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Chapter 1

®
Introduction
polytypic functions
structural polymorphism
type parametric programming generic programming

polynomial polymorphism
shape polymorphism

1.1 What is polytypism?
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List

List List { = = }

Tree

Tree Tree { — — }

Maybe

Maybe Maybe { = = }
Rose

Rose Rose { — \ List }

1 crush :: (a->a->a) ->a->da->a

sum = crush (+) 0 conc = crush (++) Nil



1.2. WHY POLYTYPISM?

d d d
ad hoc
ad hoc
ad hoc
1.2 Why polytypism?
Reusability:
Stability:
Closure and orthogonality: used
defined
Applications:
Provability:

ad hoc
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can’t

1.3 Overview

PolyP — «a

polytypic programming language extension

Polytypic Programming

Polytypic unification
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PolyP — a polytypic
programming language extension
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PolyP — a polytypic programming language

extension?

Patrik Jansson and Johan Jeuring
Chalmers University of Technology and University of Géteborg
S-412 96 Goteborg, Sweden

{ ¥

Abstract

IThis is an extended version of a paper with the same title published in the 24th An-
nual SIGPLAN-SIGACT Symposium on Principles of Programming Languages, Paris,
France, January 15-17, 1997.
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2.1 Introduction

polytypic
functions

reqular



2.1. INTRODUCTION

2.1.1 Polymorphism and polytypism
ad hoc

ad hoc

ad hoc

2.1.2 Writing polytypic programs
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2.1.3 PolyP




2.1. INTRODUCTION

2.1.4 Background and related work

et al.



2.1.5 About this paper

2.2 Polytypic programming

2.2.1 Functors for datatypes

functor
FlList
Empty
FList a x Empty  a xzx
a x  FlList
a Rec
X
FList Empty  Par x Rec
FlList 2

2 FlList
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Par

Empty
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FTree Par Rec x Rec

FTree
F
3
F flF F|FxF|Empty| Par| Rec| D F | Constr
f D T Constr
D F
rose-trees

FRose Par x List Rec

Const T

2.2.2 The polytypic construct



Tree ~7 Tree

FTree

FTree —7 Par+Recx Rec —
Par Recx Rec
Par — \

Recx Rec
Recx Rec
Rec Rec

=\
=\ \

FTree

Par
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FTree
Recx Rec

Par
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Tree \

Tree

2.2.3 Basic polytypic functions

Tree
Tree
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2.2.4 Catamorphisms on specific datatypes
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2.2.5 More polytypic functions

2.2.6 Polytypic data compression

zZip



CHAPTER 2. POLYP



2.3. TYPE INFERENCE

2.3 Type inference

2.3.1 The core language
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=Y

=1

P| Fe m=p

Pl Fe p

P |
P| Fe m=p

Fe p

2.3.2 The polytypic language extension

Extending the type system
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Adding the construct
Q
/ ’ F
p
{f = fi}

2.3.3 Unification
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Theorem.

2.3.4 Type checking the polytypic

T op /
pi S~ filp
[ J P
w

e\

Ti

T
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et al.
c C ~7
et al.
C C'’
construct
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x V.P=71€ , s ;S {ti—sid
SP| Faz St
S FY g

QTS ,v Fle 7
QTS R q e T

PlS Fe 1, =~ x Yor P=r
S Hx e

Y. Y x Yy
P|SiTiey ' Fe m
Voo Spc S Pi=1n > A{f— filp
To A}, T, ST

= x p o Afi—eat o

W

p { =, =, = }n P
T
€Rec \ TRec
PRec { = }/0 PRec
{ — }TRec PRec TRec
14Y w
Theorem.

Proof sketch.

Y
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2.4 Semantics

A
v
| E.
| MK
| v {62' — EZ}
o =
| P=o
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PlS FHe~eée 71
e
P S
e’ T
C
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2.4. SEMANTICS

r VhP=>1€ |, s v, S5 {ti— s}
v SP| |_w$’\’>$v ST
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Theorem.

Proof sketch.

2.5 Code generation



2.6. CONCLUSIONS AND FUTURE WORK

nxm

2.6 Conclusions and future work
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Polytypic Programming
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Polytypic Programming'

Johan Jeuring and Patrik Jansson
Chalmers University of Technology and University of Goteborg
S-412 96 Goteborg, Sweden

email: {johanj,patrikj}@cs.chalmers.se

Abstract

LAn earlier version of this paper (with the same title) is published in J. Launchbury,
E. Meijer, and T. Sheard, editors, Advanced Functional Programming, LNCS, Springer
Verlag, 1996.
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3.1 Introduction

polytypic functions

3.1.1 A problem

1 d reqular
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3.1.2 A solution

ad hoc ad hoc

3.1.3 Why polytypic programming?



3.1. INTRODUCTION

3.1.4 Writing polytypic programs

lisp
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reqular

3.1.5 Background and related work

et al.

shapely



3.2. DATATYPES AND FUNCTORS

3.1.6 Overview

3.2 Datatypes and functors

F structure

FunctorOf Mu

while for

catamorphism

goto



CHAPTER 3. POLYTYPIC PROGRAMMING

3.2.1 Notation

Fither a b
b Left Right

data Fither a b Left a | Right b
Left a — Fither a b
Right b — FEither a b

Fither

f g Leftx Left [ x

a—>c — b—d — FEitherab— Eithercd
f g Righty Right gy

either
f a — ¢ g b — ¢

f either g Leftx fx

etther a—=>c — b—=c = Iitherab—=c
f either ¢ Righty gy

fst snd

fst a,b —a
snd a,b —b

e X

X a—+c - b—=>d — ab — ¢d
Ixg xy fxgy

either Fither a b Fither
either
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3.2.2 A datatype for computations that may fail

Maybe a

data Maybe a

Just m/n

Maybe a
Maybe a
FMaybe
Maybe a a
Maybe a
FMaybe

Either*

FMaybe a r

FEither
Empty

FMaybe

innMaybe
OUtMaybe

Maybe a

INNA aybe

OUtMaybe

4 FMaybe

Nothing | Just a

dwide m n

Nothing n
Maybe
Mu FMaybe a Mu
Maybe a
Maybe
Nothing |
FEither a
a r  FMaybe Par
Empty  Par
Fither a Maybe a
innMaybe

FMaybe a — Maybe a
Maybe a — FMaybe a

Maybe a
Nothing

fmapMaybe ar id
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Just x
cala
Maybe a
catansqype n either j FMaybe a — b
Nothing  Maybe a n
Just  Maybea
catanggybe FMaybe a — b — Maybe a — b
catansoype b b oulaaybe
S1ZEM aybe Maybe a
Nothing
SIZEM aybe catapiaype \T — cither \ax —
SIZEN qybe
maybe
maybe a — a—b — Maybea — b
maybe n J Nothing n
maybe n J Just a Ja
calapgqype
Maybe a
3.2.3 A datatype for lists
List a
data List a Nil | Cons a List a
a
List a
List
FList
FlListar Fither  a,r
Cons

a T FlList Par a



3.2. DATATYPES AND FUNCTORS

Rec r
Either
- X
Empty X
FList Empty  Par x Rec
FList a
List a
List a
N5t List a NN et
Nil Cons
List a®
NN et FLista Lista — Lista
NN st const Nil either wuncurry Cons
Cons Nil
innpige Right | innp;e  Left ouly;s
NNt
outy,st List a — FLista Lista
oulp;s Nil Left
oulr;s Cons a [ Right a,l
FList fmapy ..
fmapy g, a—+c = b—d — FListab— FList cd
Jmapp,; g \fg—id gxf
take n | n
[ mapp;s, f1 /
take Int — List a — List a
take const Nil
take n innpise © fmapris td take n — - oulris
mapy,;q a—+b — Lista— Listb
mapr;s; | innpis - fmappg fomappg [0 oulpis
Lust MapP; ;s
Jmapp,q

nn out

FlList

FlList
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3.2.4 Catamorphisms on lists

S1Z€r;
Cons
S1Z€r;
List a
e either f FlList a
Cons
catay; s
Jmapy,
catay; s
cataris f
FlList a

calar;se NNL;st

catay; s

Mmapr,; s

S1Z€r;

S1Z€r;
/

mapy ;.

maplg [

List a
S12€L45t
Nil Cons
Cons Cons Nil
List a calar; st
b—b Nil e Cons f
Cons Cons Nil
/ / €
ouly;st
o d cataris f cataris; [

FlListab—b — Lista—b

3.2.5 A datatype for trees

Tree a

data Tree a

f - fmapg;y id cataps [ - oulpisy
FList a
List a, inng;s
List a, innp;s Flist a b, f
catap;ss f  Lista — b
List a
S1Z€Lst
List a — Int
catar;s  \x — cither \ x,n —n
a—b — Lista— Listd
catar;se innpise - fmapy,, [oid
Leafa | Bin Treea Tree a
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List a
Tree a
FTree Par Rec x Rec
N yee oulT, e mn out List a
calar, e MaPr,. .. Tree a NN Ty ee
OUtTT’BB fmapTree
fmapr,.. a—c¢ = b—=d — Flreeab— Flreecd
Jmapy,.. \f[=\g—=[ gxg
MaPT, ce a—b — Treea — Treed
mapr,ce f innTT’BS : fmapTree f mapr,.ce f : OUtTf’ee
catar, o Flreeab— b — Treea — b
cataryee f [ fmapy,.. td catare. [ - oulpre.
cataTree
calay;s
SizeTree
S1Z€Tee Tree a — Int
SUZ€Tyee cataryee \x —  either \ m,n —m n
3.2.6 Functors for datatypes
Maybe a
List a Tree a D a F
Fa
a F D a

F F F|F xF| Empty| Par| Rec| D F | Constt

t Bool Int X
Empty Par Rec Const t
[
data Point a Point a,a
data Point’ a Point’ a a

FPoint Par x Par
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FPoint Point a Point’ a
X f g h
g h X Empty
X fxgqg h
D F
rose-trees
data Rose a Fork a List Rosea
FRose Par x List Rec
6
Par;
et al.
Rec
Int Char
Const
data Type a Con String | Var a | Fun Type a  Type a

FType Const String Par Rec X Rec
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FunctorOf Mu

Mu  FunctorOf d d
FunctorOf Mu f f

FunctorOf Maybe  FMaybe  Empty Par

FunctorOf List FlList Empty  Par x Rec

FunctorOf Tree FTree Par  Rec x Rec

FunctorOf Rose FRose Par x List  Rec

FunctorOf Type FType Const String  Par  Rec x Rec

3.2.7 Fusion

catap Fusion law

Fa FunctorOf d

f Fpab—b
h - catap f catap ¢ g Fpac—e
= h b—c
h - f g - fmapD id h CCLtCLDf Da—b

catap g Da—c

catap

D a size

flatteng,..  sizer,ee
7

7 - flattenp  sizep Da



/
mapp |
/
Mapy;s
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flatteny, e
flatteny,.. Tree a — a
fatteny,.. catar,ee \x — x either \ z,y —x vy
flattens,. SIZ€Tee
- flatteng,..  sizer,e.
o o
ccataryee @ catap,e. o
: Qb ag - fmapTree id
fmapTree
- o id X
- @1 either ¢ oy either oo - id X
either
<1 either - (g oy -id either o4 - X
either
TR AN "¢y Oy X
v
o1 @ opx A o2 L1 T2 L,
Pi o;
x A T ) I
True A True
mapp, f
mapp mapp, Mapy,; s
mapp,, map, a—+b - Da—Db
mapp [ innp - fmapp [ mapy [ - oulp
map}, f catap innp - fmapp [ id

id

Jmap
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mapp [ mapp |

mapp f - id  mag), f
& id maph,

mapp [ - catap innp  catap innp - fmapp fid

mapp [ - innp innp - fmapp [ id - fmappy id mapp f

s mapp fmapp
innp - fmapy f mapp f - outp - innp
innp - fmapy  f-id id- mapp f

A= outp mnp

innp - fmapp [ mapp f innp - fmapp [ mapp f

True

3.3 Polytypic functions

3.3.1 Basic polytypic functions

Functions and

only

fmap cata size

reqular

map



CHAPTER 3. POLYTYPIC PROGRAMMING

the
Functions and
8
List a Tree a
map

Fa

catag h h - fmap, id catag h - outy

outy da — Fja da

fmap, id catag h Foa da — Fgab

h Faab — b

catag h da — b

8 map pmap

map
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List a Tree a

functor
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Function

FlList a b fmap
Flree a b

Jmap

fmap pmap
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FRose

3.3.2 Type checking polytypic definitions

10

10
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3.3.3 More examples of polytypic functions

Function

11

= structure :: Regulard=>da->d ()

structure = pmap (const ())
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Function
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12

12 propagate thread :: (Regular d,

Monadm) =>d (ma) ->m (d a)
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Function
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3.3.4 Haskell’s deriving construct

derive
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13

ad hoc

14

Function

13 Text Read Show
14
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Function



3.4. POLYTYPIC TERM REWRITING

The classes and

3.4 Polytypic term rewriting
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15

3.4.1 A function for rewriting terms

15

pf :: Regular d => ... d a ...
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A first definition of function

paramorphisms



CHAPTER 3. POLYTYPIC PROGRAMMING

Avoiding unnecessary top-down traversals and comparisons



3.4. POLYTYPIC TERM REWRITING

Efficient rewriting
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3.4.2 Normalising sets of rewriting rules
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The recursive path orderings technique
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Function
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3.5 Conclusions and future work

et al.
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Polytypic unification
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Polytypic unification?!

Patrik Jansson and Johan Jeuring
Chalmers University of Technology and University of Géteborg
S-412 96 Goteborg, Sweden.

E-mail: { }

Abstract

!Submitted for publication, 1997



CHAPTER 4. POLYTYPIC UNIFICATION

4.1 Introduction

most general unifier

myu
1

polytypic function

one

mgu
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4.2 Unification

fay,a.y r Yy

X gYya

Fgfab,a.fab

4.2.1 Terms

Con

T vl|eTy,..

%
%
- =
=
— —
— —
fz fab
fga b
Yy
o {zr—gy,a,y—fab}
g
Var

'7Tarity(c) , vE VCL?“, c € Con
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4.2.2 Substitutions

4.2.3 The unification algorithm
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4.3. POLYTYPIC UNIFICATION

4.3 Polytypic unification

4.3.1 Polytypic notation

da™ Fyja da

L7

4.3.2 Function children
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4.3.3 Function topEq
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4.3.4 Function varCheck

Acknowledgements
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Chapter 5

Implementing PolyP

hbc
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5.1 Program structure

5.2 Abstract syntax
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sort

5.2.1 Parsing
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5.3 Folding

FunctorOf Egn z q—q ~
a—=c x b—e¢

~

GEqn z ¢ a b —ec



5.4. REPRESENTING TYPES

monadic catamorphism

5.4 Representing types

heap types
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indirection node



5.5. FUNCTORS AND TYPE EVALUATION

5.4.1 Catamorphisms for heap types

5.5 Functors and type evaluation

5.5.1 From datatypes to functors

X Empty
Rec Const

5.5.2 Type evaluation

Par
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vt v t f~qg a~b
v~V e~ C v~ t fa~gqghb

5.6 Unification

5.6.1 Simple DAG-unification

after

approximate
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5.6.2 Type environment

P| Fa 7

v v generic
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5.6.3 Type ordering

IA

IA

partial

5.6.4 Unification with functors

6 functor0f f



5.7. TYPE INFERENCE

5.7 Type inference

5.7.1 Kind inference

5.7.2 Type labelling
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t; T should

;> 7

5.8 Code generation

5.8.1 Generating requests
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5.8.2 Generating polytypic instances

5.8.3 Generating innp and outp

D
: n
k
DX
1 1,1
2 2,1
n n,1

ky

1,k
2,ks

n,kn

_>
_>

—

11,

s 1,

21, T

By e

7’L,17 .« e

5.9 Conclusions and future work

D a
kn m
k; arity
k
y 2k T

R n,kn .« e

7
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Chapter 6

Related work

6.1 The theory of datatypes

data system

6.2 BMF = Squiggol




6.3 Polytypic calculation

h - catap f catap ¢
=

h - f g - fmapp id h

rems

6.4 Relational polytypism

et al.

CHAPTER 6. RELATED WORK

free theo-

6.5 Regular datatypes and beyond

cata
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shapely

6.6 Type systems

° et al.
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6.7 Implementations

P2

implement

6.8 Specific polytypic functions



6.9. ADAPTIVE OBJECT-ORIENTED PROGRAMMING

monadic catamor-
phism

et al. 6

one

6.9 Adaptive Object-Oriented Programming

et al.

polytypic function
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Appendix A

Translating PolyP-code to
Haskell

A.1 A simple PolyP program

A.2 The generated code
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Appendix B

A small polytypic function
library

Base:

Sum:

Flatten: _ _ _
Crush:

Propagate:

Thread:

Zip:

ConstructorName:

EqOrd:

B.1 Base
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B.2 Sum



B.3. FLATTEN

B.3 Flatten
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B.4 Crush

B.5 Propagate



B.6. THREAD

B.6 Thread



APPENDIX B. A SMALL POLYTYPIC FUNCTION LIBRARY

B.7 Zip



B.7. ZIP
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B.8 ConstructorName

B.9 EqOrd
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Simulating polytypism in Gofer
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