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We extend the no-core shell model (NCSM) methodology to incorporate strangeness degrees of freedom and
apply it to single-� hypernuclei. After discussing the transformation of the hyperon-nucleon (YN ) interaction into
the harmonic-oscillator (HO) basis and the similarity renormalization group transformation applied to it to improve
model-space convergence, we present two complementary formulations of the NCSM, one that uses relative Jacobi
coordinates and symmetry-adapted basis states to fully exploit the symmetries of the hypernuclear Hamiltonian
and one working in a Slater determinant basis of HO states where antisymmetrization and computation of matrix
elements is simple and to which an importance-truncation scheme can be applied. For the Jacobi-coordinate
formulation, we give an iterative procedure for the construction of the antisymmetric basis for arbitrary particle
number and present the formulas used to embed two- and three-baryon interactions into the many-body space. For
the Slater-determinant formulation, we discuss the conversion of the YN interaction matrix elements from relative
to single-particle coordinates, the importance-truncation scheme that tailors the model space to the description
of the low-lying spectrum, and the role of the redundant center-of-mass degrees of freedom. We conclude with
a validation of both formulations in the four-body system, giving converged ground-state energies for a chiral
Hamiltonian, and present a short survey of the A � 7 hyperhelium isotopes.
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Strangeness impacts many fields of physics from heavy-ion
collisions to nuclear and neutron star structure. Of particular
interest are hypernuclei, which can be produced and studied in
the laboratory. Hypernuclei are many-body systems consisting
of nucleons and hyperons, baryons that carry strangeness, like
the �0, �0,±, and the �0,−. These hyperons are distinguishable
from the nucleons and can be used as probes for the interior
structure of the nucleonic core. Furthermore, hypernuclei ex-
tend the isospin SU(2), which is a good approximate symmetry
in nuclei, to flavor SU(3) that is broken by the significant mass
difference between the strange and the up and down quarks [1].
This breaking allows new types of baryon-baryon interactions
such as antisymmetric spin-orbit forces, which are forbidden
by isospin symmetry [2].

A variety of experiments were performed to study properties
of hypernuclei. From the early emulsion experiments (see, e.g.,
Ref. [3]) to modern accelerator-based experiments, a lot of
effort went into the measurement of not only ground-state prop-
erties [4–9], but also the determination of hypernuclear spectra
by γ -ray spectroscopy [10–14]. Even transition strengths are
experimentally accessible [15]. This effort was complemented
by various theory developments, e.g., Skyrme- and Brueckner-
Hartree-Fock models [16–18], the shell model [19–24], cluster
models [25–28], and few-body methods [29–33]. Recently,
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quantum Monte Carlo methods were developed that make
ground-state properties of a wide range of hypernuclei acces-
sible [34–36].

What was missing from this wealth of theoretical ap-
proaches was a method that provides systematically improv-
able calculations for both ground- and excited-state properties
of hypernuclei and is flexible in the choice of interactions
(unlike the quantum Monte Carlo methods which require local
ones). Such an ab initio many-body method is the cornerstone
for a description of p-shell hypernuclei with interactions
derived from chiral effective field theory framework, which
is rooted in the symmetries of quantum chromodynamics.
This was the original motivation for the development of the
hypernuclear shell model, which we presented recently [37].

In this paper, we describe the steps needed to perform
no-core shell-model (NCSM) calculations for single-� hy-
pernuclei. We start with the preparation of the harmonic-
oscillator (HO) matrix elements of the hyperon-nucleon (YN )
interaction, which are often provided in terms of spin-isospin
operators or—in our case—as momentum-space matrix ele-
ments (Sec. I). These matrix elements are optionally subject
to a similarity renormalization group (SRG) transformation
and converted to HO representation. We then present two
complementary formulations of the many-body method, one
using a basis with good angular momentum and isospin
quantum numbers employing translation-invariant Jacobi co-
ordinates (Sec. II) and one using a Slater determinant basis
of HO single-particle states (Sec. III). The Jacobi-coordinate
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formulation (J-NCSM) takes full advantage of the symmetries
of the Hamiltonian, drastically reducing the number of basis
states in the model space, at the cost of an antisymmetrization
procedure that grows exceedingly difficult with the number of
particles. The Slater determinant basis provides trivial antisym-
metrization, but the basis states exhibit less of the symmetries
and contain the center-of-mass coordinate as redundant degree
of freedom. Because of its simplicity, however, it is easy
to implement an importance truncation scheme tailoring the
basis to the description of a few target eigenstates, leading to
the importance-truncated no-core shell model (IT-NCSM). We
conclude with a validation of the J-NCSM and the IT-NCSM
in the four-body system (Sec. IV), where we present absolute
energies of the ground and first excited states of 4

�H and 4
�He

for a state-of-the-art chiral hypernuclear Hamiltonian, discuss
effects of the SRG transformation, and provide a survey of the
hyperhelium chain (Sec. V).

I. HYPERNUCLEAR HAMILTONIAN

A. Hamiltonian and Jacobi coordinates

The starting point of the ab initio NCSM calculation is
the intrinsic Hamiltonian for a system of A nonrelativistic
nucleons and hyperons interacting by realistic two-body NN ,
YN , and three-nucleon (NNN ) interactions:

Hint = �M + Tint + V
[2]
NN + V

[2]
YN + V

[3]
NNN, (1)

with intrinsic kinetic energy Tint = T − Tc.m. and a mass term

�M =
∑

i

mi − M0 (2)

accounting for the rest-mass difference of the � and �
hyperons. Here, M0 is the reference mass given by the total
rest mass of the protons, neutrons, and � hyperons pertinent
to the system under consideration. We use physical particle
masses for the IT-NCSM; due to isospin coupling the J-NCSM
takes isospin-averaged particle masses. The mass term is
necessary because the YN interaction couples �N and �N
states (�N -�N conversion), and we have to consider the full
coupled-channel system.

Since the intrinsic Hamiltonian (1) is translation invariant,
it is convenient to introduce relative Jacobi coordinates for
the baryons and define basis states with respect to these
coordinates. The transformation between the single-particle
(s.p.) and Jacobi coordinates is in general not orthogonal, but
an orthogonal transformation is needed to transform HO states
between the two coordinate systems. To address that, we define
scaled versions of the s.p. coordinates

�xi =
√

mi

mN

�ri, (3)

where �ri and mi are the coordinate and rest mass of baryon
i. The nucleon mass mN is used as a common scale and the
description of the system in terms of the scaled coordinates is
the same as in terms of the unscaled ones when all other length
scales, such as the oscillator lengths, are scaled accordingly.

There are several different sets of Jacobi coordinates, one
of which is given by

�ξ0 = 1√
M1,A

A∑
i=1

√
mi �xi, (4a)

�ξi =
√

M1,imi+1

M1,i+1

⎛
⎝ 1

M1,i

i∑
j=1

√
mj �xj − 1√

mi+1
�xi+1

⎞
⎠, (4b)

with

Mi,j =
j∑

k=i

mk. (4c)

Analogous transformations are defined for momenta �pi . In
general, Jacobi coordinates are proportional to differences
of center-of-mass (c.m.) coordinates of individual particle
subclusters and �ξ0 is proportional to the c.m. coordinate of
the A-baryon system.

For the two-body system, the Jacobi coordinates (4) reduce
to

�ξ0 = 1√
M1,2

(
√

m1 �x1 + √
m2 �x2) =

√
M1,2

mN

�R, (5a)

�ξ1 =
√

m1m2

M1,2

(
1√
m1

�x1 − 1√
m2

�x2

)
=

√
μ12

mN

�r, (5b)

with total and reduced mass M1,2 and μ12, respectively. In
this case, the Jacobi coordinates are proportional to the c.m.
and relative coordinates �R = (m1�r1 + m2�r2)/M1,2 and �r =
�r1 − �r2.

Because of translation invariance, the two-body interaction
is independent of �ξ0 and can be represented as a matrix in a
partial-wave decomposed relative-momentum basis |qν〉, with
relative momentum

�q = 1

M1,2

(
m2 �p1 − m1 �p2) (6)

and ν = {(LS)JM,χaχb} collecting the relative orbital angular
momentum, coupled spin, total angular momentum (with
projection M), and isospin quantum numbers of the two par-
ticles. The parentheses denote angular-momentum coupling.
The χi = {Si si timt,i} denote the species (strangeness, spin,
isospin, and isospin projection) of the involved particles, i.e.,
proton, neutron, and � and �0,± hyperons for singly strange
hypernuclei. In the case of multistrange systems, the �0,−
doublet has to be included as well.

In order to use such a two-body interaction in an NCSM
calculation, it has to be converted to a HO basis and we op-
tionally subject it to a similarity renormalization group (SRG)
transformation to improve convergence of the calculation with
respect to model-space size. We give the details of these steps
in the following sections.

B. Hyperon-nucleon interaction in relative HO basis

A necessary step is the conversion of the relative
momentum-space matrix elements to a relative HO basis |nν〉a
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with radial quantum number n, either before or after the SRG
evolution. The subscript denotes a state that is antisymmetric
under particle exchange. Using antisymmetric two-body YN
states, is convenient in the IT-NCSM because it allows us to
treat the hyperon and nucleons identically; it is more efficient
to keep the hyperon separate in the J-NCSM, so we work
with nonantisymmetric states there. The formulas for the
transformation and SRG evolution are the same in both cases.

The relative two-body basis states are parametrized by the
oscillator frequency 
 that defines the stiffness of the harmonic
potential and is connected to the oscillator length

aχaχb
= 1√

μχaχb



, (7)

the intrinsic length scale of the oscillator, which depends on the
reduced mass μχaχb

of the particles involved.1 In a truncated
model space, observables in general depend on the basis
parameter. The dependence becomes weaker with increasing
model-space size and vanishes for the full Hilbert space.

Before doing the actual transformation, we consider the
antisymmetrization of a relative two-body state. For this
system, the antisymmetrization operator reads A = 1

2 (1 − P),
where the operator P transposes the particles. The action of P
on a relative HO state is

P |nν〉 = (−1)L+S−1 |nν[a ↔ b]〉 , (8)

where we assumed that the particles have spin 1/2 and used
the symmetry properties of the Clebsch-Gordan coefficients
and the equivalence of a particle exchange in coordinate space
to a parity operation. This parity operation results in a phase
factor (−1)L from the spherical harmonics governing the
angular dependence of the coordinate space wave function. The
notation |nν[a ↔ b]〉 denotes a transposition of the particle-
species indices χa ↔ χb. The radial part depends only on
the absolute value of the relative distance and hence remains
unchanged.

Using (8), we apply the antisymmetrization operator to a
HO state, yielding

A |nν〉 = 1
2 (|nν〉 + (−1)L+S |nν[a ↔ b]〉). (9)

The antisymmetrization of relative-momentum states is
achieved in exactly the same way because these states differ
only in their radial component.

The transformation from relative-momentum basis to HO
basis is achieved by expanding the HO state

|nν〉a =
∫

dq q2 |qν〉a a〈qν|nν〉a =
∫

dq q2φν
n(q) |qν〉a ,

(10)

where we eliminated the sum over partial waves due to
orthogonality. The overlap between the two antisymmetrized
states is the momentum-space wave function of the HO state

φν
n(q) =

√
2a3

χaχb
n!

�
(
n + L + 3

2

) (−1)ne− 1
2 
2


LL
(L+ 1

2 )
n (
2), (11)

1We use natural units, setting h̄ = c = 1.

where 
 = aχaχb
q is the dimensionless relative momentum,

�(x) is Euler’s gamma function, and L(α)
n (x) is an associated

Laguerre polynomial.

C. Similarity renormalization group transformation

Baryon-baryon interactions induce significant short-range
correlations due to their repulsive core and strong tensor
forces, which manifest in large off-diagonal interaction matrix
elements between states with low and high relative momenta.
In order to improve convergence in the model-space sizes
reachable with the NCSM, these correlations have to be
controlled.

We eliminate short-ranged correlations by evolving the
Hamiltonian using SRG transformations [38–40], defined by
the flow equation

∂Hα

∂α
= [ηα,Hα], (12)

where Hα is the evolved Hamiltonian, ηα is the generator of the
transformation, and α denotes the continuous flow parameter
controlling the evolution. The anti-Hermitian generator ηα

may be chosen freely to achieve a desired behavior of the
transformation. We adopt one of the most common choices
[40], namely

ηα = (2μN )2[Tint,Hα], (13)

where the reduced mass in the NN system μN = mN/2 is
used solely to set the unit and scale of the flow parameter. The
operator Tint is the intrinsic kinetic energy (see Appendix A for
a general expression). The evolution governed by this generator
has a fixed point when the evolved Hamiltonian Hα commutes
with the intrinsic kinetic energy. In that case, the Hamiltonian
is diagonal in momentum-space representation and states with
different momenta are decoupled completely.

By partitioning the Hamiltonian Hα such that only the
interaction Vα depends on the flow parameter,

Hα = M + Tint + Vα, (14)

the flow equation (12) for the generator (13) simplifies to

∂Vα

∂α
= (2μN )2[[Tint,Vα],M + Tint + Vα]. (15)

Note that even if at the start of the evolution Vα=0 is a two-body
interaction, the commutator contains up to four-body terms
and the evolution to finite flow parameter values induces
interactions of higher particle rank. The evolved Hamiltonian
Hα of an A-body system is thus a genuine A-body operator.

The treatment of the full A-body Hamiltonian is not feasible
and the importance of the induced many-body interactions,
given a proper generator choice and a sufficiently small flow
parameter, is rapidly declining with increasing particle rank.
We perform a truncation of the nucleon-nucleon and three-
nucleon interactions at the three-body level using the methods
described in Refs. [41–43]. Here, we focus on the evolution of
the combined two-nucleon and hyperon-nucleon interaction at
the two-body level.

In order to solve the flow equation (15), we need to convert
this operator equation into a system of coupled ordinary
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differential equations. We do this by evaluating (15) on a
sufficiently large set of basis states. Since the interaction matrix
elements are initially given in momentum-space and Tint is
diagonal, an obvious choice is to use relative-momentum states
as basis. An alternative is the HO basis. Both approaches are
equivalent if the respective model spaces are sufficiently large.

First, we show the evolution of the Hamiltonian in relative
momentum-space representation. In this basis, Tint and M are
diagonal and the respective eigenvalue relations can be used.
The SRG flow equation in momentum space is an integrod-
ifferential equation, which we turn into an ordinary matrix
differential equation by discretizing the relative-momentum
basis.

To get the flow equation in terms of matrix elements of Vα ,
we introduce discretized identity operators

1 =
∑

ν

∫
dq q2 |qν〉a a〈qν| ≈

∑
ν

qmax∑
q

�q q2 |qν〉a a〈qν|
(16)

in (15) after expanding the commutators. Employing the
notation

V ν,ν ′
α (q,q ′) = a〈qν|Vα|q ′ν ′〉a, (17)

the flow equation (15) becomes

∂

∂α
V ν,ν ′

α (q,q ′)

= −
(

μN

μ
q2 − μN

μ′ q ′2
)2

V ν,ν ′
α (q,q ′)

− 2μN (M − M ′)
(

μN

μ
q2 − μN

μ′ q ′2
)

V ν,ν ′
α (q,q ′)

+ 2μN

∑
q ′′ν ′′

�q ′′ q ′′2
(

μN

μ
q2 + μN

μ′ q ′2 − 2
μN

μ′′ q
′′2

)

× V ν,ν ′′
α (q,q ′′)V ν ′′,ν ′

α (q ′′,q ′). (18)

Here, M,μ (M ′,μ′) denote the total and reduced masses of the
particles in ν (ν ′); μ′′ is the reduced mass of the intermediate-
state particles that are summed over. The second line of the
flow equation is due to the mass term in the Hamiltonian and is
not present for nucleons. The other terms get factors of μN/μ
compared to the nucleonic SRG evolution. Note that the last
term couples not only matrix elements with different relative
momenta but also different partial waves.

We thus have to perform a simultaneous evolution of all
partial waves that are connected via the potential Vα: Partial
waves with L,L′ = J ± 1 and S,S ′ = 1 due to tensor forces,
with L,L′ = J and S,S ′ = 0,1 due to antisymmetric spin-orbit
forces, and with same total charge Q and strangeness S due
to �N -�N conversion. Tensor forces and antisymmetric spin-
orbit forces couple disjoint sets of partial waves so that we have
a simultaneous evolution of either ν,ν ′ = {(L = J ± 1,S =
1)JM,χaχb} or ν,ν ′ = {(L = J,S = {0,1})JM,χaχb} for all
particle combinations χaχb with the same Q and S . For the
S = −1 case, where we have up to three particle combinations,
this leads to the simultaneous evolution of up to six partial
waves. Using this information, we employ a standard Runge-
Kutta-Fehlberg [45] solver to evolve (18) with initial condition

0 1 2 3 4

q [fm−1]

0

1

2

3

4

q
[f

m
−1

]

0 1 2 3 4 5

q [fm−1]
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0

4

8

12

16
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M
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3
]
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FIG. 1. Momentum-space matrix elements of the Q = 0, S =
−1 1S0 partial wave for the bare and evolved leading-order YN

interaction [44] with a regulator cutoff of � = 600 MeV/c. The
particle-combinations are coupled by the transition matrix elements
in the bottom three rows and have to be evolved simultaneously. The
low-momentum matrix elements of the �−p channel (third row) are
dominated by the Coulomb interaction.

Vα=0 = V up to a given flow parameter α. As an example,
the effect of the transformation on the Q = 0, S = −1, 1S0

partial-wave matrix elements is shown in Fig. 1.

064315-4



HYPERNUCLEAR NO-CORE SHELL MODEL PHYSICAL REVIEW C 97, 064315 (2018)

A − 3

N

N

Y

ξA-3

ξA-2

ξA-1

(a)

A − 2

N

Y

ηA-2

ηA-1

(b)

A − 3

N

N

Y

ρA-3
ρA-2

ξA-1

(c)

A − 4

N

N

N

Y

ζA-4

ζA-3

ρA-2

ξA-1

(d)

FIG. 2. Illustration of the Jacobi coordinates used for (a) antisym-
metrization and embedding of the (b) YN , (c) NN , and (d) NNN

interactions.

The evolution in HO basis is simpler because the basis is
discrete from the outset and the resolution of the identity does
not contain any additional factors. After choosing a maximum
radial quantum number, we calculate matrix representations
of H and Tint, considering the full coupled-channel prob-
lem. Then, we solve the initial value problem numerically,
evaluating (12) by computing the double matrix commutator.
After the evolution, we recover the interaction matrix elements
by subtracting the unevolved matrix representations of Tint

and M .

II. JACOBI-COORDINATE FORMULATION

The SRG-evolved two- and three-body interactions can be
used in any basis-expansion-based many-body approach to
compute properties of hypernuclei. In the following, we present
a particularly powerful ab initio method that is suitable for
light hypernuclei: the no-core shell model (NCSM). We can
calculate not only ground- and excited-state energies but the
many-body wave functions themselves in this framework. This
enables us to access observables beyond energies.

The NCSM is based on an expansion of the total wave
function in a many-body HO basis. It can be formulated
equivalently in terms of single-particle (cf. Sec. III) and
Jacobi coordinates. The Jacobi-coordinate formulation uses
the symmetries of the intrinsic Hamiltonian to omit the c.m.
coordinate �ξ0 and build a JT -coupled HO basis depending on
the intrinsic coordinates �ξi from (4), which are illustrated in
Fig. 2(a), with i = 1, . . . ,A − 1, e.g.,

|((. . . (α1,α2)J3T3,α3)J4T4, . . . ,αA-1)JT 〉, (19)

where |αi〉 ≡ |ni(lisi)ji ti〉 are HO states, associated with co-
ordinates �ξi , with ni , li , si , and ti being the radial, orbital, spin,

and isospin quantum numbers. The parentheses in (19) indicate
the coupling of angular momenta and isospins. The quantum
numbers Ji and Ti (i = 3, . . . ,A) are angular momentum and
isospin quantum numbers of i-baryon clusters, with JA ≡ J ,
TA ≡ T . The state |α1〉 is special because it is a two-body state,
where s1 and t1 result from coupling two single-particle (iso-)
spins, while for the other coordinates these quantum numbers
are determined by the (i + 1)st particle.

The basis (19) is truncated by restricting the total number
of HO quanta:

A−1∑
i=1

(2ni + li) � Nmax + N0 (20)

with N0 the number of HO quanta in the lowest Pauli-allowed
state. Equation (20) defines the size of the model space.
Since the NCSM is based on a diagonalization of a matrix
representation of the Hamiltonian, calculations are variational
and converge to the exact results with increasing Nmax.

A. Basis antisymmetrization

The basis states defined in (19) have to be antisymmetrized
with respect to the exchanges of all nucleons. We take the single
hyperon as a distinguishable particle and exclude it from the
antisymmetrization process.

The antisymmetrization procedure for hypernuclear sys-
tems is a straightforward application of the antisymmetrization
procedure developed for purely nucleonic systems employing
a Jacobi-coordinate HO basis, which is extensively discussed,
e.g., in Ref. [46]. In the following, we will only summarize its
main points and necessary extensions to hypernuclear systems.

A HO basis fully antisymmetric with respect to exchanges
of all A − 1 nucleons can be obtained via diagonalization of the
antisymmetrization operator AA-1 between the product basis
states (19). For simplicity, we assume that the hyperon has
index i = A. The antisymmetrizer is defined as

AA-1 = 1

(A − 1)!

∑
π

sgn(π )Pπ , (21)

where the summation extends over all permutations π ∈ SA−1

of single-nucleon coordinates, with signature sgn(π ) and
permutation operator Pπ . The antisymmetrizer acts as the
identity operator on the hyperon coordinate.

The eigenvectors of the antisymmetrizer span two
eigenspaces, one corresponding to eigenvalue 1 formed by
(physical) fully antisymmetric states and one corresponding
to eigenvalue 0 formed by the remaining (unphysical) states.
The antisymmetrizer (21) can be represented as

AA-1 = AA-2
1

A − 1
[1 − (A − 2)PA-2,A-1]AA-2, (22)

where the transposition operator PA-2,A-1 interchanges the
coordinates of nucleons A − 2 and A − 1. Equation (22)
provides the basis for an iterative procedure to obtain fully
antisymmetrized states from states that are only antisymmetric
with respect to exchanges among a subset of the nucleons.

Since the antisymmetrizer (21) is diagonal in all quantum
numbers associated with hyperons, the iterative procedure
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consists, in the practical implementation, of first constructing
antisymmetrized (A − 1)-nucleon channels and then adding a
hyperon. In the simplest A = 3 hypernuclear case, the action
of the antisymmetrizer (21) on the basis states (19) can be
easily evaluated. For two nucleons, from the equivalence of
the nucleon interchange and the parity operation in coordinate
space follows that

A2 |(α1,α2)JT 〉 = 1
2 (1 − P12) |(α1,α2)JT 〉

= 1
2 [1 − (−1)l1+s1+t1 ] |(α1,α2)JT 〉 , (23)

where P12 is the transposition operator of nucleons 1 and 2.
Note that the subscripts of the transposition operator refer to
nucleons, not Jacobi coordinates, and P12 acts on the first
Jacobi coordinate, with corresponding state |α1〉, only. From
here it follows that the antisymmetry with respect to exchange
of the nucleons in the state |α1〉 is simply achieved by restricting
the relative quantum numbers of the two-nucleon HO channels
by (−1)l1+s1+t1 = −1. The result of (23) together with the
representation of the antisymmetrizer in 22 is used to initiate
the iterative procedure of constructing the antisymmetrized
basis for a larger number of particles, by adding one nucleon at
a time. Details of the antisymmetrization procedure, together
with matrix elements of the antisymmetrizer for arbitrary
number of nucleons, can be found in Ref. [46]. The resulting
states, labeled as

|(NA-1iA-1JA-1TA-1,αA-1)JT 〉 , (24)

are antisymmetric with respect to exchanges of all nucleons. In
(24), we adopt the notation of Ref. [46] for the antisymmetric
states of A − 1 nucleons coupled to total angular momentum
JA-1 and isospin TA-1 as

|NA-1iA-1JA-1TA-1〉 , (25)

where the quantum number iA-1 distinguishes between dif-
ferent antisymmetric states with the same quantum numbers
NA-1,JA-1,TA-1. The quantum number NA-1, specified below,
is the total number of HO quanta in the state. Following
Eq. (22), the state (25) can be expanded in states containing
antisymmetric subcluster of A − 2 nucleons and one nucleon
as

|NA-1iA-1JA-1TA-1〉
=

∑
NA-2iA-2JA-2TA-2

∑
αA-2

×〈(NA-2iA-2JA-2TA-2,αA-2)JA-1TA-1|NA-1iA-1JA-1TA-1〉
× |(NA-2iA-2JA-2TA-2,αA-2)JA-1TA-1〉,

(26)

where the expansion coefficients obtained from the eigenvec-
tors of the antisymmetrizer are the coefficients of fractional
parentage and NA-1 = NA-2 + 2nA-2 + lA-2 (in the two-nucleon
case N2 = 2n1 + l1).

B. Evaluation of interaction matrix elements

Since we treat the hyperon as a distinguishable particle, the
set of Jacobi coordinates (4) and the associated antisymmetric
basis constructed in the previous section are not convenient

for the evaluation of two- and three-body interaction matrix
elements. A different set of Jacobi coordinates suitable when
matrix elements of the hyperon-nucleon interaction need to be
evaluated is obtained by keeping the coordinates �ξ0, . . . ,�ξA−3

from the set (4) and introducing two new coordinates [cf.
Fig. 2(b)]:

�ηA-2 =
√

M1,A-2MA-1,A

M1,A

(
1

M1,A-2

A−2∑
i=1

√
mi �xi

− 1

MA-1,A

A∑
i=A−1

√
mi �xi

)
, (27a)

�ηA-1 =
√

mA-1mA

MA-1,A

(
1√
mA-1

�xA-1 − 1√
mA

�xA

)
. (27b)

Thus, the antisymmetrized states (24) need to be expanded
in a HO basis consisting of antisymmetrized (for A > 3) states
of A − 2 nucleons and nucleon-hyperon states:

|(NA-1iA-1JA-1TA-1,αA-1)JT 〉
=

∑
NA-2iA-2JA-2TA-2

∑
αA-2

∑
nlsj tχ

∑
NLJL

δ
χ
tA-1

× 〈(NA-2iA-2JA-2TA-2,αA-2)JA-1TA-1|NA-1iA-1JA-1TA-1〉

× T̂A-1 t̂(−1)TA-2+ 1
2 +tA-1+T

{
TA-2

1
2 TA-1

tA-1 T t

}

× ĵA-1ĴA-1L̂
2ĵA-2ŝĴ ĵ (−1)JA-2+jA-2+JA-1+J+L+j+lA-2+lA-1+s

×

⎧⎪⎨
⎪⎩

lA-2
1
2 jA-2

lA-1
1
2 jA-1

L s J

⎫⎪⎬
⎪⎭

{
JA-2 jA-2 JA-1

jA-1 J J
}{L l L

s J j

}

× (−1)L+l−L〈〈NL,nl|nA-1lA-1,nA-2lA-2 : L〉〉 (A-2)mχ
(A-1)mN +mχ

× |(NA-2iA-2JA-2TA-2,(nlsj tχ,NL)J )JT 〉 , (28)

where the objects in curly braces are Wigner 6j and 9j sym-
bols. The coefficients 〈〈n1l1,n2l2|NL,nl : λ〉〉d are harmonic-
oscillator brackets (HOBs) that mediate the transformation be-
tween two coordinate sets �x1,�x2 and �X,�x, e.g., the coordinates
�x1,�x2 and �ξ0,�ξ1 from (5). It gives the overlap between HO
states, coupled to total orbital angular momentum λ, defined
with respect to these coordinate sets [47,48]. The formulation
of the HOBs that we employ (cf. Ref. [49]) requires the two
sets to be connected by an orthogonal transformation

( �X
�x
)

=
⎛
⎝

√
d

1+d

√
1

1+d√
1

1+d
−

√
d

1+d

⎞
⎠(�x1

�x2

)
(29)

with the parameter d defining the transformation.2 In Eq. (28),
an orthogonal transformation between coordinates �ξA-2, �ξA-1

2The HO wave function used in Ref. [49] carries an additional factor
of (−1)n, so that our HOBs differ by a phase (−1)n+N+n1+n2 . Also,
Ref. [46] uses the definition of Ref. [50], which differs by a phase
(−1)L+l−λ and d �→ 1/d .
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and �ηA-2, �ηA-1 was employed. In the state

|(NA-2iA-2JA-2TA-2,(nlsj tχ,NL)J )JT 〉 (30)

the antisymmetrized nucleon subcluster |NA-2iA-2JA-2TA-2〉
depends on the Jacobi coordinates �ξ1, . . . ,�ξA-3. In the relative
hyperon-nucleon HO states |nlsj tχ〉 depending on the coor-
dinate �ηA-1 the additional quantum number χ distinguishes
channels containing χ = � and χ = � hyperons with mass
mχ . The HO state |NL〉 depends on the Jacobi coordinate �ηA-2

and describes the relative motion of the two subclusters. With
the help of expansion (28), it is straightforward to evaluate the
YN interaction matrix elements in the antisymmetrized basis
(24),

〈
V

[2]
YN

〉 = (A − 1)
〈
V

[2]
YN

(�ηA-1
)〉

, (31)

where the matrix element on the right-hand side is diagonal
in all quantum numbers of the state (30) except in n,l,χ for

isospin-conserving interactions and the interaction operator
acts only on the state given by the coordinate in parentheses.

Similarly, when matrix elements of two-body nucleon-
nucleon interactions are to be evaluated, it is convenient to
define a new set of Jacobi coordinates by keeping �ξ0, . . . , �ξA-4,
�ξA-1 from the set (4), introducing two new coordinates [cf.
Fig. 2(c)]

�ρA-3 =
√

M1,A-3MA-2,A-1

M1,A-1

(
1

M1,A-3

A−3∑
i=1

√
mi �xi

− 1

MA-2,A-1

A−1∑
i=A−2

√
mi �xi

)
, (32a)

�ρA-2 =
√

mA-2mA-1

MA-2,A-1

(
1√
mA-2

�xA-2 − 1√
mA-1

�xA-1

)
, (32b)

and expanding the antisymmetrized states (24) in a basis
containing HO states of relative two-nucleon channels,

|(NA-1iA-1JA-1TA-1,αA-1)JT 〉 =
∑

NA-2iA-2JA-2TA-2

NA-3iA-3JA-3TA-3

∑
αA-2

αA-3

∑
NLJL

∑
nlsj t

〈(NA-2iA-2JA-2TA-2,αA-2)JA-1TA-1|NA-1iA-1JA-1TA-1〉

× 〈(NA-3iA-3JA-3TA-3,αA-3)JA-2TA-2|NA-2iA-2JA-2TA-2〉
× ĵA-2ĵA-3Ĵ ĴA-2ĵ ŝ (−1)jA-3+jA-2+JA-3+JA-1+j+L+s+lA-2+lA-3

× (−1)TA-3+TA-1+1

{
TA-3

1
2 TA-2

1
2 TA-1 t

}⎧⎨
⎩

lA-3
1
2 jA-3

lA-2
1
2 jA-2

L s J

⎫⎬
⎭

{
JA-3 jA-3 JA-2

jA-2 JA-1 J
}{

s l j
L J L

}

× L̂2(−1)L+l−L〈〈NL,nl|nA-2lA-2,nA-3lA-3 : L〉〉 A−3
A−1

× |((NA-3iA-3JA-3TA-3,(nlsj t,NL)J )JA-1TA-1,αA-1)JT 〉 . (33)

In Eq. (33), we used an orthogonal transformation between the coordinates �ξA-3,�ξA-2 and �ρA-3, �ρA-2 and the states

|((NA-3iA-3JA-3TA-3,(nlsj t,NL)J )JA-1TA-1,αA-1)JT 〉 (34)

contain antisymmetric (A − 3)-nucleon subcluster HO states |NA-3iA-3JA-3TA-3〉 depending on Jacobi coordinates �ξ1, . . ., �ξA-4

and relative two-nucleon HO states |nlsj t〉 depending on the coordinate �ρA-2. The HO states |NL〉 depending on coordinate
�ρA-3 describe the relative motion of the two-nucleon and the (A − 4)-nucleon clusters and the states |αA-1〉 depending on �ξA-1

correspond to the relative motion of the hyperon with respect to the c.m. of the two subclusters. By using the expansion (33) we
can evaluate the matrix elements of the NN interaction in the antisymmetrized basis (24) simply as

〈
V

[2]
NN

〉 = 1
2 (A − 1)(A − 2)

〈
V

[2]
NN

( �ρA-2
)〉

, (35)

where the matrix element on the right-hand side is diagonal in all quantum numbers of the states (34) except in n,l for isospin-
conserving interactions.

Finally, for calculations of A > 6 hypernuclear systems with NNN interactions, it is convenient to separate a three-nucleon
subcluster and use the Jacobi coordinates �ξ0, . . . ,�ξA-5, �ρA-2,�ξA-1 from the previous sets together with two new coordinates [cf.
Fig. 2(d)]

�ζA-4 =
√

M1,A-4MA-3,A-1

M1,A-1

(
1

M1,A-4

A-4∑
i=1

√
mi �xi − 1

MA-3,A-1

A−1∑
i=A−3

√
mi �xi

)
, (36a)

�ζA-3 =
√

mA-3MA-2,A-1

MA-3,A-1

(
1√
mA-3

�xA-3 − 1

MA-2,A-1

A−1∑
i=A−2

√
mi �xi

)
. (36b)
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Using an orthogonal transformation between the coordinates �ξA-4, �ρA-3 and �ζA-4,�ζA-3, the basis states (24) can be expanded in
the following way:

|(NA-1iA-1JA-1TA-1,αA-1)JT 〉
=

∑
NA-3iA-3JA-3TA-3

NA-4iA-4JA-4TA-4

∑
nA-4lA-4jA-4n

′
A-4l

′
A-4j

′
A-4

∑
NLJKL

∑
nlsj t

∑
N3i3J3T3

× 〈((NA-3iA-3JA-3TA-3,(nlsj t,NL)J )JA-1TA-1,αA-1)JT |(NA-1iA-1JA-1TA-1,αA-1)JT 〉
× 〈(NA-4iA-4JA-4TA-4,nA-4lA-4jA-4)JA-3TA-3|NA-3iA-3JA-3TA-3〉 〈(nlsj t,n′

A-4l
′
A-4j

′
A-4)J3T3|N3i3J3T3〉 ĵA-4ĵ

′
A-4Ĵ Ĵ ′ĴA-3Ĵ3

×(−1)J
′+JA-4+JA-1+j+lA-4+ 1

2 (−1)TA-4+T3+TA-1 T̂A-3T̂3

{
TA-4

1
2 TA-3

t TA-1 T3

}{
JA-4 JA-1 J
J ′ jA-4 JA-3

}
K̂2(−1)K

⎧⎨
⎩

j ′
A-4 J3 j

l′A-4 L L
1
2 J K

⎫⎬
⎭

×
{J ′ lA-4 K

1
2 J jA-4

}{J ′ lA-4 K
L j L′

}
L̂2(−1)L+l′A-4〈〈NL,n′

A-4l
′
A-4|nA-4lA-4,N ′L′ : L〉〉 A−1

2(A−4)

× |((NA-4iA-4JA-4TA-4,(N3i3J3T3,NL)J )JA-1TA-1,αA-1)JT 〉 , (37)

where the basis expansion coefficient obtained from Eq. (33)
was used. In the state

|((NA-4iA-4JA-4TA-4,(N3i3J3T3,NL)J )JA-1TA-1,αA-1)JT 〉 ,

(38)

the HO state |NA-4iA-4JA-4TA-4〉 corresponding to the anti-
symmetric (A − 4)-nucleon cluster depends on the Jacobi
coordinates �ξ1, . . . ,�ξA-5 and the three-nucleon HO channels
|N3i3J3T3〉 depend on the coordinates �ζA-3 and �ρA-2. The
HO state |NL〉 associated with coordinate �ζA-4 describes the
relative motion of the (A − 4)- and 3-nucleon clusters and the
HO state |αA-1〉 depending on coordinate �ξA-1 corresponds to
the motion of hyperon relative to the c.m. of the two clusters.
The matrix elements of NNN interactions between the states
(24) are easily evaluated using the expansion (37) as

〈
V

[3]
NNN

〉 = 1

6
(A − 1)(A − 2)(A − 3)

〈
V

[3]
NNN (�ζA-3, �ρA-2)

〉
, (39)

where the matrix element on the right-hand side is diagonal in
all quantum numbers of the state (38) except for N3 and i3, for
isospin-invariant interactions.

III. SINGLE-PARTICLE-COORDINATE FORMULATION

With increasing particle number, the efficiency of the
Jacobi-coordinate formulation is hampered by the increas-
ing computational effort for the antisymmetrization of basis
states and the evaluation of interaction matrix elements. A
formulation in terms of single-particle coordinates is then
more efficient because one can use a trivially antisymmetric
Slater determinant basis in which the calculation of many-body
matrix elements is simple. The tradeoff is that the inclusion
of the center-of-mass degrees of freedom increases the basis
dimension dramatically and that the Slater determinant basis
does not fully exploit the other symmetries of the Hamiltonian
such as rotational invariance. However, when using the Nmax

truncation, a decoupling between c.m. and intrinsic degrees
of freedom is retained. An additional importance-truncation

scheme allows for an efficient treatment of the large model
spaces. The following sections discuss the transformation of
interaction matrix elements to single-particle coordinates, the
NCSM model space and the importance-truncation scheme.

A. Transformation to single-particle coordinates

For the single-particle-coordinate formulation, we have to
transform the interaction matrix elements from the two-body
Jacobi basis into a HO basis with quantum numbers given
with respect to single-particle coordinates. The transformation
of the NNN matrix elements is presented in Ref. [43], in
the following we show the transformation of the two-body
interaction for particles with unequal masses. We derive the
full transformation, generalizing the result from Refs. [51,52].
The transformation between the two-body Jacobi and single-
particle coordinates itself is achieved by a HOB. The parameter
defining the transformation can be read off from 5as d =
m1/m2.

First, we express a J -coupled state |(āb̄)JMJ 〉a in terms
of relative HO states. The short-hands ā = {na(lasa)jaχa},
etc., collect the single-particle quantum numbers. Working in
a particle basis, the antisymmetrization of this state is more
complicated than that of the JT -coupled states described in
Refs. [51,52] because antisymmetrization cannot be achieved
via a selection rule on angular-momentum and isospin quan-
tum numbers alone. Similar to the antisymmetrization of the
relative states, we have

A |(āb̄)JMJ 〉 = 1
2 (|(āb̄)JMJ 〉 − (−1)ja+jb−J |(b̄ā)JMJ 〉)

(40)

and

|(āb̄)JMJ 〉a =
√

2NA |(āb̄)JMJ 〉 (41)

with N = (1 + δā
b̄
)−1/2 being a normalization coefficient.

Using the relations between different angular-momentum
coupling schemes from Ref. [53] and the defining relations of
the HOBs [49], and assuming that all particles have spin 1/2,
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we are able to express a J -coupled state in terms of relative
and center-of-mass HO states:

|(āb̄)JMJ 〉a = N (1 + δχa
χb

)
1
2

∑
j

∑
NL
nλ

∑
LS

∑
mLmj

L̂2Ŝĵ ĵa ĵb

× (−1)L+λ+S+J

⎧⎨
⎩

la sa ja

lb sb jb

L S J

⎫⎬
⎭

{L λ L
S J j

}
C

JMJ

LmL,jmj

×〈〈NL,nλ|n1l1,n2l2 : L〉〉d
× |NLmL〉 |[nλ,(sasb)S]jmj ,χaχb〉a , (42)

with Kronecker δχa
χb

. The symbol C
JMJ

jama,jbmb
denotes a Clebsch-

Gordan coefficient; N,L,mL are the center-of-mass radial and
orbital quantum numbers.

The same transformation (42) can be applied to the bra state
and as our final result we get the expression for a matrix element

a〈(ā′b̄′)JMJ |Vα|(āb̄)JMJ 〉a
= NN ′(1 + δχa

χb
)

1
2 (1 + δ

χ ′
a

χ ′
b
)

1
2

∑
j

∑
NL

∑
nλ
n′λ′

∑
LS
L′S ′

×L̂2L̂′2ŜŜ ′ĵ 2ĵa ĵ
′
aĵbĵ

′
b(−1)S+S ′

×
⎧⎨
⎩

la sa ja

lb sb jb

L S J

⎫⎬
⎭

⎧⎨
⎩

l′a s ′
a j ′

a

l′b s ′
b j ′

b

L′ S ′ J

⎫⎬
⎭

{L λ L
S J j

}{L λ′ L′
S ′ J j

}

×〈〈NL,nλ|nala,nblb : L〉〉d
×〈〈NL,n′λ′|n′

al
′
a,n

′
bl

′
b : L′〉〉d ′

× a〈[n′λ′,(s ′
as

′
b)S ′]j,χ ′

aχ
′
b|Vα|[nλ,(sasb)S]j,χaχb〉a,

(43)

where d ′ refers to the mass ratio of the particles χ ′
a,χ

′
b and we

used that Vα only acts on the relative state. Note that this expres-
sion can also be used to transform other rotationally invariant
operators that act only on relative coordinates. Expressions for
(reduced) matrix elements of spherical tensors of nonzero rank
can be derived from 42 in a straightforward manner.

We can recover m-scheme matrix elements from these
matrix elements by removing the J coupling:

a〈ā′m′
a,b̄

′m′
b|Vα|āma,b̄mb〉a

=
∑
JMJ

C
JMJ

j ′
am

′
a ,j

′
bm

′
b
C

JMJ

jama,jbmb

×N−1N ′−1
a〈(ā′b̄′)JMJ |Vα|(āb̄)JMJ 〉a. (44)

These two-body m-scheme matrix elements enter into the
calculation of many-body matrix elements between Slater
determinants. The normalization factors N are often omitted
in actual calculations because they appear as a prefactor in the
transformation (43) and their inverse multiplies the coupled
matrix element during decoupling so that they have no net
effect.

B. NCSM model space

The NCSM model space M is spanned by a basis of Slater
determinants of HO states,

|φi〉 = |n1(l1s1)j1m1χ1, . . . ,nA(lAsA)jAmAχA〉a . (45)

This basis is called an m-scheme basis due to the explicit
angular-momentum projection quantum numbers. Since the
Hamiltonian of the nuclear system is rotationally invariant, the
nuclear energy levels are degenerate with respect to the total
angular momentum projection

MJ =
A∑

i=1

mi (46)

and we can restrict the space to a specific MJ —typically the
smallest allowed value MJ = 0 (MJ = ±1/2) for even (odd)
number of particles. Exploiting the parity symmetry of the
Hamiltonian, we also restrict the model space to basis states
of either odd or even parity.

We additionally truncate the model space by introducing a
parameter Nmax with

A∑
i=1

(2ni + li) � Nmax + N0, (47)

where N0 is the total number of excitation quanta in the
determinant constructed from the lowest Pauli-allowed single-
particle states.

The hyperon-nucleon interaction allows changing the iden-
tity of particles via �N -�N coupling. Hence, to get the
full model space, we generate Slater determinants with all
combinations of particles allowed by the total strangeness S
and charge Q (or, equivalently, total isospin projection MT ) of
the system under consideration.

The model space grows rapidly as a function of Nmax.
Since the inclusion of the additional particle species further
aggravates this behavior, model-space sizes become intractably
large even for moderate particle numbers. As an example, we
show the model-space dimensions of 5

�He and 7
�He in Fig. 3,

along with their nucleonic parents and a nucleus with the same
particle number A. The model spaces for the hypernuclei are
two orders of magnitude larger than those for the parent nuclei
and increase at about the same rate as the model spaces for
the nuclei. The dimension for 7

�He at Nmax = 12 is 1.3 × 109,
which is at the limit of what current supercomputers can handle
when employing three-body forces [54].

However, especially in spaces corresponding to large Nmax,
there are many basis states that are irrelevant for the description
of low-lying eigenstates of the Hamiltonian. In an expansion
of any of these eigenstates

|ψi〉 =
∑
k∈M

C
(i)
k |φk〉 , (48)

the expansion coefficients C
(i)
k of many basis states have very

small values. We can, therefore, exclude these states from
the model space, dramatically reducing the dimension of the
problem, while affecting the states we wish to describe only to
a small degree. In order to identify the irrelevant basis states
without actually solving the eigenvalue problem in the full
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FIG. 3. Dimension of the full NCSM model space for natural
parity and MJ = {0,1/2} as function of Nmax for the two hypernuclei
5
�He and 7

�He, compared to their nucleonic parents and the nuclei
obtained by replacing the hyperon with a neutron.

space M, we need an a priori estimate of the coefficient C
(i)
k

of a basis state |φk〉 in the expansion of |ψi〉.
We adapt the approach employed in Ref. [55] to get this

estimate: We consider the first-order perturbative correction

∣∣ψ (1)
i

〉 = −
∑

k /∈Mref

〈φk|H
∣∣ψ ref

i

〉
εk − εref

|φk〉 (49)

to a reference state |ψ ref
i 〉 from a small model space Mref.

This state should approximate the target state to be described
and may be obtained, e.g., from a diagonalization of the
Hamiltonian in Mref. The energy εref is either the associated
eigenvalue or the sum of single-particle energies.

The unperturbed energy εk defines the partitioning of the
Hamiltonian and can be chosen freely. We use a simple Møller-
Plesset-type choice,

εk = εref + �εk + �Mk, (50)

where, just like in Ref. [55], �εk is the excitation energy
of |φk〉 above the HO ground state. The term �Mk is added
for the hypernuclear case and accounts for the difference
between the total masses of all particles in |φk〉 and in the
HO ground state, which is built with � hyperons. In the
case of single-hyperon systems �Mk is approximately equal
to the mass difference between the � and the �0,± if |φk〉
contains a �0,± hyperon and zero otherwise. For the charged
� hyperons, an additional small contribution to �Mk arises
from the simultaneous conversion of a proton to a neutron (or
vice versa).

With these unperturbed energies, we define the importance
measure

κ
(i)
k = −〈φk|H

∣∣ψ ref
i

〉
εk − εref

= −
∑

m∈Mref

C(i,ref)
m

〈φk|H |φm〉
�εk + �Mk

, (51)

where the C(i,ref)
m are the expansion coefficients of the ith

reference state. We construct an importance-truncated model

space MIT by including only those states |φk〉 with∣∣κ (i)
k

∣∣ � κmin (52)

for any reference state i. The resulting space is tailored to the
description of the given set of reference states. However, the
basis states discarded by the criterion (52) still have an effect
on observables. We account for this effect by extrapolating
to vanishing κmin threshold using the same extrapolation
procedure as described in Ref. [55].

In the limit of vanishing threshold κmin, the model-space
construction procedure creates the full Nmax = N + 2 space
if the reference state is from an Nmax = N space. This pro-
vides the foundation for an iterative procedure: We start by
performing full NCSM calculations up to a moderate value of
Nmax, e.g., Nmax = 6 for the lower p shell. Next, we take the
ground and a few excited states from the Nmax = 6 calculation,
build the importance-truncated Nmax = 8 model space, and
diagonalize the Hamilton matrix for a sequence of κmin values
using the Lanczos algorithm [56,57]. This yields sequences
of eigenenergies and eigenstates from which we can compute
other observables like radii or transition strengths. The κmin

sequence is necessary for the threshold extrapolation and can
be calculated efficiently by constructing the model space for
the lowest value of the sequence and then successively raising
the threshold, removing rows and columns from the Hamilton
matrix that correspond to basis states falling below the new
threshold. The eigenstates obtained in the model space with
the lowest threshold are then used as reference states for the
construction of the Nmax = 10 model space and the procedure
is repeated. Since the model-space construction considers
particle-hole excitations on each of the reference-space basis
states, the importance of each basis state of MIT is reassessed
in every iteration using the updated approximations to the target
states.

The calculation of the importance measure is the most time-
consuming part of the model-space construction. By reducing
the number of basis states in the reference space Mref, we
can speed up this part of the calculation because less matrix
elements have to be calculated. Therefore, we introduce a
coefficient threshold Cmin and keep only those basis states from
the reference space whose coefficients C(i,ref)

m in the expansion
of the target states |ψi〉 exceed this threshold, i.e.,∣∣C(i,ref)

m

∣∣ � Cmin (53)

for any of the target states. If we keep the threshold Cmin

sufficiently low, the change of the importance-truncated model
space created this way is minimal because many states of the
full model space M remain reachable by excitation of more
than one parent state from the reference-space basis.

C. Extrapolation procedure

The functional form of the value of an observable as
a function of the threshold κmin is unknown. However, the
computed values mostly show a smooth variation with κmin,
with tiny variations around the general trend due to the
discretization artifacts from the finite model space. Thus, in
order to reliably extract the κmin → 0 value of an observable
we perform the extrapolation by fitting low-order polynomials
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FIG. 4. Threshold extrapolation of the absolute ground-state en-
ergy and the excitation energy of the second excited state in 7

�He.
The computed values (blue dots) are shown together with the best-
fit polynomial (red line) and the uncertainty due to the unknown
functional form, approximated by a set of different fit polynomials
(gray band; see text for details). The regulator cutoff of the YN

interaction is � = 700 MeV/c.

to the computed values. We take a cubic polynomial to
extract the best-fit extrapolated value for absolute energies; the
extrapolation uncertainties are estimated by fitting a quadratic
and quartic polynomial to the same data set and by fitting
cubic polynomials with the lowest threshold or the lowest
two thresholds excluded from the fit. Analogously, excitation
energies are extrapolated with quadratic, linear, and cubic
polynomials. The resulting best-fit polynomial and error bands
are shown in Fig. 4 for the ground-state energy and the energy
of the second excited state in 7

�He. Note that although we
have ∼100 keV uncertainty in the determination of the absolute
energy at Nmax = 12, the excitation energy can be determined
with high precision.

D. Center of mass excitations

In the Nmax truncation scheme, the intrinsic wave function
of the nucleus decouples from the center-of-mass component.
Hence, the NCSM does not suffer from contamination of the
intrinsic state by a coupling to the motion of the center of
mass. However, since the center-of-mass degree of freedom is
included in the basis, the spectrum of the intrinsic, translation-
ally invariant Hamiltonian contains states that are formed from
identical intrinsic states combined with different excitations
of the center-of-mass component. In the full Hilbert space,
these states become degenerate, but in the finite Nmax-truncated
model space an excitation of the center-of-mass component
takes up HO quanta that are not available for the intrinsic
wave function. Thus, states with center-of-mass excitations
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E
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(a)
bare

4
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E∞ = −10.17(4) MeV

(b)
SRG(3)N

E∞ = −10.49(4) MeV

(c)
SRG(3)N+SRG(2)Y

E∞ = −11.46(4) MeV

8 12 16 20

Nmax

1.0

1.5

E
*

[M
eV

]

8 12 16 20

Nmax

8 12 16 20

Nmax

FIG. 5. Ground-state and excitation energy of 4
�He for the (a)

bare, (b) SRG(3)N evolved to α = 0.04 fm4 (red triangles) and α =
0.08 fm4 (blue circles), and (c) SRG(3)N + SRG(2)Y Hamiltonian,
obtained from a J-NCSM calculation. The regulator cutoff is � =
600 MeV/c, and the basis frequency is h̄
 = 20 MeV for the evolved
Hamiltonians and h̄
 = 30 MeV for the bare one. The crosses denote
the IT-NCSM results for both flow parameters, and E∞ is the energy
extrapolated to Nmax → ∞.

have intrinsic wave functions that correspond to lower Nmax

values; they contain no additional information but increase the
computational demands of the calculation.

To address this, we add a center-of-mass Hamiltonian [58]
(see Appendix A), which contains a HO potential acting on the
center-of-mass coordinate, to the intrinsic Hamiltonian of the
system. The total Hamiltonian that is used in the calculation
thus becomes

H = Hint + βc.m.Hc.m., (54)

where the parameter βc.m. controls the strength of the center-
of-mass Hamiltonian. In this way, we shift states with a center-
of-mass wave function different from the HO ground state to
higher energies and remove them from the relevant part of the
spectrum. Because of the decoupling property, the intrinsic
wave function is not affected by this procedure.

IV. VALIDATION

Since the J-NCSM and the IT-NCSM use the same model
spaces, their results not only agree in the infinite-model-space
limit but also for each value of Nmax. We use this property to
validate both implementations in the four-body system.

The Hamiltonian we employ for this consists of interactions
derived from chiral effective field theory. We use a two-
nucleon interaction at next-to-next-to-next-to-leading order
(N3LO) [59] and a three-nucleon interaction at N2LO [60],
both with a regulator cutoff � = 500 MeV/c. The hyperon-
nucleon interaction is taken at leading order [44]. From this
Hamiltonian, we derive two additional ones by subjecting the
nucleonic part or the nucleonic and hyperon parts to an SRG
transformation. These will be called “bare,” “SRG(3)N ,” and
“SRG(3)N + SRG(2)Y ” in the following, where the number in
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TABLE I. Extrapolated ground- and excited-state energies of
the A = 4 systems for different values of the interaction regulator
� using the bare Hamiltonian. The ground-state energies of 3He
and 3H obtained with this Hamiltonian are −7.72 and −8.47 MeV,
respectively.

Nucleus � [MeV/c]

550 600 650 700

4
�He(0+) −10.40(6) −10.17(4) −10.07(5) −10.11(4)
4
�He(1+) −9.47(25) −9.06(28) −8.75(34) −8.40(30)
4
�H(0+) −11.20(6) −10.95(4) −10.83(5) −10.85(3)
4
�H(1+) −10.29(25) −9.87(28) −9.55(35) −9.20(30)

parentheses denotes the particle rank of the initial Hamiltonian
and of the included induced many-body terms.

Figure 5 shows the ground-state and excitation energies
of 4

�He for the bare, SRG(3)N , and SRG(3)N + SRG(2)Y
Hamiltonian. In all cases, we see excellent agreement between
the IT-NCSM and J-NCSM formulations down to the level of
10 keV. This difference stems from the different treatment of
isospin in both approaches: The IT-NCSM uses a particle basis
throughout the calculation, while the J-NCSM transforms the
particle-basis matrix elements into an isospin-coupled basis
(cf. Appendix B).

For the bare interaction, we see slow convergence of the
energies, with the last step in Nmax still lowering the ground-
state energy by 114 keV. The SRG(3)N Hamiltonian improves
convergence for smaller Nmax values; at larger model spaces,
the convergence behavior is unchanged and dominated by the
unevolved YN interaction. This improved convergence comes
at the price of repulsive induced many-body terms of about
300 keV. Since there are only three nucleons, these terms are
YNN (and possibly YNNN ) interactions.

The SRG(3)N + SRG(2)Y Hamiltonian drastically im-
proves convergence of both the ground-state and excitation
energies. The ground-state energy is now converged to better
than 10 keV. However, we see from the difference between
the extrapolated binding energies that the evolution of the
YN interaction induces sizable repulsive many-body terms
of 1.3 MeV. Moreover, the excitation energy predicted by
the SRG(3)N + SRG(2)Y Hamiltonian differs significantly
from the predictions by the other Hamiltonians. These effects
become stronger with larger systems and are the reason why
we used bare YN interactions in Ref. [37].

Table I shows the extrapolated absolute binding energies of
the ground and first excited states of 4

�He and 4
�H. The resulting

� separation energies agree within uncertainties with those
found in Ref. [61, Table 5].

V. HELIUM HYPERNUCLEI

Going beyond the four-body system, we explore the he-
lium hypernuclei 5,6,7

� He in Figs. 6 to 8, using the SRG(3)N
Hamiltonian. Just like in the four-body system, convergence
is dominated by the unevolved YN interaction and the ab-
solute energies are far from convergence. To extract precise

6 8 10 12 Exp
Nmax

−34
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−32

−31

−30

−29

−28
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−26

−25
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6 8 10 12 Exp
Nmax

5
ΛHe(b)

1/ 2+

FIG. 6. Absolute ground-state energy of (a) 4He and (b) its daugh-
ter hypernucleus 5

�He. The oscillator frequency is h̄
 = 20 MeV.
We use the SRG(3)N Hamiltonian with a flow parameter of αN =
0.08 fm4 in the nucleonic sector and no SRG evolution, i.e., αY =
0 fm4, of the YN interaction. The regulator cutoffs employed are
� = 700 MeV/c (solid lines) and � = 600 MeV/c (dashed lines).
Experimental data from Refs. [3,63].

separation energies for these systems, an SRG evolution in
the YN sector is essential, which has to be done in three-
body space to account for the strong induced YNN terms.
Overall, the absolute energies show a strong dependence on
the regulator cutoff where the � = 600 MeV/c interaction
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FIG. 7. Absolute and excitation energies of low-lying states in (a)
5He and (b) its daughter hypernucleus 6

�He. Parameters are the same as
in Fig. 6. Vertical lines mark extrapolation uncertainties; experimental
data taken from Refs. [3,63].
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FIG. 8. Absolute and excitation energies of low-lying states in (a)
6He and (b) its daughter hypernucleus 7

�He. Parameters are the same as
in Fig. 6. Vertical lines mark extrapolation uncertainties; experimental
data taken from Refs. [7,63].

consistently provides about 4 to 5 MeV more binding, a trend
that is much weaker in the A = 4 systems.

Energy differences show better convergence. The excited
state in the 5He spectrum (Fig. 7) is a broad resonance that
is hard to describe in a HO basis and thus converges slowly.
The experimental data show that the additional attraction
due to the hyperon in the daughter hypernucleus 6

�He barely
stabilizes the ground state against neutron emission. All excited
states, except for the 2−, are well in the 5

�He + n continuum.
The excitation energy of the excited-state doublet exhibits a
convergence pattern that is similar to the 1/2− in 5He, but
qualitatively different from the pattern exhibited by the bound
excited states in 7

�He. This hints at these states being broad
resonances. The ground-state doublet splitting is sensitive to
the YN regulator cutoff, while the excited-state doublet shows
only little variation.

The excited-state doublet in 7
�He (Fig. 8) shows conver-

gence on par with the nucleonic parent. Like the doublet in 9
�Be,

it is almost degenerate (cf. Ref. [37]), and the � = 600 MeV/c
interaction predicts the 5/2+ to be the lower state of the
doublet, while the higher cutoff shows a relatively constant
doublet splitting with the 3/2+ as lower state. In a microscopic
shell-model calculation [62], the 6Li analog state of the 2+
excitation in 6He is dominantly an L = 2, S = 0 state so
that our results confirm that the chiral interaction correctly
reproduces the smallness of the effective hyperon-nucleus
spin-orbit interaction that is observed in these calculations.

The admixture of � hyperons is at the level of 1.6 × 10−2

to 1.9 × 10−2. There are differences of the order of 3 × 10−4

among the doublet partners, as well as between the two
cutoffs. This indicates that the �N -�N conversion has a
small contribution to the doublet splittings. However, the
differences in binding energies between the two cutoffs cannot
be explained by the small change in the admixture and thus are
likely caused by a different part of the YN interaction.

Overall, we see that while absolute energies are far from
convergence, except for the A = 4 systems, the excitation
energies show much less variation. Already at this level, we can
use these results to investigate properties of the different YN
interactions, e.g., the cutoff dependence of the LO potential
used here, or to confront them with experimental data in order
to select interaction parameters based on how well the data are
reproduced.

VI. CONCLUSIONS AND OUTLOOK

We present an extension of the NCSM for the ab initio
description of single-� hypernuclei. Starting from the gen-
eral form of the hypernuclear Hamiltonian with NN , YN ,
and NNN interactions, we show the SRG transformation
of the two-baryon interactions at the two-body level, which
improves convergence of the many-body method by evolving
the Hamiltonian toward diagonal form in momentum space. We
continue with the NCSM itself and provide two complementary
formulations, each with their own merits and drawbacks: a
Jacobi-coordinate formulation (J-NCSM) that fully exploits
the rotational, translational, and isospin symmetries of the
Hamiltonian but requires explicit antisymmetrization, which
becomes computationally more demanding with increasing
particle number, and a formulation in single-particle coordi-
nates where antisymmetry is implemented via a Slater deter-
minant basis, but where center-of-mass degrees of freedom are
included in the model space and only a subset of the symmetries
can be exploited. The single-particle formulation allows for a
selection of relevant basis states via an importance truncation,
leading to the IT-NCSM.

We demonstrate that both formulations give the same results
in the A = 4 system and present a compilation of absolute
ground- and excited-state energies for 4

�H and 4
�He for the

YN interaction from leading-order chiral EFT with a state-
of-the-art chiral nucleonic Hamiltonian containing NN and
NNN interactions. We also show that, even in the four-body
system, the SRG evolution of the YN interaction induces
strong repulsive YNN terms that have to be included explicitly
in order to get precise results. Finally, we conclude with a
survey of the hyperhelium chain.

The hypernuclear NCSM enables precise ab initio cal-
culations of hypernuclear observables for few-body systems
and, with inclusion of SRG-induced YNN terms done in
Ref. [64], throughout the p shell. It thus provides a valuable
link between theYN interaction and the wealth of experimental
data available on light hypernuclei, especially considering
the scarcity of YN scattering data. We can use this link to
tune interaction parameters toward a good reproduction of
the available data on some of the light hypernuclei in order
to make predictions for others. This more phenomenological
approach might be necessary because the available scattering
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data are barely constraining the five low-energy constants of
the leading-order interaction.

Furthermore, the hypernuclear NCSM provides a testing
ground for validating other methods that are suitable for
medium-mass systems, making it the first step toward an
ab initio many-body theory for these hypernuclei. We can
also benchmark approaches like the Brueckner-Hartree-Fock
method that makes hypernuclei with closed-shell parents easily
accessible throughout the hypernuclear chart, and can also be
used to compute the equation of state of hypernuclear matter
[65,66].

With this framework, we are also able to address interesting
physics questions in the p shell, e.g., whether the attraction
provided by the hyperon can shift the neutron drip line [67].
The high precision of the J-NCSM can be used, e.g., to study
the charge-symmetry breaking in the A = 4 system [68].
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APPENDIX A: INTRINSIC KINETIC ENERGY AND
CENTER-OF-MASS HAMILTONIAN

The presence of particles with different masses changes the
way operators acting on intrinsic or center-of-mass coordinates
are calculated compared to the nucleonic case. This appendix
outlines the derivation of expressions for the intrinsic kinetic
energy and the center-of-mass Hamiltonian. Expressions for
other operators like mean-square radii can be obtained in an
analogous way.

The intrinsic kinetic energy Tint is calculated in the follow-
ing way: We express the total mass and the center-of-mass
coordinate and momentum,

M =
A∑

i=1

mi, �R = 1

M

A∑
i=1

mi�ri, �P =
A∑

i=1

�pi, (A1)

in terms of the absolute single-particle coordinates �ri , momenta
�pi , and masses mi . The coordinates �ρi and momenta �πi of the
particles relative to the center of mass then become

�ρi = �ri − �R = �ri − 1

M

A∑
j=1

mj �rj , (A2)

�πi = �pi − mi

M

A∑
j=1

�pj = �pi − mi

M
�P . (A3)

Additionally, we have, for each pair of particles i and j ,
the relative coordinates and momenta in their center-of-mass
system:

�rij = �rj − �ri, (A4)

�qij = μij

( �pj

mj

− �pi

mi

)
, (A5)

where μij = mimj/(mi + mj ) is the reduced mass of particles
i and j . Using these coordinates, we write the intrinsic kinetic
energy as

Tint =
A∑

i=1

π2
i

2mi

=
A∑

i=1

1

2mi

(
�pi − mi

M

A∑
j=1

�pj

)2

=
A∑

i=1

p2
i

2mi

− 1

2M

A∑
i,j=1

mimj

�pi · �pj

mimj

, (A6)

where we used the definition of the total mass M to eliminate
sums over particle masses. The scalar product can be expressed
in terms of squared momenta:

�pi · �pj

mimj

= p2
i

2m2
i

+ p2
j

2m2
j

− q2
ij

2μ2
ij

. (A7)

Inserting this into (A6) and simplifying, we get

Tint = 1

2

∑
ij

mi + mj

M

q2
ij

2μij

=
∑
i<j

mi + mj

M
Tij,rel, (A8)

where Tij,rel = q2
ij /(2μij ) is the relative kinetic energy in the

two-body system of particles i and j . Formally, this operator
is an A-body operator due to the 1/M factor but it can be
evaluated using the Slater rules for a two-body operator after
exploiting that the basis determinants are eigenstates to the
total mass operator M .

As discussed in Sec. III, we lift the degeneracy of eigenstates
of the intrinsic Hamiltonian with respect to the center-of-mass
state by adding a harmonic-oscillator Hamiltonian

Hc.m. = 1

2M
�P 2 + 1

2
M
2 �R2 − 3

2

 (A9)

acting on the center-of-mass coordinate �R and momentum �P .
The offset is introduced so that the ground state has zero energy.
Using relation (A7) for the single-particle momenta �pi, �pj , this
Hamiltonian separates into zero-, one-, and two-body parts:

1

2M
P 2 + 1

2
M
2R2 − 3

2



= 1

2M

A∑
i=1

A∑
j=1

( �pi · �pj + 
2mimj �ri · �rj

) − 3

2



=
∑

i

(
p2

i

2mi

+ 1

2
mi


2r2
i

)

−
∑
i<j

mi + mj

M

(
q2

ij

2μij

+ 1

2
μij


2r2
ij

)
− 3

2

. (A10)
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Hence, the center-of-mass Hamiltonian separates into a con-
stant part, a harmonic-oscillator Hamiltonian for each of the
particles and a relative two-body hamonic oscillator for each
particle pair. The one-body part is evaluated by using an
eigenvalue relation with respect to the single-particle states;
the two-body part may be calculated using Slater rules after
using the eigenvalue relation of M .

APPENDIX B: EVALUATION OF
PARTICLE-BASIS-DEFINED POTENTIALS

IN ISOSPIN BASIS

Realistic NN and YN interactions are usually defined in
the particle basis, not in the isospin basis. To evaluate the
corresponding matrix elements of VNN between good-isospin
basis states (34), we use the following prescription:

〈((T ′
A−3,t

′)T ′
A−1,t

′
A−1)T MT |VNN |((TA−3,t)TA−1,tA−1)T MT 〉

= δ
T ′

A-3
TA-3

δt ′
t δ

T ′
A-1

TA-1
δ

t ′A-1
tA-1

∑ (
C

T MT

TA-1MA-1,tA-1mA-1

)2(
C

TA-1MA-1
TA-3MA-3,tm

)2

×Ctm
1
2 m′

a ,
1
2 m′

b

Ctm
1
2 ma,

1
2 mb

×〈 1
2 m′

a,
1
2 m′

b|VNN | 1
2 ma,

1
2 mb〉

≡ VNN (t ; TA-3,TA-1,tA-1,T ,MT ). (B1)

Here, only the isospin quantum numbers of the states (34)
are displayed. The states are decomposed via Clebsch-Gordan

coefficients and the potential matrix elements are evaluated
between two-nucleon states | 1

2 ma,
1
2 mb〉 with single-nucleon

isospin projections ma = ± 1
2 and mb = ± 1

2 . In this procedure,
the isospin-breaking transitions t = 0 ↔ 1 are suppressed.

Similarly, a particle-basis-defined YN interaction VYN is
evaluated in basis (30) as

〈(T ′
A-2,t

′τ ′)T MT |VYN |(TA-2,tτ )T MT 〉
= δ

t ′A-2
tA-2

δt ′
t

∑ (
C

T MT

TA-2MA-2,tm

)2

×Ctm

τ ′m′
τ ,

1
2 m′

b

Ctm

τmτ ,
1
2 mb

× 〈τ ′ m′
τ ,

1
2 ,m′

b|VYN |τ mτ ,
1
2 mb〉

≡ VYN (t,τ ′,τ ; TA-2,T ,MT ), (B2)

where the potential matrix elements are evaluated between
hyperon-nucleon states |τ mτ ,

1
2 mb〉 with mτ = −τ,0,τ and

mb = ± 1
2 being the isospin projections of � (τ = 0) or �

(τ = 1) hyperon and nucleon, respectively. Again, the isospin-
breaking transitions t = 1

2 ↔ 3
2 are suppressed.

The procedure described above gives excellent agreement
with particle-basis calculations as demonstrated in Sec. IV.
For the A = 3,4 hypernuclear systems, the difference between
calculated total energies in the particle basis and isospin basis
using relations (B1) and (B2) is found to be only a few keV.
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