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1 Introduction

One way to find the symmetry superalgebra, g = go @ g1, of a product AdS; x M F,
k > 2, background in a supergravity theory is to assume that it is a classical superalgebral
whose even subalgebra decomposes as gy = so(k — 1,2) @ tg and the dimension of the odd
subspace g1 is the number of Killing spinors N, where so(k — 1,2) is the Lie algebra of
isometries of AdSy subspace. Then ty is identified with the Lie algebra of isometries of
the internal space M?~*. For k > 3, these data together with the classification of classical
superalgebras in [1, 2] are sufficient to find all such symmetry superalgebras.

This method based on the splitting and classification of classical superalgebras may
be sufficient for backgrounds of the type AdS) x M?F but that is not the case for generic
warped AdSy X, M F solutions. This is because AdS) can be written as a warped
product of AdS,, for any m < k and so all AdS) x, M?* backgrounds can be re-
interpreted as AdS,, X, M%~™ backgrounds [3, 4. Now if all the symmetry supergralgebras
of AdS backgrounds could be identified as described above, it would have been possible
to decompose the even subalgebra gy of the symmetry superalgebra of AdSy x,, M?* as
go = so(m — 1,2) @ t,. However in all known examples this is not the case. Therefore,
there must be some conditions on the spacetime geometry required for gg to decompose
as so(k — 1,2) @ tp. Furthermore it is not a priori obvious why one should restrict the
symmetry superalgebras of AdS backgrounds to be classical.

The classical superalgebras are those which are simple and where the representation of go on g; is
completely reducible [1].



First principle computations of g have also been made in the literature for many known
supersymmetric solutions, see e.g. [5] and [6-8]. Most of these are based on the Killing
superalgebra (KSA) approach [7, 9] which utilizes the geometric data of the spacetime
like the Killing spinor 1-form bilinears and the spinorial Lie derivative to define the (anti-)
commutators of g; the method is reviewed in section 2. In these computations, the geometry
of the internal space M9~ is used in an essential way to determine all (anti-) commutators.
Because of this, it is not apparent how to extend to general warped AdSy x.,, M9 % flux
backgrounds where the geometry of the internal space M may not be sufficiently known
to find the (anti-)commutators of g.

In this paper we shall apply a modification of the KSA approach to identify all the
symmetry superalgebras of warped AdS backgrounds AdSy, X, M?~* with the most general
allowed fluxes in 10- and 11-dimensional supergravity theories. First, we find the conditions
on the geometry of AdS) x,, M?* such that go can admit a decomposition® as gy =
so(k —1,2) @ ty. These conditions are expressed as vanishing conditions for certain Killing
spinor bilinears or their derivatives and are stated in egs. (2.9), (2.10) and (2.12). We also
demonstrate that the same conditions can be derived if one assumes that the internal space
is compact without boundary and the solutions are smooth.

Next we find that for AdS3 backgrounds the KSA decomposes as g = gr, @ gr, where gr,
is associated to the left action on AdS3 and gg is associated with the right-action on AdSg
viewed locally as a group manifold. For N < 8 superymmetries in either the left or the
right sector, the KSAs can be computed from first principles. The method we use will be
explained later. For N > 8 in either the left or the right sector, we show that the isometry
algebra of the internal space acts transitively on a sphere in g; and leaves a 4-form invariant.
Moreover we show that all the structure constants of the KSA can be determined as soon
as this 4-form is specified. The classification of groups acting transitively and effectively
on spheres has been solved some time ago in [10] and has been used [11] in the context
of the Berger classification of irreducible simply connected Riemannian manifolds. Using
this, all KSAs of AdSs backgrounds are found and the results are tabulated in table 2. The
table includes three series osp(N/2|2), sI(N/2|2) and osp*(N/4|4) (N = 16,24),3 as well as
several exceptional cases like ©(2,1,a) (N = 8), g(3) (N = 14) and f(4) (N = 16), where
N = dimg; is the number of supersymmetries. It is also shown that the KSAs of AdSs
backgrounds are not necessarily simple as they can exhibit central terms. Though to our
knowledge there are no solutions in the literature for which a central term gives rise to an
effective action on the internal space.

We also identify the KSAs of heterotic AdS3 backgrounds. The results are presented
in table 3. The KSAs of heterotic AdSs backgrounds are of classical type and thus they do
not exhibit central generators.

2One justification for this decomposition is AdS/CFT. The isometry group of the AdS and internal
spaces are identified with the conformal and R-symmetry groups of the dual theory, respectively. As the
conformal and R-symmetry groups of a field theory commute, go must be a direct sum. This is the only
assumption we make.

3g* denotes another real form of the real superalgebra g.



Applying the same methods to the rest of AdSj x, M? %, k > 3 backgrounds, we
demonstrate that the KSAs are of classical type. There is only one exception to this which
is the KSA of maximally supersymmetric AdSs; backgrounds which allows the presence of a
central term. However, as we know that the only maximally supersymmetric AdSs solution
is locally isometric to the AdSs x S° solution in IIB, one can show that the central term
does not act effectively on S° and so it can be set to zero. The KSAs for all AdSy, X, M¢F
k > 3 backgrounds are explicitly constructed and are related to the classification of the
classical superalgebras in [1, 2]. The list of the KSAs of AdSy x, M**, k > 3 can be
found in table 4 and the associated isometry algebras of the internal spaces in table 5.

There are two key developments that have allowed us to prove these results without
specifying the geometry of the internal spaces. The first is the explicit expression of the
Killing spinors of AdSy x.,, M%* backgrounds given in [12-14] for which the dependence
on the AdS coordinates is manifest.* As a result, one can determine the dependence of all
1-form Killing spinor bilinears on the AdS coordinates and to also compute explicitly all
the spinorial Lie derivatives of the Killing spinors along the isometries of AdS. As a con-
sequence, one can determine the anti-commutator {gi, g1} as well as all the commutators,
[so(k — 1,2),g1], of the odd generators of the KSA with the even generators associated
with isometries of AdSy, so(k — 1,2) C go. Furthermore, it is straightforward to find
the conditions (2.9), (2.10) and (2.12) for the even part of the superalgebra to decom-
pose as a direct sum of the the isometry algebra of AdS space and that of the internal
space, go = s0(k — 1,2) @ tg. These conditions put several restrictions on the geometry of
AdS), X M?F . In particular for k > 3, they can be used to find the linearly independent
Killing vectors of the internal space and in this way determine the dimension of ty. For
k = 3, these are sufficient to determine the maximal dimension of t;.

The second ingredient in our proof is the closure of KSAs for superymmetric d = 11 and
IIB backgrounds shown in [15, 16]. We use this to demonstrate that in all cases the super-
Jacobi identities and the explicit dependence of the Killing spinors on the AdS coordinates
are sufficient to determine the commutator [ty, g1] from those of {g1, g1} and [so(k—1,2), g1].
This circumvents the need to know details of the geometry of the internal spaces in order
to find the KSAs. The remaining commutators which are those of the isometries of the
internal space can also be found after applying the super-Jacobi identities.

This paper is organized as follows. In section 2, we summarize the results of [12-14]
and use them to find the conditions on the geometry of AdS) x,, M?~* such that gy =
s0(k — 1,2) @ tg. In section 3, we classify all KSAs for AdSs backgrounds. In section 4,
we determine all KSAs for heterotic AdS3 backgrounds. In sections 5, 6, 7 and 8, we
show that the KSAs of AdSg, £ = 4,5,6 and 7 are classical and give explicitly all their
(anti-)commutators, respectively. In section 9, we give our conclusions. In appendix A,
we demonstrate that the 1-form Killing spinor bilinears of massive IIA supergravity leave
invariant all fields of the theory. In appendix B, we give the isometries of AdSy as well as
the spinorial Lie derivatives of spinors along the AdS Killing vectors. In appendix C, we

4Tt has also removed all the assumptions that are usually made on the form of the Killing spinors for
AdSy, % M*™F backgrounds which have been proven to be restrictive in [4].



give all the 1-form bilinears as well as the spinorial Lie derivatives of the Killing vectors of
AdS}; Xy M4 F backgrounds. In appendix D, we present the construction of KSAs for AdSs
backgrounds with a low number of supersymmetries without the use of the results of [10].

2 Killing superalgebras

2.1 Definition of KSAs

Decomposing the KSAs of supersymmetric backgrounds g into the even gg and odd sub-
spaces g1, § = go @ g1, the construction proceeds as follows [7, 9]. g; is spanned by
the odd generators (), each associated to a Killing spinor e, of the background, where
m = 1,...N. go is spanned by the even generators Vi, each associated to a 1-form
bilinear Ky constructed from the Killing spinors ey, and ey as Kmn = (ém, Iazen)dz™,
where (,) is a suitable Spin(d — 1, 1)-invariant inner product such that Kmn = Knm- Kmn
give rise to Killing vector fields which leave all fields invariant. The (anti)commutators of
KSAs are computed geometrically. In particular

{Q€m7 QGn} = VKmn ’ [VKmn’ Qﬁp} = QﬁKmnEp ) [VKmn7 Vqu] = ‘/[Kmn,qu] ? (21)

where [Kmn, Kpq) is the Lie commutator of two vector fields and

1
ﬁxe:VXE—ngXMNFMNE, (2.2)

is the spinorial Lie derivative of € with respect to the vector field X. It has been shown
in [15, 16] that closure of the KSAs holds for all d = 11 and IIB supersymmetric back-
grounds® under these operations as the super-Jacobi identities are satisfied. There are
several simplifications in the construction of the KSAs for AdS backgrounds which we shall
explain below. In what follows, we shall set for simplicity Q¢,, = @m and Vg, = Vian.

2.2 AdS Killing spinors

The KSEs of all warped backgrounds AdSy, x.,, M9 %, k > 3, with the most general allowed
fluxes can be integrated over the AdS subspace in all 10- and 11-dimensional supergravity
theories [12-14]. The expression for the fluxes depends on the theory as well as the partic-
ular AdS; background under consideration. However, the properties that will be described
apply to all cases. Because of this in what follows we shall focus on the metric which is
universal in all theories and for the rest one should consult the references above. In the
coordinates that the spacetime metric can be written as

ds® = 2du(dr — 27 Yrdz — 2rdIn A) + A2dz? + A2e®/S pdatda + grydy’dy”, (2.3)

where (u,r, z, %) are coordinates of the AdS subspace, ¢ is the radius of AdS, y are coor-
dinates of M and A is the warp factor, the expression for Killing spinors reads

€=¢€1+e+ €3+ €y, (2.4)

®Closure has not been shown for the KSAs of massive ITA backgrounds but it is expected to hold for
those as well. In appendix A, we demonstrate that the vector Killing spinor bilinears of massive ITA theory
leave all fields of the theory invariant.



where

_ 4 — _
€ =04, eo=0_— 0 teta Tyo_ — 0 AWl o_,
4 _ _ _Zz _ Z
e3=e ity — L A e iDLy — 07 Ty €4 =elT_, (2.5)

where the o+ and 7+ spinors satisfy the lightcone projections I'tor = I't7 = 0, and
depend only on the coordinates of M* The gamma matrices have been chosen with respect
to the frame

et =du, e =dr—20"Yrdz—2rdIn A,
e’ = Adz, e = Aetdz®, el =ebdy!, (2.6)

and ds® = 2ete™ + (ez)2 + dpe%b + (Sl-jeiej. The spinors o4+ and 74+ satisfy some KSEs
along the internal space M%* which are

pDHo, = pH)

7 7

=0, Aoy =AFr =0, (2.7)
and can be thought as the restriction of the gravitino and dilatino KSEs of the associated
supergravity theory on M% %, respectively, as well as an additional algebraic KSE

®oy =0, =Hr = :F%Tia (2.8)

[1]

which arises from the integration of KSEs on AdS. The explicit form of (2.7) and (2.8)
depends on the supergravity considered as well as the specific AdS background under
investigation, as the operators Dl(i), A& and Z*) depend on the fields. However in all
cases they take the above general form.

The o4 and 74 Killing spinors lie in a complementary subspace from that of o_ and
7_ as they satisfy different lightcone projections. Moreover, it is straightforward to deduce
from the algebraic KSE (2.8) that the o Killing spinors are linearly independent from the
74+ Killing spinors. From this analysis, one concludes that Killing spinors €1, €2, €3 and
€4 are all linearly independent. Later, we shall strengthen these properties using global
conditions.

For AdSy k > 3, there are elementary Clifford algebra operations that relate the o
and 7 spinors. In particular if o and 74 are Killing spinors, then o_ = AI'_,04 and
7 = Al'_,7y are Killing spinors. In addition for & > 3, if o, is a Killing spinor, then
[',q04 are 74 type Killing spinors for every a. Moreover for k > 4 if o is a Killing spinor,
then I' o4+ are o type Killing spinors for every a < b. These relations between the Killing
spinors can be used to count the Killing spinors of all AdS backgrounds [12-14]. For k = 3,
it can be arranged so that for each € only the o+ or the 74 spinors are non-vanishing and
also the terms proportional to % in the expression for € do not occur as the coordinates
of AdSs are (u,r,2).

It is clear from the above that the Killing spinors of AdS backgrounds can be described
in terms of multiplets. Each multiplet is determined from the choice of o. Then the rest of
the components of the multiplet can be constructed from o using the elementary Clifford
algebra operations described above and after selecting the linearly independent spinors



that arise from such a procedure. AdS backgrounds that preserve a minimal amount
of supersymmetry admit one such multiplet of Killing spinors while those that preserve
extended supersymmetry admit two or more such multiplets. We shall investigate both
the properties of the Killing spinors that lie in the same multiplet as well as those of
different multiplets. It suffices to focus on the properties of o4 and 74 Killing spinors as
those of o_ and 7_ spinors follow in a straightforward manner.

2.3 1-form bilinears and decomposition of g

To investigate the conditions on the geometry of AdSyx,M%* backgrounds for gy to
decompose as go = s0(k —1,2) G to, we use the 1-form bilinears of the Killing spinors (2.5)
presented in appendix C. These have components along the AdS subspace and components
along the internal space M? % The components along the AdS subspace span the 1-
forms associated with the isometries of the AdS subspace in (2.3). There are two kinds
of components along the internal space M?~*_ those that depend on and those that are
independent from the coordinates of AdS. The former indicate that the backgrounds have
isometries along the internal space which do not commute with the isometries of AdS. Such
behavior is expected from AdSy solutions that arise as foliations of AdS,, backgrounds with
k < m. To exclude such backgrounds, it is required that all such components should vanish.
In turn, it is straightforward to observe that this is satisfied provided that

(04, Tilgo’) =0, (r4,Til.0y) =0, (2.9)

where o/, , 7 and o4 may or may not belong to the same Killing spinor multiplet, and we
have used the relation between 7_, o_ and 74, o spinors. The inner product (-,-) is the
real part of the standard hermitian inner product for which all spacelike gamma matrices
are hermitian. For k£ > 3, the above two relations are equivalent as there is a relation
between the o and 7 spinors explained in the previous section. The remaining 1-form
bilinears along the internal space are always proportional to (o4,I;T".0".) €', where again
o/ and o4 may or may not belong to the same Killing spinor multiplet. These are not
expected to vanish and give rise to isometries of the internal space.

One consequence of (2.9) is the orthogonality of o} and 7 spinors
<O'+,’7'+> =0. (210)

This follows from (2.8) after imposing (2.9).
After imposing (2.9) and (2.10), the Killing spinor bilinears can be written as K =
K,e'+ K; €', where K445 = K, et are along the AdS directions and K = K;e' are

K245 can be written as a linear combination of forms

along the transverse directions.
associated with Killing vector fields of the AdS space with components that may depend
on the coordinates of of the internal space. Requiring that gy = so(k — 1,2) @ tg which

implies that independently K495 and K are Killing and that

(KA, K] =0, (2.11)



one finds that
|| o4 ||= const, (2.12)
and
K'9A=0, ViK; =0, (2.13)

ie the length of the Killing spinors is constant, the warp factor is invariant and K is
Killing on the internal space M %, where V is the Levi-Civita connection of the internal
space M%*. To summarize, the conditions for gy to decompose as gg = so(k — 1,2) @ to
are (2.9), (2.10), (2.12) and (2.13).

2.4 Global conditions for the decomposition of gg

The conditions (2.9), (2.10) and (2.12) we have found on the Killing spinor bilinears in the
previous section for go = so(k —1,2) @ty can also derived in an elegant way after imposing
that the internal space M? % is compact without boundary and the fields are smooth.
Indeed after setting A = o4 + 74, one can demonstrate using the KSEs (2.7), (2.8) that

2
Vil AlP*= =5 (op, Tilery), (2.14)
and
V2| A ||? +20'10g AV, | A |?=0. (2.15)

Applying the maximum principle, one concludes that | A || is constant which gives in
particular (2.12). Then (2.14) implies (2.9). As in the previous section (2.10) can be
derived from (2.8) using (2.9). This establishes the assertion.

3 AdS;3 in D=11 and type II theories

31 N=2

AdS3 backgrounds preserve an even number of supersymmetries. Therefore the minimal
case is that for which a background preserves exactly two supersymmetries. The Killing
spinors can be given in terms of either o+ or 71 spinors. In the former case, we find that
the Killing spinors are

€ =04, e =AT_,o. + 2€_1u0+ , (3.1)

where we have set o = AT'_,0. In terms of 71 the Killing spinors are as in (3.4). Using
the results of appendix C, we find that the bilinears are given as

Kii=X\, Kp=-N—0""M"", Kop=-2\T -4 tM*T, (3.2)

where we have chosen the normalization 2| ||> = 1 in order to simplify coefficients and
A7, N5, M= M*T are isometries of AdS3 given in appendix B. Note that all 1-form bilin-
ears have non-vanishing components only along the AdSs directions.



The direct computation of spinorial Lie derivatives in appendix C reveals that

—11 —1
£K1161 = 0, £K1261 = —6 €, £K2261 = -2 €2,

—1 —1
£K1162 =2 €1, £K1262:€ €2, £K22€2:0 .

Using this and the definition of the symmetry superalgebra in (2.1), we find that the
non-vanishing commutators are

{Qa,QB} =Vag, [Vap,Qcl=—L'(ecaQp +ecnQa),
(Vap, Varp] = € eanVpp + epaVap + eap Vaa + eppVaar), (3.3)

where e4p, A, B = 1,2, is the Levi-Civita tensor with €15 = 1. As the Killing spinors
have the same form in all 10- and 11-dimensional supergravity theories, the superlgebra of
N = 2 AdSj3 backgrounds in all these theories is (3.3). The Lie algebra of the three Killing
vectors K ap is sp(2) = sl(2,R) = s0(1,2) and acts on the two supersymmetry generators
with the fundamental representation. This KSA is isomorphic® to osp(1]2).

3.2 N=4

There are three ways to construct the four Killing spinors of N = 4 AdS3 backgrounds in
D=11 and type II theories. For the first two options, one can choose the Killing spinors
to depend on four linearly independent o spinors or four linearly independent 74 spinors.
In the third option, one chooses the first two Killing spinors to depend on o+ and the
remaining two on 7.

3.2.1 Left and right superalgebra

Let us begin with the third possibility where the first two Killing spinors of N = 4 AdSs
backgrounds are expressed in terms of o spinors as in (3.1) while the remaining two are
expressed in terms of 7 spinors as

es=e iry — (AT VeIl 1y, 4= Aeil_,7y (3.4)

where we have used that if 7 is a Killing spinor then 7— = AT'_, 7, is also a Killing spinor,
and (2.5).

To find the superalgebra in this case, first note that the 1-form bilinears of the 7 type
Killing spinors are

Ky =X~ +207'M*, Kgy=-N+0MT", Kuy=-2\", (3.5)

where AT, M*~ are also isometries of AdSs, see appendix B. So all Killing spinor bilinears
lie along the AdS3 subspace directions.

SWe mostly follow the notation [1] for superalgebras. However as different real forms of a superalgebra
appear in the analysis, to distinguish between them we have replaced osp(n,m) with osp(n|m). If the
signature is (n — 2,2), we write osp(n — 2,2|m). If this is not sufficient to specify the real form, we also
use g" to denote a different real form from that of g. In all cases we have investigated the real form of g is
specified by the real form of gy which we present.



It remains to compute the rest of the 1-form bi-linears. Using the orthogonality of o
and 74 spinors (2.10) and (2.9) as well as the expressions for the bilinears in appendix C,
one can show that all the remaining bilinears vanish. Then a consequence of the super-
Jacobi identity of the superalgebra is that all the commutators between Killing spinors
constructed from o spinors and their bilinears and those constructed from 7 spinors and
their bilinears vanish. As a result, the KSA is g = g7 @ gr = 0sp(1|2) © osp(1]2). Viewing
AdSs locally as a group manifold, gy, is associated with the left action while gr is associated
with the right action on AdSs.

3.2.2 Left or right superalgebra

Next suppose that all Killing spinors are expressed in terms of four linearly independent o
spinors. In this case, the Killing spinors of AdSs backgrounds with extended supersymme-
try are multiple copies of the Killing spinors (3.1) that appear for the solutions preserving
two supersymmetries. Because of this, it is convenient to denote the Killing spinors with
a double index as €4, where A = 1,2 labels the two spinors in the same multiplet and
r =1,...,N/2 denotes the number of multiplets. Using this notation, the Killing spinors
of AdSs backgrounds that preserve four supersymmetries (N = 4) can be written as

€lp =0, e =Al_ 0l + 2€7luai, (3.6)

where r = 1,2. We can assume without loss of generality that O'_1~_ and Ui are orthogonal.
From construction, they have to be linearly independent. As their lengths and inner
products are constant and the KSE are linear over the real numbers, they can always
be chosen as orthogonal via a Gram-Schmidt process.

An inspection of the results of appendix C illustrates that the 1-form bilinears of the
above Killing spinors can be written as

KA?",BS = KAB6rs + GAB-[N{TS ) (37)

where K 4p are as in (3.2) and f(rs = —R’ST = emf( is a new Killing vector which has non-
vanishing components only along the internal space M%~3 directions and depends only on
the coordinates of the internal space. After choosing 2(c”, , 07 ) = 6,s, the anti-commutator
of the odd generators can be written as in

{QAT7 QBS} = Vapdrs + 67‘56AB‘77 (38)

where we have set f/rs = emf/.

All the commutators [Vap, Q¢ can be read from the results of appendix C. It remains
to determine the commutator [V,Q4,]. As we do not have additional information on
the geometry of the internal space M%~3, this commutator cannot be computed explicitly.
Instead, we shall utilize the closure of the KSA. For this first observe that V = {Q11,Q20} =
—{Q12,Q21}. Thus for every choice of @ 4, there is another odd generator @ 4/,» with A # A’
and r # 1’ such that {Qa,, Qar} V. Then the super-Jacobi identities imply that

[‘77 QAT] & [{QA’I‘? QA’?"/}a QAT‘] = _%[{QATW QAT}7 QA/’I"/] = _%[VAAa QA/T/]
= E_leA’AQAr’ . (39)



Using this and after a brief computation, one can verify that the superalgebra is

{QArv QBS} = VA35T8 + ETSEABV>
[Vap, Qer] = — 0 ecaQpr + ecBQar),
V,Qar] = —076°Qas, (3.10)

which is isomorphic to 0sp(2|2). The analysis for the case in which all the Killing spinors
depend on 74 spinors follows in the same way.

Note that as there is some freedom to choose 0’3_, it is not a priori obvious that there
is a non-vanishing 1-form bilinear K, associated to the generator V,s. However if K, is
chosen to vanish and so the superalgebra does not have a Vis generator, the super-Jacobi
identities of three @4, generators are not satisfied. Therefore consistency of the KSA
requires the presence of the Vs generator.

3.3 Some structure theory
3.3.1 Structure constants of KSAs

To proceed further for N > 4 let us suppose that all Killing spinors € 4, are constructed from
linearly independent ¢’ spinors. Then as we shall explain below the (anti)-commutators
of the superagebra can be written as

{QAT) QBS} = 57’5VAB + 6ABVTS ,

Vap, Qcr] = 0 (ecaQpr + ecQar),
Vap, Vap] = 0 HeanVep +epaVap + eapVaa +eppVaar),
[‘/;“Sa QAt] = *g_l((strQAs - 6tsQAr) + f_larsthApa (311)

where as it will be explained below « is a constant 4-form. The first anti-commutator follows
from the results of appendix C where we have normalized the spinors as 2(0”,0%) = 5.
The bosonic generators V4p are associated with the left AdSs isometries, and the f/rs are
associated with isometries of the internal space. However note that V,.s are not necessarily
linearly independent. The second and third commutators follow from a direct computation
presented in appendices B and C as the dependence of the Killing spinors and Kap on
AdSs3 coordinates is known. Then the fourth commutator can be restricted by requiring
consistency with the super-Jacobi identities.

To justify the [V,s, Q] commutator observe that if either ¢ = r or t = s, the commu-
tator follows from the results established in the N = 4 case. Now suppose that ¢ # r, s and
consider £ i, AL As we are investigating backgrounds preserving strictly N supersymme-
tries there must be constants o and & such that

¢ By ¢
L €At = Qarst €av+ €4 Qarst €pe, t#T,S, (3.12)

where aurst! = —asrt, Garst! = —das’ and there is no summation over the index
A. As K,; are along the internal manifold, the spinorial Lie derivative preserves the
dependence of the Killing spinors on the AdS3 coordinates. Therefore & = 0. In addition,

atrstt = ot = ape’ as it can be seen after using the super-Jacobi identity of the
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generators f/m, Vep and Qa¢, A # B. Furthermore, the super-Jacobi identity of the
generators Qa,, Qps and Q 4, for A # B, implies that a,.4’ = ag.f. This together with

0 _ YA
Qpgt” = —Qgpt ZIVES

arstg = O‘[rst]e . (313)
Furthermore as e1; = o', and [,Km<ai, o%) =0, we find that

Qrgty = —Opgpt (314)

where we have lowered the index with §,;. Combining (3.13) and (3.14), we deduce that

Arstt = Xrstl] (315)

and so « is a 4-form.

The identification of KSAs of AdSs backgrounds for N > 4 depends crucially on
determining the form «. One way to do this is to observe that the outer automorphisms
of KSA include the action of SO(N/2) on Qa,. With this action « transforms as a 4-form.
As a result it suffices to consider representatives of the orbits of s0(N/2) on the space of
4-forms. This consideration is sufficient to identify all the KSAs for N < 12 and it is
explored in appendix D. However to find all KSAs, we investigate the structure of these
KSAs further.

3.3.2 The AdS; KSAs are direct sums of Left and Right KSAs

Before we proceed further with the investigation of the KSA, let us consider the case where
some of the Killing spinors are constructed from ¢ spinors and some others from 7 spinors.
A straightforward application of the computation presented in appendix C reveals that the
superalgebra g(o) associated to the o type of Killing spinors and the superalgebra g(7)
associated to the 7 type of Killing spinors commute, and so we can set g; = g(o) and
gr = 0(7); 9 = 91, D gr. To see this observe that all mixed o and 7 1-form bilinears vanish.
This implies that the odd o type generators anti-commute with the odd 7 type generators.
Furthermore the commutator of o type even generators associated to isometries on AdSs
with 7 type odd generators vanishes, and vice versa. This can be seen from the spinorial
Lie derivatives in appendix C.

It remains to demonstrate that the commutators of o (7) type even generators associ-
ated to isometries on the internal space with 7 (o) type odd generators vanish as well. First
observe that Killing vectors along the internal space preserve the functional dependence of
Killing spinors on the AdS3 coordinates. As ¢ and 7 Killing spinors have different such
dependence it follows that they cannot be rotated to each other under such spinorial Lie
derivatives. Then upon using super-Jacobi identities and the fact that all mixed bilinears
vanish, one can show that the commutator of a ¢ (7) internal even generator with any 7
(o) odd generator vanishes. This establishes the result.

A consequence of g = g7, @ gr is that it suffices to investigate the KSAs associated with
only o type Killing spinors. Then g can be easily found as the construction of gr super-
algebras is identical to the one that follows for g;. Therefore the list of gr superalgebras
that can occur is the same as that for gy superalgebras. Though for a given background
gz, may not be isomorphic to gg.

— 11 —



3.3.3 Structure theorems

Let g = g1 be the super-algebra of AdSs backgrounds preserving N supersymmetries.
Decompose gg = sp(2) & to, where tg = Span(V,). It is clear that g; = R? ® R and the
action of ty preserves the Euclidean inner product on RZ. As a result to C s0(N/2). We
shall show that t( is associated with a subgroup of SO(N/2) which acts transitively on the

§% 1 sphere in R%. To demonstrate this we shall first show the following.

N ~ ~
Proposition. Given u,w € R2 and u,w linearly independent, then Viyy, = v w?*V,
cannot vanish.

Proof. Suppose that Vi, = 0. In such a case it follows from (3.11) that
{u-Qaw-Qpt=u-w Vagp, (3.16)

where u - w is the Euclidean inner product in R% and u - QA = u"Q 4. Then upon using
the super-Jacobi identity

wleapw - Qp = ¥ [Vap,w-Qpl = [{u-Qa,u-Qp},w- Qg
= —{w-Qp,u-Qa},u-Qp] —[{u-Qp,w-Qp},u-Qal
= —u-w([Vap,u-Qpl+ [Vep,u-Q4]) = lespu-w u- QRp, (3.17)

which is satisfied iff u and w are linearly dependent as dimg; = N. This a contradiction
and s0 Vi, xw #0. A

Proposition. The Lie algebra tg is associated with a subgroup Hy of SO(IN/2) that acts
N
transitively on the sphere S 21 cR?.

Proof. It suffices to show that given two linearly independent vectors u,w € R%, there
is element R(u,w) € tg such that R(u,w) generates SO(2) rotations on the 2-plane spanned
by v and w in RZ. As the SO(2) rotations act transitively on all directions in the 2-plane
spanned by u and w, it follows that there is an element in Hy which rotates the direction
defined by the vector u onto that of the vector w.

For this set R(u,w) = Vj,xq and observe that
[Vuxwap'QA]:_é_l(p'uw'QA_p'wu'QA)a (3.18)

for any p that lies in the 2-plane spanned by v and w. So indeed V,x, acts as an infinitesimal
orthogonal rotation on the 2-plane spanned by u and w. As this can be done for any
N N N
u,w € Rz, it follows that Hy acts transitively on S2 ! Cc Rz.
AN

Proposition. The representation of Lie algebra ty on gy leaves invariant the 4-form «.

Proof. For this write
[Vrs, Qar) = D(Vrs) Qac - (3.19)
It suffices to show that

D(f/?"s)[tlgatgt;gtdﬁ =0. (320)
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Lie Algebras of Groups Acting Transitively on Spheres

Algebra Sphere | N/2

so(n) gn-t n
u(n) S2n=1 1o
su(n) §2n=1 | 2p

sp*(n) @sp*(1) | St | 4n
sp*(n) @u(l) | St | 4n

sp*(n) Sin=1 | 4n

g2 56 7
spin(7) ST 8
spin(9) S5 16

Table 1. sp*(n) is the compact symplectic algebra with (real) dimension n(2n + 1) and a real
form of sp(2n).

First using the super-Jacobi identities, one can establish that

[‘77“57 ‘7;’5’] = _671 (5r~r’ ~ss’ - 551"?7"5’ - 5rs"~/sr’ + 535"71’7”
_O‘rsr’tvvts’ + arss’t‘/tr’) . (321)

As this bracket is skew-symmetric in the interchange of the pair V,s and V,y, one obtains
the identity

Oérsrlt‘zsl — arsslt‘;vtrl + arlslrtf/ts - Oérlslstf/tr =0. (3.22)
Taking the commutator with @4, one arrives at (3.20). A

The results we have obtained above can be summarized as follows.

Theorem. The necessary conditions for a superalgebra g to be the KSA of AdSs back-
grounds are that gy = sp(2) @ ty and that g = R?® R%, where ty is the Lie algebra of
a group acting transitively on S 771 ¢ RY. Furthermore, the representation of the Lie
algebra tg in g leaves the 4-form « invariant. AN

The groups that act effectively and transitively on spheres have been classified in [10]
and have been listed in table 1. This classification also specifies the representation of the
group that acts transitively on the vector space R™ in which S™~! is embedded. This is
essential for finding the AdS3s KSAs as we shall explain below.

To identify tg with the Lie algebras of the groups listed in table 1, it remains to find
the conditions for tg to act effectively on g;. For this define the subalgebra ¢ C tg such that
[c,g1] = 0 or equivalently

c={u"V,s €ty | 2u™ —uPlay,™ =0} . (3.23)

Observe that ¢ is a commutative ideal” of g, go/c = sp(2) D to/c and to/c acts effectively on
g1. As tg/c also acts transitively on the spheres, it can be identified with the Lie algebra

"Super-Jacobi identities put additional restrictions on ¢ which may lead to the vanishing of all its
elements.
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of the groups listed in table 1. Significantly, the representation of ty/c on gy is determined
from that of the groups listed in table 1 on R in which the sphere S 51 is embedded. If
¢ is non-empty, then g is not simple. This is the reason that non-simple superalgebras can
occur as KSAs for AdS; backgrounds®

It should be noted that the KSA of AdS3 backgrounds admits a consistent, supersym-
metric and invariant inner product? given by

(Qar,@QBs) = €aBdrs,  (Vap, Vapr) = —0Yeqnepp — U epaean
<V;"Sa V;"’s’> = e_l[érr’(sss’ - 657"57’3’ - arsr’s’] . (324)

Observe that if ¢ # (), this inner product is degenerate.

3.4 KSAs from so(n) acting transitively on S"!
3.4.1 Generic case N = N, = 2n

If N # 8, then so(n) does not admit an invariant 4-form in the fundamental n-dimensional
representation and thus o = 0. Then it is straightforward to observe that the KSA is
isomorphic to osp(n|2). The same applies in the N = 8 case provided we choose o = 0.
As there are no maximally supersymmetric AdSs backgrounds n < 16. The algebra of
isometries of the internal space is so(n).

3.42 N=N,=38

As « is a 4-form (3.12) in a 4-dimensional space it is proportional to the volume form e.
So we write

Qpgty = e} €Erstl , (325)

for some constant &. Using this, the non-vanishing (anti-)commutators (3.11) of KSA are

{Qar,Qps} = Vapdrs + eanVys,
Vag, Qcr] = —0 HecaQpr + €cBQar)
Vis, Qatl = 071 (01Qas — 0tsQar) + 0 a 6rst?Quayp
[‘77‘87 ‘77“’3’] = _671 (67"7"’ ~ss’ - 537“"77"3’ - 5rs’ ‘737" + 635"77"7"’
_&ersr’tf/}s’ + d@«ss’tf/t'r’) ) (326)

where we have neglected the commutators of the Vyp already given in (3.3). This algebra
is isomorphic to a real form of the (2, 1; o) superalgebra with o = ‘f‘%"oll and & # 0,1, —1.
The isometry algebra of the internal space is s0(3) @ s0(3). If & = 0, this superalgebra is
isomorphic to osp(4]2) as expected.

It remains to investigate the cases for which & is either 1 or —1. For this write

Vs = ‘N/};r (ng)),ns + ‘71; (w(i))rs where w(®) are orthonormal bases in the space of self-dual

8To our knowledge there does not exist an example of an AdSs solution with a non-simple KSA. So
such solutions may not exist. However, they cannot be ruled out within our framework as their exclusion
requires a more detailed description of the geometry of the internal space.

For the definition see [1].
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and anti-self dual two forms wp, sYO " =46 pQ- Then [f/}s, Q at] can be rewritten as

V@l = 3076~ D) Qs
75, @ul = 507 @+ (s )0 Qus (3.27)

If either V* or V= vanishes for either & = 1 or @ = —1, respectively, the superalgebra is
a real form of s[(2]2)/14x4. The isometry algebra of the internal space is so(3).

Next consider the possibility that both V' and V'~ do not vanish and either & = 1
or & = —1. In such a case, it can be seen that V* for & = 1 or V™~ for @ = —1 become
central and they are allowed to be non-vanishing as they do not appear on the right-hand-
side of s0(3) commutators generated by either V~ or VT, respectively. We shall denote
the resulting superalgebra with ¢s((2|2;3)/14x4 where the last numerical entry denotes the
maximal number of central generators. This is not a (semi-)simple superalgebra. It is
not apparent that such a superalgebra arises as a possibility in actual solutions. However
it cannot be ruled out on the grounds of symmetry and the geometric assumptions we
have made.

3.5 KSAs from u(n) acting transitively on S?"~!

In this case N = N, = 4n. Define an embedding of u(n) into so(2n) by choosing a complex
structure I in R?" compatible with the Euclidean metric and with associated Hermitian
form w, wys = 6,41's. The 4-form « can be chosen as

a=adwAw, (3.28)
where & is a constant. The subalgebra ty decomposes as
to = i1 @ (PO (3.29)

where t((]2’0)+(0’2) and t(()l’l) are the spaces of (2,0)- and (0,2)-forms and (1,1)-forms with
(1,1)

respect to I, respectively. So t; "' = u(n). The projectors are given by
1! ]_ ! / / / 1! ]_ ! / / /
(P(Ll)):ss = 5(5T [7‘58 s] +1" [TIS s]) ) (P(270)+(072)):ss = 5(5T [r(ss s] — I" [rIS s}) . (330)

If both V(LD and V(20+0.2) aet effectively on the Q’s, then consistency requires that
50(2n) acts with the fundamental representation on the @’s and the KSA must be iso-

morphic to 0sp(2n|2). Alternatively only the subalgebra u(n) acts effectively on the Q’s.
(2,0)+(0,2)

Imposing this by requiring that the elements of t;” commute with the Q’s gives that
1
Y= . 3.31
Q= (331)

Furthermore one finds that

[‘77’(5171)7 QAt] = _E_l(dtrQAs - 5tsQAr + wtrIpsQAp - WtstrQAp + wrsttQAp) . (332)
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Observe that although (3.32) does not give the standard action of u(n) on C" because of
the last term in the commutator, this can be achieved after the change of basis

‘7;"(81’1) — ‘;;"(81’1) + Wrswqu/p(ql’l) , n 7£ 2 . (333)

1
2(2—n)

Factoring with the ideal generated by ¢ = V20+(0:2) the resulting KSA is sl(n|2).
A consequence of (3.32) is that

W VD Q] = 20742 — n)IP,Qap . (3.34)

ie the w-trace of the V(') has a non-trivial action on the Q’s for n # 2. As a result for
n # 2, there is no a KSA which is associated with su(n) Lie algebra!? in table 1 as this
would require that w"* f/}(sl’l) commutes with the @)’s. However for n = 2, one can further
factor with wpq%(ql’l) yielding the superalgebra s[(2]2)/14x4.

3.6 KSAs from go and spin(7)

The argument required to identify the KSA in these two cases proceeds as in the u(n) case.
In the go C s0(7) case for which N = N, = 14, the invariant 4-form can be chosen as
a = & ¢ where & is a constant and ¢ is the fundamental invariant 4-form of go. Moreover
ty = t3* @ t7, where t}* = go. The projectors are

1

7,JS/ 2 Tl S/ 1 ,,,/S/ T/S/ 1 7‘/ S/ T,/S/
(P14)rs = g <5 [r(s s] + Zgbrs ) ’ (P7)Ts = g (5 [7“6 s] §¢rs ) ’ (3'35)

where 7, 8,7, = 1,...,7. It is clear from this that P;V € 7 commute with the Q’s
provided that & = —1/2. The superalgebra g/t] is isomorphic to g(3) and ¢ = 7. P;V
must vanish because if they do not, these generators appear as central extensions of go
which is simple and so it does not admit such an extension.

In the spin(7) C so0(8) case for which N = N, = 16, the invariant 4-form is the
fundamental, invariant, self-dual form . So we choose o = & 1. Furthermore ty = tgl @tg
with t21 = spin(7). The projectors are

sl 1 v s 1 sl r's! 1 ! s’ 1 s
(PZl)’rs - Z <35 [r6 s] + §/¢)TS > 9 (P7)Ts = Z <(5 [7‘5 S} - 51/]7”5 > 5 (336)

where now r,s,7,s' = 1,...,8. For P,V € t7 to commute with the Q’s, one has to set
& = —1/3. The superalgebra g/t is isomorphic to f(4) and ¢ = 7. The super-Jacobi
identity of the even generators requires that one has to set t'g to zero as spin(7) does not

admit central extensions.

0T here is an exception to this for n = 4 where additional invariant 4-forms exist associated with the
holomorphic (4,0)-form. Consideration of these leads to the spin(7) case that we shall investigate below.
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3.7 KSAs from sp*(n) @ sp*(1) and the remaining cases
3.7.1 spin(9), sp*(n) and sp*(n) & u(l)

The transitive action of spin(9) on S® does not give rise to a KSA for AdS3 backgrounds as
there are no AdS3 backgrounds preserving 32 supersymmetries. It remains to investigate
the cases sp*(n), sp*(n) & u(1) and sp*(n) & sp*(1) for which N = N, = 4n.

To begin, the embedding of sp*(n) in s0(4n) is specified by a hyper-complex structure
I,Jand K, I? = J?> = =1, IJ = —JI and K = I.J in R'™. The generators of sp*(n)
are those of so(4n) which are (1,1) with respect to all complex structures. Thus we write
tg = {(()1’1) @ mg, where {(()1’1) = sp*(n) and my is the orthogonal complement.

The most general 4-form « which is invariant under sp*(n) can be chosen as

a=a INT+ayJAJ+asKANK+b IANT+bINK +bs JAK,  (3.37)

where we denote with the same symbol the complex structures and their associated Her-
mitian 2-forms, and a1, asg, as, by, ba, bg are constants. Next we impose the condition that
the elements of my commute with the @’s. In particular, we impose the condition that the
elements of tg which are (2,0) and (0,2) with respect to I, and so lie in mp, must commute
with the @’s. We find

1 1
2 (2 — a1> ((57,[7,55](1 + Ip[rls]q) — 5&2((J VAN J)rqu — (K AN K)rqu + QKTSqu + 2J7~5Jpq)

—=a3z( = (JAD)rspg + (K A K)rspg + 2K, Kpg + 2JrsJpq)
bl( (I A J)rspg + JrsIpg = Irspg + 264 Ky, — 2K 1,84,

(I ANK)rspg + Krslpg = IrsKpg — 204 Jolp + 2Jq[r(58]p)
(J ANK)rspg =0 . (3.38)

0”1\3\)—‘1\3\ H[\D\ —
l\)

Taking the trace with I, one gets that by = by = 0 for n > 1. Taking the trace with J,,
one finds that

1
E—al—(2n—1)a2—a3:0, b3 =0. (3.39)
Next skew-symmetrizing in all r,s,p and ¢ indices and considering the (4,0) and (2,2)

parts with respect to I, one deduces that after using the above equation that

alzé, (12:&3:0. (3.40)

Thus if n # 1, the conditions above imply by = bs = b3 = as = a3 = 0 and a; = % Thus,

the commutator [V, Q] is as in the u(2n) case. However sp*(n) C su(2n) and so the trace

with respect to I must vanish as well. We have seen that this is not possible. So there is
no KSA that can be constructed using the action of sp*(n) on the spheres.

The embedding of sp*(n) @ u(1) in s0(4n) is again characterized by the complex struc-

tures I, J and K but now Vs € sp*(n) @ u(1) iff V,, is (1,1) with respect to I and the
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I-traceless part of f/rs, f/m — ﬁ[,ﬂslws’f/r/s/, is (1,1) with respect to both J and K. The
most general sp*(n) @ u(1) invariant 4-form is

a=aINT+a(JNTJ+KANK), (3.41)

ie ag = az and by = by = bz = 0 in (3.37). As Vs is (1,1) with respect to I, one can
repeat the computation above to show that as = a3 =0 and a; = % To demonstrate that
a superalgebra cannot be constructed from the sp*(n) @ u(1) action on a sphere, take a
complex basis with respect to I to find

[Vay, Qacl = =1 (—26¢5Q a8 + 055Qac) - (3.42)
This allows the computation of the commutator of V,.s— ﬁ LI"5'V,sy on the Q’s. Imposing
next that the (2,0) + (0,2) component of Vs — ﬁfrslﬂslf/,ﬂ/s/ with respect to J has to
commute with the Q’s leads to a contradiction. There are no KSA associated to the
sp*(n) ®u(l) case.

3.7.2 sp*(n) @sp*(1)

The elements in sp*(n) @ sp*(1) C ty can be written as
f/rs = ‘A/;"s +Wilps + Widys + Wk Ks (343)

where V., € sp*(n) are (1,1) with respect to all I, J and K while W;, W; and W are the
generators of sp*(1). The invariant 4-form is

a=a(INI+INJ+KANK), (3.44)

ie a; =ay =a3 =aand by = by = b3 =0 in (3.37).

To proceed, consider the decomposition tg = sp*(n) G sp*(1) & my. We have to demon-
strate that the elements of my commute with the @’s, i.e.[mg, g1] = 0. Following (3.30)
denote the projections onto the (2,0) + (0,2) and (1,1) subspaces of the space of 2-forms
with respect to the complex structure I with P}ZOH(O’Q) and P}l’l), respectively, and sim-
ilarly for J and K. Then note that

P[(Q’OH(O’Z)’(O =ty Dy D Pf(2’0)+(0’2)m0 ; (3.45)

and
P§2’0)+(0’2)t0 =t G S P§2’0)+(0’2)m0 5 (3.46)

with
my = PI(Q’O)JF(O’Q)mo + P§2’0)+(0’2)m0 ) (3.47)

where toy, to; and g are the subspaces spanned by the generators Wj;, W; and Wi,
respectively, ie sp*(1) = ;@ oy @ wg. Using (3.45) and (3.46) and after setting a = 1/2,
we find that

(PEOFODT Q)

At l(JrsjthAp + KrsKthAp> 5
(PPOTODV), Qi

pu— g_
] = gil(IrsIthAp + KrsKthAp) . (348)
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Therefore we deduce that

[WJ7 QAt] - eiljthAp ) [WK7 QAt] - githpQAp ) [WI7 QAt] - giljthAp ) (349)

and
(PP O, g1 =0, PP g, g1] =0 (3.50)

Then it follows from (3.47) that [mg, g1] = 0.

If the elements of mg are set to zero, the resulting superalgebra is isomorphic to the real
form, osp*(4|2n), of osp(4|2n). To see this note that osp*(4]2n)o = sp(2) & sp™(1) & sp*(n)
while osp(4(2n)p = sp(2n) & s0(4) = sp(2n) & s0(3) € s0(3). Then sp*(n) and sp(2) are
real forms of sp(2n) and so(3), respectively, and sp*(1) = s0(3). On the other hand if the
elements of my do not vanish, the KSA may have central terms. It is also known that
there are no maximally supersymmetric AdSs backgrounds and so n is restricted as n < 4.
This completes the identification of all KSA for AdS; backgrounds. In appendix D, we
present some examples for cases with a low number of supersymmetries without using the
classification results of [10] that confirm the results we have presented.

We conclude this section by stating all superalgebras of AdSs backgrounds which
preserve 16 supersymmetries. After taking into account the possibility of having both

o and 7 Killing spinors can occur, g = g7, @ gr, and setting the central terms to zero, one
finds that the KSAs are

osp(8[2), sl(42),  f(4), osp*(4/4), osp(1]2) ® g(3), osp(1|2) © osp(7[2),
0sp(2|2) @ osp(6]2),  osp(2[2) B sl(3]2), 0sp(3|2) @ osp(5]2),
0sp(4]2) P osp(4[2) 05p(4]2) @ s1(2(2) /1axa, 50(2]2)/1axa @ s1(2]2)/14x4,

(42) ®

D(2,1,a), sl(2)2)/luxa®D(2,1,0),9(2,1,0) ®D(2,1, ),
(3.51)

where we have stated the unordered pairs. Otherwise one has for example to include both
osp(1)2) @ g(3) and g(3) @ osp(1]2) as distinct possibilities. Similar lists can be obtained
for any number of supersymmetries.

4 Heterotic backgrounds

4.1 Killing spinors

Under some mild assumptions, the heterotic string supergravity admits only AdSs solutions
and the warp factor is constant [17]. The solutions preserve 2, 4, 6 and 8 supersymmetries.
The Killing spinors of such backgrounds are either expressed in terms of o4 or 7+ spinors
as in (3.1) or (3.4), respectively. As only either o4 or 74 Killing spinors can occur, we shall
focus on the Killing spinors expressed in terms of o1 as the investigation of the KSAs in
terms of the 71 Killing spinors is similar. Amongst the conditions (2.9), (2.12) and (2.10)
that we have put on the bilinears, the only relevant one is (2.12). This also follows from
the gravitino KSE as the connection has holonomy contained in the Spin(8) group. In
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AdS3 KSAs in type II and d = 11

NU/2 gL/C tﬂ/c
n osp(n|2) so(n)
2n,n > 1 sl(n|2) u(n)
dn,n > 1 | osp*(4]2n) | sp*(n) & sp*(1)
8 f(4) spin(7)
7 a(3) g2
4 D(2,1,«) 50(3) @ s0(3)
4 50(2|2)/14x4 50(3)

Table 2. 1In all cases, (gr/c)o = s0(1,2) @ to/c. It is required that N,/2 < 16 as there are no
maximally supersymmetric AdSs backgrounds.

particular one does not have to assume the compactness of the internal space or use the
maximum principle.

The KSAs of the heterotic AdSs backgrounds can be easily constructed from first
principles without using the super-Jacobi identities we have employed in the type II the-
ories. This is mainly due to the observation that the solution of the gravitino KSE puts
strong restrictions on Killing spinors namely that they should have a non-trivial isotropy
group in Spin(9,1). The anti-commutator of odd generators can be read from the results
of appendix C. Moreover, the commutator of even and odd generators can be easily found.
Indeed upon using the gravitino KSE the spinorial Lie derivative of any Killing spinor e
with respect to any 1-form bilinear X can be expressed as

1
Lxe= ZiXHe’ (4.1)

where H is the 3-form field strength. As both € and H are known in all cases, the right-
hand-side of this equation can be easily evaluated.

4.2 KSAs for heterotic backgrounds

The KSAs of N = 2,4 and N = 6 AdSs backgrounds can be either constructed from
first principles as described in the previous section or can be read from the results we
have already presented for the type II backgrounds. In either case, they are unique and
isomorphic to 0sp(1]2), osp(2|2) and o0sp(3]2), respectively.

It remains to investigate the N = 8 AdS3 backgrounds. As in type II theories, the
Killing spinors are given in (3.6) but now r = 1,2,3,4. Furthermore, we express Ka, s
as in (3.7) and there are potentially six 1-forms K, = —Kg along the internal space.
The associated vector fields of these commute with those of K4p. However, the Killing
spinors of N = 8 heterotic AdS3 backgrounds are restricted to be su(2) invariant and
such backgrounds admit only three 1-form bilinears along the internal space [17]. As a
consequence only three of the six 1-forms K,s are linearly independent. This is imposed
by requiring that K, is self-dual, ie

- 1 -
Krs = ger Ky (4.2)
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N g fo
2 osp(12) -
4 0sp(2/2) 50(2)
6 osp(3]2) 50(3)
8 | s1(2]2)/14x4 | 50(3)

Table 3. Heterotic AdSs KSAs.

for some choice of ordering of Killing spinors. The commutator [f/m, Q a¢] can either be
found from explicitly computing the spinorial Lie derivative of K, using (4.1) and the form
of the 3-form flux for such backgrounds given in [17] or it can be read from the results for
type II backgrounds as this case corresponds to the & = —1 case in (3.27). In either case

writing V,, = (ng))mf/p, P =1,2,3, where ng) is a orthonormal basis in the space of

self-dual 2-forms in R* such that [wg),wgr)] = —2epg” wgﬂ, one finds that

Ve, Qar] = —7'(wE), Qs
Vp, Vol = =0 Lepp® Vs . 4.3
Q Q

This is a real form of the s[(2|2)/14x4 superalgebra and the isometry algebra of the internal
space is s0(3). Central charges do not arise in the heterotic case. The KSAs of AdSs
heterotic backgrounds are tabulated in table 3.

5 AdS; in D=11 and type II theories

51 N=4

AdS, backgrounds preserve 4k supersymmetries so N = 4 is the minimal case. Choosing the
coordinates of AdSy as (u,r, z, x), the four Killing spinors (2.4) and (2.5) can be written as

€0 =0r, e =A_ 0, + 2€_1u0+ - E_leeZ/EF_zm_
€3 = e 4/t (mer — g_l/l"A_lr_:EO_J,_) — VT leo, e = Aez/ﬁlﬂ_mmr , (5.1)

where we have used o = Al'_,04, 74 =1',p04 and 7= = Al'_ 0.

The 1-form bilinears have been computed in appendix C. They span all ten isometries
of AdS4. Furthermore, all 1-form bilinears associated with isometries of the internal space
vanish. The spinorial Lie derivatives of the Killing spinors along the isometries of AdSy
can be easily extracted from the formulae in appendix C. It turns out that the resulting
KSA is

{Qa,QB} =Vap, [Va,Qcl=—L""(ecaQp+ecQa), (5.2)
where A, B,C = 1,...,4, eap is the symplectic invariant 2-form put into canonical form
with €12 = —e34 = 1 and the spinor o, has been normalized as 2 || oy ||?= 1. This

superalgebra is isomorphic to osp(1]4).
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52 N=8

The Killing spinors of N = 8 AdS,4 backgrounds are generated by the choice of two linearly
independent spinors o, r = 1,2. As each o generates four Killing spinors as in (5.1),
we shall denote the Killing spinors with €4,. Without loss of generality o', can be chosen
to be orthogonal 2(¢’,,0%) = 0,s. Furthermore a direct application of the formulae in
appendix C reveals that

{QArv QBS} = 6,sVaB + EAB‘;;“S , (53)

where f/}s = —ffsr. The generators V4p are associated to isometries along AdS, as in the
minimal N = 4 case and V,, is a generator associated to the 1-form bilinear

K5 = 2A(0", T,0%) e (5.4)

which gives rise to a Killing vector field along the internal space. Note that Vs commutes
with Vap.
A further direct computation using the formulae in appendix C also reveals that

[Vag, Qer] = =07 (ecaQpr + €cQar) - (5.5)

It remains to determine the commutators [‘7, Q]. For this, we shall use the closure of the
KSA as an explicit computation will require further details of the geometry of the internal
space that are not available. As K is along the internal directions it preserves the functional
dependence of Killing spinors €4, on AdS4 coordinates. So L i €At = Brstze A¢ for some
constants 5. Then one can compute [f/, Q] using the super-Jacobi identities. In particular
an argument similar to that employed for the AdS3 N > 2 backgrounds to prove that « is
a 4-form, together with (5.3) and (5.5) leads to

[‘77‘57 QAt] - _Eil(étrQAs - 5tsQAr) . (56)
The KSA given by the (anti)-commutators (5.3), (5.5) and (5.6) is isomorphic to osp(2[4).

53 N=12

The Killing spinors €4, of these backgrounds are given as in (5.1) and depend on three
spinors o', r = 1,2, 3, which without loss of generality we can choose as 2(¢",, 0% ) = 6.
Using the results in appendix C, one can show that the anticommutators of the Qa,

generators are

{QAT7 QBS} =0,sVaB + 6AB‘N/rs , (57)
where now the three generators f/rs, f/m = —ffsr, are associated with the three 1-form
bilinears

K5 =2A(0" T 0%) e, (5.8)

which in turn give rise to Killing vector fields in the internal space. Similarly the commu-
tator of V and @ generators is given as in (5.5). It remains to determine the commutators
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[TN/TS, Qat]. Again we shall use the closure of KSA for this. If ¢ is equal to either r or s,
then a similar argument to that used for N = 8 gives that the commutator is as in (5.6).
It remains to determine the commutators for ¢ # r, s. As K, are along the internal space,
the spinorial Lie derivative preserves the functional dependence of the Killing spinors on
the AdS, coordinates and so the commutator [f/rs, @ 4¢] must close to a linear combination
of Qa¢ generators. Because of this, it suffices to choose A = 1 and consider first the case
r =1, s =2 and t = 3. Then applying the super-Jacobi identity using (5.7), one finds

[Viz, Qi3] = —[{Qs1, Qu2}, Qi3] = [{Q13, @31}, Qo] + [{Qa2,Q13}, Q51] = 0. (5.9)

Thus [Vi2, Qa3] = 0 as well. A similar argument implies that [V, Q ;] = 0 for t # r, 5. As
a result the commutator is

[‘Z“Sa QAt] = _5_1(5151“@145 - 5tsQAr) . (510)

The argument presented above to determine the commutator (5.10) is general and does
not depend of the range of the indices r, s,t. Clearly, the KSAs of AdS, backgrounds with
extended supersymmetry are more restricted than those AdSs backgrounds. The key reason
for this is that unlike the AdS3 case, the generators f/m can be written as anti-commutators
of odd generators in two different ways for A=1,B =2 and for A =3,B =4.

The commutator [f/rs, f/rxsf] can be easily computed using the super-Jacobi identities
to reveal that

[‘77’57 ‘N/r’s’] =01 (5”"753’ - 657”‘77“5’ - 57’5"757” + 588"77“T’) ) (5‘11)

ie the Lie algebra of the Killing vector fields of the internal space is s0(3). The KSA of
AdS, backgrounds with N = 12 supersymmetries is isomorphic to osp(3|4).

54 N =16

The Killing spinors €4, are again given as in (5.1) but now determined by similarly nor-
malized spinors o', for r = 1,2,3,4. The squaring operation of the Killing spinors which
gives the anti-commutators {Qar, @ps} leads to an expression as in (5.7) but now for
r,s = 1,2,3,4. The generators V, are associated with Killing vectors along the internal
space. Also the commutator [Vag, Qcy| is given as in (5.5).

The remaining commutators which need to be determined are [f/m, Qat]. It =1ror
t = s, an argument similar to the one produced for the N = 8 case leads to a commutator
as in (5.6). On the other hand if all r, s, ¢ are distinct, a similar argument to that used in
the N = 12 case implies that the commutator vanishes. Thus the commutator is given as
in (5.10) but now for r, s,t = 1,2, 3,4. Furthermore as a consequence of this and the super-
Jacobi identities the Lie algebra of V,s is as in (5.11), i.e. isomorphic to so(4). Therefore
the KSA of N = 16 backgrounds is isomorphic to osp(4[4).

5.5 N > 16

It is straightforward to generalize the results we have obtained so far to all N > 16 back-
grounds. One can show that the KSA of N = 4k backgrounds is osp(k[4). The non-
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vanishing commutators are

{QAra QBS} - 57‘SVAB + 6AB‘Z”S )

[Va, Qer] = 0 NecaQpr + ecBQar) |
[E/rs, ~QAt] - _671(51?7’@:45 - 5155@:47‘) 5 ~ ~
[‘/rs, ‘/r’s’] = _671 (5rr"/;s’ - 657’"/7"5’ - 57’5"/sr’ + 588,‘/;‘7‘/) ) (512)

where A, B,C' =1,...,4and r,s,t,7’,s =1,..., k. The algebra of the Killing vector fields
of the internal space is so(k).

We remark that the KSAs of AdS; backgrounds are more restricted than those of
AdSs backgrounds. The critical argument that explains the reason for this is produced
below (5.10) and uses in an essential way the fact that the generators of the isometries
in the internal space V,, appear as bilinears of both type o and type 7 Killing spinors.
Equivalently, the enhanced symmetry of the spacetime imposes more stringent conditions
on the remaining (anti-) commutators which are sufficient, together with the super-Jacobi
identities, to specify the KSAs including the commutators involving the generators of the
isometries of the internal space. This is the case for all KSAs, g, of AdS,, n > 3 backgrounds
provided that go = so(n — 1,2) & to.

6 AdSj; in D=11 and type II theories

It has been shown in [12-14] that warped AdS; backgrounds preserve 8k supersymmetries.
Unlike the AdS solutions we have investigated so far, the minimal N = 8 AdS5 backgrounds
exhibit a non-trivial isometry along the internal space. Because of this the analysis is
somewhat different.

6.1 N =38

To begin let us take (r,u, z, z,y) as the coordinates of AdSs5, where we have set #! = 2 and
22 = y. The eight Killing spinors of the minimal AdSs solution are generated by a single
spinor o after applying the elementary operations described in section 2.2. It follows that
if o4 is a Killing spinor, then I';yo is also a Killing spinor. As a result the Killing spinors
can be organized in two pairs of four spinors as e4; where A =1,...,4 and [ = 1,2. The

four €41 spinors are as those of the minimal AdS, backgrounds generated by O'}F =04
1

and T_,lr = szai,a = AF,ZO'_li_,TE = AT'_.71. The remaining four Killing spinors 4o
are generated by 0'_2|_ = I'yyo4 after applying the same elementary operations. With these
identifications, each of the €41 and €49 spinors generate a osp(1]4) superalgebra as in the
minimal AdS, case. Then a direct substitution into the vector bilinears of appendix C

reveals that

{Qar,Qps} = 017Vap + e1sWap + €1 7eapK (6.1)

where WapeB = 0, e4p is the sp(4) invariant tensor defined as in the AdS, case with

eape® = 6%, and €75 = —ey7. There are 16 linearly independent 1-form bilinears. Ten

are associated to Vyup and five are associated to VOVAB. These span the fifteen isometries
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of AdS;. K on the other hand is associated with an isometry along the internal space
generated by 1-form bilinear K = 2A4(04,yy.i04) €'. The Lie algebra of the isometries is
50(2,4) @ s0(2).

It remains to compute the commutators of V/, W and K with the Q)’s. The commutators
of V and W with the (@’s can be read from the spinorial derivatives on the Killing spinors
presented in appendix C as these even generators are associated with isometries of AdSs.
In particular it is straightforward to see that

[Vag, Qcrl = =€ (ecaQpr + ecpQar) - (6.2)
It remains to find the commutator of K with the ()’s. For this observe that

{Q11,Q2} = —{Q12,Qu} =M + K, {Q31,Q4} = —{Q32,Qu}=M-K, (6.3)

where the generator M is associated with the 1-form bilinear —¢~'M?*Y. We have used the
normalization 2 || o ||>= 1. Thus for every Qs there is another odd generator @ 4/;» such
that {Qar,Qap} ox M + K. This gives

(M £ K,Quar] < [{Qar,Qar},Qarl = —%[{QALQAI},QA'P] =0 leaaQar . (6.4)

As the commutators [M, @ 47| are known, one can find all the commutators [K, @ 47|. These
results can be collected as

Wap, Qc1l = —¢erslecaQpy — ec5Qas + 2e45Qcy) (6.5)

where Wap = WAB + eop K. In particular, one has

(K, Qar] = _ggilﬁleAJ : (6.6)

Clearly the generator K cannot be set to zero establishing that the internal spaces of all
such backgrounds must have a non-trivial isometry. The (anti)-commutators (6.1), (6.2)
and (6.5) determine the KSA and it is isomorphic to sl(1]4).

6.2 N =16

As the AdSs backgrounds preserve 8k supersymmetries, the next case to investigate is
N = 16. For this set Ui = o4, where o4 is the Killing spinor of the N = 8 case and
introduce another Killing spinor O'_%_ which is linearly independent from both 0'_1’_ and nyai.
Without loss of generality one can choose 03_ to be orthogonal to both 0'_1,_ and meai. As
a result ai, T xyai, ai and meai can be chosen as mutually orthogonal.

A direct inspection of the bilinears in appendix C reveals that the ) anti-commutators
can be arranged as

{Qh1 Q) = 0176 Vap + €170 Wap + 617€a5V"™ + e17eap K™ (6.7)

where the V and W generators are as in the N = 8 case while the generators V'S = —V*"
and K" = K*" are associated to the 1-form bilinears

K™ =2A(0" , Tyyiol)et, V'™ =24Re (0}, [,i0%) €, (6.8)

and r,s =1, 2.
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It remains to investigate the commutators of even and odd generators. All such com-
mutators that involve generators of isometries along the AdS5 can be easily computed using
the spinorial Lie derivatives. In particular, one has

. _ 1
(Wan, Qi) = —0tery <GCAQ%J —ecBQy + 26ABQ6J> : (6.9)
Next turn to compute the commutators of generators of isometries along the internal direc-
tions with the odd generators. To find the commutator [V"%, QY ], observe that for I = .J
the anti-commutator (6.7) reduces to that of N = 8 AdS, backgrounds. Then a similar
argument to that produced in the AdS, case leads to the commutator

V7, Q) = —071 (8" Q% — ¥ Qly) - (6.10)

To find the commutators of [K"*, Q! ], observe that

K™ + 1/3/125” = {Q11, Q%) = —{Q12,Q%},
K™ = W340™ = —{Q3;, Qia} = {Q52, Q1 } - (6.11)

Therefore for each QY;, there are Q" and Q%5 such that eqqr = eqp = 0 and K"
appears in the anti-commutator {Q",;, Q% }. Using this we have

(K" earpr + 6" Warp, QY] < {Q1, Qo t, Q'ar) = —[{QMr, QT }, Qo]
_[{QSB’QaQtAI}7QTA’1] . (612)

Observe that the right-hand-side of the equation above does not depend on generators K"
and all the (anti-)commutators are known. Thus one can use the above formula to find

— T MNS sNT 1 s
(K", QY] = —0 "ery (5t Qo +67Qh, — 55 qu) . (6.13)

This superalgebra defined by the (anti-)commutators (6.7), (6.9), (6.10) and (6.13) is iso-
morphic to s[(2|4) and the isometry algebra of the transverse space is u(2).

6.3 Extended supersymmetry

The two remaining cases to investigate are for N = 24 and for N = 32. The bilinears that
lie along the internal directions are again given as in (6.8) but now for r,s = 1,2,3 and
r,s = 1,...,4, respectively. The anti-commutator of the ) generators is again given in (6.7)
but now either r,s =1,2,3 or r,s = 1,...,4, where again the generators Vs and K'* are
associated to bilinears that lie along the internal space. The commutators [‘7”5, QY;] and
(K", QY] are again given by (6.10) and (6.13), respectively, for either r,s = 1,2,3 or
r,s =1,...,4. This is because the argument to establish (6.10) and (6.13) for the N = 16
case is not sensitive to the range of the indices r, s and ¢t. The resulting superalgebra in the
N = 24 case is isomorphic to s[(3|4) and the Lie algebra of isometries of the internal space
is u(3). However, although this local analysis allows for the existence of N = 24 solutions,
a global analysis given in [21] which makes use of a maximum principle argument on the
(compact and without boundary) internal space, excludes such solutions.
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In the IV = 32 case observe that the generator C' = %&SK ¥ is central as it commutes
with all the Q’s and all the even generators. So either C' does not appear in the right-
hand-side of the anti-commutator (6.7) in which case the superalgebra is isomorphic to
5[(4]4)/Mgxs and the isometry algebra of the internal space is su(4) = s0(6) or the KSA
is not simple. The latter case does not occur as the only maximally supersymmetric AdSs
background is the IIB AdSs x S® solution and the effective isometry algebra of the transverse
space is 50(6). However this cannot be deduced on symmetry considerations alone as the
classification of maximal supersymmetric solutions of IIB theory is also required [18].

7 AdSg in D=11 and type II theories

AdSg backgrounds preserve either 16 or 32 supersymmetries. It has been known for some
time that there are no AdSg backgrounds with 32 supersymmetries in 11-dimensional and
type II supergravities [18]. As a result the only case that remains to be investigated is that
of 16 supersymmetries. For this, let us denote the coordinates of AdSg with (u,r, z,2%),
a=1,2,3, and introduce the odd generators

QA - QGA(O'+) ’ QAa = Q%Eabg€A(Fch+) ) QA = Q6A+2(Fz1230'+) ’ Q~Aa - QEA+2(FZGO'+) (71)

with A = 1,2, where we have used the expression of Killing spinors in (2.4) together with

o_ =Al'_,o4 and 7— = AT'_,71 as well as the relation between 7, and o spinors. The

a, b, ¢ indices are raised with respect to the flat metric and €. is the Levi-Civita tensor.
A direct substitution of the Killing spinors into the 1-form bilinears of appendix C

reveals that the non-vanishing anti-commutators are

1 -
AsWBy = VAB, AW Bay = ;€AB€a be Aas W Bby — OabVAB €AB ab
{Q4.Q5) = Vap, {Qa.Qpa} = geapea” Ky, {Quau Q) = duVap +eapK,)

{Qa,Q8} = Van, {Qa,Qp.}= %EABGabCKISg) . {Qaa:Qpp} = datVan — EABKC(LZF)
{Qa,QBs} = {QB,Qaa} = VaBa: {Qua, Qmv} = —€avVan,e (7.2)

The generators Vyp and Vap are associated to 1-form bilinears (3.2) and (3.5), respectively.
The generators Kézt) are associated to 1-form bilinears
+0 My + 2A(0 T o) € (7.3)
and the generators Vap , are associated to the bilinears
Vita=—0T"M "o, Viza= A", Vara=200"M*0+ Ao, Vara=200'"M", (74)

where 2 || o4 ||*= 1. There are at most 3 Killing vectors along the internal space associated
with the bilinears

Ku =240, T.T o )e, ab=1,23. (7.5)

Note that the bilinear K. = 2A(0,,Taplio1) €' vanishes as a consequence of the condi-
tions (2.9) in section 2.3.
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As in previous cases, to determine commutators of the KSA it suffices to find the
commutators of the generators K, of the isometries of the internal space with @Q)’s as the
rest follow from the explicit formulae in appendix C via the evaluation of spinorial Lie
derivatives of the Killing spinors along the isometries of AdSg. To find [Kjp., Qa4 and
[Kpe, Qa] observe that

1 ~ -
Ky = =5 {Qua Qm} (7.6)

and so

(Ko, Qaa] = 0 Mo, @t + 567 ([{Quter @}, Qe + [{ Qe Qaad o) - (77)

All even generators in the right-hand-side are associated with the isometries of AdSg. As a
result, the right-hand-side can be found using the spinorial Lie derivatives of appendix C.
This determines the commutator [Kpe, QAq]. A similar argument also determines all the
other commutators of K, with the remaining Q’s and Q’s. In particular all the non-
vanishing commutators of even with odd generators are

Vg, Qcal = 0 (ecaQBa + €cBQan)s  [Van, Qca) = £ ecaQBa + ecBQ )

[VaB,a, Qc] = ¢ 'eacQpa, [VaB,a, Qv = £ eac(0u@p — €ar“@e)
VaB.a, Qcl =~ ecQaa, VaB.a, Qcn) = —0 epc(0aQa + €an°Qac) »
[Kab, Qa] = —gf_lﬁachAc, [Kab, Qac) = gf_lﬁachA + ;E_I(QAaébc — QApdac) »
Moy Qal = —gear@icr [Mas, Qacd = gean@a — 5 (Quaadie ~ Qusdic)
[Kap, Qa] = gflealf@Ac, [Kap, Qac) = —gfl%chA + gfl(QAa%c — Qavdac)
[May, Qa] = %eachAca [Map, Qac] = _%EachA - %(QAaébc — Q0ac) »
(7.8)

where Qaq = (Q4, Q4q) and similarly for Q 4o. The KSA is isomorphic to f*(4) a real form
of f(4) with §*(4)9 = s0(5,2) @ s0(3). The Lie subalgebra generated by K, is isomorphic
to s0(3). The generators K,, cannot be set to zero as this will violate the super-Jacobi
identities. So one expects that all these backgrounds admit an effective so0(3) action.

8 AdS7 in D=11 and type II theories

To begin, a minimally supersymmetric AdS; background admits sixteen Killing spinors
and the odd generators can be identified as

1 —)ab ~
QA = QEA(O’+) ) QAT’ = 5(,&}7(" ) Q€A(Fab0'+) ) QAa = Q€A+2(an0'+) ) (81)

where w(f) is a basis of anti-self-dual 2-forms in R* with
wfna_b)wg_)bc = —0,500c — emtng . (8.2)
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AdS;, KSAs in d = 10 and d = 11

N | AdS, AdSs AdSg AdS;

4 | osp(1[4) - - -

8 | osp(2/4) sl(1]4) - -

12 | osp(3|4) - - -

16 | osp(4[4) sl(2/4) (4) | 0sp(6,2[2)
20 | osp(5]4) - - -

24 | osp(6[4) sl(3]4) - -

28 | osp(7|4) - - -

32 | osp(8]4) | sl(4]|4)/1sxs - 0sp(6,2(4)

Table 4. In all cases, for AdSj, backgrounds go = so(k — 1,2) @ to. §*(4) is a different real form to
f(4) which appears in the AdS3 case.

Observe that there are only 3 independent generators @ 445 for each A as o is restricted
to satisfy'! Typea0s = €apeqor. Computing the 1-form bilinears, we find that

{Qa,Qar} = Vaur, {Qa,Qpr} = eap(—207'M, + K,),
{Qar, Qursy = AVaurbys + 2eqners (=207 M; + K),
{QACL? QA’a/} = VAA/(Saa’ V.Y (E_IMLEI/) + Kaa’) )
{Q4.Qmv} = Vapp,  {Qar,Qpp} = 2Vap,w )%, (8.3)

where
L Oab (+) L
K, = 2A<O‘+, inl“aa/a+> , M, = §Wr Mgy, Mab = Mgy £ ieab Mea, (8-4)
and
Vita=—0"M 4, Viga=-Xa, Vora=20""M"4+Xs, Vaga=20""M", . (85)

The commutators of the even with the odd generators are

Vag, Qcal = € ecaQpa + €cBQaa)s  [Vap, Qcal = £ (ecaQpa + €c5QAa) ,

Vaara, QB = eapQara [Vanra, Qpr) = 20 eapw )b Qany
- _ 1 (- _
Vaara, Qpyl = —0 'earn (5abQA+2wéb)rQAr>a (K, Qc] = —207'Qcy,
1 _ 1 _
[Mabv QA] = _qu(n )abQAr 5 [Maba QAT] = w7(~ )abQA + 561’875“{2 )abQAt y
_ 1 _ - 1 -
[Map, Qac] = 5(5caQAb — 0cpQ Aa) + 56abchAd7
[KT‘7 QAS] = SgilQA(srs - 467167‘825626% s [Km QAa] = _4gilw1(ni)abQAb .
(8.6)
" One can also choose Tupea0+ = —€apeao+ and this case can be treated in a similar way.
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Isometry algebras of internal space

N | AdS; | AdSs | AdSe | AdSy
sy [ - [ - | -

8 | s0(2) | u(1) - -
12 | s0(3) - - -
16 | so(4) | u(2) | so(3) | s0(3)
20 | so(5) - - -
24 | s0(6) | u(3) - -
28 | s0(7) - - -
32 | s0(8) | su(4) - 50(5)

Table 5. For the maximally supersymmetric AdSs solution the isometry algebra of the internal
space is su(4) instead of u(4) as the u(1) generator does not act effectively on the transverse 5-sphere.

The commutators of K, with the odd generators have been found using a similar argument
to that of the AdSg backgrounds. The Lie algebra of the K, generators is s0(3). The KSA
is isomorphic to 0sp(6,2(2).

It remains to investigate the maximally supersymmetric AdS; backgrounds. It has
been shown that all such solutions are locally isometric to the AdS; x S* background
in [18]. It can be shown using the technique illustrated above that the KSA is isomorphic
to 0sp(6,2[4). The calculation is very similar with the only difference that oy is not
restricted to be (anti-) chiral with respect to the I'j934 chirality operator.

9 Conclusions

We have identified the KSAs, g, of all warped AdSy, x, M? % k > 3, backgrounds with
the most general allowed fluxes in d = 10 and d = 11 dimensions, for which the even
subalgebra gg decomposes into a direct sum of the isometries of AdS; and those of the
internal space M9~* gy = so(k —1,2) @ tg. The proof utilizes (i) the solution of the KSEs
for AdS backgrounds presented in [12-14, 17] and (ii) the closure of the KSAs demonstrated
in [15, 16]. Our results are tabulated in tables 2, 3, 4 and 5.

We have demonstrated that the classification of AdS; KSAs is closely related to the
classification of groups acting effectively and transitively on spheres. This is because the Lie
algebra of isometries of the internal space, g, is associated to a group that acts transitively
on a sphere in the odd subspace g; of the KSA. The classification of such groups is a classic
problem in geometry that has been solved some time ago [10] and it has been applied in [11]
to simplify the Berger classification of the holonomy groups of simply connected irreducible
Riemannian manifolds. The KSAs of AdS3; backgrounds may not be simple as they can
exhibit central generators. There are several potential KSAs for AdSs backgrounds for a
given number of supersymmetries N. For the rest of AdSg, & > 3, backgrounds, we find
that the KSAs are all classical and they can be uniquely characterized by the pair (k, N),
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i.e. the AdS, space under investigation and the number of supersymmetries preserved by
the background.

In the context of AdS;/CFTy_1, for k > 3, we have shown that the KSAs of all AdSy
backgrounds which decompose as gg = so(k — 1,2) @ ty coincide with the expected su-
perconformal algebras of field theories. So potentially all such backgrounds can have a
CFTy_1 dual. The only exception perhaps is the KSA of the maximally supersymmetric
AdS5 background that can exhibit a central term which however vanishes in supergravity.
In AdSs backgrounds, there are many KSAs that arise for a given number of supersym-
metries N and can exhibit one or more central generators. The role of these central terms
should be clarified in both supergravity and in quantum theory.

Our results have applications in the classification of supersymmetric AdS backgrounds.
If AdS backgrounds preserve more than 16 supersymmetries, N > 16, then under some
mild assumptions it can be shown that the warp factor is constant and therefore they are
products AdSy x M4, Furthermore they must be homogenous [19] and so M?~* = G/K.
The identification of all KSAs of AdS; backgrounds allows one to set LieG = ty. As all
the Lie algrebras ty of isometries of the internal spaces are known, all the internal spaces
can be identified as homogenous spaces of groups with Lie algebra ty. So far, the AdSy
backgrounds that preserve more than 16 supersymmetries have been classified for k = 4 [20]
and k = 5 [21]. In the former case the classification of the KSAs for AdS, backgrounds
has been utilized in an essential way. For k& > 5, AdS; backgrounds preserve either 16
or 32 supersymmetries and so for N > 16 are included in the classification of maximal
supersymmetric backgrounds in [18].

For AdSy backgrounds that preserve 16 or less supersymmetries, N < 16, the KSA
may not act transitively on the internal space. Further progress on the classification of such
backgrounds will require a detailed analysis of the orbits of the KSAs in the internal spaces
as presented in [24] for AdSg backgrounds. Investigations of the geometry of such AdS
backgrounds based on superalgebra considerations have been made before, see e.g. [22, 23].
However now this can be done more systematically as all possibilities have been identified.

Acknowledgments

GP wishes to thank Jose Figueroa-O’Farrill and Alessandro Tomasiello for many helpful
discussions. UG and GP would like to thank MITP for providing a stimulating environment
during the workshop “Geometry, Gravity and Supersymmetry” where part of this project
was completed. GP is partially supported from the STFC rolling grant ST/J002798/1. JG
is supported by the STFC Consolidated Grant ST/L000490/1. UG is supported by the
Swedish Research Council.

Data management. No data beyond those presented and cited in this work are needed
to validate this study.

— 31 —



A Invariance of (massive) ITA fluxes

In this appendix we will give a proof to the statement that the Killing vector bilinears
leave invariant all the fields of (massive) IIA supergravity, i.e. they are Killing vectors and
preserve all the fluxes. The proof will rely on the Killing spinor equations

Duyre = Ve + éHMPlPQFP:lPZFHG + %GCDSTMG

+ie® Fp p, TP Ty + g€ Gy p, T AT € (A1)
and

Ae = 8pq)FP€ + %lep2p3FP1P2P3F116 + %eq)ge

—I—%e@FHPQFPlP?FHe + ﬁe(bépl...RlFlePAlE, (A.2)

where V is the spin connection, H is the NS-NS 3-form field strength, S,F,G are the
RR k-form field strengths, for & = 0,2,4 respectively, and ® is the dilaton. For later

convenience, we set
S=e?S, F=¢®F, G=¢%G. (A.3)

In addition to the Killing spinor equations the proof will also rely on the field equations and
Bianchi identities (for relevant expressions in the conventions introduced above see [25]),
and the result will thus hold in general for all supersymmetric supergravity solutions.

It is convenient to introduce the following notation

ag..p, = B(e',Tp,.p.e’),

4 .5, = B(e!,Tp,..5,&), (A.4)
where € = I'11¢, the inner product B(e!,e’) = (ITgC * €/, ¢’), where C = Igrgg, is antisym-
metric, i.e. B(el,e/) = —B(e’,€!) and all I'-matrices are anti-Hermitian with respect to
this inner product, i.e. B(T'ae!,e’) = —B(e!, T 4¢”).

Denoting aIB{ B = a{,‘c}) and Té‘lj By, = T([k‘g the bilinears have the symmetry properties
IJ JI
IJ JI
and
IJ JI
T(k) = T(k:) ]{7 = 0, 1,4, 5
IJ JI
T(]C) = _T(k:) k = 2, 3 . (AG)

First we verify that there is a set of 1-form bi-linears whose associated vectors are
Killing. We write the gravitino KSE as

(Va+X4)e=0 (A.7)
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where

A )

which we use to replace covariant derivatives with fluxes and I'-matrixes. The 1-form

bilinears associated with the Killing vectors are af‘{] e”, which we see by computing

Vo) = VaB(e!, Tpe’)

B(V el ,Tpe’) 4+ B(el,T5V 4€¢”)

= —B(Xa€el,IT'pe’) — B(e!,TpX4€”)

B(T'ge! S a€e!) — B(el , T a€”) (A.9)
= —B(e/, T2 4€e!) — B(e,TpX4€”)

= —2B(! FBZAeJ))

C1C C1C2C3C
= ( SO& + GAB ! 2a0102 6G 1ot 4aA301020304

1
"‘iFABTIJ — §HABCTéJ + 8F010275x3790102) -

Since the resulting expression is antlsymmetrlc in its free indices we find that V aalk B) =0
and hence the vectors associated with a Je4 are Killing.

Note that the dilatino KSE (A.2) imply that
0= B!, A?)) = ol{ 9, (A.10)

and hence 1xd® = 0, where K = aI Je4 denotes the 1-forms associated with the Killing
vectors with the I.J indices suppressed. With this relation it follows that the Killing vectors
preserve the dilaton:

Lr®:= in‘I)+d(iK(I)) =0, (A.ll)

since ix® = 0.
To see that the 3-form flux H is preserved we need to analyse the 1-form bi-linears
which are not related to the Killing vectors, i.e. 7‘1{1‘] e, As above, we find that

Viath] = —zB( C T CaEge’)
or equivalently
drlf) = —igH (A.13)

where we have indicated the degree of the form 7 and suppressed the indices labelling the
Killing spinors. By taking the exterior derivative of (A.13), and using the Bianchi identity
for H, i.e. dH = 0, it follows that

LxH =0 (A.14)

and hence the Killing vectors preserve also the H flux.
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We now turn to the 2-form flux F. Computing the (covariant) derivative of the scalar

71/ and making use of the gravitino KSE as above, we find

dri) = igF +d® 7 — S} . (A.15)
Acting with another derivative on (A.15), and re-substituting (A.15) into the resulting
expression, we obtain
0= LxF —ig(dF) —d® NigF — Sdri] = Lk F (A.16)
where in the second step we have used (A.13) and the Bianchi identity for F i.e.
0=dF —ddAF — SH . (A.17)

This shows that the F' flux is preserved.
For the G flux a similar analysis can be preformed. Computing the covariant derivative
of ag) leads to

da{QJ) =ixG+dP A a{z‘]) + HT({){ —FA 7'(11{ . (A.18)
Acting with an exterior derivative on (A.18) and re-substituting (A.18) into the resulting
expression, and using (A.13), (A.15) and (A.17), we obtain
OZ,CKG—iK(dG)—d(ID/\iKG+iKF/\H+F/\iKH:,CKG, (Alg)
where in the second step we have used the Bianchi identity for G, i.e.
0=dG—d®NG—-FANH, (A.20)

concluding the proof of the preservation of G.

Finally, Lx S = 0 follows from the constancy of the Romans mass parameter S, which
completes the proof. For the computations in this appendix the Mathematica package
GAMMA [26] has been used.

B AdS superalgebra

Here we collect some of the key formulae that are needed to determine the superalgebras of
AdS backgrounds. The proof we have presented relies on the observation that the commu-
tators of the superalgebra can be computed explicitly when the generators are associated
with symmetries of the AdS subspace of the background. For this we give the Killing vec-
tors of AdS subspace and their commutators as well as their action on the Killing spinors.

B.1 Isometries of AdS

The associated 1-forms of the Killing vectors along the AdS subspace of AdSj x,, MF¥,
n > 3 equipped with the metric (2.3) are

AT = A2/ let AT =e, 2\ = Ae*/let
N = Ae®* — (AT — 0 tunT — 0t 2 MY =T —u™,
M*Te = g9\t —u)?, M™% = 29\~ — FA?, M® = P2 — 29N\
M = pAT +u)?, M?*™ = p\™ +7#\*, M?* = pA\* + 2%\, (B.1)
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where p = (207 u + le=22/t — 1 4 017'%?) and 7 = rA=2e~%*/¢. Note that ¢ is the radius
of AdSy, the warp factor, A, depends only on the coordinates y* of M* while u, r, z, 2 for
a=1,...,n— 3 are the coordinates of AdSj, subspace, and g;; is the metric on MF.

The associated Killing vectors are

T = A%/, KT =0, K= 0q
K =0, + 0 rd, — 07 ud, — 071299, , Nt~ =10, —ud,,
to — A2e22/0000, — 4d, , N~ =20, — A_26_2Z/Zr8a, N = 2%9, — 2%9),
= A2e%/0, + uk?, N = pd, + A" 2e 2/ bpp? | N** = pd, + x°Kk*
(B.2)

Moreover, the commutators of these Killing vectors are

VN = €PN NV M) = =2t AT T, MR

[]w,uu7 MUT] — 2(77;L[TMU]V _ nV[TMU]H)’ (B.3)
where
=1, =60, T = %5, Fo e = —36
faZb = [céb} fzztz[:l:z] = _% ) fzza[zb] - _%51?’ fizaib = _%6%' (B4)

The Lie algebra is isomorphic to so(n — 1,2) as expected.

B.2 Spinorial Lie derivatives along AdS

The commutators of the even generators associated with the isometries of AdS and odd
generators associated with the Killing spinors of the superalgebra can also be explicitly
found via the spinorial derivative (2.2) of the isometries of AdS on the Killing spinors of
the backgrounds. In particular, one has

Ly+e= A2e*/%,¢ Ly-€=0u€, Lyae = 04€,

Lose = (B + L7170, — 07 udy — 2%, ) + %z—ln,e
Ly+—€=(rop —udy)e+ %F_,__e
Lapioe = (2aA2%/00, — udy)e — %Aez/ef‘_ae

1
Lyj-a€ = (240, — 70, )e — 5A*lefz/fmae

EMabE == ( .%'aab) ;Fabe
Lopere = [p—|—€ P A2e2/08, + ud, — 17128, e—luxaaa}e
+( AT, + 0 uI’+_—f£ YAe?/f o1 _ a)e

Lyj-—€= [(p — ¢t ur)Oy + 70, + 0lrro, — 0 fxaaa]e

1 1
+ <2A_1€_2Z/ZF+Z - zg_lA_le_Z/eI'aF_i_a)G
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Lozae = [(pég — Kflxaxb)ﬁb + 240, + 0 ra,0, — Eiluwaau] €
1 1
+ <2€1xaf+_ + 5671UA71672/ZF+(1
Loy =1 =zt [ L1
+ 56 rA” e F_a — 56 an — §€ X Fab €. (B5)

These spinorial Lie derivatives determine all such commutators as the dependence of the
Killing spinors on the AdS coordinates is known. The super-Jacobi identities are then used
to restrict the remaining commutators of the even generators associated with the isometries
of the internal space with odd generators of the superalgebra.

C Commutators

C.1 1-form bilinears

The linearly independent Killing spinors of AdSy, n > 3, backgrounds expressed in terms
of o4 and 74 are

€1(o0y) = oy, e(o_)=0_ — (et 2T o — AT o
e3(ry) = e iry — LT AT e TIT Ly — 07 Ty, er.) =eit_ . (C.1)
For n = 3, the terms proportional to % do not occur and they should be set to zero.

The anti-commutator of the odd generators can be founds from the 1-form bilinears.
These are

K(er,e1) =2 o4 ||* e,
K(es,e2) = =21+ 072227 ) | o_ |> €T + 4072472 | o_ |2 e~

— Ao |2 eF+ 4072 A et u, || o | e

Kl(es,e3) = —402A722™ T | |2 e 42077 +07%%) |7y |2 e
2z z
+40 A e |7y |7 € — AT re T, || Ty |? €
_ 2z 2+
K(eq,eq) = —2et |7 || e,
K(eg,e1) = 207" A7 (T o, 0.) e 4+ [(Dqa0-,04) — 0 reia®(To_ T,04)] €

—[(Cpo_,Teoy) + 0 eta®(T o, Toloy)] €€
—[(Cyo_,Tioy) + etz 0, Dulioy)] €
K(es,e1) = 2(e T {my,04) — 0 0 (Toury,00)) €™
+ 22U A e 1y oy ) €+ 2T AT e T (7 T ooy ) €°
+207 A e T (7 Toioy) €
K(es,e1) = —et (Tyr ,Too,) e —ei (D7 Tyo.)e? —ei Ty Tioy) €
K(eg,e3) = 207" A7 [ —e 1 (Dyso_, 7)) + 0 2% (T po_ Ty )] et
+ 2 A [ —e T (D o, 7)) + 07 (Do Ty )] e
He T o, 7)) — 207 (Do Tary) — 0272 (Dyno,7y)
— WA 2ure T (Tyso_,7y)] €
H—e T (Mo, Do) — 2 ae(T o, 7)) + 4 2et 2% (Do, Tol Tyry)
—2072 A 2yre T (Do, Doy )] €°

_[e‘% + 02t + 25_2A_2ure_%]<r+077 Lity) e’
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K(eg,e4) = —2[et(o_,7_) — 57162721’6%0'_,112@7'_” et — 2€*1A*1ue?<a_,7'_> e’
—2571A71ue%<0_, [ )e® — 20 A et (o_,Tyr_)e'

Kl(es, es) = =207 AN Tor ) et + [(r, Tyars) + 07 12% 7 (1, Ty qr_)] €7
+{(m, Ty ) — 07 %7 (14, DTl .7 )] €°
(1, Ty ) — 07 2% (1 Ty )] €0 (C.2)

Note that bilinears of different Killing spinors €” are given as above after replacing || o+ ||
with the inner product (07, ,0%) and similarly for the rest of the o+ and 74 spinors.

After imposing the conditions that arise from the global considerations, the form of
the bilinears simplifies to

K(er,e1) = 2 H 0+ H2 e, )

K(ey,e) = =21+ 0722%7) || o_ ||> e +407247 %2 || o_ ||* e

— 40 AT o | e + A2 A e Tug, | oo || e

—A02A2 2T |y |2 et 20 T 40722 ||y |2 e

FA AT e |y |2 e — 402 A e T | Ty |2 €
2z 2+

K(eg,eq) = —2e7 |[7- ||* €

K(Eg, 63)

K(eg,e1) = =201 A (o ,0.) e + (Do, 0.) €
—teta™ Ty 0 Tloy)et — (Tyo ,Tio,)e
K(es e1) = =207 2% (Doory,04) e + 20 A7 re 7 (7 Top0 ) €°

K(eg,e) = —et (Dyr_, Tooy) €

K(ez,e3) = 207 2A ™Dy Tary)em + 202 A g (Dyo_ Tty ) e
—2 7 T o Tary)e® + [—e T (Too_, Ters)+ 0 2ei % (T oo  , Tolelpry)
—22 A 2ure T (Tyo_, Doy )] €°

K(eg,eq) = 25_1627256“@,, T )et — 207 ' A et (o T,o7_) e

K(es,eq) = =207 A Y T r Yet + (r, Tyr ) e — 0 a% i (1 , T D Ty .7 ) e

+<T+,F+Z‘T_>ei (Cg)

For n > 2, we know that o_ = AT'_,0’, and 7 = AT'_,7/ . Using these conditions, the
bilinears can be written in the basis of Killing vectors of AdS given in appendix B as

K(e,a) =2[loy [P e” =2 ox P27,
K(es,e0) = —2(1+ 072227 ) || o_ |2 e + 4072422 || o_ |2 e~
— Aol |2 e+ a0 2A et un, || oo ||? e

= 20407 M 201 | o |1
—ATPATE2TE |y P et 27T 40P || |2 e
FAUT A e T |y |2 e — A2 A e Ty | 7y || e

= (M 227 | )P
K(enea) = —2e7 || 7 > e = —4 | 7} ]2 A
K(ey, e1) = 40 (o’ 04 ) e — 240, 01) e + 2A€716%x“<0/+,I’aFCU+> e’
—2A(0 ,Ts0.) €
20T MTT N (o o) — E_lM“l’(o*g_, Lapoy) —24(0"  Tioy) el
— 2 Doty o) e + 2 AT e T (7 Tagory) €2
= 2 MYy, o)

K (e3,€3)

I((€3,€1)
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K(eq,€1) = —2Ae%<7'_'~_,f‘zaa+> e’ = 27}, Tze04)

K(ea,e3) = 47 2ra(0), , Toqry) @ + 40 2uz(0!, , Touri) @

—4 A 2 (0! Toary) € + [—24e7 7 (0!, Tsery)

—|—2A£_26%xaxb<a;, | RO P PR

— 402 A e 7 (0!, T.ery)] €

—(46‘1MZ2“Z+ 2X) (0!, ToaTy) )

K(eg,eq) = —4A2€7167x“<0/+, anTJ’r> et + 440 tuet <O'/+, ann’r> e’

— 4 MT ! T 7))

K(es,eq) = 40 r(ry, 7)) et - 2A(ry, 7y e + 2A0 et (1 T To7)) €
+2A(14, Tyl ) €

= 2(= N M)y, 7Y — M (7 Tt ) 4+ 2A(m4 Tl ) €

(C.4)

From the above expressions it is straightforward to read the anti-commutator of any two

odd generators of the superalgebra. Of course, for n = 3 one should neglect all the terms

which involve isometries that carry a e® frame index.

C.2 Spinorial Lie derivative

The computation of the commutator of even and odd generators requires the evaluation of

the spinorial Lie derivative of the Killing spinors along the isometries of AdS. In particular,

the non-vanishing spinorial Lie derivatives of €;(o4) along the isometries of AdS are as

follows
Lralos) = 50 (o), Lye-al) = galos),
Lapeer(o4) = —3ea(AT00), Lymerlos) = —5e1(Tao),
Laprer(oy) = %Q(Ar_m), Laeeer(cy) = —%@(rmm .
The non-vanishing spinorial Lie derivatives of ea(o_) are
Ly-e(o )=t (AT ,00), Lyaez(o_) = —Ltey(Tyo ),
Lierlo) =~ a0, Larerlo) = —gerlo),
Lamer(o-) = —geaTor ), Laver(o) = —es(A a0 ),
Lyp=—€a(0-) = %61(A71F+z0—)7 Lppzaer(0-) = %64(Faz(7—) :
Similarly the non-vanishing spinorial Lie derivatives ofes(7y) are
Loaves(ty) = —0 ey (AT 7y, Lyaez(ty) = —0Le (Do),
Lyze3(T4) = —%5_163(@), Lyr+-€3(r4) = %63(T+)7
Larocs(ry) = —gea( AT 4ry) Lysmvea(r) = —5es(Tarrs),
Lymres(rs) = 3ea(AT o72) Lasmees(re) = yr(Taers)
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and those of e4(7_) are

1 1
E,\264(7'_) = 56_164(7'_), £M+—64(7'_) = —564(7'_),
1 1
Ly-aeq(12) = —561(14_11—‘+an), Lypaves(7-) = —564(I‘ab7:),
1 1
Lypz—€a(m-) = Qeg(A_IFJrZT,), Lyjzaeq(T-) = —562(an7',) . (C38)

D AdS; KSAs for N < 14

D1 N=N,=10

The 4-form « is dual to a 1-form. Because of this, the SO(5) automorphisms of the KSA
can be used to choose the 1-form to lie in the 5-th direction, i.e. the only non-vanishing
component of « is ary934. Next consider the commutator

[‘712, ‘735] . (D.l)

Using
~ 1
V;"s = ieAB{QAm QBS} (D2)

and after expressing first Vo and then Vis in terms of Q’s, an application of the super-
Jacobi identities reveals that

a1234Vis = 0 . (D.3)

Taking the commutator with ) 44 and using the fact that all ’s are linearly independent,
we find that aj234 = 0 and so o = 0. As a result the KSA is osp(5,2). This is in agreement
with the general analysis presented in section 3 for the AdS3 backgrounds.

D.2 N=N,=12

The 4-form « is dual to a 2-form. Using SO(6) automorphisms of the KSA, *« can be
brought into the canonical form

*a= el Ae? + hae® Aet 4 Aze® A el (D.4)

for some constants Ay, Ay and As.
It remains to determine these constants. For this consider the commutator

[‘712, ‘735] . (D.5)

After using (D.2) to express first Vi and then Vi in terms of the Q’s and applying the
super-Jacobi identity in both cases, we find that

~A3Vhs + AoV =0 . (D.6)
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The commutators of the above expression with Q) 45 and Q) a3 reveal that

A3 — A =0, A—A3\ =0. (D.7)

A similar calculation involving the commutator [‘734, 1715] leads to

A —Asho =0 (D.8)

The solutions of these conditions are either that A\y = Ay = A3 = 0 or /\% = )\g = )\g =1
and A\; = AzA2. In the former case the superalgebra is 0sp(6]2) and in the latter case a real
form of s[(3|2) with even part sp(2) & u(3). The choices of signs of \’s denote the different
embeddings of 1(3) in s0(6). Again there is the possibility that the KSA is the non-simple
superalgebra ¢sl(3|2; 7). These results are in agreement with those in section 3.
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