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ABSTRACT

In the last two decades, the field of circuit quantum electrodynamics, that
studies the interaction between superconducting qubits and 1-dimensional
waveguides, has been of great interest. It provides a great potential to
build quantum devices, which are important for quantum computing,
quantum communication and quantum information. The restriction to
one dimension decreases losses and information can be transferred ef-
ficiently. Superconducting qubits are artificial atoms that consist of a
non-linear Josephson element and work in the microwave regime. These
superconducting qubits make on-chip tunable quantum experiments pos-
sible. In the appended paper, we investigate the spontaneous emission
of an initially excited artificial atom (superconducting transmon qubit)
which is capacitively coupled to a semi-infinite transmission line (atom in
front of a mirror). We can choose the distance to the mirror arbitrarily so
the interaction with the reflected field is delayed if the qubit is far away
from the mirror and we have to take time-delay effects into account. We
derive equations of motion for the transmon by circuit quantization and
solve them semi-classically. In this thesis we give an introduction to cir-
cuit quantization, transmission lines and superconducting qubits. Then
we discuss the methods and results of the appended paper which are based
on the topics introduced.

Keywords: Quantum Optics, Circuit Quantum Electrodynamics, Waveg-
uide Quantum Electrodynamics, Superconducting Qubits, Artificial Atoms
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1 Introduction

The interaction between light and matter has been of interest for more
than a century. In more specific terms, the emergence of quantum me-
chanics has given many fundamental insights of light, its wave-particle
duality, its discrete energy spectrum and its interaction with quantum
systems. This has led to many of the most important inventions of the
last century such as lasers and transistors. However, the devices that are
commonly used work in a classical or semi-classical regime.

In the last few decades, there has been growing interest in building devices
that work on a quantum level using entanglement and superpositions.
Alongside of quantum computation, quantum information and quantum
simulation, a new field has arisen encompassing all three of them. This
new field is referred to as Quantum Technology. One part of quantum
technology is the investigation of superconducting artificial atoms which
can be used as quantum bits to build quantum computers. In the follow-
ing we give an introduction to circuit quantum electrodynamics (circuit
QED), where the interaction of superconducting qubits and photons is
studied [1-3].

1.1 Circuit Quantum Electrodynamics

In quantum optical systems, where the interaction between light and mat-
ter, such as atoms or molecules, is studied, the coupling between the
electromagnetic field and matter is rather weak since it is limited by the
size of the fine structure constant [4]. In many experiments, unwanted
losses to the environment exceed the coupling strength between atoms
and photons, hence making information transfer difficult. To reduce the
information loss, it is of advantage to engineer the environment, e.g. to
restrict the system to fewer dimensions. Waveguide quantum electrody-
namics (waveguide QED) studies the interaction of light and matter in
one dimension [5-7], which makes it possible to reach higher coupling
regimes by increasing directionality [8, 9]. It includes the investigation
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of, for instance, trapped ions, Rydberg atoms in cold gases or supercon-
ducting qubits in transmission lines is studied [10]. In this work we will
focus on the latter, a new field called circuit quantum electrodynamics
(circuit QED), where the interaction of superconducting qubits with one-
dimensional microwave transmission lines [11-14]. These artificial atoms
work in the microwave regime and consist of Josephson junctions, a non-
linear element, which makes the energy spectrum anharmomic, just like
the energy spectrum of real atoms [15]. With superconducting qubits it
is possible to reach strong and ultra-strong coupling regimes [4, 16-19],
which gives the possibility to observe interesting effects, for example the
superradiant phase transition [20-22].

1.2 Organization of the thesis

This thesis is organised as follows. In chapter 2, we give an introduction to
circuit quantization. More specifically, we introduce superconducting cir-
cuits and their elements - transmission lines and superconducting qubits.
Then we proceed in chapter 3 by demonstrating the methods and results of
the appended paper, where the spontaneous emission of a superconduct-
ing artificial atom in a semi-infinite transmission line is studied. Finally,
in chapter 4, we summarize the thesis and give an outlook on further
research.



2 Circuit Quantization

In the appended paper, we investigate the spontaneous emission of an
artificial atom connected to a one-dimensional microwave transmission
line. A transmission line is a "squashed" coaxial cable that transports mi-
crowaves. It is modelled with coupled LC-oscillators. The artificial atom,
that we use in the appended paper and therefore demonstrate here, is a
so-called Transmon. It is a superconducting charge qubit with a transi-
tion frequency in the GHz regime. The transmon can be coupled to a
transmission line, which recreates an engineerable "emitter-bath" set-up.
In the following, we introduce the most important elements of supercon-
ducting circuits, such as transmission lines and superconducting qubits,
and show how to quantize them [23, 24].
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2.1 Lagrangian and generalised coordinates

The first step in the circuit quantization process is to define generalised
coordinates ¢, of the system and write down the Lagrangian £ of the
circuit that contains the kinetic 7 and potential energies V),

L(Pn, o, t) =T — V. (2.1)

The kinetic energies depend on the time derivative of the generalised coor-
dinates ¢, and the potential energies - in a non-dispersive system - depend
on the generalised coordinates ¢, themselves. For an electrical circuit it
is convenient to use the node fluxes ¢, as generalised coordinates. The
node fluxes are defined as the time integral of the voltage V;, at a node n,

b= [ _Valt)dt. (2.2)

In the table below we summarised some of the most important non-
dispersive elements with their circuit symbols and their contribution to
the energies.

Circuit Element Symbol Energy

Capacitor o—l I—o T = %C’(b2

Inductor ..me.. Y = ing

Josephson Junction —— V==£; (1 T (QW;i))
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2.2 Quantization of an LC-oscillator

We demonstrate the quantisation process of an electrical circuit by means
of an LC-oscillator, depicted in Fig 2.1. The Lagrangian of this system is
given by

L($,¢) = 20952 - 21L¢2, (2.3)

with a kinetic energy term, 7 = %C’gz.ﬁz, coming from the capacitive part
and the potential energy term, V = ﬁqﬁQ, coming from the inductive part
of the circuit. The next step is to calculate the Hamiltoian H of the
system. The Hamiltonian is a function of the node flux and its conjugate
momentum, which is defined by

oL

On

and here corresponds to the node charge
po=[ Lt (2.5)

where [, is the node current. For the LC-oscillator, the conjugate mo-
mentum is given by the charge on the capacitor,

oL .
P=95 ¢ (2.6)
In general, the Hamiltonian can be calculated by performing a change of
variables using the Legendre transformation of the Lagrangian,

H(bn, Pny t) = ;pncbn — L(¢n, P, 1). (2.7)

However, in the case of the LC-oscillator it is even simpler since the sys-

tem is non-dispersive and holonomous-scleronomous. This means that the

potential energies do not depend on the time derivative of the conjugate

variable, 0/ d¢ = 0, and the kinetic energies are quadratic in the gen-

eralised velocities T (a¢) = a*>T(¢), where a is an arbitrary real number

[25]. So the Hamiltonian is simply given by the total energy of the system
¢

H(p,q) =T(p) + V() = o0 Tor (2.8)



2 Circuit Quantization 6

G L

Figure 2.1: Sketch of an LC-circuit consisting of a capacitor with capacitance C
and an inductor with inductance L.

This resembles the Hamiltonian of a harmonic oscillator H = % + %waQ

with frequency w = 1/+/LC which is the resonance frequency of the LC-
oscillator and "mass" m = C'. Now we quantise the system by promoting
¢ and p to operators

¢ — 0, (2.9)
p—= Db, (2.10)

which fulfil the canonical commutation relation
.5| = ih. (2.11)

Now we can rewrite the Hamiltonian in terms of ladder operators a and
a' by defining

AN LGRS SN LA
o= X (a' +a) = 2Z(CL +a) (2.12)
p=1 ZCw (aT — a) = z@ (aT — a) : (2.13)

where we have introduced the characteristic impedance of the oscillator
Z=,L/C.

The ladder operators a and a' obey the bosonic commutation relation
[a, aw = 1 and operate on the energy eigenstates |n) in the following way

aln) = v/nln — 1) (2.14)
a'ln) = vn + 1|n + 1). (2.15)
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The rewritten Hamiltonian is given by
; 1
H = hw aa—|—§ : (2.16)

where a'a = N is the number operator which fulfils the eigenequation
N|n) = n|n) and % is the energy of the vacuum fluctuations.
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AI‘LO ¢n—1 A.I’LQ ¢n A.%'LO ¢n+1 Al’LO
ooo AxCy ___ AxCy_ AxCy_ o oo

Figure 2.2: Circuit configuration of an open transmission line. It consists of parallel
grounded capacitors with capacitance Cy per unit length Ax and inductors in series
with inductance Lo per unit length. The characteristic impedance of the transmission

line is ZO = \/Lo/Co.

2.3 Transmission Line

Transmission lines are one-dimensional waveguides and an important part
of circuit QED, since they provide channels for the transmission of sig-
nals and they can also be used as quantum optical "baths", dissipatively
removing energy from the system. They can be open systems, resonators
or semi-infinite resonators with one "mirror"'. The differences are given by
the boundary condition of the circuit configuration. We will first discuss
the open transmission line and then describe possible boundary condi-
tions.

In our system, a transmission line can be modelled with many coupled
LC-oscillators, depicted in Fig 2.2 [26, 27]. The Lagrangian is given by
the sum over the energies of all nodes,

2

Here, the capacitances C, and inductances Ly are the capacitance and
inductance per unit length, since we start with a discrete circuit model.
In the continuum limit Ax — oo, the Lagrangian becomes

P8 (5 (5

Now we can calculate the Euler-Lagrange equations of motion

dz. (2.18)

0 oL oL

g
8taa(tf;) D

= 0. (2.19)
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For the Lagrangian (2.18) we receive two equations which can be combined
to

8¢2('I7 t) 2 a¢2 (CL’, t)
e Sk VAN ok Nk
ot? Ox?
This resembles the massless Klein-Gordon equation with velocity ¢ =
1/v/CyLy. Alternatively, we obtain the same equation of motion by deriv-

ing the Hamiltonian and calculating the Heisenberg equations of motion.
The conjugate momenta are charges given by

= 0. (2.20)

oL :
n = —— = AxCyo,, 2.21
P 99, xCoo (2.21)
so the Hamiltonian becomes
[ PR (e — da)
Hre =2 [2 A:Co T2 Azl (222)

and in the continuum limit

HTL:/OO !

2
— t

1 (c%(:c,t))Q dz. (2.23)

ox

where we introduced the flux field ¢(x,t) and the charge density field
p(z,t). Now we quantise the system by promoting the generalised coor-
dinates to operators which fulfil the commutation relations

[0(z, 1), o2, 1)] = [p(x, 1), p(2’,1)] = 0 (2.24)
[6(x,t), p(a’,t)] = ihd(x — o). (2.25)

We can solve the Klein-Gordon equation (2.20) by introducing the Fourier
transform of the flux field and charge density field

oz, t) = V_/ ok, )™ dk, (2.26)
p(z, ) \/_ / (k,t)e™ dk. (2.27)

The Klein-Gordon equation then becomes

2
W + wip(k,t) =0 (2.28)
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where we used the dispersion relation wy = ck. Now we introduce creation
and annihilation operators aj,, ax, which create and annihilate a mode with
wave vector k, respectively. They obey the bosonic commutation relations

g al| =0 (k=) (2.29)
lax, ap] = {a,z,a,t,} =0, (2.30)

and have the dimension 1/ V'k. We rewrite the flux and charge density in
terms of these operators for every mode

o(k,t) = 20};% (aT_k(t) + ak(t)>, (2.31)

p(k, t) = iy hc;“”“( fLt) = (), (2.32)

The flux field and charge density field in real space are given by

iUt \471'00/

p(z,t) = z@ JaRYaT (aT_ () = ax(t)) ¢ dk. (2.34)

Inserting this into the Hamiltonian (2.23) we obtain

o) + ax(t)) e d, (2.33)

Hrr = h/_O:O Wi (aLak + ; {ak, aH) dk (2.35)

where the commutator 1 [ak, ak] = 16(0) gives the (infinite) sum over the

zero point energies fuwy, / 2 of all modes [28, 29].

2.3.1 Resonator

So far we considered an open transmission line with free propagating elec-
tromagnetic waves. Now we want to restrict the propagation by consider-
ing a resonator. This can be achieved by shorting the ends of the trans-
mission line to ground, which we demonstrate here. The circuit model
and a sketch of the field of this configuration are depicted in Fig. 2.3. In
this case, the field at both ends of the transmission line is zero, so the
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AICLQ AxLo A.CCLO ASCLO
2) il (YWY O (YYYLGmtl (YY)
o000 T~  AsCy__ —— oo

0. 0.25 0.5 0.75 1.
x/L

Figure 2.3: a) Circuit model of a transmission line that is shorted to ground at both
ends. By doing so the boundary conditions are restricted and the electro-magnetic

field has a node at the ends. b) Two modes of the field that fulfil the boundary

condition.

field contains only modes that fulfill w,, = nwc/L, with n € Z, the length
of the resonator L and the velocity of the field in the transmission line
¢ = 1/v/LoCy. With this restriction, the Hamiltonian Hp of the resonator
becomes

1
Hp =S huw, <aT(wn)a(wn> + 2) | (2.36)
where the operators now are dimensionless. If we only consider one mode
in the field, we obtain the Hamiltonian of a single-mode quantum har-
monic oscillator,

thw@M+;) (2.37)

2.3.2 Semi-infinite transmission line

Now we consider the case, where the transmission line is open at one side
and shorted to ground on the other. The shorted end of the semi-infinite
transmission line has the role of a "mirror" where the electromagnetic field
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is reflected and the value of the field is zero. The circuit model of a semi-
infinite transmission line is depicted in Fig. 2.4. The modes of the field
are still continuous but the massless Klein-Gordon equation (2.20) has to
be solved with the boundary condition ¢(z = ) = 0, were the "mirror"
is located at = zy9. The solution therefore contains a sine function and
is given by

S t) =\ 2 = [ ok, 1) sin k(e — o)k (2.38)

p(z,t) = —/ (k,t)sin k(z — x¢)dk, (2.39)

where ¢(k,t) and p(k,t) can again be written in terms of bosonic creation
and annihilation operators, see Eq. (2.31)-(2.32). Using this, the field
becomes

é(z,1) =, WZO I \/i}_k @(t) + ak(t)) sin k(z — zo)dk, (2.40)

p(z,t) = i@/ooo N (az(t) — ak(t)) sin k(x — xg)dk. (2.41)

In contrast to the open transmission line, the integral only goes from 0
to infinity because the right- and left-moving modes are connected by the
mirror. We rewrite these expressions in terms of w = ck and put it into
the Hamiltonian

1 1 (0¢(z,t)\°
pz(ﬁr,tHQLO( e )

— /OOO hwa! (w)a(w) dw. (2.43)

Herror - / dzx (242)
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¢O AxLQ ¢n—1 ACI?LO ¢n Al‘Lo ¢n+1 A.Q?Lo
—YYY\L_ YYN Y YN MYYY L
cooeo T —AxCy _—__AzCy “ZAxCy oeeo

Figure 2.4: A transmission line that is shorted to ground at one end. This end has
the role of a "mirror" that reflects the electromagnetic field in the transmission line.

a) b)
S

X
S

Figure 2.5: a) A sketch of a Josephson junction. Two superconductors are separated
by a weak link, where Cooper pairs can tunnel through. b) The electrical circuit symbol
of a Josephson junction.

2.4 Artificial Atoms

So far, we have investigated different set-ups of a one dimensional trans-
mission line, that can act as different types of baths or cavities. Now
we introduce emitters that can interact with the bath built of circuit el-
ements. More specifically, we are interested in so-called artificial atoms
or superconducting qubits with anharmonic energy spectrum so they can
mimic real atoms and be used as qubits. There are many types of super-
conducting qubits with different circuit configurations and properties [13,
30]. Some examples are the flux qubit, phase qubit or the one that we are
going to introduce, the transmon. The transmon is a charge qubit that
consists of a Cooper pair box that is insensitive to charge noise [15]. In
the following we are going to explain the basic elements of a supercon-
ducting qubit, such as the Josephson junction and the simplest version of
a superconducting charge qubit, a single Cooper pair box (SCPB).
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2.4.1 Josephson Junction

The Josephson junction consist of two superconductors isolated by a weak
link. The weak link can consist of a thin insulator, normal metal or
another superconductor [24, 31]. A sketch of a Josephson junction and
the electrical circuit symbol are depicted in Fig. 2.5. The Cooper pairs can
tunnel coherently through the insulator, leading to a current that varies
with the phase difference across the junction,

I(t) = I.sin p(t), (2.44)

where [, is the critical current.
The voltage across the junction is also given by the phase difference be-
tween the two superconducting leads

_ 2edyp

V(t) = ot (2.45)

Using this, we see that the phase difference between the two superconduc-
tors ¢ is given by the time-integral of the voltage across the Josephson
junction, which is also a magnetic flux,

2 o
V(tdt = heq> =2mg, (2.46)

2e t
p(t) = W o
where ¢ = % is the magnetic flux quantum. By comparing Eq. (2.44)-
(2.45) to the general relation between the current and voltage of an in-
ductor I = %V,

. Do
I=1. - 2.47
cosgpat ( )
2
= —WICV Cos p, (2.48)
Py

we find that a Josephson junction acts as a non-linear inductor with in-
ductance

2T

Ly=—7"—.
/ Dpl.cos

(2.49)
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B, o Ci) v,

Figure 2.6: Circuit model of a single Cooper pair box. A Josephson junction with
tunnel junction capacitance Cy and Josephson coupling energy Ej is coupled to a
control gate voltage V;, through a gate capacitance Cy. A number n of Cooper pair
charges sit on a superconducting island ("boz") between the gate capacitor and the
junction capacitance.

Now we calculate the energy that is accumulated in the Josephson junction

t
U= [ I6)V(t)d (2.50)
Dyt dp
=— [ I(t)=—dt 2.51
oy 10 (2.51)
Dy e
= 27r/0 I sinpdy (2.52)
= FE;(1—cosy) (2.53)
where we introduced the Josephson energy F; = %. We see that the

Josephson junction has an anharmonic potential energy which opens the
possibility to build an anharmonic circuit element to create an artificial
atom.

The Lagrangian of a Josephson junction is given by

1. o
LJJ = *OJ@ + EJ COS (271') , (254)
2 ®,

where we neglected the constant term in the potential energy.

2.4.2 Single Cooper pair box

The single Cooper pair box (SCPB) is a simple and fundamental design
for a superconducting qubit [31, 32]. It consists of a superconducting
island with a number of n Cooper pair charges that is connected through
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a Josephson junction to a superconducting electrode. The number of
Cooper pairs can be controlled by a gate voltage that is connected to the
island through a gate capacitance. A circuit model for a single Cooper
pair box is depicted in Fig 2.6. The Lagrangian of the single Cooper pair
box is given by

1 . 1 . d
Lsop = ECJ(DJ + §Cg <(I)J + Vg) + Ej cos <27T(I)J> . (2.55)
0

The conjugate momentum to the node flux is given by

oL : :
@y = =Cs0;+Cy(®;+V,) = 2en, (2.56)
0P ;
where n = 22 is the number of Cooper pairs on the island. The Hamilto-
nian becomes

)
HSCB = 4EC (n — ng)2 — EJ COS (27T(I)J> ) (257)
0

where Fo = Wj@) is the electron charging energy and n, = C,V,/2e
is the (possibly fractional) number of electrons pairs that is induced on
the island by the control gate. Now we quantize the Hamiltonian by
promoting the number of Cooper pairs n and the node flux ®; to operators
with commutation relation

o B .
em%,ﬁ] = —¢""7 (2.58)

In the charge basis |n) which are eigenstates of the number operator 7,
nln) = n|n), the Hamiltonian can be rewritten as follows [29, 31-33]

4Ec (n —ny)* In)(n| — ;EJ (In+1){n|+ |n = 1)(n])|.
(2.59)

Hscp = Y.

n

Having this Hamiltonian, we can calculate the energy spectrum of the
single Cooper pair box. For the set-up we presented in this chapter, the
charging energy FE¢ is usually much bigger than the Josephson energy
E; which leads to a charge-sensitive energy spectrum. We discuss this in
more detail in the next section and present a charge-insensitive qubit, the
Transmon.
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b)

WX X —=Cs V Ci)
! Jl;q)l-q)ext- Ja, Do

Figure 2.7: a) Circuit model of a Transmon. A SQUID, consisting of two Josephson
junctions Ji and Jo, with an additional shunted capacitor Cg is coupled to a voltage
source V, through a gate capacitance Cy. b) Sketch of a SQUID. Two (here identical)
Josephson junctions are connected in a loop. An external magnetic field induces a
current in the SQUID and makes its energy controllable.

2.4.3 The Transmon

The Transmon is a charge-insensitive superconducting qubit which was
first introduced by Koch et al. [15] in 2007. The Transmon is a modified
version of the single Cooper pair box described in the previous section.
The main difference is an additional capacitance shunting the two super-
conductors, see Fig. 2.7 a). It is also important to mention that instead
of only using one Josephson junction to create a superconducting island,
the Transmon often consists of a superconducting quantum interference
device (SQUID), which makes the transition frequency tunable. A sketch
of a SQUID is depicted in Fig 2.7 b). By using a SQUID, the Josephson
energy F; can be manipulated through an external magnetic field, with
flux Pext, since the phases of the two Josephson junctions ®; » depend on
each other [34],

Dy — Oy + Py = nDy, (260)
where the integer number n is the number of flux quanta in the loop.

The total potential energy of a SQUID (with two identical Josephson
junctions) becomes

o Dy P Dex
U= —FEy, cos (2#(1)0 +7 (;Ot) — Ej, cos (27Tq)0 — 7 <I:0t> (2.61)
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P
B () cos (%) | (2.62)
Py

where Fj(Peyt) = 2E, cos (W%O“) is the tunable Josephson energy. Using
a SQUID instead of a single Josephson junction, thus leads to the same
Hamiltonian (2.57) but with a tunable Josephson energy. However, the
important element in the transmon that leads to reducing the sensitiv-
ity to charge noise, is the additional shunting capacitance, as mentioned
before. With this capacitance, the charging energy Ec = €%/2Cs, Cy =
Cj+ Cy + Cg can be made small compared to the Josephson energy E;.
Both energies are now engineerable and the ratio E;/FE¢ can be manipu-
lated. Both the anharmonicity of the qubit and the sensitivity to charge
noise depend on this ratio. In Fig 2.8 we show the energy spectrum of
the Transmon as a function of the gate charge n,. One can clearly see the
reduction of sensitivity to fluctuations in gate charge by increasing the
ratio E;/E¢, since the energy levels become flat. The anharmonicity of
the energy levels decreases too but it is still sufficient that the Transmon
can be used as a qubit.

In the limit of small excitation amplitude |®;/®y| < 0 and E; > FE¢,
where the zero point fluctuations are small, the Transmon can be approx-
imated as a harmonic oscillator [24], where we expand the cosine term of
the potential for small &,

1 d
H = ZCEQJ? — Ejcos (2#(55) (2.63)
Ly L 2o
~ Zngj + 2LJ(I)‘]’ (2.64)

where L; = (%)2 — 1is the effective inductance of the oscillator. The
frequency

1 1
;= = —/8FE;E 2.
J m A 8 JLC ( 65)

is the resonance frequency of the harmonic oscillator and the transition
frequency from the ground state to the first excited state of the Transmon.
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Figure 2.8: The first three energy levels of a Transmon E,,, m = 0, 1,2 normalised
by the energy of the first transition FEo at ng = 0 as a function of the charge noise
ng. The sensitivity to charge noise clearly decreases by increasing E;/Ec.







3 Atom in front of a mirror

In chapter 2 we introduced the quantization of electrical circuits. We
discussed elements of a circuit such as transmission lines with different
boundary conditions which can be viewed as a "bath'. We also intro-
duced the circuit equivalent of an atom, superconducting qubits. In the
following, we investigate the combination of these two elements: A super-
conducting transmon qubit coupled to a semi-infinite transmission line.
Strictly speaking, we investigate the spontaneous emission of an initially
excited transmon coupled to a semi-infinite transmission line. In quan-
tum optics we know that the presence of a mirror can enhance or suppress
the spontaneous emission rate depending on the position of the emitter
by placing it at an anti-node or node of the electromagnetic field, respec-
tively [35]. In circuit QED, there have been experiments investigating the
decay rate of an artificial atom in front of a mirror. For instance, Hoi et
al. [36] showed theoretically that the decay rate becomes zero if the qubit
is located at the node and twice as big if it is located at the anti-node of
the field. Experimentally, the qubit was completely hidden when located
at the node so no signal could be measured by probing the qubit. How-
ever, in this work the qubit was located very close to the mirror and the
time-delay that occurs from the electromagnetic travelling to the mirror
and back was neglected. Here, we take the time delay into account and
investigate the transient dynamics of the qubit. We start off with a circuit
QED model of the system and calculate the equations of motion. We solve
the equations analytically and numerically in a semi-classical regime.

21
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Figure 3.1: a)Circuit model of a transmon coupled to a 1D-TL by a coupling capac-
itance C.. The TL is grounded at one end. The enerqgy, flux and capacitance of the
transmon are denoted by E;, ®; and C, respectively. The TL is modelled by LC os-
cillators with capacitance AxCy and inductance AxLy. The flux of the nodes between
the LC-oscillators are denoted by ®,,. b) Sketch of the system. It depicts an atom in
front of a mirror. The atom can be coupled (decoupled) to the electro-magnetic field
depending on its location at the antinode (node) of an electro-magnetic mode.

3.1 Circuit QED Model

The system we investigate consists of a transmon coupled to a 1D semi-
infinite transmission line. A sketch of the system is depicted in Fig 3.1.
The Hamiltonian of the system is given by the sum of all capacitive and
inductive energies,

H (i, pi) = 200 %ﬁfopn#o( )+ ;Ccpﬁ(t) + 2(11] (ps(t) + po(t))* +
2L01A Z (Gnr1(t) — du(t))* — E; cos(2;¢J(t)), (3.1)

The Hamiltonian is a function of the generalised coordinates: ¢;, the
node fluxes and p;, the node charges. For details on how to derive the
Hamiltonian, see the previous chapter 2. We now promote the generalised
coordinates to operators that fulfil the canonical commutation relations

(91, pj] = 1hd; 5, (3.2)
¢, @3] = [pi, pj] = 0, (3.3)
and calculate the Heisenberg equations of motion
d JA(t)
A0 = ﬁ [H, A)] + 5 (3.4)
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where A(t) is an arbitrary time-dependent operator. The equations of
motion at the coupling point zy, where the transmon is coupled to the
TL, become

unlt) = = () + pa), (3.5)
063(t) = 71 (a(8) + () (3.6)
Op (t) = —Ej2hesin (2;@(7:)) | (3.7)
Om(t) = s (~26:(8) + duna(t) + 61 (1), (3.5

These are discrete equations of motion since they are derived by a discrete
circuit model. We want to make these equations continuous by taking the

limit Az — 0. Eq. (3.5)-(3.7) remain unchanged, but Eq. (3.8) can be
rewritten as

Opo(t) = lim (—2¢(z0,t) + d(xo + Az, t) + ¢(xg — Az, t))

Az—0 L()AQ?
— 1 i (qb(l”o + AZU, t) _ ¢($07 t) gb(xOn t) o QS(xO — A'Ia t))
= 11m -

Ax—0 L Ax Ax

where we identified the two terms of the second row as first order spatial
derivatives. ¢(z7,t) denotes the flux field of the right side of the qubit
and ¢(xy,t) denotes the field on the left side of the qubit.

3.1.1 Linearisation of the Qubit

One important step we take to simplify our system is the linearisation of
the qubit. As we showed in section 2.4, the Transmon has an anharamonic
energy spectrum. In the limit E; > E¢, the energy spectrum is only
slightly anharmonic and can be approximated by a harmonic oscillator.
However, we want to treat the transmon as a qubit, where only the first
two energy levels are considered. In general, one has to be careful not
to drive the qubit too strongly, so that the higher energy levels are not
affected. In our case, we work in the single excitation regime without
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driving, where the qubit can indeed be treated as a harmonic oscillator.
To linearise the qubit, we expand the potential energy up to second order:

V(¢y) = —E;cos (2;%)

e (L a0 (%))

2
97

=i 1
oL, (3.10)

with the inductance L; = %. In the last line, we neglected the constant

term of the potential energy. Doing this approximation basically means,
we replace the non-linear Josephson element in the circuit by an inductive
element, see Fig 3.2. After the linearisation, Eq (3.7) becomes

@mwz—;@@ (3.11)

and we obtain a new set of differential equations for the generalised coor-
dinates at the coupling point

C.+Cy 1

on(t) = “g o lt) + ot (3.12)
0161(6) = - (pa(2) + (), (3.13)
Omi(t) =~ 0u(t) (3.14)
Oipo(t) = Llo (0u0(z™,t) — Dpip(z, 1)) (3.15)

These equations can be further reduced as we will show in the following
section.
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a) b) c)

Figure 3.2: Linearisation of the qubit means that the transmon, a), is replaced by a
harmonic LC-oscillator, b). ¢) Anharmonic potential of the transmon and harmonic
potential of the LC-oscillator. The horizontal lines denote the energy levels.
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Figure 3.3: Effective circuit model of a transmon coupled to an open TL. The
transmon is replaced by an LC-oscillator with capacitance C; and inductance Lj
and is coupled to the TL wvia a coupling capacitance C.. The transmission line is
represented by its characteristic impedance Zy. The photons that are emitted by the
transmon can escape to both sides of the transmission line corresponding to the two
parallel resistors.

3.2 Impedance of the Transmission line

We discuss the impedance of the TL by introducing an effective circuit
model, where an harmonic oscillator is coupled to an open TL which is
represented by its characteristic impedance 7, see Fig. 3.3. The transmon
is replaced by an LC-oscillator with capacitance C;, inductance L; and
characteristic impedance Z; = \/L;/C;. We consider an undriven initially
excited oscillator whose emitted photons can escape to both sides of the
transmission line which are represented by parallel-connected resistors. In
the following we want to discuss the behaviour of the system demonstrated
in Fig. 3.3 by comparing the impedance of the transmission line Zj to the
characteristic impedance of the LC-oscillator Z;. If Z,/Z; < 1, the cou-



3 Atom in front of a mirror 26

pling capacitance C. is grounded and the system describes an undamped
oscillator with resonance frequency wy = 1/,/L;(Cy + C.). When we on
the other hand consider the opposite case Zy/Z; > 1, we find an un-
damped oscillator with resonance frequency wy; = 1/v/L;C;. A common
transmission line has an impedance of Z; ~ 50 ) and the impedance of a
transmon is given by Z; ~ 2kQ/\/E;/Ec. The ratio E;/E¢ does usually
not exceed E;/Ec ~ 100, so usually we can assume that Zy,/Z; < 1, but
it has a finite value. So, in general, we have a dissipative system where
energy is lost through the resistors. We are interested in the energy that
is dissipated, since it gives an insight to the properties of the transmon
(LC-oscillator), more specifically, its decay rate. The decay rate is defined
by the energy dissipation of the LC-oscillator,

E(t) = E(0)e ", (3.16)

where F(0) is the initial energy of the LC oscillator. Through analysis of
the circuit we find that the decay rate for Zy < Z; is given by
o Zowg 02

<. 1
2 C.+Cy (3.17)

For a detailed analysis, see the appended paper. In the following, we focus
on the case Zy/Z; < 1 if not mentioned otherwise.
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3.3 Field inside the transmission line

Now we take a closer look at the field inside the transmission line. The
presence of the mirror creates a boundary condition and the field can
not propagate freely. We want to get a close insight how the presence
of the mirror affects the dynamics of the qubit. Therefore, we derive
the equations of motion for the field and formulate boundary conditions.
With these we are able to reduce the four equations (3.12)-(3.15) to only
two equations.

The Heisenberg equations of motion of the transmission line part of the
Hamiltonian are given by

060(t) = ¢ 5ot (3.18)
Omn(t) = g (2000 + G+ 6). (319

Again we apply the continuous limit by defining the flux field ¢(z,) =
¢n(t) and charge density field p(x,,t) = p,(t)/Azx with the spatial co-
ordinates x, = nAz. In the continuum limit Ax — 0, giving z,, — =,
Eq. (3.18) and (3.19) become

(1) — Cl'o (2.1), (3.20)

Op(x,t) = lim

(—2¢(x,t) + o(x + Az, t) + ¢p(x — Ax, t))

Az—0 ko
li 1 QS(ZC—}-AI’,t)—QS(ZU,t) . ¢($,t>-¢(l’—AI‘,t>
= Arso AxLy Ax Ax
_ - a2
_ Loa“‘b(x’t)’ (3.21)

where we identified the terms in the second row of Eq. (3.21) as second
spatial derivatives. As we already showed in section 2.3, ¢(z,t) and p(z, t)
obey the massless Klein-Gordon equation

(07 — ¢°02) ¢(x,t) = 0, (3.22)
with the velocity ¢ = 1/ \/LOC’O inside the transmission line. We write the
solution in terms of right (—) and left (+—) moving terms

dk
<— —z(wktqikx)
(2,) =, 47?00/ +he), (3.23)
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where CLL and aj, are creation and annihilation operators that create or
annihilate a photon with wave vector k, respectively. They fulfil the com-
mutation relations

g, al| =3 (k). (3.24)
lag, ay] = {a,t,aH = 0. (3.25)

The solutions can be rewritten in terms of frequencies w and we obtain

hZO o0 dw <:’ —i(wtFk,x)
=\ 7 / a; +he), (3.26)

where k, = w/c. In order to be able to formulate boundary conditions for
the field inside the semi-infinite transmission line, we calculate the voltage

V(QT, t) - 6t¢(x7 t)a

—i\ ZZ?TO /Ooo dwv/w (afe‘i(wmkw) — h.c.) (3.27)

an similarly, the current I(z,t) = 0,¢(x)/ Ly,

447TZ()/ dwvw afe HwiFhoe) — h.c.). (3.28)

We find the relation between the voltage and the current

V©(x,t)

= (x,t) = 7

(3.29)
Now we take a look at the voltage Vj at the coupling point x(. Since the
voltage is continuous, it can be written as the sum of the ingoing V™ and
outgoing V" voltage field on the left (L) and the right (R) sides of the
qubit

Vo(t) = V(1) + VE™ (t) = Vig'(t) + VE" (1) = Oucholt), (3-30)

where ¢ is the flux field at the coupling point. In the following we in-
vestigate the connection between the field in the TL and the transmon
degrees of freedom for two different cases: An open TL and a semi-infinite
TL with a mirror.
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3.3.1 Open transmission line

We consider an initially excited atom with no external driving. For this
reason, we assume that the average incoming vacuum field to the transmon
is zero. Therefore, we find from Eq. (3.30) that the outgoing fields to the
left and the right are equal,

Vo(t) = VLU (1) = VE"(t) = duho(#). (3.31)

Note, that we now consider average fields and solve semi-classical equa-
tions for the system. Using that the current inside the TL is conserved
we find

Iy = Zlo (Vin — Vour) = _Zlovout (3.32)
_ —Z10 (VO (£) + VU (1)) (3.33)
_ _220 (1) (3.34)
and finally arrive at
Don(t) = — 2 0(t). (3.35)

With this relations, the equations of motion (3.12)-(3.15) can be reduced
to two equations only containing the charges py and pj,

0 + sl =~ o) (3:36)
Ops(t) = —wj (po(t) + ps(t)). (3.37)

3.3.2 Semi-infinite transmission line

Since the mirror is located at the right side, see Fig. 3.1. the incoming
field on the right side of the qubit is given by the reflected field at the
mirror. Therefore, we can write it in terms of the outgoing field on the
right side with a time-delay T,

V) = £Vt —1T), (3.38)

where the delay-time T is given by the time it takes for the field to travel to
the mirror and back. The sign is determined by the type of mirror, where
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the negative sign belongs to the shorted end that we consider. Now we
calculate the current at the coupling point and use current conservation

2
[0 = > (‘/m - ‘/out) (339)
A
where Vi, = V" + V]i%n is the sum of the incoming fields on the left and

the right side of the qubit and Vo, = VO™ 4+ V2" is the sum of outgoing
fields on the left and the right side of the qubit. In our system, there is
no incoming field from the left side, since we only look at the spontaneous

emission without any driving, which means that V" = 0. Therefore we
find from Eq. (3.30) that

VO (£) = VU () 4 Vi (E) = VU (£) — VU (¢ — T). (3.40)

Inserting this into Eq. (3.39) and using that the current I is given by the
time derivative of the charge at the coupling point, we obtain

1
atpO — [O S (VID - ‘/out)

(V V Vout Vout)

" 7

1 out out out out

Zo( VRl (t = T) — (VR™“(t) = V"' (t = T)) — Vg™ (t))
Drpo = _220 ot () (3.41)

We insert this into Eq. (3.30) and find

8t¢0(t) = —ZZO(% (po(t) - po(t - T)) . (342)

Similar to the open TL case, the equations of motion (3.12)-(3.15) can be
rewritten as

0+ i) =~ Do)~ -T) . (349
p(t) = 3 (po0) + (1)) (3.44)

These equations can be reduced even more by assuming that the impedance
of the TL and the coupling between the qubit and the TL is small allow-
ing us to calculate an analytical solution, which we demonstrate in the
following.
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3.3.3 Weak coupling

If the impedance Z; is small, we find that the contribution of the right-
hand side of Eq. (3.43) becomes small and we can make the following
ansatz for the charge po(t)

Ce
C.+ P’
This ansatz means that the charge on the coupling capacitance is equal

to the charge of the undamped LC-oscillator plus a small perturbation.
Putting this ansatz into Eq. (3.44) we find

po(t) = () — dpo. (3.45)

Opy = —wipy + wiopy. (3.46)
We solve for dpy,
Z C, \?
m(t) = =30 (G ) 0ol = pot = 1)) (3.47)
Zy C.CYy
- ?mat (5p0(t) - 5p0(t - T)) (3-48)

and assume that the time derivative of the perturbation is very small,
0;0pg ~ 0 and the perturbation depends only on the charge p;. This
approximation holds in the weak coupling regime and the result coincides
with methods that are commonly used in quantum optics. For details,
see the appended paper. Finally, we are able to reduce Eq. (3.43) and
Eq. (3.43) to

0ips(t) = —wips(t) =0 (ps(t) — ps(t = T)), (3.49)
with the coupling strength
. Z()wg 02

< . 3.50
2 C.+Cy (3:50)

Eq. (3.49) can be solved analytically by Laplace transformation,
,F@):igmf@ﬁz“du (3.51)

with s € C. The Laplace transform of Eq. (3.49) is given by

s*p.(s)—sps(0) — p3(0) = —wipy(s) — ysps(s)
+vps(0) + yse Py (s) — vps (=T, (3.52)
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and by assuming that p’;(0) = 0 and p;(—7") = 0 we find

SN GRS ()
bJ 24+ s (1 —eT) +wi

(3.53)

So by applying an inverse Laplace transformation we finally arrive at

pal) _ S 0 (t—n7) L eritinm | (s+54)" (s + s +7) etD)
ps(0) =0 n! dsm (s+ 5. — S_)n+1 _

_|_ eS—(t*nT) dn (S + 3_)n (8 + S— + 7) eS(t_nT) (3 54)
ds" (s+s_—s.)"" o)

More details of this calculation can be found in the appendix of the ap-
pended paper and we will discuss the validity of this approximation later
in section 3.4.1. In this regime we found a rigorous connection of the
circuit QED model and a quantum optical emitter-bath system, see the
appended paper.
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3.4 Energy of the Qubit

To get an insight in the spontaneous emission of the initially excited qubit
(harmonic oscillator), we calculate its energy as a function of time

1 2 Ly
by = 2(C, + Cc)p'] + 2LJ¢J- (3.55)
We find a solution by numerically solving Eq. (3.43) and Eq. (3.44) and
using ¢y = —Lj0ps. In Fig. 3.4, we depict the energy of the qubit as a
function of time for different qubit positions with respect to the mirror
compared to the open TL case (orange), which shows an exponential de-
cay. Before we focus on the two other cases, let us discuss the influence
of the mirror in general. A undriven initially excited atom in a 1-D semi-
infinite TL emits photons into both directions. The photons that escape
to the open side do not come back and the energy is lost. The photons
that escape to the side with the mirror are reflected at the mirror and
come back after a delay time 7' to interact with the atom again. We call
one of these cycles a "round-trip". The position of the atom with respect
to the mirror and the wavelength of the electromagnetic field plays a cru-
cial roll for the dynamics of the atom. If located at an anti-node (yellow),
the interaction with the reflected field enhances the emission and the de-
cay rate increases, which can be clearly seen after the first round-trip at
t/T = 1. This effect is known as the Purcell-effect [35]. On the other
hand, if the atom is positioned at a node of the electromagnetic field,
the opposite happens and the spontaneous emission is suppressed and the
decay rate decreases. It even decreases so far that it becomes zero in the
steady state. The energy of the qubit converges to a dark state, a state
with finite excitation probability for ¢ — oco. In the following, we discuss
the dynamics of the dark state in more detail.

3.4.1 Dark State

The energy of an undriven initially excited qubit converges into a dark
state if it is positioned at a node of the electromagnetic field, which means
that the relationship between the transition frequency of the qubit wy and
the delay time T is given by w1 = 2nmw,n € N.The reflected light from
the mirror interacts destructively with the electromagnetic field in the TL
leaving no states for the qubit to emit photons in. There are no other
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Figure 3.4: The energy of the qubit as a function of round-trip timest/T for different
positions with respect to the mirror. It shows the energy of a qubit in an open TL
(orange), at a node of the field (red) and a anti-node (yellow). On the right there are
sketches showing the qubit at a node and anti-node corresponding to the left figure.

decay channels in our system so the steady state has a finite energy. We
calculate the energy of the steady state by
lim f(t) = £1_r>r(1) sF(s), (3.56)

t—00
which we apply to Eq. (3.53). The energy of the steady state then becomes
E; 1

=—. (3.57)
B~ (1437)

This coincides with the result of [37]. In Fig. 3.5 we depict the energy
of the qubit for different values of the ratio of the coupling strength and
the delay time 77T. If the coupling-delay-time-ratio vT" is small (green),
only a small amount of energy is lost during the first round trip and the
qubit reaches the dark state very quickly. For higher 4T (cyan), the qubit
emits all its energy during the first round-trip and the energy goes to
zero. After the reflected light comes back to interact with the qubit again
(at t/T = 1), it is re-excited and we see a revival of the energy until
it reaches a steady state after several round-trip times. We note that
the energy of the dark state only depends on the ratio of the coupling
strength v = =5 z ECJ and the delay time 7. In section 3.3.3 we made
an assumption that the impedance should be small. Here, it seems that
only the value of v oc ZyC?wy is important since it is proportional to the
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Figure 3.5: The energy of the qubit as a function of number of round-trips t/T
for different values of the coupling strength. The transient dyanamics differ a lot
depending on the ratio vT'. For vT = 0.01- 271 only a small amount of energy is lost
during the first round-trip before the qubit reaches the dark state. For T = 1-2mw
the qubit regains energy during the first few round-trips until in converges to a dark
state.

RC-time. So the value of v can be changed by both changing the coupling
capacitance C\ or the transmission line impedance Z,. Since we did our
previous analysis with the assumption that Zy < Z;, we now investigate
the validity of this assumption and the approximation in section 3.3.3. In
Fig. 3.6 we depict the energy of the initially excited qubit in front of a
mirror for the case Zy < Z; (left) and for Z; > Z; (right), where the
solid blue line corresponds to the unapproximated numerical solution and
the dotted pink line corresponds to the analytical solution of Eq. (3.49),
where we assumed small Zy. In both plots the value of v is the same. For
Zy < Zjon the left, which is the case for most common transmission lines,
both solutions coincide and our approximation is valid. If 7y, < Z;, we see
that the transient dynamics differ significantly and the approximation is
not valid anymore. However, both solutions converge into the same dark
state, which can be easily understood by the fact that it only depends
on v o< ZoC%wy. So far, we only have thoroughly investigated the more
common case where the TL impedance Zj is small. But in recent studies
a new type of high-impedance transmission lines were developed, where
Ly is increases using Josephson junctions or kinetic inductances [38-40)].
We leave the investigation of these open for further research.
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Figure 3.6: The energy of an initially excited qubit as a function of round-trip times
for the unapproximated numerical solution (solid blue line) and the approximated
solution (dashed pink line). In both figures the value vT = 1.25 - 21 but on the left
the TL impedance is small, Zy/Z; = 1/\/5, where our approximation is valid and

on the right the TL impedance is big, Zy/Z; = 100, and our approximation breaks
down.
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4.1 Summary

In this thesis, we first demonstrated how to quantize electrical circuits and
introduced important parts of circuit QED, such as transmission lines and
superconducting qubits (chapter 2). We demonstrated the transmission
line with different boundary conditions: open transmission line, semi-
infinite transmission line and a resonator. Then we introduced supercon-
ducting qubits: the single Cooper pair box and the transmon. After this,
we studied their most important components, Josephson junctions, that
are responsible for the anharmonic energy spectrum of artificial atoms.
Then, in chapter 3, we proceeded to show results of paper 1, which is
based on the theory we introduced before. We investigated an initially
excited artificial atom in front of a mirror and semi-classically analysed
its spontaneous emission. We explored the dynamics of the system for
different positions of the atom with respect to the mirror and different
coupling strengths. We also analysed the electrical circuit regarding its
impedance. We found that if the atom is located at a node of the elec-
tromagnetic field, it converges into a dark state, a steady state with finite
excitation probability. The value of the energy depends on the ratio be-
tween the coupling strength and the delay time, which is given by the
distance to the mirror. In this thesis, we focused on the circuit QED part
of the appended paper, where we also derived a quantum optical model
of the system.

37
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4.2 Open questions

We investigated the spontaneous emission of an artificial atom in front of
a mirror in a semi-classical regime. This means, we neglected dephasing,
which leads to fluctuations in the transition frequency of the qubit, so
a dark state could be difficult to reach. Including dephasing in the sys-
tem would be a matter of further research. Moreover, we linearised the
qubit, by replacing the Josephson element in the circuit by an inductor.
This leads to a harmonic energy spectrum. Since we work in the single
excitation limit, we assume that this approximation is valid. However,
including the non-linearity could be investigated further. Another inter-
esting question is the investigation of high-impedance transmission lines.
With our method, we are able to calculate the dynamics of an artificial
atom coupled to a high-impedance transmission line, which means that
we can reach strong and ultra-strong coupling regimes.
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