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1 Considered step-response problems

The ground, soil or rock, may be used as a heat source or sink for heating or cooling of
buildings. A borehole with an inserted plastic U-pipe for the heat carrier fluid may be used as
ground heat exchanger. The region between the borehole wall and the pipe is filled with grout.
The basic question is what fluid temperatures 7; () that are required in order to obtain any

prescribed heat injection Q. .(t) (W). By definition, Q. .(¢) is negative when heat is extracted

inj inj

from the ground.

The injection/extraction of heat causes a thermal process in borehole and ground that is
superimposed on the undisturbed temperatures in the ground. Here we only study the
superimposed process due to heat injection/extraction. This means that the undisturbed initial
ground and borehole temperature is zero, and that the fluid temperature 7; (¢) is the excess

temperature above undisturbed ground conditions.

The U-pipe is in this study replaced by a single equivalent central pipe in the borehole. This
key simplification means that we have a radial thermal process in the plane perpendicular to
the borehole axis. Adjacent boreholes may disturb the radial process after a certain number of
days. Three-dimensional thermal effects will by and by influence the temperature field
starting at the top and bottom of the borehole. Here, we do not consider other boreholes and
axial heat flow. Our radial solutions are valid during a first period of at least a few days. A
precise analysis for this first period is crucial when the borehole heat exchanger is used for
both injection and extraction on a daily basis.

Ground
A, a

Figure 1.1 Step-response problem for a pipe in an annular borehole region in the ground.

Figure 1.1 shows the considered thermal problem. The heat carrier fluid in the equivalent
pipe has the temperature 7 (¢) . The heat capacity of the fluid in the pipe is Cp (J/(K,m)).
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There is a thermal resistance R ((K,m)/W) (per unit pipe length) at the pipe wall. The

annular grout region and the ground outside the borehole have in general different thermal
properties. The fluid, grout and ground have zero initial temperature. The fluid is heated with
a constant heat injection rate g;,; (W/m) for 7> 0. This is the key step-response problem that

is solved here. We are in particular interested in the fluid step-response temperature
T (1) =T, (t) for unit heat injection g, =1. This is the required fluid temperature to obtain

the heat flux +1 from the initial time #=0.

The backfill or grout may have the same thermal properties as the ground. Figure shows
this simpler case of step-response for a pipe in ground.

Ground T(r.t)
A&

“y

To(t)

Figure 1.2 The simpler step-response problem for a pipe in the ground.

The key tool of analysis of the thermal performance of borehole heat exchangers is these
so-called step-response functions. Figures 1.3-4 illustrate the reason for this.

+1 +1
Y _ e @ i r
T step (T+) - step(’c-)
| »Time
-1y | £-T. t
L P c

Figure 1.3 Temperature response after a unit heat-injection pulse using superposition.



Consider a unit heat-injection pulse from ¢#—7, to t—7_. The required fluid temperature at
time ¢ is obtained by superposition of a step +1 from 7—7, and a negative step -1 from r—7_
as indicated in Figure 1.3. The required fluid temperature is then 7;. () =T, (7,) - T, (7_) .

The positive step is to be taken for 1 — (¢t —7,) =7, and the negative one for t—(t—7_)=7_.

Consider now any sequence of piecewise constant heat-injection rates g, up to the time ¢,
Figure 1.4. Pulse n precedes the considered time ¢ and lies between t—7, to t—7,_,. Here, 7
is any increasing time series starting from zero: 7, =0, 7, , <7, Any number of preceding

pulses may be used.

- 700077,

1-15 -1, -1y

> Time

Figure 1.4 A sequence of piecewise constant heat-injection rates up to the considered time .

The required fluid temperature is now obtained by superposition of pulse responses of the
type illustrated in Figure 1.3. We have for N preceding pulses:

T (t) an I:Y;lep (T ) slep Tn—l):l’ Tn > Tn—l’ slep (T ) slep (O) O (11)

This basic formula shows the importance of the step-response function. The difference
T,.,(z,)-T,, (7, ) overatimeinterval 7, , <7 <7, is the weighting factor for the constant

injection rate g, over a preceding time interval from t—7, to t—7,_,.

The results of this report are presented in a paper by Javed and Claesson, 2011. This report
presents the full mathematical derivations. All solutions have been implemented in the
mathematical computer program Mathcad. Seven appended calculation sheets are briefly
presented in Appendix 4. Here, the solutions are studied and compared in various ways. The
comparison of the fluid temperature 7, () from the analytical Laplace solution and the

numerical solution is presented in A4.3. The differences are typically of the order 0.003 K or
smaller, which means the both types of solution presented in this report are indeed correct.



2 Mathematical problem for a pipe in ground
The temperature 7'(r,) in the ground outside a pipe with the r, radius shall satisfy the

radial heat conduction equation in the two-dimensional infinite plane perpendicular to the
pipe axis:

2
l.a_T:va:a_fJ,l.a_T, < r<oo @.1)
a ot or r or P

Here, r is the radial distance to the center of the pipe, ¢ time, a=A/(pc) (mz/ s) the thermal

diffusivity of the ground (soil or rock) outside the pipe, A (W/(K,m)) the thermal
conductivity, p (kg/m3) the density and ¢ (J/(K,kg)) the heat capacity. The radial heat flux in

the ground outside the pipe (W/m) is:

oT

e (2.2)

q(r,t)=27r-(-A4)

The pipe is filled with water or another heat carrier fluid with the temperature 7} (¢) . There
is a thermal resistance R, ((K,m)/W) (per unit pipe length) over the pipe periphery from the

fluid in the pipe to the ground just outside the pipe. It includes the plastic pipe wall and the
fluid boundary layer. The heat flux over this thermal resistance is equal to the radial heat flux
in the ground just outside the pipe. The corresponding thermal conductance is K, =1/ R

(W/(m,K)). The boundary condition at the pipe, r =r,, is then:
T,()=T(r,0) =R, -q(r,.). (23)

We will use both thermal resistance R ((K,m)/W) and the corresponding thermal conductance
K =1/R (W/(m,K)) throughout this study.

The heat injection to the fluid in the pipe is g,,; (W/m). The heat balance for the fluid in the

pipe becomes:
dT.
G =Cp — Ha(0, 1200 G, = zrl e prc;. (2.4)

Here, C, (J/(K,m)) is the heat capacity of the fluid in the pipe, p; (kg/m3) the density and ¢;

(J/( kg,K)) the heat capacity of the fluid. The initial temperature in the pipe fluid and the
ground is zero for the considered thermal response for the step heat input to the fluid in the

pipe:

1.(0)=0, T(r,0)=0, r>r. (2.5)

The equations (2.1)-(2.5) define the considered thermal response problem. The primary
input data are:



1
r, 2” a=—-, inj? R E—— C- 2.6
pc q | p Kp P ( )
The solution to the above problem is given in the reference work of Carslaw-Jaeger, 1959
(Sections 13.5-6.). The new thing in this presentation is the introduction of a thermal network
for the Laplace transform of the solution. The formulas in Carslaw-Jaeger tend to be rather

complicated. The solutions can in the network formulation be presented in a more compact
way, which hopefully contributes to a better understanding of the structure of the solutions.

It should be noted that the resistance Rp =1/ Kp is the sum of the thermal resistance of the

pipe wall (an annulus) and the fluid boundary layer:

.
Red =1 g0 |41 2.7)
" K, 274 r—d., ) 2r-h

P P

Formulas for the convective heat transfer coefficient 4, may be found in Rohsenhow et al.
1985. A detailed discussion is given in Hellstrom 1991. Here, ﬂp (W/(K,m)) the thermal
conductivity and d,,, the thickness of the pipe wall. The boundary heat transfer coefficient 7,
(W/(K,mz)) (from bulk fluid to solid wall surface) involves the pipe diameter 2 r, as length

factor.

3 The problem for the Laplace transforms

The Laplace transforms of the fluid temperature 7;(¢) and the ground temperature 7'(r,t) are

given by:

=

T(s)=[e™" T, (dt,  T(r.s)= T e T(r,1)dr. 3.1)

0

Here, s is a complex-valued parameter or variable with the dimension 1/time so that s-¢ is
dimensionless.

The Laplace transform of the heat equation (2.1) becomes:

°T 10T s =
57 +;-§:Z-T(r,s), B Sr<eo, (3.2)

Here, we use the fact that the ground temperature is zero at £ =0. The time derivative
corresponds to multiplication by s in the Laplace transform. We introduce special notations
for the temperature and heat flux in the soil (or rock) at the outside of the pipe:

L()=T(r,.5),  ,()=q(r,.5). (3.3)



The Laplace transforms of radial heat flux (2.2) in the outside ground and at the pipe become:

q(r,s)=2xr-(-1) -a—T, q,(s)=27xr, (=4) a—T i (3.4)
or or r=n,
The boundary condition (2.3) at the pipe becomes:
() =T,(9)= R, G, (5). (3.5)

The heat balance (2.4) for the water in the pipe becomes, since the Laplace transform of the
constant g, is q;,;/s:

iy
S

=C, 5T, ()+7,(s). (3.6)

The equations (3.2)-(3.6) define the thermal problem for the Laplace transforms. This is the
problem to solve in the Laplace domain. The equations are to be solved for any value of the
Laplace parameter s, which may assume any real or complex value. The time derivates are
replaced by multiplication by s. It should be noted that in the fluid and ground temperatures
are zero at the initial time 7 =0.

4 Solution for the Laplace transform
The solution to equations (3.2)-(3.6) is presented in this section.

4.1 Basic solution

The first step is to find solutions to the differential equation (3.2). The parameter s occurs in
right-hand factor s/a (1/m?) only. We may scale r with 4/ s/a in the two terms on the left-
hand side:

2
T(r,s)=g(z), z=r-/sla = d—§+l-d—g—g(z)=0. 4.1)
dz° z dz

This is the differential equation for modified Bessel functions (of order zero). The reference
Handbook of Mathematical Functions by Abramowitz, Stegun 1964, (Section 9.6), gives a
good presentation of Bessel functions. There are two independent solutions, modified Bessel
functions of zero order. The Bessel functions, and relations for these used here, are presented
in Appendix 3. We have the following general solution to (3.2):

g(z)zf(r,s)zA(s)-IO(z)+B(s)-K0(z), Z=r./s/a. 4.2)

10



The coefficients A and B are any functions of the parameter s. The function /,(z) is regular at
z=0 and increases exponentially with z, while the function K (z) is infinite at z =0 and
decreases exponentially with z. The coefficient before /,(z) must be zero in our case since

the radius extends to infinity. The general solution outside the pipe is then using (3.3):
_ K.(r _
T(r,s) :()(r—S/a)-T (s), rSr<oo, 4.3)

K,(rsla) *

4.2 Ground thermal resistance
The heat flux (3.4), right, becomes using (4.3):

oT la-Ky(r\sla) —
q,(s)=27xr, (=4) = =27r, (=4)- \/i - \(/%?) Th(s). 4.4)

From Abramowitz-Stegun, we have the derivative: K;(z) =—K,(z). Here, K (z) is a modified

Bessel function of the first order. In the Laplace transform of the thermal process in the
ground, r, <r <o, the relation between the boundary flux and temperature at r =r, is given

by a thermal resistance (W/(m,K)):

1 1 K,(r.+sla)

Tp()=0=R,(5)-q,(s),  R(s)= K.() 27 rysla-K,(r\sla)’

4.5)

The ground thermal conductance and its inverse, the thermal conductance, are functions of the
complex-valued parameter s. The temperature difference between the ground at the pipe and
at infinity with zero initial ground temperature is equal to a resistance times the heat flux at
the pipe.

The square root r,/s/a occurs frequently in the formulas above. We introduce the new

notation

ngrp«/s/a:«/tps, tpzrpzla. 4.6)

The ground thermal resistance may be written in the following way:

_ K
R(s)=—" L _Klo) o, =rsla=[ts. 4.7)

K,(s) 271 o, K (0o,)
We are in particular interested in the case when s lies on the negative real axis:

I: tps=—u2+i~0, O<u<oo; o =.ts=i-u. 4.8)

11



See Figures A1.1-2. Here, the notation +i-0 indicates that the negative real axis is
approached from above in the complex s-plane as discussed and described in Appendix 1.
From formula (11.7) in Appendix 3 for Bessel functions we have for s on the negative real
axis (approached from the upper side):

_ K, (o j —i-
272-R,(5)].. = @) | _ Kol _ =i hw) o o 49
r Gg~K1(O'g)‘F iu-K (iu) u-[J(w)—i-Yw)]
Here, J,(z) and Y (z) are ordinary Bessel functions of order n.
4.3 Thermal resistance network
The solution is now given by the three equations (3.6), (3.5) and (4.5):
G = (-0 _
=C s-T.(s)+q (s)=—"—+q (). (4.10)
s T 1/(c,s) %
T;(5)=T,(s) =R, -, (s). (4.11)
T (s)—0=R,(s)-7,(s). (4.12)

The full solution is readily obtained from this linear equation system with the three unknowns

T, (s), 7_;(s) and g, (s). The three equations may be represented by a thermal network for the

Laplace transform of the solution. See Figure 4.1.

Qny Te(s) P Ta(s) Ry (s) i
® qp(s)

Figure 4.1 Thermal network for the Laplace transforms for a pipe in ground, (4.10)-(4.12).

Let us illustrate the effectiveness of the graphical representation. From (4.11) and (4.12) we

get the relation between 7, and 7_; :

L&)-L6 _T©-0 - _
R R(s) = " R+RJ(s)

p

R _
9 7. (4.13)

12



Combining (4.12) and (4.13), we have:

_ 1 = T.(s
g,(s) == -Tp(s):L_). (4.14)
R, (s) R, +R, (s)
And from (4.10) and (4.14) we get:
T _ ¢ -s-ff(s)+Lf): C -s+;_ T, (s). (4.15)
S P R, +R, (s) P R, +R, (s)
The complete solution is now:
_ - 1
T, (s)= . 1 (4.16)
§ Cors+————= -
R, +R,(s)
_  R&TL o
T(s)=——"—""—-, $)=K (s)-T (s). 4.17
" (5) AR 7,()=K ()T () (4.17)
_ — K,(o,-r/
T(r,s):Tp(s)-M, 1<r/r <o, 4.18)
K,(o,)

In the last formula, Equation (4.3) is used. The nice thing with this thermal network, which is
a graphical representation of the equations (4.10)-(4.12), is that we can use well known rules
from ordinary thermal or electric networks. The pipe temperature (4.16) is directly obtained

by adding thermal resistances in series and in parallel. The resistances R and Eg (s) liein

series and are added. The conductance C, -s lies in parallel with the conductance

1/ (Rp + Eg (s)). The inverse of the sum of these two conductances is the resistance to the

right of the node for the fluid temperature.

4.4 Approximations for short and long times
Let us first consider the behavior for short times. The heat flux over the pipe wall is zero for
1=0. The water temperature in the pipe increases linearly for very short times:

dT qin' qin'
q(r,,00=0 = —L0)=—"; T.(t) = V1. 4.19)
P dt C, C,

The next approximation is to neglect the temperature increase outside the pipe wall. We get a
simple exponential solution:

13



T(r.0=0: gy :Cp'%+Tf(t—)_0

T.(t) = G R, (1_efr/(cp,Rp)).

. T,0)=0 =
P (4.20)

For large times, we may use the well known line-source solution from Carslaw-Jaeger,
pp-261-262. The temperature solution for a constant heat injection at r=0 from time =0 is
given by the exponential integral:

Ginj
47A

T (r,t)=

rZ
B[] = n0-ng0va . @2

In the approximation, we take the line-source solution at r=rp. The temperature difference
over the pipe wall, qiy; times the wall resistance R,, is added to give the right-hand expression.
The exponential integral is defined by:

® 7y
E(x)=] %dy, O<x<l: EX=In(/x)-y, y=05772. 4.22)

Here, vy is Euler’s constant. The logarithmic approximation is valid for small x. We get the
following approximation for large times:

q.. 4at r
T.()=—-:|In| — |-y |+q. R, > 4.23
f () 4”1 [ ( ’;2 J ;/:l qm] P da ( )

5 Inversion of Laplace transforms
A detailed derivation of the formulas for the Laplace inversion for the considered radial
problems is presented Appendix 1. Here, a summary of the formulas is given.

5.1 General formula for radial problems
The Laplace transform f(s) of a function f(¢), which is defined for positive times ¢, is
given by a well known integral:

f(), 0<t<oo: f(s)z]ie‘”-f(t)dt, S=u+i-v. (5.1)

Here, s is a complex number. The function f(¢) is obtained from the Laplace transform

f(s) by a general inversion integral in the complex s-plane:

14



f(t)=%.jes't-]7(s)ds; [y s=u,+i-v, —co<y<oo (5.2)

Ti

The real part Re(s)=u, is to be chosen so that all singularities and poles of £(s) lie to the
left of I',. A better form for the integral is normally obtained by choosing another suitable

integration path in the complex plane. This is discussed in Carslaw-Jaeger, 1959, for radial
problems for a pipe (Ch. 13.5-8). This is also discussed in some detail in Appendix 1.

We have for our type of Laplace transforms the general formula (9.26) in Appendix 1:

ot 2.1/t

ft)= j - L(u)du. (5.3)
0

N[

Here, ¢, (in seconds) is an arbitrary time constant so that #,-s and the integration variable u
in (5.3)-(5.5) become dimensionless. The function L(u) is defined by (9.27):

Ly =m[-f,w],  fa=s Fs).. (5.4)
I': t0~s=—u2+i-0, \/to_s=i-u, O<u<oo, (5.5

The first factor in the integral (5.3) depends on the dimensionless time #/¢,, but it is

independent of the particular Laplace transform f(s). The second factor, the function L(u),1s

independent of ¢ and represents the particular Laplace transform for the considered case.

The above formulas require that the following conditions are fulfilled:

1. £(0)=0
0. I

—0, t—>oo

3. There are no poles or singularities except at s =0

These is a cut in the complex s-plane to account for Js . See Figure Al.1 in Appendix 1 and
(9.3).

We are also interested in the derivative with respect to time. We have directly by derivation
of (5.3) or from (9.23):

a

_ XM L) du, (5.6)
dt t

= f=2 ] e

15



5.2 Inversion formulas for a pipe in ground
The Laplace transform of 7;(¢) is given by (4.16):

5T, () =——— (5.7)
C,os+——=—
Rp +Rg (s)
The fluid temperature is then, (5.3):
2 ) —u t/tp r2
T.(t)="=" j Luydu, — t,=t =" (5.8)
T a
The time derivative is from (5.6):
. 2 % :
A2 [ Ly du (5.9)
dt 7wyt
Here, we choose 7, =1,. The second factor L(u) is, (5.4):
L) =Im — : , Tiors=—u?, Jts=iu (5.10)
Cos+——=
Rp—erg(s) r
From (4.9) we have:
_ K. (i —iY
2R () = e R (5.11)

iu-K,(iu)  w-[J,(w)—i-Y,w)]
The temperature and the heat flux in the ground at the pipe become from (4.17) and (5.7):

_ R()

_ _ _;'_
Sy T U Chae yrR AL (5.12)

The temperature in the ground at the radius r becomes from (4.18):

— — K. (o -rlr
T(r,s)=Tp(s)'%, o, zﬂltps, ISr/rp<oo. (5.13)
0 O-g)
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6 Pipe, borehole annulus and ground
We now consider the more complicated case shown in Figure 1.2. There is an annular
borehole region between the pipe with the radius 7, and the outside ground in r > r, . The

thermal conductivity and thermal diffusivity in the borehole r, <r <y, are denoted by A, and

a,, respectively. The corresponding quantities in the ground, r > r,, are denoted by A and a.

6.1 Mathematical problem for a pipe in a borehole in ground
The temperature shall satisfy the radial heat equation in the borehole and ground regions:

1 T 0°T 1 oT a 1 <r<r
OT 9T LT =P H<I<h, ©6.1)
a(r) ot or° r or a r>r,
The radial heat flux (W/m) is
oT r <r<r
arn=22r[-A0) L A=t BT (6.2)
or A r>r,
The heat balance for the fluid in the pipe water is as in (2.4):
dT,
4y =C, —L+q(r,,1), t>0. (6.3)
dt
The boundary condition (2.3) at the pipe wall is:
T.()=T(r,,t) =R, -q(r,,1). (6.4)
The heat flux at the boundary between borehole and ground must be continuous:
oT oT
A= P , (6.5)
ar r=r,—0 ar r=n,+0
Finally, the initial temperatures are zero:
1.(0)=0; T(r,0)=0, r>r. (6.6)

The above five equations define the considered thermal response problem. The primary
input data are:

A, A
B Tys Ay ab:pc , A, a:E, Gi» Ry, C,. (6.7)
b~b

The solution to the above problem is given in Carslaw-Jaeger 1959, (Sections 13.5-6) for the
case C, =0.
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We will as in Sections 3 and 4 study the Laplace transforms of the above equations. The
transforms of (6.3) and (6.4) become in accordance with (3.6) and (3.5):

iy
S

=C, s T,()+q,(s),  q,()=q(r,,s). (6.8)

L) -T,() =R, 3,5,  T,()=T,9. (6.9)

The annular region is analyzed in Appendix 2. The results are summarized below.

6.2 Relations for an annular region

Relations between boundary fluxes and temperatures for an annular region are analyzed in
Appendix 2. The following case is considered: The temperatures at the inner and outer radii
may vary in any way with time. The initial temperature is zero. We are interested in the
relations between the boundary heat fluxes and the boundary temperatures. Here, we change
the indices 1 and 2 of Appendix 2 to p and b, respectively. We have:

norn, Aok, LT, KO-oK(), qs)—g,(s), 6.10)
n—n, a—a, L)), KG)=K(s), g(s)—g,(s) '

The relations between the Laplace transforms of the boundary temperatures, fp (s) and

7_"b(s), and boundary heat fluxes, q,(s) and g, (s), become from (10.30):

q,(5)=K,(5)-(T,()-0)+ K (5)-(T,(5)- T, ().

_ _ _ _ _ (6.11)
=g, ()= K, (5)-(T,(5)=0) + K, (5) (T, ()T, (5)).

Here, —¢,(s) is the heat flux into the annulus at the outer boundary.

Grout
b ab
Qb(S
. T S)
Tb‘S” ‘ - rb ’ Ry (s) Ry(s)
D b
\ (S) //

Figure 6.1 Thermal network (6.11) for the relations between the Laplace transforms of the
boundary temperatures and radial heat fluxes for an annular region.

These relations between the Laplace transform of the boundary temperatures and heat
fluxes may be regarded as a thermal network. Figure 6.1 shows the annular region and the
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notations that are used (left), and the representation of the relations (6.11) as a thermal
network for the borehole annulus (right).

The transmittive thermal resistance (and its inverse, the conductance) over the annular
region is, (10.26)-(10.27):

— 1 Dy(o,,0,)
Rt(s)=Et(S): 2k , Gp:rp\/s/ab, o, =r/s/a,. (6.12)
Dy(o,,.0,)=K,(0,)],(0,)-1,(0,)K,(0,) (6.13)

The absorptive thermal resistances (and the inverse, the conductances) at the two sides r = r,

and r =1, are, (10.28) and (10.29):

Rl =1 Dy(0,,0,)
P K (5) 27A, o,-D(o,.0,)-1

(6.14)
Rt =1 Dy(0,,0,)
" K,(5) 274 o, D(o,.0,)-1
D(o,,0,)=1(0,)K,(0,)+K,(0,)],(0}). (6.15)

6.3 The whole thermal network
Figure 6.2 shows the whole thermal network for the pipe with its heated fluid, the pipe wall,
the borehole annulus and the infinite ground outside the borehole.

Qinj Tf.(s) R Ty (s) Re(s) T, (s) Rg(s) )
s MO O
1 D p—
Cy-s § Rp(s) § Ry (s)
0 _0_ _O_

Figure 6.2 Thermal network for the Laplace transforms for pipe, borehole annulus and ground.

The network for the annular region, Figure 6.1, is inserted into the network for a pipe in

ground, Figure 4.1, between the resistances R, and Eg (s). The radius r, is replaced by 7, in

the formula for Eg (s), @4.7):
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- 1 1 K,(0,)

Ao o, k) (610

Il
[
~
Q

K

6.4 Pipe fluid temperature
The Laplace transform for the pipe water temperature is now readily obtained from the
thermal network in Figure 6.2:

_ G | 1

1
S
Cp-s+

T (s) (6.17)

Rp+

Kp(s)+ | 1

K, (s) ¥ K, (s)+K,(s)

The network involves a sequence of composite resistances. We start from right in Figure 6.2.

The conductances I?b (s) and K . (s) lie in parallel and are added. The inverse of this
composite conductance is added to the resistance Ii(s) =1/K .(s) . This composite resistance
lies in parallel with Ep(s) =1/K ,(s) and their inverses are added. This composite resistance
lie in series with the resistance of the pipe wall, R . The total composite resistance from R,

and rightwards lies in parallel with the thermal conductance C, -s.

The fluid temperature and its time derivative are from (5.3) and (5.9):

2

R —u-t/x,

T(==-[ —"—— Lwdu,
Ty u

Q,
i‘r‘_ﬁ
Il
N[
S ey 3

tﬁ-e‘””’ . L(u)du. (6.18)
0

Here, 1, (in seconds) is an arbitrary time constant. The function L(u) is defined by (5.4)-(5.5).

The particular Laplace transform is given by (6.17). The Laplace transform of the fluid
temperature is taken for s on the negative real axis I':

I: to's:—uz, s =i-u, O<u<oo, (6.19)

We get with the notations (6.22)-(6.25) for the network components on the negative real axis

TG

(6.20)

1
1 1

K, (1) ¥ K, (w)+K ()

K, (u)+
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The four thermal resistances (and corresponding conductances) for the Laplace transforms,
Esub(s), (sub=t, p, b, g) are given by (6.12)-(6.16). On the negative real axis I, they become
functions of the real variable u. We have from (6.12), (6.16) and (6.19):

ap:iurp, O, =iut,, O'g:iurg,
r 6.21
T,=—F—, T,= b T, = b (621)
at, at, at,
The conductances become, retaining the same notation for K, (s) and K_, (1), (sub=t, p, b,
8):
_ iut, K @Gurt —
R, (o), =2m - ) _ g ) (6.22)
r K,(iut,)
— 27T —
K ()| =— L Y (6.23)
Dy(iuz,,iut,)
_ iut -D@ut ,iut )—1 _—
Kp(s)\r =274, -—2 P =K (), (6.24)

Dy(iut,,iut,)

— iut, -D@ut,,iut)-1 _
K, (s)_.=27A, - . =K, (u). (6.25)
b r . . b
Dy(iuz,,iut,)

Here, we use the functions (6.13) and (6.15):
Dy(o,, O'b)‘l_ =K,(ur)l,(iuz,)—1,(iut)K,(ut,). (6.26)
D(O'p,O'b)‘F =1,(ut)K,(iut)+K,(ut)l,(iut,). (6.27)

The modified Bessel function are taken for imaginary arguments iu 7, , . The modified

Bessel functions may then be expressed by ordinary Bessel functions. We have from (11.8)
and (11.9) in Appendix 3:

Dy(0,.0,)|, :%-[JO(TPu)YO(Tbu)—X)(Tpu)JO (z,)]- (6.28)

i-D(0,.0,)| :%-[Jl(Tpu)YO(Tbu)—Yl(Tpu)JO(Tbu)]. (6.29)

From (6.22)-(6.29), (11.7) and (6.16) we now have the final formulas for the thermal
conductances and the corresponding resistances on the real negative axis:

I?l(u):_l = 44, : (6.30)
R ) Jy(zu)Y,(tu)-Y (T u)J,(T.u)
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_ 1 0.577,u-| J,(z,u) Y, (T,1) =Y, (t,u) J o (tyu) | ~1

__1 _ 31
K= 7w 4 Ty (50 Yy (Tt) — Y, (7.10) T (7,10) (031
% - 1 _ai. 0.5 T,u-| J, (7)Y, (z,u) =¥, (2,00) T (z,) | -1 632)
R, (u) Jo(T ) Yy (zu) =Y, (z,u) J o (T,u)

_ 1 - I (za)—i-Y,(r) |

K,(w)==—=274" , . (6.33)
R,(u) Jo(tu)—i-Y,(t,u)

6.5 Laplace transforms for the other quantities
The other unknowns in the thermal network may be obtained by a sequence of heat balance

equations. We have from Figure 6.2:

I~ s [T(9)-0]+3,(5) — G,0s). (6.34)
N

L($)-T,()=R, q,(s) — T,(s). (6.35)
7,(5)=K,(5)(T,(0)-0)+ K, () ([,()-T,(9) — T,(s). (6.36)
~4,(5) =K, (5)(T,(5)-0)+ K,(5)-(T,()-T(5)) = g, (). (6.37)

We also have the simpler relation:
7,() =K, (s)-(T,(5)-0). (6.38)

The temperature in the ground outside the borehole is given by an expression of the type
4.3):

— K,(rVsla) = KO((Tg"”/Fb) —
T , :—TL :—TL . b < o, 6-39
(r.5) K,(n~sla) () KO(O'g) () =TS ( )

6.6 Approximations for short and long times
The approximations for short times in Section 4.4 may be used here. The water temperature in

the pipe increases linearly for very short times, (4.19):

T, G G
r0)=0 = SLO)="9;  T()=-2
q(1,,0) dt() C ¢ (1) C

p p

-1, (6.40)

The next approximation is to neglect the temperature increase outside the pipe wall. We get a
as in (4.20) simple exponential solution:
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T (1) = g R, (1= 5"). (6.41)

For large times, we may use again the well known line-source solution. The temperature
solution for a constant heat injection at r=0 from time 7=0 is given by the exponential integral:

qin' r2
TN,I)ZQ'E(@J = L) =T,(r.0+q,; R_,. (6.42)

In the approximation, we take the line-source solution at r=ry,. The (steady-state) temperature
difference from pipe fluid to the borehole wall, i.e. giyj times the thermal resistance from fluid
to borehole wall, is added to give the right-hand expression. This resistance is equal to the
resistance of the annular borehole or grout region, (8.11) (taking A4, =1, A(r)=A,, r=r,),
added to R, . The logarithmic approximation(4.22), right, is valid for small x. We get the
following approximation for large times:

q.. dat 1 I I
T = |l 22— |vg | R + Jn| =2 ||, >t 6.43
1® 47A l: [ r J 7} Tin { P27, (rp B 4a (643)

7 Dimensionless form
We consider simpler case shown in Figure 1.2 with a pipe in ground.

7.1 Pipe in ground
The mathematical problem in Section 2 defined by (2.1)-(2.5) may be formulated in a
dimensionless form. Eq. (2.1) may be written in an essentially dimensionless form:

T _ z.[azm.a_T

or’ r arj " .1

—=r
a o °
The boundary condition at the pipe, (2.3), may be written:

T,0) =T 0)=270- R, -1, -2
p

(7.2)

r=r,

The heat balance (2.4) for the fluid in the pipe may, after division by the factor 2z A and the
use of (2.3), left, for the heat flux at the pipe, be written:

G _ G dT,  OT

= roo— G _Erpz'pfcf rp2 PrCs
274 27 dt P or

~ =2 24 (7.3)
27A  2m-apc  a 2pc
——

A

r=r,

From the three equations above we get a basic time scale, two dimensionless parameters,
and a temperature factor:
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2

tp:ri, u=2mA-R, o; :/;f_/:;, ﬂnj:%. (7.4)
The basic time 7, = rp2 /a is a time scale associated with the pipe radius and the thermal
diffusivity in the ground. The dimensionless quantity & is a measure of the thermal resistance
from pipe fluid to the ground at the pipe: R, = u/ (27 A) or 27r,-R, =r -/ A. This means
that a slab of ground with the thickness 4 -r, has the same thermal resistance per unit area as
that of the pipe (271'rp -Rp) . The quantity o; is a measure of the volumetric heat capacity of
the fluid compared to that of the ground (multiplied by two). Finally, the temperature 7, (K

or °C) is an overall temperature factor, which is proportional the heat injection rate Ginj-

Our problem is now defined by (7.1)-(7.3) and the initial condition (2.5). It involves the
two dimensionless parameters 4 and O;. The temperatures are proportional to 7;;, and they

become functions of dimensionless time and radius:
T.(t)=T,, - T,(r), T(r,t)=T,-T'(r',1), r=tlt,, r'=rir,. (7.5)
Our problem in dimensionless form is now:

’ 2’ ’
aT, _9 T2 +l,.aT,, T'(r,00=0, 1<7 <o, (7.6)
ot or roor

’ /’ 7 Ve aT’
T =T (1)~ p- == (7.7)
or r’=l1
de' oT’ , ,
=0 - — , >0 T.(0)=0. 7.8
f dt/ ar/ o f( ) ( )
We note that the dimensionless heat flux becomes:
q(r,t)= —27Z/1ra—T =-27AT._.-v BT’ = Gy Gty = 40 )= or (7.9)

or’’

or et 9

7.2 Laplace transform and thermal network
The Laplace transforms of the fluid temperature 7/(¢") and the ground temperature 7'(r,¢)

are given by:

=

T/(s)) = j U Td, T8 = j ST ) dr (7.10)
0

0

The Laplace transform of (7.6) gives as in (4.3) the solution:
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_ K, (r'Js")

T'(r,s") K (5)

T'(,s),  TAsH=T(s), 1<r <o (7.11)

The Laplace transform of the dimensionless heat flux at the pipe become:

. oT VK =, ,
=— = TS, .
q,(s") T KW () (7.12)

We now have:

—— 57, N =7, 7 .’ KO(\/?)

T (s)-0=R/(s)- . R/(s)=—0L 7.1
5 (5) , (8)-q, (57) . (8) 5K (7.13)
T/(s) =T, () + 1, (5. (7.14)
l, =0, -5 T/(s)+q,(s). (7.15)
S

Figure 7.1 shows the corresponding thermal network. It has the same structure as Figure 4.1.
The heat capacity C, -s is replaced by o, -5, the thermal resistance R, by the dimensionless

resistance # and the resistance Eg (s) for the ground outside the pipe by the dimensionless
Rg (s).

From Figure 4.2 we have directly the Laplace transform for the dimensionless water
temperature 7, (¢):

— 1 1 -, K,(Js)

T/ (5)=—- . R/(H=—=r 7.16

=5 T O e Tes (7.16)
p+R(s)

Figure 7.1 Thermal network for the Laplace transform for a pipe in the ground involving
dimensionless parameters in accordance with the equations(7.13)-(7.15).
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8 Numerical solution

We will in this section discuss direct numerical solution for the problem shown in Figure 1.1.
The pipe lies in a borehole imbedded in an infinite ground. The step-response problem for a
constant heating of the pipe fluid from time # =0 is in particular studied. The simpler case
with a pipe in ground, Figure 1.1, is presented in Section 8.8.

8.1 Radial heat equation
The general radial heat equation reads:

ofT 1 9 oT
p(r)c(r)-g—7-5[1’-/1(0-5}, rr. (8.1)

Here, the thermal properties p, ¢ and A may be constant, piecewise linear or any (positive)
functions of r. This equation expresses a heat balance. In order to see this more clearly we
rewrite the equation in the following way:
oT  dgq oT
c2Tr—=——=, rt)==27mr-A-—, r>r. 8.2
P o o 4D or ; 82)
The left-hand side is the rate of increase of heat content at the position r at time z. It is
balanced by the radial derivative of the heat flux ¢ (W/m). The radial heat flux intensity
(W/m?) from Fourier’s law is multiplied by the length of the circle at the radius r to get the
total radial flux. The same factor occurs on the left-hand side of the heat balance equation.

The heat balance is discretized in the numerical solution. We consider a numerical cell in
the form of an annulus, r—0.5Ar <" <r+0.5Ar, as shown in Figure 8.1. Equation (8.2), left,

is multiplied by Ar-At :

pc~27z’r~Ar-aa—7;-At:—%~Ar-At. (8.3)

Heat capacity in the annular cell ( J/(mK) ) is equal to the volumetric heat capacity times the
area of the annular cell:

C, = pc-ﬁ[(r+0.5Ar)2 —(r—O.SAr)Z} = pc-27xr-Ar. (8.4)

We use simple discrete approximations of the derivatives in (8.3):

%—T-At =T(r,t+At)-T(r,t),
g (8.5)
—a—q-Ar = —[q(r+0.5Ar,1)— g(r —0.5Ar,1)].
-

A corresponding discrete approximations for the radial heat flux, (8.2), right is:
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T(r+Ar,t)—T(r,t)

q(r+0.5Ar,t) = 27(r+0.5Ar)- A(r +0.5Ar)- A
-

(8.6)

Here, the value of the factor r- A(r) is taken at the midpoint between r and r+ Ar . A better

approximation is to integrate over this interval. See Sections 8.2-3 below. By doing this we
get a better approximation for the heat flux, and we will also obtain a numerically simpler
form for the heat equation. See (8.16).

The heat balance for the considered cell is now from (8.3)-(8.5):

C, - [T(r, t+At)-T(r, t)] = [q(r —0.5Ar,t)—q(r +0.5Ar, t)] -At. (8.7)

The increase of the heat content in the cell is equal to the heat inflow through the left-hand
boundary minus the right-hand outflow during the time step Ar.

qr-%.9) qr+5.1)

I(ro)

\J

C
T

Ar

Figure 8.1 Annular cell with the heat balance (8.7).

8.2 Steady-state solution, radial thermal resistance
Let us first consider the radial steady-state solution. The radial heat flux is then constant:

T=T(r): a—TZO, a—qzo = q(r,t)=gq.. (8.8)
‘ ot or ‘
We have from (8.2), right:
q, =—"27xr-A(r)- ar, , —dIl = 9 dr = Ts(rp)—TS(r) =g, -R(r). (8.9)

dr S 2mr A(r)

The temperature difference over the annular region from r, to ris equal to the heat flux g,

(W/m) times the thermal resistance R(r) ( K/(W/m) ) over the annulus. The thermal resistance
is given by an integral, (8.9), center:

R(r):j‘; / d_R— 1

rp

- -dr’, =, r <r<oo, (8.10)
A(r) - 2zr dr  A(r)-2zr P
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8.3 Coordinate transformation using the radial thermal resistance
We now introduce essentially the radial thermal resistance, R(r), as the new spatial

coordinate u = u(r):

w(r)= A R(r)= jﬂ( Sy Sdr', u(r)=0. (8.11)

Here, A, (W/(Km) ) is a reference thermal conductivity, which may be chosen at will. The

new coordinate u is then dimensionless. The radial heat flux is now:

du 2 oT dr dT _ oT
Lo H . =2mr A=y S hy 8.12
dr  A(r)-27xr q(r.1) T Mr): or du o % ou 8.12)
So we have
qu(u,f):—ﬂn‘aj; ; u=0. (8.13)
ou

Here, we denote the temperature as function of u by T (u,t), and the radial heat flux by

q,(u,t).

The heat balance (8.2) may now be transformed to a balance for 7, (u,7) . We use the

inverse function, r = r(u), to u =u(r) and multiply by dr/du :

oT dr _ dq dr dq o°T
Y T s B T L >0, 8.14
pear: ot du  Or du ou % ou’ ! ( )

The heat capacity (J/(K,m)) becomes:

Apc

dr d 2
Cu(u):pc-Zﬂr-E:pc-ﬁE[(r(u)) =22 ez (8.15)

Here, we use (8.12), left, in the last expression for the capacity. The heat equation with the
new coordinate u is now:

C (u).ﬂ__ai

oT
- P} ’ = '_u, 20. 8.16
(05 =T D =Aeg (8.16)

This is the same equation as for one-dimensional heat conduction ( linear heat conduction
with the Cartesian coordinate x ) with a constant thermal conductivity A, . The interpolation

problem in (8.6) is avoided. We use locally the exact steady-state relation.

8.4 Equations in discretized form
We use the following notations for cell n, Figure 8.2:
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u - <u<u,, rho<r<r’, n=1, 2,..,N;

u =n-Au, rm=r(n-Au), n=0, 1,...,N;

(8.17)
T, =T, (u,v-Ar), u, =(n—0.5)-Au, n=1, 2,....N;
q,, =4, (u].v-At),  n=0, 1..,N.

We use a constant cell width Au. The superscript + refers to the right-hand boundary of the

numerical cell. The left-hand boundary of cell n is given by u, , and ", and the cell

midpoint lies at u=u, .

dn-1,v Ay dn-1,v 9y
— R — —_— —
R IS
> r > u
) n-1 ) n ) n+l / | | u, | |
+ +
+ + Up-1 Up
"p-1 Ty
Au

Figure 8.2. Numerical mesh (8.17) with the radial coordinate r and with the new coordinate u.

To get the heat balance for cell n, we integrate (8.16) in u:

n-Au n-Au
[ qan@?um=— | Yo qu=g,  —q. . (8.18)
; v =4,

(n—1)-Au (n—1)-Au u

We approximate the time derivative of the temperature in cell n by a direct finite difference:

n-Au

T T,,.-T,
“du= | C,(u)du-—t——rr (8.19)
at (n—1)-Au At

T cw?

(n—1)-Au

The heat capacity of cell n (J/(mK)) is from (8.15), center:

q=nﬁcmmwzm%wﬂgf4¢f} (8.20)
(n—1)-Au

Here, p c, denotes the volumetric heat capacity of cell n.

The heat balance equation is now:

Cn ) (Yll,vﬂ _7—;1,11) = (qnfl,v _qn,v ) ) At (821)

The heat fluxes between cells are in general given by a conductance (W/(m,K)) times the
temperature difference between the cells:
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qn,v = Kn (T -7

nyv n+l,v ) >

n=0,1, .. N. (8.22)
The thermal conductances over internal boundaries are all equal, (8.16), right:

K, :ﬁ, n=12,..,N—-1. (8.23)
Au
The boundary conductances K, and K, depend on the particular boundary conditions of the

considered problem.

We use explicit forward differences. There is a stability criterion which gives an upper
limit for the time step Ar. If the limit is exceeded, the temperatures immediately start to
oscillate and the solution “explodes”. To determine this limit, we note that the new
temperature at time step v +1 is a linear combination of the temperature in the cell and the
two adjacent cells, (8.21) and (8.22):

7-;z,v+1 = Tn,v +—- l:Kn—l : (T;z—l,v _Tn,v) - Kn : (Tn,v - 7-;z+1,v)i| (824)

or

_KoA (1<K_K>AtJT KA (8.25)

ny n+ly*
c

nyv+l T n-1Lv
C n

n n

The sum of the three weight factors in (8.25) is of course 1. The iteration scheme is certainly
stable if all weight factors are positive since the new temperature will lie between the three
old ones. We have the general stability criterion:

(K, +K,)A <1, N=1,..,N, or At< min _ G . (8.26)
C 1<n<N Kn—l + Kn

n

8.5 Pipe in borehole in ground
For a pipe in a borehole in ground, we have two sets of thermal parameters:

A ] PGy A (pye,) o Sr<ip
/1(1”)—{/1 p(r)c(r)—{ e a(r)—{ Ape)  rer (8.27)

The coordinate relation u(r) is, (8.11):

220/?13 ln(iJ rSr<r
’ T r
u(r)= #d;": P : (8.28)
C A 27 A, r
u, + ‘Inf —| rzp
27A i,




The pipe boundary lies at « =0 and the outer borehole boundary at u, :

_ cu(ry=to o B
u(rp)—O, u, =u(r,) 2 ln{rp} (8.29)

The inverse coordinate relation is obtained from (8.28):

r.-explu-27xA / O<u<u
V(M)Z P p( /,lb 2’0) b' (830)
r,-exp((u—uy,)-2wAL &) uzu,
The heat capacity C, («) becomes, (8.15), right:
%-4ﬂ'2r;-exp(u-4ﬁﬂb/ﬂo) 0<u<u,
C,(u)= . (8.31)

ﬂ-47r2rb2 cexp((u—uy,)-47Al &) u>u,
A
The heat capacity C, of cell n becomes, (8.20), right:

O<u, <
Cn:;r[(f)z—(r;_l)szbcb St = (-0.5)-Au, T =r).  (832)
pcu, >u,

8.6 Equations for a pipe in borehole in ground
The heat equation using u as radial space coordinate is now, (8.16):

cu(u)-%l;z—%, q, =- -%, 0<u<oo, (8.33)

The boundary condition (2.3) at the pipe becomes:

oT
u=0: q,0.0==-4 2t =K, [.0)-T,0.0] (8.34)
u=0

The condition (6.5) at the boundary r =17, is automatically fulfilled when the coordinate u is

used. The heat balance equation for step-response problem with heat injection to the pipe fluid
is given by (2.4):

dT
4 =C, -7; +q,00,1), t>0. (8.35)

The initial temperature in pipe fluid and ground is zero for the step-response problem:

T.(0)=0; T u0)=0, u>0. (8.36)
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These equations (8.33)-(8.36) are reformulated in a discretized form as described in the
above section. The notations of Figure 8.3 are used. We have to specify the boundary
conditions. At the inner boundary there is the resistance R, and the resistance 0.5Au/ 4.
from the outer pipe wall to the center of the first cell u, = 0.5Au. The heat flux is zero at the

outer boundary. So we have:

I, -1, 0 (8.37)
q(),v = ; - ] C]N,V = . .
R, +0.5Au/ Ao
Using (8.23), we then have for the thermal conductances:
1 A
K, = ) K,=—, n=1,..,N-1, K, =0. (8.38)
R +0.5Au/ 4, Au

In the numerical mesh, we use N cells in the borehole annulus and N, cells in the

ground outside the borehole:

w,=Ny-Au,  u,, =(N,+N,)-Au, N=N,+N,. (8.39)
The fluid temperature is placed in cell n=0:T,(v-At) =T,,. Equation (8.35) becomes:

G AL =C, '(To,v+1 =T, ) +qq,, - AL (8.40)

There is a stability criterion for cell n=0 as for the other cells. We have in analogy with
(8.24)-(8.26):

' C
T _qlAtJ{l_KoAtJ.T +KCO1_AI.T = KéAts1, Ats?". (8.41)

1Lv
P P 0

From (8.26) and (8.41), we have the following upper limits on the choice of time step:

. C C
At £ min | —*— |, Ar <2, (8.42)
1<n<N Kn—l + Kn 0
The number of cells N, in the annular borehole region is an input. The number of cells in

the ground outside the borehole, N . is chosen so the heat flux at outer boundary in the

ground is zero, or negligible for the temperature development in the pipe fluid during
considered time. Let ¢ denote the time up to which the fluid response temperature 7} () is

to be calculated.

The heat flux in the ground outside the heated pipe may be estimated with sufficient
accuracy for our purpose from the solution for a continuous line source with the heat input
i,y (W/m) at r =0 in the ground with the thermal diffusivity @ and thermal conductivity A.

The solution is from Carslaw-Jaeger, pp.261-262 or from (4.21), left, and(4.22), left:
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oo

e’ r’
[ —dy,  qnn=g,-exp|———|. (8.43)

T (r0) =1 y
r2/(4at) at

47h

The heat flux g, (r,7) is readily obtained from (8.2), right, by derivation with respect to r. We

choose 1, so that the heat flux at that outer boundary is smaller than, say, 0.02- ¢, :

2
Gin -exp[——4rmax ]S e:i Gy OF T > \/4-4at_ . (8.44)
atmax =0.018

The corresponding u,,  is obtained from (8.30). So we have:

Ty €Xp((Up — 10y ) - 2701 A)) 2 \[4-dat, . =

A 4jat (8.45)
Upey Uy =N, - Au 2 ‘In .
2zA A

We choose N, as the smallest integer that fulfills in above inequality:

4 Jat
N =1tint| — A | N || (8.46)
¢ Au-27A A

8.7 Summary of formulas for a pipe in borehole in ground
The following notations for cell n are used in accordance with Figures 8.2-3 and (8.17):

T,, =T,(v-Ar), T.,=T, ((n=0.5)-Au,v-Ar), n=1, 2,...,.N,

(8.47)
qn’vzqu(mAu,v-At), n=0, 1,....N.
The heat fluxes are given by (8.22):
Tn v Tn+1 v
q,, =K, ——, n=0,1, .. N. (8.48)
' Au
The temperatures at the new time step, ¢t = (v +1)- At, are given by (8.21) and (8.40):
T,.. :Tw+w-m, n=12, ..N. (8.49)
Ty, =T, + qmj; for -At. (8.50)

p

The initial temperature for v =0 are zero, (8.36):
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n

T,,=0, n=0, 1..N. (8.51)

The above equations (8.48)-(8.51) give the numerical iterative calculation procedure. The
conductances K, , the heat capacities C, and the time step Ar must be specified.

Go,v q1,v dn-1,v 4dnyv qu,=0

e —_— —_— e -
o TO,‘V Tl,’u ‘ TZ,'U ‘ Tn—l,’u Tn,’u Tn+ 1Lv ‘ TN,‘U

QMJ u
—_—
Cp 1 2 n-1 n n+1l N
Cl Cn CN
-—  » “«— >
By Au Au

Figure 8.3. Notations for the numerical solution in Section 8.7

The input data are:
By s A, pc. A pc, R, C, G Ny I (8.52)

We choose 4, =274,. Auxiliary data are from (8.29), (8.39) and (8.46):

A, =274, : ub=h{r—b], Au="2 (8.53)

r N,
4/ at
S Y B S LS | SR VS VA v (8.54)
¢ Au- L pc ¢
The new coordinate u is given by (8.28):
In LL] nLSrsu
f r
u(r)=| %dﬁ = P . (8.55)
C A 27 A, ;
’ u,+—>-In| —| rzp
A A
The thermal conductances are given by (8.38):
K, = ! , K, :%, n=1, ..,.N-1, K, =0. (8.56)
R, +0.5Au/(274,) Au

The radius as function of « is from (8.30):
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~ r.-exp(u) 0<u<u,
ru)= rb-exp((u—ub)-/i//lb) uxu,

The right-hand boundary of cell 7 is, (8.32):
r =r(n-Au), n=0, 1,..N.
The heat capacity of cell n is from (8.32):
QRN
Finally, the time step must satisfy the inequalities (8.42):

. C C
At< min | —2—— |, Ar <2,
IsnsN Kn—l + Kn K()

We normally choose an even value (for example 120 seconds if the limit is 134).

8.8 Formulas for pipe in ground

(8.57)

(8.58)

(8.59)

(8.60)

The above formulas are modified somewhat in the simpler case with a pipe in ground, Figure

1.2. The iterative calculation procedure (8.47)-(8.51) is unchanged. The formulas for the

conductances K,, (8.56), and the time step Az, (8.60), remain valid. The input data are:

r, A, pc, R, C,, q, N, t

p max *

We choose A, =274. Auxiliary data are:

u

4, at
Ay =274, u, =In [—ma"}, Ay =2

r N

p

The new coordinate u, and the radius as function of u become:

A-2xr

u(,»):j 274 dr’:ln{LJ, rzr;  rw)=r,-exp(u), ux0.

The heat capacity of cell n is:

C, =7L’[(1;1+)2—(1;:_1)2]pc, r’=r(n-Au), n=l1,..
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Appendix 1. Formulas for inversion of the Laplace transform

The discussion in this appendix involves complex-valued functions and in particular analytic
functions, i.e. functions with a complex-valued derivative. Techniques from the theory of
analytic functions and Laplace transforms are used. This is presented in a condensed form in
Carslaw-Jaeger, 1959. General textbooks are, for example, Nehari, Complex Analysis, and
Spiegel, Laplace Transforms. The presentation below presupposes a fair knowledge of these
mathematical techniques. The results from Carslaw-Jaeger are given in greater detail with an
emphasis on the particular complications for radial problems compared to one-dimensional
linear problems (with a Cartesian x-coordinate).

A1.1 Inversion formula
The Laplace transform f (s) of a function f(r) , which is defined for positive times ¢, is
given by the well known integral:

f(t), 0<t<eoco: f(s):Te_”-f(t)dt, S=u-+i-v. .1

Here, s is a complex number with the real part # and the imaginary part v. The function f(t)

is obtained from the Laplace transform by a general inversion integral in the complex s-plane:

f() :Lj e f(s)ds;  T,: s=uy+i-v, —oo<y<oo, 9.2)
27i r,
The path of integration in the complex plane, I', is an infinite vertical line as shown in
Figure Al.1. The real part Re(s)=u, is to be chosen so that all singularities and poles of
]7(5) lie to the left of I'.

s=u+i-v

cut for Vs

Figure A1.1 The complex s-plane with the path of integration I, in the inversion integral

(9.2). There is a singularity at s =0, and a cut along the negative real axis for the root Js .
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Our Laplace transforms have a pole or singularity at s =0. See for example (4.16) and
(6.17). All our solutions involve Js , which means that there is a cut along the negative real

axis, s =u, —oo<u <0, as shown in Figure Al.1. The value of \/E differs on the negative

real axis depending on from which side the axis is approached:

—o<u<0: Jut0-i=i-flul, Ju=0-i=i-\flul. (9.3)

The value when approaching from below is the complex conjugate of the value when
approaching from above.

The integral (9.2) along I', may be difficult to evaluate numerically, since the exponential

in the integrand oscillates:
51 = ot = gt IV o't [cos(v-1)+i-sin(v-1)]. (9.4)

The cosine and sine functions change sign each time V is increased by 7 /¢ . The oscillations
increase strongly when ¢ increases. A standard way to avoid these difficulties is to use
another path of integration. This technique is described in the next section.

A1.2 A better integration path in the complex plane

A better form for the integral is normally obtained by choosing another suitable integration
path in the complex plane. This is discussed in Carslaw-Jaeger, 1959, for radial problems
around a pipe. The technique is based in the fact that the integral of an analytic function along
any closed curve in the complex s-plane is zero, provided that there are no poles or
singularities on and inside the closed curve.

Figure A1.2 shows of the type of closed curves in the s-plane that are used for these
integrals in Carslaw-Jaeger. The first part of the closed curve is the integral (9.2) in v along

I,, but limited to a large finite range: 'y : —R <v < R. There are two circular arcs (and the
horizontal parts for 0 <u <u, ) with the radius | sI=R: I'; and I, aline along the negative
real axis approached from above, I', a small circle I', with the radius | s |= £ around s =0

and, finally, a line along the negative real axis approached from below, I"_. The direction in

which the integration is performed is shown in the figure:

[f+0,-T-T,+C_+T,=T 9.5)

closed *

Here, a minus sign denotes that the integration is performed in the opposite direction.
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s=uti-v

A

iR

A TR
0

-R+i-OJ

M R
R-i-0 | r A Tu -
rs

A

Figure A1.2 Considered closed path (9.5) for the inversion integral (9.2).

We will find that the considered Laplace transforms do not have any poles or singularities
within the closed curve (9.5). This is showed for some of the cases considered in Carslaw-

Jaeger or in references given there. It is always possible to calculate the values of f(s)
numerically and convince oneself that the transform is regular in the enclosed region. The
extension of (9.2) to the closed curve is then zero:

1 st 7 _
ol j e’ F(s)ds =0. (9.6)

closed

We will consider this integral in the limit R — oo ( and the limit € —+0 ). The integral over
[y tends to the integral (9.2) over the infinite vertical line T',. The integrals over the two

circular arcs tend to zero, as is usual in this type of problems. We have:

R—oo: j...ds—>j...ds, j...ds—>0, j...ds—>0. 9.7)

We now have from (9.2) and (9.5)-(9.7):

27i- f(t)= j e’ f(s)ds = J.e” - f(s)ds+ j e’ f(s)ds— J. et f(s)ds.  (9.8)
r T,

Iy

A1.3 Integration around § =0
We now consider the integral along the small circle I',. We have along this circle:
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[: s=¢-¢?  -m<¢p<m ds=e-i-¢®dp=i-sdo 9.9)

The integral is then:

R __” F)isdoe [ T g
2m"I f(s)ds I,, f(s)-i-sd¢ M._J;e s-f(s)dg, s=e-e". (9.10)

(;‘

We consider the limit € — +0 and hence s — 0. We need a general theorem for a limit for
Laplace transforms:

’

s-f(s)zife_” ~f(t)-sdt=[s-t:t']:Te_t’-f(t—jdt' =

3 ’ ©.11)
ligls-S@ =] f (=)l =7
So we have in (9.10):
Lj s f(s)ds—> j 0. f(o0)dp= f(s), 5, €0, (9.12)
27i

I'c

In our type of radial problems, we will find that the temperatures tend to infinity as In()

for large times
t—>o0: f(@®)~A-In(t)+ B, f(e0) =00 (9.13)

This means that the integral (9.12) is divergent as the small radius £ tends to zero. The
standard procedure for inversion of Laplace transforms cannot be used. But from (9.13) we
have for the time derivative f,(¢)=df /dt:

t—oo: f()—£~é, f.(2)=0. (9.14)

This means that the standard inversion technique is applicable for f,(f) =df / dt. This is done

in the next section.

A1.4 Inversion integral for the time derivative
Following Carslaw-Jaeger, we consider the inversion for the time derivative:

af

fi=—rs 0si<oe: fo=[e" - f(ndi=s-F(s)  [f©)=0].  (9.15)

The integral (9.10) applied for the time derivative becomes:
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A A

Lj e’ -f(s)ds=ziﬂ..j e’ -s-j?(s)-i-sd(z):i.j ets-s- f(s)dg.  (9.16)

27l I i - el

In the limit s - 0 we get:

ZLFJ s)ds%—jl £(e2)dp=0, s, £ 0. (9.17)

Here, we have used (9.11) for ]?,(s) and the limit (9.14):
lim[[s- f,(5)] = im[s-s- ()| = f,() = 0. 9.18)

The contribution from the integral around s =01is zero.

We now have from (9.17) and (9.8) applied to f,(¢) :

2m‘-%= [ fi(syds=[e""- f(s)ds— [ & f(s)ds. (9.19)

1, r r

Only the two integrals along the negative real axis remain. For the integration along the

negative real axis, we choose the substitution s = —u*/ t,. Then we have:

I: ¢t -s=—u’+i-0, NS =i-u ]
0 0 . O<u<oo, ds=—Mdu.  (9.20)
L : t,-s=-u’—i-0, IS =—i-u Iy

Here, #, (in seconds) is an arbitrary time constant so that #,-s =—u’ and the integration
variable u become dimensionless. The integral (9.19) becomes:
d 1 5 _e
Yo L e -[f<s>\ - £, }—du (9.21)
dr 27i s
The values of \/; and ﬁ(s) on I'"_ is the complex conjugate of the values on I, (9.3). The

difference is equal to the imaginary part times 2i:

— — — — conjugate . —
F=f@ =F@ - f&) | =2im[f)] | 9.22)
We have derived the following quite general formula:
2 7 —utlt,
—_— j . L(u)du (9.23)
T

0

The function L(u) is given by
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Lwy=Im[-fw],  faw=sfE)., 02

I: t0~s=—u2+i-0, tys =i-u, 0<u<oo,

The remaining task is to integrate (9.23) in time to obtain f (7).

A1.5 Time integration to obtain f(r)
Equation (9.23) is integrated over 0<¢ <¢:

‘ _ ., =t _—uttliy t
| e_uz't”“-ﬁdt':{_l‘e_u /} S T ST OCED

0 L u =0 u o at '
In the right-hand integral we use that f(0)=0.

We have now for our type of Laplace transforms the general formula:

oo —y2.
2 1—6’ u l/lU

==

ﬂ-()

-L(u)du. (9.26)

Here, t, (in seconds) is an arbitrary time constant so that #,-s and the integration variable u

become dimensionless. The function L(u)is defined by (9.24):

Lw=Im[-f@],  fw=sf)., 027

F:t0~s=—u2+i-0, tos=i-u, 0<u<oo,

The first factor in the integral (9.26) depends on the dimensionless time #/¢,, and it is

independent of the Laplace transform f(s). The second factor, the function L(u),1s

independent of ¢ and represents the particular Laplace transform for the considered case.

The two above formulas require that there are no poles or singularities except at s =0.
There is a cut along the negative real axis due to the root Vs . The considered function f(@)

shall satisfy the conditions

f0)=0; %AO, t — oo, (9.28)
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Appendix 2. Formulas for an annular region
We consider radial heat conduction in an annular region 5, <r <r, with the thermal
diffusivity a and the thermal conductivity A. The initial temperature is zero:
1 0T _0°T 1 dT
— =t T(r,0)=0, n<r<r,. 10.1)
a ot or* r or (r0) ! ? (
The temperatures at the boundaries, 7,(r) =7 (r;,t) andT,(t) =T(r,,t), vary in any way with
time. The corresponding boundary heat fluxes are: ¢,(¢) = g(7;,t) andq,(t) = q(r,,t), We are

interested in the relation between the boundary heat fluxes and the boundary temperatures.

The corresponding relations for the Laplace transforms of boundary temperatures and heat
fluxes have a special symmetric structure that can be represented by a thermal resistance
network. We will derive these relations here.

The general formulas for the Laplace transform of the temperature and its time derivative
are:

— T s oT —
T(r,1) :Ie_‘” -T(r,t)dt, —=s-T(r,s)—-T(r,0). (10.2)
0 ot ——
Derivation in time is replaced by multiplication by s in the transform. The heat equation
(10.1) for the Laplace transform of the temperature becomes:

T
or’

T _ 2 _
+l-a—T=£-T(r,s)=(\/s/a) T(r,5). (10.3)
r or a
This equation is to be solved for any value of the complex-valued parameter s. The parameter
s occurs in right-hand factor s/a (1/m2) only. We may as in (3.2) and (4.1) scale r with

J s/a in the two terms on the left-hand side:
d’g 1 dg

T(r,9)=g(2), z=rdsla = —S+——"-g(2)=0. (10.4)
dz z dz

We get an ordinary differential equation for the complex variable z =r+/s/a . The solutions
are modified Bessel functions of zero order: g(z) =1,(z), K,(z). Both solutions are regular

in the annular region which does not contain zero and infinite radius. The general solution is
now:

T(r,s)=A(s)-Io(r\/s/a)+B(s)-Ko(r\/s/a), LSr<r,. (10.5)
Here, A(s) and B(s) are free functions of s.

The radial heat flux (W/m) and its Laplace transform are:
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q(r,t)=27xr- (—ﬂ)a—T, q(r,s)=2xr- (—l)a—T.
or or

Insertion of (10.5) gives:

q(r, ) =27r- (=) A@)-I(ry[ s/ @)+ B(s)- K ([ s /) |- 57 a.

With 1;(z)=1,(z) and K;(z)=-K,(z), we get:
q(r,$) =27 s/ a| =A(9) 1,05/ a)+ B(s)- K (s a) |.

The Laplace transforms of the boundary temperatures and heat fluxes are:

{Tl(s):f(rl,s) {%(s)ﬁ(m)
E(S)=T(r2,S), qQ(S):q(rQ’s)'
From (10.5) and (10.8), we get:

T,(s)=1,(0,)-A(s)+K,(0))-B(s),  o,=r~sla,
T,(s)=1,(0,)-A(s)+ K, (0,)-B(s), 0,=n~s/a.

q,(s)=27A-0,[-1,(0))- A(s)+ K, (0,)- B(s)],
7,(s)=27-0,[-1,(0,)- A(s)+ K, (0,)- B(s)].

In matrix form we have:

A ko))
Tz 1,(0,) Ko(o-z) B)

(671 (—6111(0'1) O'IKl(dl)j [Aj
S| =27A- . .
q, -0,1,(0,) GzKl(Gz) B

The inverse of (10.12) may be written:

A _ 1 ) _Ko(o-z) K()(O-l) X 7_ﬂl
B) Dyo.0,) \ I(c,) -I,6))\T,/

D,(o,,0,)=K,(0))],(0,)—1,(0,)K,(0,).

Elimination of A and B gives a relation between the boundary fluxes and temperatures:

(qu_ 2TA (—0'111(0'1) GlKl(Gl)J‘(—Ko(O'z) K(,(al)j‘{;lj (10.16)

_Do(o-l’o-z) _0-211(0'2) O-ZKI(O-Z)

M

gz Io(o-z) _10(0-1)
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(10.7)

(10.8)

(10.9)

(10.10)

(10.11)

(10.12)

(10.13)

(10.14)

(10.15)



Matrix multiplication gives:

_[ o-[1(6)K(0,)+ K (6)],(0,)]  —0;-[1,(6)K,(0)) + K (0))],(0))] (10.17)
0" [11 (O-z)Ko(o-z) +K, (0-2)10(0-2)] -0, '[Il(o-z)Ko(O-l) +K, (0-2)10(0-1)]
The diagonal terms become:
M,, =0,-D(0o,,0,), M,, =-0, D(0o,,0)). (10.18)
Here, we use the function
D(o,,0,)=1,(0,))K,(0,)+K,(0,)],(0,). (10.19)
The non-diagonal terms are:
M,,=-0 '[11(0-1) K,(o))+ KI(O-I)IO(O-I)] =-1, (10.20)
M,, =0, [I,(6,) K,(0,) + K (0,) I,(5,)] =1. '
Here, the general Wronskian relation is used:
1
Il(z)KO(z)+Kl(z)IO(z):z. (10.21)
We have from (10.16)-(10.20):
_ 27 A — =
4, :—'{0-1 -D(0,,0,) T, _1'T2}’
Dy(0,,0,)
A (10.22)
/4 — —
g- :—-{1-T -o0,-D(o,,0))-T }
2 DO (O-l, 0_2) 1 2 2 1 2
The heat influxes to the annulus are g, and —¢g,. We get for the boundary influxes a
symmetric cross term for the temperature difference 7, —7, over the annulus:
ql=ﬂ-{[q-D(al,az)—l]-fl+1.(fl—7_;)}. (10.23)
Dy(0,,0,)
_ 27l = = =
-qg, =—1|o,-D(0,,0)—-1|-T,+1-(T, =T, );. 10.24
% Dy(0,,0,) {[ 2 Do) -1 L+, l)} ( :

We have derived the following relations between the boundary temperatures and influxes:

(10.25)

3,(5) =K, (5)- T,(5) + K (5)-(T,(s) = T,(5))
—3,(5) = K, (5)- T,(s)+ K, (5)- (T, ()~ T,(s))
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The factors before the temperatures may be interpreted as thermal conductances. The factor
before the temperature difference is the transmittive thermal conductance:

Et(s)zﬂ, o,=KrJsla, o0,=nVs/a. (10.26)
D()(O-I’O-Z)
D,(0,,0,)=K,(0))],(0,)—1,(0,)K,(0,). (10.27)

The two absorptive thermal conductances are the factors before the boundary temperatures:

o,-D(o,,0,)-1

K (s)=27A =K. (s)-|o, -D(o,,0,)-1],

(s)=27 D.(0,.5,) (5) [0'1 (0,,0,) ]
— o, -D(o,,0)-1 =~ (10:28)
K,(s)=27wA- D00, —Kt(s)'[o'z'D(o'z’o'l)_l]'
D(6,,6,)=1,(6))K,(0,)+K,(6,) I,(0,). (10.29)

The corresponding thermal network for the relations between the Laplace transforms of the
boundary temperatures and boundary heat fluxes is now:

7.()=K,(T,()-0)+ K, -(T,(s)-T,(s)).

_ _ (10.30)
~g,(5) =K, -(T,(s)=0)+ K, -(T,(s)=T,(s)).

These relations are, with the changes (6.10) of indices, shown in Figure 6.1. The heat flux at

the left-hand boundary r =7, is the sum of the absorptive flux, K, (7_"l - 0) , and the

transmittive flux, K, (fl - fz) . In the absorptive fluxes, we use the boundary temperature

minus zero as driving temperature difference. It should be noted that the transmittive flux is
the same at the two boundaries except for the sign.

The inverse of the conductances are the corresponding thermal resistances:

R =— R (s)=— R (s)=——. 10.31
N TN ORI AT (1031

The relations (10.30) using thermal resistances instead of conductances are:

T($)=0_ T(9)-T(s)

L,(5)-0 , T,(s)=T,(s)
R (s) R.(s) ’

R,(s) R.(s)

q,(s) = . mq(9)= (10.32)
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Appendix 3. Bessel functions

Bessel functions are used extensively in this study. Here we present some basics for these
functions and a number of formulas that are used in the derivations above. Good presentations
of Bessel functions are found in Abramowitz, Stegun 1964, and Carslaw, Jaeger 1959.

Bessel’s differential equation reads

2 2
d g+l-d—g+(1—';—2jg(z)=0. (11.1)

dz’> 7 dz

Here, the variable z may be complex-valued. There are two independent solutions for any
value of n. The first solution, Bessel’s function of the first kind of order n, J, (z), is regular at

z=0, while the second solution, Bessel’s function of the second kind of order n, Y (z), has a

singularity at z=0.

Bessel’s modified differential equation reads

d? 1 d n’
dzf +;-d—§—(l+7jg(2)=0. (11.2)

There are again two independent solutions. The first solution, Bessel’s modified function of
the first kind of order n, I (z), is regular at z=0, while the second solution, Bessel’s modified

function of the second kind of order n, K, (z), has a singularity at z=0.

The modified Bessel functions satisfy the so-called Wronskian relation:
1
11<z)K0(z)+K1(z)Io(z)=z. (11.3)

The complex-valued derivatives of the modified Bessel functions of zero order are:
Ki()=-K\(2),  I;(2)=1,(2). (11.4)

We use values of modified Bessel functions for imaginary arguments:

Ko(iu)=—i'7”[fo(u)—i-n(u)],

(11.5)
Kl(iu)=—%-[J1(u)—i-Yl(u)], u>0.
LGuw=J,u), LGu=iJ ). (11.6)
So we have:
KoGw _ Jy)=i-Y,@) u>0. (11.7)

iu-K,Gu)  u-[J,@)—i-Y,w)]
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Eq (6.26) involves modified Bessel functions for imaginary arguments. Using (11.5)-(11.6),
we get (6.28):

KyGut,)l(iur,)—1,(iut,) K (iut,)=
_i'T”[Jo(u T,)—i- Y (u rp)] J,(u Tb)+J0(urp)i'7”[Jo(u ,)—i-Y,(uz,)]= (11.8)

%-[Jo(rpu)yo(rbu) Y, (70) Ty (T0) ]

Eq. (6.27) also involves modified Bessel functions for imaginary arguments. Using (11.5)-
(11.6), we get (6.29):

i-1Gut)Ky(iut,)+i-K,Guz)I,(ut,)=

%{i]l(ufp)[Jo(ufb)—i-Yo(ufb)]+[—i-Jl(ufp)—Yl(qu)]Jo(ufb)}: (11.9)

%-[Jl(fpu) Y, (2,00 Y, (2,u) Jo (z0) .
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Appendix 4 Solutions and studies in Mathcad
All solutions presented in this report have been implemented in the mathematical computer
program Mathcad. Seven calculation sheets are appended on pages 53 to 101. Here, the
solutions are studied and compared in various ways.

A4.1 Laplace solution for T(t) for a pipe in borehole in ground
The Laplace solution for the fluid temperature for a pipe in a borehole in ground is studied in
the first Mathcad sheet on pages 53-60.

Page 53: Definition of input data for a basic case using (2.7) for R,. Thermal conductances
from (6.21) and (6.30)-(6.33).

Page 54: L(u) from (6.20) and T(¢) from (6.18). Curves for T¢(¢) up to r=1000, 10 000 and
100 000 s.

Page 55: Approximation (6.40) and (6.41) for short times, 0<t<600 s. Diagram for T(t) with
logarithmic time, 10<t<10 000 000 s (=116 days). Approximation (6.43) for large times.

Page 56: The two factors in the inversion integral (5.3) for T(t) are I(u,t’), shown for a few
dimensionless times #’=t/tq, and L(u).

Page 57: Diagrams showing L(u), I(u,3) and their product to illustrate the inversion integral
(5.3) for t=3 hours. The sum S is a numerical Riemann sum for the inversion integral.

Page 58: The integral (5.6) for the time derivative of 7x(¢). Diagram for times up to t=1000,
10 000 and 100 000 s. Approximation for short times from the derivative of (6.41).

Page 59. Comparison for 0<t<60 s. Comparison for long times using the derivative of (6.43).

Page 60. Comparison for long times using the derivative of (6.43). The time factor I,(u,t’) in
(5.6) for the time derivative of Ti(¢) for a few dimensionless times.

A4.2 Numerical solution for T(t) for a pipe in borehole in ground
The numerical solution for the fluid temperature for a pipe in a borehole is studied in the
second Mathcad sheet on pages 61-69.

Page 61: Definition of input data for the basic case. We divide the annular grout region into
Np=5 numerical cells, and the maximum time 1S #,.,=100 hours. The formulas in Section 8.7
are used. We use (8.53), (8.54), (8.57) and (8.58)-(8.59). We get 16 cells in the ground and a
total of 1+5+16=22 cells. The outer boundary (with zero heat flux) in u becomes 2.79 which
corresponds to the radius r=3.88 m.

Page 62: We use (8.56) for thermal conductances, and (8.60) to get the smallest stability time
step 21.86 s. We choose the value 20 s as time step.
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Page 63: Basic iteration loop which calculates the heat fluxes and temperature profile at each
time step. The output is the profile after the last time step. Calculation of cell coordinates in u
and r for the plots.

Page 64: Calculated temperature profiles in u for times from 100 s to 1 hour.
Page 65 : Calculated temperature profiles in r for times from 200 s to 100 hours.

Page 66: Temperature profiles near the outer boundary after 1 to 100 hours. Iteration loop to
for calculation of T«#). Here, Tx(t)= T is saved for each time step.

Page 67: Plots of fluid temperature for 0<z<100 hours and for O<#<4 hours.

Page 68: Plots of weighting function, i.e. the time derivative of the fluid temperature, for
0<t<4 hours and for 0<t<20 hours.

Page 69: Plots of weighting function for 0<z<100 hours.

A4.3 Comparison of Laplace and numerical solution
A comparison of the fluid temperature 7} (¢) from the analytical Laplace solution and the

numerical solution is presented in the third Mathcad sheet on pages 70-81. The formulas
from the two above Mathcad sheets are used.

Page 70: Input data from the basic case for the Laplace solution. Formulas for the
conductances.

Page 71: The function L(u#) and the inversion integral. The fluid temperature is saved as a
value each minute during the first 100 hours in the vector Tf_Lap.

Page 72: Input and other data and functions for the numerical solution as in A4.2. We start
with the case Ny=5.

Page 73: Iteration routine for the numerical solution as in A4.2. The fluid temperature is saved
as a value each minute during the first 100 hours in the vector Tf_num.

Page 74 : The (overlapping) plots of Tf-Lap and Tf_num for 0<#<100 and for 0<#<5 hours.

Page 75: Plot of the difference between Tf_num and Tf_Lap with a value for each minute up
to 100 hours. The difference increases to a maximum of 0.003 K after 0.3 hour. Then the
difference decreases to zero at r=1.8 hours. After that the difference falls to -0.002 K for
20<t<100 hours. In summary we have:

1T} 10 (D =T, (1<0.003;  Ar=20's, N, =5  N=5+16. (12.1)

_num

The agreement between numerical and analytical solution is remarkably good. The error
should lie in the numerical solution. The proposed numerical calculation technique seems
quite good since we get such small error using 1+5+16=22 cells only.
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Pages 76-78: The numerical solution is recalculated for N,=3. In this case we get:

| 7—;‘_Lap (t) - va

~_num

(1) 1< 0.0085; At =60 s, N, =3, N=5+13. (12.2)

Pages 78-80: The numerical solution is recalculated for N,=10. In this case we get:

| T;_Lap (t) - T;

_num

(1) 1< 0.0006; At=4 s, N, =10, N=10+31. (12.3)

Page 81: The difference for Ny=3, 5 and 10 shown together for comparison for 0<#<5 and
0<t<100 hours.

A4 .4 Studies and comparisons in the Laplace domain
The fourth Mathcad sheet on pages 82-88 presents a few studies of the solution in the Laplace
domain.

Page 82: The input data of the basic example are used. The conductances in our networks are
given in the report for any complex s and in particular for s on the negative real axis. We will
control that we get the same results from the two sets of formulas. The direct formulas for the
annulus and ground conductances at the negative axis are given by (6.30)-(6.33).

Page 83: The corresponding formulas for any s are given by (6.12)-(6.16). Here, modified
Bessel function for complex arguments are required. These are given by built-in functions in
Mathcad.

Page 84: Comparison of the two sets of formulas. We see that the values coincide with an
error below 1072, This means that the simpler formulas (6.30)-(6.33) are indeed correct.

Page 85: The key factor L(u) in the inversion integral is compared to the corresponding
function from the conductances as functions of s from (6.12)-(6.16). The two curves
coincide. The last formula gives the Laplace transform of the time derivative of the fluid
temperature. The inversion integral is based on integration over the closed curve shown in
Figure A1.2. The derivations require that there are no singularities or poles inside the closed
curve.

Page 86: The two diagrams show the amplitude and argument of the Laplace transform. We
see the singularity at s=0. The diagram for the amplitude indicates that it is finite in the whole
complex plane except at s=0, which point is avoided in the closed loop, Figure A1.2. This
means that there are no singularities or poles where the amplitude would become infinite
inside the closed loop.

Pages 87-88: An approximation valid for small s from Taylor expansions of the involved
Bessel functions. We see that the error is small for points very close to s=0.
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A4.5 Pipe in ground
The solution for the simpler case of a pipe in ground, Figure 1.2, is presented in Section 4,
and in dimensionless form in Section 7.

Page 89: Input data. L(u) from (5.10)-(5.11), and inversion integral from (5.8). Plot of L(u).

Pages 90-93: Dimensionless solution using (7.4) and (7.16). Plots of L'(u,0,,u) for a few o,
and for a few u . Plots of dimensionless fluid temperature for these variations in o, and u .

A change of dimensionless pipe wall resistance u# changes the level of the asymptote for

large time as shown in the graph on page 93.

A4.6 Comparison of pipe and borehole solutions
The borehole solution, taken for 4, =4, p,c, = pc, and the corresponding pipe solution shall

be the same. This is controlled in the sixth Mathcad sheet on pages 94-96.
Pages 94-95: Input and formulas for the borehole solution and the pipe solution.

Page 96: Curves for L(«) from the borehole solution and the corresponding function for the
pipe solution (with a change due to different reference times #o and 1, respectively). The
difference between the curves is of the magnitude 10™°. The two curves overlap completely,
and the fluid temperatures become identical.

A4.7 Bessel functions
Bessel functions and some formulas for them are used in the report. The functions are plotted
and the formulas are controlled in the last Mathcad sheet on pages 97-101.

Pages 97-98: Plot of ordinary and modified Bessel function (J,,(x)=Jn(n,x) etc. in Mathcad).

Page 99: Control that the Bessel functions satisfy Bessel’s differential equations. Control of
the Wronskian relation (11.3).

Page 100: Control of the derivatives (11.4) and the formulas (11.5)-(11.7) for modified Bessel
functions of imaginary arguments.

Page 101: Control of the relation from (6.26) and (6.28), and the relation from (6.27) and
(6.29).
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A4.1 Laplace solution for T(t) for a pipe in borehole in ground

Step-response for borehole with pipe, annular grout and surrounding
ground. Constant heat injection rate to the pipe fluid. Basic example.

J.C. Jan. 2011
Input data:
qinj =10 >‘b =15 pCp = 1550-2000 A:=3.0 pc = 2500-750
N
b A
fpi=0024/2 1= 0055 ap = — a= = Cp= ﬁ.rp2.4_18.106
pPCH pc

;
p
dn = 0.0023 N\, = 0.42 h, = 725 R, = -In +
pw p p p T _ .
2.7t >‘p (rp dpwj 2-r4-h

pMp
tn = 3600 C.=105x10° R.=006 a.=484x10"" a=16x10°
Thermal resistances:
I'p I'b I'b
Th = Th = Te =
P b= — g
ab-to ab-to a-to
4N
Kb; (u) :=
H = o 0] Y0 1) — Y0[rp-0) J0{mp 1) ((b=bar)

0.57r~’rp-u~(J1 (’rp-u)-YO(’rb-u) -Y1 (Tp~u)~JO(Tb~u)) -1

Kop (U) = 4N J0(u)-YO(7p,-u) = YO(r-u)-J0 7y, u)

0.5 -7p-u-(J1(7p-u)- YO(15-u) = Y1 (mpy-u)-JO(py-u)) — 1
Kby (u) == 4-Ny- JO(Tp'U)'YO(Tb'U) - YO(Tp'u)'JO(Tb‘u)
Kbg(u) N ’rg-U-(J1 (’rg.u) -1i-Y1 (Tg.u))

JO(Tg-U —i~Y0(Tg-u

BHHE-basic ex-Lap.xmcd 53 2011-02-01



Laplace transform and inversion integral:

“Yinj
L(u) := Im
—u2 1
Cp— +
P 1 R 1
P Kb !
p(u) + — ) I
Kby (u) Kby (u) + Kbg(u)
o0

7 1
_u - —
o

L(u) du Te(0)=0  Tp(60) =0.05  T¢(600) = 043

T;(3600) =127 T¢(10-3600) =222 T¢(100-3600) = 2.87 T¢(1000-3600) = 3.49

Fluid temperatures during 1000, 10 000 and 100 000 seconds

0 200 400 600 800 1000

Time span in hours: — =028 =27.18

1000 10000 100000
3600

3600

BHHE-basic ex-Lap.xmcd 54 2011-02-01



Approximation for very short times

t
CpRp
TfS(t) = qlanp 1-e quRp =0.57 CpRp =593.8
0.4 y
r,, — 1
0.32 o =
Tf(t) ’/’ j= ~
- ’,r -
0.24 -
Sinj S T
-?-F-)-- 0.16
Tis( e
0.08 #
0
0 100 200 300 400 500 600
t
Logarithmic approximation for large times:
Qinj 4-at " 10°
Tia(h) = | In = 0.5772 | + Gjpyj| Rp + In| — = 1.16
4.1tN 2 P 2, 24-3600
I’b P
4
3.5 A
-
/’/
3 //
2.5 pPs
(1) pal
f Prd
— g
Tial® i
___a___ LA
15 S
g r A
0.5 . P
le/ _____///
0
10 100 1x10° 1x10* 1x10° 1x10° 1107
t
BHHE-basic ex-Lap.xmcd 55 2011-02-01



Integrand factors in inversion formula for the fluid temperature: I(u,t') and L(u).

[(u,t) = ——— (t'time in hours, t,=3600 )

4 5 7 9

L(10) =5.17x 10~ L(20)=1.64x 10 L(50) =1.76 x 10 L(100) =6.13x 10

BHHE-basic ex-Lap.xmcd 56 2011-02-01



Inversion integral for t=3 hours

3
L(u) 2
w3 s
I(u,3)-L(u)
| =T R
e - T T T — —_—
0.5 7 T e—
S T
0
0 0.5 1 1.5 2
u
3
2.5
2 ,‘I §
L(u) P
w3 s ;
I(u,3)-L(u)
1|/
SN
0.5 / \ \_ ~
\\* -
/ e __|
N A S S
0 2 4 6 8 10
u

1000
n-0.5 n-0.5 1
Ri . S:= E (l( ,3j'|-( j_)
ilemann sum: 100 100 100

n=1

BHHE-basic ex-Lap.xmcd 57 2011-02-01



T¢(3-3600) = 1.8

—1=-362% 10"
T¢(3-3600)
Time derivative of T(t)

0
Tg(0) =9.52x 107 % T4(60) = 8.79x 10 T(3600) = 1.49 x 107 *
T((10-3600) = 8.58 x 107 ®  Tg(100-3600) = 7.51 % 107 " T,(1000-3600) = 7.39 x 10~
1
0.8]"
10° T (1)
0.6
10°-Tg(10-0)
10°-Tgy(100-04
0.2
0
0 200 400 600 800 1x10°
t
Approximation for short times
t
Qinj C,R Ainj
_ PP | _ -4 _
Ths() = — e o =952 10 Cp-Rp=593.8
p p
BHHE-basic ex-Lap.xmcd 58
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0.001

—4
30 40 50 60

Logarithmic approximation for large times:

8x10° 1x10°
1000000

2011-02-01
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0.1

0.08]

0.06
Tita(?

Tft( 1)
e 0.04]

0.02

0 210 4x10° 6x10 8x10° 1x10°

Time function in integrand of the inversion integral

e (t'time in hours, t,=3600 )

BHHE-basic ex-Lap.xmcd 60 2011-02-01



A4.2 Numerical solution for T,(t) for a pipe in borehole in ground

Pipe + borehole annulus + ground. Radial numerical solution.

Input data:

Qinj = 10 XNy:= 1.5 pcy, == 1550-2000 A=30

Mo DY
I, = 0.02~\/§ 1, := 0.055 ay, = — a:=—

PCy pc

1 Ip
dpy = 0.0023 X\, := 042 hy, := 725 R, = -In
2.8, r, — dpy

Ny:=5 tmax := 100-3600
ty == 3600 C, =10505.49 R, =0.06 ap=4.84x 10 !

J.C. Jan. 2011

pe == 2500-750

Number of cells in the annular region and in the ground:

4. fat

Ng =1+ ﬂoo{

uy, = 0.67 Au=0.13

Heat capacities C,, of computational cells:

ry(u) = rp~eu if 0<u<uy,
N
u—uy ) —
)2
Iy'e if u>uy
Ag(): G n:=1..N

BHHE-basic ex-num.xmcd

o
-In
Au-\

61

Iy

r,(N-Au) = 3.88

mD

C, = w(ru(n-Au)z — r,(n-Au - Au)z)'

a=16x 10

N:=N,+N
MW

6

g

PCy if 1S1’1SNb

pc otherwise

Upax = N-Au

2011-02-02



Calculation of thermal conductances

1 27\'>\b
K =— n=1.N-1 K = =0
w0 0.5-Au n Au
Rp +
2"7T'>\b
Intrinsic time scale of the cells and stability time step:
C
ni=1.N Dt = . i o So
Kn—l + Kn 0 = K
0
Atgyp == min(Dt) Aty = 21.86 At:= 20 Choice of time step!
Initial temperature vector including the boundary temperatures:
n=0.N+1 T =0
NN
0 0
0 0
0| 10505.49 0 667.93
0 15.73 1
1 2374.35 1 27.42
2 3097.93 L 70.86 2 21.86 2
i 2 70.86 : 3
3 4042.02 3 .86 3 28.52 2
4 5273.82 7 20.86 4 37.21 c
5 6881.02 5 20.86 5 48.55 c
6| 12515.35 .
6| 7086 e 88.31 -
7| 21305.76 7 20.86 7 150.34 5
8| 36270.31 8 70.86 8 255.93 5
9| 61745.52 9 70.86 9 435.69
10
C=l10| 1.05°105 K={10 70.86 Dt=110 741.7 T= 0
11| 1.79-105 11 70.86 11 1262.65 5
12| 3.05°105 12 70.86 12| 2149.49 E
13| 5.19:105 13 70.86 13| 3659.24 "
14| 8.83-105 14 70.86 14| 6229.38 T
15 1.5-106 15 70.86 15| 10604.71 e
16| 2.56°106 16 70.86 16| 18053.15 -
17|  4.36-106 17] 70.86 17| 30733.15 5
18| 7.41-106 18| 7086 18| 52319.21 5
19| 1.26:107 ;z ;8'22 19| 89066.7 .
20| 2.15-107 o - 5 20| 1.52-105 T
21| 3.66°107 21| 5.16°105 >
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Basic loop to calculate the new temperature vector after v time

steps (or iterations) starting with an initial temperature field T:

Tit(T,Vpay) = |T1 < T
for ve 1. v, At =20

for ne 0..N
qp < Kn'(Tln B Tln+l)

for ne 1..N

At
Tl « Tl + C—.(qn_1 - qn)
n

T1 T1 ﬁ
0 Tly+ CO'(qinj - qo)

T1

Coordinates of boundaries and cell mid-points:

u = (n —0.5)-Au uyg = N-Au

Nt = W(N-Au) [max = [u(N-Au) =3.88

n:=1.N r = ru(un) Nt

0.N+1

=
i

A few results:
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0.5
0.5

fazazad

Tit(T. 30),, 0.4
Tit(T, 20),, \

XX 0.3k

)
Tit(T, 10),, |\
Fazarey \

Tit(T, 5),, 02 |

XXX

10-At =200

20-At =400

30-At = 600

Tl'l
0
5-At =100
1.25
K
Tit(T, 180),,
FaTazel
Tit(T, 135),
XX 0.75
Tit(T, 90),,
FaTaval
Tit(T, 45),,
XX
Tit(T, 10),,
0.25
0
10-At = 200

45-At =900

90-At = 1800
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1.25

Tit[T, (180)],
Fazatal
Tit(T, 135),

XA
Tit(T, 90),,
X
Tit(T, 45),,

XK 0.5
Tit(T, 10),,

BN
0.25 % X >\;\
X

0

0 0.2 0.25

rIl
10-At = 200 45-At = 900 90- At = 1800 135-At = 2700

3

Tit(T, 180-100) 1,
FaTaTal ’
Tit(T, 180-24),,
XX

Tit(T, 180-10),,
X

Tit(T, 180-5), 1.5
D dad
Tit(T, 180-2),,

Tit(T, 180-1),,
XK
0.5

180-At = 3600
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0.25

Tit(T, 180-100),,
¢ 0.2
Tit(T, 180-24),,
XA

Tit(T. 180-10), {5

Tit(T, 180-5),,
FaRaTal
Tit(T, 180-2), 0.1

Tit(T, 180-1),,
XXX 0.05

0
3 4
rl’l
Nop = 2.6 = 3.88
. . ~ 15 . -8
Tit(T, 180- 1) = 0 Tit(T, 180-5), = 5.76 x 10 Tit(T, 180-24) = 4.65 X 10
. —6 . —4 . —4
Tit(T, 180-50) = 9.75 X 10 Tit(T, 180-80) = 1.52x 10 Tit(T, 180-100) = 4.68 x 10
Printout of Tt t
® Vi = ﬂoor( Zaxj At =20 Vi = 18000
t

Titf (T, Vpay) = |T1 < T

for ve 1. v,
for ne 0..N

qp < Kn'(Tln_T1n+1)
for ne 1..N

At
Tl « Tl + C—.(qn_1 - qn)
n

T1 T1 ﬁ
0 Tly+ CO'(qinj - qo)

Tfu «— T10

Tf
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At-v

Tf = Titf (T, Vypay) Vi= 0. Uy i = 500
3
]
I
J——
2.5 /
2 /
Tf, 1.5
1
0.5
0
0 20 40 60 80 100
tf,,
2
1.5
T, 1 /
0.5
0
0 1 2 4
tf,,
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0.1-3600 0.4-3600
vl = ﬂoor(—j Tf  =0.2841 vl = \{ j Tf . =0.7905
At vl At vl
1-3600 3-3600
vl := floof] ——— Tf . =1.2734 vl = Tf . =1.7987
e At v At v
10-3600
K ﬂoo‘( At ) Tty =2.2188 yl= { ) Tf = 28702
At vl
. . . Qinj —4
Weighting function Vi= 1oV — 1 — =9.52%x 10
CP
1x10~°
8104
6x10™ 4
wa—l_Tfu—l
2-At
— 4x10” 4
%104
0
0 1 2 3 4
),
x10~ 4
810>
6x107°
Tty =Tty
2-At ;
— 410~
%1077
0
0 5 10 15 20
),
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2.5x10°
%1073
1.5x10"°

Tty =Tty
2-At s
1x10
5%107 9
0
0 25 50 75 100
),
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A4.3 Comparison of Laplace and numerical solution

Comparison of fluid temperture T(t) for the basic example.

J.C. Jan. 2011
Input data:
Gnji= 10 Mp=15  pop:= 15502000  X\:=3.0 pC := 2500-750
= 00292 1y=0055  ap= 2o a= Cp = oty -4.1810°
pPCH pc

d

;
p
= 0.0023 X\, := 042 hn, = 725 R, = -In +
w p p p T _ .
2.7t >‘p (rp dpwj 2-r

’ PP
tg = 3600 Cp = 1.0505 10* Ry =0.0565 @y, =4.8387x 10 T a=16x10°
Radial Laplace solution.
I'p I'b I'b
Tp ; ab-to Tb ; [ ab-to Tg - a-to
4N,
o = o[ 0) Y0 [mp-u) — Y05 0] 907 1) ((b=bar)
0.57r~’rp-u~(J1 (’rp-u)-YO(’rb-u) -Y1 (Tp~u)~JO(Tb~u)) -1
“Ppll) =42 30(m-8) Y0 (71 — YO[mo-1) J0(rp-1]
0.57r~’rb-u~(J1 (’rb-u)-YO(’rp-u) -Y1 (Tb~u)~JO(Tp~u)) -1
Op() =42 10(m-8) Y0[71) — YO[mo-1) J0[rp-1)
Ko (U) = 2702 ’rg~u-(J1 (Tg'u) -i-Y1 (Tg~u))
A JO(7g-u) = i-YO(7q-u
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Printout of T(t)

T;(60) = 0.0548

T¢(10-3600) = 2.2206

100-3600

vminutemax = pe

v=0.. vmlnutemax

Tf_Lapy, := T¢(v-60)

1 1

T;(600) = 0.4262 T;(3600) = 1.2721

T¢(100-3600) = 2.8722 T¢(1000-3600) = 3.4879

A value each minute during

vminutey,y = 6000 the first 100 hours!

v
thOUfU = 5

2.5

Tf_Lapl1.5

0.5

BHHE Comp-Lap-num.xmcd

20 40 60 80 100

thour
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1.5

Tf Lap 1
0.5
0
0 1 3 4 5
thour
Radial numerical solution.
Np:=5 tmayx = 100-3600
Other data and functions
I'b Ub >\b 4. [a tmax
Up = Inf — Au:= — Ng =1 + floor -In N := Nb+ Ng
r N Au-\ r
p b b
Umax = N-Au Up=0665  Au=0.133 Ny=16 N=21 Upax = 2.7931
u .
ru(u) = e if 0<u<up
N ru(N-Au) =3.8797
(u—u )—
bJ7\
b .
h-€ if u> Up
Co = Cp n:=1.N Ch = 7r-(ru(n~Au)2 —ry(n-Au - Au)z) pCp if 1<n<Np
pc otherwise
Ko := n=1.N-1 Kp = Kn=0
0 0.5-Au : Au N
Rp +
2-7T~>\b
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Cn

n:=1..N Dtp:= ——— — Co
Kn_l + Kn Dt() T K_O
Atgiap = min(Dt) Atgiap = 21.8595 At =20 Choice of time step!
n:=0.N+1 Th=0
Printout of T(t)
tmax 4
Vmax = floor At =20 Vmax = 1-8x 10
At
Titf(T, vmay) = [T1 < T
for vel.. Vmax
for ne 0..N
an < Kn'(-ﬁn - T1n+1)
for ne 1..N
At
Tih < Tip + _'(Qn—l - Qn)
Cn
TH1 T1 At
0 To + 5 (9inj = %)
Tf, « T1g
Tf
Tf num:= | Tnum « Titf(T, v
(T vmax] Vimax = 18000
for ve 0..vminute,54
vminute = 6000
At At At max
vm ¢« v-— if v-— =floor| v-—
60 60 60 60
Ti_numy, < Tnum At=20 At 3
Yo—
At
Tf _num A value each minute!
Tf_numy = 0.0555 Tf_numyg=0.4289 Tf_numgg = 1.2734
Tf_numyq.¢p = 2.2188 Tf_numygg.60 = 2.8702

BHHE Comp-Lap-num.xmcd 73 2011-02-01



2.5

0.5

thour

1.5

0.5

thour

Temperature difference between Laplace and numerical solution

Diff := Tf_num - Tf_Lap Np =35 N

Il
\®)
—_

At =20

BHHE Comp-Lap-num.xmcd 74
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17 e,
1000- Diff 1. f \\%
Vet 7[ BN

o

thour

1000- Diff
0 \
-1
\
—Z
0 1 2 3 4 5
thour
3
2
| \
1000-Diff 0 \
-1
— 2
-3
0 20 40 60 80 100
thour
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Radial numerical solution for N,,=3.

Npy=3 tinax= 100-3600

Other data and functions

up = In b AU = b N, := 1 + floor >\b In * &tmax N:=N,+ N
™ rp AW Nb MWV AU\ rb v b g
Monava= N-Au Up = 0.665 Au=0.2217 Ng =10 N=13 Umax = 2-8818
_ u if <y <
Julu) = he i 0<u<uy
N ru(N-Au) = 4.6325
(1)
o
h-€ if u> Up

Cp:=C n:=1.N Cp = ﬂ-(ru(nAu)z—ru(nAu—Au)z) pCp if 1<n<Np

pc otherwise

Kpi= ———— n=1.N-1 Kp = KnN:=0
0 0.5-Au : Au N
p +
2-7T~>\b
Cn
ni=1.N Dty = ——— S
Kn_l + Kn 0= KO

Atstak,= Min(Dt) Atgiap = 76.0455 At = 60 Choice of time step!

n=0.N+1 Th:=0
Printout of T(t)

tmax
Y= floor Nt At =60 Vmax = 6000
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TH(T vmax) = [T1 < T

for vel.. Vmax

for ne 0..N
an < Kn'(-ﬁn - T1n+1)

for ne1..N

At
Tih < Tip + C_'(Qn—l - Qn)
n

T1 T1 At
o< o+ Co '(qinj - QO)

Tf, « Tl
Tf
Tf_num3:= | Tnum « Titf(T, vpqy) Uy = 6000
for ve 0..vminute,54
vminute = 6000
At At At max
vm « v~% if v—= floor(u—j
At = 60
Tt_numy, < Tnum t=60 At 1
had
At
Tf _num A value each minute!
Temperature difference between Laplace and numerical solution
Diff3 := Tf_num3 - Tf_Lap Np =3 N=13 At =60

0.8
0.6
100-Diff3
60 (4

0.2

thour
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0.9

0.6

0.3
100- Diff3

0

-03

-0.6
0

thour

0.9

0.6

0.3
100- Diff3

-03

-0.6

o
[V}
(=)

40
thour

60 100

Radial numerical solution for N,=10.

Ney=10  tmaw= 100-3600

Other data and functions

=1 + floor
gV AUX

Up = 0.665 Au = 0.0665

-eu if 0<u<uy

N ru(N-Au) =3.3965
(o)

N
h-€ if u> Up
2
)

n:=1.N Cp = ﬂ-(ru(nAu —ru(nAu—Au)z)
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N=Ny+N

Umax

=2.7266

PCh if ISHSNb

pc otherwise
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Ko = n=1.N-1 Kn = KnN=0
0 0.5-Au n Au N
R
Y 21Ny
C
ni=1.N Dty = —— - _ %o
Kn_l + Kn 0= KO
Alstaw,= Min(Dt) Atgiap = 4.4666 A= 4 Choice of time step!
n:=0.N+1 Th=0
Printout of T(t)
tmax 4
Yooan= floor ~t At=4 Vinax =9 % 10
TH(T vmax) = [T1< T
for vel.. Vmax
for ne 0..N
an < Kn'(-ﬁn - T1n+1)
for ne1..N
At
Tih < Tip + _'(Qn—l - Qn)
Cn
At
Tlg« T1g + C—O-(qinj - q())
Tf, « Tl
Tf
Tf num10:= | Tnum « Titf(T,v
(T-vmax] Vimax = 90000
for ve 0.. vminute oy
minute = 6000
At . At t v max
vm«v-— if v.— =floor| v-—
60 60 60 60
Tf_num,, < Tnum . At=4 At 15
Y
At
Tf_num A value each minute!
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Temperature difference between Laplace and numerical solution

Diff10 := Tf_num10 - Tf_Lap Np =10 N =41
0.6] fm
0.5 f \
0.4 o

1000- Diff100.3
(SaSas]

0.4(#

0.1

0

0.6

0.4

0.2

0.4

thour

0.6

0.8

At=4

0.2
1000-Diff10

0.6

0.4

thour

0.2

1000-Diff10 0

-0.2

-04

-0.6
0

BHHE Comp-Lap-num.xmcd
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40
thour

80

60 80

100
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Error for 3, 5 and 10 cells in the annular borehole region

Diff3: Nb=3, N=13; Diff: No=5, N=21; Diff10: Nb=10, N=41;

0.9

il
[
L\

0.5

0.4

100-Diff3 O L \

00-Diff O

100-0iff10 1 \
o - — <\
0] N T — — — — —

-0.1 il TP

-0.2

-03 ~_
-04

-0.5

-0.6
0 0.5 1 1.5 2 25 3 35 4 4.5 5

thour

0.3

0.2]

0.1

100-Diff — 91

100-Diff10” %2 \ """""""""""""""""""""

- —o03 \

- 0.4

100-Diff3 $\-_____________________

-05

-0.6
0 10 20 30 40 50 60 70 80 90 100

thour
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A4.4 Studies and comparisons in the Laplace domain

Step-response for borehole with pipe, annular grout and surrounding
ground. Constant heat injection rate to the pipe fluid. Basic example.

Input data: J.C. Jan. 2011
Qinj =10 >\b =1.5 pCp = 1550-2000 A:=3.0 pc = 2500-750
N
b PN
= 002¢/2 =005  ap=— a=— Cp = oty -4.1810°
pPCH pc

1 ) 1
dny = 0.0023 A\, = 042 h, = 725 R, = -In +
pw P P P 2~7r->\p (r _dpwj 2-ry-h

p pp
to=3600  Cp=105x10"  R,=006 ap=484x10"’  a=16x10°
Thermal resistances:
I'p I'b I'b
Tp ; ab-to o [ ab-to Tg - a-to
4N

o = o[ 0) Y0 [mp-u) — Y05 0] 907 1) ((b=bar)

0.57r~’rp-u~(J1 (’rp-u)-YO(’rb-u) -Y1 (Tp~u)~JO(Tb~u)) -1
“Ppll) =42 30(-8) Y0 {71 — YO[ro-1) J0(rp-1]

0.57r~’rb-u~(J1 (’rb-u)-YO(’rp-u) -Y1 (Tb~u)~JO(Tp~u)) -1
“Pp(U) = 42 30(m-8) Y0[71) — YO[mo-1) J0[rp-1)

B ’rg~u-(J1(’rg~u)—i-Y1 (Tg~u))

Kbg(U) = 2 JO(rgu) - i-Y0(7gu
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Laplace transform and inversion integral:

“Yinj
L(u) := Im >
-u 1
Cp— +
P 1 R 1
P Kb !
p(u) + — ) I
Kby (u) Kby (u) + Kbg(u)
o0

M

— u - —

2 | 1-e o

Te(t) = ;J . -L(u) du T¢(0)=0 T¢(60) = 0.05 T¢(600) = 0.43

T;(3600) =127 T¢(10-3600) =222  T¢(100-3600) = 2.87 T¢(1000-3600) = 3.49

Thermal resistances (Laplace transforms):

s s
O'p(S) = rp a_ O'b(S) = rb a_ O'g(S) = rb/;
b b
0g(s)-Kl(og(s))
Ground region outside the borehole: Ky(S) = 2-1-X\
9 KO(crg(s))
Borehole annulus:
2 ’IT')\b

Ki(s) = Transmittive

Absorp
K0(0(5)-10(ap () - 10(op(s))- KO0 (5)) at rszorrpp h
)

Absorptive
at r=ry

x
o
—_—
Q
©
—
n
=
S
—_—
q
(e}
—
()
~
P
|
S
—_—
Q
©
—
£
~—
P
o
—_—
q
(o))
—
()
~
P

BHHE Tf(s) in Lap. dom..xmcd 83 2011-02-01



Control that the conductances are the same on the negative real axis

2
—ui
ut:= 0.8 sl = ——
o
Kbp(u1) =-1.55
Kby, (u1) = -2.39
Kby (ul) = 14.82
Kbg(u1) =7.89 + 12.58i
—u12
uil:=0.001 si1:=——
Kbp(u1) =-236x 10"
Kbp(ul) =-3.66x 10
Kby (u1) = 14.17
Kbg(u1) =245+ 0.52i
—u12
ui =14 s ;= ——
Kbp(u1) =-460.25

Kb (u1) = —641.31
Kby (u1) =282.84

Kbg(ut) = 9.4 + 191.47i

BHHE Tf(s) in Lap. dom..xmcd

6

6

Kb, (ul) — K,(s1) =0

pl pl

Kb (u1) - Ky (s1) = 1.73i x 107 2

Kby(u1) — Kg(s1) ==7.11 x 10~

Kb (u1) — K 15

g (s1) =-1.78ix 10~

g

Kb (u1) — K 15

P (s1)=3.15x 10~

p

Kb (u1) - Ky (s1) = 157 x 107 2

Kby (u1) — Ky(s1) =0

Kbg(ut) - Kg(s1) =0

Kbp(u1) - Kp(s1) =796 107 B _g73ix 107 12

Kb (u1) - Ky (s1) =227 x 107 1 — 1.561 x 107 2

Kby(u1) — Ky(s1) ==3.98 x 10~ 1 + 5.6ix 10712

Kbg(u1) - Kg(s1) = 1.79x 107 13 o84ix 1071
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“Yinj
Lg(s) := Im !
Co.s+ L(1.5) =2.09
P 1
Rp + ; n
p(s) + 1 ~15%
+ Lg| —— |=2.09
Ki(s)  Kp(s) + Kg(s) to
3
2.4
Lu) 1
LS _t
______ 0 /1.2
0.6
0
0 1 2 3 5
u
—u12
W= 12 Lul) -Lg| — |=-266x 107
fo
Laplace transform for the time derivative of T(t)
Ginj
Tb't(s) = n
Cp-s + !
Rp + ; N
s) +
p(s) I I
Ki(s)  Kp(s) + Kg(s)
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Amplitude and phase

1
A(u,v) = |Tb‘f(u + i-v)| B(u,v) = —-arg(Tb'f(u + i-v))
T
A(0.00001,0) =2.32 A(-0.0000001 ,0) = 3.7 A(0,0.00001) = 2.41

1x10~°
/N
810 / \
A(u,0.01) / \
A(u,0.1) 4 / \
------ 6x10 \
A(u,1) / \
A(u, 10) »
- 4x10
A(u,30) / \
- = N -
)10~ =" ~
0
—4 ) 0 5 :
u
0 I —
Il, ////_
I" —
-0.2] |
B(u,0.01) | /
B(u,0.1) B
------ -04 . S —
B(u.1) =
B(u, 10) —’____,-" /
—-—  —0.6-- = .
B(u, 100) / ;
-08 /
— — g ,’I
_1 """"""""""""""""
_4 _2 O 2 4
u
2011-02-01
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0.1

0.02

Behavior for small s:

Appr(s) :=

2-7T‘>\b‘

e=107°
1=¢ Tb'y(s1) = 2.98
1m el 61) 2200 — 0211
=g =299 - 0.21i
NG f
Sl Tb'y(s1) = 2.99 — 0.43i
1o e rs1) =3 - 0.64i
=& = — 0.041
NG f
Sli=e (1) Tb'y(s1) = 3.01 — 0.84i

BHHE Tf(s) in Lap. dom..xmcd 87

Appr(s1) —Tb'¢(s1) =0

Appr(s1) — To'(s1) = 0 + 8.63ix 10~ *

4

Appr(s1) — Tb's(s1) =6.77x 10 " + 0i

4

Appr(s1) — Tb's(s1) =-2.95x 10 " + 0i

Appr(s1) — Tb'¢(s1) =0 + 0i

2011-02-01



sli=¢ Tb'g(s1) =2.32 Appr(s1) — Tb'¢(s1) = 0.01
1+i-1 , i . .
sli=e¢ Tb'¢(s1) =2.33 - 0.24i Appr(s1) — Tb's(s1) = 0.01 + 0i
NG
sli=eil Tb'¢(s1) =2.36 — 0.48i Appr(s1) — Tb'¢(s1) =0 + 0.01i
-1+ . .
sli=e¢ Tb'¢(s1) =24 -0.7i Appr(s1) — Tb'¢(s1) =0 + 0.01i
V2
sli=¢e(-1) Tb'¢(s1) = 2.44 - 0.89i Appr(s1) — Tb'¢(s1) =-0 + 0.01i
e=10 4
M
sli=¢ Tb'¢(s1) =148 Appr(s1) — Tb'(s1) = 0.02
1+i-1 , i . . —4
sli=¢ Tb'¢(s1) = 1.49 - 0.34i Appr(s1) — Tb'¢(s1) =0.02 + 4ix 10
NG
sli=eil Tb'¢(s1) = 1.55 - 0.69i Appr(s1) — Tb'¢(s1) = 0.03 + 0i
-1+1 . .
sli=e¢ Tb'¢(s1) = 1.7 - 1.05i Appr(s1) — Tb'¢(s1) = 0.04 + 0.02i
V2
sli=¢e(-1) Tb'¢(s1) =2.02 - 1.32i Appr(s1) — Tb'¢(s1) = 0.03 + 0.08i
e:=10°
M
sli=¢ Tb's(s1) = 0.52 Appr(s1) — Tb'¢(s1) =-0
1+i-1 . .
sli=e¢ Tb'¢(s1) =0.48 - 0.27i Appr(s1) — Tb'¢(s1) =-0 - 0.01i
NG
sli=eil Tb'¢(s1) = 0.34 - 0.55i Appr(s1) — Tb'¢(s1) =-0.02 — 0.02i
-1+ . .
sli=e¢ Tb'¢(s1) =0 —0.87i Appr(s1) — Tb'¢(s1) =-0.07 — 0.04i
V2
sli=e(-1) Tb'¢(s1) =-0.86 — 1.07i Appr(s1) — Tb'¢(s1) =-0.35 + 0.05i
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A4.5 Pipe in ground.

Step-response for a pipe in surrounding ground. Constant heat

injection rate to the pipe fluid. Basic example.

J.C. Jan. 2011

Input data:
Gjpj = 10 X=3.0  pc:= 2500-750 o= 0.024/2
— oy 2 100 — — —
Cpi= Thy 4.18-10 dow = 0.0023 Ngi= 042 hy:=725
R : ! In( 2 j+ ! 4
P ™ 5. _ T C,=105%x 100 R,=0.06
2.7 )\p rp de 2 rp hp p p
Laplace solution
2
1 JO(u) —i-YO
L P Rb.. () = _ (u) —i-YO(u)
P a 9 2.x u-(J1(u) —i-Y1(u)
o0
“Yinj f
L(u):=Im 5
—u 1 2 ‘ 1-e
Cy— + - =
p Te(t) = —-
ty  Ry+ Rbg(u) = J
0
Ti(0) =0  T{(60) =0.05  T¢(600) = 0.42 T¢(3600) = 1.14

T;(10-3600) = 1.89  T¢(100-3600) =2.52  T¢(1000-3600) = 3.14

2.5

BHHE-pipe in ground.xmcd 89

a=16x10
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Dimensionless solution

R 4.18-10° Yinj
= 270N of = —— o=
a Pt e L RPN
p=1.07 o =111 Tinj = 0.53 tp =500
JO(u) —i-YO -1
R (u) = —) — 1 Y0(W) L'(u.of. ) := Im
9 u-(J1(u) —i-Y1(u)) . .(_ 2) 1
f b+ Rb'g (U)
o0
2
— t'
2 [ 1-¢ Y
Tt , o, p) = —- -L'(u, o¢, n) du
f(t-ot.m) x| —L(u.ot.m)
0
Tlan'f(l , O'f, }.L) =0.36 Tf(tp) =0.36 Tlan'f(l , O'f, }.L) - Tf(tp) =0

25
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/
S

| /
Tf t OS.O-f’p‘) #fﬂ
_n |
Tf(t et u) A,/‘/
______ |
it vor v
N //
o V71
i L /.
Tt 21 ;

1 | ¢

//,/,;‘ 1 /
__—__//—é):::
0 ey Sl
0.01 0.1 1 10 100 1x10°
’

| ———

0 [
Tf(t 04,08 }L) o
e 1.6 /s
Ti(t.or.05p) /)
%/
0.8 /"
0/
| | ) ’ 20 25
t
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A4.6 Comparison of pipe and borehole solutions

J.C. Jan. 2011
Input data:
Qinj = 10 X:=13.0 pc:=2500-750 M= A PG = pC
Same thermal data for ground and borehole annulus!
A
b X
fo=0024/2 1= 0055 ap= — A== Coi= ﬁ.rp2_4'18.106
pPCH pc

1 ) j 1
dn = 0.0023 N\, = 0.42 h, = 725 R, = -In +
pw p p p T _ .
2.7t >‘p (rp de 2-r4-h

to:=3600  Cp=105x10"  Ry=006 ap=16x10""  a=16x10"

Thermal resistances:

~ I'p I'b I'b

Tp = Tp = g
ab-to [ ab-to a-to

4%

o = o[y 0] Y0 [mp-u) — YO o 0] 907 1) ((b=bar)
0.57r~’rp-u~(J1 (’rp-u)-YO(’rb-u) -Y1 (Tp~u)~JO(Tb~u)) -1

“Ppll) =42 10(m-8) Y[ — YO[ro-1) J0(rp-1]
0.57r~’rb-u~(J1 (’rb-u)-YO(’rp-u) -Y1 (Tb~u)~JO(Tp~u)) -1

“Pp(U) = 42 30(m-8) Y0[71) — YO[mo-1) J0[rp-1)

B ’rg~u-(J1(’rg~u)—i-Y1 (Tg~u))
Kbg(u) = 2 JO(rgu) - i-Y0(7gu
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Laplace transform and inversion integral:

_q. .
L(u) := Im )
—u2 1
Cp— +
P 1 R 1
P Kb !
plu) + C I
Kby (u) Kby (u) + Kbg(u)
o0

7 1
_u - —
L)

L(u) du Te(0)=0  T¢(60) =0.05  T¢(600) = 0.42

T;(3600) = .14 T¢(10-3600) = 1.89  T¢(100-3600) =2.52  T¢(1000-3600) = 3.14

Solution for pipe in the ground:

2
" 1 JO(u) —i-YO
t= Rbpg (U) = —J0() - 1 ¥OlW)
P a 9 2-mX u-(J1(u) —i-Y1(u))
q o0

“Hinj ( 2 t

Lp(u) == Im - | U=
o+ 1 Tor) = 2| 1= p-L(u)du
Pty Ry+ Ropg(u) Pt - J 0 P
0

Tpp(0) =0 Tpg(60) =0.05  Tpg(600) = 0.42

Tp;(3600) = 1.14  Tp(10-3600) = 1.89  Tp;(100-3600) =2.52  Tp;(1000-3600) = 3.14

12 13

T;(3600) — Tps(3600) = 1.4x 10° T;(10-3600) — Tpy(10-3600) = 6.39 x 10~
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t t
t t
Note: w— = u Pl L L(1.5) - Lp| 1.5- P =0

\
% 1 2 3 4 5
u
sx10” 10
2.5¢10° 10
N
P A 0T T
L(u)-Lp u- [ = 0 (1Pt TN T | g
L}
—2.5><10_15 IIW“I i
— 510
P 1 2 3 4 5
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A4.7 Bessel functions

To Report on Mathematical Background

Ordinary Bessel functions

0.5 s AN
In(0, 1-x) / AN

IJn(1,m-x) ‘ \ 7 N >

-05

0.6

0.3
Jn(0, 1v-Xx)

IJn(1,m-x)

-03

-0.6
0
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-0.3 / ’u' \_/
— 0.6
0 4 6 8
Modified Bessel functions
5 /
4 / p
In(0, x)3
In(1,x)
----- 2 -
1 / ”’—
leczm=
0 0.5 1 1.5 2 2.5 3
X
ST
-
Kn(0, %)
Kn(1,7x)
_____ ) \
| N
““““N_
0
0 0.2 0.4 0.6 0.8
X
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Control of Bessel's differential equation

d2 1d n2
Eq. (11.1): Bessell(n,x) = —2Jn(n,x) + ——1IJn(n,x) +| 1 = — |-Jn(n,x)
dx X dx x2
2 2
d 1d n
BesselY(n,x) := —2Yn(n,x) +——Yn(n,x) +| 1 —-—1{Yn(n,x)
dx X dx x2
2 2
d 1d n
Eg. (11.2): Bessell(n, x) := —In(n,x) + ——In(n,x) —| 1 + — |-In(n.x)
dx X dx x2
2 2
d 1d n
BesselK(n,x) = —ZKn(n,x) + ——Kn(n,x) —| 1 + — |[-Kn(n,x)
dx X dx x2

nl:=0 x1:=1.3 Bessell(nl,x1) =1.35 x 10 13 BesselY(nl,x1) = —6.662 x 10 13
~14 — 11
/\%v:: 1 A)I(V\IN:= 0.3 Bessell(nl,x1) =1.199x 10 BesselY(nl,x1) = —8.842 x 10
— 13 — 12
/\%v:: 0 A)I(V\IN= 1.1 Bessell(nl,x1) =2.034 x 10 BesselK(nl,x1) =1.052x 10
— 13 — 12
ali= 1 A)I(V\IN= 0.6 Bessell(nl,x1) =1.25 x 10 BesselK(nl,x1) =5.154 % 10
Complex arguments
z1:=1+2i IJn(0,z1) = 1.586 — 1.392i Yn(1,z1) =—-1.089 + 1.315i
In(0,z1) = 0.188 + 0.6461 Kn(1,z1) =-0.3 - 0.151i
1I
Wronskian relation Eq. (11.3): 11(2)-Kp(2) + K (2)I(2z) ==
z
1
In(1,z1)-Kn(0,z1) + Kn(1,z1)-In(0, z1) — —1 =
z
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Derivatives Eq. (11.4):  K'y(2) = K, (2)" INGEING)
Kn(1,z1) =03 — 0.151i In(1,z1) = -0.08 + 0.791i

Azl =10 6-(1 + 2i) Az2:= 10 6-(—1 + 0.50)

Kn(0,z1 + Azl) — Kn(0,z1)
Azl

+ Kn(1,z1) =-9.515%x 10 8 _406ix 107

Kn(0,z1 + Az2) — Kn(0,z1)
Az2

T _4753i%x 1078

+ Kn(1,z1) =2.031x 10

In(0,z1 + Azl) — In(0,z1)
Azl

—In(1,z1) =-5.124 x 1007+ 1.156ix 107

Relations for Bessel functions:

. [ | 1
Eq. (11.5): Ko (iw) = —%-(]O(u) ~iY((w) K (iw) = —§~(J1(u) ~iY(w)

Eq. (11.6): In(iu) = Jn(w)" I Gu) =iT;(w)"
0 0 1 1

ul:=04 Kn(0,i-ul) + %-(]n(o,ul) ~i-Yn(0,ul)) =0
Kn(1,i-ul) + g-(ln(l,ul) ~i-Yn(1,ul)) =0
In(0,i-ul) — In(0,ul) = 0 In(1,i-ul) —i-Jn(1,ul) =0
wKpGu) () - Y )" .
Eq. (11.7): . = - 0<u<oo
K0(1~u) Jo(u) — 1~Y0(u)
- iulKn(liul) _ ul-On(l.ul) -i-Yn(lul) _
ul .= - =
s Kn(0,i-ul) JO(ul) —i-YO(ul)
i-ulKn(l,i-ul) ul-0n(l,ul) —i-Yn(1,ul))
yl = 0.03 - =
s Kn(0,i-ul) JO(ul) —i-YO(ul)
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i-ul Kn(1,i-ul) 3 ul-(Jn(1,ul) —i-Yn(1,ul))
e Kn(0,i-ul) JO(ul) —i-YO(ul)

ul = 200 i-ul Kn(1,i-ul) 3 ul-(Jn(1,ul) —i-Yn(1,ul)) 1083 x 10”
ww Kn(0,i-ul) JO(ul) —i-YO(ul)

12 14

+5.684ix 10

Eqgs. (6.26) and (6.28):

1
Ko(i~u~’rp)~10(i~u-1'b) - Io(i-u~’rp)~K0(i-u~'rb) = %-(JO(TP-U.)-YO(TUU) - YO(Tp-u)-JO(Tb~u))
Egs. (6.27) and (6.29):

Il(i~u-Tp)-K0(i~u-Tb) + Ky (i-u~’rp)-10(i-u~’rb) = £~(J1(’rp~u)~Y0(’rb~u) - Yl(’rp-u)-JO(Tb-u))l

T.:=0.7 Th = 1.26 0.3

ul =
MW

Kn(0,i-ul-7p) In(0,i-ul-7y) = In(0,i-ul-7,)-Kn(0,i-ul-Tp) = 0.585

-(Jn(O,Tpul)-Yn(O,Tb ul) - Yn(O,’rpul)~Jn(O,Tb ul)) =0.585

SHE

In(1.i-ul-mp)-Kn(0.i-ul-7p) + Kn(1,i-ul-7p) In(0,i-ul-7, ) = ~4.706i

%~(Jn(1 ,Tpu1)~Yn(O,Tb ul) - Yn(l ,’rpul)-Jn(O,Tb ul)) =—-4.706i
i

BHHE Bessel.xmcd 101 2011-02-02



	Radial solution. Background report
	BHHE-basic ex-Lap
	BHHE-basic ex-num
	BHHE Comp-Lap-num
	BHHE Tf(s) in Lap. dom
	BHHE-pipe in ground
	BHHE-pipe vs borehole
	BHHE Bessel

