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Abstract: We analyze a second-order accurate finite difference method for a spatially periodic convection-
diffusion problem. The method is a time stepping method based on the Strang splitting of the spatially
semidiscrete solution, in which the diffusion part uses the Crank-Nicolson method and the convection part
the explicit forward Euler approximation on a shorter time interval. When the diffusion coefficient is small,
the forward Euler method may be used also for the diffusion term.
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1 Introduction

In this paper we shall consider the numerical solution of the following convection-diffusion problem in the
cube Q = (0, 2m)4:
aa_(t] =div(aVU)+b-VU inQ fort>0 withU(0)=1V, (1.1)
under periodic boundary conditions, where the positive definite d x d matrix a(x) = (a;j(x)) and the vector
b = b(x) = (b4, ..., by) are periodic and smooth.
Equation (1.1) is a special case of the initial-value problem for the operator equation

C;—lt] =-AU+BU fort>0 withU(0)=171, (1.2)
where A and B represent different physical processes, in our case AU = —div(aVU), BU = b - VU, with A
representing a slow and B a fast physical process.

The solution of (1.2) may be formally expressed as
Ut) = )V = e t™-Bly fort > o0.

To discretize such an equation in time, a common approach is to split A — B into A and —B. With k a time step
one introduces t,, = nk and one may then use the second-order symmetric Strang splitting [7, 8] on each time
interval (t,_1, tn),

1

e(k) = e A=) L esze—kAe%kB, (1.3)

which thus locally involves solutions of U; = —AU and U; = BU, see e.g. Hundsdorfer and Verwer [5] and
references therein.
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The three exponentials on the right in (1.3) are then approximated by rational functions of A and B,
respectively, such as the Crank-Nicolson method ro(kA), with ro(A) = (1 - %A) /(1 + %A), for the middle factor.
The choice of approximation involving B is not so obvious. It has been suggested in the context of numerical
weather prediction, e.g. in Baldauf [1], that time steps of different length could be used for the two processes,
with shorter time intervals for the fast process and longer for the slow one. Also Gassmann and Herzog [3]
discuss the difficulties associated with splitting in such situations. In the case of reaction-diffusion equation,
see Estep, Ginting, Ropp, Shadid and Tavener [2] and references therein. Our aim in this work is to discuss
this problem in a somewhat rigorous fashion for our simple model problem.

We note that if A and B commute, which holds for (1.1) when a and b are independent of x, then
e KA-B) _ g=kA kB _ o3kB g=kA o3kB g4 that the error in (1.3) is zero. When A and B do not commute, then
formally, by Taylor expansion, e K(A-B) _ e=kAekB = O(k2) and e kA-B) _ g1kBe-kAeikB — O(k3). Error
estimates for the time splitting, depending on the regularity of the initial values may be found in Jahnke and
Lubich [6], Hansen and Ostermann [4] and references therein.

In the method that we study in this paper, we begin by discretizing (1.1) in the spatial variables. We let
h = zﬁ”, where M is a positive integer, and define a corresponding uniform mesh

Qh={X=Xj=jh:j=(jl,...,jd},1Sj1£M,l=1,...,d}. (1.4)

For M-periodic vectors u with elements uj, corresponding to the mesh-point x;, and with uj, ye, = uj, we
consider the following simple second-order finite difference approximation of (1.1):
du d dq 3 . .
T Z 0j(aijoiu) + zbj(a,- +0j)u inQy fort>0 withu(0)=v. (1.5)
ij=1 j=1
Here 0j, 5]- are forward and backward finite difference quotients in the direction of x;, a;;(x;) = a;j(x; + %he,-),
and v the restriction of V to Qj. Problem (1.5) may be written as a system of ODEs in time,

% =-Au+Bu fort>0 withu(0)=yv, (1.6)
where the M4 x M? matrices A and B correspond to the differential operators A and B. It is then to (1.6) that
we will apply the splitting approach.

In the one-dimensional case we may take, with h = zﬁ" the mesh-width and x; = [h,

dx;) -a(xis) 0 e cee -a(xo.5)
—-a(x1s) d(x2) -—alxas) ... e 0
ALl o —a(xas)  dG) ... ... 0 ,
h? . . .
: —a(xm-o.5)
—a(xo.5) 0 0 .o —a(xm-o.5) d(xy)
where d(x;) = a(x; + 0.5h) + a(x; — 0.5h) (recall a(xp40.5) = a(xp.5)), and
0 b(x1) ... ... ~b(x1) |
—b(Xz) 0 b(Xz) e 0
1 . . .
B=n
: : b(xp-1)
L b(xu) 0 e -b(xpn) 0

The solution of (1.6), the spatially semidiscrete solution, is
u(t) = E(tyv = e 4By,

and we shall see that the error in this approximation is O(h?), under the appropriate regularity assumptions.
For the time discretization we shall work with basic time intervals of length k = %, where N = 2p is an even
positive integer, then apply the Strang splitting (1.3) on each of the interval, so that

1

E(k) = e KA-B) < e%kBe—kAesz’ (1.7)

and finally approximate the three exponential factors.
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We would like the time discretization error to match that of the discretization in space. For a second-order
time discretization method, this will require k = O(h). For k < yh?, with y appropriate, the problem may be
solved by explicit approximations but since we prefer N to be relatively small, we will consider methods with h
and k of the same order.

For the approximation of e™** in (1.7) we shall use the Crank-Nicolson method. Then, in order to ap-
proximate e2kB , we would like to use the forward Euler method on a time interval of length k; < k. Assuming
for the moment that b is constant and thus B skew-symmetric, we note that

-kA

I+ kyBl = (1 + K2|B|?)? < 1+ Ck2h™2.

Here and below, | - | denotes the standard matrix norm induced by the ¢ vector inner product. Stability
therefore holds if k%h‘2 < Cky, or if k1 < Ch?2. Since k should be of the same order as h, this makes it natural
to choose k; = k%. We thus subdivide the time intervals of length k into N subintervals of length k? = % and
apply an explicit forward Euler approximation on each of these. As we shall see, this approximation matches
the second-order of the Crank—Nicolson method.

Thus the diffusion part of the equation is approximated on intervals of length k and the convection part
on intervals of length k?. We consider thus the time discrete solution at time ¢,, = nk,

u" = E}lv, where Ey = Byro(kA)B with By = (I + K*B)P. (1.8)

In fact, in the successive time stepping, only the matrix By = 3i = (I + k?B)V is used, except in the first and
last steps. The method proposed thus replaces the solution at each time step of a nonsymmetric problem,
by the solution of a symmetric problem, plus applications of an explicit method, but successively repeated
% = p times before and after the diffusion approximation, thus covering the interval of length Nk? = k. We
re-emphasize that the splitting is applied to the spatially semidiscrete problem and not to the continuous
problem.

The analysis sketched above is carried out in Section 2. The analysis will use discrete Sobolev norms.
After this, in Section 2, we discuss the case when equation (1.1) contains a small diffusion coefficient €. In
this case we are able to show that if € < yh with y sufficiently small, then the approximation of e ¢4 can be
done by the forward Euler method, and, with the convection part as before, we have a purely explicit second-
order approximation method. We close the paper by presenting some numerical illustrations in Section 4.

2 Basic Error Analysis

For the periodic problem in Q = (0, 2)? and with Qj, as in (1.4), we introduce the discrete inner product and
norm )
(v, w), = h® Z vjw; and |vlp = (v,v)}.
X;€Qp
Further, we set 0ju(x) = #(u(x + hej) — u(x)) and 0%u = 97" ... 0 u fora = (a1, ..., ag), and define the dis-
crete Sobolev norm, with |a| = a1 +--- + ag,

1
2
s = ( Y 10%ul2)" fors>o.

|al<s

We shall also use dju(x) = +(u(x) - u(x - hej;)). We define

a o 0 \*“ o a
Wl ) = maxsuplDwe)l, D= (=) ()
We shall write C* for C5(Q), and C for C°. We note that defining U}, to be the restriction to the mesh Qj, of
a smooth function U, i.e. by (Up)j = U(x;), we have ||[Uy|ln,s < C|Ulcs.
Consider now the matrices A and B in our convection-diffusion problem (1.2). They satisfy, with C inde-
pendent of h,
lAullp < Cllullp,2 and [|Bullp < Cllullp,1- (2.1)
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Setting Q(x) = {y : lys - xs| < h, s=1,...,d}, wehave, since the terms in AU}, are symmetric difference quo-
tients of U at the mesh-points x;, and the terms in (AU)j are the corresponding derivatives of U at xj,

I(AUR) (%)) = (AU)(x))| < Ch* | Ullcs(qexy) (2.2)

and
[(BUR)(x;) = (BU)(xj)| < Ch?| Ulles (wg))» (2.3)

expressing, in particular, that (1.5) is a second-order approximation of (1.1).
We note that, for |a| = s,

l0%Au — Ao%ullp < Cllullp,s+1  and  [0“Bu — Bo“ullp < Clulla,s, (2.4)
and we may conclude from (2.1) that
lAulln,s < Cllulln,s+2 and  [|Bulln,s < Clulln,s+1- (2.5)
The matrix A is positive semidefinite, with
VI 1 < CAAV, )k + IVIR). (2.6)
Further, it follows easily from the definition of A that
lAVIn < ah~2|vln, where a = 4dAmax(a). (2.7)

For B = (bj;) we have
b = ibj(Xi) ifl=iiej,j=1,...,d,
e 0 for other I,

and that then biye; i = —bj(Xise;). It follows from this that
B=By+B; withBj= %(B -BT), By = %(B +BT).

Here By is skew-symmetric and

d d
ob;
IBol <h™'Bo, Bo=Y lbyle,  IBal<pi=Y || . (2.8)
j=1 j=1 aX] C

Note also that (Bgv, v) = O for all v.

We begin with the straightforward standard analysis of the spatially semidiscrete problem (1.6), which
we include for completeness. We first show the stability of the solution operator of (1.6) in discrete Sobolev
norms.

Lemma 2.1. Let E(t) = e 14=B)_ Then, for any s > 0, with C = C, independent of h,
IE@)VIns < e“IVIns fort>o0.
Proof. Lets > 0and let |a] = s. From (1.6) we find, for u(t) = E(t)v,
(0%ut, 0%u)p + (0%“Au, 0*w)y = (0%Bu, 0*w)p. (2.9)

Here, by (2.4),
[(0%Au, 0%u)p — (A0%u, 0%u)n| < Cllulln,s+1llulln,s. (2.10)

Further, since B = By + By with By skew-symmetric,
[(0*Bu, 0%u)p| < |(Bo“u, 0“u)n| + Cllullp,s < Cllullﬁ,s-

Therefore, by (2.9),

| s

2 2
lo%ully + (Ao%u, 0“u)p + 0%ully, < Cllullp,s+1llulln,s-

N =
QU

t
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Hence, using (2.6) and summing over |a| < s we find, with ¢ > 0,

d
Ellullﬁ,S + Cllullﬁ,m < Cllulln,s+1llullp,s < Cllullﬁ,S+1 + Cllullﬁ,s,
or, with C = Cg,
d
allullﬁ,s < CIIuIIﬁ,s, (2.11)
from which the lemma follows. O

Note that the special case of e~ is included for B = 0.
As a consequence, we have the following second-order error estimate.

Theorem 2.1. We have, for the solutions of (1.6) and (1.1), withv = Vy, and C = Cr,
lu(t) = Un(O)lln < Ch2|Vliee  for nk < T < co.

Proof. Setting w = u — Uy, we find

d
d—‘;’:—Aw+Bw+p inQ, fort>0 withw(0)=0,

where p = ((AU)p — AUp) — ((BUp) — BUy). Here, by (2.2) and (2.3),
lpOlln < IAT)R = AU Ol + I(BU), = BUR)(DlIn < CRAIU(O) It

and hence
t

w(t) = JE(t—s)p(s) ds,
0

where [|p(s)|ln < Ch?||\U(s)||cs. Hence, by Lemma 2.1, since || U(s)|lcs < Cl|Vlics,
t t
lw®ln < CJ lp(s)lln ds < Ch? I 1U(s)llce ds < Ch?||V|ca. O
0 0

Turning to the analysis of the time discretization, we first show the stability of e’B.

Lemma 2.2. For any s > 0, we have, with Cs independent of h,
leBvps < e vins fort=o0. (2.12)
Here we may choose Co = B1, as in (2.8).
Proof. Lets > 0 and let |a| = s. Then for the solution of (1.6) with A = 0,
(0%u¢, 0%u)p = (0*Bu, 0“u)p = (Bo"u, 0%u)n + Qq,

where |Qq| < Csllulli,s. Since (Bu, u)y = (Biu, u)y < Blllullfl, we conclude that (2.11) holds, which shows
(2.12).For s = 0 we have Q4 = 0 and hence (2.11) holds with C = 28; which implies (2.12), with Co = ;. O

We now show the following error estimate for the Strang splitting.
Lemma 2.3. We have, with C independent of h and k,

1 1
leKA-Bly — e2kBe k4 o2 kBy|, < CI|Vn,6.

Proof. Setting F(k) = eK(A-B) _ ¢3kBo-kA o3kB and noting that F(0) = F'(0) = F"(0) = 0, we may use Taylor’s
formula to obtain

1 1
IF(R)] = H(F(k) ~ F(0) - kF'(0) - EkzF"(O))v”h < 210 sup [F" (s)Vl.

s<k
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Here, for s < k, using (2.1) and Lemmas 2.1 and 2.2,

IE" (s)VIn < I(A - BPe A Pylp+C ) |BrexPAe B e Py,

i1+i2+i3=3
<C(Mine+ Y Miniaizei ) < Clvine,
i1+i2+i3=3

which shows the lemma.

O

We now turn to the time stepping operator Ey defined in (1.8) and begin with the following stability result.

Lemma 2.4. Let k < yh. Then, with Bo, 1 asin (2.8),

1
IBell = 1T + KBl < 7, where i = 5 (vBo)” + 1. (2.13)

Further, Ex = Byro(kA)By is stable, and

IE}] < etT fornk <T. (2.14)

Proof. Since By is skew-symmetric, we have
I+ K2Boll> = 1+ k*|Bol? < 1+ k*h 2B2 < 1+ (yBo)*k? < eVPoV'*,

Hence

I+ k2B < I + k2Bl + K2|B1]l < e2VB’K 1 B k2 < kK’ (2.15)

which shows (2.13) since 2pk = 1. Hence (2.14) follows by ||ro(kA)| < 1.
We start the analysis of the time discretization error with the following.

Lemma 2.5. Let M be a square matrix, and assume | eSM| < C for s < t. Then we have, for s < t,
I(e™ — (I + tM)vll < CE|M*V|n

and

1
le™ —(I+tM + itzMz))vllh < CEIM3v|p. (2.16)

Ifalso |(I + 3sM)™!|| < C for s < t, then

Ie™™ = ro(tM)Viin < CEAM VIR + [VIn). (2.17)

Proof. By Taylor expansion we have
t
eM=1+tM+ J(t - s)eMSM? ds,
0

and hence
t

1
l(e™ — (I + eM))vip < CJ’(t— S)IM?Vly ds = th2IIM2vllh.
0
Estimate (2.16) follows analogously. For (2.17), we use (2.16) together with
1 1 ‘
ro(tM) =1 - tM + 5tZM2 +3 J(t - 5)’ry' (sM) ds,
0

where ry’(A) = —3(1 + 31)™, to complete the proof.

We now show the following error estimate for By.
Lemma 2.6. Let k < yh. Then we have, with C = Cy,

I3 = Bi)viin < CIC VI,
Proof. Since pk? = %k, we may write

p-1 . .
et By — (1+K2BYPv = Y e®T-UKB(elB _ (14 k2B))(I + k*Bv.
j=0
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By Lemma 2.5, we have
1B — (1 + K2B)VIIn < CK*IB?VIlp.
By Lemma 2.2, [|eP-DK*B|| < 3k for j < p — 1. Using also (2.15), we find
p-1

le? By — (1 + kK2B)Pvlp < CK* Y B2 + K2 B)vily
j=0

p-1
312 1
< Ck* Y eM¥|B2v|, < Ck*pe* |B2v]y < CIC|VIn 2
j=0

which completes the proof. O
We now show the following error estimate for Ey.

Lemma 2.7. Let k < yh. Then we have, with C = Cy,
IE(K)V = Exvlin < CIC[VIn,6-

Proof. In view of Lemma 2.3, it remains to show

1

1
le2*BekezkBy _ Eyv|p < CIC Vi,

We have
e BekAeikE _ B ro(kA)By = (e2*F — Br)e e B + Bi(e™ — ro(kA))e: P + Biro(kA) (e F - By)
=J1+J2+]5.
Here, by the above lemmas,
viin < CICle™ e vy, < CIC Vil 2,
Waviln < CIP (1A% B vily + e Bvily) < CPlle> BVl 6 < CICIVIne,
I73vIn < CK3IVIn,2,
which completes the proof. O
We can now prove the following error estimate:

Theorem 2.2. Let k < yh. Then we have for the solutions of (1.8) and (1.6), with C = Cy,,
[u" — u(nk)lln < Ck*|Vlpe fornk < T.

Proof. We write
n-1 .
u" —u(nk) = Efv - E(nk)v = Y Ex 7 (Exc — E(K)E(k). (2.18)
j=0

Using Lemmas 2.4, 2.7 and 2.1, we obtain, for nk < T,

n-1
IExv — E(nk)vip < C Z I(Ex — E(K)EGK)VIn
j=0
n-1
< Ck? Z IEGK)VIIn6 < Cnk|Vine < CK*[Viin,6. u
j=0

Since | Vulln,6 < CllV]cs, we immediately obtain from Theorems 2.1 and 2.2 the following total error estimate.

Theorem 2.3. Let v = Vy, and k < yh. Then we have for the solutions of (1.8) and (1.1), with C = Cy,r,
|u™ — Up(nk)|p < ChZIIVII(Ce fornk <T.
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3 The Case of a Small Diffusion Coefficient

In this section, we consider the variant of problem (1.1) with a small diffusion coefficient £ > 0,

(Z—lt]:ediv(aVU)+b~VU inQ fort>0 withU)="V.

The corresponding semidiscrete system (1.6) may then be written

% =—cAu+Bu fort>0 withu(0)=v, (3.1)

where A and B are as before. We shall see that (3.1) is stable, and satisfies an O(h?) error estimate, indepen-
dently of €. Further, for € and k small, or more precisely, if max(e, k) < yh and ke < 2722, we will be able to
show an O(k?) estimate for the time discretization error, even when we use the less accurate forward Euler
method for the A part of the time stepping operator, and with weaker regularity requirements than earlier.
Also, we do not need to use the symmetric Strang splitting, and consider now, with r;(A) = 1 - A,

U" = E}lv, where Ey = r1(keA)Bj with By = BZ = (I + k*B)*.
We note the inverse inequality hlullp,s < Cllulln,s-1, and hence
ellAulln,s < Cllullp,s+1 fore<yh ify>o0. 3.2)

As in Section 2, we first attend to the spatially semidiscrete problem.

Lemma 3.1. Let E(t) = e !¢4-B)_ Then, for any s > 0, we have, with C = C, independent of € > 0 and h > 0,
IE@VIn,s < e“IVins fort=o0.
Proof. Following the steps in the proof of Lemma 2.1, we have, for u(t) = E(t)v and |a| = s,
(0%u¢, 0“u)p + £(0*Au, 0%u)p = (0“Bu, 0%u)p. (3.3)
Here, as in the proof of Lemma 2.1, [(0*Bu, 0%u)p| < Cllullfl’s. Hence, by (3.3) and using (2.10),

1d .,
Ealla

and thus, by (2.6), with ¢ > 0,

ully + £(A0%u, 0“u)n + €0ullj; < Cellulln,ssallulln,s + Clully 5,

d 2 2 2 2
Il eclul? .. < eclulf g,y + Clul .

This implies (2.11), with C independent of £ and h, and thus completes the proof. O
In the same way as in Section 2, the stability shows the following error estimate.

Theorem 3.1. We have, for the solutions of (3.1) and (1.1), with C = Ct independent of €,
lu(t) - Un(t)lln < CR*|Vlcs  fornk < T.
In the analysis of the time discretization we begin with the analogue of Lemma 2.3.
Lemma 3.2. We have, with C = Cy independent of h and k,
IE(k)v — e7*A ekBy||, < C(ek? + K3)||VIn3  fore < yh.

Proof. With F(k) = e k(A-B) _ g-keA okB 'wya have F(0) = F'(0) = 0 and hence, by Taylor’s formula,

1
IE()VIR = I(E(k) = F(0) = kF' (0)vin < Ekz sup [F" (s)vlln.

s<k
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Here
F"(s) = e5€AB)(cA — B)? — 754 (¢?A? — 2¢AB + B?)eB
= e SEAB) (242 _ eAB - €BA) - e 5A(e2A? — 2eAB)eSB + (e7SEAB) _ g7S¢AeSB) B2
= G1(8) + Ga(s) + G3(s).
Using (3.2), (2.5) and the boundedness of the exponentials, we find
IG1(s)v + Ga(S)VIln < Cellvln,s fors < k.
Further, G3(0) = 0 and hence

IG5(s)Vlin < ssup |G (0)VIln < Ckllvllp,s fors < k.
0<S

Together these estimates complete the proof of the lemma. O
We now turn to the time stepping operator Ey and begin with its stability.

Lemma 3.3. If ke < 27}'2, then
Iri(ked)|| = |II - keA| < 1. (3.4)

If also k < yh, then Ey is stable, or, with u as in Lemma 2.4,
IE}) < e fornk<T.
Proof. We note that, since A is positive semidefinite,
II-keAl<1 ifkelA] <2,
and thus (3.4) holds by (2.7). Hence, by Lemma 2.4,
IExll < lIr (KANIBl* < ek*. O
We now turn to the error analysis and show the following.
Lemma 3.4. If max(e, k) < yh and ke < % we have
IE()v - Exvlln < C(ek? + ) VIIn,3.
Proof. In view of Lemma 3.2 it remains to show
le™*Ae By — Exviln < C(ek® + I2)IVIn,3-

We first note that by Lemma 2.5,

I(e™ 4 — ry(keA)VIn < Ce* K| A%V < Cek®|[Vn,3. (3.5)
We write

e keAekB _Ey = (e7*A — 1y (keA))erE + ri(keA) (e — By) = J1 + ]a.
Here by (3.5) and Lemma 2.5, and by (3.4) and Lemma 2.4,
V1vin < Cek?le¥viin s < Cel®vins  and  Jovin < CK[viin,2,
which completes the proof O
The following is the resulting error estimate.
Theorem 3.2. Ifmax(e, k) < yh and ke < 2h?/a we have, with C = Cy,r independent of h, k and ¢,
[u" — u(nk)|ln < C(ek + k*)|vln3 fornk<T.

Proof. Using the analogue of (2.18), we find

n-1 n-1
IERv — E(ivin < C Y. I(Ex - E()EGK)VIR < C(ek® + k) Y IEGK)VIIn3 < CT(ek + k) [V]n,3. u
j=0 j=0
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As in Section 2, our error estimates in Theorems 3.1 and 3.2 together show a total error estimate.

Theorem 3.3. With v = Vj and for max(e, k) < yh and ke < % we have, with C = Cy,T independent of h, k
and &,
lu™ = Up(nk)lln < CR?|Vlcs fornk < T.

4 Numerical lllustrations

In this section we present some numerical computations to illustrate our error estimates. We restrict ourselves
to the one-dimensional version of (1.1),

U=(aUy)x+bU, forxe(0,2m), t>0, withU(x,0)=sinx. (4.1)

As before we shall choose h = zﬁ", k = Al,, where M and N are positive integers, and study the effect of doubling
these integers.

We begin with the simple case a = b = 1, in which case the exact solution is U(x, t) = e~ sin(x + t).
In Table 1 we compile the errors in the numerical solution at ¢t = 1, first in the spatial discretization, then
when our time stepping method is applied to the semidiscrete solution, and finally the total error. We use
N =4,8,16,32, 64,and M = 5N, so that X = %1 = 0.7958. The successive ratios of the total errors are given
in the last column and confirm the second-order convergence estimates resulting from Theorems 2.1-2.3.

We recall that in the case that a and b are constant, the matrices A and B involved in our method com-
mute, and consequently the splitting error given in Lemma 2.3 vanishes. In order to also consider a situation
when this does not happen, we let a(x) =1 + % cosxand b(x) =1 + % sin x. To indicate that the matrices A
and B do not commute in this case, we consider the corresponding continuous operators

AU = —((1 + %cosx)Ux) , BU-= (1 + %sinx)Ux,

X

and find, after some effort,

(AB - BA)U = —(a(bUyx)x)x + b(aUy)xx

= (1 _L2zsinx sinx) Uy - (l + Ssinx— S sinx+ cosx)UXX.
42 +cosx 2 2 4

Thus A and B do not commute, and therefore neither could A and B. The exact solution U is taken to be the
semidiscrete solution with M = 2560, N = 512. The errors are presented in Table 2. Again we see that the
errors are of second order, which agrees with the error bounds in Theorems 2.1-2.3.

We finally consider a numerical example for Section 3, for which we use (4.1) with a = € =0.01,
b = 1. Here U(x, t) = e*'sin(x + t), and u" = E}lv with Ej = r1(kA)By. Note that the condition ek < %,
with a = 4, now reduces to € < g—’h <0.8h,ore< . _0.0123 for N = 64, which is satisfied for our choice

= 300
of . The results are given in Table 3 and agree with the error bounds of Section 3.

M N @-UC,Dln e —uC,Dlp e - Up(-,Dln  Ratio

20 4 0.01670 0.01199 0.02494

40 8 0.00423 0.00300 0.00621  4.01

80 16 0.00106 0.00075 0.00155  4.01
160 32 0.00027 0.00019 0.00039  3.97
320 64 0.00007 0.00005 0.00010  3.90

Table 1: Numerical results for constant coefficients. Here h = %, k = %
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M N @-Un(,Dln e —uC-,Dln " - Un(-,Dln  Ratio

20 4 0.02641 0.01419 0.03323

40 8 0.00651 0.00356 0.00817  4.07

80 16 0.00163 0.00089 0.00203  4.02
160 32 0.00041 0.00022 0.00051 3.98
320 64 0.00010 0.00005 0.00013  3.92

Table 2: Numerical results for variable coefficients. Here h = %, k= %

M N @=Un)C,Dln Ju¥ —uC-, Dl ¥ - Un(-,Dln - Ratio

20 4 0.02872 0.05381 0.06237

40 8 0.00721 0.01365 0.01555  4.01

80 16 0.00180 0.00342 0.00388  4.00
160 32 0.00045 0.00085 0.00097  4.00
320 64 0.00011 0.00021 0.00024  4.04

Table 3: Numerical results for constant coefficients and with small diffusion. Here a = 0.01, b =1, h = ﬁ,,—", k= %
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