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Abstract. We study time-harmonic electromagnetic and acoustic waveg-
uides, modeled by an infinite cylinder with a non-smooth cross section.
We introduce an infinitesimal generator for the wave evolution along the
cylinder and prove estimates of the functional calculi of these first order
non-self adjoint differential operators with non-smooth coefficients. Ap-
plying our new functional calculus, we obtain a one-to-one correspon-
dence between polynomially bounded time-harmonic waves and func-
tions in appropriate spectral subspaces.
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1. Introduction

A linear partial differential equation, PDE, or a system of PDEs, is often
analyzed by studying the evolution of solutions u with respect to one of the
variables, say t. Recall that if the PDE is of second or higher order, then we
can rewrite it as a system of first order equations, so without loss of generality
we can assume that the PDE only contains first order derivatives in ¢. In this
way the PDE becomes a vector-valued ordinary differential equation, ODE,
like

Opu(t,z) + Tu(t,z) =0 (1.1)

in the homogeneous case. Here T, an infinitesimal generator, is a differential
operator acting in the remaining variables x only, for each fixed t.
Formally solutions to (1.1) are given by

u(t,z) = (exp(—tT)u(0,-))(x). (1.2)
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However, since T is an unbounded operator, we need to be careful in the
definition and analysis of such a solution operator exp(—tT'). The heuristics
are as follows. For a parabolic equation, say the heat equation, T is the
positive Laplace operator, and exp(—tT') is a well defined bounded operator
for any ¢ > 0 and any initial function. For a hyperbolic equation, say the
wave equation as a first order system, T is skew symmetric and exp(—tT') is
unitary and well defined for any —oco < ¢t < oo and any initial function. For
an elliptic equation, say the Cauchy—Riemann system, 7" is symmetric but
with spectrum running from —oo to +o0. In this case we need to split the
function space for initial data as a direct sum of two Hardy subspaces. Then
exp(—tT) is well defined and bounded for ¢ > 0 when the initial data is in
one of the Hardy subspaces, and for ¢ < 0 when the initial data is in the
other Hardy subspace.

The aim of the present paper is to study infinitesimal generators T
arising as above in the elliptic case. Our motivation comes from the theory for
waveguides, and our results yield a powerful mathematical representation of
time-harmonic waves propagating along waveguides with general non-smooth
materials. The waveguide is modeled by the unbounded region R x €2, where
is a bounded domain in R?, or more generally in R™. Note that we study time-
harmonic waves. Therefore the PDE is elliptic rather than hyperbolic, and ¢ is
not time but rather the spatial variable along the waveguide. For an acoustic
waveguide, the PDE is of Helmholtz type, as in Sect. 2.1, with coefficients
which we allow to vary non-smoothly over the cross section 2, but they are
homogeneous along the waveguide. For an electromagnetic waveguide, the
system of PDEs is Maxwell’s equations as we describe in Sect. 2.2.

We show in Sect. 2 that the infinitesimal generators 7T arising in this
way when studying waveguide propagation are of the form

T = (Dy + Dy)B, (1.3)

where D; is a self-adjoint first-order differential operator, Dy is a normal
bounded multiplication operator, and B is a bounded accretive operator de-
pending on the material properties of the cross section of the waveguide.
With such variable coefficients, the operator T' will not be self-adjoint. Even
in the static case Dy = 0, T is only a bi-sectoral operator (see [3]), and L?()
bounds of exp(—t7") and more general functions f(T') of T, are non-trivial
matters. However, in the general non-smooth case, this is well understood
from the works of Axelsson et al. [5] and Auscher et al. [4]. In the present
paper we extend these results to the case Dy # 0 which occurs in general
time-harmonic, but non-static, wave propagation in waveguides.

In Sect. 3 we study functional calculi of operators of the form (1.3),
which we show have L?({2) spectra contained in regions

Swri={z+iyeC:ly| <|z|tanw + 7}.

To have a theory for general frequencies of oscillation, encoded by the zero-
order term Dy, it is essential to require the cross section €2 to be bounded,
which ensures that the spectrum is discrete. However, the compactness of
resolvents and the discreteness of spectrum only holds for T" in the range of
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Dy + Dy, which is invariant under 7'. Building on fundamental quadratic esti-
mates (see [1]) for operators T in the static case, we are able to construct and
prove L?(£2) estimates of a generalised Riesz—Dunford functional calculus of
T. To yield a well defined and bounded operator f(7'), the symbol f(z) is re-
quired to be uniformly bounded and holomorphic on an open neighbourhood
of the spectrum of T" except at oo, where it is only required to be bounded
and holomorphic on a bi-sector |y| < tanw|z|, w < 7/2, in a neighbourhood
of co. Due to the deep quadratic estimates from harmonic analysis used in
Proposition 3.16, this suffices to bound f(7") at cc.

Another novelty in estimating f(T"), due to the non-self adjointness of
T, is that || f(T)|| may depend not only on |f(\)|, but also on a finite number
of derivatives f(*)(\) at a given eigenvalue \ of T'. In particular, an eigenvalue
of T on the imaginary axis with index/algebraic multiplicity greater than 1,
will result in propagating waves u; = exp(—tT")ug which grow polynomially.

Note that since the spectrum is discrete, a symbol like

e~t?, if Rez > a,
f(z) = {

0, if Rez < a,

for t > 0, is admissible provided no eigenvalue lies on Rez = a, and will yield
an operator bounded on L?(€2). In this sense the functional calculus that we
here construct is more general than that considered by Morris in [11].

In the final Sect. 4, we apply our new functional calculus for operators
T to show how all polynomially bounded time-harmonic waves in the semi-
or bi-infinite waveguide can be represented like (1.2), with wy in appropriate
spectral subspace for T

2. Partial Differential Equations Expressed as Vector-Valued
Ordinary Differential Equations

In this section we consider the Helmholtz and Maxwell’s equations and ex-
press them as vector-valued ordinary differential equations in terms of oper-
ator DB, which is introduced later.

Throughout this paper @ = Qt C R" denotes a bounded open set,
separated from the exterior domain, 2= = R™\, by a weakly Lipschitz
interface I' = 0%, defined as follows.

Definition 2.1. The interface I' is weakly Lipschitz if, for all y € I, there
exists a neighbourhood V}, > y and a global bilipschitz map p, : R* — R"
such that

QF NV, =p, (RL) NV,
rnv, =p, (R NV,
where R7 = R"! x (0,+00) and R” = R""! x (—00,0). In this case  is
called a weakly Lipschitz domain.

We will use the symbols D(+), N(+), and R(-) to denote the domain, null
space, and range of an operator, respectively.
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2.1. The Helmholtz Equation
Let Q C R™ be a bounded weakly Lipschitz domain and A € L, (Q; L (C"+2))
be t-independent and pointwise strictly accretive in the sense that there exists
a > 0 such that

Re(A(z)v,v) > al|v|? (2.1)

for all z € R™ and v € C"*2. For a complex number k # 0, we consider the
equation

[diV(t@) k] A [v(]?w)} u=20 (2.2)

in Q x R with u € H}(Q) for all t € R.
Let us set
Haiv($3;C") i= {f € L2(%;C™") : divf € Lo()}.
By div and V, we denote the divergence and gradient operators on Hg;,(€2)
and H}(Q) respectively.
Splitting C"*2 into C and C"*!, we decompose the matrix A(x) in the
following way

) = AJ_J_(iE) AlH(x)
Ale) [Au@) AH@J'

Then we can write Eq. (2.2) in the form

8tu
. AJ_J_(.Z‘) AJ_|(.I‘):|
O |div k \% =0.
[ t [ v ” [A”J_(x) A||||(1‘) |:k(;u:|
Hence
Vou
. ALL&u—i-AlH k(?u,
[0; [div k]] ol | =0 (2.3)
0
A0+ Ay |,

Next, we define f as

_ | fe
f_[ﬂ

\%
] AJ_J_atU-‘rALH [kt;u

= Vou . (2.4)
ku

Since A is pointwise strictly accretive, all diagonal blocks are pointwise strictly

accretive, and consequently invertible. In particular, A | is invertible. Hence,

due to (2.4), we obtain dyu = AT (fi — A1 f))- Therefore we can write Eq.
(2.3) in terms of f

: AL AT (fL - A fp+ Al|f|} -
[0, [div k]] {AlLAIi(fL — AL i)+ And .
hence

_ i _
[0: [div K]] [AMA;L(fL — AL fy) + A||f|] -
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On the other hand, from definition of f, we obtain

Ouf) = {vk%?;u] = {ka’} (AL (fr = A fy),

which, together with (2.5), gives us the system of equations
Ouf i+ [div k| (AL ATL(fr = ALy + Ay fy) =0

v
Bef — ko ATV (fL—Ayfy) =

In vector notation, we equivalently have

ol [ fiy 5 ke B -

fi i AjLATL Ay — AL AT AL ] L
Define
B = [ AJ__J_ AJ_J_AJ-| ]

AyLATT Ay — A LA AL

and
0 [div k‘]
D = Vo
V]

with domains D(B) = Lo(Q; C"*2) and
D(D) = {f = (f1, fo. f3) € La(Q: C*7) 1 f1 € HY(Q),
fa € Han(@:C™), f3 € La() },

respectively. Then the equation becomes

8.f + DBf =0, (2.6)

together with the constraint that f € R(D) for each fixed ¢ € R.

Since A is a pointwise strictly accretive operator, B is a strictly accretive
multiplication operator just like A, see [4, Proposition 3.2]. By the above
arguments, equation (2.2) for u implies that f, defined above, solves (2.6).
Moreover, the converse is also true, that is the following proposition holds.

Proposition 2.2. If (f,Vog,kg) € R(D) solves Eq. (2.6), then g solves Eq.
(2.2).

Proof. Let (f, Vog, kg) € R(D) be a solution of Eq. (2.6), then

T+ 4y VOQD 0,
) kg 2.7)

Vo

kg
VoQ]) —0
kg

Ouf + [div k] (AMAIi (f — Ay

v
[z e

Vo
k
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The first equation of (2.7) can be written in the form

(9 [div #] ALATY (f — Ay kaﬂ) +Ay [Vk(;g] B

From the second equation of the system (2.7), we see

Vo
Og=A7| (f Al [ kgg]) (2.9)
thus
\Y
f=A1109+ AL { kog} (2.10)
Setting (2.9) and (2.10) into the formula (2.8), we get
\Y
ALL&gg+ALH kog
(8, [div K]] - Z =0.
0
AL0g + Ay | g
This shows that g solves Eq. (2.2). O
Let us define operators
0 div. 0 0 0 &k
Dy:=1|-Vy 0 0], Dy:=|10 0 0
0 0 0 -k 0 0
with domains D(D;) = D(D) and D(Dg) = Ly(©2; C**2). Then
D = Dy + Dy.

Remark 2.3. Note that D; is a self-adjoint operator, see [9, Theorem 6.2],
and Dy is a bounded operator. Therefore D is a closed operator and

0 div -k
D*=Di+Di= |-V 0 0
k 0 0

2.2. Maxwell’s Equation

Let © C R? be a bounded weakly Lipschitz domain. By Rademacher’s Theo-
rem the surface 92 has a tangent plane and an outward pointing unit normal
n(x) at almost every z € 9. We introduce the Sobolev spaces

Haiy (2 C?) := {f € Ly(Q;C?) : divf € Lo(Q)},

Heo1(Q;C?) = {f € Ly(;C?) : curlf € Ly(Q)},
Hdw(Q C?) = {f € Hgi, (Q;C?) : div(f) € Ly(R?)},
(2 C%) = {f € Houn(2%,C%) : curl(f) € Ly(R?)},

curl

where f denotes the zero-extension of f to R2.
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The last two spaces have the following geometric meaning. Assume that
f € HS, (€2;C?), then there exists a sequence {¢}52, C C§°(€2; C?) such
that 1, — f and divyyy, — divf. Hence, for ¢ € C°°(R?), we obtain

[t~ [ 1.0 = i ( [ @vieo) - [ @-v0)) <o

Hence the Stokes’ theorem implies formally

/@Q(fwu(b)Z/Q(divf,@_/ﬁ(ﬁ_v(b):&

Therefore we interpret f € HY, (£;C?) to mean that divf € Lo(f2), and
that f is tangential on the boundary in a weak sense. Similarly, the condition
f € HY 1(Q; C?) means that curlf € Ly(2), and f is normal on the boundary
in a weak sense.

By V, Vy, div and divg, we define the gradient and divergence operators

on HY(Q), H} (), Haiv (2 C?) and HY, (Q; C?) respectively.
Remark 2.4. For a bounded weakly Lipschitz domain  C R? and function
f € Haiy(92; C?), we see

curlJ f = divf, fn=Jfxn

where

This gives
JHyiy (4 C?) = Heon(Q; C?), JHS, (9;C?*) = HY (Q;C?).

curl

Let p,e € Lo (Rz; L (03)) be pointwise strictly accretive matrices, see
(2.1). For a complex number w # 0, we consider Maxwell’s system of equa-
tions

div ypuH =0,

iwpuH + curly ) E =0,
iweE — curly ,)H =0,
div(y el =0

(2.11)

in R x Q with
pH € Ly() x H, (2 C?),
E € Ly(Q) x HY 1(Q;C?)

url

for any fixed t € R.
According to the splitting of C? into C and C2, we write

il E=
H= [ . E=|7t
H E)
_ [ml /u|] c— |:5LL 5l|:|
L Byl gL €y
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and define auxiliary matrices

s Mu} ,_ { 10 ]
o= 5 o= )
U =0 L

'glL€L||:| €::|:1 O:|
0 I |7 = lereyl’

w0 5 _fm 0 w0
A=l g], A._[O J, A._[O J.

Since u, € are pointwise strictly accretive, we conclude that g1, €11
are pointwise strictly accretive, and consequently 7z, €, and A are invertible.

Let I, = {I'/ %=1 be a 6 by 6 matrix such that I =r1p" =1, and

o]
I

all other elements are zero. We set I = I — I, . From the first and forth
equations of (2.11), we get
0 divgp 0 0
-V 0 0 0 H
ol AG + 0 0 0 div [”AG =0, where G:= |:E:| . (212)
0 0 -V O
From the second and third equations of (2.11), we obtain
0 divp 0 O 0 0 00
-V 0 0 O 0 0 Owd
0 1)G + 0 0 0 div 1,G— 0 0 0 0 IJAG =0. (2.13)
0 0 =Vp O 0—iwJO0 0

Since IJ_AG = IJ_ZG, IHAG = I”AG, GH = I”ZG, and IJ_G == IJ_AG, we
can combine Egs. (2.12) and (2.13) in the following way

0 divp 0 O
-V 0 0 dwd

0, AG + 0 0 0 div AG = 0. (2.14)
0 —iwJ —Vgy 0
Define
0 divg 0 O
D -V 0 0 wJ

0 0 0 div
0 —iwJ =Vy 0

with domain
D(D) ={f = (f1. fo, f3, f4) € L2(Q) = fr € H'(Q), fa € Hg;, (23 C?),
f3 € H3(Q), f1€ Haiy(C?}.
Let B:= AA ', F:= AG, so that Eq. (2.14) becomes
&F + DBF =0 (2.15)

together with the constraint that F' € R(D) for each fixed t € R.
To see that (2.11) and (2.15) are equivalent, we prove an analogue of
Proposition 2.2.
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Proposition 2.5. Let f(t,z) and g(t,z) be three dimensional vector-valued
functions such that (f,g) solves Eq. (2.15), and (f,g) € R(D) N D(DB) for
each fixred t € R. Then the vector-valued functions

H=n'f, E=zg1 (2.16)
solve the system of equations (2.11), and for any fized t € R,

pH € Ly() x Hg, (2 C?),

E € Ly(Q) x H 1 (Q;C?).

Proof. Splitting C? into C and C?, we write

IR A i R )

Since (f, g) is a solution for (2.15), we see

oA {g]  DBA [g} o4 {g} DA [H } 0.

Thus
Oc (o Ho o poy Hy) + divo (py Ho + py Hy) =0,
8tH” —VH,| +iwd (5”J_EL +€H\|EH) =0,
Oy (ELLEL + giHEH) + div (g\lLEL + SHHEH) =0,
OB = NVoEL —iw] (L Hi+ py Hy) = 0.

(2.17)

By the assumption, (f,g) € R(D) for fixed ¢t € R, and hence Proposition 2.11
implies

curl f —iwg, =0,
curlg) +iwf, = 0.

Therefore, in terms of H and F, we can write

{curlH| —iw (eL By +ey By) =0, (2.18)

curl B + iw (p11 H1 4 py Hy) = 0.

Combining (2.17) and (2.18), we conclude that H, E solve the system of
equations (2.11).
Since tH = f and f € D(DB) for each fixed ¢t € R, it follows that

pH € H'(Q) x HY;, (9 C?).
Hence
pH € Lo(Q) x Hgy (€; C?).

Proposition 2.11 and (2.16) lead to B € HY ,(Q;C?). Therefore, for any
fixed t € R,

E € Ly(Q) x H? ,(Q;C?). O

curl
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Let us define operators

0 divg 0 O 0 0 00
-V 0 0 O 0 0 Oiwd
Di=19 0 o av]® %o 0 00
0 0 =Vy O 0—iwJO 0
with domains D(D;) = D(D) and D(Dy) = La(Q; CY). Then
D = Dy + D,.

Remark 2.6. Note that D, is a self-adjoint operator, see [9, Theorem 6.2],
and Dy is a bounded operator. Therefore D is a closed operator and

0 divp 0 O
-V 0 0 iwJ

0 0 0 div

0 —iwJ —Vy 0

D* =D} + D =

2.3. Properties of D

Here we prove that the operators defined in Sects. 2.1 and 2.2 have closed
range and compact resolvents. We will use the symbols o(+) and p(-) to denote
the spectrum and resolvent sets of an operator, respectively.

Let us start by considering the operator D defined in Sect. 2.1. First,
we prove that R(D) is closed.

Proposition 2.7. Let Q@ C R"™ be a bounded, weakly Lipschitz domain, and
D be the operator defined in Sect. 2.1. Then R(D) is a closed subspace of
L2 (97 Cn+2) .

Proof. According to [8, Theorem 5.2], it suffices to prove that v(D) > 0,
where v(D) is the reduced minimum modulus of D, that is the greatest
number v such that

Du|| > inf — for all e D(D).
IDull = inf u=v] foral ueD(D)

Let h = (hy, ha, hs) € D(D), then g = (0, hy, —divhs) € N(D), and there-
fore

inf [[h— o] < [Ih— gl = = [Ikha]l + = [[kha + divhy|| <

11 — U — = — _ 1V, _

veN(D) e T L 2= k]

This implies that v(D) > |k| > 0, and consequently that R(D) is closed. O

DA

To prove Proposition 2.7 we used that k& # 0. However, by applying the
Poincaré inequality, one can prove that Proposition 2.7 also holds for & = 0.
Next, we find the exact expression for R(D).

Proposition 2.8. Let Q0 C R™ be a bounded, weakly Lipschitz domain, and D
be the operator defined in Sect. 2.1. Then R(D) = H, where

i {1 = U o) € L@ ) 5 € HYO). fo = 1V0sa )
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Proof. By definition of operator D, we obtain R(D) C H. Conversely, assume
that f = (f1, f2, f3) € H. Since

Ly() = N(Vo) ® R(div),

there exists a function h € N(Vp) and sequence {g'}7°, C Hg;y (92; C™) such
that h + divg' — f1 in the Ly norm. Therefore

—1f3 fi
D| ¢ — | f
h [
in the Lo norm. This, by Proposition 2.7, implies that f € R(D). O

Finally, we prove that the resolvent operators are compact. This im-
plies that the spectrum o(D|gp)) contains only the eigenvalues of D|g p,
and each eigenvalue has finite geometric multiplicity. In fact, we prove in
Proposition 3.14 that the indexes/algebraic multiplicities are finite.

Proposition 2.9. Let Q C R™ be a bounded, weakly Lipschitz domain, and D
be the operator defined in Sect. 2.1. Assume XA € p(D|g(py), then

(A= Dlg(p)) " : R(D) — R(D)
is a compact operator.
Proof. Since
Dlg(py (A= Dlg(py) ™" : R(D) — R(D)

is a bounded operator, it suffices to show that the embedding

(DD)NR(D), || - Ippyrr(p)) — RAD), [ - [I£.)
is compact, where

| fllppynr(p) = IDfIl + || ]I

Let {(f', Vg', k:gl)};r:of be a sequence in (D(D) NR(D),| - HD(D)QR(D))
such that

! J!
Vod'll + [|D |Vodt| || < C (2.19)
kg kgt

for some C > 0. In particular, we get
1A+ IV 'l < €

Therefore, the sequence {f'}£°, is bounded in H'(Q). Since Q C R is
bounded, the Sobolev Embedding Theorem gives that H'(Q) — Ly() is
compact. Hence, the sequence { fl}fil contains a Cauchy subsequence in
L2(€). The same conclusion can be drawn for {g'}?°,.

From estimate (2.19), we obtain

|divVog" + k¢! + [|g'l| < C,

and hence ||divVog!|| < C. Next, since {g'}?°, C H}(Q) and curlVog' = 0,
we see that {Vg'}£2, is a bounded sequence in HY (Q; C™) N Haiy (Q; C™).
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Consequently, the sequence {Vog'}$2, contains a Cauchy subsequence in
Lo (€Q; C™), because the embedding

Hgu(925,C™) N Haiy (2C™) = La(;C")
is compact, see [6] or [12].

Finally, after passing to subsequences three times, we conclude that
{(f1, Vog', kg')}32, contains a Cauchy subsequence in (R(D), | - ||1,)- O

We next derive similar results for the operator D defined in Sect. 2.2.

Proposition 2.10. Let Q C R? be a bounded, weakly Lipschitz domain, and
D be the operator defined in Sect. 2.2. Then R(D) is a closed subspace of
LQ(Q,Cﬁ)

Proof. As in Proposition 2.7, it suffices to show that v(D) > 0. Let us choose
any h = (h1, ha, hs, hy) € D(D). In particular, hy € H'(Q2), hy € H}(Q), and

hence Vh; € Heun(92; C?) and Vohs € HY (Q; C?). By Remark 2.4,
1

1
J'Vhy € Hqio(2;C?), —J 'Vohs € H, (Q; C?).

iw iw
Hence

1, 1,

g=|hi,—J "Vohi,hs, —J "Vhy | € D(D)

iw iw

Moreover, straightforward calculations show that g € N(D). Therefore

. 1 1
inf [l — vl < [|h - gll = |2 + —J " Vohs|| + [k — —J V|
vEN(D) W w

1 1
= —Hiwjhz + V0h3|| + 7”’&'th4 — Vh1||
|w] |wl
1
< Lon).
|w]

This implies that v(D) > |w| > 0, and consequently that R(D) is closed. O
The following proposition gives the exact expression for R(D).

Proposition 2.11. Let Q C R? be a bounded, weakly Lipschitz domain, and D
be the operator defined in Sect. 2.2. Then R(D) = H, where

H:= {(fJJthnggH) € LQ(Q7C6) : fH € chrl(Q; 02)7 9 € ngrl(Q; CQ)
and curlf) —iwg, =0, curlg +iwf, = 0} .
Proof. Assume (f, g) € R(D). Then there exists (F,G) € D(D) such that

fi divoF)
f” | =VF_ + inG”
gl o diVGH
g —VoG, — inFH

Since F| € HY,, (% C?), G| € Haiy (9 C?), we see that f1, g1 € Ly(). From
Remark 2.4, we conclude that JF| € HY ,(9;C?) and JG|| € Heuni(Q; C?).
Therefore, since F| € H'(2) and G| € H} (), we obtain f € Heun (2% C?)
and g € H? ,(9;C?).
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Next, we compute
curlfj = —cwrlVF| +iweuwrlJG || = iwdivG| = iwg
and similarly
curlg) = —iwfy .

From the arguments above, we can assert that R(D) C H.
Conversely, assume (f,g) € H. Let us set

1 1

= Gi=Jh)

By = -

Then, from Remark 2.4, we Z((:{)tain
Fj € H,(C?%), G| € Ha(9;C?),
and
fi= diVOFH7 gL = diVGH.
Next, since
curl (fH — inG”) = curlf —iwdivG) = curlf —iwg, =0

and f —iwJG) € Heun1(9; C?), there exists a function F| € H!(Q) such
that —VF, = fH - inGH.

Likewise, since curl (g +iwJF|) = 0 and g| + iwJF € H2 (€ C?),

there exists a function G| € H(Q) such that —VoG | = g| + iwJF).
Combining all relations between (f,g) and (F,G), we conclude that

(F,G) € D(D), and
ola)= 1)

This implies that H C R(D), hence that H = R(D). O
There is also the following analogue of Proposition 2.9.

Proposition 2.12. Let Q C R? be a bounded, weakly Lipschitz domain, and D
be the operator defined in Sect. 2.2. Assume that A € p(Dl|g p), then

(A= D‘R(D))_l :R(D) — R(D)
is a compact operator.
Proof. Since
Dlgpy (A= D|R(D))71 : R(D) — R(D)
is a bounded operator, it remains to verify that the embedding
(D(D)NR(D), || - [r(p)) = (R(D), | - [|2.)

is compact.
Let {h'}$2, € D(D) be a sequence such that {Dh'}?2, ¢ D(D)NR(D)
and

|DRY| + | DDRY| < C (2.20)
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for some constant C' > 0. In particular,
[|divohb|| 4 || — Vdivohh + iwJ (—Vohy —iwJhb)|| < C,
| — Vohl —iwJhb|| < C.
Therefore
|Vdivohb|| + ||divehb|| < C. (2.21)

As in Proposition 2.9, (2.21) implies that {divohb}®, contains a Cauchy
subsequence in Lo(£2). Similarly, this statement holds for {divh}}2,.
Since ||DDhA!|| < C, we obtain

|div(—=Vohh —iwJhb)|| < C
and
| — curlVohl — iwcurlJhb)|| = |JiwcurlJhb)|| = |liwdivhl| < C.

Therefore {—Voh} —iwJhb}52, is bounded in HY, (€2 C?)N Hyiy (92 C2).
From the compact embedding (see [6] or [12])

H 1(Q;C%) N Hyiy (Q; C?) — Ly(Q; C?),

curl

we conclude that {—Voh} — iwJhb}5°, contains a Cauchy subsequence in
L2 (Q, CZ) .

Likewise, {—Vh} +iwJh}}?2, is bounded in Heun (925 C?) N HY, (Q; C?).
Since Heun (25 C?) N HY, (€2; C?) is also compactly embedded into Lo (€2; C?),
{—Vh! +iwJh}}£2, contains a convergent subsequence in Lo (Q; C?).

From the arguments above, we conclude that {Dh!}?, contains a
Cauchy subsequence in Ly(2; C). O

3. Spectral Projections and Functional Calculus for DB

In this section we modify the functional calculus designed by McIntosh in
[10], for the operators described below.

Let 2 C R™ be a bounded, weakly Lipschitz domain. From now on we
consider a pointwise accretive multiplication operator B € L (€; CM x CM)
on Lo(Q; CM) and a closed range operator

D : Ly(Q; CM) — Ly(; CM)
satisfying the following conditions

1. There exists a bounded operator Dy and a self-adjoint homogeneous
first order differential operator D; with constant coefficients and local
boundary conditions so that

D = D, + D,.
2. The operator (\ — D\R(D))_l is compact for some, and therefore for all

A belonging to the resolvent set p(D|g p)-

Remark 3.1. In both the Helmholtz and the Maxwell’s cases, the operators
B and D satisfy the conditions above. Moreover, Dg is a normal operator,
and hence D is normal as well, in particular D(D) = D(D*).
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3.1. Preliminary for Functional Calculus

Here we consider basic properties of the operator DB in order to construct
a functional calculus in the next subsections. We begin with a well known
result and give its proof for the sake of completeness.

Proposition 3.2. We have topological splittings for Lo(Q; CM),

Ly(Q; CM) = N(D*B) @ R(D),

Ly (9, CM) = N(D*) @ BR(D).
Proof. Since N(B*D*) = N(D*), R(DB) = R(D), and B*D* = (DB)*, we
obtain the following orthogonal splitting

Ly(§;CM) = R(DB) @ N(B*D*) = R(D) @ N(D").
For any non-zero g € N(D*), (B~ 'g,g) # 0. Thus
R(DB) N BN(D") = {0}.
Since B* is an accretive operator, for g € R(D) and h € N(D*), we obtain
C7lgll* +0 < Re(B*g,9) + Re(g, h) = Re(B*g, g) + Re(B*g, B~ "h)3.1)

=Re(B*g.g+ B~ 'h) < Clglllg + B~
for some constant C' > 0. Similarly,
C7Y B 'h||*> < Re(B*B~'h, B~'h) = Re(B~'h, h)
—Re(B~'h+g,h) <CIB h+gllhl  (32)
for some constant C' > 0. Therefore B~*N(D*) @ R(D) is a Hilbert space.
Assume that f € (B7!N(D*) @ R(D))*. In particular, f € N(D*) and
f L R(D). Since B is an accretive operator, we see that f = 0. Therefore
Ly(Q;CM) = BTIN(D*) @ R(D) = N(D*B) @ R(D).
One can prove the second splitting similarly. O

Proposition 3.3. The operator
DB|R(D) :R(D) — R(D)
is a closed and densely defined operator.
Proof. Note that N(D*B) C D(DB). Therefore, from Proposition 3.2, we
obtain
D(DB) = [D(DB)NR(D)] & N(D*B). (3.3)

Let us fix e > 0 and f € R(D). Since B is an invertible bounded operator,
and D(D) is a dense set in L2(Q; CM), we deduce that D(DB) = B~'D(D)
is dense in Ly(£2; CM). Therefore, from (3.3), we can find g € D(DB)NR(D)
and h € N(D*B) such that ||g+h— f|| < e. On the other hand, Proposition 3.2
gives

lg+h—=Fl = Clg = £l +[n])-
Hence ||g — f|| < &, and consequently D(DB) N R(D) is dense in R(D).
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The operator
DB : Ly(Q; CM) — Ly (Q; CM)

is closed, and R(D) is closed in Ly(£2; CM). Hence, the operator DBlg(p) is
closed. ]

To state the next proposition let us set
Sar i ={r+iyeC: |yl <|z|tana+ 7}

for a € [0, %) and 7 > 0. Define the angle and constant of accretivity of B to
be

Re(B
w:= sup |arg(Bv,v)| < 17 B := inf 8(72’7)),
veCM 2 veCM ||UH

respectively.
Proposition 3.4. There exist constants 7,C > 0, depending only on ||DoB]|,
IB||, and B such that o(DB) C S, » and

(A= DB) (3.4)

st —
- dist()\, Sw,O)
forany N ¢ S, .

Proof. Since D is self-adjoint, DB is bisectorial, see [4, Proposition 3.3].
Therefore, for any A ¢ S, o and v € D(DB),

|(A = DByu|| > [[(A = DiBul| — | DoBul| > Cdist(A, S.,0) lull — | Do Bl lul.
Thus, for sufficiently large 7 > 0 and any A ¢ S, -,

C .
7 dist(A, Su,0)l[ull = [[DoB|l[full,
and therefore
C .
(A= DB)u| > gdlst()\,S%o)HuH. (3.5)

Hence A— DB is an injective operator with closed range. Next, let us consider
the adjoint operator

(A= DB)* =\X—B*D* = B*(A\— D*B*)B*" 1.

Similarly, we see that A — D* B* is injective. Consequently, (A — DB)* is also
injective. Hence A — DB is a surjective operator. Thus, A ¢ S, ; is contained
in the resolvent set, and (3.5) implies (3.4). O

Let Pgr(p)y and Pn(p+) be the orthogonal projections to R(D) and
N(D*) corresponding to the splitting

Ly(Q;CM) = R(D) © N(D*). (3.6)
Lemma 3.5. The operator
Pr(p)| sr(p) - BR(D) = R(D)

is bounded and invertible.
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Proof. If Pr(pyBDf = 0, then (BDf, Df) = 0. This implies that Df = 0,

and hence that Pr(p) | BR(p) 1S an injective operator. The second splitting in

(D)

Proposition 3.2 implies that Pr(p) | BR(D) 18 surjective. Thus, by the bounded

(D)
inverse theorem, we get the statement of the lemma. O

Proposition 3.6. Let A € p(DBlg p)), then
(A — DB‘R(D))_I : R(D) — R(D)
18 a compact operator.

Proof. As in Propositions 2.9 and 2.12; it suffices to prove that the embed-
ding

(D(DB)NR(D), | - lpp)rps)) — RD), |- L,)

is compact.
Let {f}%°, C (D(DB) NR(D),| - ||D(DB)QR(DB)) be a sequence such
that

171+ IDBf| < ©
for some C' > 0. Since D|N(D*) is bounded, splitting (3.6) implies
£ + 1D Premy BS|| < C,
and therefore
[Pr(p) Bf!|| + [|IDPr(pyBf'| < C

for some C' > 0. Since (A — D|R(D))_1 is a compact operator, we see that

(D(D)NR(D), | - lp(pyrr(p)) — (R(D), ]| - ||£,)

is a compact embedding. Hence the sequence {Pg(p)B fl}fil contains a
Cauchy subsequence, and therefore Lemma 3.5 implies that the sequence
{1322, contains a Cauchy subsequence in Ly (Q; CM) as well. O

We conclude this preliminary subsection by introducing the following
setup. We fix a constant 7 > 0 from Proposition 3.4 and define

H = R(D), T := DB'H’ T1 = DlB|H s TO = DOB|'H .

By summarizing Propositions 3.3, 3.4, and 3.6, we conclude that 7' is a closed
densely defined operator with o(T") C S, . Moreover, for each A ¢ S, -, the
operator (A —T)~! is compact, and hence there may be only a finite number
of eigenvalues of T on the imaginary axis. We denote them by {\?}Y . We
fix positive constants a and R such that R < a and

o(T)N{C € C: [Re¢| < a} = AN, (3.7)
{[CeC:IC—X<RYyN{CeC:|¢—N| < R} =0, (3.8)

{CeC:|cC-N|<R}CS,,
for 1 <i<j<N.
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FIGURE 1. N=2

For € (w, %), we fix the open set
Y=%"uxtux?
where
.= {CeC: £Re( > a, [Im(| < 7+ |ReC|tan u}
and
$0:=UN {CeC:|¢-)\ <R}

Due to (3.7) and (3.8), ¥ is a disjoint union of N + 2 open, connected sets,
and o(T) C X.
Next, we define

H>(%) :={h: X — C holomorphic, sup |h(2)] < oo},
en

O(X) ={¢v e H*() : [Y(2)| <
For b > a such that
o(T)N{¢CeC: a<|ReC| <b} =10 (3.9)
and v € (w, ), r < R, we define anti-clockwise oriented curves

*.:={¢CeC: +Re¢ = b, [Im¢| < 7 + [Re¢| tan v}

, for some o, C' > 0 and all z € 3}.

U{C € C: xRe¢ > b, Im¢ = 7 + |Re(|tan v}
(J{¢ € C: £Re¢ > b, Im¢ = — (7 + [Re(| tan )},

N
Ci=JH{ceC: [C= =1} (3.10)
=1

and

vi=" Uyt U (3.11)
See Fig. 1.
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3.2. The ©(X) Functional Calculus

Here we introduce the following preliminary functional calculus.

Definition 3.7. Let r < R, 0 < v < p, and b > a such that (3.9) holds. For
P € O(X), we define (T by

Y(T) = ZLm/ g@rdc’ (3.12)

where 7 is the curve defined in (3.11).
A justification of this definition follows from the next proposition.
Proposition 3.8. For v € ©(X), the integral

1
2mi ), C=T

converges absolutely. Moreover, the integral is independent of the choice of
v = (r,v,b), where 0 < r < R, b> a, and v € (w, u) such that (3.9) holds.
Proof. We give only the main ideas of the proof. For ¢ € ©(X), Proposi-
tion 3.4 implies

1 1

OINC =D))< O
SN

Therefore the first statement follows from the convergence

+oo 1
- x
for € > 0, since a > 0.

Next, let us prove that the integral is independent of the choice of v.
Assume w < v; < vy < p. For P > 0, we set

65 (t) ;= bti(btany + 1) + PeFiltrat(i=tm),

b(©)
/g -1

Then

11 1
<C—
po’

< Cl(éﬁ)ﬁp <

where 1(§5) is the length of 05. Letting P — oo, we obtain the desired
independence of the choice of v.

Finally, suppose b; and b, satisfy the assumptions of the proposition,
and b; < by. Then, there is no spectral point inside the region b; < ReX < bs.
This shows that the integral is independent of the choice of b. O

The proofs of the next three propositions are standard and based on
proofs for bisectorial operators, see for instance [1,2]. First we prove that the
map given by (3.12) is an algebra homomorphism.

Proposition 3.9. If ¢1,19 € O(X), then
V1(T) + ¥2(T) = (Y1 + ¥h2)(T)

and

Y1(T)Y2(T) = (Y1p2)(T).
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Proof. For 0 <ry <ry < R, 0< v <1p <p,and by > by > a such that
o(T)U{¢eC: a<|Re(| <bi} =0,
we define two curves v and 7, as in (3.11). Note that v belongs to the

interior of 7. Then
@iy (Ta(r) = ([ 2D d/\) ( ?Qjﬁdc)
Y2

(
:/71 /wwlu)woc L (;T ) §_1T>d<d>\

L (] 25 29

Using the Cauchy formula, we see that the second term vanishes. Therefore

(2m0)?4p1 (T2 (T) = 27 fl_(/\T)%()\)d)\ = (2mi)?(Y11h2) (T). O

Next we prove the convergence lemma for the ©(X) functional calculus.

Proposition 3.10. Let v,,v € O(X) for n € N. Assume that ¥, — 1 uni-
formly on compact subsets of X, and there exist n-independent constants
a >0, C >0 such that

<
¢
for ¢ € X. Then 1, (T) — ¢(T) in the operator norm.

lton (O)] <

Proof. Let us fix € > 0. One can find an integer m; € N such that for any
n>mi,

1/}77, B 271'6
[, 0 | < = bl | [, 2] <
Let vpq := {C €v: p<|C|] <q}, then we can fix M > 0 such that
¥n () —¥(Q) /+°° 2me
——2d(|| < —_.
/WM ) ‘T | £C dr < 3

Moreover, since a > 0, there exists ms € N such that for any n > my,

Yn(C) — () 1 o
[ 2l < bl | | | <
By choosing n > max(mi,ms), we obtain ||¢,,(T) — ¥(T)|| < e. 0

The following proposition, together with Proposition 3.16, allows us to
derive an H*°(X) functional calculus from the ©(X) functional calculus.
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Proposition 3.11. Let {f;}32; C O() be a sequence such that || fj| p~(x) < C
and || f;(T)|| < C for all j € N and some C > 0. Assume f € H>®(X)
and f; — f uniformly on compact subsets of . Then, for any u € 'H, the
sequence { f;(T)u}32, is convergent in H. Moreover, if f(z) =1 on X, then
fi(Tu— uwinH.

Proof. Let 1 > 7 and u € D(T). Since imy ¢ S, -, there exists v € H such
that

u=(ir, — T) to.

Let ¥(z) = f(z)ml_z and 9;(z) = fj(z)iﬁl_z on Y. By Proposition 3.9,
we see that f;(T)u = ¢;(T)v, and therefore Proposition 3.10 implies that
{£i(T)u}32, converges to (T)v in H.

Next, let u € H. Since D(T') is a dense set in H, there exists a sequence
{ur}p2, € D(T') converging to u in H. Thus
[ (T)u = fu(T)ull < [(fn(T) = fo(T)) (= wr) | + [ fn (T)ur = fo(T)ur|

< 20w = k|l + [ (fm(T) = S (T))u |-

By choosing k large enough and then letting m,n — oo, we conclude that
{£i(T)u}32, is a Cauchy sequence.

Finally, if f(z) = 1 on ¥ and u € D(T'), then the arguments above imply
that f;(T)u — w in H. For u € H, there exists a sequence {uy}7°, C D(T)
converging to u in H. Thus

175 (T)w = ull = [1f5(T)w = f3(T)ull + lur =l + [1f5(T)ur — urll.
By choosing k large enough and then letting j — oo, we get f;(T)u — u in
H. O

Remark 3.12. Note that we do not use the uniform boundedness of the se-
quence {f(T)}r—, to prove the second part of Proposition 3.11.

Definition 3.13. For an eigenvalue A € o(T), define the index of A as the
smallest non-negative integer m such that
N((A=1)™) = N((A = T)"*).
Next, we prove that each imaginary eigenvalue of 7" has finite index.
Proposition 3.14. The index m; of \? is a finite number fori=1,...,N.

Proof. Let us set

(2) = 1, if |z =X <R,
paler = 0, otherwise.

Since p; € ©(X), we can define II; := p;(T) for i = 1,... N. Proposition 3.6
implies that (A — 7)™ is a compact operator for all A € p(T'). Hence II; is a
compact operator as the Riemann sum of compact operators. Moreover, by
Proposition 3.9, II; is a projection. Therefore II; is a finite rank operator,
and



53 Page 22 of 32 M. Nursultanov, A. Rosén IEOT

Finally, for any integer m > 0, we obtain N((\? — T)™) C R(II;). Therefore
the index of \? is a finite number. O

We conclude this subsection with the following inequality, which will be
used in Sect. 4.

Proposition 3.15. For fixed i = 1,..., N, there exists a constant C' > 0 such
that for all h € H*(X) satisfying h(z) =0 for 2 ¢ {¢ € C: |A\) — (| < R},
the following estimate holds

< (4) (1O )
WD) < € max_ OO

Proof. From the assumption, h(T)u = h(T)IL;u = 0 for v € N(II;). There-
fore, due to (3.13), it suffices to prove

< (4) (0 )
[R(T)v|| < ¢ max (KD [o]l (3.14)

for all v € R(I;) and some C > 0.
Since Ty, is bounded and R(II;) = N((A — T')™), we obtain

m;—1
5 RK) ()0
hT)v = Z %

k=0
for any v € R(II;). This implies (3.14). O

(A — 1)k

3.3. The H°°(X) Functional Calculus

Here we prove that T has a bounded H*°(X) functional calculus. In order
to do this, analogous to the functional calculus for bisectorial operators, we
need the following quadratic estimate.

Proposition 3.16. There exists a constant C' > 0 such that

1

&

Proof. Note that :I:% ¢ S,- for t € (0, %) Hence, by Proposition 3.4, we
obtain

(14 aT)™" — (1 +atTy) " | = (1 +aT) " (tTo) (1 + itTy) | < Oft].
Thus
[#T(1+2T%) 7 =t (1 + 2T7) 7|

2
dt
T <l (315)

tT
—=U
1+ t2772

for allu e H.

(1+atT) ™ = (1 —itT) ™+ (1 4itTy) "t — (1 —itTy) " < CJe).
(3.16)

— 1
9

The quadratic estimate (3.15) for 77 was proved in [5, Theorem 3.1]. There-
fore (3.16) implies (3.15). O

Next we prove the following auxiliary lemma.
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Lemma 3.17. Let P, Q be the operators defined by

P 72 i Q 5 - T 1 2 ds
U= ———=u an u= ST——— | u—
2 4 T2 0 1+ 5272 s

for w € H. Then the following identity
(P+Qu=u
holds for u € 'H.

Proof. Let us consider the functions

m j 2
Fm(2) L_FQZE(TLm—Z)z

(R (1+ (#2)2)

Observe that f,, — 1 pointwise on X. Actually, {f }5°_; converges uniformly
on compact subsets of . Indeed, assume there exist a compact subset K C ¥
and {x}7°, C K such that

[fn(@m) = 1| > ¢

for some ¢ > 0. Since K is compact, without lost of generality we assume
that z,, — x for some x € K. Then

¢ <|fm(zm) = 1 <[fm(@) = U+ [fm(zm) = fin(2)].
The first term tends to zero because of pointwise convergence. To estimate
the second term, let us note that dist(i7, ) > 0, and hence there exists C' > 0
such that
1

‘1—1—(04,2)2 <¢

for any a € [0, 1], z € . Therefore, straightforward calculations give

T

m 1 2
|fm($m)7fm(x)| SZ; (iﬂ) C|SC*ZL'm‘ SC|I’*IEm|
j=1

T

This contradicts our assumption ¢ > 0. Thus f,, — 1 uniformly on compact
subsets of 3.
Therefore Proposition 3.11 and Remark 3.12 imply that

fm(Tu — u (3.17)

for all v € H.
On the other hand, Proposition 3.9 yields

-1
2 1 i\’
m(Tu = ————= +2 - —=—T11 —T
for each u € H, and therefore
fm(T)u — Pu+ Qu.

Hence, due to (3.17), we derive Pu + Qu = u. O
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Now we prove that 7" has a bounded H*°(X) functional calculus . The
main idea is contained in [2], [7].

Theorem 3.18. There exists a constant C > 0 such that the following estimate

A < Cliflloo
holds for all f € O(X).

Proof. Let P, Q be the operators defined in Lemma 3.17. Then, for v,u € H,

(v, F(T)u)| = |(v, (P + Q) F(T)(P + Q)u)
< [(v, PA(T)Pu)| + |(v, (I = P)f(T) Pu)|
+ (v, PAT)I = P)u)| + |(v, QF(T)Qu)
< 3[(v, PAT)Pu)| + 2/ (v, PF(T)u)| + |(v, QF(T)Qu)|-

We estimate each summand separately. For the first two terms, by using

Proposition 3.9, we obtain
™f(2) —1
‘A(T2+22)2(z—T) dz

< Clloflflullllflloo

(0,701 < ol | [ Z2E5 7y

< Clloflllelliflloo-

(v, PA(T) Pu)| < lo][[[ull

and

To estimate the last term, let us set ¢(2) = 3%z € O(%), and note

that
+oo 2 d
[ ADDN < 1l [ rmmm -

<istlemin ((5) - (5)7) (o s (5)])

for t,s € (0,1) and some a > 0. Denote n(x) = min (2%, z7%) (1 + |log z|).
Then

0.QrMQu] < [ [T @l DD Tyl T

s dt d
< Cllflln / / [z (@l e(T)ully ) -

The Cauchy-Schwartz inequality yields

|<v,Qf<T>Qu>2<C||f|io(/jw:( ||2</0 n(t)dt> )
(/ (T )u?( [(4) d) )
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Finally, using the quadratic estimate from Proposition 3.16, we get
(v, QAT)Qu)| < CI| floolfell|v]]- O

Now we are in a position to introduce the following H*°(X) functional
calculus for the operator 7.

Definition 3.19. Let f € H>(X) and {;}32; C O(X) be a uniformly bounded
sequence such that ¥; — f uniformly on compact subsets of 3. We define

F(T)u = lim ,(T)u
for u € H.

By Proposition 3.11, the definition of f(7') is independent of the choice
of sequence {¢;}72,. Also observe that the sequence {Z;ﬁZ (z)}2_, CO(%)
converges to f uniformly on compact subsets of ¥ for f € H*°(X). Therefore
Proposition 3.18 implies that we have a well defined bounded operator f(7")
on H for any f € H>®(X).

Proposition 3.11 also shows that Definition 3.19 agrees with Defini-
tion 3.7 for functions in O(X).

Let us consider the basic properties of the H*(X) functional calculus.
First we prove that the map given by Definition 3.19 is an algebra homomor-
phism.

Proposition 3.20. Let f, g € H>(X). Then
F(T)+9(T) = (f + 9)(T),
and
F(T)g(T) = (f9)(T).

Proof. Let f, g € H>®(X) and {f;}32, {g;}32, C ©(%) be the corresponding
sequences, see Definition 3.19. Then {fg;}52; C ©(X) is uniformly bounded

j=1
and fg; — fg on compact subsets of ¥. Therefore
(fo)(T)u = lim (fg;)(T)u (3.18)

for each u € ‘H. Similarly, for a fixed j, we see that f;g; — fg; on compact
subset of ¥, so that

(f9;)(T)u = lim (fig;)(T)u (3.19)
for any u € H. Finally, Proposition 3.9 together with (3.18) and (3.19) give

(f9)(T)u = lim (Jim (fig,)(T)u) = lim ( Jim (fi(T)g;(T))

= Jim, (f(1)g;(T)u) = [(T) Jim, (9;(T)u) = f(T)g(T)u
for each u € H. O

Next we show the convergence lemma for the H>°(X) functional calcu-
lus.
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Proposition 3.21. Let {f,}22, C H*>(X) be a uniformly bounded sequence.
Assume f € H>®(X) and f, — f uniformly on compact subsets of ¥. Then
fo(T)u — f(T)u for any u € H.

Proof. Fix u € H. By Proposition 3.11, there exists a sequence {m,}52; C N
such that m,, > n and
1My,

fu(T)u — fr(T)ul| — 0 (3.20)

im, — T

as n — o0. On the other hand, the sequence { L2 fn(z)} L C O(X) is

My —2 ne

uniformly bounded and converges to f on compact subsets of . Therefore

fn(T)u - f(T)u

M 0 (3.21)

imgy, — 1T
as n — oo. The triangle inequality together with (3.20) and (3.21) imply
that

[ fa(T)u = f(T)ul — 0. O
3.4. Important Examples of the Functional Calculus

We conclude this section by considering several important examples.
Let us define the following functions on X

B 1, ifzex* ) 1, ifze X0
T4+(2) = s molz) =

= 0, ifzem\xt’ " 0, if 2 € D\XO
and the corresponding operators Iy := 74 (T), Iy := mo(T).

Proposition 3.22. The operators I1 and Il are bounded complementary pro-
jections.

Proof. By Proposition 3.20, we see that
Nilliu=7me(T)re(Tu = (mem)(T)u = 7o (T)u = Hyu
for any u € H. Similarly, we obtain
Ipllpu = Iyu, Iplliw =0, Iillzu =0.
Since (m_ 4+ mo + 74+)(2) =1 for z € ¥, Propositions 3.11 and 3.20 give
Hou+Ipu+ Il u=u
for any u € H. O
According to the above proposition, we have a topological splitting
H=R(II_) @ R(Ilp) ® R(ITy).
For a given u € R(Ilp) ® R(II), we define
Up = (e_tT) U
for +¢ > 0, where e~*” is the operator obtained from the function
—tz 0 +
O
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by the functional calculus.

Proposition 3.23. Let u € R(Ily) @ R(ILt). Then, in H, we have
Owug +Tuy =0 (3.22)
for £t > 0. Moreover, uy — u ast — 0.
Proof. Let us fix u € R(Ily) ® R(I+). Note that 8;hF(z) € O(X), and
hti+a(z) - h?(z)
)

uniformly on compact subsets of ¥ as § — 0. Therefore Proposition 3.11
yields

— Oty (2)

OhE (T)u = (0:hF) (T)u = —Thif (T)u.

This implies (3.22).
Next, for any compact subset of 3, we have the uniform convergence of
hif € O(%) to mo 4 mx as t — 0. Therefore Proposition 3.11 gives

}iné up = }in(l) hE(T)u = (Mg + T )u = u. O

4. Application to Waveguide Propagation

In this section, we return to the Helmholtz equation and Maxwell’s system of
equations and use our new functional calculus for the operator T := DB|R( D)
to investigate acoustic and electromagnetic waves along the waveguide. More
precisely, in Theorems 4.1 and 4.2 we prove that all polynomially bounded
time-harmonic waves in the semi- or bi-infinite waveguide have representa-
tions in R(IIp) or R(I1p) ® R(I1; ), respectively.

4.1. The Bi-infinite Waveguide

We start by considering the bi-infinite waveguide, that is we consider the
ordinary differential equation

0+ T)f =0, (t,z) € R x Q. (4.1)
Theorem 4.1. (A) : Let fo € R(II°) and
et ifze X0
0, ifzex\x0.

Then fi = h(T) fo € C(R;R(Ily)) solves Eq. (4.1). Moreover, for any non-
negative integer j, there exists a constant C = C(j) > 0, which is independent
of the choice of fy, such that

107 full + 177 fell < CL+ [t fol (4.2)

with | = sup; m; — 1, where m; is the index of \? fori=1,...,N.
(B) : Conversely, let fi € C(R;H) such that f, € D(T') for all t € R.
Assume that f; solves Eq. (4.1) and satisfies

1 fell < Ceslt (4.3)
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for all t € R and some t-independent constants C > 0 and € € (0,a). Then
fo € R(I1°) and

for any t € R.

Proof. (A) : Note that h(z) € ©(X) for any ¢ € R. Therefore Theorems 3.10
and 3.18 imply

17e(T) = heys(T)|| < Clle™"* — = F2|| pox 50y — 0

as § — 0, so that f; € C(R;H). By Proposition 3.23, f; solves Eq. (4.1). The
boundedness of T'|g gy, and Proposition 3.15 together imply

107 £l + 1T fe < €Y _max [R® D) foll,

0<k<m;—1

1=

N
1
which shows (4.2).
(B) : Let us set
e~t?, ifzc X7,
0, ifzex\xt

for ¢t > 0. By assumption, f; solves (4.1). Therefore, for ¢y € R and ¢ < to,
we obtain

O (g;;_t(T)H+ft) = g;z_t(T) (O +T) 1Ly fr = gfg_t(T)lh (0 +T) fi=0.
Integrating over (P,tg), for some P < tg, gives

I fo, — g7 (DI f =0,
By Theorem 3.18 and estimate (4.3), we obtain

g p(T)ILy fp|| < C sup
zext

e—(t=P)z| (£IPl < p—(to—P)a el Pl

Letting P — —oo, we conclude that I, f;, = 0 for ¢y € R.

Similarly, let
_ et*, ifze ¥,
9 (2) = {0, itz eT\T-
for t > 0. Then, for tg € R and ¢ > tg, we derive
O (914, (T f;) = 0.

By integrating over (to, P) and letting P — +o00, we conclude II_ f;; = 0 for
to € R, and hence fo € R(II?). Then the first part of this theorem implies
that fi = he(T) fo solves Eq. (4.1), and hence

O(hs—e(T)(fy — f2)) =0

for t < s. By integrating over (P, s) and letting P — 0, one can prove f; = fs,
so that f; = h(T) fo. O
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4.2. The Semi-infinite Waveguide

Next to obtain a similar result for the semi-infinite waveguide we consider
the ordinary differential equation

O +T)f=0, (t,x)eRT xQ, (4.4)
where Rt := (0, +00).
Theorem 4.2. (A): Let fo € R(Ilp) @ R(I11) and

e ¥, ifzex0unt,
0, ifz€X™

fort > 0. Then f; :== h(T)fo € C(RT;R(Il) @ R(I11)) solves (4.4). More-
over, for any nonnegative inleger j, there exists a constant C = C(j) > 0,
which is independent of the choice of fq, such that

197 fell + 1T ol < C (" + )] ol (4.5)

with | = sup; m; — 1, where m; is the index of \? for i =1,...,N. Further-
more, limy_.q f; = fo in H.

(B) : Conversely, let f; € C(R*;H) such that f; € D(T) for allt € RT.
Assume that f; solves (4.4) and satisfies

£l < Celtl (4.6)

for allt € RT and some t-independent constants C > 0 and € € (0,a). Then
there exists fo € R(Ilp) @ R(IL}) such that

fe="h(T) fo
fort € RT. Moreover, fo € R(IL}) if and only if ||fi]| — 0 as t — oc.

Proof. (A) : By Proposition 3.23, f; solves Eq. (4.4). From Theorem 4.1, we
see that

107 b (T) T fo | + |7 2 (T)Tg fo| < C(1 + [¢]")[[To fol - (4.7)
Theorem 3.18 implies now that

107 he (T)IL fol| + |1 T he(T)IL4 fo| < SUIEP+ |(1+27)e™ | [Ty fol|.
ze

This gives

107 he(TYILy fo | + |77 e (T)TLy fo| < Ct [Ty fo| (4.8)
as t — 0, and

107 he(T)ILs fo| + 177 he(T)ILy fo| < Ce™**TL1 fol| (4.9)

as t — oco. Combining (4.7)—(4.9), we obtain estimate (4.5).
Since hy — mp+74 uniformly on compact subsets of 3, Proposition 3.11
implies

lim hi(T) fo = (mo(T) + 74(T)) fo = (Ilo + Iy ) fo = fo-
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(B) : Let us set
() et*, if z €37,
zZ) =
o 0, ifzeX\-

for ¢t > 0. By our assumption, f; solves (4.4). Therefore, for ¢t > s > 0, we
obtain

Ot (g1—s (TN ft) = g1—s(T) (O + T)U_ f = g1—s(T)II_(0r + T') fr = 0.
Integrating over (s, P), for some P > s, gives
gp—s(T)I_fp —TI_fs =0.
Theorem 3.18 and estimate (4.6) imply now that
lgp—o(T)TL_ fp|| < Ce~oFesF

Letting P — oo, we get II_f; = 0, so that fs € R(Ilp) & R(I1;) for all
s e RT.

Fix s > 0. The first part of this theorem implies that fsi1+ — he(T)fs
solves (4.4), and hence

O (hr—t(T)(fst — (1) fs)) = 0
for 0 <t <r.Let € € (0,r), then integration over (P,r — ) gives

hrf('r‘fs) (T)(fs+(rfs) - hrfs(T>fs) - hrfp(T>(fs+P - hP(T>fs) =0.

Letting P, ¢ — 0, we obtain fs, — h.(T)fs = 0 for r > 0, or equivalently

ft = htfs(T)fs (410)

for 0 < s < t.

Since f; is uniformly bounded as ¢ — 0, one can find a decreasing
sequence {s;}72; C RT such that s, — 0 and fs, — fo weakly in H. Let ¢
be a test function. Then, due to (4.10),

(ft7 ¢) = (ht—sk (T)fsudj) = (fsk’ ht—Sk- (T)*¢)
= (fSka ht—sk (T)*(b - ht(T>*¢) + (fSk?ht(T)*¢)
for t > sj. Therefore
|(ft; #) = (for, (D)D) < ([ fsr [l | Pe—s,, (T) " — he(T)" || -
Letting kK — oo, we obtain
|(ft, #) — (fo, he(T)" )| < 0.

Hence f; = ht(T) fo. Since hy — 7 + 74 uniformly on compact subsets of %,
we conclude that f; — fo strongly in H.
Finally, if fy € R(I1;), then

I1fell < Ce=| foll
for t > 0. Hence || f¢|| — 0 as t — oo.
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Conversely, assume that ||f;|| — 0 as t — oo. Then ||h(T)o fo|| — 0
as t — oo, and therefore

N m171 £y e—tA

Z Z (A = )Mo fo

ast — oo. Since R(Ily) = @;Vzl R(IL;), and A} is purely imaginary, we obtain

m;—1
S E 00— g, (111)

k!
k=0

ast — oo fori=1,...,N. Let us define

Li=sup{k=1,....,m; —1: (\) = T)*L, fy # 0}.
If I; > 0, the identity

th=(t-1 T+t 2 )+
implies
m;—1
i _t k

> S -y,
k=0 ’
for sufficiently large ¢ > 0. By (4.11), the left hand side tends to 0 as t — oo,
while the right hand side tends to co. This contradiction shows that I; = 0
for i = 1,...,N. Hence (4.11) implies II; fo = 0 for ¢ = 1,..., N. Therefore
fo e R(I1;). O

;!

H Sk (A7 — T)lin‘fo
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