is a weight with respect to O(p) ® F, and a;(z) = 0 when z € X,
from Proposition 2.2 we get (5.3) with R* instead of R. In view of (the proof of) [6,
Lemma 5.2], see also [9, Lemma 9.5], we can take A = 0 and so we get the proposition,
keeping in mind that the product BAt can be defined as the value of |7|** BAT at A = 0
in view of [6, (2.2) and (2.3)]. O

Let
K¢ = m((HRAGAB)NAG), P = mu((HRAGNAD). (5.4

Then we can write (5.3) as
¢ =Ko + Kdp + P (5.5)
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forz € Xyeg.
In view of (4.10) we have that

/C¢(Z)=/Xk(§,Z)A¢(§), 73</>(Z)=fXP(C,Z)/\¢(C), (5.6)

where
k=x0(gABAH)Aw, p==x0(gAH) w. 5.7

It is apparent from (5.6) that X and P are intrinsic integral operators on X. Locally
they are precisely of the type in [6], so it follows that K¢ is smooth on X, if ¢ is
smooth. Moreover, from [6, Theorem 1.4] we get:

Theorem 5.3 Let F be holomorphic vector bundle over PN and let g be a weight with
respect to F on X. Moreover, assume that H is a Hefer morphism for Eq @ O(p) and
IC and ‘P are defined by (5.6). Then

K: ANX EQLPN) - AYX,E® LP7N),
P AX, EQL™N) > EY%PN,E® O(p — N))

and the global Koppelman formula (5.5) holds on X for ¢ € A(X, F @ LP~N).

6 The Non-reduced Case

Now assume thati: X — PV has pure dimension n but is non-reduced. Then we still
have an ideal sheaf Jx C Opn that has pure dimension n but Jx is no longer radical,
i.e., there are nilpotent elements. Still the structure sheaf of X has the representation
Ox = Opn/Jx. The underlying reduced space X,., is associated with the radical
ideal /Jx = Jx,,,-

Let X,., be the subset of X where X4 is smooth and in addition Jx is Cohen—
Macaulay. In a neighborhood U/ of a point x in X, .., which is an open dense subset
of X, we can choose local coordinates (z, w) such that X, ., N = {w = 0}. It turns
out, see, e.g., [9], that there are monomials 1, w®!, ..., w”~! such that each ¢ in Ox
has a unique representation

P=doD) @1+ +dv_1(2) ®w' . 6.1)

Thus Oy has the structure of a free Oy, ,-module in I/.
We say that ® in Eg}f is in Keri* if in a neighborhood of each point in X,
@ is in the subsheaf of Elg}\;k generated by Jy, T X,0q» and d T X,.q+ As in the reduced

case we define 52’* = &pn /Ker i*, and again it is independent of the choice of local
embedding of X. It turns out that at each point in X,., and coordinates (z, w) as above

we have a unique representation (6.1) of ¢ in 82’* where ¢; are in 82’:(1.
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We define the sheaf of (n, x)-currents on X as the dual of 5?(’”_*, so that such a
current 7 is represented by a (N, N — n + %x)-current i, 7 in PV that is annihilated by
Keri*.

Basically all facts in Sect. 4 now hold verbatim, except for that one has to replace X
by X,eq in (4.5) and slightly modify the proof of Lemma 4.1. It follows from Lemma
4.1 that there is a current w such that (4.8) holds. However, in the non-reduced case
we give no meaning to that w is almost semi-meromorphic and smooth on X,.,. The
first part of (4.11) just means that 1y R = 0 and this follows from [9, Corollary 6.3].
The second part of (4.11) follows from the first part precisely as before.

Following [9] we can also make the construction of Koppelman formulas in Sect. 5
and define sheaves A* on X so that Theorem 5.3 holds.

Remark 4 Recall that a holomorphic differential operator L is Noetherian with respect
to the ideal 7 if L¢ vanishes on Z if ¢ € J. As in the local case, cf. [6, Remark 6.6],
there is a tuple £ of global Noetherian operators on PV with almost semi-meromorphic

coefficients so that
vt = [ te
z

cf. [8, Theorem 4.1 and Proposition 5.1].

7 Global Solutions
To begin with we consider a Hefer morphism, introduced in [3], for the complex
E.®O(p), a forlarge p. Let E’ denote the complex of trivial bundles over CNV*! that

we get from E, and let A denote the corresponding mappings (which then formally
are just the original matrices a). Let §,,—, denote interior multiplication by

a 9
2mi i —zi)—.
i Z(wl Zj)Bwj
0
in CN*! x N+
Proposition 7.1 There exist (k — £, 0)-form-valued mappings

hy = (hDije ® €} : CN 1 x CV ! — Hom (B}, E)).
ij

such that hi = 0 fork < €, hy = Ip,
S.—whi = hf_ Ac(w) — Ag1 (@Rt (7.1

and the coefficients in the form (hi)ij are homogeneous polynomials of degree
dl —d, — (k—0).
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Notice that

¢-d¢
Vi =d§j |§_|2 — (7.2)
is a projective form and that
Vyyi =2mi(zj — agj). (7.3)

Given hi in Proposition 7.1 we let r*hﬁ be the projective form we obtain by replacing
w by a¢ and dw; by y;. We then have

Vpt*h = t*(8y—zh), (7.4)
in light of (7.3) and (2.4). It is proved in [3] that if
ko = ko(X) = maxd,’;,
then

Z(t*h )ijAa0 keg, ® e s

is a Hefer morphism for (4.1) with p = kq. Clearly, H is holomorphic in z.

Recall that g = «" is a holomorphic weight with respect to F = O(v) for v > 0.
From Proposition 5.2 we thus obtain explicit solutions to the d-equation in L¢ for
= ko(X) —

Proposition 7.2 Assume that X is a possibly singular projective subvariety of PN of

pure dimension n, and s > ko — N. If ¢ is a d-closed section in A1 (X, L%), q > 1,
then

IC¢(Z) = /(H/COR/\OZX_KO—HV/\B)N/\d)

is a solution in A1~V (X, L*) to du = ¢.

Notice that kg — N < max(d,i — k) < reg X — 1. Thus the proposition gives a
weaker form of Theorem 1.1.

Remark 5 The associated operator P is precisely the operator in [4, Example 3.4] that
realizes the surjectivity of (1.7). That is, if ¢ € O(X, L), then

60 = [(HRA )0
is a global section of O(s) — PV that coincides with ¢ on X.
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Example 2 Assume that X is a complete intersection, i.e., J is generated by homoge-
neous forms all, o ,af, of degrees d',...,dP, where p = N — n. Then the Koszul

complex generated by a{ provides a minimal free resolution, and it is then easy to see
that kg = d Ly ... 4+4dP, cf. Sect. 8 below. Moreover, by the adjunction formula

KX = KPN ®O(dl —|—+dp) — LKO*N*I'

Here Ky is the Grothendieck dualizing sheaf, which in this case is a line bundle that
is generated by w = wg. When X is smooth K is just the usual canonical bundle. If
we define (n, g)-forms as (0, g)-forms with values in Ky, then Proposition 7.2 gives
an explicit realization of the vanishing

H™(X,LY =0, 1<g<n, £>1. (7.5)

If X is smooth this follows precisely from Kodaira’s theorem, since L is strictly positive
on X.

For the proof of Theorem 1.1 we must make a more careful analysis of the kernels.
Let us introduce the notation

Kq Kq (X ) €<11Nlax 7] ( )

Notice that
— N <= max d’—N—@ — ) <re X—l—q 7.7
Kq — <N ( 12 ( ) ) — g ( )

Proof of Theorem 1.1 Notice that the section h(¢, z) = ¢ - 7/|z|% of O:(1)® O, (-1)
is non-vanishing on A. Let y (¢) be a cutoff function as before and let

xs = x(h12/8) = x (1 - 21/1211¢ 128).

Here |h| denote the natural norm of the section /&, whereas in the last term | | denotes
norm of points in CN*!. For small 8, xs is identically 1 in a neighborhood of A and
thus

8" = x5 — dxs/\B (7.8)

is a smooth weight (with respect to the trivial line bundle). For fixed z, g® vanishes in
a neighborhood of the hyperplane 4 = 0, and therefore

a”"Ag’
is a smooth weight with respect to O(—r) for any r, though not holomorphic in z.
Now fix g z_l and let t = s — ¢g. In particular, fort > x;, — N and ¢ € Ad(X, LY,
q > 1, with d¢ = 0 we have the formula

d() = 5/(HRAa’*K0+NAg5AB)NA¢
¢
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+ /(HRAa’*KﬁN/\g‘Sw)NAqs =aK%p +Po. (7.9)
¢

We claim that K¢ tends to a current K¢ in A?~1(X, L") and that P?¢ — 0. Taking
this for granted, the theorem follows in view of (7.7).

To settle the claim we first consider the expression for P%¢ in (7.9). Since ¢ has
bidegree (0, g) only components Hy_¢Ry—_¢ with £ > ¢ can occur in the integral.
Thus the total power of « is

Ko—d;;,_z+t—K0+Nzko—d;'\,_@-}-l(q—N—KO‘i‘N:Kq_d;v_zZO

in view of (7.6). Thus

Plo(z) = Z /x -t NG g A (EeA(Xs — 0x5AB)),

l=q

where &, are smooth and holomorphic in z. Since ¢ > 1 we need some anti-
holomorphic differentials with respect to z and they must come from x5 A B; hence
we can forget about xs. Since x5 = 1 in a neighborhood of the diagonal, we can
consider B as smooth. Thus we have to verify that

wAPAIxs — 0, 8 — 0. (7.10)

Since X is irreducible, 4 = 0 has positive codimension on X, and if ¢ is smooth thus
(7.10) holds in view of Lemma 4.3. If ¢ is in A%, then it is in Domy, cf. [6,9], and
then (7.10) follows from (the proofs of) [6, Lemma 4.1] and [9, Lemma 8.4]. In fact,
(7.10) can be reformulated as 1,03 (wA¢) = 0. We conclude that P8¢ — 0. Notice
now that BAB = 0 so that

/C5¢=fX5(HRAa’—K0+NAB)NA¢.
¢

It is proved in [6,9] that (HRAo! 0t N ABYy A is in the space WXXPN, and this
implies that

xs(HRA TN ABY N AD — (HRAG TN AB) v AG.
It follows that

Kl — K¢ = /(HRAaf—K0+NAB)NA¢.
¢

O
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7.1 Examples with Negative Curvature

We now turn our attention to the case of negative curvature. We define a Hefer mor-
phism from hi in Proposition 7.1 by replacing w by ¢, z by Bz, and dw; by the y;
from Proposition 2.4. The morphism so obtained is a Hefer morphism for (4.1) (i.e.,
for Eq ® O(p), a with p = 0). This is verified in the same way as [3, Proposition 4.4].

This time H is not holomorphic in z but in ¢ instead. Let § be the depth of the
ring S/J. This is a number, 0 < § < n, and choosing (1.4) minimal, (4.1) will end
up at k = N — §, which means that R = Ry_, + --- + Ry—_s. The variety X is
Cohen—Macaulay precisely when § = n.

From the Koppelman formula we get solutions to d (representation of the coho-
mology in the smooth case) for (0, ¢)-forms ¢ with values in O(¢) for £ < —N and
thus solutions as soon as the obstruction term

/(HR/\ﬁ—N—f)NNp (7.11)

vanishes. Notice that H R has degree at most N — § in d¢ since 8 and y; only contain
holomorphic differentials with respect to ¢ . Therefore (7.11) must vanishif N —§+¢q <
N,ie,0<g<6§-1.

Theorem 7.3 Assume that X is a subvariety of PN of pure dimension n and £ < —N.
Then for any d-closed (0, q)-form ¢ € Ay(X, LY, 0 <q <8 — 1,
V(@) = / (HRAB™VCAB)N A

is a solution in A9~V (X, LY) t0 9y = ¢.

We thus have an explicit proof of the vanishing H 0.q (X,0) =0for0 <gqg <
§—1,£ <—N.

8 Global Complete Intersections

Let us compute the resulting formulas in case i: X — PV is a global complete
intersection as in Example 2. Let fi, ..., fp, fj = af , be our given homogeneous
forms of degrees d’/ from Example 2, and recall that p = N — n. Assume that Ey is
the trivial line bundle and let

E=E'@O0(—d"Y® - - @ EP @ O(—dP),

where E/ are trivial line bundles. Let e ; be basis elements for E J and let ej be the
dual basis elements. We take

/!
Ex=ANE=)" 0(-@"+ - +d"NE"® - ® E"
1=k
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and ay: Ex — Ej—; as interior multiplication by f = >_ f je;f. Now

o= IO

2dJ
7 Izl
is the section of E with minimal norm such that f - ¢ = 1 outside Z, if || f|| = | f|g*.
Moreover,
m
U= 22 3 k—l‘
IFIP Y Jon@o)y |
k=1
and
m
R=1—fI"+31f1"A ZaA(ao)k”( , (8.1)

A=0
k=1

cf. Sect.5 and [2]; here |, —o means evaluation at A = 0 after analytic continuation.
Since codim Z = p the resulting residue current R just consists of the term R; it
coincides with the classical Coleff—Herrera product

1 -1
0—A--ANd—ANejN - Nep.

fp fl

We now compute Hefer morphisms for the Koszul complex. Let h j(w, z)be (1, 0)-
forms in C"*! x C"*! of polynomial degrees d/ — 1 such that

Sw—zhj = fi(w) — fj()
andleth; = r*fzj. We only have to care about k < p sokg =d' + --- +dP. Then
/ /
J Jr— 1 I
H =3 3 hyne nhynes @ efynat=@/+edhotdlieeealt
[|=¢ |J|=k—¢
is a Hefer morphism. The components of most interest for us are H,? and Hk]. Since
!/
J J,
H,? = Z thyA--- /\hjk/\e’}/\a"o_(d tHdh)
|J =k
it can be more compactly written formally as
HY = o Ak

where &, denotes formal interior multiplication with
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and (8,)x = (8,)F/k!. In the same way
Hl = AN @p)i-1,

where

—di
N:Za dej®e;’7.
J

Our description of U, H!, etc., is just to illustrate what these currents look like in
the complete intersection case since they play a rule in the proofs above. As we have
seen, however, in the final Koppelman formula only the term

-1 -1
HYRp =hiA- - AhpAd—A - A)—

fp fl

of H R occurs. It follows that the operator /C in Proposition 7.2, with
k=s+N—@d" +- - +dP) (8.2)

has the more explicit form

’C¢(Z)=/(OlKAB/\hl/\-~-/\hp)N/\('_3iA~-~/\5i/\¢ (8.3)
fp fl

and the operator P in Remark 5 is

P (z) =f(aKAhlA...Ahp)NAéi/\..-Aéimp. (8.4)
fp fl

Proposition 8.1 Assume that the projective space i: X — PN of codimension p is
defined by the homogeneous forms f; on CN* of degree d/, j = 1,..., p, and
assume thats > d' +---+dP — N. For ¢ € Eo'k(X, L%, or¢ € .Ak(X, L%), we have
the Koppelman formula (5.5) with K and ‘P defined by (8.3) and (8.4), respectively.
Moreover, P vanishes if k > 1.

Remark 6 In [23] similar Koppelman formulas are obtained on a, not neces-
sarily reduced, global complete intersection X for (0, x)-forms with values in
L' +++d"=N=1 ip the notation from Example 2. The authors construct Koppelman
formulas on homogeneous subvarieties of C¥*!, keep track of homogeneities and
so obtain Koppelman formulas on X. They use the same definition of 3 as we do.
However, they only consider solutions to du = ¢ on X reg When ¢ is smooth on X and
satisfies a condition (x) that in general is stronger than d¢ = 0. There is no discussion
whether their solution has some meaning as a current across Xj;,e. The condition
(*) on ¢ means that (locally) there is a smooth extension ¢ to ambient space such
that @ is in £7. Clearly this implies that d¢ = 0 on X but in general the converse
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does not hold. In fact, consider a reduced hypersurface X = {a = 0} C C"*! so that
J = (a). Then (*) means that there is an extension & such that b = &a for some
smooth form &. Then 0 = ad¢ and thus 96 = 0; hence & = 97 for some smooth 7.
Now ® — an is d-closed and therefore there is a smooth solution to dW = & — a.
It follows that ¢ = i*W is a smooth solution to 9y = ¢. However, it is well known
that there are smooth ¢ with d¢ = 0 such that 3y = ¢ has no smooth solution, see,
e.g., [6, Example 1.1].

8.1 The Reduced Case

Let us consider a more intrinsic-looking representation of C and P as in (5.6) and
(5.7). In order to avoid a Noetherian operator, cf. Remark 4, let us in addition assume
that X is reduced. Let Ay, ..., A, be holomorphic vector fields on CN+! guch that

8a, - dadfin---Adfp = Qmi)P,
or equivalently,
dfin---dfpnéa,---8a(dGon - AdEy) = Qri)Pdion - - - AdEN. (8.5)
Notice that since 8, anti-commutes with §4 i
o = 8a, 84,82 (8.6)

is a projective form. Following the proof of [4, Proposition 6.3] we see that ' is a
representative for the structure form on X, that is,

w=wy)=i"w. (8.7)

Example 3 Let

A =26a,"04

vNF T R

Then
SAEN = 84D (E)NR2) = £V (§)N. (8.8)

In view of (5.7) we thus have that
IC¢=j:f SA(@“ABAR)NAGD, P(/):j:/ SA(@“AR) NAD
X X
forp € A9(X, L), s=k+d +---4+dP — N,k > 0.
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8.2 Explicit Formulas for a Curve in PV

Following [19] we will now describe how one can find an especially simple expression
for the kernel k when X is a curve. Applying 8, to

(“ABAR)y = O (a“ ABAR)AS2,

cf. (4.9), we get
Sy ABAR) Ny = 20 (0 ABAR)AS,S2. (8.9)

We claim that
8y (@“ABAR)N = (@ AR) N1 (8.10)

on X x X. In fact, consider the weight g = a“ Ag?, cf. (5.2). From (2.2), keeping z
on X and taking A = 0 we get

Vy(@“ABAR)AR = o ALAR
outside the diagonal. Identifying terms of degree N — 1 in d¢ we get
Sy(@* ABAh)NAR = (¢ Ah)N—1AR.

By the generalized Poincaré-Lelong formula RAdf = (2wi)?[X] we can conclude
that (8.10) holds on X x X. Combining (8.9) and (8.10) we get that

+ 9 (@“ABARYAS, 2 = (@ AR)N—1 (8.11)
on X x X.
Let us now compute the kernel k where X is parametrized by [{o, ¢1]. Let 8¢, denote
interior multiplication by 9/9¢;. Notice that

8ybey -+ 8y §2 = 2mi(S1z0 — So0z1)-

If we apply d¢, - - - 8¢y to (8.11) we get

1 8;2 s (S;N(OZK/\h)Nfl

+ 9 (@ ABAR) = — o (8.12)

2mi

Notice that the denominator on the right-hand side is smooth. Recalling that k(¢, z) =
+9 (“ABAR)Aw on X x X, cf. (5.7), we get from (8.12) and (8.6), cf. (8.7),

Proposition 8.2 With the notation above we have the explicit formula

L 5(2 s SCN (“Ah)N_1
2mi 8120 — 021

where X is parametrized by [{o, ¢1].
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8.3 Curves in P2

Assume now that N = 2 and X = {f = 0}, where f is a d-homogeneous form. Thus
s =k +d—2. Leth(w, z) = hopdwo + h1dw| + hpdw; be a Hefer form for f;1i.e.,
h¢ are d — 1-homogeneous and

2
20y he(w. 2)(we —20) = f(w) — f(2). (8.14)
£=0

Notice that for degree reasons,

(@A) = af (ho(eot. 2)y0 + hi(@0g, 2)y1 + ha(aol, 2)y2).

In what follows, for simplicity, let us right « rather than «g. If 9 f /3¢ is generically
non-vanishing on X and

_ 2mi i
CAf/00 00

then §4df = 2mi (generically) on X. We get

L Lody — C1d&o 271’1'5{2(0{'(/\}1)1

k(C,z2) = 8.15
¢.2) 2wi 120 — $o0z1 af/06 815

Notice furthermore that
8e, (X AR)| = af (hz(a;, ) — |§|2 Zh (@, z)gj) (8.16)

Proposition 8.3 With the notation above we have

1 ¢odgy — §1dgy 2mia®
L foddy — §1ddp 2mic (hz(a;“,z) mzzh(a; z);,) (8.17)

k s =
¢ 2wi §1zo0 — Soz1 9f/08

The second term in the brackets actually cancels out the singularity if X is smooth.

Proposition 8.4 If X is smooth and [{y, {1] are local homogeneous coordinates, then

1 ¢od&y — Gido o 2miha(al, 2)
2mwi &1z — £oz21 af/0%

k(¢,z) = . (8.18)

where - - - is smooth and holomorphic in z.

Notice that 2wihs(a, z) = 0 f /3¢, on the diagonal.
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Proof Differentiating (8.14) with respect to w; gives

2wihj(w,z) = E(w) —2mi Z %(We — 2¢).

Bwj 7 Bwj
Since f is d-homogeneous,
2
af
Z g, =d 1@
=0 9%

We conclude that
2 2
Y gihjlagj. ) =da™ @) + Y be(C. el )@t — 20),
0 0

where by (¢, w, z) are holomorphic, d —2-homogeneous in (w, z) and 1-homogeneous
in ¢. Since ¢ ison X, f(¢) = 0. We thus get (8.18) where

_ L %odf = &iddo
2mi - £120 — G021

and

= 2

= et Dby an s - 3.
0

Without loss of generality we may assume that o = zo = 1 and that ¢; is a local
coordinate on X so that ¢’ = g(¢1). Since o = 1 on the diagonal we then have that
B = B’(¢; — z1) where B’ is holomorphic in z. After homogenization we get that
B = B"(z0¢1 — z1¢0), where B” is holomorphic in z. Thus the proposition follows.
O

Corollary 8.5 If ¢y is a local coordinate, then taking 1 = t,z1 =t, and o = z9 = 1,

we get
1 d 2mihy(1, 7, 5 1,8,
k= 4t ezl ol na) | (8.19)
2niT —t af/0L

where - - - is smooth and holomorphic in t.

Example 4 If f(z) = 1(3) + z? + z%, then X is a smooth surface of genus 1. We can
take

2
h(z,w) =Y (& + zjw) + w)dw;/2mi.
j=0
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Then, where [z¢, z1] are homogeneous coordinates,

1 Zodiy — 1dgy 1

k¢, 7) =
9 27” t1zo — Goz1 3¢

[12 +oz20 +o {2

o (zoco + 231+ B0+ aaogd +2ief + 2D |

Even if X is not smooth, by the same argument, one can identify the principal term
of the kernel k.

Example 5 The curve X = {z? - Z%Zo = 0} has a cusp singularity at [1, 0, 0] and is
smooth elsewhere. It is globally parametrized by

P! - X CP?, [10, 1]+ 1, 310, 55).
We can choose the Hefer form
2rih(w,z) = z%dwo — (z% + 1wy + w%)dwl + (22 + w2)wodws.
By formula (8.17) we can now express k completely in terms of the parameters [fy, 1]
and [19, t1]. However, we restrict to considering the principal term. Since we are
primarily interested in the singularity, we consider the standard affinization where

z0 = ¢o = 1. By the recipe above, then

1 do ,n+ab
- 4. 8.20
2mi ¢y —Zla 28 ( )

In this case - - - is not smooth but at least the singularity is smaller than in the leading
term. Since o« — 1 = O(¢] — z1) + O(& — z2), we can delete o as well in the leading
term in (8.20). We then have

_ s (&3 — 23)di
2mi (&1 — z21)(82 — 22)20

Letting t = 1 /ty and T = 71 /10 We are then left with

1 (% — t9dt
T 270 (22 = 12) (23 — 13) 2

where the leading term is precisely the kernel in the last example in [6, Sect. 8].
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